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Abstract

Motivated by a down-up Markov chain on cladograms, David Aldous con-
jectured in 1999 that there exists a “diffusion on continuum trees” whose mass
partitions at any finite number of branch points evolve as certain Wright–Fisher
diffusions with some negative mutation rates, until some branch point disappears.
Building on previous work on interval-partition-valued processes, we construct this
conjectured process via a consistent system of stationary evolutions of binary trees
with k labeled leaves and edges decorated with interval partitions. The interval
partitions are scaled Poisson–Dirichlet interval partitions whose interval lengths
record subtree masses. They also possess a diversity property that captures certain
distances in the continuum tree. Continuously evolving diversities give access to
continuously evolving continuum tree distances.

The pathwise construction allows us to study this “Aldous diffusion” in the
Gromov–Hausdorff–Prokhorov space of rooted, weighted R-trees. We establish the
(simple) Markov property and path-continuity. The Aldous diffusion is stationary
with the distribution of the Brownian continuum random tree. While the Brownian
continuum random tree is binary almost surely, we show that there is a dense null
set of exceptional times when the Aldous diffusion has a ternary branch point, and
this set includes stopping times at which the strong Markov property fails.

Our construction relates to the two-parameter Chinese restaurant process,
branching processes, and stable Lévy processes, among other connections. Wright–
Fisher diffusions and the aforementioned processes of Poisson–Dirichlet interval
partitions arise as interesting projections of the Aldous diffusion.

Finally, the Aldous diffusion with its consistent system of evolving binary trees
embedded, allows us to embed Aldous’s stationary down-up Markov chain on clado-
grams in the Aldous diffusion and hence address a related conjecture by David
Aldous by establishing a scaling limit theorem.

Received by the editor May 30, 2023.
2020 Mathematics Subject Classification. Primary 60J80, 60J25; Secondary 60J60, 60G18,

60C05.
Key words and phrases. Brownian CRT, weighted R-tree, Aldous diffusion, interval partition,
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scaling limit, intertwining.
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CHAPTER 1

Introduction

Tree-valued dynamics arise in applications in computer science [134], machine
learning [2, 30, 33, 82, 122], and phylogenetics [20, 43, 44, 92, 105, 150],
often in the context of Markov chain Monte Carlo inference. The immense size of
phylogenetic trees has motivated a growing literature on asymptotic properties of
such Markov chains, notably mixing times [18, 35, 50, 119, 143] and continuum
analogs and scaling limits; see the lecture notes of Evans [54] and Zambotti [155].

The purpose of this memoir is to construct and study a path-continuous Markov
process on a space of continuum trees whose existence was conjectured by David
Aldous [12, 13] in 1999, and to establish a scaling limit theorem also conjectured
by David Aldous [12], which we believe is an instance of an invariance principle that
would frame this new process as a universal limit object. We call this continuum-
tree-valued limiting process “the Aldous diffusion.”

Aldous’s original motivation for the conjecture and a reason for its continuing
significance is that while there are a number of different Markov chains in common
use, the one suggested by Aldous was among those that seemed most accessible
to a fuller asymptotic analysis, as Aldous had illustrated by mixing time calcula-
tions [18] and some further observations that led to his conjecture [12, 13]. In
the meantime, several continuum-tree-valued processes relating to different Markov
chains have been studied by a variety of authors [51, 56, 58, 151] and a variant
of Aldous’s conjecture has been resolved by Löhr, Mytnik and Winter [112].

This work develops and explores relationships between a range of classical sto-
chastic processes, including the two-parameter Chinese restaurant process, branch-
ing processes, squared Bessel processes, Wright–Fisher diffusions, and stable Lévy
processes and subordinators. These connections have already borne additional fruit:
en route to resolving Aldous’s conjecture, we have resolved a 2009 conjecture of
Feng and Sun [59, 60] on (measure-valued) Fleming–Viot processes with Poisson–
Dirichlet stationary distributions [72, 73, 145].

We use this introduction not only to state the main results that solve the
conjectures, but also to point out connections to related stochastic processes and
complex random structures, and we make observations that generalize to other
settings or shed light on the difficulties encountered in other approaches.

This document builds upon the authors’ previous work on interval-partition-
and (combinatorial) tree-valued processes [68, 69, 70, 71], supersedes two unpub-
lished preprints [65, 66], and develops new material.

1.1. The Aldous diffusion conjecture

The Aldous chain is a Markov chain on the space of rooted binary trees with n
labeled leaves. Each transition of the Aldous chain, called a down-up move, has two
steps. In the down-move a uniform random leaf is deleted and its parent branch

1
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Figure 1.1. From left to right, one Aldous down-up move.

point is contracted away; in the up-move a uniform random edge is selected, a
branch point is inserted into the middle of the edge, and the leaf is reattached at
that point. See Figure 1.1. It is not difficult to prove that this chain is stationary
with the uniform distribution on such trees, indeed reversible. Aldous [18] studied
the analog of this chain on unrooted trees.

Suppose that for each n ≥ 1: Tn is a uniform random rooted binary tree with
n labeled leaves, as in the first panel in Figure 1.1; ρn is its root; dn is the graph
distance metric on Tn; and µn is the uniform probability distribution on the leaves
of Tn. Then the sequence (Tn, dn/

√
n, ρn, µn), n ≥ 1, converges in distribution

[41, 87] under the rooted Gromov–Hausdorff–Prokhorov metric [121], which we
will discuss in Section 7.1. The limit (T , d, ρ, µ) is the Brownian continuum random
tree (BCRT ) [6], which we discuss in Section 1.2.

Aldous [12, 13] suggested taking a diffusive limit of the Markov chain as
n → ∞, yielding a diffusion on some space of continuum trees as the limiting
object. He also did some calculations showing how some tree statistics of the lim-
iting process should evolve. Specifically, he considered partitioning the initial tree
around some subset of its branch points and studying the fluctuating leaf counts
in each connected component, as the tree evolves according to the Aldous chain.
This induces a Markov chain until one of the partitioning branch points is con-
tracted away. Aldous observed that there are two types of components: “internal”
ones adjacent to two branch points and “external” ones adjacent to one branch
point. External components with ni ≥ 1 leaves have 2ni − 1 edges, while inter-
nal components with ni ≥ 0 leaves have 2ni + 1 edges. In our setting of rooted
trees, the component containing the root, which is not considered a leaf (and hence
cannot be deleted in a down-move), behaves like an internal component. Aldous
further conjectured that the induced Markov chain has a space-time scaling limit
as n → ∞: a Wright–Fisher-like multi-dimensional diffusion process on the sim-
plex, run until some component vanishes. Interestingly, external components have
negative Wright–Fisher “mutation rates.”

Wright–Fisher diffusions are Markov processes in the d-dimensional simplex
∆d = {(w1, . . . , wd) ∈ [0, 1]d :

∑
1≤i≤d wi = 1}. Specifically, let θ1, . . . , θd be non-

negative and/or negative real parameters. We consider the infinitesimal generator

(1.1) G = 2
∑

1≤i≤d

wi
∂2

∂w2
i

− 2
∑

1≤i,j≤d

wiwj
∂2

∂wi∂wj
− 2

∑
1≤i≤d

(θ+wi − θi)
∂

∂wi
,

where θ+ =
∑

1≤i≤d θi. In population genetics, diffusions with such generators

(up to a constant factor) arise with mutation parameters θ1, . . . , θd ≥ 0, when
the boundaries where a coordinate vanishes are reflecting (or absorbing when the
corresponding parameter is zero). See e.g. Ethier and Kurtz [53]. Pal [125] ex-
tended this to negative parameters and constructed diffusions WF(θ1, . . . , θd) that
are stopped when a coordinate with a negative parameter vanishes (or the diffusion
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may continue on a lower-dimensional simplex). Pal was motivated by Aldous’s ob-

servation about the induced Markov chain on masses
(
X

(n)
m (1), . . . , X

(n)
m (2k − 1)

)
,

0 ≤ m ≤ D(n), recording the proportions of leaves in the components around a
finite number k − 1 of branch points: as n→ ∞, we have

(1.2)
((
X

(n)

⌊n2t⌋∧D(n)(1), . . . , X
(n)

⌊n2t⌋∧D(n)(2k−1)
)
, t ≥ 0

)
d−→ WF(θ1, . . . , θ2k−1),

where (θ1, . . . , θ2k−1) is a vector of 1
2 for each internal component between two

branch points (or the root) and − 1
2 for each external component adjacent to a

single branch point.

Conjecture 1.1 (Aldous, 1999 [12, 13]). There exists a “diffusion on con-
tinuum trees” that is stationary with the law of the BCRT (T , d, ρ, µ) and for
which the evolution of µ-masses around some finite subsets of its branch points are
Wright–Fisher diffusions distributed like the limits in (1.2). Moreover, this process
is the diffusive limit of the Aldous chain.

We call the conjectured process the Aldous diffusion. The present work resolves
Aldous’s conjecture by constructing such a process and showing that it is the scal-
ing limit, in the sense of finite-dimensional distributions, of the Aldous chain run
according to a Poisson clock. The Aldous diffusion has continuous paths and the
simple Markov property but, surprisingly, not the strong Markov property.

Motivation for our approach. Our construction of the process on contin-
uum trees is based on a dynamic variant of Aldous’s original construction of the
BCRT. In [8], Aldous constructed the BCRT (T , d, ρ, µ) as the limit, in an appro-
priate metric space, of a consistent sequence (R+

k , k ≥ 1) of rooted, leaf-labeled,

binary trees with edge lengths such that the tree shape of R+
k is uniformly dis-

tributed on rooted binary trees with k labeled leaves and, conditionally given the
shape of R+

k , the lengths of its 2k − 1 edges have the joint density on (0,∞)2k−1

f(x1, . . . , x2k−1) =

(
k−1∏
i=1

(2i− 1)

)
s exp(−s2/2) where s =

2k−1∑
i=1

xi.

The consistency of (R+
k , k ≥ 1) means that R+

k can be obtained from R+
k+1 by

removing the leaf labeled k + 1 along with the branch connecting it to the rest of
the tree. The intuitive idea is that if one takes an i.i.d sequence of leaves in T ,
then R+

k is the subtree of T spanned by the first k leaves and the root; see Figure
1.2. This becomes formally true once T has been constructed. A natural aim
would be to develop a dynamic version of this by constructing a consistent family
(R+

k (t), t ≥ 0), k ≥ 1, of evolving trees such thatR+
k (t) evolves as a sampled subtree

should evolve in the conjectured process and then to construct the process as the
limit of this sequence. Similar projective consistency has been used previously to
construct the limit of the root growth with re-grafting process [56]. However, in
the present case, several novel challenges arise.

The first challenge arises because R+
k is spanned by randomly sampled leaves

and the root, but it is precisely the leaves that are being moved in each step of the
Aldous chain. From our discussion of the discrete mass split around branch points
above, we see that the appropriate scaling is to have n2 steps per unit time. But
there are only n leaves, so all leaves have been moved approximately after n log(n)
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Figure 1.2. Left: Simulation of a BCRT (T , d, ρ, µ) courtesy of
Igor Kortchemski, with a root vertex (green square). Right: R+

5 is
the tree spanned by the root ρ and leaves Σ1, . . . ,Σ5, here depicted
as black branches with (red) triangles as branch points.

steps. Thus, in the limiting process, the leaves are moving too quickly for a dynamic
version of R+

k to behave nicely (or even be well-defined).
Our discussion of the evolving mass split around branch points suggests that

instead of a dynamic version of R+
k , we consider a dynamic version of the subtree

Rk spanned by the branch points and root of R+
k . The leaves move rapidly, but the

components of the tree around branch points have identities that are stable over
time until the branch point is contracted away. We adopt this approach.

The second challenge is that of describing the evolving lengths of edges between
branch points. As discussed in [112], distances should not have finite quadratic vari-
ation, making them difficult to describe using classical techniques like martingale
problems or stochastic differential equations. Indeed, a consequence of our con-
struction is that these distances evolve like the spatial variation of the local time
process of a stable Lévy process.

One natural approach to recording distances would be to use the strings of beads
developed in [129] and further studied in [136]. We turn each edge of Rk into a
string of beads, which captures in an atomic measure a point mass at each location
where a subtree of the limiting tree will branch off from the edge, recording in the
atom size the mass of the subtree. The length of the edge can be recovered from the
support of the measure. We find, however, that as the locations of atoms evolve,
it can (and will) happen that two atoms reflect off each other, instantaneously
occupying the same location before bouncing off. This behavior can be found at
stopping times, so the evolution of the string of beads is not a strong Markov
process: one cannot tell from the string of beads at that time that one of the atoms
was two atoms an instant before and will again be two atoms an instant later. This
is related to the failure of the strong Markov property for the Aldous diffusion as
well as the existence of ternary branch points.

To avoid this problem, rather than working with strings of beads, we work with
interval partitions, which are collections of disjoint open intervals whose lengths
record subtree masses in the same manner as the point masses in the string of beads,
ordered left-to-right by decreasing distance from the subtree to the root. Instead of
a dynamic version ofRk, we introduce interval partition trees Rk; see Section 1.2 for
a formal definition. The combinatorial tree shape of Rk is the shape of Rk. To each
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edge we associate the interval partition of masses of subtrees that attach to that
edge, as well as the masses of the subtrees above branch points that contain only a
single sampled leaf; see Figure 1.6 in Section 1.2 below. With this choice of Rk, we
are able to construct a consistent family (Rk(t), t ≥ 0), k ≥ 1, of evolving interval
partition trees by leveraging our recent progress on understanding evolving interval
partitions [68, 71] and adapting, from the discrete to the continuum setting, our
strategy in [70] for selecting new branch points when one disappears. The Aldous
diffusion is then defined as an appropriate k → ∞ limit. The process that we
construct is a path-continuous simple Markov process, reversible with respect to
the distribution of the BCRT, but it is not strongly Markovian, and thus it is not
a diffusion in the strict sense.

The remainder of this introduction is structured as follows. We give an in-
troduction to the BCRT and its reduced k-trees in Section 1.2, before we state
our main results in Section 1.3. We provide a literature overview in Section 1.4.
In Section 1.5, we explain in the more elementary setting of the Aldous chain the
approach we develop in this memoir for reduced subtrees of continuum trees. We
conclude the introduction by giving a chapter overview in Section 1.6.

1.2. The Brownian continuum random tree and its reduced k-trees

Since its introduction in the 1990s, the BCRT has become a central object in
probability theory, with a variety of representations [6, 56, 58, 108, 113], connec-
tions and ramifications. Connections include branching processes [107], coalescents
and fragmentation processes [15, 26], Dirichlet and Poisson–Dirichlet distributions
[9, 129]. BCRTs serve as building blocks for scaling limits of Erdős–Rényi random
graphs in the critical window [4, 11], the Brownian map [110, 116] and Liouville
quantum gravity [45]. There is a large (universality) class of random trees that
converge to the BCRT [8, 19, 27, 42, 86, 89, 115].

We recall two classical constructions of the BCRT: the line-breaking construc-
tion and the construction from a Brownian excursion. We also discuss the rep-
resentation of reduced k-trees that is crucial for our construction of the Aldous
diffusion.

Definition 1.2. An R-tree (real tree) is a complete, separable metric space
(T, d) with the property that: (i) for each x, y ∈ T , there is a unique non-self-
intersecting path in T from x to y, called a segment [[x, y]]T , and (ii) each segment
is isometric to a closed real interval.

A rooted, weighted R-tree is a quadruple (T, d, ρ, µ), where (T, d) is an R-tree,
ρ ∈ T is a distinguished vertex called the root, and µ is a probability distribution
on the σ-algebra of Borel sets of (T, d). In cases where the weight measure µ is
supported on the leaves of T , it is also called leaf mass. Here, a leaf is any x ∈ T
such that T \ {x} is connected.

For our purposes, a continuum random tree (CRT ) is a random rooted, weighted
R-tree with the a.s. properties that the weight measure is diffuse and supported on
the leaves of the tree, and every neighborhood of every leaf has positive weight. See
Section 7.1.

CRTs were introduced by Aldous in [6, 7, 8]. The BCRT is the most famous
example. In general, the properties stipulated for a CRT imply that the set of
leaves has to be uncountable (in order to carry a diffuse weight measure).
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The line-breaking construction of the BCRT [6]. One way to construct
R-trees is by embedding them in the vector space of summable sequences of real
numbers equipped with the ℓ1-norm ∥(xj , j ≥ 1)∥ =

∑
j≥1 |xj | and the associated

ℓ1-distance dℓ1(x, y) = ∥x − y∥. For j ≥ 1, let ej denote the sequence with 1 as
its jth entry and all other entries 0. These sequences are of course independent of
each other as vectors, though they do not form a basis for the space.

Given a sequence of non-negative branch lengths D1, D2, . . . with suitable prop-
erties, we sequentially construct a random R-tree as follows. Begin with T0 = {0},
the zero sequence in ℓ1. Then, iteratively for j ≥ 1, let x(j) be a random point in
Tj−1 sampled from the normalized length measure on the tree, and let

Tj = Tj−1 ∪
{
x(j) + tDjej : t ∈ [0, 1]

}
.

In other words, at each step we add a new branch of length Dj , extending in the jth

coordinate direction from x(j). Finally, we define T to be the topological closure
of the increasing union

⋃
j≥0 Tj .

With suitably chosen random branch lengths, this construction gives rise to
the random R-tree (T , dℓ1 ,0) that we will further equip with a weight measure to
obtain the Brownian CRT (T , dℓ1 ,0, µ). Specifically, consider a Poisson process
(N(t), t ≥ 0) with variable intensity tdt on [0,∞); i.e. E[N(v) − N(u)] =

∫ v

u
tdt

for 0 ≤ u < v. Let S0 := 0 and for j ≥ 1 denote the jth arrival time by Sj :=
inf{t ≥ 0: N(t) ≥ j}. Then breaking the line [0,∞) at Sj , j ≥ 1, produces branch
lengths Dj = Sj − Sj−1, j ≥ 1. These branch lengths, plugged into the previous
construction, produce Aldous’s Brownian CRT (T , dℓ1 ,0, µ), if we further consider
approximating uniform probability measures µj on Tj that converge weakly almost
surely as random measures on ℓ1 to a limiting measure µ that is supported by the
leaves of T . See [6, Theorem 3].

The construction of the BCRT from a Brownian excursion. [8, 107,
108] building on [106, 123]. An unlabeled rooted plane tree is a rooted tree in
which the children of each non-leaf vertex are assigned a left-to-right order. For
n ≥ 1, there is a classical bijection from the set of unlabeled rooted plane trees with
n+1 vertices to the set of Dyck paths of length 2n: sequences (ai, i ∈ [0, 2n]) of non-
negative integers with: (i) a0 = a2n = 0, and (ii) |ai+1 − ai| = 1 for 0 ≤ i ≤ 2n− 1.
In the literature, the path associated with a tree is also known as its associated
contour process or Harris path [48, 90, 148]. Both directions of this bijection are
illustrated in the top and bottom panels of Figure 1.3.

This map can be extended from discrete Dyck paths to apply to continuous
functions H : [0, 1] → [0,∞) with H(0) = H(1) = 0 and H(t) ≥ 0 for t ∈ (0, 1).
Given such a function, we define an associated pseudometric dH on [0, 1] by

(1.3) dH(a, b) = H(a) +H(b)− 2 min
t∈[a,b]

H(t).

This fails to be a proper metric at points a < b whereH(a) = H(b) = mint∈[a,b]H(t),
and we get dH(a, b) = 0. Define an equivalence relation ∼H on [0, 1] by a ∼H b if
and only if dH(a, b) = 0. Then the quotient space ([0, 1]/∼H , dH , [0]∼H

,Leb), where
Leb denotes (the ∼H -image of) Lebesgue measure on [0, 1], is a weighted R-tree,
rooted at the equivalence class [0]∼H

of 0. See Figure 1.4.
It is not hard to show that each branch point in the resulting tree corresponds

to one or more local minima of H, depending on the degree of the branch point.
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Figure 1.3. A rooted plane tree and corresponding Dyck path,
with branch points of the tree color-coded to match corresponding
points along the path. Top: obtaining the path as the contour
process of the tree. Bottom: recovering the tree by squeezing the
path together laterally.

Figure 1.4. A continuous excursion function H and the associ-
ated R-tree, ([0, 1]/ ∼H , dH). Top: The R-tree shown “inscribed”
under the path. Horizontal dotted lines represent branch points.
Bottom: The path and unit interval beneath color-coded to indi-
cate which branch of the tree each segment corresponds to, with
the correspondingly colored tree shown on the right.

Similarly, local maxima of H all correspond to leaves, however, in general, not all
leaves correspond to local maxima. In particular, assuming that H is not locally
constant anywhere, a point r ∈ [0, 1] corresponds to a leaf if and only if H is neither
locally non-increasing to the left of r nor locally non-decreasing to the right:
(1.4)

∀δ > 0, ∃u ∈ (r − δ, r), v ∈ (r, r + δ) such that H(u)<H(r) and H(v)<H(r).

A standard Brownian excursion can be thought of informally as standard Brow-
nian motion conditioned to: (i) escape upwards from 0 at time zero (instead of
immediately having an accumulation of visits to 0) and (ii) then make its first
subsequent return to 0 at time one. Formally, a standard Brownian excursion
(Bex

r , r ∈ [0, 1]) can be constructed from a standard Brownian motion (Bt, t ≥ 0),



8 1. INTRODUCTION

as follows. For s ≥ 0, let gs = sup{u ∈ [0, s] : Bu = 0} and ds = inf{u ≥ s : Bu = 0}
be the nearest zeroes before and after time s. As a consequence of the scaling prop-
erty of Brownian motion, the excursion (Bgs+t, t ∈ [0, ds − gs]) straddling time s is
such that the distribution of the excursion(

1√
ds − gs

|Bgs+(ds−gs)r|, r ∈ [0, 1]

)
scaled to unit time does not depend on s. This common distribution is the distri-
bution of a standard Brownian excursion. See e.g. [93, 127, 137].

The BCRT is the rooted, weighted R-tree associated with
(
2Bex

r , r ∈ [0, 1]
)
via

the map described around (1.3) and illustrated in Figure 1.4.

Some properties of the BCRT. We refer to Aldous [8, Corollary 22] for
the property that these constructions are distributionally equivalent up to root- and
weight-preserving isometry and to Pitman [127, Chapter 7] for a detailed discussion
of this equivalence and its consequences. Relevant for us at this stage is that these
two constructions grant easy access to some interesting properties of the BCRT.

The line-breaking construction can be viewed in continuous time t ≥ 0 as
unit-rate continuous growth of unit length per unit time [56], with the jth branch
growing between times Sj−1 and Sj . Then the Poisson process with intensity tdt

and the uniformly random points x(j), j ≥ 2, make branch points appear on any
existing branch at unit rate per unit length, and branch lengths Dj tend to zero
a.s. as j → ∞. In particular, branch points and leaves are both dense in the BCRT,
in the topological sense.

From the excursion construction, we see that the BCRT is compact and its
weight measure is indeed concentrated on the leaves, as the property (1.4) holds
at Leb-almost every t ∈ [0, 1] almost surely (for Brownian motion and hence) for
the Brownian excursion. This construction also makes the BCRT inherit various
instances of self-similarity from the Brownian excursion [5, 9, 14, 15, 24, 28, 85].
Specifically, all excursions above a fixed level, or the two excursions adjacent to the
mimimum between two independent uniform times, or all excursions above the past
minimum process after (and above the future minimum before) a uniform random
time are scaled independent Brownian excursions each encoding a scaled BCRT.

Identifying R-trees that are equal up to root- and weight-measure-preserving
isometry classes is the continuum analog of identifying rooted combinatorial trees
(or more general graphs) up to graph isomorphisms that preserve the root vertex,
i.e. graphs that only differ in their vertex names. Indeed, the coordinates in the
line-breaking construction are important in the construction but obscure the self-
similarities of the resulting objects. On the other hand, the equivalence classes
on [0, 1] encode additional planarity structure. It is instructive to explore the
Aldous diffusion conjecture in conjunction with these and other representations of
the BCRT, and we will do so in Section 8.4.

Interval partitions and the Brownian reduced k-tree. To introduce our
notion of a k-tree, we first require interval partitions, in the sense of [16, 78, 129].

Definition 1.3. An interval partition (IP) is a set β of disjoint, open subin-
tervals of some interval [0,M ], M ≥ 0, that cover [0,M ] up to a Lebesgue null set.
We refer to M =: ∥β∥ as the mass of β. The subintervals comprising the interval
partition are called its blocks. We refer to their lengths as block masses or sizes.
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Figure 1.5. A standard Brownian bridge. In between any two
excursions away from zero are infinitely many small excursions.
The time intervals of these excursions form a PDIP

(
1
2 ,

1
2

)
.

Simple examples include finite partitions, such as {(0, 2), (2, 3)}, or infinite se-
quential partitions, such as {(0, 12 ), (

1
2 ,

3
4 ), (

3
4 ,

7
8 ), . . .}. However, the blocks of a

partition can also be ordered in a more complicated manner, such as the open in-
tervals, called excursion intervals, that comprise the complement of the zero set
of a standard Brownian bridge; see Figure 1.5. The left-to-right ordering of these
intervals is isomorphic, as an ordered set, to Q. This interval partition is called
a Poisson–Dirichlet

(
1
2 ,

1
2

)
interval partition, or PDIP

(
1
2 ,

1
2

)
. In particular, the se-

quence of interval lengths, written in decreasing order, is Poisson–Dirichlet
(
1
2 ,

1
2

)
-

distributed [127, Corollary 4.9]; we will discuss this family of interval partitions at
greater length in Section 2.1.

The concept of a k-tree is best understood by generating a random k-tree from
the BCRT, as in Figure 1.6. Consider a BCRT (T , d, ρ, µ). Let Σn, n≥ 1, denote
a sequence of leaves sampled conditionally i.i.d. with law µ. Denote by R+

k the

subtree of T spanned by ρ,Σ1, . . . ,Σk, and by Rk the subtree of R+
k spanned by

the set Br(R+
k ) of branch points and the root ρ of R+

k . A.s., R+
k is a binary tree.

Let [k] := {1, . . . , k} and suppose that k ≥ 1. The Brownian reduced k-tree,

denoted by Rk =
(
tk, (X

(k)
j , j ∈ [k]), (β

(k)
E , E ∈ IntEdge(tk))

)
, is defined as follows.

• Let tk denote the rooted, binary tree with vertices vert(tk) = {Σ1, . . . ,Σk}∪
Br(R+

k ) ∪ {ρ} and edges connecting pairs of vertices if and only if the path
between those points in T does not pass through any other vertices of tk.

• For j ∈ [k], the top mass X
(k)
j is the µ-mass of the component of T \ Rk

containing Σj .
• For each internal edge E ∈ IntEdge(tk), i.e. each edge between non-leaf ver-

tices v1 and v2, let BE denote the unique non-self-intersecting path from v1 to

v2 in T . We assign an interval partition β
(k)
E to this edge as follows. Consider

the connected components of T \ Rk that attach to Rk along the interior
of BE . These are ordered by decreasing distance between their attachment
points on BE and the root. This order is not sequential since branch points

of T on BE are dense. We define β
(k)
E to be the interval partition whose block

sizes equal the µ-masses of these components, in this order.

See Figure 1.6 for an illustration of such a k-tree.
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Σ1

Σ2

Σ5

ρ

Σ4 X5

β[5]

X4

β{1,4}

β{1
,2,

4}

X3

β{3,5} X1

X2

Σ3

Figure 1.6. Left: Simulation of a BCRT (T , d, ρ, µ), courtesy of
Igor Kortchemski, with root ρ, and k = 5 leaves Σ1, . . . ,Σ5. The
bold lines and triangles are the branches and vertices of R5. Right:
The associated Brownian reduced k-tree.

In Section 5.2 we formally define sets of k-trees, for each k ≥ 1, that support the
laws of the Brownian reduced k-trees. The probability distribution of the Brownian
reduced k-tree can be described in terms of some familiar objects.

Proposition 1.4 (Section 3.3 of [130]). Fix k ≥ 1.

• Let tk denote a uniform random rooted binary tree with k labeled leaves.
• Independently, let (Mi, i ∈ [2k − 1]) ∼ Dirichlet

(
1
2 , . . . ,

1
2

)
.

• Independently, let βi, k + 1 ≤ i ≤ 2k − 1, be independent PDIP
(
1
2 ,

1
2

)
.

Denote by ϕtk : IntEdge(tk) → {k + 1, . . . , 2k − 1} a bijection, e.g. via depth-first
search of edges. Then Rk =

(
tk, (Mi, i ∈ [k]), (Mϕtk

(E)βϕtk
(E), E ∈ IntEdge(tk))

)
is a Brownian reduced k-tree. In particular, its distribution is invariant under the
permutation of labels.

1.3. Main results: k-tree evolutions and the Aldous diffusion

Let (Rk, k ≥ 1) denote the Brownian reduced k-trees described above. There
is a natural projection map πk from (k + 1)-trees to k-trees for every k ≥ 1 such
that πk(Rk+1) = Rk. While πk affects the combinatorial tree shape tk+1 by just
removing vertex Σk+1 and the adjacent branch point, all top mass(es) and interval
partition(s) adjacent to this branch point in Rk+1 are also suitably combined to
form the resulting k-tree Rk. There is also a natural map Sk taking k-trees to
rooted, weighted R-trees such that, almost surely, Sk(Rk) is the rooted, weighted
R-tree that results from projecting the leaf mass measure of T onto Rk. To see
this, observe that since the combinatorial tree shape of Rk is tk and atoms of
the projected measure are given by the top masses and intervals of the interval
partitions, one only needs to be able to recover the metric structure of Rk from Rk.
This is accomplished using the diversity of the interval partitions β:

(1.5) D(β) :=
√
π lim

h↓0

√
h#{(a, b) ∈ β : |b− a| > h}.

We will say more about this formula in Section 2.1. For now, we note that for the
PDIP

(
1
2 ,

1
2

)
formed by the excursion intervals of a Brownian bridge, as in Figure
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1.5, this limit exists almost surely. In fact, up to a scaling constant, the diversity of
the interval partition equals the local time of the bridge at level 0. It was observed
in [14, Lemma 9 and equation (12)] and [130, Section 3.3] that the diversities of
interval partitions obtained by projecting the BCRT, as in Proposition 1.4, equal
distances in the tree almost surely. Hence, we use diversity to recover the metric
structure along the branches BE , E ∈ tk, and define Sk(Rk).

Given any system of k-trees R = (Rk, k ≥ 1), we define S(R) = limk→∞ Sk(Rk),
where the limit is taken with respect to the Gromov–Hausdorff–Prokhorov met-
ric [121], provided this limit exists, and S(R) is the trivial one-point tree if the
limit does not exist. From the definitions of Rk and Rk, k ≥ 1, and from the
relationship between diversities and distances, in the BCRT construction above,
S((Rk, k ≥ 1)) = T almost surely. We formalize this construction in Section 7.1.

The following three theorems summarize the main contributions of this memoir,
resolving Conjecture 1.1.

Theorem 1.5. There is a projective system (T s
• , s ≥ 0) =

(
(T s

k , k ≥ 1), s ≥ 0
)

such that the following hold.

(i) For each k, (T s
k , s ≥ 0) is a k-tree-valued Markov process.

(ii) The processes are consistent in the sense that (T s
k , s≥0) = (πk(T s

k+1), s≥0).

(iii) The law of the consistent family of Brownian reduced k-trees (Rk, k ≥ 1) is
a stationary law for the process (T s

• , s ≥ 0).

(iv) With notation T s
k =

(
tsk, (X

s
j , j ∈ [k]), (βs

E , E ∈ tsk)
)
, let ∥βs

E∥ be the mass
of the interval partition βs

E, and τ the first time a top mass vanishes. Then

tsk = t0k for s < τ and
(
((X

(s∧)τ/4−
j , j ∈ [k]), (∥β(s∧τ)/4−

E ∥, E ∈ t0k)), s ≥ 0
)

is a Wright–Fisher diffusion WF(θ1, . . . , θ2k−1) with generator (1.1), with the
parameters θi = − 1

2 for coordinates corresponding to top masses and θi =
1
2

for coordinates corresponding to masses of interval partitions, stopped when
a top mass coordinate vanishes.

Theorem 1.6. Let (T s
• , s ≥ 0) denote the projective system of Theorem 1.5,

running in stationarity. Then the process
(
S(T s

• ), s ≥ 0
)
of rooted, weighted R-

tree-valued projective limits of this evolving system

(i) is stationary with the law of the BCRT,

(ii) has a modification that is path-continuous under the Gromov–Hausdorff–
Prokhorov metric, and

(iii) is a simple Markov process.

Definition 1.7. The Aldous diffusion is a path-continuous modification of the
process

(
S(T s

• ), s ≥ 0
)
described in Theorem 1.6.

Together with (1.2), this relates back to the Aldous chain via scaling limits of
leaf proportions in finitely many components. In the next theorem, we establish the
Aldous diffusion as a diffusive limit of a continuous-time Aldous chain with jump
rate 1/2n(n − 2) and jumps according to the non-trivial Aldous chain transitions
(see Section 8.3).

Theorem 1.8. The continuous-time Aldous chain, running in stationarity,
represented as a process of R-trees with edge lengths 1/

√
n and uniform weight

measure on the leaves, converges to the Aldous diffusion as n→ ∞, in the sense of
finite-dimensional distributions in the Gromov–Hausdorff–Prokhorov sense.
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Metrics on sets of interval Uniform control of local times
partitions with diversity [69] of stable processes [67]︸ ︷︷ ︸

↓
Construction of interval-partition-valued diffusions [68]

↓
Stationary Poisson–Dirichlet

interval partition diffusions [71]
↓ Consistent projections of

Chapters 3–4: Two-tree evolutions the Aldous chain [70]︸ ︷︷ ︸
↓

Chapters 5–6: Construction of the projective system of k-tree evolutions
↓

Chapters 7–8: Properties of the projective limit – the Aldous diffusion

Table 1. Outline of the present authors’ construction of the Al-
dous diffusion.

We prove this by embedding the continuous chain in the Aldous diffusion.
Showing tightness to obtain a functional scaling limit theorem appears to be a
difficult problem that relates to an only partially resolved problem about local times
of stable processes. Such a result would immediately yield a scaling limit theorem
for the discrete-time Aldous chain. We expect that the Aldous diffusion is also
the scaling limit of many other down-up Markov chains with different stationary
distributions in the large domain of attraction of the BCRT, but proving such results
is beyond the scope of this memoir. We provide a fuller discussion in Section 8.4.

Our construction of the projective system of Theorem 1.5 yields a consistent
family of stationary k-tree-valued Markov processes that turn out not to be re-
versible. It is not clear how the reversibility of the Aldous diffusion can be proved
directly from this construction. However, this is a direct consequence of the re-
versibility of the (continuous-time) Aldous chain and Theorem 1.8.

Corollary 1.9. The Aldous diffusion is reversible.

We will also explain in Section 1.5 how our construction in the continuum relates
to the discrete process. Before doing this, we discuss related literature, including
another approach to Aldous’s conjecture by Löhr, Mytnik and Winter [112], which
does achieve process-level scaling limits of a version of the Aldous chain in a rather
different state space of trees without the full continuum tree structure.

1.4. Related literature

The Aldous diffusion project. The present memoir is the culmination of
ideas that we have developed in our previous joint work. Although it is not neces-
sary to read all the previous papers to follow the mathematics here, in the interest
of the “big picture,” Table 1 outlines their dependence structure.

The k-tree evolutions of Theorem 1.5 require Markovian evolutions on spaces
of interval partitions with diversities. The state spaces were introduced in [69],
while the existence and properties of some of the evolutions have been worked out
in [68, 71]. As mentioned above, the leaf masses of the continuum-tree-valued
process are captured by the interval lengths of the evolving interval partitions.



1.4. RELATED LITERATURE 13

What is less explicit and not obvious is that the evolution of the metric structure of
the continuum-tree-valued process is also captured by the diversity of the evolving
interval partitions, as defined in (1.5). This has been dealt with in [67] establishing
and exploiting links between diversities and the local times of stable processes.

The consistency of the k-tree evolutions is subtle and requires a non-trivial
labeling of the k-tree shapes and a resampling mechanism when the masses of
certain components reach 0. In [70], a similar labeling and resampling scheme has
been worked out for the Aldous chain where it has been proved to lead to consistent
Markovian projections. Although the proofs of [70] cannot be generalized directly,
this provides the basis for our approach to the consistency claimed in Theorem 1.5
and ultimately allows us to construct in the present work the continuum-tree-valued
process of Theorem 1.6 and indeed of Conjecture 1.1, the Aldous diffusion.

Our published work on interval partitions is summarized in Chapter 2; the
remainder of this document presents previously unpublished work. Chapters 3-4
and Chapters 5-6 supersede two unpublished preprints, [66] and [65] respectively.

Related work by Löhr, Mytnik, and Winter. Recently Löhr, Mytnik, and
Winter [112] used a martingale problem to find the diffusive limit of the unrooted
Aldous chain on a new space of trees, which they call binary algebraic measure
trees. They named their process the Aldous diffusion on binary algebraic non-
atomic measure trees, which they abbreviated to Aldous diffusion, but for clarity,
we will abbreviate as the algebraic Aldous diffusion. Algebraic measure trees [113]
can be thought of as the structures that remain when one forgets the metric on
a weighted R-tree but retains knowledge of the branch points; cf. mass-structural
equivalence in [64]. More formally, an algebraic measure tree is a triple (t, c, µ),
where t is a vertex set, µ is a measure on t, and c : t3 → t is a map that identifies
the branch point separating any three vertices. Equivalence classes of algebraic
measure trees form the state space for the algebraic Aldous diffusion. The topology
on the set of binary algebraic measure trees is most easily thought of as being the
one generated by sample subtree convergence: for a binary algebraic measure tree t,
let t[k] be the subtree spanned by k vertices drawn independently from the measure
on t. Convergence of binary algebraic measure trees is essentially defined as tn → t

if and only if t
[k]
n

d→ t[k] for every k, on the space of graph-theoretic binary trees
with k leaves. The actual definition of the topology is more subtle, but reduces to
this for the trees that appear when studying the Aldous chain on algebraic trees;
see [112, Proposition 2.8].

There are advantages and disadvantages to using this state space and topology
compared to our choice of the Gromov–Hausdorff–Prokhorov setting with distances
given by the rescaled graph metric. The most significant advantage is that con-
structing the algebraic Aldous diffusion and proving convergence to it can be done
using classical martingale problem techniques. While the calculations are involved,
they are surprisingly simple relative to what is required in the Gromov–Hausdorff–
Prokhorov setting of the present work. Additionally, they are able to show that
the algebraic Aldous diffusion is an ergodic Feller process whose unique stationary
distribution is the algebraic Brownian CRT. One disadvantage is that, because of
the topology, the only statistics that can be computed are averages of quantities
over uniformly sampled subtrees. Because of this, the Wright–Fisher diffusions
that Aldous described appear only in an annealed sense. Another disadvantage is
that the aforementioned statistics do not capture lengths in the tree. Indeed, the
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algebraic tree setting was chosen by [112] in order to sidestep the difficulties posed
by distances in the tree: the quadratic variation of the averaged distance process
scales like N3/2 instead of N2, suggesting that distances in the Aldous chain might
fluctuate too wildly for tightness to hold; see [112, p. 2567].

An advantage of our approach is that we can show that the stationary tree-
valued process converges, in the sense of finite-dimensional distributions under the
Gromov–Hausdorff–Prokhorov metric, to a continuous limiting process, in which
the evolution of distances is described in terms of local times of stable Lévy pro-
cesses. See Section 4.5 for the connection to local times. The ability to understand
the evolution of distances is a primary advantage of our approach but also a great
source of complexity, leading us to decorate our trees with interval partitions. An-
other advantage of our setting is that the Wright–Fisher processes described by
Aldous appear directly as mass evolutions around selected branch points. A dis-
advantage of our approach is that we only construct the diffusion in stationarity.
Additionally, we note that in contrast to [112] where the limiting process is Feller,
in our setting the limiting process has the simple, but not the strong, Markov prop-
erty; see Section 8.2. This is a disadvantage of our choice of state space in the sense
of doing calculations with the limiting process. However, this is the state space
most naturally implied by Aldous’s conjecture, and our method reveals the unex-
pected failure of the strong Markov property. See Section 8.4 for further discussion
and open problems related to these matters.

There is a natural conjecture relating the processes we call the Aldous diffusion
and the algebraic Aldous diffusion. In particular, in Theorem 1.5 we construct a
consistent system of k-tree evolutions (T s

k , s ≥ 0), k ≥ 2 that capture the Wright–
Fisher diffusions proposed by Aldous. In Definition 1.7 we define the Aldous dif-
fusion by mapping T s

k to a weighted R-tree using the diversities and block sizes
in the interval partitions to determine branch lengths and masses of atoms, then
taking a projective limit as k → ∞ in the Gromov–Hausdorff–Prokhorov metric.
If instead of mapping T s

k to a weighted R-tree we map it to an algebraic measure
tree and take the limit in the topology of [112] – this limit is easily seen to exist –
we conjecture that the resulting process is the diffusive limit of the rooted Aldous
chain in a space of rooted algebraic trees.

Continuum-tree-valued Markov processes. The Aldous diffusion is not
the first continuum-tree-valued Markov process. Notable previous examples include
[54, 56, 58, 151]. Of these, only [58] has as its state space the Gromov–Hausdorff–
Prokhorov (GHP) space of (unrooted) weighted R-trees. See [121, Section 6.3] for a
proof that the metric used in [58] is indeed equivalent to the GHP metric. [56] uses
a Gromov–Hausdorff state space of unweighted R-trees, while [151] uses a space of
unit length excursions, which relates to weighted R-trees as explained around (1.3).
All have the BCRT (or the associated random R-tree without weight measure, or
a Brownian excursion) as their stationary distribution.

Specifically, Evans, Pitman, and Winter [56] study root growth with re-grafting.
Under these dynamics, an R-tree grows just above the root pushing up the tree at
unit speed, while a Poisson point process at unit rate per unit length places cut-
points onto the growing tree. Cut subtrees are re-grafted to the root. Indeed,
starting from a one-point tree, the tree just before the jth re-grafting has the same
distribution as the jth tree in the line-breaking construction. The dynamics are con-
sistent across all connected subsets containing the root and can be defined on the
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Gromov–Hausdorff space of rooted compact R-trees. This gives rise to a recurrent
Feller process that converges to stationarity, the law of the BCRT. This discontin-
uous evolution of the BCRT is the scaling limit of a continuous-time Markov chain
on discrete trees with n vertices called the Aldous–Broder chain, see [32, Section 5]
and Aldous [17, end of Section 2]. This chain selects each non-root vertex at rate
1, cuts the adjacent edge towards the root, adds an edge from the selected vertex
to the root and re-roots at the selected vertex.

Evans and Winter [58] are motivated by a Markov chain on binary trees with n
leaves whose transitions are subtree prune and re-graft moves, in which a cut-edge
and a re-graft edge are chosen uniformly at random. Specifically, in the component
containing the re-graft edge, the branch point of the cut-edge is contracted away,
while the other component is re-grafted by connecting the cut-edge to a new branch
point in the middle of the re-graft edge. They use Dirichlet-form techniques to build
a recurrent Hunt process on the Gromov–Hausdorff–Prokhorov space of weighted
R-trees that they expect to be the scaling limit of this Markov chain. Informally,
a Poisson point process places cut-points at unit rate per unit length, while the
re-graft point is then selected from the weight measure. Again, the component not
containing the re-graft point is re-grafted. This discontinuous evolution is reversible
with respect to the distribution of the BCRT.

Zambotti [151] studies a class of stochastic partial differential equations driven
by a Brownian sheet W on [0,∞)× [0, 1], which includes the special case

(1.6)


∂u

∂s
=

1

2

∂2u

∂2r
+
∂2W

∂s∂r
+
η(ds, dr)

ds dr

u(0, r) = x(r), u(s, 0) = u(s, 1) = 0, u ≥ 0, u = 0 η-a.e.,

whose solutions (u, η) we interpret as evolutions in time s ≥ 0 of continuous func-
tions u(s, · ) : [0, 1] → [0,∞) that vanish at 0 and 1, with initial function u(0, ·) = x,
while the auxiliary measure η is to achieve reflection at the boundary. Zambotti
shows that there is a solution (u, η) such that (u(s, · ), s ≥ 0) is a path-continuous
Markov process (adapted to the filtration of the Brownian sheet, generated by
W |[0,s]×[0,1], s ≥ 0) for which the law of the standard Brownian excursion is an
invariant measure. Zambotti [152] establishes a Dirichlet form for this process and
shows that η( · , (0, 1))-a.e. u(s, ·) has precisely one zero in (0, 1). The study of the
reflection at the boundary is further refined in [153] establishing occupation den-
sities, while [154] introduces related dynamics of Brownian excursions conditioned
on their area. See also [155] for lecture notes on this material.

Finally, [51, Theorem 3] showed that Zambotti’s Markov process [151] is the
scaling limit of a Markov chain on Dyck paths of length 2n that at each step
chooses a flipping point on the path uniformly at random. If this point is a local
minimum it is flipped into a local maximum by adding 2 at this point, and if it is
a local maximum above height 2, it is flipped into a local minimum by subtracting
2. Zambotti [155, Section 5.6.4] poses the problem of providing a description
of the limiting process directly as an evolution of trees. There is no heuristic
reason to believe that the projection of Zambotti’s process into the space of rooted
weighted R-trees would be the same as the Aldous diffusion. However, due to the
difficulty of computing statistics related to these processes, it is not straightforward
to distinguish them. In Section 8.1 we argue, but stop short of proving, that these
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processes are indeed distinct. In Section 8.4 we explore the possibility of a variant
of our Aldous diffusion on a space of excursions.

Dynamics for Poisson–Dirichlet distributions. A one-parameter family
of Poisson–Dirichlet distributions on the Kingman simplex was introduced by King-
man, in 1978, in his work on population genetics [100]. This was extended to two
parameters in 1997 by Pitman and Yor [133].

In 1981, Ethier and Kurtz introduced a measure-valued Fleming–Viot diffusion
called the infinitely-many-neutral-alleles model [52] to describe fluctuations in al-
lele frequency in a large population under no fitness preferences (hence “neutral”),
with the possibility of mutation into infinitely many new types. Under the projec-
tion that maps a purely atomic measure to its ranked sequences of atom masses,
this process maps to a diffusion on the Kingman simplex with PD(0, θ) stationary
distribution. In 2009, Petrov generalized this latter diffusion to the two-parameter
PD(α, θ)-setting [126]. Around that same time, it was conjectured [59, 60] that the
aforementioned Fleming–Viot diffusion should be similarly generalizable: that there
should exist a two-parameter family of Fleming–Viot diffusions that would project
down to Petrov’s diffusions on the Kingman simplex. Both Petrov’s work and Feng
and Sun’s conjecture spurred a great deal of research; see e.g. [40, 61, 142, 156].

En route to the present work, the research program outlined in Table 1 also
provided the tools to resolve Feng and Sun’s conjecture. In particular, the sta-
tionary interval partition diffusions mentioned in the table have Poisson–Dirichlet
stationary laws. We generalized and adapted these into measure-valued processes
in [73, 145]. In [72], we resolved the conjecture by showing that the constructed
Fleming–Viot diffusions project down to Petrov’s diffusion on the Kingman simplex.

Poisson–Dirichlet and similar mass splits ordered along a geodesic or repre-
sented as an interval partition appear in wider families of random metric spaces
and related structures. See for example [80, 88, 129, 135, 136] for classes of
random R-trees and [3, 4, 39, 81] for critical random graphs with some cycles as
they arise in the critical window of the Erdős–Rényi random graph, stable graphs
and random planar maps related to Voronoi tesselations and large uniform planar
maps with a fixed finite number of faces on higher-genus surfaces.

1.5. Consistent k-tree down-up chains and skewer representations

In this section, we discuss several features of our approach to the Aldous dif-
fusion in the discrete setting of the Aldous chain. While reading this section is not
strictly necessary to understand the mathematics that we develop in the remaining
chapters, the notions introduced here provide useful motivation and insights into
some of the obstacles that we encounter and some of the concepts that we develop
as building blocks in our construction of the Aldous diffusion. In the discrete set-
ting here, some technical complexity is absent, and this is helpful to more directly
expose some of the challenges before we turn to the setting of interval partition
evolutions and k-tree evolutions. In Section 1.6, we discuss the structure of this
memoir using some terminology for the building blocks that we introduce here, but
that will be formally set up in the further chapters.

Label swapping and consistent Markovian projections. Aldous [18] and
Schweinsberg [143] showed that the relaxation time for the unrooted Aldous chain
is Θ(n2), where n is the number of leaves, and indeed, n2 is the correct number
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of steps per unit time for mass fluctuations around branch points to have scaling
limits in (1.2). However, it only takes n log(n) steps for every single leaf to be
displaced. Hence, leaf labels mix much faster than tree structure in the Aldous
chain. The key challenge here is that we often describe continuum trees based on
subtrees spanned by a finite sequence of leaves.

In [70] we take the liberty of modifying the Aldous chain in order to slow down
the motion of low leaf labels in such a way that it does not affect the dynamics of the
underlying unlabeled tree. This allows us to identify persistent branch points – for
example, the branch point separating leaf label 1 from label 2. In the continuum,
these are the branch points that make up the k-tree structures of Theorem 1.5.

For n ≥ 1, we denote by Tgraph
n the set of rooted binary trees with n labeled

leaves, with internal vertices treated as being unlabeled; the trees in the first and

last panels of Figure 1.1 are members of Tgraph
6 . For k ≥ 1, a decorated k-tree is a

binary tree t ∈ Tgraph
k with external edges (those incident to leaves) decorated with

positive integer weights and internal edges (i.e. non-external ones) decorated with
(potentially trivial) sequences of positive integer weights.

Figure 1.7 illustrates the decorated k-tree projection of a tree t ∈ Tgraph
14 , in the

case k = 5. This projection, which we denote by π◦k(t), is obtained by the following
steps.

(1) Consider the subtree spanned by leaves 1, . . . , k and the root.

(2) Contract away all degree-2 branch points to obtain a binary tree tk ∈ Tgraph
k .

(3) Decorate each external edge of tk with weight equal to the number of leaves
in the subtree of t corresponding to that edge.

(4) Decorate each internal edge of tk with a sequence of weights equal to the
leaf counts in each of the subtrees grafted to the corresponding path in t, in
order of decreasing distance from the root.

In the example in Figure 1.7, in the right panel, the internal edge colored
blue is decorated with the sequence (2, 1), in order of decreasing distance from the
root, corresponding to the two subtrees of the blue path in the left panel: the one
containing leaves 6 and 10, and the one containing only leaf 8. The orange edge,
to the right of the blue edge, is decorated by the null sequence, as no subtrees are
grafted to the orange path in the panel on the left. The green and red edges are
each decorated with singleton sequences corresponding to single subtrees.

Remark 1.10. In [70], the term “decorated k-tree” is first defined differently,
with internal edges decorated by a single, non-negative mass, equal to the sum of
the sequence of masses considered here. However, the “decorated k-trees” of this
section are taken up in Section 5 of that paper.

These projections are the discrete analogs to the k-trees of Theorem 1.5. The
benefit of modifying the leaf label dynamics of the Aldous chain is two-fold. We
achieve a slowing-down of the movement of small labels, and the projections of the
modified chain to decorated trees, for each k ∈ [n], are Markov chains themselves.
Indeed, it is not hard to see that projections while using the original label dynamics
of the Aldous chain are not Markovian, in general: e.g. for k = 2, if leaf 1 is moved
twice in a row, first to the root edge and then elsewhere, the initial state constrains
the state after two steps while the intermediate state consists of a null sequence
and weights 1 and n− 1 as decorations of the two external edges.
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Figure 1.7. The projection onto decorated 5-trees, applied to a
14-leaf tree t, with internal edges color-coded to indicate corre-
sponding subtrees of t. The (sequence of) weight(s) on each ex-
ternal (resp. internal) edge of the projected tree is inscribed in a
(sequence of) circle(s) at the end (resp. in the middle) of the edge.
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Figure 1.8. A down-up move with label swapping as in Definition
1.11. Here, (i, a, b) = (3, 1, 5), so ı̃=5. We swap labels i=3 and
ı̃=5 before deleting the chosen leaf. Label 5 then regrows.

Definition 1.11 (Modified Aldous chain, Definition 1 of [70]). Fix n ≥ 3.
The modified Aldous chain is the down-up Markov chain on Tgraph

n , in which each
transition has the following two steps.

(i) Down-move: Sample a uniform leaf I. Suppose I = i. Let a (resp., b) denote
the smallest leaf label from the other subtree of the parent branch point
(resp., grandparent branch point, unless this is the root, in which case, by
convention, b = 0). Let ı̃ = max{i, a, b}. Swap labels i and ı̃, unless i = ı̃.
Next, remove the leaf now labeled ı̃ (which had been labeled i) and contract
away its parent branch point.

(ii) Up-move: insert a new leaf ı̃ at an edge chosen uniformly at random.

Figure 1.8 illustrates a transition of the modified chain in which the leaf labeled
3 is selected for deletion, so label 3 swaps places with label 5, then the newly labeled
leaf 5 is deleted and regrown elsewhere in the subsequent up-move. Crucially, the
dynamics for the unlabeled tree are unchanged from those indicated around Figure
1.1; only leaf labels are affected.

These label dynamics may seem arbitrary; indeed, for brevity’s sake, we have
told this story backwards. In fact, this scheme emerged from first devising sensible
Markovian dynamics for projected 2-trees, then 3-trees, etc., finally looking to the
top of the resulting projective tower to find dynamics for individual leaf labels.
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Figure 1.9. Left: Up-move weights for a 2-tree projection of the
Aldous chain. The tree is decomposed into two top subtrees with
m1 and m2 leaves, and k spinal subtrees, with b1, . . . , bk leaves,
respectively. Right: Seating weights for oCRP

(
1
2 ,−

1
2

)
, when the

tables have m1,m2, b1, b2, . . . , bk customers, in left-to-right order.

In [70, Theorem 1] we observed that this modified chain is, like the original
Aldous chain, stationary under the uniform distribution on Tgraph

n . Interestingly,
despite the asymmetrical handling of labels in the transitions, leaf labels are ex-
changeable at fixed times, in stationarity. In [70, Theorem 19], we observed that
the π◦k-projections of a stationary modified Aldous chain are themselves stationary
Markov processes, for each k.

A key feature of this label-swapping scheme is that for each k ∈ [n], the deco-
rated k-tree projection π◦k(T (j)), j ≥ 0, of a modified Aldous chain (T (j), j ≥ 0)

retains its shape in Tgraph
k much longer than the projection of the original chain. In

particular, this shape only changes after an external weight has been reduced to 1
and the internal decoration immediately below to the null sequence, and then the
single leaf of the external weight is selected for deletion in a down-move.

Note that for k1 > k2, the π
◦
k2
-projection of a tree t ∈ Tgraph

[n] can be obtained in

a natural manner as a further projection of the π◦k1
-projection. Hence, the sequence

of these Markov chains, for varying k, form a consistent projective system. Our
aim is to mimic this system in the continuum, but rather than going from the “top
down,” beginning with a continuum-tree-valued diffusion and then describing its
projections, we must go in reverse: we will define k-tree-valued processes and use
them to obtain a continuum-tree-valued process as their projective limit.

The label swapping of Definition 1.11 solves the problem of identifying persis-
tent branch points; in the remainder of this section, we describe a representation of
the dynamics for our projected trees in a way that can be passed to the continuum.

Dynamics for decorated 2-trees and ordered Chinese restaurants. Let
us focus on the simplest case for our projections: k = 2. Consider the branch point
that separates leaves 1 and 2 from each other and the root. We decompose the
tree into two top subtrees above this branch point and a sequence of spinal subtrees
grafted to the path, called the spine, from the branch point to the root. The
decorated 2-tree comprises a pair of top masses (m1,m2), followed by a (possibly
null) finite sequence of spinal masses (b1, . . . , bk), ordered by decreasing distance
from the root.
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The down-up moves of Definition 1.11 act on the decorated 2-tree as follows.
In the down-move, we make a size-biased pick among the masses and reduce that
mass by one. For up-moves, we choose a mass m with probability proportional to
2m− 1, or choose any edge along the spine with probability proportional to 1; see
Figure 1.9. If a mass is chosen, it is incremented by 1; if a spinal edge is chosen,
a ‘1’ is inserted into the sequence of spinal masses at that point, representing the
appearance of a new spinal subtree.

There are three cases for the down-move that require more explanation.

(D1) If one of the spinal masses is reduced to 0 in the down-move, then it is deleted
from the list; this corresponds to a single-leaf subtree and its parent branch
point being contracted away, with the spine consequently shrinking in length.

(D2) If one of the two top masses is reduced to zero at a time when there is at
least one spinal mass, then the first spinal mass replaces it as a new top mass.
This results from the label swapping of Definition 1.11, which will swap the
label in the targeted top subtree down into the “uncle” subtree, one step
down the spine. In this case, we say that the label is moving down the spine.

(D3) If one of the top masses is reduced to zero at a time when the spine is trivial,
meaning that all but one unit of mass was already in the other top mass,
then the chain jumps to a new state sampled from the stationary law for
this chain, which is the π◦2-image of the uniform law on Tdiscr

n . We call this
resampling.

This arises from the degenerate b = 0 case of Definition 1.11. If the top
mass being reduced to 0 bears label 2, then this will not swap at all, and will
be deleted and regrow at a random new edge. If it bears label 1, then this
will swap with label 2 before deletion, but the effect is the same.

The up-move weights in the left panel of Figure 1.9 resemble the seating rule
for an ordered Chinese restaurant process (oCRP) [129, 139]. The oCRP(α, θ) begins
with a single customer sitting alone at a table. New customers enter one-by-one.
Upon entering, the n + 1st customer chooses to join a table that already has m
customers with probability (m−α)/(n+θ); sits alone at a new table inserted at
the far left end of the restaurant with probability θ/(n+θ); or sits alone at a new
table, inserted to the right of any particular table already present, with weight
α/(n+θ), so that the total probability to sit alone is (kα+θ)/(n+θ), where k is
the number of tables already present. If we ignore the left-to-right order of these
tables, then this is the well-known (unordered) CRP(α, θ) due to Pitman [127, §3.2],
which generalizes the α = 0 case first studied by Blackwell and MacQueen [29].

If we take (α, θ) =
(
1
2 , 0
)
, then this seating rule differs from the up-move

probabilities in Figure 1.9 only in that, in the oCRP, a new table can be introduced
between the two leftmost tables, whereas in the 2-tree no new mass can be inserted
in between the two leftmost masses, representing the two top subtrees, which are
not separated by an edge but only by a branch point. We refer to the probabilities
in Figure 1.9 as the seating rule for the oCRP

(
1
2 ,−

1
2

)
, as, under this rule, if there

are a total of k masses (2 top masses and k−2 spinal masses), then the probability
for insertion of a new mass ‘1’ is (k − 1)/(2n− 1) =

(
k 1
2 − 1

2

)
/
(
n− 1

2

)
.

This is outside of the usual parameter range considered for the CRP. Indeed, if we
start a CRP

(
1
2 ,−

1
2

)
with a single customer, as described above, then all subsequent

customers will be forced to join the first at a single table, as the probability to sit
alone will be zero. However, if we start with two customers sitting separately, then
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Figure 1.10. Iterative construction of splitting tree representa-
tion of tables in Poissonized down-up oCRP

(
1
2 , 0
)
, started with one

customer, and JCCP.

the oCRP
(
1
2 ,−

1
2

)
seating rule produces a non-trivial configuration with the same

distribution as the decorated 2-tree projection of a uniform random rooted binary
tree with labeled leaves. In this analogy, the down-up moves of the modified Aldous
chain become re-seating : a uniform random customer leaves their seat; their table
is removed if empty; and they choose a new seat according to the seating rule, as
if entering for the first time.

Discrete scaffolding, spindles, and skewer. We simplify matters by Pois-
sonizing the re-seating oCRP described above. In the Poissonized process, each
customer exits the restaurant after an independent exponential time with rate 1,
and each of the seating weights in the right panel of Figure 1.9 is taken as an expo-
nential rate at which customers will either join a given table or sit alone at a new
table in a given position. Thus, the total number of customers in the restaurant will
fluctuate according to a birth-and-death Markov chain. In particular, we no longer
think of this as re-seating – rather, old customers exit the restaurant independently
of new customers entering. This technique was previously used in [125] to rigor-
ously establish the connection proposed by Aldous [13] between the Aldous chain
and Wright–Fisher diffusions, which inspired Conjecture 1.1. As in that paper, after
we pass to the continuum, we will apply a de-Poissonization transformation that
normalizes the total mass of the process and applies a corresponding time-change
in order to preserve the Markov property.

In the Poissonized process, the table populations evolve independently of each
other. Each one is a birth-and-death chain, having deaths with rate m and births
with rate m− 1

2 when the population is m, until absorption at population 0. Mean-
while, to the right of any table except for the leftmost (i.e. not between the two
leftmost), a new table of population 1 appears with rate 1

2 .
The Poissonized down-up oCRP(α, θ) admits a Ray–Knight representation of a

form that was introduced in [68, 74] and used in [71, 74] to construct interval
partition diffusions that arise as scaling limits [145] of the Poissonized down-up
oCRP(α, θ) in the regime θ ≥ 0. An expanded discussion of this representation in
the discrete regime can be read in [139]. See also [138] for scaling limit results on
down-up oCRP(α, θ) without Poissonization.

In Chapter 3 we will extend this representation from the θ ≥ 0 regime to the
required case (α, θ) =

(
1
2 ,−

1
2

)
. For now, we will discuss the

(
1
2 , 0
)
case.

We think of the tables that appear and vanish in the evolving oCRP as members
of a family: when a new table is born, the table immediately to its left at that time
is its parent. The number of tables is then evolving over time as a homogeneous
Crump–Mode–Jagers (CMJ) branching process [94]. The genealogy among these
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tables, and their lifetimes, can be represented in a splitting tree [77]. For our
purposes, this can be formalized as a rooted plane tree with edge lengths.

Figure 1.10 depicts the construction of a splitting tree representation of the
Poissonized down-up oCRP

(
1
2 , 0
)
started with a single customer.

(1) Draw a line of random length, sampled from the probability distribution µ
of the lifetime of a table started with population 1; this represents the first
table. One end of this line will be the root of the tree, representing time 0.

(2) Now, mark that line with Poisson points along its length with rate 1
2 , repre-

senting birth events.
(3) At each marked point, attach a new “child” line, branching off to the right

from its parent, with length independently sampled from µ. Each such line
represents a table “born,” at some time, immediately to the right of the first
table.

(4) Repeat steps (2), (3), and (4) on each of the newly drawn lines, if any.

It can be shown that this procedure almost surely terminates for this choice of µ.
This tree can be represented by a jumping chronological contour process (JCCP)

[76, 77], shown in Figure 1.10. Imagine a flea traveling around the splitting tree.
It begins to the left of the root and immediately jumps up to the top of the leftmost
branch, representing the first table. It then slides down the right hand side of that
branch at unit speed until its path is blocked by a branch sticking out to the right.
When that happens, it jumps to the top of the new branch, and carries on in the
same manner, until it finally reaches the root. The JCCP records the distance from
the flea to the root, as a function of time.

The tables that arise in the evolving oCRP are in bijective correspondence with
the jumps of the JCCP, with the levels of the bottom and top of each jump equaling
the birth and death times of the corresponding table. The genealogy among tables
can be recovered from the JCCP by looking to the bottom of each jump (the birth-
time of a child), and drawing a horizontal line to the left from that point, seeing
where it crosses another jump (its parent).

JCCP representations of splitting trees like ours are Lévy processes of posi-
tive jumps and negative drift [101]. Our particular JCCP has drift −1 and Lévy
measure 1

2µ. Levels in the JCCP correspond to times in the evolving oCRP. On
the other hand, times in the JCCP have no simple meaning in the oCRP, and serve
mainly to record the left-to-right order of tables.

What is missing from this JCCP picture is the evolving table populations. Re-
call that each table population evolves as a birth-and-death chain with lifetime
distribution µ. This is also the law of jump heights in our JCCP. We incorporate
both the genealogy among tables and the evolving table populations into a sin-
gle formal object by marking each jump with such a birth-and-death chain, with
lifetime equal to the height of the jump.

We depict this by representing each birth-and-death chain as a laterally sym-
metric “spindle” shape, beginning at the bottom of the jump and evolving towards
its top, with width at each level describing the value of the chain at the correspond-
ing time. In the context of this construction, we refer to the JCCP as scaffolding
and the markings as spindles. See Figure 1.11. In the CMJ framework [94, 95],
our spindles are individual “characteristics” changing during lifetimes.

Then, to recover the Poissonized down-up oCRP
(
1
2 , 0
)
from the scaffolding and

spindles representation, we apply a skewer map: for any y ≥ 0, we draw a horizontal
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Figure 1.11. Left: Scaffolding with spindles. Right: a composi-
tion, visualized as an ordered Chinese restaurant state, correspond-
ing to the skewer at a fixed level.

line through the picture at that level, and look at the cross-sections of spindles
pierced by the line. The widths of these cross-sections represent populations of
tables, and their left-to-right order corresponds to that in the oCRP. If we slide this
horizontal line up continuously, then the cross-sections gradually change in width,
with some dying out as the horizontal line passes the top of a jump, and new ones
appearing as it reaches the bottom of a jump.

Putting the pieces together. Recall the discussion of “resampling” as a
special case (D3) that may arise in a down-move acting on the decorated 2-tree.
Analogous behavior arises in all decorated k-tree projections, when an external
edge is reduced to mass 0 at a time when the internal edge below it also has mass
0. For fixed k, the down-up chain on decorated k-trees proceeds through O(n2)
steps in between resampling events [125], cf. (1.2). In our continuum analog, we
will construct k-tree-valued processes with certain continuous-time dynamics that
are interrupted at discrete resampling times, when the process jumps away from a
degenerate state in which an external component and the internal component below
it simultaneously hit mass 0. The label-swapping of Definition 1.11 governs the
behavior of our continuum analog at resampling times, while a continuum analog
to the scaffolding-and-spindles construction of Figure 1.11 governs its behavior in
between these times.

Note how, in Figure 1.6, the continuum tree and its k-tree projection are par-
titioned with dashed black lines, so that each external subtree in the left panel
(respectively, each leaf edge in the right panel), is grouped together with the in-
ternal subtree (resp. edge) below it. In that example, leaves 3 and 5 are grouped
together with the internal component below them; similarly for leaves 1 and 4; leaf
2 has an internal component to itself; and the root is in an internal component that
is not grouped with any external components. Figure 1.12 illustrates the analogous
grouping of components for the 5-tree projection of the combinatorial tree in Figure
1.7. This grouping has to do with case (D2) of the dynamics, when an external
component hits mass 0 in a down-move and its label moves down the spine. Re-
sampling times are discrete, but the times when a label moves down a spine have
accumulation points.

Hence, rather than describing external components and internal components
separately, we use a single stochastic process to describe each internal component
together with any external components immediately above it. We call these type-0,
type-1, and type-2 (interval partition) evolutions, with reference to the number of
external components included in the process. Referring back to Figure 1.6, the
external masses containing leaves 3 and 5 and the internal interval partition below
them would collectively evolve according to a type-2 evolution; likewise for leaves
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Figure 1.12. Decomposition of the tree of Figure 1.7 into com-
ponents so that, under the Poissonized Aldous chain, the masses of
the spinal and top subtrees in each component evolve according to
a Poissonized down-up oCRP with parameters either

(
1
2 ,

1
2

)
, called

type-0;
(
1
2 , 0
)
, called type-1; or

(
1
2 ,−

1
2

)
, called type-2.

1 and 4; leaf 2 would be included in a type-1 evolution; and the root component
would evolve by a type-0 evolution. Type-0 and type-1 evolutions are continuum
analogs to Poissonized down-up oCRPs with (α, θ) =

(
1
2 ,

1
2

)
or
(
1
2 , 0
)
, respectively.

These were constructed via a continuous scaffolding-and-spindles setup in [71].

1.6. Structure of this memoir

We review type-0 and type-1 evolutions in Chapter 2, before, in Chapter 3, we
construct type-2 evolutions, which are the continuum analogs of the Poissonized
down-up oCRP

(
1
2 ,−

1
2

)
. In Chapter 4, we de-Poissonize type-2 evolutions, study

unit-mass 2-tree evolutions and prove the statements in Theorem 1.5 that only
require k = 2. In Chapter 5 we then define and study k-trees and self-similar and
unit-mass k-tree evolutions based on equipping each branch with a type-0, type-
1, or type-2 evolution, resampling and de-Poissonization. In Chapter 6, we study
projective consistency and prove the remainder of Theorem 1.5.

At last, Chapter 7 is devoted to proving Theorem 1.6 concerning the Aldous
diffusion: the evolving continuum-tree-valued projective limit of projectively con-
sistent k-tree evolutions. We derive further properties of the Aldous diffusion in
Chapter 8: we study the existence of branch points of higher multiplicity at excep-
tional times and disprove the strong Markov property, we embed a continuous-time
version of the stationary Aldous chain in the Aldous diffusion to prove Theorem
1.8, and we collect open questions related to the Aldous diffusion.
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CHAPTER 2

Preliminaries on type-0 and type-1 interval
partition evolutions

In this chapter we recall the constructions and main properties of the type-0 and
type-1 interval partition (IP) evolutions introduced in [68, 71], and we introduce
a variant of type-1 evolution that records the mass of a leftmost block separately.

2.1. Interval partitions with diversity

In this section we specify the metric space of interval partitions with diversity
as introduced in [69]. Recall from Definition 1.3 the notion of an interval partition
that we use. Also recall the setting illustrated in Figure 1.6 of a Brownian reduced k-

tree Rk =
(
tk, (X

(k)
j , j∈ [k]), (β

(k)
E , E∈edge(tk))

)
, which features interval partitions

β
(k)
E that are (scaled) PDIP

(
1
2 ,

1
2

)
interval partitions. We introduced PDIP

(
1
2 ,

1
2

)
as

the law of the random interval partition β̄ formed as the collection of disjoint open
intervals in {t ∈ [0, 1] : Bbr

t ̸= 0}, i.e. the set of excursion intervals of a standard
one-dimensional Brownian bridge Bbr as in Figure 1.5.

We begin by extending the notion of (total) diversity D(β) of an interval par-
tition β introduced in (1.5) to a diversity function (Dβ(t), t ≥ 0).

Definition 2.1. If it exists, the following limit is called the diversity of an
interval partition β to the left of t ≥ 0:

(2.1) Dβ(t) :=
√
π lim

h↓0

√
h#{(a, b) ∈ β : b ≤ t, |b− a| > h}.

If this limit exists for all t ≥ 0, then β is said to possess the diversity property.
We write I to denote the set of all interval partitions with this property. As the
diversity is constant across any given interval of β, we will write Dβ(U) for U ∈ β to
denote this constant value: Dβ(U) = Dβ(t) for all t ∈ U . We refer to the constant
value on [∥β∥,∞) as the total diversity of β and write Dβ(∞) = Dβ(∥β∥) = D(β).

In fact, this is the α = 1
2 case of what is more generally known as α-diversity

[127]. As this is the only case that we consider, we suppress α in our terminology.
We define two operations on interval partitions: scaling and concatenation. For

c > 0 let cβ := {(cx, cy) : (x, y) ∈ β} and we define 0β = ∅. A collection of interval
partitions (βa)a∈A is summable if

∑
a∈A ∥βa∥ < ∞. If (A,⪯) is a totally ordered

set, then we can define S(a−) :=
∑

b≺a ∥βa∥ for a ∈ A, and the concatenation

(2.2) ⋆
a∈A

βa := {(S(a−) + x, S(a−) + y) : a ∈ A, (x, y) ∈ βa}.

We also write β ⋆β′ to concatenate two interval partitions and simplify notation to
(0, x)⋆β′ :={(0, x)}⋆β′ when concatenating a single block into an interval partition.

25
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Proposition 2.2 ([127], Proposition 2.2 of [71]). (i) The random interval
partition β̄ ∼ PDIP

(
1
2 ,

1
2

)
a.s. possesses the diversity property with positive

total diversity, Dβ̄(∞) > 0. Moreover, the diversity process
(
Dβ̄(t), t ∈ [0, 1]

)
equals the level-0 local time process of the Brownian bridge, up to scaling.

(ii) The ranked block masses of β̄ ∼ PDIP
(
1
2 ,

1
2

)
are Poisson–Dirichlet distributed,

PD
(
1
2 ,

1
2

)
. Indeed, we can represent PDIP

(
1
2 ,

1
2

)
, as follows. Consider jointly

independent (Pi, i ≥ 1) ∼ PD
(
1
2 ,

1
2

)
and Ui ∼ Unif(0, 1), i ≥ 1. Then

β̄ = ⋆
i∈A

(0, Pi) ∼ PDIP
(1
2
,
1

2

)
, where A = N, and i ⪯ j ⇐⇒ Ui ≤ Uj ,

i.e. β̄ consists of intervals of lengths Pi, i ≥ 1, in exchangeable random order.
(iii) Let M be a Stable

(
1
2

)
subordinator with Laplace exponent Φ(θ) =

√
θ, and

let Z ∼ Exponential(λ) be independent of M . Then the partition formed by
the jump sizes of M prior to exceeding Z at time T := inf{t ≥ 0: M(t) > Z},

β := {(M(t−),M(t)) : t ∈ [0, T ),M(t−) < M(t)},
is a PDIP

(
1
2 ,

1
2

)
scaled by an independent Gamma

(
1
2 , λ
)
variable M(T−).

In the Brownian reduced k-tree of Figure 1.6, blocks U1, U2 ∈ β
(k)
E capture

masses of connected components of T \ Rk, by construction, while diversities were
shown in [129] to capture the heights of their attachment points on BE ⊂ T in the
BCRT T , and hence the distance |Dβ(U1)− Dβ(U2)| between them.

We metrize the set I of interval partitions with diversity as follows.

Definition 2.3. We adopt the notation [n] := {1, 2, . . . , n}. For β, γ ∈ I,
a correspondence from β to γ is a finite sequence of ordered pairs of intervals
(U1, V1), . . . , (Un, Vn) ∈ β × γ, n ≥ 0, where the sequences (Uj)j∈[n] and (Vj)j∈[n]
are each strictly increasing in the left-to-right ordering of the interval partitions.

The distortion of a correspondence (Uj , Vj)j∈[n] from β to γ, which we denote
by dis(β, γ, (Uj , Vj)j∈[n]), is defined to be the maximum of the following:

(i) supj∈[n] |Dβ(Uj)− Dγ(Vj)|,
(ii) |Dβ(∞)− Dγ(∞)|,
(iii)

∑
j∈[n] |Leb(Uj)− Leb(Vj)|+ ∥β∥ −

∑
j∈[n] Leb(Uj),

(iv)
∑

j∈[n] |Leb(Uj)− Leb(Vj)|+ ∥γ∥ −
∑

j∈[n] Leb(Vj).

For β, γ ∈ I we define

(2.3) dI(β, γ) := inf dis
(
β, γ, (Uj , Vj)j∈[n]

)
,

where the infimum is over all correspondences from β to γ.

Proposition 2.4 (Theorem 2.4 of [69]). The map dI is a metric, and (I, dI)
is a Lusin space, i.e. homeomorphic to a Borel subset of a compact metric space.

2.2. Definitions and properties of type-0 and type-1 evolutions

We will specify two diffusions on (I, dI), called type-1 and type-0 evolutions,
via their semigroups. These are the α = 1

2 case of the diffusions introduced in [71].

The semigroup (κ1y, y ≥ 0) for type-1 evolutions satisfies a branching property :
given any interval partition β, the blocks U ∈ β will give rise to independent
random interval partitions γU (possibly empty) at time y > 0, and κ1y(β, · ) will be
the distribution of their concatenation. This is illustrated in Figure 2.1.
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U1 U2 U3 U4 U5

β0

βy

βz

Ly
2 γy2

Ly
5 γy5

Lz
2

γz2 Lz
5

γz5

Figure 2.1. Illustration of the transition kernel κ1y: β
0 has five

blocks U1, . . . , U5. Some blocks contribute ∅ for time y, here U1,
U3 and U4; others yield non-trivial partitions, here U2 and U5,
hence βy = (0, Ly

2) ⋆ γ
y
2 ⋆ (0, Ly

5) ⋆ γ
y
5 . The semigroup property

requires consistency of the dotted transition from 0 to z and the
composition of the dashed transitions from 0 to y and from y to z.

Specifically, fix b, r > 0. Let Br ∼ Gamma
(
1
2 , r
)
, γ̄ ∼ PDIP

(
1
2 ,

1
2

)
, and let Lb,r

be a (0,∞)-valued random variable with Laplace transform

(2.4) E
[
e−λLb,r

]
=

√
r + λ

r

exp(br2/(r + λ))− 1

exp(br)− 1
,

all assumed to be independent. Consider the following distribution on I:

(2.5) µb,r( · ) = e−brδ∅( · ) + (1− e−br)P
{(

0, Lb,r

)
⋆ Brγ̄ ∈ ·

}
.

For y > 0 and β any interval partition, let κ1y(β, · ) denote the law of

(2.6) ⋆
U∈β

γU where γU ∼ µLeb(U),1/2y independently for each U ∈ β.

Also set κ10(β, · ) = δβ( · ). Similarly, let κ00(β, · ) = δβ( · ) and κ0y(β, · ) the law of

(2.7) Bγ̄ ⋆ ⋆
U∈β

γU ,

where the γU are as in (2.6) jointly independent with B ∼ Gamma
(
1
2 ,

1
2y

)
and γ̄ ∼

PDIP
(
1
2 ,

1
2

)
, for each y > 0.

A Markov process (βy, y ≥ 0) is said to be self-similar, or 1-self-similar in
the sense of Lamperti [104], if it has the same semigroup as the scaled process
(cβy/c, y ≥ 0) for all c > 0.

Proposition 2.5 (Theorems 1.2–1.3 of [71]). The maps β 7→ κ1y(β, · ), y ≥ 0,
are weakly continuous and form the transition semigroup of a self-similar path-
continuous Hunt process (βy, y ≥ 0) on (I, dI), and likewise for κ0y.

It is not at all obvious why one would choose these transition kernels, nor that
they satisfy the semigroup property. In fact, these kernels fall out of a Poissonian
construction that we will describe in Sections 2.3–2.4.

We refer to a diffusion with transition semigroup (κ0y, y ≥ 0) as a type-0 evo-

lution. We refer to a diffusion with semigroup (κ1y, y ≥ 0) as an I-valued type-1
evolution. Previously [71], we have simply called this a “type-1 evolution,” but for
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our present purpose of constructing continuum-tree-valued diffusions, we wish to
set up type-1 evolutions on an equivalent state space.

It is not hard to show that the concatenations in (2.6)–(2.7) are almost surely
finite, in the sense that all but finitely many of the components being concatenated
will be null partitions [68, Lemma 6.1]. Even so, as each PDIP

(
1
2 ,

1
2

)
has infinitely

many blocks, so too do type-0 and I-valued type-1 evolutions. More formally, given
such a process (βy, y ≥ 0) on the event {βz ̸= ∅} for some z > 0, the partition βz

a.s. has infinitely many blocks. Moreover, there is a.s. no rightmost block but
rather βz has infinitely many blocks to the right of ∥βz∥ − ϵ, for every ϵ > 0.
However, as only finitely many of the γU in (2.6) are non-empty, in the type-1 case,
βz comprises a finite alternating sequence of the leftmost blocks of those γU and
rescaled PDIP

(
1
2 ,

1
2

)
. In particular, βz a.s. has a leftmost block when βz ̸= ∅.

We define

J • := {(m, γ) ∈ [0,∞)× I : m > 0 or γ has no leftmost block},
d•((m1, γ1), (m2, γ2)) = |m1 −m2|+ dI(γ1, γ2),

(2.8)

and consider the continuous bijection φ(m, γ) = (0,m)⋆γ from J • to I, which has
a (discontinuous) measurable inverse.

We define a (pair-valued) type-1 evolution to be the image of an I-valued type-1
evolution under φ−1, as a process on J •. It follows immediately from Proposition
2.5 that this is a Markov process. We will expand on this result in Corollary 2.22.

Squared Bessel processes are [0,∞)-valued diffusions described by the SDE

(2.9) dZ(y) = r dy + 2
√
Z(y)dB(y), 0 ≤ y ≤ ζ,

where r ∈ R is a parameter, B is standard one-dimensional Brownian motion and
either ζ = ∞ if r > 0, or ζ = inf{y ≥ 0: Z(y) ≤ 0} if r ≤ 0. In the latter case, we
adopt the convention that the process is absorbed at 0, though this convention is
not universal [79]. For x ≥ 0 we write BESQx(r) to denote the law of such a process
started from initial state x. When r = 0, this is a continuous-state branching
process known as the Feller diffusion. Otherwise, this can be viewed as a branching
process with immigration (when r > 0; see [97]) or emigration (when r < 0). See
[137, Chapter XI] or [79] for more discussion of these diffusions.

Proposition 2.6 (Theorem 1.4 of [71]). The total mass process associated with
a type-0 evolution (βy, y ≥ 0) is (∥βy∥, y ≥ 0) ∼ BESQ∥β0∥(1), while the total mass
of a type-1 evolution ((my, γy), y ≥ 0) is (my+∥γy∥, y ≥ 0) ∼ BESQm0+∥γ0∥(0). In
particular, the type-1 evolution a.s. is absorbed at (0, ∅) in finite time, whereas the
type-0 evolution visits ∅ but is reflected rather than absorbed.

We refer to the absorption time of a type-1 evolution as its degeneration time,
and we say that a type-0 evolution never degenerates, or that it has degeneration
time D = ζ = ∞.

Proposition 2.7 (Theorem 1.5 of [71]). Let A ∼ Beta
(
1
2 ,

1
2

)
, β̄ ∼ PDIP

(
1
2 ,

1
2

)
,

and let Z0 ∼ BESQ(1) and Z1 ∼ BESQ(0) with arbitrary initial distributions, all
jointly independent. If (βy, y ≥ 0) is a type-0 evolution starting from β0 dis-
tributed as the independent random multiple Z0(0)β̄ of β̄, then βy is distributed
as the independent random multiple Z0(y)β̄ of β̄ for each y > 0. Similarly, if

((my, γy), y ≥ 0) is a type-1 evolution with (m0, γ0)
d
= (Z1(0)A,Z1(0)(1 − A)β̄),

then (my, γy)
d
= (Z1(y)A,Z1(y)(1−A)β̄) for each y > 0.
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For this reason, the law of any independently randomly scaled PDIP
(
1
2 ,

1
2

)
is

called a pseudo-stationary law for the type-0 evolution, and similarly, the law of
(A, (1−A)β̄) times an independent scaling random variable is a pseudo-stationary
law for the type-1 evolution. This proposition has the following key special case.

Proposition 2.8 (Proposition 4.1 of [71]). Fix λ > 0. Let A and β̄ be as
in Proposition 2.7 and, independently, consider Mi ∼ Gamma

(
1+i
2 , λ

)
for i = 0, 1.

If (βy, y ≥ 0) is a type-0 evolution with β0 d
= M0β̄, then βy d

= (2yλ + 1)M0β̄.

If ((my, γy), y ≥ 0) is a type-1 evolution with (m0, γ0)
d
= M1(A, (1 − A)β̄), then

given that this process does not degenerate prior to time y > 0, the conditional law
of (my, γy) equals the (unconditional) law of (2yλ+1)M1(A, (1−A)β̄). Moreover,

(2.10) P{(my, γy) = (0, ∅)} =
1

2yλ+ 1
.

2.3. Scaffolding, spindles, and skewer

In this section and the next, we recall from [68, 71] the setup of scaffolding,
spindles and the skewer map, as well as associated constructions of type-0 and type-
1 interval partition evolutions. In this memoir, this setup serves three purposes.
The first is to stress parallels to the discrete regime introduced in Section 1.5. Figure
2.2 depicts a simulated approximation to the construction that we will undertake
here, in the continuum. The second is to acknowledge the role this setup has
played in proving the results stated in the previous section. Indeed, transition
semigroups provide an efficient way to introduce type-0 and type-1 evolutions and
to state the main results that also form the interface for the use of type-0 and
type-1 evolutions in the construction and study of k-tree evolutions and the Aldous
diffusion in Chapters 5–7. However, we have not been able to develop a theory
of type-0 and type-1 evolutions directly from the semigroups or even to show that
they are semigroups without this setup. Last, but not least, we also need type-2
evolutions. Their constructions in Sections 3.1 and 3.4 will build explicitly on the
constructions for types 0 and 1 that we recall and enhance here. To begin with,
here is an informal introduction to the key terminology, to be made formal later.

Scaffolding. This is a random càdlàg process X : [0, T ] → R formed by con-
catenating path segments of stopped spectrally positive Stable

(
3
2

)
Lévy processes.

In Figure 2.2, (an approximation of) the scaffolding is plotted in thin, steeply
downwards-sloping black lines.

Spindles. These are random [0,∞)-valued excursions, typically continuous,
that mark the jumps of the scaffolding in such a way that each jump of height
z is marked by an excursion with lifetime z. In particular, our construction uses
BESQ(−1) excursions. In Figure 2.2, the spindles are depicted as laterally symmet-
ric, shaded blobs inscribed into the jumps. The fluctuating width of the blob, as it
progresses up from the bottom towards the top of the jump, depicts the fluctuating
value of the excursion function, starting from and ending at width 0.

Skewer. This setup gives rise to an interval-partition-valued process via the
skewer map: in Figure 2.2, we see a horizontal dashed line cutting through the
scaffolding-and-spindles plot. The interval partition shown below the plot is made
up of a single block corresponding to each spindle bisected by the dashed line, with
the color of the block matching that of the corresponding spindle and the size of
the block equaling the width of the spindle at the point at which it is bisected.
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Figure 2.2. A simulated approximation of the scaffolding and
spindles construction of a type-1 interval partition evolution in the
simplest case: starting from a one block partition {(0, a)}. In this
case, the scaffolding and spindles comprise a clade; see Section 2.4.
Compare this to the discrete rendering in Figure 1.11.

In order to obtain a continuous process of interval partitions, rather than a single
partition as in the figure, we begin with a skewer at height 0, then move the dashed
line continuously up the page. Color in the figure is just for illustration.

Our formal setup diverges from the heuristic description above in one key re-
spect: rather than beginning with a scaffolding process and adding spindle mark-
ings, we find it more parsimonious to begin with Poisson random measures of spin-
dles and then associate an intrinsic scaffolding that has the spindle lifetimes as
jump heights.

Before we turn to the formal setup, let us further motivate the terminology. The
name “spindle” is in recognition of their visual appearance in illustrations such as
Figure 2.2 after we chose the laterally symmetric shapes for aesthetic reasons [68].
The vertical placement of each spindle of the Poisson random measure is implicit,
and the “associated scaffolding” makes this explicit – we can view the spindles
as being placed onto the scaffolding. The “skewer,” at a given level, is pushed
through the spindles from the left. Each spindle straddling the level has a certain
width and will occupy a corresponding length of skewer. We leave no gaps on the
skewer. Having a designated name “scaffolding” allows us to refer unambiguously to
horizontal “scaffolding time” and vertical “scaffolding level.” The latter is “skewer
time” and indeed interval partition evolution time and also relates to “spindle time.”

Spindles, formally. We define the set E of spindles as the subset

(2.11) E :=

{
f ∈ D

∣∣∣∣∣ ∃ z ∈ (0,∞) such that f |(−∞,0)∪[z,∞) = 0,

and f is positive and continuous on (0, z)

}
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of the space D of càdlàg functions from R to [0,∞). In words, spindles f ∈ E are
positive càdlàg excursions whose only jumps may be at birth and death. We refer
to spindles that have a jump at birth and/or death as broken spindles. For any
spindle f ∈ E , we define the lifetime or absorption time by

(2.12) ζ(f) := inf{s > 0: f(s) = 0}.

Lemma 2.9 (Equation (13) in [79]). Let Z = (Z(y), y ≥ 0) ∼ BESQx(−1).
Then the lifetime ζ(Z) = inf{y ≥ 0: Z(y) = 0} has the same distribution as x/2G
where G ∼ Gamma( 32 , 1).

Pitman and Yor [132] gave a general construction of σ-finite excursion mea-
sures, which applies to BESQ(−1) even though there is no Itô excursion measure as
0 is not an entrance boundary for BESQ(−1). In their terminology, the construction
for the 0-diffusion BESQ(−1) uses the associated ↑-diffusion BESQ(5) up to a first
passage time, which we denote by Hb : E → [0,∞] via Hb(f)=inf{s≥0: f(s)=b},
b > 0.

Lemma 2.10 (Description (3.1) in [132]). There is measure Λ on E such that:

(i) Λ{f ∈E : f(0) ̸=0} = 0, and Λ{Hb<∞} = b−3/2, b>0,
(ii) under Λ( · |Hb <∞), the restricted canonical process f |[0,Hb] is a BESQ0(5)

stopped at its first passage at b, independent of f(Hb + · ) ∼ BESQb(−1).

Following [67, 71], we scale the measure Λ of Lemma 2.10 and set

νBESQ =
3

2
√
π
Λ.

Scaffolding, formally. Let N denote a Poisson random measure on [0,∞) × E
with intensity measure Leb ⊗ νBESQ, abbreviated N ∼ PRM(Leb ⊗ νBESQ). This is a
point process in which spindles occur at a dense set of times, but spindles with
lifetime greater than ϵ, for any ϵ > 0, occur at discrete times. More precisely,
mapping spindles onto their lifetimes yields a Poisson random measure on [0,∞)×
(0,∞) whose intensity measure Leb ⊗ νBESQ(ζ ∈ · ) we can use to build a Lévy
process that incorporates all spindle lifetimes as jump heights in a compensated
limit. Keep this in mind as a key example for the following definition.

Definition 2.11. Given a point measure N on [0,∞)× E , we define

(2.13) ξN (t) := lim
z↓0

(∫
[0,t]×{g∈E : ζ(g)>z}

ζ(f)dN(u, f)− 3tz−1/2

π
√
2

)
for t ≥ 0.

If this limit exists for all t ≥ 0, then we call this the scaffolding associated with N
and we abbreviate ξ(N) := (ξN (t), t ≥ 0) and often write X := ξ(N).

If N is supported on a bounded time interval [0, T ]×E , then the length len(N) is
defined to be the least such T . In this case, we only require the limit to converge for
t ∈ [0, len(N)] in order to call X := ξ(N) := (ξN (t), t ∈ [0, len(N)]) the scaffolding.

The term outside of the integral in (2.13) equals the expected value of the
integral if we substitute N for N .

Lemma 2.12 (Proposition 2.12 of [68], (2.11) of [71]). For N as above, the
associated scaffolding X := ξ(N) is a spectrally positive Stable

(
3
2

)
Lévy process
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with Lévy measure and Laplace exponent given by

(2.14) Π(dx) = νBESQ(ζ ∈ dx) =
3

2
√
2π
x−5/2dx and ψ(λ) =

√
2

π
λ3/2.

Skewer, formally. Let N =
∑

i∈I δ(ti, fi) be a point measure on [0,∞)×E with
associated scaffolding X = ξ(N) = (ξN (t), t ∈ [0, len(N)]). By construction, each
ti, i ∈ I, is a jump time of X = ξ(N) of jump height ζ(fi), and we associate spindle
times s ∈ [0, ζ(fi)] with the scaffolding levels ξN (ti−)+s ∈ [ξN (ti−), ξN (ti)] crossed
by the jump at scaffolding time ti. This means that fi(y − ξN (ti−)) is associated
with level y ∈ R, which is positive if y is crossed at time ti and zero otherwise. If
fi is continuous, this quantity equals fi((y − ξN (ti−))−), but in order to achieve
the desired effect in all cases (including cutoff point measures needed for Lemma
2.23 where spindle lifetimes are cut short by càdlàg jumps down to 0), we consider
max{fi(y − ξN (ti−)), fi((y − ξN (ti−))−)}.

Definition 2.13. Let N =
∑

i∈I δ(ti, fi) be a point measure on [0,∞) × E
with scaffolding ξ(N) and y ∈ R. Then the aggregate mass (sum of spindle widths)
of N at scaffolding level y up to scaffolding time t ∈ [0, len(N)] is

My
N (t) :=

∑
i∈I : ti≤t

max
{
fi
(
y − ξN (ti−)

)
, fi
(
(y − ξN (ti−))−

)}
(2.15)

=

∫
[0,t]×E

max
{
f
(
y − ξN (u−)

)
, f
(
(y − ξN (u−))−

)}
dN(u, f),

and the skewer of N at level y is the interval partition formed by the range of My
N

(2.16) skewer(y,N) := {(My
N (t−),My

N (t)) : t ∈ [0, len(N)], My
N (t−) < My

N (t)}.

We abbreviate skewer(N) :=
(
skewer(y,N), y ≥ 0

)
.

A simulation of this construction is depicted in Figure 2.2. Compare this to
the analogous discrete construction in Section 1.5 and the depiction in Figure 1.11.

In [68, Definitions 2.13 and 3.4] we defined a measurable space N sp,∗
fin of point

measures N on [0,∞)×E , supported on bounded time intervals [0, T ]×E , for which
skewer(N) is well-defined and dI-continuous, and space-time local times of ξ(N)
equal diversities for all scaffolding times and levels: Dskewer(y,N |[0,t])(∞) = ℓyξ(N)(t).

For brevity, in this memoir we simply denote this space by N .
Consider the restriction of N to a bounded time interval N|[0,T ]×E for some

random time T ∈ (0,∞). From [68, Proposition 3.8] applied with α = 1
2 , q = 1,

the process skewer
(
N|[0,T ]×E

)
is a.s. continuous on (I, dI), and is in fact a.s.

Hölder-θ for any θ ∈
(
0, 14

)
. Moreover, N|[0,T ]×E belongs to N almost surely.

2.4. Clades and the construction of type-0 and type-1 evolutions

We stated at the end of Section 1.5 that the tree evolving under the Aldous
chain can be decomposed, until a stopping time, into so-called type-0, type-1, and
type-2 components that evolve, under spinal projections, as down-up ordered Chi-
nese restaurant processes with parameters

(
1
2 ,

1
2

)
,
(
1
2 , 0
)
, and

(
1
2 ,−

1
2

)
, respectively.

The scaffolding-and-spindles construction initiated above is based on imagining a
genealogy among the tables in the restaurant: whenever a new table appears (“is
born”) in the restaurant, it is the “child” of the table immediately to its left at its
time of birth. Then the scaffolding defined above is (the continuum version of) a
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contour process representation of this family tree of tables (or forest, in the case of
having multiple tables at time 0 rooting multiple trees).

In evolutionary biology, a “clade” is the set of all descendants of a single indi-
vidual. The “clades” defined below are continuum analogues to genealogical clades
in our (imagined) genealogy among tables in the restaurant.

Definition 2.14. Fix x > 0 and consider N ∼ PRM(Leb⊗ νBESQ) as above and
an independent spindle f ∼ BESQx(−1). A clade of initial mass x is a random point
measure n ∈ N , distributed as

n = clade(f ,N) := δ(0, f) +N
∣∣
(0,T−ζ(f)(N)]×E ,

where T−y(N) := inf{t ≥ 0: ξN(t) = −y}.
(2.17)

This construction gives the continuum analogue of a clade of tables in the down-
up oCRP: the spindle f (“broken” because it starts positive, rather than entering
continuously from 0) represents an ancestor table started with positive population.
The restricted point measure of spindles N

∣∣
(0,T−ζ(f)(N)]×E describes the descendant

tables. The scaffolding and spindles in Figure 2.2 comprise a single clade, with the
large grey broken spindle f on the left, followed by a Stable

(
3
2

)
scaffolding ξ(n)

marked by descendant spindles, stopped when the scaffolding reaches level 0.
In the following clade construction and elsewhere, the notion of “concatena-

tion,” denoted by ⋆, is in the sense of excursion theory. Let (Na)a∈A denote a
family of point processes of spindles indexed by a totally ordered set (A,⪯). For
the purpose of the following, set

(2.18) S(a) :=
∑
b⪯a

len(Nb) and S(a−) :=
∑
b≺a

len(Nb) for each a ∈ A.

If S(a−) <∞ for every a ∈ A, then we define the concatenation of (Na)a∈A to be
the point measure

(2.19) ⋆
a∈A

Na :=
∑
a∈A

∫
δ (S(a−) + t, f) dNa(t, f).

Proposition 2.15 (Theorem 1.8 of [71]). Fix β ∈ I. Consider a family NU

of independent clades with initial mass Leb(U), U ∈ β. Denote by P1
β the law of

the type-1 point measure

Nβ := ⋆
U∈β

NU .

Then skewer(Nβ) is an I-valued type-1 evolution with initial state β.

Corollary 2.16. Consider β1, β2 ∈ I and two independent type-1 point mea-
sures Nβ1

and Nβ2
as in Proposition 2.15. Then Nβ1

⋆ Nβ2
is also a type-1

point measure. In particular, the concatenation of the associated skewer processes,
(βy

1 ⋆ β
y
2 , y ≥ 0), is an I-valued type-1 evolution starting from β := β1 ⋆ β2.

Now, consider the point measure
↼

N on (−∞, 0)×E formed by concatenating
a sequence of independent copies of N|(0,T−1(N)]×E , with each copy being concate-

nated to the left of the previous copies. We denote by
↼

N the space of all point
measures of spindles constructed in this manner, by concatenating a sequence of
point measures in N whose associated scaffoldings, as in Definition 2.11, are first-

passage descents to −1. In particular,
↼

N is a random element of this space.
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We adapt (2.13), (2.15) and (2.16) to this setting. We define pre-0 scaffolding

(2.20) ξ↼
N
(t) := lim

z↓0

(
−
∫
(t,0)×{g∈E : ζ(g)>z}

ζ(f)d
↼

N(s, f) +
3|t|z−1/2

π
√
2

)
, t ≤ 0,

and set ξ
(↼

N
)
:= (ξ↼

N
(t), t ≤ 0). Informally, this is a spectrally positive Stable

(
3
2

)
first-passage descent from ∞ down to 0, arranged to arrive at 0 at time zero. For

y ≥ 0, we write as Ty
(↼

N
)
= inf{t ≤ 0: ξ↼

N
(t) = y} the pre-0 downward first passage

time at level y, and for t ∈ [Ty(
↼

N), 0], the pre-0 aggregate mass process as

My
↼
N
(t) :=

∫
[Ty(

↼
N),t]×E

max
{
f
(
y − ξ↼

N
(u−)

)
, f
(
(y − ξ↼

N
(u−))−

)}
d

↼

N(u, f).

Finally, we define the associated skewer at level y

skewer(y,
↼

N) :=
{(
My

↼
N
(t−),My

↼
N
(t)
)
: t ∈ [Ty(

↼

N), 0], My
↼
N
(t−) < My

↼
N
(t)
}
.

Construction 2.17 (Type 0). Let β ∈ I. Consider
↼

N as above and, inde-
pendently, Nβ ∼ P1

β as in Proposition 2.15. We denote by P0
β the distribution of

(
↼

N,Nβ). We define an I-valued evolution (βy, y ≥ 0) as

βy := skewer(y,
↼

N) ⋆ skewer(y,Nβ), y ≥ 0.

This was proposed as a construction of type-0 evolutions in [71, Remark 3.9].
In [71, Definition 3.8 and Proposition 3.10], we constructed a type-0 evolution with
time interval [0, j] starting from N ∼ PRM(Leb⊗ νBESQ), for each j ≥ 0. Specifically,
we take the skewer process of N|[0,T−j(N)] on the associated scaffolding shifted up
by j so as to yield a first passage descent from j to 0. Since the point measure
↼

N|
[Tj(

↼
N),0]

in the setting of Construction 2.17 also has a first passage descent from

j to 0 as its associated scaffolding, we obtain the following result.

Proposition 2.18. Let β ∈ I. Then the I-valued process resulting from Con-
struction 2.17 is a type-0 evolution starting from β.

Recall from Section 2.2 the definition of a (pair-valued) type-1 evolution starting
from (x, γ) ∈ J •. In the setting of Proposition 2.15, for the corresponding I-valued
initial state β = (0, x) ⋆ γ, we naturally split off the first clade and write Nβ in the
form Nβ = N(0,x)⋆Nγ , where N(0,x) is a clade of initial mass x as in Definition 2.14.

The identification of first passage descents from
↼

N and N above Proposition 2.18
yields the following construction of type-1 evolutions that replaces clade(f ,N) by

(2.21) clade(f ,
↼

N) := δ(0, f) +
↼

N
∣∣←
[Tζ(f)(

↼
N),0)×E

d
= clade(f ,N),

where the notation in the middle expression is in the following sense. We define
the shifted restriction of a point measure N , denoted by N |←[a,b]×E to be the point

measure obtained by first restricting its support to the indicated region, and then
shifting the resulting point measure to be supported on [0, b− a]× E .

Construction 2.19 (Type 1). For (x, γ) ∈ J •, consider

(f ,
↼

N,Nγ) ∼ BESQx(−1)⊗P0
γ =: P1

x,γ ,
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Figure 2.3. Left: The leftmost block process in a type-1 evolu-
tion, plotted with a vertical time-axis, with tick marks to the left
of the axis indicating jump times in this process. Right: The scaf-
folding and spindles giving rise to this type-1 evolution.

where P0
γ is as in Construction 2.17. Let N∗ := clade(f ,

↼

N) ⋆Nγ . We define a
J •-valued evolution ((my, γy), y ≥ 0) as

(2.22) (0,my) ⋆ γy := skewer(y,N∗), y ≥ 0,

where my = 0 if and only if the skewer in the last expression has no leftmost block.

By combining 2.15 and (2.21), we obtain the following result.

Proposition 2.20. Let (x, γ) ∈ J •. Then the J •-valued process resulting from
Construction 2.19 is a type-1 evolution starting from (x, γ).

Remark 2.21. We will use Construction 2.19 in the construction and analysis
of type-2 evolutions in Chapter 3. Specifically, it is instructive to explore the
behaviour of the leftmost block in this construction.

When x > 0, the evolution of the leftmost block is initially just f ∼ BESQx(−1)
independently of the evolution of the interval partition component, which by Con-
struction 2.17 is a type-0 evolution until time ζ(f). This time is an independent

time for the type-0 evolution encoded by (
↼

N,Nγ) ∼ P0
γ , so it has no leftmost block.

Indeed, the scaffolding X∗ := ξ(N∗) begins with (a first passage descent of) a
spectrally positive Stable

(
3
2 ) Lévy process starting from ζ(f) until reaching level

zero. This Lévy process has unbounded variation. By [23, Corollary VII.5]), it
enters (ζ(f),∞) immediately via an accumulation of small jumps. The skewer map
extracts the leftmost block at these levels from the parts of these spindles that
exceed the running supremum.

As a consequence, the evolution of the leftmost block, depicted in Figure 2.3,
exhibits an accumulation of small jumps up from zero each continued by a BESQ(−1)
evolution to take it back to zero. Whenever the leftmost block jumps frommy− = 0
to my > 0, there is a corresponding jump from γy− = (0,my) ⋆ γy to γy. In other
words, each jump of the leftmost block corresponds to the removal of an interval
from the interval partition component. This delicate behaviour is efficiently encoded
by scaffolding and spindles, and our understanding stems from the theory of Lévy
processes.
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We care about the separate leftmost block component in a type-1 evolution,
because type-2 evolutions will have two of them, and they will both interact in
the same way with the same interval partition component. In the (discrete or)
interval partition tree context, we will apply type-1 and type-2 evolutions to obtain
evolutions of the decompositions around a binary branch point into one or two
subtree masses and one edge partition, as in (Figure 1.12 or) Figure 1.6.

We showed in [68, Proposition 5.4] that β 7→ P1
β is a stochastic kernel and in

[68, Proposition 6.11] that all of these distributions are measures on the space N
discussed at the end of Section 2.3. It follows that β 7→ P0

β and (x, γ) 7→ P1
x,γ are

likewise stochastic kernels, that P0
β is a measure on

↼

N ×N and P1
x,γ a measure on

E ×
↼

N ×N . For any probability distribution ν on I we denote by P0
ν the ν-mixture

of the laws P0
β . Similarly, for any probability distribution µ on J •, we denote by

P1
µ the µ-mixture of P1

x,γ .
Previously in [71] we only studied I-valued type-1 evolutions, so here we collect

some analogous properties of pair-valued type-1 evolutions.

Proposition 2.22. Type-1 evolutions are J •-valued Borel right Markov pro-
cesses, but not Hunt processes.

Recall Sharpe’s definition [144] (see also [111, Definition A.18]) of Borel right
Markov processes:

1. Lusin state space (homeomorphic to a Borel set in a compact metric space),
2. right-continuous sample paths,
3. Borel measurable semigroup and strong Markov property.

Hunt processes are additionally required to be quasi-left-continuous, i.e.

4. left-continuous along all increasing sequences of stopping times.

Proof. 1. By Proposition 2.4, the space (J •, d•) is a Borel subset of a product
of Lusin spaces and is therefore Lusin.

2. Consider N∗ and (0,my) ⋆ γy = skewer(y,N∗) as in Construction 2.19.
Then y 7→ my is càdlàg and the only jumps are up from zero, one at the starting
level of each excursion of ξ(N∗) below the supremum. Recall from [23, Theorem
VII.4 or Lemma VIII.1] that Stable

(
3
2

)
processes have Stable

(
1
2

)
ladder height

subordinators with zero drift coefficient. By [23, Theorem VI.19], it is a.s. the case
that no two such excursions share an endpoint. It is not difficult to show that
(my, γy) is also càdlàg since for mn → m0 and (mn, γn) ∈ J • for all n ≥ 0, we have

dI(γn, γ0) → 0 if and only if dI((0,mn) ⋆ γn, (0,m0) ⋆ γ0) → 0.

3. Since φ and φ−1 are measurable bijections, the measurability of the semi-
group and the strong Markov property follow from Proposition 2.5.

4. Consider two independent I-valued type-1 evolutions (βy, y ≥ 0) and
(γy, y ≥ 0). By Corollary 2.16, the concatenation βy ⋆ γy defines an I-valued
type-1 evolution. Consider ηn = inf{y ≥ 0: ∥βy∥ < 1

n}. Then ηn increases to
η = inf{y ≥ 0: βy = ∅}. Then the leftmost block at level ηn converges to 0, but
the leftmost block of γη is non-zero with positive probability. □

The Markov property of a (J •-valued or I-valued) type-1 evolution corresponds
to a Markov-like property of the scaffolding-and-spindles construction. In the set-
ting of Proposition 2.15, this was developed in [68] and [71, Appendix B]. Here, we
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y

Figure 2.4. Illustration [68, Figure 4] of spindles cut at level y.
Left: N . Right: N≥y and N≤y.

decompose Nβ ∼ P1
β for each y ≥ 0 into a point measure N≥yβ of spindles (some

broken) above level y and a point measure N≤yβ of spindles (some broken) below
level y, as illustrated in Figure 2.4.

More formally, consider any N =
∑

i∈I δ(ti, fi) ∈ N and any level y ≥ 0. Let
Iy = {i ∈ I : ξN (ti−) < y < ξN (ti)}. Then each spindle fi for i ∈ Iy marks an

upward passage of level y. We break fi into f
≤y
i (z) = fi(z)1{z ∈ [0, y − ξN (ti−)]}

and f≥yi (z) = fi(y − ξN (ti−) + z)1{z ∈ [0,∞)}. Since ξ(N) is càdlàg with no

negative jumps, each such ti is followed by a point measure N≥yi = N |←
(ti,s

≥y
i ]

such

that δ(0, f≥yi )+N≥yi is a clade (or a concatenation of clades), i.e. ζ(f≥yi )+ξ(N≥yi )

is nonnegative and ends at the next passage of ζ(f≥yi )+ ξ(N |←(ti,len(N)]) below 0 (or

at len(N)− ti). We similarly define N≤yi . Then

(2.23) N≥y = ⋆
i∈Ay

(
δ(0, f≥yi ) +N≥yi

)
, where Ay = Iy, and i ⪯ j ⇐⇒ ti ≤ tj ,

and N≤y =⋆i∈Ay

(
δ(0, f≤yi ) +N≤yi

)
are point measures in N that decompose N .

Lemma 2.23 (Proposition 6.6 of [68]). Let y ≥ 0. In the setting of Proposition

2.15 with Nβ ∼ P1
β, conditionally given N≤yβ , the point measure N≥yβ has regu-

lar conditional distribution P1
βy , where βy = skewer(y,Nβ). This includes the

degenerate case βy = ∅.
Finally, we give a simpler construction of type-0 evolutions in the pseudo-

stationary case that (unlike the construction based on Proposition 2.15) does not
require concatenating infinitely many clades. Consider N ∼ PRM (Leb⊗ νBESQ) and
its aggregate mass process M0

N defined as in (2.15). By [68, Proposition 3.2], this
is a Stable( 12 ) subordinator (up to a time-change that does not affect its range).

By Proposition 2.2(iii), the jump sizes of M0
N prior to exceeding an independent

Exponential (λ) threshold form a Gamma( 12 , λ) multiple of a PDIP
(
1
2 ,

1
2

)
, which is

pseudo-stationary for type-0 evolutions, by Proposition 2.8. In this context, [68,
Proposition 5.6] yields the following result.

Lemma 2.24. Fix λ > 0. Consider independent N ∼ PRM (Leb⊗ νBESQ) and Z ∼
Exponential (λ). Define T := inf{t > 0: M0

N(t) > Z}. Then skewer
(
0,N|[0,T )

)
is a PDIP

(
1
2 ,

1
2

)
scaled by an independent Gamma

(
1
2 , λ
)
, and, recalling the notation

(2.23),
(
N|[0,T )

)≥0
is a type-1 point measure with initial state γ, in the sense of

Proposition 2.15. Moreover, applying Construction 2.17 to
(↼

N,
(
N|[0,T )

)≥0)
yields

a pseudo-stationary type-0 evolution with Gamma
(
1
2 , λ
)
initial mass.





CHAPTER 3

Type-2 evolutions

A type-2 evolution is a process that takes values in a product space that com-
bines two masses and an interval partition. More precisely, we will establish them
as Markov processes in the state space

(3.1) J ◦ :=
{
(a, b, γ) ∈ [0,∞)2 × I, a+ b > 0

}
∪ {(0, 0, ∅)}.

Let d◦ denote the metric on J ◦ given by

d◦ ((a1, b1, γ1), (a2, b2, γ2)) = |a1 − a2|+ |b1 − b2|+ dI(γ1, γ2).

We think of (a, b, γ) ∈ J ◦ as a tree with a branch point separating two masses
at the top of a spine down to the root of the tree, with the intervals representing
an ordered collection of further masses on the spine. Equivalently, we can view
(a, b, γ) as an interval partition γ with two additional blocks of sizes a and b that
we consider both adjacent to the left end of γ. See Figure 3.1 for an illustration.

Recall that we denote by BESQa(−1) the distribution of a squared Bessel diffu-
sion of dimension −1 starting from a ≥ 0, killed upon hitting zero, and that ζ(f)
denotes the lifetime of the process f ∼ BESQa(−1). Intuitively, the transition mech-
anism of type-2 evolutions is such that the interval partition evolves as a type-0
evolution independent of the two top masses that evolve as independent BESQ(−1),
up until one of the top masses reaches 0. At that time, that top mass interacts with
the interval partition component in the same manner in which the top mass and
interval partition interact in a type-1 evolution. This is a delicate notion which we
will revisit throughout the early stages of this chapter. Here is a formal definition.

Definition 3.1. Let (a, b, γ) ∈ J ◦. A type-2 evolution starting from (a, b, γ) is
a J ◦-valued process of the form ((my

1,m
y
2, β

y), y ≥ 0), with (m0
1,m

0
2, β

0) = (a, b, γ).
Its distribution is specified by the following iterative construction.

Let
(
m(0), γ(0)

)
be a type-1 evolution starting with the initial condition (b, γ)

and independent of f (0) ∼ BESQa(−1), and let Y0 = 0. Prior to time Y1 := ζ(f (0)),
we define the type-2 evolution as(

my
1,m

y
2, β

y
)
:=
(
f (0)(y),m(0)(y), γ(0)(y)

)
, 0 ≤ y ≤ Y1,

Figure 3.1. Tree representation of (a, b, γ) ∈ J ◦.

39
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and proceed inductively. Suppose, for some n ≥ 1, the process has been constructed
until time Yn with mYn

1 + mYn
2 > 0. Conditionally given this history, consider a

type-1 evolution (m(n), γ(n)) starting from (0, βYn) = (0, γ(n−1)(Yn−Yn−1)) that
is independent of f (n), a BESQ(−1) diffusion with initial value m(n−1)(Yn−Yn−1).
The latter equals mYn

2 if n is odd or mYn
1 if n is even. Set Yn+1 = Yn+ ζ(f (n)). For

y ∈ (0, Yn+1−Yn], define(
mYn+y

1 ,mYn+y
2 , βYn+y

)
:=

{
(m(n)(y), f (n)(y), γ(n)(y)), if n is odd,

(f (n)(y),m(n)(y), γ(n)(y)), if n is even.

If, for some n≥1, mYn
1 +mYn

2 =0, set (my
1,m

y
2, β

y) :=(0, 0, ∅), y>Yn, and Yn+1 :=∞.

We refer to the alternation between even and odd n as regime switching. In the
even (respectively odd) regime, only the second (respectively first) top mass can
interact with the interval partition, and does so in the same delicate way as in a
type-1 evolution extracting the masses from the left end of the interval partition one
at a time and implicitly handling accumulations of small intervals as explained in
Remark 2.21. A regime change is triggered each time the other top mass vanishes.
In this chapter we establish the following two theorems – analogues of Proposition
2.5 or Corollary 2.22, and of Proposition 2.6, respectively.

Theorem 3.2. Type-2 evolutions are Borel right Markov processes on (J ◦, d◦).

Theorem 3.3. For a type-2 evolution ((my
1,m

y
2, β

y), y ≥ 0), the total mass
process (my

1 +my
2 + ∥βy∥, y ≥ 0) is a BESQ(−1) process.

Before we can turn to proving any of the main claims including càdlàg sample
paths, strong Markov property and BESQ(−1) total mass in Sections 3.2 and 3.3,
we need to first verify that type-2 evolutions are well-defined. Specifically, we start
by showing that

(1) the distribution of a type-2 evolution does not depend on the starting regime;
(2) regime change times do not accumulate to a finite limit, rather the number

of regime changes is almost surely finite, thereby ensuring for instance that
total mass approaches zero continuously.

To do this, in Section 3.1, we provide a scaffolding-and-spindles construction of
type-2 evolutions. We also provide a further construction in Section 3.4 that yields
type-2 evolutions with special initial distributions that are relevant in Chapter 4
to establish stationary unit-mass 2-tree evolutions and to study induced 3-mass
processes.

3.1. Symmetry and non-accumulation of regime changes

Definition 3.1 builds a type-2 evolution from sequences of type-1 evolutions
and BESQ(−1) processes, ensuring after each regime change that there will again be
two top masses. Specifically, one top mass is obtained by extracting the leftmost
block (if the type-1 evolution has not degenerated yet) and letting it evolve as a
BESQ(−1) evolution. The other top mass is obtained since type-1 evolutions even
when starting without a leftmost block (i.e. from an interval partition that has
an accumulation of small blocks at the left end) will again give rise to a further
top mass (until they degenerate). See the discussion after Proposition 2.5. More
precisely, this ensures the persistence of two positive top masses at (Leb-almost) all
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Figure 3.2. Construction 3.4 identifies a succession of part-
spindles (f (n)), colored blue, followed by spindles that are ignored,
colored yellow. Other spindles are green.

times up to the degeneration of a type-1 evolution, leading to a state that consists
of just a single non-zero top mass and an empty spinal partition.

In fact, we can construct a type-2 evolution starting from (a, b, γ) ∈ J ◦ using
independent f1 ∼ BESQa(−1), f2 ∼ BESQb(−1), and the point measures (

↼

N,Nγ) ∼
P0

γ in Construction 2.17 of an associated type-0 evolution. The type-1 evolution

associated with (f2,
↼

N,Nγ) ∼ BESQb(−1) ⊗ P0
γ = P1

b,γ as in Construction 2.19 is

as required for (m(0), γ(0)) in Definition 3.1, up to the time Y1 = ζ(f1) of the first
regime change. See Figure 3.2 up to level Y1.

The following construction and proposition will show that, not only can (m(0),

γ(0)) be derived as a function of (f2,
↼

N,Nγ), but in fact, all subsequent BESQ and

type-1 evolutions required in Definition 3.1, f (n), (m(n), γ(n)), n ≥ 1, can be ex-
tracted as functions of this same scaffolding and spindles.

Definition 3.1 does not make use of (m(0)(y), γ(0)(y)) for y > Y1. By Corollary
2.16, we can decompose this as the concatenation of two type-1 evolutions starting
respectively from the single leftmost block, (m(0)(Y1), ∅), and the remaining parti-
tion, (0, γ(0)(Y1)). We define (m(1), γ(1)) to be the type-1 evolution starting from
(0, γ(0)(Y1)). As for the type-1 evolution starting from (m(0)(Y1), ∅), we define f (1)

to be the mass evolution of the initial left-most block of this process; the remaining
blocks in this process are not used in the construction.

Applying this procedure inductively, re-framed in terms of scaffolding-and-
spindles, yields the following.

Construction 3.4 (Type 2). For (a, b, γ) ∈ J ◦, consider

(f1, f2,
↼

N,Nγ) ∼ BESQa(−1)⊗ BESQb(−1)⊗P0
γ =: P2

a,b,γ .

Let N∗ := clade(f2,
↼

N) ⋆ Nγ be the point measure of spindles of Construction
2.19, with f2 taking the role of f , and let X∗ := ξ(N∗) be the associated scaffolding
of N∗. We define a J ◦-valued evolution ((my

1,m
y
2, β

y), y ≥ 0) in three steps.
Step 1. We define levels (Yn) and passage times (T±n ) for X∗ inductively. See

Figure 3.2 for an illustration. Set Y0 = 0, T−1 = 0, Y1 := ζ(f1), and for n ≥ 1,

(3.2)
T+
n := inf{t ≥ T−n : X∗(t) > Yn}, Yn+1 := X∗(T

+
n ),

T−n+1 := inf{t > T+
n : X∗(t) ≤ Yn},

with the conventions inf ∅=∞ and X∗(∞)=∞.
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Step 2. We define spindles (f (n)) to provide one top mass on each of the
intervals [Yn, Yn+1). Let f (0) = f1. For n ≥ 1, let f (n) denote the cut-off top part
f≥Yn = f(Yn −X∗(T

+
n −) + · ) of the spindle f that occurs at time T+

n in N∗.
Step 3. We finally define the evolution. For n ≥ 0 even and y ∈ [Yn, Yn+1),

(3.3) my
1 := f (n)(y − Yn), (0,my

2) ⋆ β
y := skewer

(
y − Yn,N∗

∣∣←
(T−n+1,∞)×E

)
,

where my
2 = 0 if and only if the skewer in the last expression has no leftmost block.

For n ≥ 1 odd, the definition is the same, but with my
1 and my

2 swapped.

The effect of this construction is to skip over intervals of spindles from N∗,
ensuring that they never contribute blocks to the skewer in (3.3). Specifically,
for each n ≥ 1, the process N∗|(T+

n ,T−n+1]×E
is redundant. This is illustrated in

Figure 3.2. The (blue) part-spindles form a succession (f (n)) with precisely one
contribution for each y. The (yellow) deletions next to each f (n) are naturally
interpreted as emigration. Each such family of spindles is associated with a first
passage descent of a Stable

(
3
2

)
scaffolding process ξ(N∗)|(T+

n ,T−n+1]
as was used

around (2.20).

Proposition 3.5. Let (a, b, γ) ∈ J ◦. Then the J ◦-valued process resulting
from Construction 3.4 is a type-2 evolution starting from (a, b, γ).

Proof. Consider (f1, f2,
↼

N,Nγ) ∼ P2
a,b,γ andN∗ := clade(f2,

↼

N)⋆Nγ , as well

as the filtration (Fy, y ≥ 0) generated by (f1(y),N
≤y
∗ ), using notation introduced

above Lemma 2.23 for point measures that have been cut off at scaffolding level y.
We use the notation of Construction 3.4 to inductively set up all random variables
as needed for Definition 3.1, and we will show that Definition 3.1 and Construction
3.4, in this setup, yield pathwise the same process ((my

1,m
y
2, β

y), y ≥ 0). For the
purpose of this proof we will mark all random variables appearing in Definition 3.1

by an underscore. We also define N
(0)
∗ := N∗ and

(3.4) N
(n)
∗ :=

(
N∗
∣∣←
(T−n+1,∞)×E

)≥0
,

for n ≥ 1, where we recall our notation for shifted restrictions introduced for (2.21),
and where the superscript ≥0 on the right-hand side is in the sense of the cutoff
processes N≥y defined in (2.23), in which spindles below a given level are removed

(or cut off if they straddle the level). Each N
(n)
∗ is a type-1 point measure for one

top mass and spinal masses during the interval [Yn, Yn+1), which we understand as a
time interval for ((my

1,m
y
2, β

y), y ≥ 0) and a level interval for N∗ and its associated
scaffolding X∗ = ξ(N∗).

Now, f (0) := f1 and (0,m(0))⋆γ(0) := skewer(N
(0)
∗ ) have the appropriate joint

distribution and achieve ((my
1,m

y
2, β

y), 0 ≤ y ≤ Y 1) = ((my
1,m

y
2, β

y), 0 ≤ y ≤ Y1).

Suppose we have completed the construction up to (f (n−1),m(n−1), γ(n−1)) and

identified ((my
1,m

y
2, β

y), 0 ≤ y ≤ Y n) = ((my
1,m

y
2, β

y), 0 ≤ y ≤ Yn) for some n ≥ 1.

Then given FYn−1 , we apply Lemma 2.23, which is the Markov-like property of the

type-1 point measure N
(n−1)
∗ at the (conditionally independent) level ζ(f (n−1)) =

Yn − Yn−1, to find an above-ζ(f (n−1)) point measure (N
(n−1)
∗ )≥ζ(f

(n−1)). On the
event that this is non-trivial, the first clade of this point measure has an initial

spindle f (n) and the remaining clades form a type-1 point measureN
(n)
∗ . Noting that
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f (n) and N
(n)
∗ are conditionally independent given the below-ζ(f (n−1)) information

of (f (n−1),N
(n)
∗ ), indeed given FYn , we proceed as follows. Suppose n is even.

First, f (n) := f (n) ∼ BESQmYn
1

(−1), is as needed for Definition 3.1, since Y n = Yn.

Second, N
(n)
∗ ∼ P1

βYn = P1
βY n

gives rise to a type-1 evolution (0,m(n)) ⋆ γ(n) :=

skewer(N
(n)
∗ ) started from (0, βY n), as required, as m

Y n
2 = f (n−1)(ζ(f (n−1))) = 0.

This also implies that for all y ∈ [0, Yn+1 − Yn)

(m
Y n+y
1 , (0,m

Y n+y
2 ) ⋆ βY n+y) = (f (n)(y), (0,m(n)(y)) ⋆ γ(n)(y))

= (f (n)(y), skewer(y,N
(n)
∗ )) = (mYn+y

1 , (0,mYn+y
2 ) ⋆ βYn+y).

The same argument applies for n odd, with the roles of 1 and 2 interchanged. □

Lemma 3.6 (Symmetry). If we modify Construction 3.4 by letting Y1 = ζ(f2)

and N∗ = clade(f1,
↼

N) ⋆ Nγ and accordingly swapping the parity in Step 3.,
we obtain a type-2 evolution that is pathwise the same as in Construction 3.4,
with identical sets {ζ(f1), ζ(f2)} ∪ {Yn, n ≥ 0}. In particular, the point measure
↼

N|
(−∞,Tmin{ζ(f1),ζ(f2)})(

↼
N))×E is redundant in this construction of the type-2 evolu-

tion.

Proof. For the purposes of this proof, we add underscores and write Y j , f
(j),

j ≥ 0, and ((my
1,m

y
2, β

y), y ≥ 0) in the modification of Construction 3.4. We
remark that the underscores here are unrelated to those in the previous proof. The
main aim of this proof is to show the pathwise equality ((my

1,m
y
2, β

y), y ≥ 0) =

((my
1,m

y
2, β

y), y ≥ 0). We only discuss the case where a > 0 and b > 0. The cases
where a = 0 or b = 0 can then be checked similarly.

On the event {ζ(f1) < ζ(f2)}, we have Y 0 = 0 = Y0 < Y1 = ζ(f1) <

Y2 = ζ(f2) = Y 1, and we see inductively that Y j = Yj+1, f (j) = f (j+1) and

N∗
∣∣←
(T−j ,∞)×E = N∗

∣∣←
(T−j+1,∞)×E for all j ≥ 1. It is now easy to see that the pathwise

equality holds on this event. Similarly, on {ζ(f1) > ζ(f2)}, we have Y 1 = ζ(f2) and
Y j+1 = Yj for all j ≥ 1, and the same argument applies.

In particular, the sets {Yn, n ≥ 0} and {Y n, n ≥ 0} differ precisely by the
omission of either ζ(f2) from the former or of ζ(f1) from the latter. The last
statement of the lemma follows using the original definition on {ζ(f1) < ζ(f2)} and
the modified definition on {ζ(f1) > ζ(f2)}. □

It is not a priori clear in Definition 3.1, nor from Construction 3.4, that regime
changes cannot accumulate at a finite Y∞ = supn≥0 Yn < ∞. This would leave
the type-2 evolution undefined for times y ≥ Y∞, so we address this point before
turning to any further properties.

Lemma 3.7. For all (a, b, γ) ∈ J ◦, the type-2 evolution of Definition 3.1 or
equivalently of Construction 3.4 is such that there is a.s. some finite n ≥ 0 for which
Yn < Yn+1 = ∞ and as y increases to Yn, the evolution (my

1,m
y
2, β

y) approaches
(0, 0, ∅) continuously.

Proof. First, we prove the claimed convergence to (0, 0, ∅). The three events
{T+

1 = ∞}, {Y2 = ∞}, and {ζ(skewer(N∗)) < Y1} are equal up to null sets.
On these events, my

1 converges to 0 as y increases to Y1, and (my
2, β

y) is already
absorbed at (0, ∅) beforehand. We proceed inductively. On {T+

n−1 < ∞}, this
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time T+
n−1 is a time when the type-1 scaffolding X∗ exceeds level Yn−1. Since this

scaffolding eventually reaches level 0, we get T−n < ∞ a.s. Now, on the event
{T+

n = ∞}, we apply the same argument as before to N∗|←(T−n ,∞)×E in place of N∗,

to conclude that (my
1,m

y
2, β

y) approaches (0, 0, ∅) as y increases to Yn.
It remains to show that Yn < Yn+1 = ∞ for some n ≥ 1. We claim that it

suffices to prove the following.

(∗)
Consider any two spindles of heights ζ(f1) = c1 and ζ(f2) = c2 with

c1 < c2. Apply Construction 3.4 to (f1, f2,
↼

N,N∅) = (f1, f2,
↼

N, 0) for

(
↼

N, 0) ∼ P0
∅. Then there is some n ≥ 1 for which Yn < Yn+1 = ∞.

Indeed, once this is shown, a + b > 0 in the general case implies Y2 > 0, and only
finitely many clades of Nγ survive to level Y2 [68, Lemma 6.1]. We apply (∗) to
these clades one by one, with c1 as the final regime switch level of the preceding
clades and c2 as the next level beyond c1 at which the top mass of the next clade
vanishes, to see that each clade contributes a finite number of regime changes.

To prove (∗), we note that this can be read as a statement about the Stable
(
3
2

)
Lévy process X = c2+ξ

(↼

N|←
(Tc2

(
↼
N),0)×E

)
, cf. Lemma 2.12 and the discussion leading

up to (2.21). Specifically, note that ζ
(
f (j)
)
is the overshoot Yj+1 − Yj of X when

first crossing level Yj after the stopping time T−j .

Now we extend X to a Stable
(
3
2

)
process with infinite lifetime so that T+

j <∞
for all j ≥ 1, and we show that Yj → ∞. To this end, let ∆n = Yn+1 − Yn and
Rn = ∆n+1/∆n for n ≥ 1. By the strong Markov property of Stable

(
3
2

)
, the

conditional distribution of ∆n+1 given ∆1, . . . ,∆n equals the law of the overshoot
of a Stable

(
3
2

)
process when first crossing ∆n, which is the same as the overshoot of

its Stable
(
1
2

)
ladder height subordinator, see e.g. [23, Theorem VII.4 or Lemma

VIII.1]. By stable scaling, for each n, Rn is independent of ∆n and distributed
like the overshoot of a Stable

(
1
2

)
(ladder height) subordinator across 1. So the

sequence (Rn, n ≥ 1) is i.i.d. and

∆n+1 = ∆1 ·
n∏

i=1

Ri for n ≥ 1.

Thus, (log(∆n), n ≥ 1) is a random walk. It suffices to show that the increments
log(Rn), n ≥ 1, of this walk have non-negative expected value.

We can get at the law of Rn by taking advantage of the Stable
(
1
2

)
inverse local

time subordinator associated with one-dimensional Brownian motion, (B(t), t ≥ 0),
see e.g. [137, Proposition III.(3.8) and Corollary VI.(2.3)]. In this setting, Rn is
distributed like T−1, where T is the time of the first return of B to zero, after time 1.
By a calculation based on the reflection principle, we find P(T < t) = 2

π arctan(t−1).

Thus, E (log(Rn)) =
∫∞
1

log(t− 1)P(T ∈ dt) = 2
π

∫∞
1

log(t− 1) 1
(t−1)2+1dt = 0. □

We record the following consequence of the proof of Lemma 3.7.

Corollary 3.8. Let ((my
1,m

y
2, β

y), y ≥ 0) be a type-2 evolution starting from
(a, b, γ)∈J ◦\{(0, 0, ∅)} with regime changes (Yn). Then there is a.s. n≥1 such that
the lifetime ζ = inf{y≥ 0: (my

1,m
y
2, β

y) = (0, 0, ∅)} and the degeneration time D=
inf{y≥0: (my

1, β
y)= (0, ∅) or (my

2, β
y)= (0, ∅)} satisfy 0≤Yn−1≤D<ζ=Yn<∞,

and furthermore Yn−1<D unless the initial state is already degenerate with D=0.
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3.2. Type-2 evolutions as Borel right Markov processes

In this section we will prove Theorem 3.2, i.e. that type-2 evolutions are Borel
right Markov processes, and we will further show that their semigroup is continuous.
We listed the properties 1.–3. that this comprises after Corollary 2.22.

Proof of Theorem 3.2. 1. By Lemma 3.7, type-2 evolutions take values in
the space (J ◦, d◦) of (3.1), which is Lusin as Borel subset of a product of Lusin
spaces (see Proposition 2.4).

2. To confirm right-continuous paths, note that in the notation of Definition 3.1,
for any n ≥ 0, on the interval [Yn, Yn+1), the type-2 evolution inherits càdlàg paths
from the J •-valued type-1 evolution of Corollary 2.22, and from a path-continuous
BESQ(−1) process. Furthermore, we argue that type-2 evolutions are continuous at
Yn, as follows. For even n, the top mass my

1 approaches 0 continuously as y ↑ Yn,
while mYn

1 = 0 holds since the transition kernels of type-1 evolutions in (2.6) are
concentrated on interval partitions without a second leftmost block, for each fixed
y, but hence also when mixed over the distribution of the conditionally independent
random lifetime Yn − Yn−1 of the BESQ(−1) process f (n−1). The argument for odd

n ≥ 1 is the same, with my
2 and mYn

2 in the place of my
1 and mYn

1 .
3. The method of construction undertaken in Definition 3.1, in which a right

Markov process with finite lifetime is reborn at the end of the lifetime according
to a probability kernel, has been studied by Meyer [120]. Type-1 evolutions and
BESQ(−1) processes are Borel right Markov processes (see Corollary 2.22), and thus
so too is the process

(
(my

1,m
y
2, β

y, 1), 0 ≤ y ≤ Y1
)
for any initial (a, b, γ) ∈ J ◦

with a > 0. By swapping the parity as in the statement of Lemma 3.6, we can
similarly define

(
(my

1,m
y
2, β

y, 2), 0≤ y ≤ Y1
)
for initial (a, b, γ) ∈ J ◦ with b > 0,

where the added fourth component I(y) = 1 or I(y) = 2 records which of the two
top masses is set up to evolve according to BESQ(−1) and which is forming a type-1
evolution with βy. We define the deterministic kernel N((0, x, γ, 1); · ) = δ(0,x,γ,2),

N((x, 0, γ, 2); · ) = δ(x,0,γ,1). As noted in [144, Definition 8.1], Borel right Markov
processes are right Markov processes satisfying the hypothèses droites, in Meyer’s
sense. Therefore, we can apply [120, Théorème 1 and Remarque on p.474] to
conclude that if we alternate killed processes with I(y) = 1 and I(y) = 2, using
transitions according to N to determine initial states from the previous killing state,

(3.5) the process
(
(my

1,m
y
2, β

y, I(y)), y ≥ 0
)
is a right Markov process,

satisfying the strong Markov property. It is not hard to show that the semigroup of
this process is Borel, see e.g. the last point in the proof of [21, Théorème (3.18)].
In Proposition 3.12 we strengthen this to continuity in the initial state.

Lemma 3.6 verifies Dynkin’s criterion (see Appendix A.1) to show that the
type-2 evolution is a right Markov process as well. □

In order to establish continuity of the semigroup of type-2 evolution in the
initial condition we require some intermediate results.

Lemma 3.9. Suppose that ((an, βn), n ≥ 1) is a sequence in (J •, d•) that con-
verges to (a, β) and that (xn, n ≥ 1) is a sequence of times converging to x > 0. Let
((my

n, γ
y
n), y ≥ 0) and ((my, γy), y ≥ 0) be type-1 evolutions started from (an, βn)

and (a, β) respectively. If f : J • → R is bounded and continuous, then

E [f(mxn
n , γxn

n )] → E [f(mx, γx)] .
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Proof. If g : I → R is bounded and continuous, then the fact that

E
[
g ((0,mxn

n ) ⋆ γxn
n )

]
→ E

[
g ((0,mx) ⋆ γx)

]
.

is established in the proof of [68, Proposition 6.15]. The slightly stronger version
that separates out convergence of the top mass follows from the coupling used in
that proof. Specifically, that proof uses Proposition 2.15 and reduces the argument
to finitely many clades, each of which is composed of an initial spindle and an in-
dependent Stable

(
3
2

)
Lévy process. Furthermore, as noted in the proof of Lemma

3.7, the ladder height process of a Stable
(
3
2

)
Lévy process, in which the leftmost

spindle at each level can be found, is a Stable
(
1
2

)
subordinator. The probability

that x is in its range is zero, so that the evolution of the leftmost mass is continu-
ous around scaffolding level x, i.e. time x of the type-1 evolution, with probability
one. □

It will be convenient to augment the type-2 evolution Γy := (my
1,m

y
2, β

y), y ≥ 0,
by the counting process J(y) = inf{j ≥ 0: Yj+1 > y} counting its regime changes.
This process ((Γy, J(y)), y ≥ 0) can be constructed as a strong Markov process in
the same way as in (3.5) and similarly relates to (Γy, y ≥ 0) by Dynkin’s criterion.
The state space for the evolution ((Γy, J(y)), y ≥ 0) is the set

J + = {((m1,m2, β), j) ∈ J ◦ × N0 : mp(j+1) > 0 or (m1,m2, β) = (0, 0, ∅)}.
In the following lemma, we write EΓ,j to denote the expectation for the augmented
process starting from (Γ, j) ∈ J +. We often write (m1,m2, β, j) ∈ J + to mean
((m1,m2, β), j) ∈ J +.

Lemma 3.10. Suppose that (Γy, y ≥ 0) is a type-2 evolution with regime changes
at (Yn) and right-continuous natural filtration (Fy, y ≥ 0). Let j ≥ 0. Then

(i) for all f : J + → R bounded and continuous and z ≥ 0

E
[
f(ΓYj+z, J(Yj + z))

∣∣FYj
]
= EΓYj ,j [f(Γ

z, J(z))] , P-a.s.,

(ii) for all h : J ◦ → R bounded and continuous, y ≥ 0, and for P-a.e. ω,

E
[
h(Γy)1{Yj ≤ y < Yj+1}

∣∣FYj
]
(ω)

= 1{Yj(ω) ≤ y}E
ΓYj(ω)(ω),j

[
h(Γy∨Yj(ω)−Yj(ω))1{y ∨ Yj(ω)− Yj(ω) < Y1}

]
.

Proof. The first claim is immediate from the definition of type-2 evolutions
and the second follows from the proof of [38, Theorem 2.3.3] applied to the aug-
mented Markov process ((Γy, J(y)), y ≥ 0). The book [38] (and indeed the earlier
[37] on which the relevant parts of [38] are based) assumes that the Markov process
takes values in a locally compact state space, but that is not needed in the proof of
Theorem 2.3.3. The right-continuous dependence of the semigroup on time needed
in the proof follows from the right-continuity of sample paths. □

Next we establish weak continuity at regime changes.

Lemma 3.11. Suppose that (an, bn, γn) → (a, b, γ) in (J ◦, d◦) with a > 0. Let
(Γy

n, y ≥ 0) and (Γy, y ≥ 0) be type-2 evolutions started from (an, bn, γn) and
(a, b, γ) respectively with respective regime changes (Y n

k ) and (Yk). Then for all
j ≥ 1 and all bounded continuous functions f : J ◦ × [0,∞) → R,

E
[
f
(
Γ
Y n
j

n , Y n
j

)]
→ E

[
f
(
ΓYj , Yj

)]
.
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Proof. We first establish the claim for j = 1. Let ((Γy
n, Jn(y)), y ≥ 0) and

((Γy, J(y)), y ≥ 0) be the augmented type-2 evolutions started from (an, bn, γn, 0)
and (a, b, γ, 0). Let f (0) be a BESQ(−1) started from a, let (m(0), γ(0)) be an in-

dependent type-1 evolution started from (b, γ), and let (m
(0)
n , γ

(0)
n ) be a type-1

evolution, independent from f (0), and started from (bn, γn). From the definition of
type-2 evolutions and the scaling property of BESQ(−1), we see that

(Γy, 0 ≤ y ≤ Y1)
d
=
((

f (0)(y),m(0)(y), γ(0)(y)
)
, 0 ≤ y ≤ Y1

)
and for n sufficiently large, an > 0 and

(3.6) (Γy
n, 0 ≤ y ≤ Y n

1 )
d
=
((an

a
f (0)
( a
an
y
)
,m(0)

n (y), γ(0)n (y)
)
, 0 ≤ y ≤ Y n

1

)
.

Note that, from this construction, Y n
1 = (an/a)Y1. Furthermore, from Lemma 2.9

we see that Y1 is distributed like a/(2G) where G ∼ Gamma
(
3
2 , 1
)
. In particular, Y1

has a continuous density q on (0,∞). Disintegrating based on the value of Y n
1 , i.e.

conditioning on Y n
1 , we see that

E
[
f(f (0)n (Y n

1 ),m(0)
n (Y n

1 ), γ(0)n (Y n
1 ), Y n

1 )
]

=

∫ ∞
0

E
[
f
(
0,m(0)

n (x) , γ(0)n (x) , x
)] a
an
q

(
ax

an

)
dx.

It follows from Lemma 3.9 and a version of the dominated convergence theorem
(e.g. [96, Theorem 1.21]) that

(3.7) E(an,bn,γn),0

[
f
(
ΓY1 , Y1

)]
→ E(a,b,γ),0

[
f
(
ΓY1 , Y1

)]
.

This completes the proof for j = 1, for all a > 0, b ≥ 0 and γ ∈ I. The same proof
applied to augmented type-2 evolutions started from (an, bn, γn, 1) and (a, b, γ, 1)
shows

(3.8) E(an,bn,γn),1

[
f
(
ΓY1 , Y1

)]
→ E(a,b,γ),1

[
f
(
ΓY1 , Y1

)]
,

for all a ≥ 0, b > 0 and γ ∈ I. The inductive step j → j+1 follows from the strong
Markov property of the augmented type-2 evolutions at regime changes Y n

j and Yj ,
applying (3.8) for odd j and (3.7) for even j. □

In the following result, which is the continuity of type-2 evolutions in the initial
condition, we write P(J ◦) for the space of Borel probability measures on (J ◦, d◦),
equipped with the topology of weak convergence.

Proposition 3.12. Fix y≥0 and define Fy : J ◦ → P(J ◦), by letting Fy(a, b, γ)
be the law at time y of a type-2 evolution starting from the initial state (a, b, γ) ∈ J ◦.
Then (a, b, γ) 7→ Fy(a, b, γ) is weakly continuous.

Proof. Suppose that (an, bn, γn) → (a, b, γ) in (J ◦, d◦), i.e. an → a, bn → b
and dI(γn, γ) → 0. We may assume without loss of generality that a > 0. Once
the proof is complete for this subcase, we can apply Lemma 3.6 to deduce the
subcase a = 0, b > 0; the subcase a = b = 0, γ = ∅ is trivial. Let (Γy

n, y ≥ 0) and
(Γy, y ≥ 0) be type-2 evolutions started from (an, bn, γn) and (a, b, γ), respectively,
with respective regime changes (Y n

j )j≥0 and (Yj)j≥0. Observe that for all bounded
continuous f : J ◦ → R

(3.9) E [f (Γy
n)] =

∞∑
j=0

E
[
f (Γy

n)1{Y n
j ≤ y < Y n

j+1}
]
.
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By Lemma 3.11 and the Skorohod representation theorem, we may now assume

Y n
j (ω) → Yj(ω), d

◦(ΓY n
j (ω)

n (ω),ΓYj(ω)(ω)
)
→ 0, and since P(Yj = y) = 0, also

1{Y n
j (ω) ≤ y} → 1{Yj(ω) ≤ y} for P-a.e. ω. Recall that Y1 under PΓ,j is the lifetime

of the top mass labeled 1 when j is even and labeled 2 when j is odd. For Γ =

ΓYj(ω)(ω) or Γ = Γ
Y n
j (ω)

n (ω), in either case, this is the non-zero top mass of Γ. Recall
also from (3.6) that BESQ(−1) processes with converging initial states can be coupled
to converge uniformly together with their lifetimes. In particular, we can use their
convergence in distribution together with Lemma 3.9 for the convergence of the
other top mass and interval partitions at times y∨Y n

j (ω)−Y n
j (ω) → y∨Yj(ω)−Yj(ω)

to obtain for P-a.e. ω
E
Γ
Y n
j

(ω)

n (ω),j

[
f
(
Γy∨Y n

j (ω)−Y n
j (ω)

)
1
{
y ∨ Y n

j (ω)− Y n
j (ω) < Y1

}]
→ E

ΓYj(ω)(ω),j

[
f
(
Γy∨Yj(ω)−Yj(ω)

)
1 {y ∨ Yj(ω)− Yj(ω) < Y1}

]
.

By Lemma 3.10(ii) and applying the previous convergences and dominated conver-
gence, we find

(3.10) E
[
f(Γy

n)1{Y n
j ≤ y < Y n

j+1}
]
→ E [f(Γy)1{Yj ≤ y < Yj+1}] .

A further application of the dominated convergence theorem yields E[f(Γy
n)] →

E[f(Γy)], completing the proof. □

3.3. The total mass process

In this section, we prove Theorem 3.3, that the total mass process of any type-2
evolution is a BESQ(−1). We use the notation of Definition 3.1 and work with the
BESQ(−1) processes f (n), and with the type-1 evolutions (m(n), γ(n)), which have
BESQ(0) total mass, by Proposition 2.6, n ≥ 0. Since the type-2 total mass process
is built from the sum of these, the following additivity lemma will be useful. This
extends the well-known additivity of BESQ processes with nonnegative parameters
and has been taken up in higher generality in [131], where we refer for a proof.

Lemma 3.13 (Proposition 1.1 of [131]). Let X ∼ BESQa(−1), W ∼ BESQb(0)
and Z ∼ BESQ1(−1) be independent. Let τ = inf {t ≥ 0: Xt = 0}∧inf {t ≥ 0: Wt = 0}.
Define a process

Vt =

{
Xt +Wt, t ≤ τ,

Zt−τ , t > τ,

where Zs = (Xτ +Wτ )Zs/(Xτ+Wτ )
, s ≥ 0. Then V ∼ BESQa+b(−1).

Proof of Theorem 3.3. Consider a type-2 evolution ((my
1,m

y
2, β

y), y ≥ 0)
as defined in Definition 3.1, with initial state (a, b, γ) ∈ J ◦. If (a, b, γ) equals
(a, 0, ∅) or (0, b, ∅), then the result is trivial from the definition, so assume not.
Then by Lemma 3.7 and Corollary 3.8, there is a.s. some finite K ≥ 0 such that
the degeneration time D = inf{y ≥ 0: (my

1, β
y) = (0, ∅) or (my

2, β
y) = (0, ∅)} and

the lifetime ζ = inf{y ≥ 0: (my
1,m

y
2, β

y) = (0, 0, ∅)} satisfy YK < D < ζ = YK+1.
By the strong Markov property and Definition 3.1, after time D, the type-2

evolution comprises a single non-zero component my
i , with i being either 1 or 2,

evolving as a BESQ(−1) until its absorption at zero. Let Z denote the BESQ1(−1)
process obtained by applying BESQ scaling to normalize mass of this component at

degeneration: Z y := (mD
i )−1m

D+mD
i y

i , y ≥ 0. By the strong Markov property, Z
is independent of the type-2 evolution run up until time D.
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We define Dn := min{Yn, D}, n ≥ 0, so that Dn = D for n sufficiently large,
and set

Vy := my
1 +my

2 + ∥βy∥, V (n)
y :=

{
Vy if y ≤ Dn,

Z
(n)
y−Dn

if y > Dn,

where Z
(n)
s = VDn

Z s/VDn
for s ≥ 0. We will show inductively that all V (n), n ≥ 1,

and hence the a.s. limit V = limn→∞ V (n), are BESQa+b+∥γ∥(−1).

For n = 1, we have Vy = Xy +Wy, 0 ≤ y ≤ D1, with X = f (0) ∼ BESQa(−1),

W = m(0)+∥γ(0)∥ independent, andD1 = inf {t ≥ 0: Xt = 0}∧inf {t ≥ 0: Wt = 0}
is τ of Lemma 3.13. SinceW ∼ BESQb+∥γ∥(0) by Proposition 2.6, Lemma 3.13 yields

V (1) ∼ BESQa+b+∥γ∥(−1).

Now, assume for induction that for some n ≥ 1, V̂ (n) ∼ BESQâ+b̂+∥γ̂∥(−1) for

all type-2 evolutions ((m̂y
1, m̂

y
2, β̂

y), y ≥ 0) starting from any (â, b̂, γ̂) ∈ J ◦. By
the strong Markov property, we can apply the inductive hypothesis to the process

(m̂y
1, m̂

y
2, β̂

y) := (mD1+y
1 ,mD1+y

2 , βD1+y), y≥0, on the event {Y1=D1} = {D>Y1}.
Then D̂n = Dn+1 −D1 and Ẑ = Z. We see that

V (n+1)
y =

{
Vy if y ≤ Dn+1,

Z
(n+1)
y−Dn+1

if y > Dn+1,

=


Vy if y ≤ D1,

V̂y−D1
if D1 < y ≤ D1 + D̂n

Ẑ
(n)

y−D1−D̂n
if y > D1 + D̂n,

 =

{
Vy if y ≤ D1,

V̂
(n)
y−D1

if y > D1.

By the inductive hypothesis, V̂ (n) ∼ BESQ
m

D1
1 +m

D1
2 +∥βD1∥(−1). By the strong

Markov property and BESQ scaling,
((
V̂

(n)
0

)−1
V̂

(n)

sV̂
(n)
0

, s ≥ 0
)
∼ BESQ1(−1) is un-

conditionally independent of ((my
1,m

y
2, β

y), 0 ≤ y ≤ D1) and in particular of
((Xy,Wy), 0 ≤ y ≤ D1). Then, by the n = 1 case already established, we con-

clude that V (n+1) ∼ BESQa+b+∥γ∥(−1), as required. □

3.4. Type-2 evolutions via interweaving two type-1 point measures

In this section we present another construction of type-2 evolutions from initial
states in which the interval partition component is an independent multiple of a
PDIP

(
1
2 ,

1
2

)
random variable. Such interval partitions appear as pseudo-stationary

distributions of type-0 and type-1 evolutions, and indeed, we will use this construc-
tion in Chapter 4 to study (pseudo-)stationarity properties of (type-2 evolutions
and) unit-mass 2-tree evolutions, as well as projections to 3-mass processes that
only retain the evolution of the two top masses and the total mass of the interval
partition.

The construction builds a J ◦-valued process from two type-1 evolutions in such
a way that the two top masses are taken from the respective type-1 evolution until
one of the type-1 evolutions degenerates, while the interval partition is obtained
by a procedure that alternates parts from the two interval partitions. We call the
mechanism that generates this alternation and is based on scaffolding and spindles,
interweaving. This construction is illustrated in Figure 3.3.
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f1 f2

T−1T0 T2 T1
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Figure 3.3. Interweaving is alternating restrictions Ni|←(Tj−2,Tj ]

from two type-1 scaffoldings with spindles, (N1,N2). We begin
with a single spindle, f1, from N1. Then, we include spindles from
N2 until the time T1 at which its scaffolding exceeds the death
level Z1 = ζ(f1), reaching some higher level Z2. To this, we add
spindles from N1 until the time T2 at which its scaffolding exceeds
level Z2, reaching some higher level Z3, and so on.

In the following, we will use notation µ1
m for the type-1 pseudo-stationary

distribution on J • with total mass m ≥ 0 identified in Proposition 2.7, i.e. the dis-
tribution of (mA,m(1−A)γ) for independent A ∼ Beta

(
1
2 ,

1
2

)
and γ ∼ PDIP

(
1
2 ,

1
2

)
.

We will write µ1
a,c for the distribution of (a, cγ) for a, c ≥ 0. By abuse of notation,

we will denote by µ1
M and µ1

A,C the associated mixture distributions, mixed accord-

ing to the distributions of a random mass M ≥ 0 or a random pair (A,C) with

A,C ≥ 0, respectively. Finally, we denote by P1
µ the distribution on E ×

↼

N ×N of

the triple (f ,
↼

N,Nγ) where, conditionally given (A, γ) ∼ µ, the triple has distribu-
tion P1

A,γ as defined in Construction 2.19.

Construction 3.14 (Interweaving). Consider independent A and B for which
P(A + B > 0) = 1. Also consider independent C1, C2 ∼ Gamma( 12 , λ) and γ1, γ2 ∼
PDIP

(
1
2 ,

1
2

)
independent of (A,B). Let

(3.11) (f1,
↼

N1,Nγ1) ∼ P1
µ1
A,C1γ1

and (f2,
↼

N2,Nγ2) ∼ P1
µ1
B,C2γ2

be independent. Let N1 := clade(f1,
↼

N1) ⋆Nγ1
, and correspondingly define N2.

We will combine these to define a J ◦-valued process ((m̃y
1, m̃

y
2, β̃

y), y ≥ 0).
Let X1 := ξ(N1) and X2 := ξ(N2). We set T−1 := T0 := 0, Z0 := 0 and

Z1 := ζ(f1). We define times for each scaffolding, and common levels: for i ≥ 1,

T2i−1 := inf{t ≥ T2i−3 : X2(t) > Z2i−1}, Z2i := X2(T2i−1),

T2i := inf{t ≥ T2i−2 : X1(t) > Z2i}, Z2i+1 := X1(T2i),
(3.12)

with the conventions that inf(∅) = ∞ and X1(∞) = ∞ and X2(∞) = ∞. Also
note that this includes setting T1 = 0 if ζ(f2) > ζ(f1). Let p denote the parity map,
sending even numbers to 2 and odd numbers to 1. For y ≥ 0 we define

Ĩ(y) := p
(
inf{j ≥ 0: Zj+1 > y}

)
, J̃(∞) := inf{j ≥ 1: Tj = ∞},(

0, m̃y

3−Ĩ(y)

)
⋆
(
0, m̃y

Ĩ(y)

)
⋆ β̃y := (0, f1(y)) ⋆ (0, f2(y)) ⋆ θ̃(y),(3.13)
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where

θ̃(y) := skewer
(
y−ζ(f2),N2

∣∣
(0,T1]×E

)
⋆ ⋆

2≤j≤J̃(∞)

skewer
(
y−Zj−1,Np(j+1)

∣∣←
(Tj−2,Tj ]×E

)
.

By this we mean that,

(i) if the expression on the right of (3.13) has a leftmost block (which equals
(0, f1(y)) if and only if y < ζ(f1)), then we take m̃y

3−Ĩ(y)
to denote the mass

of this block, otherwise setting m̃y

3−Ĩ(y)
:= 0;

(ii) if said expression has a second-to-leftmost block, then we denote its mass by
m̃y

Ĩ(y)
, otherwise setting m̃y

Ĩ(y)
:= 0.

Then β̃y denotes what remains of θ̃(y) after removing leftmost blocks as required to
form m̃y

1 and m̃y
2, and, if necessary, shifting the remaining interval partition down

to line up with 0 on its left end.

Proposition 3.15. The process ((m̃y
1, m̃

y
2, β̃

y), y ≥ 0) defined in (3.13) is a

type-2 evolution with initial state (m̃0
1, m̃

0
2, β̃

0) = (A,B,Cγ), where A, B, C and γ
are jointly independent, with C ∼ Gamma( 12 , λ) and γ ∼ PDIP( 12 ,

1
2 ).

Before we prove this proposition, let us recall from Lemma 2.24 the construction
of a type-1 point measure Nγ ∼ P1

µ1
0,C

for C ∼ Gamma
(
1
2 , λ
)
. Specifically, Nγ =(

N|[0,T )

)≥0
, where N is a PRM(Leb ⊗ νBESQ) on [0,∞) × E , stopped just before its

level-0 aggregate massM0
N exceeds an independent threshold S ∼ Exponential(λ).

Now, let f denote a BESQ(−1) independent of the other objects, with any ran-

dom initial mass, and define N∗ := clade(f ,
↼

N) ⋆ Nγ . In the special case that
f(0) ∼ Gamma

(
1
2 , λ
)
, the measure N∗ describes a pseudo-stationary type-1 evolu-

tion with Exponential(λ) initial mass, as in Proposition 2.8. For any distribution of
f(0), this construction has the following consequence, by way of the strong Markov
property of N and the memorylessness of S. To state the result, recall the notation

Tx(
↼

N) for the first passage time of x > 0 by the scaffolding ξ(
↼

N) of (2.20).

Lemma 3.16 (Memorylessness for some type-1 point measures). Fix λ > 0 and

let Nγ ,
↼

N and N∗ be as above. Let R be a stopping time in the right-continuous
time filtration (Ft, t ≥ 0) generated by N∗, i.e. the least right-continuous filtration
in which N∗|[0,t] is Ft-measurable for every t ≥ 0. Given N∗|[0,R]×E with ξN∗(R) =
x, and further conditioning on {N∗|(R,∞)×E ̸= 0}, the conditional distribution of

N∗|←(R,∞)×E equals the (unconditioned) distribution of
↼

N
∣∣←
[Tx(

↼
N),0)×E ⋆Nγ .

Proof of Proposition 3.15. Let (f1, f2,
↼

N,Nγ) ∼ P2
µ, where µ is the dis-

tribution of (A,B,Cγ) in the setting of the statement of this proposition, and let(
(my

1,m
y
2, β

y), y ≥ 0) be the type-2 evolution obtained from (f1, f2,
↼

N,Nγ) via Con-
struction 3.4. We follow the notation of Construction 3.4, and further recall from
Lemma 3.10 and the proof of Theorem 3.2 notation J(y) for the regime change
counter at y ≥ 0, and I(y) to capture its parity, which we can write here as follows:

(3.14)
J(y) = inf{j ≥ 0: Yj+1 > y},
I(y) = 1 if J(y) + 1 is odd, or I(y) = 2 if J(y) + 1 is even.
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Additionally, we define J(∞) := inf{j ≥ 1: T+
j = ∞}. We prove our assertion by

showing:

(3.15)
(
0,my

I(y)

)
⋆
(
0,my

3−I(y)

)
⋆ βy = (0, f1(y)) ⋆ (0, f2(y)) ⋆ θ(y), y ≥ 0,

where

θ(y) := skewer
(
y − ζ(f2),N∗

∣∣
(0,T+

1 ]×E

)
⋆ ⋆

2≤i≤J(∞)

skewer
(
y − Yi−1,N∗

∣∣←
(T−i ,T+

i ]×E

)
;

and (
f1, f2,

(
Np(i+1)

∣∣←
(Ti−2,Ti]×E

, Zi

)
, 1≤ i≤ J̃(∞)

)
d
=
(
f1, f2,

(
N∗
∣∣←
(T−i ,T+

i ]×E , Yi

)
, 1 ≤ i≤J(∞)

)
.

(3.16)

These formulas, together with (3.13), complete the proof.
First, we prove (3.16). For i ≥ 1, we note the equality of events{

J̃(∞)= i
}
=
{
Ti=∞; J̃(∞)≥ i

}
=
{
supt ξNp(i+1)|←(Ti−2,Ti]×E

(t) < Zi−Zi−1; J̃(∞)≥ i
}
.

(3.17)

We conclude, by a recursive argument, that the indicator 1{J̃(∞) ≤ j} is a function

of the 1 ≤ i ≤ j ∧ J̃(∞) terms on the left in (3.16). By a corresponding argument,
the indicator 1{J(∞) ≤ j} is a function of the 1 ≤ i ≤ j∧J(∞) terms on the right.

We now establish the base case for an induction. By definition, T−1 = T−1 = 0,

Z1 = Y1, and N2
d
= N∗. Recall from (3.12) that T1 is the time when X2 first

exceeds Z1, while T
+
1 in (3.2) is the time when X∗ exceeds Y1. This proves equality

in distribution for the i = 1 terms of (3.16).
Assume for induction that, for some j ≥ 1, (3.16) holds when we substitute

j ∧ J̃(∞) for the J̃(∞) bound on the left and substitute j ∧ J(∞) for J(∞) on the

right. By the argument following (3.17), P{J̃(∞) ≤ j} = P{J(∞) ≤ j}. We now
show that the conditional distribution of the (j + 1)st term on the left in (3.16),

given the preceding terms and the event {j < J̃(∞)}, equals the conditional law
of the corresponding term on the right given the preceding terms and the event
{j < J(∞)}.

Note that

Zj+1 = Xp(j+1)(Tj) = Zj−1 + ξNp(j+1)|←(Tj−2,Tj ]×E
(Tj−Tj−2)

=: G
((

Np(i+1)|←(Ti−2,Ti]×E , Zi

)
, i ≤ j

)
and Yj+1 = G

((
N∗
∣∣←
(T−i ,T+

i ]×E , Yi

)
, i ≤ j

)
. Next, observe that Xp(j+1)(Tj−2)

= Zj−1 while, correspondingly, X∗(T
−
j ) = Yj−1. Since we have conditioned on

{j < J̃(∞)}, which means Tj < ∞, we may apply Lemma 3.16 to Np(j+1) at this
time. In particular, by the independence of N1 and N2, and by this lemma, given
Zj , the restricted process Np(j+1)|←(Tj−2,∞)×E is conditionally independent of all

preceding terms on the left in (3.16). Correspondingly, N∗|←(T−j ,∞)×E is condition-

ally independent of all preceding terms on the right in (3.16), given Yj , and these
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restricted point processes have the same conditional distribution. Finally, T+
j −T−j

is the first time that ξ(N∗|←(T−j ,∞)×E) exceeds Yj − Yj−1, and correspondingly for

Np(j+1). This completes our induction and proves (3.16).
We now prove (3.15). Recall Construction 3.4. We distinguish four cases cov-

ering the four ways y can be positioned with respect to ζ(f1) and ζ(f2).
Case 1: y < min{ζ(f1), ζ(f2)}. Then J(y) = 0, I(y) = 2, so the two leftmost

blocks on the left hand side of (3.15) are (0,my
1) ⋆ (0,m

y
2), which equal (0, f1(y)) ⋆

(0, f2(y)), as claimed. By definition, X∗ is bounded below by Yi ≥ Y1 > y on each
interval (T+

i , T
−
i+1]. Therefore,

(3.18) βy = skewer
(
y − ζ(f2),N∗|(0,∞)×E

)
= θ(y),

as desired. Indeed, θ(y), as defined following (3.15), simply skips over certain
intervals of N∗ that cannot contribute to the skewer at levels below ζ(f1).

Case 2: ζ(f2) ≤ y < ζ(f1). Then, again, J(y) = 0 and I(y) = 2. As before,
(0,my

1) = (0, f1(y)), in agreement with (3.15). However, now f2(y) = 0. Thus,

(0,my
2) ⋆ β

y = skewer(y,N∗) = skewer
(
y − ζ(f2),N∗|(0,∞)×E

)
= θ(y),

since, as in Case 1, θ(y) skips over intervals that do not contribute.
Case 3: ζ(f1) ≤ y < ζ(f2). Then J(y) = I(y) = 1 and T+

1 = 0. Then
(0,my

3−I(y)) = (0,my
2) = (0, f2(y)), while f1(y) = 0, in agreement with (3.15).

Moreover,

(0,my
1) ⋆ β

y = skewer(y − Y1,N∗|←(T−2 ,∞)×E).

In this case, since T−1 = T+
1 = 0, the first term in the formula for θ(y) is empty.

Then, the concatenation of subsequent terms in θ(y) equals the above expression,
since X∗ is bounded below by Yi ≥ Y2 > y on each interval (T+

i , T
−
i+1] with i ≥ 2.

Case 4: max{ζ(f1), ζ(f2)} ≤ y. Then J(y) ≥ 1 and T−J(y)+1 > 0. Moreover,

f1(y) = f2(y) = 0, so all that remains on the right in (3.15) is θ(y). Note that X∗
is bounded above by YJ(y) ≤ y on each interval (T−i , T

+
i ] with i < J(y), as well as

on (T−J(y), T
+
J(y)). Then X∗ jumps up across level y at time T+

J(y), giving rise to the

broken spindle f (J(y)) relating to top mass label 3− I(y). Thus, the terms in θ(y)
with i < J(y) do not contribute, and the i = J(y) term contributes only a single
block: (

0,my
3−I(y)

)
=
(
0, f (J(y))(y − YJ(y))

)
= skewer

(
y − YJ(y)−1,N∗|←(T−

J(y)
,T+

J(y)
]×E

)
.

Then (
0,my

I(y)

)
⋆ βy = skewer

(
y − YJ(y),N∗|←(T−

J(y)+1
,∞)×E

)
,

which equals the concatenation of terms in θ(y) over i > J(y), since, similarly to
the previous cases, this expression skips over intervals where X∗ is bounded below
by YJ(y)+1 > y. □

Remark 3.17. After Construction 3.4 we interpreted the spindles that we ig-
nored/removed during the construction (yellow in Figure 3.2) as emigration. Where
is the emigration in the interweaving construction, Construction 3.14? The inter-
weaving construction is based on two type-1 evolutions (without emigration). The
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one that degenerates earlier is completely incorporated into the type-2 evolution,
while the other one will only be partially incorporated. Specifically, in the left-to-
right order of its scaffolding, the spindles are incorporated up and including its first
spindle that exceeds the highest level attained by the scaffolding in the construc-
tion of the former type-1 evolution. Following this spindle and starting at its top
is a Stable

(
3
2

)
scaffolding process run until it reaches level 0. The corresponding

spindles allow an analogous interpretation of emigration as the (yellow) spindles
identified ignored in Construction 3.4.

Indeed, this part of the marked scaffolding process encodes a type-0 evolution as
in Construction 2.17 up to its starting height, continued as a type-1 evolution as the
cutoff point measure above this level, defined as in 2.23, is of the form of Proposition
2.15. Furthermore, by the memoryless property of the exponential distribution, the
initial distribution of this type-0 evolution is a Gamma( 12 ,

1
2 ) multiple of PDIP( 12 ,

1
2 ),

and the type-0 evolution is conditionally independent of the type-2 evolution given
the lifetime of the type-2 evolution.



CHAPTER 4

Unit-mass 2-tree evolutions and stationarity

In this chapter we establish a stationary variant of the type-2 evolution of
Chapter 3, which we will later identify as the k = 2 case in the consistent system
of k-tree evolutions of Theorem 1.5. Beyond the Markov property and stationarity,
we also prove in this chapter that the associated stopped three-mass process is a
Wright–Fisher diffusion, hence establishing everything that Theorem 1.5 claims for
k = 2. In Chapters 5–6, we use and generalize the construction and results of
this chapter to obtain more general k-tree evolutions and to establish projective
consistency properties. Indeed, the special case of this chapter allows us to intro-
duce several of the main techniques in a simpler setting so that we can build some
familarity before combining them with further structure in the later chapters.

Specifically, to define the stationary variant, recall from Theorem 3.3 that type-
2 evolutions have BESQ(−1) total mass processes, which eventually get absorbed at
zero. As a consequence, a type-2 evolution has the same finite lifetime and is not
stationary. We modify the process in two ways: de-Poissonization and resampling.

De-Poissonization means that we normalize so that the total mass remains
constant at one, and then we apply a time-change. De-Poissonization was used in
[71] to obtain stationary variants of type-0 and type-1 evolutions and has previously
been applied in related settings in [124, 125, 146, 149] and also in further, more
recent, related work in [74, 73, 145].

Resampling is a new idea in this context. We saw in Corollary 3.8 that strictly
before reaching the absorbing state (0, 0, ∅) at the end of their life, type-2 evolutions
have a degeneration time when they enter a state (a, b, γ) with a single block: either
a = ∥γ∥ = 0 < b or b = ∥γ∥ = 0 < a. In either case, the post-degeneration type-2
evolution will just be a one-dimensional BESQ(−1) in the single non-zero component.
Resampling will have the process jump instead of degenerating, into an independent
state sampled from the law of a Brownian reduced 2-tree; see Proposition 1.4. The
state space of these (resampling de-Poissonized) unit-mass 2-tree evolutions is the
subspace

J ∗1 := {(a, b, γ) ∈ J ◦ : a+ b+ ∥γ∥ = 1; a, b, ∥γ∥ < 1}(4.1)

of the space (J ◦, d◦) introduced in (3.1). We also consider the intermediate space
J ◦1 = {(a, b, γ) ∈ J ◦ : a+b+∥γ∥= 1}. Formally, J ◦1 -valued de-Poissonized type-2
evolutions and J ∗1 -valued (resampling) unit-mass 2-tree evolutions are defined, as
follows.

Let T = (T y, y ≥ 0) =
(
(my

1,m
y
2, β

y), y ≥ 0
)
be a type-2 evolution as in Defi-

nition 3.1. We now consider the distribution P2
a,b,γ of T on the space D([0,∞),J ◦)

of càdlàg functions from [0,∞) to J ◦. For T = (a, b, γ) ∈ J ◦, we consider the
total mass ∥T∥ = a + b + ∥γ∥. For T = (T y, y ≥ 0) ∈ D([0,∞),J ◦), we define a

55
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time-change function ρT : [0,∞) → [0,∞] by

(4.2) ρT(u) = inf

{
y ≥ 0:

∫ y

0

∥T x∥−1dx > u

}
, u ≥ 0,

which is continuous and strictly increasing until a potential absorption at ∞. Recall
from Theorem 3.3 that for a type-2 evolution T starting from (a, b, γ) ∈ J ◦ \
{(0, 0, ∅)}, we have ∥T ∥ := (∥T y∥, y ≥ 0) ∼ BESQa+b+∥γ∥(−1). By [79, p. 314-5],
ρT is bijective from [0,∞) onto [0, ζ) a.s., where ζ = inf{y ≥ 0: ∥T y∥ = 0}.

Definition 4.1. Let ν be a distribution on J ◦1 . Given a type-2 evolution
T ∼ P2

ν starting according to ν, we associate the de-Poissonized type-2 evolution

T u = T ρT (u)/∥T ρT (u)∥, u ≥ 0.

We denote its distribution on D([0,∞),J ◦1 ) by P2,−
ν .

By the bijective property of ρT : [0,∞) → [0, ζ) noted above, the degeneration
time D of T gives rise to an a.s. finite degeneration time D of T , which satisfies
ρT (D) = D a.s. Denote by µ the distribution on J ∗1 of a Brownian reduced 2-tree,
i.e. the distribution of (A1, A2, A3γ), where (A1, A2, A3) ∼ Dirichlet

(
1
2 ,

1
2 ,

1
2

)
is

independent of the interval partition γ ∼ PDIP
(
1
2 ,

1
2

)
.

Definition 4.2. Let (a, b, γ) ∈ J ∗1 . Let (T u
(j), 0 ≤ u < D(j)), j ≥ 0, be a

sequence of independent de-Poissonized type-2 evolutions run until degeneration,
with T 0

(0) = (a, b, γ) and T 0
(j) ∼ µ for j ≥ 1. Set V0 = 0 and define the resampling

times Vj = D(0) + · · ·+D(j−1), j ≥ 1. Then the concatenation

T Vj+u
+ = T u

(j), 0 ≤ u < D(j), j ≥ 0,

is called a (resampling) unit-mass 2-tree evolution starting from (a, b, γ). We denote

its distribution on D([0,∞),J ∗1 ) by P2,+
a,b,γ . For clarity, we continue to use notation

(T u
+ , u ≥ 0) for the canonical process on D([0,∞),J ∗1 ) when working under P2,+

a,b,γ .

Let us state the main results of this chapter here.

Theorem 4.3. De-Poissonized type-2 evolutions as defined in Definition 4.1 are
Borel right Markov processes absorbed in finite time in either (1, 0, ∅) or (0, 1, ∅).

Theorem 4.4. The unit-mass 2-tree evolutions of Definition 4.2 are Borel right
Markov process on (J ∗1 , d◦). Consider (A1, A2, A3) ∼ Dirichlet

(
1
2 ,

1
2 ,

1
2

)
and an

independent interval partition γ ∼ PDIP
(
1
2 ,

1
2

)
. The law of (A1, A2, A3γ) is the

unique stationary distribution for the unit-mass 2-tree evolution.

Consider the map π•2 on J ∗1 given by (a, b, γ) 7→ (a, b, ∥γ∥). The range of this

map is ∆ := {(p1, p2, p3) ∈ [0, 1)3,
∑3

i=1 pi = 1}. Let Λ be the stochastic kernel from

∆ to J ∗1 that maps (p1, p2, p3) to the law of (p1, p2, p3γ), where γ ∼ PDIP
(
1
2 ,

1
2

)
.

Given (p1, p2, p3) ∈ ∆, run a unit-mass 2-tree evolution (T u, u ≥ 0) with initial dis-
tribution Λ(p1, p2, p3). The induced 3-mass process is then (X1(u), X2(u), X3(u)) :=
π•2(T u), u ≥ 0. In Appendix A.1, we review (Dynkin’s criterion and) the Rogers–
Pitman intertwining criterion for when a function of a Markov process is again a
Markov process. The following result exhibits our first instance of intertwining.
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Theorem 4.5. The induced 3-mass process is a recurrent Markovian extension
of the Wright–Fisher(− 1

2 ,−
1
2 ,

1
2 ) diffusion with generator (1.1), in the following

sense. Let

U = inf{u ≥ 0: X1(u) = 0 or X2(u) = 0}
be the first time when one of the two top masses vanishes. Then the process
killed at U is the killed Wright–Fisher diffusion. The 3-mass process is intertwined
with the unit-mass 2-tree evolution, and it converges to its unique stationary law
Dirichlet

(
1
2 ,

1
2 ,

1
2

)
.

Notice that the 3-mass process jumps back into the interior of the simplex
immediately after either of the first two coordinates vanish. This extension of the
generalized Wright–Fisher diffusion is natural from the perspective of the (modified)
Aldous chain (Definition 1.11) as the continuum analogue of the construction in
[70]. Indeed it suggests an extension of the scaling limit result (1.2), here in the
(rooted) case with k = 2 top masses, that was observed by Aldous [13] and Pal
[125], relating killed 3-mass processes in the discrete and continuum settings.

Before turning to de-Poissonized processes, in Section 4.1 we prepare for sta-
tionarity arguments by establishing pseudo-stationary behaviour of the type-2 evo-
lutions of Definition 3.1. Due to degeneration, this takes a slightly different form
to the corresponding results for type-0 and type-1 evolutions in Proposition 2.7,
and will be complemented by further pseudo-stationary behaviour at degeneration
in Section 4.2. We will also use both sets of results in Chapters 5–6. We then turn
to de-Poissonized type-2 evolutions and prove Theorem 4.3 in Section 4.3, and to
(resampling) unit-mass 2-tree evolutions and the proofs of Theorems 4.4 and 4.5
in Section 4.4. Finally, we establish some Hölder estimates for interval-partition-
valued variants of type-2 evolutions in Section 4.5, which we will use in Chapter 7
to establish the path-continuity of the induced continuum-tree-valued process.

4.1. Pseudo-stationary type-2 evolutions

Recall from Corollary 3.8 that type-2 evolutions degenerate to a single block
of positive mass before reaching zero total mass, while type-1 evolutions degener-
ate when they reach zero total mass and type-0 evolutions do not degenerate (and
are not absorbed) when they reach zero total mass. In Propositions 2.7–2.8, we
recalled the pseudo-stationarity behaviour for types 0 and 1, which we may read as
conditional on non-degeneration. In this section, we establish pseudo-stationarity
of type-2 evolutions, again conditionally given that degeneration has not yet hap-
pened.

Proposition 4.6 (Pseudo-stationarity of type-2 evolution). Let γ∼PDIP( 12 ,
1
2 ),

(A1, A2, A3)∼Dirichlet
(
1
2 ,

1
2 ,

1
2

)
and M(0)>0 be independent and (my

1,m
y
2, β

y),
y ≥ 0, a type-2 evolution started from (M(0)A1,M(0)A2,M(0)A3γ). Let M(y),
y ≥ 0, denote its total mass process. For fixed y > 0, given {D > y}, the total mass
M(y) is conditionally independent of (my

1/M(y),my
2/M(y), βy/M(y)). The latter

is conditionally distributed according to the (unconditioned) law of (A1, A2, A3γ).

In light of this result, we refer to the law of (M(0)A1,M(0)A2,M(0)A3γ) above
as the pseudo-stationary law for a type-2 evolution with mass M(0). Following the
strategy of proof in [71] of Proposition 2.7 above, we first prove this for M(0) ∼
Gamma

(
3
2 , λ
)
, λ > 0, and then generalize via Laplace inversion.
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Proposition 4.7. Consider a type-2 evolution ((my
1,m

y
2, β

y), y ≥ 0) with ini-
tial blocks (m0

1,m
0
2) independent of β0 = Mγ, where M ∼ Gamma

(
1
2 , λ
)
and γ ∼

PDIP( 12 ,
1
2 ) are independent. Then for y > 0, given {D > y}, the interval partition

βy is conditionally independent of (my
1,m

y
2), conditionally distributed according to

the (unconditional) law of (2yλ+ 1)Mγ.
If, additionally, m0

1 and m0
2 are i.i.d. Gamma

(
1
2 , λ
)
, then given {D > y}, my

1

and my
2 are conditionally i.i.d. Gamma

(
1
2 , λ/(2yλ+ 1)

)
.

Proof. Let (f1, f2,
↼

N,Nγ) be point measures and spindles for such an evolu-

tion, as in Construction 3.4. From Lemma 2.24, we may assume Nγ =
(
N|[0,T )

)≥0
,

whereN is a PRM(Leb⊗ νBESQ) on [0,∞)×E and T is the time at which the aggregate
mass of spindles crossing level 0, as defined in (2.15), first exceeds an independent
mass threshold S ∼ Exponential (λ).

We follow the notation of (3.14), in which J(y) is the number of regime switches
up to time y and I(y) denotes the index, 1 or 2, that records the alternating
regime of the construction at scaffolding level y. So my

3−I(y) is the top mass that

is part of a type-1 evolution in this construction at that level, βy is the interval
partition of remaining, “spinal” masses, while my

I(y) is the further top mass. We

set N∗ := clade(f2,
↼

N) ⋆Nγ . Let ((mz
∗, β

z
∗), z ≥ 0) denote the type-1 evolution

skewer(N∗). It follows from Construction 3.4 that, on {D > y}, one top mass at
level y is the mass of a spindle found in N∗|[0,T ) at the stopping time

R = inf{t > T−J(y)+1 : ξN∗(t) > y} < T,

and the interval partition βy equals skewer(y − ξN∗(R),N∗|(R,T )).
Let R′ := inf{t > R : ξN∗(t) = y} and Ty(N∗) := inf{t ≥ 0: ξN∗(t) = y}. By

Lemma 3.16, the conditional law of N∗|←(R′,∞) given (f1,N∗|[0,R′]) and {D > y}
equals the conditional law of N∗|←(Ty(N∗),∞) given {my

∗ + ∥βy
∗∥ > 0}. Passing to the

skewers, the correspondingly conditioned laws of βy and βy
∗ are equal. By Propo-

sition 2.8, this is an independent Gamma
(
1
2 , λ/(2yλ+ 1)

)
multiple of a PDIP

(
1
2 ,

1
2

)
.

This also implies that βy is conditionally independent of (my
1,m

y
2) given {D > y},

proving the first assertion of the proposition.
To prove the second assertion, we apply Proposition 3.15. In the representation

there, with notation in and after (3.11), we can express D = min{ζ1, ζ2} in terms
of the degeneration times ζi of the two type-1 evolutions skewer(Ni), i = 1, 2. In
particular, conditioning on {D > y} is the same as conditioning on {ζ1 > y, ζ2 > y}.
By Proposition 2.8 and the independence of the two pseudo-stationary type-1
evolutions in that construction, my

1 and my
2 are conditionally independent given

{ζ1 > y, ζ2 > y}, with common distribution Gamma
(
1
2 , λ/(2yλ+ 1)

)
. □

Proposition 4.8. For a, b, c > 0 and γ ∼ PDIP
(
1
2 ,

1
2

)
, consider a type-2 evo-

lution starting from (a, b, cγ). Let γ′ be an independent PDIP
(
1
2 ,

1
2

)
, and let β̃y

denote βy/∥βy∥ when βy ̸= ∅ (this holds a.s. given y < D), or γ′ otherwise. Then

for y > 0, β̃y is independent of (my
1,m

y
2, ∥βy∥) and has law PDIP

(
1
2 ,

1
2

)
.

Proof. For λ > 0, consider Bλ ∼ Gamma
(
1
2 , λ
)
independent of all other ob-

jects. By decomposing according to the events {D > y} and {D ≤ y}, and applying
the first assertion of Proposition 4.7 in the former case, we see that for all continuous
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f : R3 → [0,∞) and g : I → [0,∞),∫ ∞
0

√
λ

πx
e−λxE2

a,b,xγ

[
f(my

1,m
y
2, ∥βy∥)g(β̃y)

]
dx

= E2
a,b,Bλγ

[
f(my

1,m
y
2, ∥βy∥)g(β̃y)

]
= E

[
g(γ)

] ∫ ∞
0

√
λ

πx
e−λxE2

a,b,xγ

[
f(my

1,m
y
2, ∥βy∥)

]
dx.

We cancel factors of
√
λ. By the uniqueness of Laplace transforms,

E2
a,b,xγ

[
f(my

1,m
y
2, ∥βy∥)g(β̃y)

]
= E2

a,b,xγ

[
f(my

1,m
y
2, ∥βy∥)

]
E
[
g(γ)

]
for a.e. x > 0. By Proposition 3.12, the right-hand side is continuous in x. Note that
(a, b, γ) 7→ f(a, b, ∥γ∥)g(γ/∥γ∥)1{γ ̸= ∅} is P2

a,b,xγ-a.s. continuous at (m
y
1,m

y
2, β

y).

Thus, the left-hand side is continuous in x as well; see e.g. [96, Theorem 4.27]. We
conclude that the above formula holds for every x. □

Proof of Proposition 4.6. Let ((mz
1,m

z
2, β

z), z ≥ 0) be as in the state-
ment of the proposition, and fix y > 0. The conditional law of (my

1,m
y
2, β

y) given
D > y can be obtained as a mixture, over the law of the vector (MA1,MA2,MA3)
of initial masses, of the conditional laws described in Proposition 4.8. In particular,
conditionally given {βy ̸= ∅}, βy/∥βy∥ ∼ PDIP

(
1
2 ,

1
2

)
, conditionally independent

of (my
1,m

y
2, ∥βy∥). To prove that (my

1,m
y
2, ∥βy∥)/M(y) then has conditional law

Dirichlet
(
1
2 ,

1
2 ,

1
2

)
, we make an argument similar to that in the proof of Proposi-

tion 4.8.
Recall the standard beta-gamma algebra that a Dirichlet(x1, . . . , xn) vector,

multiplied by an independent Gamma(x1 + · · ·+ xn, λ) scalar, gives rise to a vector
of independent variables, with the jth having law Gamma(xj , λ). Let (m̃y

1, m̃
y
2, m̃

y
3)

denote (my
1/M(y),my

2/M(y), ∥βy∥/M(y)) when y < D or (A′1, A
′
2, A

′
3) otherwise,

where the latter is an independent Dirichlet
(
1
2 ,

1
2 ,

1
2

)
. By the second assertion of

Proposition 4.7, for λ > 0 and measurable f : R3 → [0,∞) we have∫ ∞
0

2

√
xλ3

π
e−λxE2

A1x,A2x,A3xγ

[
f(m̃y

1, m̃
y
2, m̃

y
3)
]
dx = E

[
f(A1, A2, A3)

]
.

Multiplying the right-hand side by
∫∞
0

2
√
xλ3/πe−λxdx = 1, canceling factors of

λ3/2, and appealing to uniqueness of Laplace transforms and Proposition 3.12, as
in the previous proof, gives the desired result. □

For our next results, we require a scaling invariance property of type-2 evolu-
tions. We recall the scaling invariance of type-1 evolutions from Proposition 2.5,
which states that for any type-1 evolution ((my, βy), y ≥ 0) and any c > 0, the
process ((cmy/c, cβy/c), y ≥ 0) is also a type-1 evolution.

Together with the well-known scaling invariance of squared Bessel processes
(see e.g. [79, Appendix A.3]), the corresponding result for type-2 evolutions follows
straight from their definition in Definition 3.1.

Lemma 4.9. For any type-2 evolution ((my
1,m

y
2, β

y), y ≥ 0) and any c > 0, the

process ((cm
y/c
1 , cm

y/c
2 , cβy/c), y ≥ 0) is also a type-2 evolution.
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We denote by µ2
m the pseudo-stationary distribution on J ◦ with total mass

m, and by µ2
a,b,c the distribution on J ◦ of (a, b, cγ), with γ ∼ PDIP

(
1
2 ,

1
2

)
, for all

(a, b, c) ∈ [0,∞) with either a+ b > 0 or a = b = c = 0.

Lemma 4.10 (Strong pseudo-stationarity). (i) Let γ ∼ PDIP
(
1
2 ,

1
2

)
, and let

(A,B,C) be an independent vector for which, with probability 1, at least two
components are positive. Consider a type-2 evolution ((my

1,m
y
2, β

y), y ≥ 0)
with initial state (A,B,Cγ). Denote by (A(y), B(y), C(y)) = (my

1,m
y
2, ||βy||)

the associated 3-mass process and by (Fy
3−mass, y ≥ 0) the right-continuous

filtration it generates. Let Y be a stopping time in this filtration. Then for
all FY

3−mass-measurable η : Ω → [0,∞) and all measurable H : J ◦ → [0,∞),

(4.3) E
[
ηH(mY

1 ,m
Y
2 , β

Y )
]
= E

[
ηµ2

A(Y ),B(Y ),C(Y )[H]
]
.

I.e. conditionally given FY
3−mass, the state of the type-2 evolution at time Y

is distributed as (A(Y ), B(Y ), C(Y )γ′) for independent γ′ ∼ PDIP
(
1
2 ,

1
2

)
.

(ii) Now consider instead a type-2 evolution (Γy, y ≥ 0) = ((my
1,m

y
2, β

y), y ≥ 0),
whose initial state is an independent multiple of a random state with unit-
mass pseudo-stationary distribution. Denote by M(y) = my

1 + my
2 + ∥βy∥,

y ≥ 0, the associated total mass process and by (Fy
mass, y ≥ 0) the right-

continuous filtration it generates. Let Y be a stopping time in this filtration.
Then for all FY

mass-measurable η : Ω→ [0,∞) and measurable H : J ◦→ [0,∞),

E
[
ηH(M(Y )−1ΓY )

∣∣D > Y
]
= E [η |D > Y ]µ1[H].

Proof. Results similar to (ii) for type-0 and type-1 evolutions were obtained
in [71, Lemma 4.7 and Theorem 4.8]. In the following, we adapt the proofs of those
results to the present setting.

(i) If we further condition on {D ≤ Y }, then the statement follows trivially as
∥βY ∥ = 0. Now suppose first that Y = y is non-random and consider the event
{D > y}. We will simplify notation and write ABC(y) = (A(y), B(y), C(y)). By
the pseudo-stationarity of the interval partition in Proposition 4.8, we have for all
bounded measurable f0 : R3 → [0,∞) and H : J ◦ → [0,∞)

E2
µ2
A,B,C

[
f0 (ABC(0))1{D > y}H(my

1,m
y
2, β

y)
]

(4.4)

=

∫
I
E2
µ2
A,B,C

[
f0(ABC(0))1{D > y}H(A(y), B(y), C(y)γ)

]
P(γ ∈ dγ)

= E2
µ2
A,B,C

[
f0(ABC(0))1{D > y}µ2

ABC(y)[H]
]
.

Consider 0 = y0 < y1 < · · · < yn < yn+1 and further bounded measurable func-
tions f1, . . . , fn+1 : R3 → [0,∞). We will apply the Markov property of the type-2
evolution at time y1 and write yj = yj+1 − y1, 0 ≤ j ≤ n. Inductively, consider

E2
µ2
A,B,C

[
n+1∏
j=0

fj (ABC(yj))1{D > yn+1}H(m
yn+1

1 ,m
yn+1

2 , βyn+1)

]

= E2
µ2
A,B,C

[
f0 (ABC(0))1{D > y1}

E2
m

y1
1 ,m

y1
2 ,βy1

[
n∏

j=0

fj+1 (ABC(yj))1{D>yn}H(myn

1 ,myn

2 , βyn)

]]
.
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Applying (4.4), this further equals∫
I
E2
µ2
A,B,C

[
f0 (ABC(0))1{D > y1}

E2
A(y1),B(y1),C(y1)γ

[
n∏

j=0

fj+1(ABC(yj))1{D>yn}H(myn

1 ,myn

2 , βyn)

]]
P(γ∈dγ)

= E2
µ2
A,B,C

[
f0 (ABC(0))1{D > y1}

E2
µ2
ABC(y1)

[
n∏

j=0

fj+1 (ABC(yj))1{D > yn}H(myn

1 ,myn

2 , βyn)

]]
.

Applying the induction hypothesis and taking the other steps in reverse, we con-
clude that

E2
µ2
A,B,C

n+1∏
j=0

fj (ABC(yj))1{D > yn+1}H(m
yn+1

1 ,m
yn+1

2 , βyn+1)


= E2

µ2
A,B,C

[
f0 (ABC(0))1{D > y1}

E2
µ2
ABC(y1)

[
n∏

j=0

fj+1 (ABC(yj))1{D > yn}µ2
ABC(yn)

[H]

]]

= E2
µ2
A,B,C

n+1∏
j=0

fj (ABC(yj))1{D > yn+1}µ2
ABC(yn+1)

[H]

 .
This yields (4.3) in the case Y = y by a monotone class theorem. The generalization
to stopping times is standard, first considering continuous H and approximating
Y by Yn = 2−n⌊2nY + 1⌋ ∧ 2n, and noting that firstly, ηk := η1{Yn = k2−n} is

Fk2−n

3−mass-measurable, k ∈ [22n− 1]; secondly, {D > Yn} increases to {D > Y } up to
a null set; thirdly, type-2 evolutions are (right-)continuous along Yn ↓ Y .

(ii) The proof of (i) is easily adapted, using the total mass process instead of
the 3-mass process, applying Proposition 4.6 instead of Proposition 4.8 and finally
conditioning on {D > Y }. □

Proposition 4.11. Consider a type-2 evolution ((my
1,m

y
2, β

y), y ≥ 0) start-
ing from (x1, x2, x3γ) for γ ∼ PDIP( 12 ,

1
2 ). Then the associated 3-mass process

((my
1,m

y
2, ∥βy∥), y ≥ 0) is a Markov process starting from (x1, x2, x3).

Proof. We check the Rogers–Pitman intertwining criterion (see Appendix
A.1). Consider the map ϕ(x1, x2, β) = (x1, x2, ∥β∥) and the stochastic kernel
Λ((x1, x2, x3), A) = P((x1, x2, x3γ) ∈ A), where γ ∼ PDIP( 12 ,

1
2 ). Then clearly

Λ((x1, x2, x3), ϕ
−1({(x1, x2, x3)})) = 1 and by Lemma 4.10(i), we also have

P2
µ

(
(my

1,m
y
2, β

y) ∈ A
∣∣ (my

1,m
y
2, ∥βy∥), (m0

1,m
0
2, ∥β0∥)

)
= Λ((my

1,m
y
2, ∥βy∥), A) a.s.,

for all initial distributions µ of the form Λ((x1, x2, x3), · ), as required. □
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The semigroup of the 3-mass process can be described as “replace the third
component by a scaled PDIP( 12 ,

1
2 ), make type-2 evolution transitions, and then

project the interval partition onto its mass.”

4.2. Degeneration in pseudo-stationarity

In the interweaving construction, Construction 3.14, particularly in the pseudo-
stationary case with Gamma( 32 , λ) initial total mass, it is easy to describe the distri-
bution of the degeneration time.

Proposition 4.12. Fix λ > 0. Let D be the degeneration time of a type-2
evolution starting from (A,B,Cγ), where A, B, C and γ are jointly independent,
with C ∼ Gamma( 12 , λ) and γ ∼ PDIP( 12 ,

1
2 ). Then P(D > y) = P(ζ1 > y)P(ζ2 > y)

for all y > 0, where ζ1 and ζ2 are the lifetimes (which are also the degeneration
times) of two independent type-1 evolutions starting from (A,Cγ) and (B,Cγ),
respectively.

If also A,B ∼ Gamma( 12 , λ), then P{D > y} = (2yλ+ 1)−2 for all y > 0.

Proof. Construction 3.14, interweaving, is such that on {J̃(∞) even},

(0, m̃y
1) ⋆ ⋆

2≤j≤J̃(∞) even

skewer
(
y − Zj−1,Np(j+1)

∣∣←
(Tj−2,Tj ]×E

)
equals skewer (y,N1) and

(0, m̃y
2) ⋆ skewer

(
y − ζ(f2),N2

∣∣
(0,T1]×E

)
⋆ ⋆

2≤j≤J̃(∞) odd

skewer
(
y − Zj−1,Np(j+1)

∣∣←
(Tj−2,Tj ]×E

)
equals skewer

(
y,N2|[0,T

J̃(∞)−1
]

)
. On the other hand, on {J̃(∞) odd}, the first

displayed expression is skewer
(
y,N1|[0,T

J̃(∞)−1
]

)
, the second is skewer (y,N2).

On {J̃(∞) even}, the definitions of ZJ̃(∞) and TJ̃(∞) imply that ζ2 ≥ ζ =

ZJ̃(∞) > ζ1 = D, where ζi is the lifetime of the type-1 evolution skewer(Ni),

i = 1, 2, and ζ is the lifetime of the type-2 evolution ((m̃y
1, m̃

y
2, β̃

y), y ≥ 0). Together

with corresponding observations on {J̃(∞) odd}, we see that D is the minimum of
the lifetimes ζ1 and ζ2 of two type-1 evolutions.

If we apply the interweaving construction to independent A,B ∼ Gamma
(
1
2 , λ
)
,

we obtain the type-1 pseudo-stationary initial distribution. As these are i.i.d. with
Exponential(λ) initial mass, from (2.10) they each have lifetime at least y with
probability (2yλ + 1)−1. The minimum of two i.i.d. variables with this law has
probability (2yλ+ 1)−2 of exceeding y, as claimed. □

Proposition 4.13. Consider a type-2 evolution ((my
1,m

y
2, β

y), y ≥ 0) starting
from the initial condition of Proposition 4.6 with M ∼ Gamma

(
3
2 , λ
)
, with degener-

ation time D. Let A = {I(D) = 1}; this is the event that (my
1, y ≥ 0) is the sur-

viving top mass process at the time of degeneration. On this event, (mD
1 ,m

D
2 , β

D) =
(MD, 0, ∅); on the complementary event, (mD

1 ,m
D
2 , β

D) = (0,MD, ∅). Then P(A) =
1
2 , the event A is independent of (D,MD), and Gamma

(
1
2 , λ/(2λy + 1)

)
is a regular

conditional distribution for MD given D = y.
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Proof. We are interested in the joint distribution of (D,mD
1 ,m

D
2 , β

D). Using
Construction 3.14 from two independent type-1 evolutions with lifetimes ζ1 and ζ2
and top mass processes m1 and m2, we have D = min{ζ1, ζ2}, A = {ζ1 > ζ2}, and

(D,MD) = (ζ2,m
ζ2
1 )1A + (ζ1,m

ζ1
2 )1Ac .

Under the stated initial conditions, these two type-1 evolutions are in fact i.i.d.
From this, it is clear by symmetry that P(A) = 1

2 and A is independent of (D,MD),
as claimed.

For all nonnegative measurable f and g on R,

E
[
f(D)g

(
MD

)]
= E

[
f(ζ2)g

(
mζ2

1

)
1A

]
+ E

[
f(ζ1)g

(
mζ1

2

)
1Ac

]
.

We use Proposition 2.7 to rewrite the first term on the right hand side as∫ ∞
0

f(y)E[g(my
1)1{ζ1 > y}]P(ζ2 ∈ dy)

=

∫ ∞
0

f(y)P{ζ1 > y}
∫ ∞
0

g(x)

√
λ

πx(2λy + 1)
exp

(
− λx

2λy + 1

)
dxP(ζ2 ∈ dy)

= E

[
f(ζ2)1{ζ1 > ζ2}

∫ ∞
0

g(x)

√
λ

πx(2λζ2 + 1)
exp

(
− λx

2λζ2 + 1

)
dx

]
.

The second term can be written similarly, by symmetry, and together they give

E
[
f(D)g

(
MD

)]
= E

[
f(D)

∫ ∞
0

g(x)

√
λ

πx(2λD + 1)
exp

(
− λ

2λD + 1
x

)
dx

]
.

This proves the claimed regular conditional distribution for MD. □

Note that this result (and proof) formalizes an extension of the second part
of Proposition 4.7 to the random time y = D, the degeneration time, and yields
the same conditional distribution for the single surviving top mass as for the two
surviving top masses when conditioning on y < D.

4.3. De-Poissonized type-2 evolutions

Recall that Theorem 4.3 claims that de-Poissonized type-2 evolutions (i.e. time-
changed and normalized to unit mass, but without resampling) are J ◦1 -valued Borel
right Markov processes and that they reach one of the two absorbing states, (1, 0, ∅)
or (0, 1, ∅), in finite time.

Proof of Theorem 4.3. J ◦1 is a Borel subset of a Lusin space, and is there-
fore Lusin. Both continuous time changes and normalization on J ◦ \ {(0, 0, ∅)}
preserve the property of sample paths being càdlàg. The strong Markov property
of Theorem 3.2 and the continuity in the initial state of Proposition 3.12 transfer
to the de-Poissonized processes as in [71, Proposition 4.6, proof of Theorem 1.6].

Degeneration occurs at the time D that satisfies ρT (D) = D since D < ζ a.s.;
note that all states (m, 0, ∅), m ∈ (0,∞), are normalized to (1, 0, ∅), and similarly
for (0, 1, ∅). Finally, the time-change is such that ρT (u) < ζ for all u ∈ [0,∞). □

Pal [124, 125] studied Wright–Fisher diffusions with positive and negative real
parameters θ1, . . . , θn as de-Poissonized processes associated with vectors of inde-
pendent Zi ∼ BESQ(2θi), 1 ≤ i ≤ n. Combining the arguments of [124, Proposition
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11] and [125, Theorem 4], we may define generalized Wright–Fisher diffusions (run-
ning at 4 times the speed of [124, 125]) via generators (1.1), or as weak solutions
to certain systems of stochastic differential equations, or, as is relevant for us, as

(4.5) Zi(u) =
Zi(ρ(u))

Z+(ρ(u))
, 1 ≤ i ≤ n, 0 ≤ u ≤ τ ,

where τ := inf{s ≥ 0: ∃i s.t. Zi(s) = 0}, Z+(y) :=
∑n

i=1 Zi(y), and ρ(u) is as in
(4.2), but with Z+(x) in place of ∥T x∥ inside the integral. See also [72].

Proposition 4.14. Let T = ((X1(u), X2(u), γ(u)), u ≥ 0) ∼ P2,−
a,b,γ be a de-

Poissonized type-2 evolution starting from any initial state (a, b, γ) ∈ J ◦1 . Let
U = inf{u ≥ 0: X1(u) = 0 or X2(u) = 0}. Then the 3-mass process

((X1(u), X2(u), 1−X1(u)−X2(u)), 0 ≤ u ≤ U)

is a generalized Wright–Fisher process with parameter vector (− 1
2 ,−

1
2 ,

1
2 ).

If furthermore the initial state is taken as γ = (1− a− b)γ for γ ∼ PDIP( 12 ,
1
2 ),

then the 3-mass process ((X1(u), X2(u), 1−X1(u)−X2(u)), u ≥ 0) is a Markovian
extension of the generalized Wright–Fisher process.

Proof. For the first claim, we assume without loss of generality that T is
constructed as in Definition 4.1 from a type-2 evolution T = (T y, y ≥ 0) arising

from (f1, f2,
↼

N,Nγ) ∼ P2
a,b,γ as in Construction 3.4. By Proposition 2.6, we have

∥skewer(
↼

N ⋆ Nγ)∥ ∼ BESQ∥γ∥(1). This process, together with the independent
processes f1 ∼ BESQa(−1) and f2 ∼ BESQb(−1) forms a triple of BESQ processes,
as in the paragraph above the proposition. Thus, we can construct a generalized

Wright–Fisher process from Z1 = f1, Z2 = f2 and Z3 = ∥skewer(
↼

N ⋆Nγ)∥, as in
(4.5). Since Z+(y) = ∥T y∥ for 0 ≤ y ≤ τ := inf{y ≥ 0 : ∃i s.t. Zi(y) = 0}, we have
ρ(u) = ρT (u), and hence Xi(u) = Zi(u), i = 1, 2, and X3(u) = 1−X1(u)−X2(u) =
1− Z1(u)− Z2(u) = Z3(u), 0 ≤ u ≤ U = τ . This completes the proof.

The second claim follows from Proposition 4.11 and the observation that the
(Poissonized) 3-mass process of that proposition can be de-Poissonized by the same
scaling/time-change operation as the type-2 evolution, as the scaling and time
change only depend on the common total mass process. □

4.4. Resampling and stationarity of unit-mass 2-tree evolutions

As we have seen in Theorem 4.3, de-Poissonized type-2 evolutions degenerate
at a finite random time D < ∞ in one of the two absorbing states (1, 0, ∅) and
(0, 1, ∅). In this section we consider resampling evolutions that are restarted, as
defined in Definition 4.2, instead of entering the absorbing states. Informally and
with a stationary Aldous diffusion in mind, we take the opportunity to sample
afresh from the reduced Brownian CRT at each degeneration time. Recall the
state space J ∗1 of (4.1), and recall that Theorem 4.4 claims that unit-mass 2-tree
evolutions (resampling de-Poissonized type-2 evolutions) are Borel right Markov
with the Brownian reduced 2-tree as their unique stationary distribution.

Proof of Theorem 4.4. To confirm that the unit-mass 2-tree evolution is
a Borel right Markov process, we only need to check the strong Markov property.
Given the construction of Definition 4.2, with resampling times (Vn), this follows
as an application of general results about resurrecting Markov processes [120].
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Now, we prove that µ, defined before Definition 4.2, is the unique stationary
distribution, and that the process converges to it. Applying Lemma 4.10(ii) to the
(Fy

mass, y ≥ 0)-stopping time Y = ρT (u), we find

(4.6) E2
µ

[
g
(
T ρT (u)/∥T ρT (u)∥

)
1{D>ρT (u)}

]
= P2

µ

{
D > ρT (u)

}
µ
[
g
]
.

Now consider a (resampling) unit-mass 2-tree evolution (T u
+ , u ≥ 0) with initial

distribution µ. We use the notation of Definition 4.2. Let U ∼ Exponential(λ)
independent of the unit-mass 2-tree evolution. Then (4.6) yields

E
[
g
(
T U
+

)
1{U<V1}

]
= P{U < V1}µ[g].

For m ≥ 1,

E
[
g
(
T U
+

)
1{Vm≤U<Vm+1}

]
=

∫ ∞
0

λe−λuE
[
g
(
T u
+

)
1{Vm≤u<Vm+1}

]
du

= E
[
e−λVm

∫ ∞
0

λe−λsg
(
T Vm+s
+

)
1{Vm+s<Vm+1}ds

]
=

∫ ∞
0

λe−λsE
[
e−λVmg

(
T Vm+s
+

)
1{Vm+s<Vm+1}

]
ds

=

∫ ∞
0

λe−λsE
[
e−λVmE

[
g(T s

+)1{s<V1}
]]
ds

= E
[
e−λVmE

[
g
(
T U
+

)
1{U<V1}

]]
= E

[
e−λVm

]
P
{
U < V1

}
µ
[
g
]
= P

{
Vm ≤ U < Vm+1

}
µ
[
g
]
.

Summing over m and inverting Laplace transforms in λ, we find that
E2,+
µ [g(T u)] = µ[g] for all u ≥ 0, i.e. µ is stationary for T+. Furthermore, since re-

sampling is according to the stationary distribution µ, we have for any other initial
distribution ν that for all bounded measurable g : J ∗1 → [0,∞)

E2,+
ν

[
g(T u)

]
= E2,+

ν

[
g(T u)1{u<V1}

]
+ P2,+

ν

{
V1 ≤ u

}
µ
[
g
]
→ µ

[
g
]
,

since V1 = D is finite P2,+
ν -a.s. In particular, the stationary distribution is unique.

□

As in Propositions 4.11 and 4.14, we can project a unit-mass 2-tree evolution to
a resampling 3-mass process, ((my

1,m
y
2, β

y), y ≥ 0) 7→
(
(my

1,m
y
2, ∥βy∥), y ≥ 0

)
. We

can now prove Theorem 4.5, which identifies this projected process as a Markovian
extension of a Wright–Fisher diffusion.

Proof of Theorem 4.5. Proposition 4.14 and Theorem 4.4 imply that the
resampling 3-mass process is a Borel right Markov process that extends the general-
ized Wright–Fisher process to a recurrent process on the simplex {(a, b, c) ∈ [0, 1)3 :
a+b+c = 1}, which has Dirichlet

(
1
2 ,

1
2 ,

1
2

)
stationary distribution, and converges

to stationarity.
The intertwining relationship was noted in the proof of Proposition 4.11 for

the type-2 evolution. Using Lemma 4.10(i) and the fact that resampling is into
stationarity, this extends to the present de-Poissonized setting with resampling. □

Note that the Wright–Fisher diffusion with parameters
(
1
2 ,

1
2 ,

1
2

)
has this same

invariant law. See e.g. Ethier and Kurtz [52, Lemma 4.1].
Recall the definition in (2.1) of the diversity Dβ of an interval partition β ∈ I.
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Corollary 4.15. Under P2,+
ν , let (βu, u ≥ 0) denote the evolution of the

interval partition component. Then the total diversity process (Dβu(∞), u ≥ 0) is
continuous except at the resampling times Vm, m ≥ 1.

Proof. First consider a type-2 evolution starting according to ν. Up until the
first regime change, the interval partition component differs from an I-valued type-
1 evolution by at most one interval. The continuity of total diversity follows from
Proposition 2.5. At regime changes, the interval partition component loses a single
interval, without affecting diversity. An induction extends this up to degeneration.
De-Poissonization maintains the continuity of total diversity. The same argument
proves continuity between any two consecutive resampling times under P2,+

ν . □

4.5. Other state spaces for 2-trees and Hölder estimates

The spaces J ◦ and J ◦1 of interval partitions with two top masses are not the
only state spaces in which 2-trees such as those obtained as reduced trees in a BCRT
(T , d, ρ, µ) can be represented. Indeed, recall from Section 1.2 that we defined the
Brownian reduced 2-tree in three steps. In the first step, we followed Aldous [8] and
considered the subtree R+

2 of T spanned by ρ and two leaves Σ1 and Σ2 randomly
sampled from µ, a Y-shaped tree with a unique branch point v. In [129], R+

2

was equipped with the measure µ+
2 obtained by projecting µ onto R+

2 . Before
doing such a projection, our second step was to further reduce to just the trunk
R2 = [[ρ, v]]T . The third step is a projection of µ to R2. But the image measure

µ2 under this projection has an atom at v that adds the masses X
(2)
1 and X

(2)
2 of

the two connected components of T \ R2 containing Σ1 and Σ2, respectively. We
instead recorded these masses separately as top masses, and we represented the

remainder of µ2 by the interval partition β
(2)
{1,2} that contains intervals of lengths

corresponding to the atoms sizes of µ2 on ]]v, ρ]]T , which in turn capture the masses
of the other connected components of T \ R2.

In this section we consider (R2, µ2) and related representations of (a, b, γ) ∈ J ◦
as

(4.7) M2(a, b, γ) :=

(
[0,Dγ(∞)] , (a+b)δ(Dγ(∞)) +

∑
U∈γ

Leb(U)δ(Wγ(U))

)
,

where Wγ(U) = Dγ(∞) − Dγ(U), U ∈ γ. As a consequence of [69, Theorem
2.5(a)–(b)], the map M2 is Lipschitz continuous from (J ◦, d◦) into the space

(4.8) M = {(C, ν) : C ⊂ [0,∞) compact, ν finite Borel measure on [0,∞)},

equipped with the sum dHP of the Hausdorff metric on compact subsets of [0,∞) and
the Prokhorov metric on finite Borel measures on [0,∞). We write M◦ :=M2(J ◦)
and M◦

1 :=M2(J ◦1 ).
It is evident that M2 : J ◦ → M◦ is not one-to-one. Moreover, the M◦-valued

projection (M2(Γ
y), y ≥ 0) of a J ◦-valued type-2 evolution (Γy, y ≥ 0) cannot be

expected to be Markovian. Indeed, recall from Remark 2.21 how a top mass in
a type-1 evolution (and hence in a type-2 evolution) interacts with the interval
partition. In M◦, both top masses contribute to the atom at 0. Informally, while
both top masses are large, the (type-0) evolution of the interval partition does
not contribute atoms at 0 almost surely at any fixed time, but when a top mass
vanishes, the interval partition provides new top masses. When this last happened
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and how large the last atom was can be seen in the history of (M2(Γ
y), y ≥ 0), is

not recorded in the current state in M◦, but is relevant for the further evolution.

Remark 4.16. The reader may wonder if this loss of the simple Markov prop-
erty could be avoided by studying evolutions of (R2, µ2) rather than (R◦2, µ◦2). We
think this is true. Indeed, the natural starting point for this would be an evolution
of the string of beads (R1, µ1) of [129] obtained by projecting µ onto [[ρ,Σ1]]T .
However, we have been unable to devise an evolution that is compatible with the
Aldous chain and handles the delicate behaviour in the neighborhood of a leaf.

In any case, the strong Markov property would still be lost. Even a type-
0 evolution (γy, y ≥ 0) similarly represented as (M0(γ

y), y ≥ 0), where M0(γ) :=(
[0,Dγ(∞)] ,

∑
U∈γ Leb(U)δ(Dγ(U))

)
, would fail to be strong Markov. Specifically,

suppose that γ0 = β0 ⋆ (0, a1) ⋆β1 ⋆ (0, a2) ⋆β2. Consider independent type-0 evolu-
tions (βy

i , y ≥ 0) starting from βi, i = 0, 1, 2, as in Construction 2.17 and BESQai
(−1)

evolutions fi, i = 1, 2. By Proposition 2.20, (0, fi(y))⋆β
y
i , 0 ≤ y ≤ ζ(fi), i = 1, 2, are

independent type-1 evolutions stopped when the top mass vanishes. Now consider
the random time η = inf{y ≥ 0: βy

1 = ∅}. Then P(η < min{ζ(f1), ζ(f2)}) > 0, so at
time η, on this event, the interval partition γη = βη

0 ⋆ (0, f1(η)) ⋆ (0, f2(η)) ⋆ β
η
2 has

two blocks with the same diversity, hence their atoms in M0(γ
η) add up to a single

atom. After time η, the type-0 evolution (βη+z
1 , z ≥ 0) separates these two atoms

again in the same way as before. Only the sum of atoms is recorded in M0(γ
η),

but the split, part of the history of the process, is relevant for the future.

But, again informally, theM◦-valued process (M2(Γ
y), y ≥ 0) is dHP-continuous

since atom sizes and atom locations (diversities) evolve continuously. We will make
this precise in a framework that is (still) easier to handle, interval partitions.

Definition 4.17. Let ((my
1,m

y
2, β

y), y ≥ 0) be a type-2 evolution with regime
change times (Yn) as defined in Definition 3.1, and let (I(y), y ≥ 0) be the {1, 2}-
valued parity process that flips at each regime change as in (3.14). Then we refer
to

γy = (0,my
I(y)) ⋆ (0,m

y
3−I(y)) ⋆ β

y, y ≥ 0,

as an I◦-valued type-2 evolution, where

I◦ := {(0,m) ⋆ γ : m ∈ (0,∞), γ ∈ I} ∪ {∅} ⊂ I.

Remark 4.18. I◦-valued type-2 evolutions are, in fact, path-continuous Hunt
processes in their own right. As we will not need this result, we do not provide a
formal proof, but we point out that the (Borel right) Markov property follows from
(3.5) by Dynkin’s argument, and we will establish path-continuity when starting
from initial conditions that correspond to the pseudo-stationary distributions of
J ◦-valued type-2 evolutions.

Let us denote by µ̃ the distribution of the I◦-valued interval partition

(0, A) ⋆ (0, B) ⋆ Gβ

for independent (A,B,G) ∼ Dirichlet
(
1
2 ,

1
2 ,

1
2

)
and β ∼ PDIP

(
1
2 ,

1
2

)
. This dis-

tribution is not pseudo-stationary in the strong sense that the distribution of an
I◦-valued type-2 evolution starting from µ̃ has as marginal distributions the dis-
tributions of random multiples of this interval partition – intuitively, the leftmost
block is stochastically larger than the second block. However, we will be able
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to appeal to the pseudo-stationarity of J ◦-valued type-2 evolutions starting from
(A,B,Gβ) in situations that treat the two top masses symmetrically.

Proposition 4.19. Let (γ̃y, y ≥ 0) be an I◦-valued type-2 evolution starting
according to µ̃. Let θ ∈ (0, 14 ) and y > 0. Then there is a random Hölder constant
L = Lθ,y with moments of all orders such that

dI(γ̃
a, γ̃b) ≤ L|b− a|θ for all 0 ≤ a < b ≤ y.

The remainder of this subsection is devoted to the proof of this proposition.
We begin by some preliminary considerations. Let us first consider the type-2
evolution γy =Mγ̃y/M , y ≥ 0, with Gamma

(
3
2 , λ
)
initial mass M for some λ > 0, cf.

Proposition 4.7. Recall that

• the evolution (γy, y ≥ 0) can be constructed by interweaving two indepen-
dent pseudo-stationary type-1 evolutions of initial mass Exponential(λ), see
Propositions 3.15 and 4.6;

• such pseudo-stationary type-1 evolutions consist of a type-1 evolution start-
ing from a single interval (0, A) with A ∼ Gamma

(
1
2 , λ
)
concatenated left-to-

right with an independent type-1 evolution starting from a PDIP
(
1
2 ,

1
2

)
scaled

by an independent Gamma
(
1
2 , λ
)
mass, see Proposition 2.8;

• a type-1 evolution starting from a single Gamma
(
1
2 , λ
)
-distributed interval

(0, A) can be constructed from a BESQA(−1) process, with death level ζ and
an independent Stable

(
3
2

)
process X with BESQ(−1) excursions in its jumps

and run until it first descends to −ζ, see Proposition 2.15; adding ζ we obtain
a descent from ζ to 0;

• a type-1 evolution starting from PDIP
(
1
2 ,

1
2

)
scaled by mass Gamma

(
1
2 , λ
)
can

be constructed from a Stable
(
3
2

)
process X̃ starting from 0, with BESQ(−1)

excursions in its jumps stopped at a time T̃ , which is the left endpoint of
the excursion away from 0 where the mass at level 0 exceeds an independent
Exponential(λ) threshold, see Lemma 2.24.

Access to Hölder bounds is via local times of Stable
(
3
2

)
processes. Recall that

• the local times (ℓ̃y(t), 0 ≤ t ≤ T̃ , y ≥ 0) of (X̃(t), 0 ≤ t ≤ T̃ ) have the
property that for each a ≥ 0 and θ ∈ (0, 14 ), the random variable

D̃a
θ = sup

0≤t≤T̃ ,0≤x<y≤a

|ℓ̃x(t)− ℓ̃y(t)|
|y − x|θ

has moments of all orders ([67, Theorem 3]);
• for a type-1 evolution (βy, y ≥ 0) arising from Stable

(
3
2

)
scaffolding X

marked by BESQ(−1) spindles, it is a.s. the case that for every y and ev-
ery block U ∈ βy, the diversity Dβy (U) equals the local time ℓy(t) in X,
up to the time t at which the spindle corresponding to block U arises ([67,
Theorem 1]).

Consider the Stable
(
3
2

)
process starting from ζ obtained by concatenating the

descent X+ ζ from ζ to 0 before X̃. Denote this process by (X̂(t), 0 ≤ t ≤ T̂ ) and

its local times by (ℓ̂y(t), 0 ≤ t ≤ T̂ , y ≥ 0). In this context, [67, Theorem 3] has
the following consequence.
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Lemma 4.20. The following random variable has moments of all orders:

D̂a
θ = sup

0≤t≤T̂ ,0≤x<y≤a

|ℓ̂x(t)− ℓ̂y(t)|
|y − x|θ

.

Proof. Let H̃ζ = inf{t ≥ 0: X̃(t) = ζ}. Then the event {H̃ζ < T̃} has positive
probability. As with the memorylessness property of Lemma 3.16, the conditional

distribution given H̃ζ < T̃ of the process (X̃(H̃ζ + s), 0 ≤ s ≤ T̃ − H̃ζ) is the same

as the unconditional distribution of (X̂(t), 0 ≤ t ≤ T̂ ). The idea is the same as in

Lemma 3.16; one just needs to show that the negative parts of X̃ do not affect the

argument. Then the associated local times (ℓ̃y(H̃ζ+s)−ℓ̃y(H̃ζ), 0 ≤ s ≤ T̃−H̃ζ , y ≥
0) have as their conditional distribution the distribution of (ℓ̂y(t), 0 ≤ t ≤ T̂ , y ≥ 0).
By the triangle inequality,

E
[
(D̂a

θ )
p
]
≤ E

[
(2D̃a

θ )
p
∣∣H̃ζ < T̃

]
<∞. □

This allows us to bound terms (i) and (ii) of Definition 2.3 of dI , which deal
with diversity.

Lemma 4.21. There is a random variable Lθ with moments of all orders such
that uniformly over all correspondences ((Uj , U

′
j), 1 ≤ j ≤ m) from γ0 and γy that

are taken from the same BESQ(−1) excursion, we have∣∣Dγy (∞)− Dγ0(∞)
∣∣ ≤ Lθy

θ and max
1≤j≤m

∣∣Dγy (U ′j)− Dγ0(Uj)
∣∣ ≤ Lθy

θ.

Proof. Think of (γy, y ≥ 0) as arising from an interweaving construction,
as in Section 3.4, so for each y ≥ 0, γy is formed as in (3.13), by concatenating

alternating intervals of the skewers of two i.i.d. copies (X1,X2) of X̂ with jumps
marked by BESQ(−1) spindles. Now, consider a block U ∈ γ0; this corresponds to
one such spindle, marking a jump at some time t in either X1 or X2. Suppose, for
example, that this spindle appears in X1 with t ∈ [T2, T4), in the notation of (3.13).
Then by [71, Theorem 3.3], Dγ0(U) = ℓ01(t)+ ℓ

0
2(T3), and if U ′ ∈ γy corresponds to

the same spindle, then Dγy (U ′) = ℓy1(t)+ℓ
y
2(T3). Such comparisons can be made for

spindles coming from any interval [Tj−2, Tj) in either X1 or X2. Thus, the claimed
bounds follow from Lemma 4.20 by the triangle inequality, with the pth moment of

Lθ being bounded by twice that of D̂y
θ . □

It remains to bound terms (iii) and (iv) in Definition 2.3, which deal with
mass. Consider a sequence of m distinct size-biased picks among the blocks of
γ0, and match these with the blocks arising from the same spindle at time y,
((Uj , U

′
j), 1 ≤ j ≤ m), allowing that Leb(U ′j) may equal zero for some j if the

spindle does not survive. We can separately control

• total discrepancy between matched blocks
∑

1≤j≤m
∣∣Leb(Uj)− Leb(U ′j)

∣∣,
• unmatched level-0 mass ∥γ0∥ −

∑
1≤j≤m Leb(Uj)1{Leb(U ′j) > 0},

• and unmatched level-y mass ∥γy∥ −
∑

1≤j≤m Leb(U ′j).

Denote by µ̃λ the distribution of Mγ̃0 for independent γ̃0 ∼ µ̃ and M ∼
Gamma

(
3
2 , λ
)
.

Lemma 4.22. Let (γy, y ≥ 0) be an I◦-valued type-2 evolution starting according
to µ̃λ. Let θ ∈ (0, 14 ) and p > 0. Then there is a constant C = Cλ,θ,p such that

(4.9) E
[
(dI(γ

0, γy))p
]
≤ Cyθp for all 0 ≤ y ≤ 1.
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Proof. Consider such a process (γy, y ≥ 0). Its initial state is of the form
β0 = (0, A) ⋆ (0, B) ⋆ Gβ̄, where A,B,G are i.i.d. Gamma

(
1
2 , λ
)
random variables,

independent of β ∼ PDIP
(
1
2 ,

1
2

)
. Further let β∗ = (β∗1 , β

∗
2 , . . . ) ∈ [0, 1]∞ denote a

size-biased random ordering of the masses of β̄.
To construct the correspondence, we take the blocks U1 = A, U2 = B, to-

gether with the blocks Ui for 3 ≤ i ≤ m = ⌊3y−1/4⌋, where Ui is the block cor-
responding to Gβ∗i−2 and match them with the blocks U ′1, U

′
2, U

′
3, . . . that arise

from the corresponding spindles at level y. Consequently, Leb(U ′i) = gi(y) where
gi ∼ BESQLeb(Ui)(−1) given Leb(Ui). Note that this means that some of our blocks
will be matched with empty blocks and should thus be omitted from the correspon-
dence and accounted for in the remaining mass component of the metric. We will
handle this later.

Let p ≥ 2 and y ∈ (0, 1]. Using [67, Lemma 33] and the fact that M :=
A+B +G has finite moments of all orders, there are constants C1, C2, C3, C4 and
C5, depending only on p, such that

E

[( ∑
1≤j≤m

|Leb(Uj)− Leb(U ′j)|

)p ]
≤ mp−1E

[ ∑
1≤j≤m

∣∣∣Leb(Uj)− Leb(U ′j)
∣∣∣p]

≤ mp−1yp/2
∑

1≤j≤m

E
[(
C1 +

√
C2Leb(Uj) + C3

)p ]
≤ mp−1yp/2

∑
1≤j≤m

E
[(
C1 +

√
C2Leb(M) + C3

)p ]
≤ C4m

pyp/2 ≤ C5y
p/4,

using in the last step that m ≤ 3y−1/4 and absorbing 3p into the constant.
The unmatched mass at level 0 is G

∑∞
j=m−1 β

∗
i . Let Yn ∼ Beta

(
1
2 , (n+1)/2

)
,

n ≥ 1, be a sequence of independent random variables, also independent of G.
Using the stick-breaking construction of the Poisson–Dirichlet distribution, we see
that for some C6 ≥ C5 and all y ∈ (0, 1]

E

[(
G

∞∑
j=m−1

β∗i

)p ]
= E

[
Gp
]
E

[(
1−

m−2∑
j=1

β∗i

)p ]
= E

[
Gp
]
E

[(
m−2∏
j=1

(1−Yj)

)p ]

= E
[
Gp
]m−2∏

j=1

E
[
(1− Yj)

p ]
= E

[
Gp
]
Γ (1 + p)

Γ
(
m
2

)
Γ
(
m
2 + p

)
∼ E

[
Gp
]
Γ (1 + p)m−p = E

[
Gp
]
Γ(1 + p)⌊3y−1/4⌋−p ≤ C6y

p/4.

It remains to estimate the unmatched mass at time y. By the triangle inequality,

∥γy∥ −
m∑
j=1

Leb(U ′j) ≤
∣∣∥γy∥ −M

∣∣+ ∣∣∣∣∣G
∞∑

j=m−1
β∗j

∣∣∣∣∣+ ∑
1≤j≤m

∣∣Leb(Uj)− Leb(U ′j)
∣∣.



4.5. OTHER STATE SPACES FOR 2-TREES AND HÖLDER ESTIMATES 71

Furthermore, by Theorem 5.12, (∥γy∥)y≥0 is a BESQM (−1) process to which [67,
Lemma 33] applies, as above. Consequently, we have for some C7 > 0 that

E

[∣∣∣∣∣∥γy∥ −
m∑
j=1

Leb(U ′j)

∣∣∣∣∣
p ]

≤ 3p−1


E
[∣∣∥γy∥ −M

∣∣p]+ E

[∣∣∣∣∣G
∞∑

j=m−1
β∗j

∣∣∣∣∣
p ]

+ E

[( ∑
1≤j≤m

|Leb(Uj)− Leb(U ′j)|

)p ]


≤ C7(y
p/2 + yp/4 + yp/4) ≤ 3C7y

p/4.

To account for the fact that some Leb(U ′i) may be 0, and thus the corresponding
Ui should count towards unmatched mass at time 0, we bound the metric dI using
the correspondence defined above (and bounding the maximum in the definition of
dI by a sum) to see that dI(γ

0, γy) is bounded by∑
1≤j≤m

|Leb(Uj)− Leb(U ′j)|1{Leb(U ′j) > 0}

+ ∥γy∥ −
m∑
j=1

Leb(U ′j)1{Leb(U ′j)>0}+M −
m∑
j=1

Leb(Uj)1{Leb(U ′j)>0}

+ |ℓ0(T )− ℓy(T )|+ max
1≤j≤m

|ℓ0(Uj)− ℓy(U ′j)|1{Leb(U ′j) > 0}

=
∑

1≤j≤m

|Leb(Uj)− Leb(U ′j)|+ ∥γy∥ −
m∑
j=1

Leb(U ′j) +M −
m∑
j=1

Leb(Uj)

+ |ℓ0(T )− ℓy(T )|+ max
1≤j≤m

|ℓ0(Uj)− ℓy(U ′j)|1{Leb(U ′j) > 0}.

Dropping the indicator on the last term and combining this with our calculations
above and Lemma 4.21 shows that for 0 < θ < 1

4 there exists some constant Cλ,θ,p

depending only on λ, θ and p that satisfies (4.9). □

Proof of Proposition 4.19. Let (γy, y ≥ 0) be an I◦-valued type-2 evolu-
tion with initial distribution µ̃λ and degeneration time D. Denote the total mass
evolution by Z(y) = ∥γy∥, y ≥ 0. Let 0 ≤ a < b ≤ 1. Then

Eµ̃λ

[
(dI(γ

a, γb))p
]
= Eµ̃λ

[
1{D > a}Eγa

[
(dI(γ

0, γb−a))p
]]

+ Eµ̃λ

[
|Z(a)− Z(b)|p1{D < a}

]
.

For the first term, we condition on D > a and apply the pseudo-stationarity of
Proposition 4.6. While the distribution of γa given D > a may not be µ̃λ/(2λa+1),
it is µ̃λ/(2λa+1) up to a potential swap of the two leftmost blocks, and the matching
set up in the proof of Lemma 4.22 is unaffected by such a swap so that scaling by
2λa+ 1 and applying the bound of Lemma 4.22 yields the upper bound:

Eµ̃λ/(2λa+1)

[(
dI
(
γ0, γb−a

))p ]
= (2λa+ 1)pEµ̃λ

[(
dI
(
γ0, γ(b−a)/(2λa+1)

))p]
≤ (2λa+ 1)pC(b− a)θp/(2λa+ 1)θp

≤ (2λ+ 1)p(1−θ)C|b− a|θp.

For the second term, we apply [67, Lemma 33] to find the upper bound

|b− a|p/2Eµ̃λ

[(
1 + 2(p− 1) + 2

√
p− 1

√
Z(0) + 2(p− 1)

)p ]
,
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which is easily seen to be a finite multiple of |b− a|p/2 ≤ |b− a|θp.
By the Kolmogorov–Chentsov theorem [137, Theorem I.(2.1)], this shows that

for all 0 < θ < 1
4 and p > 0,

Eµ̃λ

[(
sup

0≤a<b≤1

dI(γ
a, γb)

|b− a|θ

)p ]
<∞.

We can write the left-hand side by integrating out the random initial mass. Can-
celing λ3/2/Γ( 32 ) gives∫ ∞

0

e−λx
√
xEx

[(
sup

0≤a<b≤1

dI(γ
a, γb)

|b− a|θ

)p ]
dx <∞.

By Fubini’s theorem, this yields for a.e. x ∈ (0,∞) that

Ex

[(
sup

0≤a<b≤1

dI(γ
a, γb)

|b− a|θ

)p ]
<∞.

But for any x, y ∈ (0,∞), we can find c < 1/y so that this expectation is finite for
initial mass cx. By scaling,

∞ > Ecx

[
sup

0≤a<b≤1

(
dI(γ

a, γb)

|b− a|θ

)p ]
= cpEx

[
sup

0≤a<b≤1

(
dI(γ

a/c, γb/c)

|b− a|θ

)p ]

= cp(1−θ)Ex

[
sup

0≤a′<b′≤1/c

(
dI(γ

a′ , γb
′
)

|b′ − a′|θ

)p ]

≥ cp(1−θ)Ex

[
sup

0≤a′<b′≤y

(
dI(γ

a′ , γb
′
)

|b′ − a′|θ

)p ]
,

so the expectation is finite for any initial mass, including unit initial mass x = 1,
and for any y ∈ (0,∞). □

We conclude this section by returning to the M◦-valued processes that capture
projected metric tree structure and projected mass measures, in preparation for a
dGHP-continuous evolution of continuum random trees as claimed in Theorem 1.6.

Corollary 4.23. Consider any pseudo-stationary J ◦-valued type-2 evolution
(Γy, y ≥ 0). Then the associated M◦-valued evolution (M2(Γ

y), y ≥ 0) is almost
surely θ-Hölder continuous in (M◦, dHP) for all θ ∈ (0, 14 ).

Proof. This follows from Proposition 4.19, 1-self-similar scaling by an inde-
pendent initial mass and the Lipschitz property of M2 : J ◦ → M◦ that we noted
above (4.8). □



CHAPTER 5

Self-similar and unit-mass k-tree evolutions

In this chapter, we generalize the type-2 evolutions of Chapter 3 to several
variants of k-tree evolutions with fluctuating total mass processes, and we generalize
the results about (pseudo-)stationarity and unit-mass 2-tree evolutions of Chapter 4
to establish stationary unit-mass (resampling) k-tree evolutions. To do this, we pull
together several threads, which we recall in an informal way here, leaving precise
statements to the later sections in this chapter.

Informally, a k-tree for us is a tree of the sort shown in Figure 5.1, consisting
of a binary combinatorial tree shape with k labeled leaves, top masses for the leaf
edges and interval partitions for the other (internal) edges. We further associate
with each of the internal edges the number of leaf edges incident to their upper
vertex (the vertex further away from the root) hence forming compounds of three
types, where type i = 0, 1, 2 has i top masses.

The fundamental idea is to use an independent type-i evolution for each com-
pound of type i = 0, 1, 2. As noted in Chapters 2–3, type-1 and type-2 evolutions
degenerate in finite time. As a consequence, such k-tree evolutions also degenerate.
This gives rise to a first kind of (self-similar) k-tree evolution that is killed when
one of the constituent type-1 or type-2 evolutions reaches its degeneration time.

It is natural to view degeneration as the loss of a label. In order to prepare for
the consistency results of Chapter 6, indeed of Theorem 1.5(ii), we may make a swap
of two labels before reducing the tree shape, applying in the framework of k-trees
with real-valued top masses and I-valued edge partitions the rules of [70] developed
in a setting of combinatorial trees, as recalled in Section 1.5. In a non-resampling
k-tree evolution, the evolution resumes as a succession of killed j-tree evolutions
for j = k− 1, k− 2, . . . , 2 until becoming a final type-2 evolution, which eventually
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has one of the two remaining top masses continue as a BESQ(−1) evolution between
the degeneration time and the lifetime of this final type-2 evolution. Here, this
remaining BESQ(−1) process beyond the degeneration time of this type-2 evolution
can be viewed as a 1-tree evolution.

The next thread is resampling. In Definition 4.2, we resampled de-Poissonized
type-2 evolutions to obtain unit-mass 2-tree evolutions. Here, we enhance the
notion of resampling to handle more complex states at degeneration. Indeed, we
develop this in the self-similar setting to obtain resampling k-tree evolutions.

Obtaining unit-mass k-tree evolutions by de-Poissonization is then straight-
forward following the same steps and arguments as in Section 4.3, but (pseudo-)
stationarity of k-tree evolutions requires refined arguments to handle the enhanced
resampling. Specifically, we have obtained type-0/1/2 pseudo-stationarity results
that were conditional on non-degeneration, and we will here establish k-tree pseudo-
stationarity results that are unconditional.

The structure of this chapter is as follows. In Section 5.1, we collect some
combined results for type-i evolutions, i = 0, 1, 2, for ease of reference, and we
record some further consequences. In Section 5.2, we introduce the spaces of k-
trees, in which our k-tree evolutions take their values. In Section 5.3, we introduce
killed, non-resampling and resampling k-tree evolutions in the self-similar regime
and identify the total mass processes of the latter two as BESQ(−1) processes (up
to the accumulation time of resampling times, but we show in Chapter 6 that the
total mass reaches zero continuously at this accumulation time). In Section 5.4,
we establish pseudo-stationarity properties of k-tree evolutions. In Section 5.5 we
de-Poissonize to obtain unit-mass processes.

5.1. Summary of properties of type-0, type-1, and type-2 evolutions

Recall from Chapters 2–3 that type-0, type-1, and type-2 evolutions are Markov
processes introduced with pathwise constructions. In Section 1.5, we argued via a
connection to ordered Chinese restaurant processes that the type-2 evolution is
a continuum analogue of a certain 2-tree projection of the discrete Aldous chain
discussed in [70, Appendix A]. By the same argument, the k-tree projection of the
Aldous chain also discussed there can be decomposed into parts whose evolutions
are analogous to type-0/1/2 evolutions. In Figure 5.1, the dashed lines separate
parts of the k-tree that evolve as type-0/1/2 evolutions; see Definition 5.7.

The aforementioned pathwise construction brings a lot of symmetry to light,
and it makes many calculations accessible. In this chapter, we will not delve into
this construction, and in fact, only a few key properties of these processes are
needed. We refer to Section 2.2 and Definition 3.1 for the definitions of type-0,
type-1 and type-2 evolutions. For ease of reference, and in order to better exhibit
some patterns that emerge, we re-group and re-state some results from Chapters
2–3 and record some elementary consequences in this section.

Type-i evolutions, for i = 0, 1, 2, are valued in (subsets of) the product space
[0,∞)i × I. We refer to the real-valued first coordinates of type-1 and type-2
evolutions as top blocks or top masses. Each block in a type-i evolution, including
these top blocks, has mass that fluctuates as a squared Bessel diffusion BESQ(−1).
Informally, when a top block of a type-1 or type-2 evolution hits mass zero, the
leftmost blocks of the interval partition component of the evolution are successively
(informally speaking, as the blocks are not well-ordered) pulled out of the interval
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partition to serve as new top blocks, until their BESQ(−1) masses are absorbed at
zero.

Proposition 5.1 (cf. Proposition 2.6 and Theorem 3.3). For i = 0, 1, 2, the
total mass process for a type-i evolution is a BESQ(1− i). Moreover, this total mass
process is a strong Markov process in the filtration of the type-i evolution.

The strong Markov property in the larger filtration noted above follows from
Dynkin’s criterion; see Theorem A.1.

Recall that 0 is instantaneous reflecting for BESQ(1), and a type-0 evolution is
similarly reflecting at ∅ and it will be useful to say that it has an infinite degenera-
tion time. On the other hand, we consider 0 as absorbing for BESQ(0) and BESQ(−1).
A type-1 evolution is said to degenerate when it is absorbed at (0, ∅) at a time that
we also refer to as its lifetime. While a type-2 evolution ((my

1,m
y
2, β

y), y ≥ 0) is
eventually absorbed in (0, 0, ∅), and we refer to this time ζ as the lifetime of the
type-2 evolution, a first degeneration happens at the earlier time D < ζ at which
either my

1 + ∥βy∥ or my
2 + ∥βy∥ hits zero and is absorbed. This is the degeneration

time of the type-2 evolution. See Corollary 3.8.

Proposition 5.2 (cf. Propositions 2.5, 4.18, Corollary 2.22, Theorem 3.2).

(i) Type-0/1/2 evolutions and I-valued type-1 and I◦-valued type-2 evolutions
are self-similar Borel right Markov processes.

(ii) Type-0 evolutions and I-valued type-1 evolutions are path-continuous.
(iii) If

((
my

1,m
y
2, β

y
)
, y≥0

)
is a type-2 evolution and I(y) :≡ max{n≥0: Yn≤y}

mod 2 is {1, 2}-valued, where (Yn, n ≥ 0) is as in Definition 3.1, then the I◦-
valued type-2 evolution

((
0,my

3−I(y)
)
⋆
(
0,my

I(y)

)
⋆ βy, y ≥ 0

)
is a diffusion.

Also, each of my
1 and my

2 can only equal zero when βy has no leftmost block,
and they can only both equal zero if βy = ∅.

Proposition 5.3 (Concatenation properties; Proposition 2.20, Corollary 2.16).
Consider a type-1 evolution ((my, βy), y ≥ 0).

(i) Let ζ denote the first time that my hits zero. Then (my1{y ≤ ζ}, y ≥ 0) is a
BESQ(−1) and (βy, y ∈ [0, ζ]) distributed as an independent type-0 evolution
stopped at ζ.

(ii) If (β̃y, y ≥ 0) is an independent type-0 evolution, then (β̃y⋆(0,my)⋆βy, y ≥ 0)
is a type-0 evolution.

(iii) Suppose instead that ((m̃y, β̃y), y ≥ 0) is an independent type-1 evolution and

let D̃ denote its degeneration time. Then the following process is a type-1
evolution:

(5.1)

{
(m̃y, β̃y ⋆ (0,my) ⋆ βy) for y ∈ [0, D̃),

(my, βy) for y ≥ D̃.

(iv) Suppose instead that ((m̃y
1, m̃

y
2, β̃

y), y ≥ 0) is an independent type-2 evolu-

tion. Let D̃ denote its degeneration time. Let (x̂1, x̂2) equal (m̃D̃
1 ,m

D̃) if

m̃D̃
2 = 0 (i.e. if label 2 is the label that degenerates at time D̃), or equal

(mD̃, m̃D̃
2 ) otherwise (if label 1 degenerates). Let ((m̂y

1, m̂
y
2, β̂

y), y ≥ 0) be a

type-2 evolution with initial state (x̂1, x̂2, β
D̃), conditionally independent of
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the other processes given its initial state. The following is a type-2 evolution:

(5.2)

{
(m̃y

1, m̃
y
2, β̃

y ⋆ (0,my) ⋆ βy) for y ∈ [0, D̃),

(m̂y−D̃
1 , m̂y−D̃

2 , β̂y−D̃) for y ≥ D̃.

Moreover, the concatenated evolutions constructed in (ii), (iii), and (iv) each pos-
sess the strong Markov property in the larger filtrations generated by their con-
stituent parts.

Corollary 5.4. Consider an initial state (m1,m2, β) ∈ J ◦ with β ̸= ∅ and
a distinguished block (a, b) ∈ β, and suppose (Γy, y ≥ 0) is a type-2 evolution
with this initial state. Then there exist, possibly on an enlarged probability space,

independent type-2 and type-1 evolutions (m̃y
1, m̃

y
2, β̃

y) and (my, βy), y ≥ 0, such
that their concatenation in the sense of (5.2) equals (Γy), up until the degeneration

time D̃ of (m̃y
1, m̃

y
2, β̃

y), with (a, b) ∈ β corresponding to the block (0,m0) in the
initial concatenated process.

There exists a regular conditional distribution κ for the joint law of (m̃y
1, m̃

y
2, β̃

y)
and (my, βy), y ≥ 0, given (Γy, y ≥ 0) and the block (a, b).

Corresponding claims hold relating to assertions (ii) and (iii) of Proposition
5.3.

Proof. The claimed existence of regular conditional distributions follows from
the properties that (I, dI) is Lusin (Proposition 2.4) and that these evolutions have
càdlàg paths. The remaining assertions are immediate consequences of Proposition
5.3. □

Recall from Proposition 2.2 that a Poisson–Dirichlet interval partition with
parameters

(
1
2 ,

1
2

)
, called PDIP

(
1
2 ,

1
2

)
, is an interval partition whose ranked block

sizes have law PD
(
1
2 ,

1
2

)
, with the blocks exchangeably ordered from left to right.

Let A ∼ Beta
(
1
2 ,

1
2

)
, (A1, A2, A3) ∼ Dirichlet

(
1
2 ,

1
2 ,

1
2

)
, and β̄ ∼ PDIP

(
1
2 ,

1
2

)
independent of each other. Recall that we refer to a probability distribution on
I as a pseudo-stationary law for the type-0 evolution if it is the law of Mβ̄, i.e.
β̄ scaled by M , for an independent random mass M > 0. Likewise a law on
[0,∞)×I, respectively [0,∞)2 ×I, is a pseudo-stationary law for the type-1, resp.
type-2, evolution if it is the law of any independent multiple of (A, (1−A)β̄), resp.
(A1, A2, A3β̄). This language is in reference to the following proposition.

Proposition 5.5 (Propositions 2.7 and 4.6–4.7). For i = 0, 1, 2, if a type-i
evolution has a pseudo-stationary initial distribution, then given that it does not
degenerate prior to time y, its conditional law at time y is also pseudo-stationary.
In the special case that its initial mass has law Gamma

(
1+i
2 , λ

)
, then its mass at

time y has conditional law Gamma
(
1+i
2 , λ/(2λy + 1)

)
.

5.2. State spaces of k-trees

In this section we formalize the notion of a k-tree introduced in Section 1.2,
which we write as a tree shape equipped with top masses and edge partitions:

Tk =
(
tk, (x

(k)
j , j∈ [k]), (β

(k)
E , E∈tk)

)
.

Our notion of a tree shape is a variation of similar notions that capture a
combinatorial tree structure within a richer model; see e.g. Pitman [127, Chapter
7]. Indeed, our tree shape tk is equivalent to a leaf-labeled combinatorial tree also
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Figure 5.2. Left: A tree-representation of a binary hierarchy on
[9]. Right: The same tree with leaf labels omitted. Tree shape
notation: t = {{1, 2, 3, 4, 5, 6, 7, 8, 9}, {1, 3, 7, 8}, {2, 4, 5, 6, 9},
{3, 7, 8}, {4, 5, 6, 9}, {7, 8}, {4, 9}, {5, 6}}.

known as a cladogram [10, 63], fragmentation [26, 87, 118], hierarchy [62] or
total partition [148] of [k]. We visualize tree shapes as rooted binary trees, but we
formalize them as sets of subsets of a leaf set A, rather than as graphs G = (V,E).
Before developing this formally, see Figure 5.2 for an example of a binary tree and
its tree shape. Below, we list all tree shapes with leaf set [3] = {1, 2, 3},

Tshape
[3] ={{[3], {2, 3}}, {[3], {1, 3}}, {[3], {1, 2}}}, formalizing

32

1 ,
1 3

2 ,
1

3

2

,

which we have illustrated as planted trees [127, Chapter 7] that have both a base
vertex and a degree-1 root vertex connected to the base vertex. This allows us to
associate the label of each non-root vertex also with the edge below the vertex.
Indeed, we think of top masses and edge partitions as being associated with leaf
edges and internal edges (including the root edge), respectively.

Formally, a subset t of the power set of A ⊂ N is a binary hierarchy on A if

• A ∈ t and ∅ /∈ t,
• each B∈t with #B≥2 has a non-trivial partition into C1, C2∈t,
• for all B,C ∈ t, we have B ∩ C = ∅ or B ⊆ C or C ⊆ B,
• {j} ∈ t for all j ∈ A.

Note that in the setting of (ii), the pair {C1, C2} is unique. We call B the parent of

C1 and C2, writing
←
C1 =

←
C2 = B. We call C1 and C2 siblings, writing C1 = sib(C2)

and C2 = sib(C1). The sibling of the parent of a set is its uncle. We denote the set

of binary hierarchies on A by Thierarchy
A .

We can associate with any binary hierarchy t ∈ Thierarchy
A a graph-theoretic

rooted binary tree (vert(t), edge(t)) with vertex and edge sets

vert(t) = t ∪ {root} and edge(t) = {{B,C} ⊂ vert(t) : B =
←
C},

with the convention that
←
A = root. Here, binary means that apart from the leaves

and the root of degree 1, all vertices have degree 3, i.e. are binary branch points.
We denote the set of graph-theoretic rooted binary trees with leaves labeled by A

as Tgraph
A .

Now, consider the injective map that sends t ∈ Thierarchy
A to t = t\{{j} : j ∈ A}.

We define the image of Thierarchy
A under this map to be Tshape

A , the set of tree shapes
with leaf labels in A. The elements of a tree shape t correspond to branch points
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in vert(t). We also take these elements to represent the parent edges of the branch

points, i.e. we use label C ∈ t to refer to the internal edge {
←
C,C} ∈ edge(t).

We emphasize that Thierarchy
A , Tgraph

A and Tshape
A are all in natural one-to-one

correspondence. We will mainly use the notation t ∈ Tshape
A , but we regard t as

representing the corresponding binary tree, including its leaves. For example, if
t = {[3], {1, 2}}, we say that the internal edge {1, 2} is the sibling of the leaf edge
{3} in (the graph-theoretic tree represented by) t, even though {3} /∈ t. We refer
to the members of t as edges and use graph-theoretic descriptions of operations on

(vert(t), edge(t)) ∈ Tgraph
A that induce operations on tree shapes.

Indeed, by removing {j}, j ∈ A, from t, this notion of a tree shape t ∈
Tshape
A offers simple notation for both leaf edges (members of A) and internal edges

(members of t). Our aim is to study evolutions of interval partitions βE ∈ I
associated with each E ∈ t together with those top masses xj ∈ [0,∞) associated

with label j ∈ A for which
←

{j} = E. In our binary setting, this gives rise to type-i
edges with i top masses, i = 0, 1, 2. E.g., in Figure 5.1, edges {3, 5} and {1, 4} are

type-2 edges, label 2 and its top mass X
(5)
2 are associated with the type-1 edge

{1, 2, 4}, while edge [5] is a type-0 edge.
More precisely, an edge E ∈ t with #E = 2 is called a type-2 edge. If E =

{j, j′}, then xj and xj′ are the two top masses associated with E. If j is not

associated with a type-2 edge, it is associated with the type-1 edge E :=
←

{j} ∈ t,
which satisfies #E ≥ 3 since {j} has a sibling (E \{j}) in t. Edges that are neither
type-1 nor type-2 edges are called type-0 edges. They have no top masses. Instead,
such edges E can be written as E1 ∪ E2 for two edges E1, E2 ∈ t with disjoint
label sets: E1 ∩E2 = ∅. See Figure 5.1 for labeled examples of type-0, type-1, and
type-2 edges.

For a finite, non-empty set A ⊂ N, an A-tree is a tree shape t ∈ Tshape
A equipped

with non-negative weights on leaf edges and interval partitions marking the internal
edges:

(5.3) Tint
A =

⋃
t∈Tshape

A

{t} × [0,∞)A × It.

For k≥1, we call elements of Tint
k :=Tint

[k] k-trees. For T =(t, (xj , j∈A), (βE , E∈t))

∈ Tint
A , we write ∥T∥ =

∑
j∈A xj +

∑
E∈t ∥βE∥ for its total mass. Think of this

representation in connection with Figure 1.6 and the description of the k-tree pro-
jection of a Brownian CRT in the introduction. The xj represent masses of subtrees
corresponding to leaves of the tree represented by t, while the βE represent totally
ordered collections of subtree masses. In this interpretation, the intervals in βE
that are closer to 0 represent subtrees that are farther from the root of the CRT.

We refer to each top mass xj , j ∈ A, and each interval in each of the partitions
βE , E ∈ t, as a block of T . Formally, we denote the set of blocks by

(5.4) block(t, (xj , j ∈ A), (βE , E ∈ t)) := A ∪ {(E, a, b) : E ∈ t, (a, b) ∈ βE}.

We will write ∥ℓ∥ for the mass of ℓ ∈ block(T ); i.e. for the top masses ∥ℓ∥ := xℓ,
ℓ ∈ A, for the other blocks ∥ℓ∥ = ∥(E, a, b)∥ := b−a. Then

∑
ℓ∈block(T ) ∥ℓ∥ = ∥T∥.

For each label set A and each t ∈ Tshape
A , we topologize the set of A-trees with

shape t by the product over the topologies in the components. This can be metrized



5.3. SELF-SIMILAR NON-RESAMPLING AND RESAMPLING k-TREE EVOLUTIONS 79

by setting

(5.5) dT(T, T
′) =

∑
j∈A

|xj − x′j |+
∑
E∈t

dI(βE , β
′
E)

for T, T ′ ∈ Tint
A with shapes t = t′. Within the set of trees with a given label set A

and shape t, there is a single A-tree 0t := (t, (0)j∈A, (∅)E∈t) of zero total mass; we
topologize the space of all A-trees, for all finite label sets A, by identifying all of
these trees of zero mass, thereby gluing these spaces together. This is metrized by

(5.6) dT(T, T
′) =

∑
j∈A

xj +
∑
j∈A′

x′j +
∑
E∈t

dI(βE , ∅) +
∑
E∈t′

dI(β
′
E , ∅)

for T ∈ Tint
A , T ′ ∈ Tint

A′ with differing tree shapes. We note that dI(β, ∅) =
max{∥β∥,Dβ(∞)} for any β ∈ I. We will also write 0 for a zero-mass tree.

Proposition 5.6.
((⋃

A

(
Tint
A \ {0t, t ∈ Tshape

A }
))

∪ {0}, dT
)
is a Lusin space.

Proof. From Proposition 2.4, (I, dI) is Lusin. Thus, so are the product

topologies on the set of trees in Tint
A with a given shape t ∈ Tshape

A , for each
non-empty finite A ⊂ N. The countable union of these sets is equipped with a
metric that corresponds to gluing metric spaces of trees by identifying the unique
zero-mass tree for each tree shape. This entails the claimed Lusin property. □

We are interested in k-tree-valued Markov processes that avoid certain degen-
erate states. For example, states with multiple zero top masses will be inaccessible
by our evolutions. We also exclude states having a zero top mass with an empty
partition on its parent edge. Such states will arise as left limits but force jumps
“away from the boundary.” Specifically, for finite A ⊂ N with #A ≥ 2, we define

T̃int
A :=

{
T =(t, (xj , j∈A), (βE , E∈t))∈Tint

A

∣∣∣∣∣xi+xj>0 for all E={i, j}∈t and
xi+

∥∥β ←
{i}

∥∥=0 for at most one i∈A

}
Tint
A :=

{
T =(t, (xj , j∈A), (βE , E∈t))∈ T̃int

A

∣∣∣xj + ∥∥β ←{j}∥∥>0 for all j∈A
}
.(5.7)

Let I : T̃int
A → A ∪ {∞} record I(T ) = i if xi + ∥β ←

{i}
∥ = 0 and set I(T ) = ∞ if

T ∈ Tint
A . In the former case, we say that label i is degenerate in T .

Because we will only ever consider single-leaf trees in the case where the leaf

has label 1, we take the convention that T̃int
1 = [0,∞) and Tint

1 = (0,∞), with this
real number representing the mass on the leaf 1 component, which is then the total
mass of the tree. We also define Tint

∅ = {0}. As noted above Proposition 5.6, we
identify all trees of zero mass. We take the convention of writing 0 to denote such
a tree.

5.3. Self-similar non-resampling and resampling k-tree evolutions

The key building blocks for both non-resampling and resampling k-tree evolu-
tions are killed A-tree evolutions:

Definition 5.7 (Killed A-tree evolution). Consider some finite A ⊂ N with
#A ≥ 2 and an A-tree T = (t, (m0

j , j ∈ A), (β0
E , E ∈ t)) ∈ Tint

A .

• For each type-2 edge E = {i, j} ∈ t, let ((my
i ,m

y
j , β

y
E), y ≥ 0) denote a type-2

evolution from initial state (m0
i ,m

0
j , β

0
E), and let DE denote its degeneration

time (when one top mass and the edge partition vanish).
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• For each type-1 edge E =
←

{i} ∈ t, let ((my
i , β

y
E), y ≥ 0) denote a type-1

evolution from initial state (m0
i , β

0
E), and let DE denote its degeneration

time (when the top mass and edge partition both vanish).
• For each type-0 edge E ∈ t, let (βy

E , y ≥ 0) denote a type-0 evolution from
initial state β0

E and define DE = ∞.

We take these evolutions to be jointly independent. Let D = minE∈tDE . Define
T y = (t, (my

i , i ∈ A), (βy
E , E ∈ t)) for y ∈ [0, D) and T y = 0 for y ≥ D. This is the

killed A-tree evolution from initial state T . We call D the degeneration time of the
evolution.

For #A = 1, and T ∈ Tint
1 = (0,∞), define (T y) to be a BESQ(−1) starting

from T , killed upon hitting zero.

In light of this construction, in an A-tree T = (t, (xj , j ∈ A), (βE , E ∈ t)) ∈
Tint
A , we refer to each type-2 edge partition with its two top masses, (xi, xj , β{i,j}),

as a type-2 compound. Likewise, for a type-1 edge E =
←

{j}, we call (xj , βE) a type-1
compound, and for each type-0 edge F , the partition βF is a type-0 compound. In

Figure 5.1, β
(5)
[5] is a type-0 compound,

(
X

(5)
2 , β

(5)
{1,2,4}

)
is a type-1 compound, and(

X
(5)
3 , X

(5)
5 , β

(5)
{3,5}

)
and

(
X

(5)
1 , X

(5)
4 , β

(5)
{1,4}

)
are type-2 compounds.

Recall from Chapter 2 that a Markov process (T y, y ≥ 0) is said to be self-
similar if it has the same semigroup as (cT y/c, y ≥ 0) for all c > 0.

Proposition 5.8. Killed A-tree evolutions are self-similar Borel right Markov
processes, but they are not Hunt pocesses.

Proof. Killed A-tree evolutions are Borel right Markov processes as they are
effectively tuples of independent type-0/1/2 evolutions, which are themselves self-
similar Borel right Markov processes as noted in Proposition 5.2(i), killed at a
stopping time. We use stopping times

Sn := inf

{
y ≥ 0: min

j∈A
(my

j + ∥βy
←
{j}

∥) < 1/n

}
, n ≥ 1,

to show that these processes fail to be quasi-left-continuous, hence fail to be Hunt
processes. These times are eventually strictly increasing (as soon as they exceed 0)
and they converge to the killing time. Thus, the killing time is an increasing limit
of stopping times, so it is visible in the left-continuous filtration and is a time at
which the killed A-tree evolution is discontinuous. □

In the theory of Borel right Markov processes, branch states are states that are
not visited by the right-continuous Markov process but may be attained as a left
limit, triggering an instantaneous jump. We will now define non-resampling k-tree

evolutions with branch states in T̃int
A \ Tint

A . When a type-1 or type-2 compound
in an A-tree degenerates in a non-resampling evolution, we project this compound
down and the evolution proceeds with one fewer leaf label.

However, in [70] we found that in the discrete regime, in order to construct a
family of projectively consistent Markov processes, it was necessary to have degen-
erate labels sometimes swap places with other nearby, higher labels before dropping
the degenerate component and its label with it. The following two definitions lead
to an analogous construction in the present setting. The role of this mechanism in
preserving consistency will be evident in the proof of Proposition 6.17.
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Figure 5.3. Example of the swap-and-reduce map on a tree
shape. Least labels in the two subtrees descended from sibling
and uncle of leaf edge {i} are shown in bold.

Swap-and-reduce map for tree shapes. Consider a tree shape t ∈ Tshape
A

on some label set with #A ≥ 2 and label i ∈ A. Let

(5.8) J(t, i) := max{i, a, b} where a = min
(
sib({i})

)
, b = min

(
sib
( ←
{i}
))
;

i.e. a and b are the respective least elements in the label sets on the sibling and

uncle of leaf edge {i}. In the special case that the parent
←

{i} = A, in which case
{i} has no uncle, we define b = 0. This is illustrated in Figure 5.3, where

t =
{
[9], {5, 7}, {1, 2, 3, 4, 6, 8, 9}, {1, 2, 4, 6, 8, 9}, {1, 6}, {2, 4, 8, 9}, {4, 8, 9}, {4, 8}}.

Leaf edge {2} has sibling {4, 8, 9} and uncle {1, 6}, so a = 4, b = 1, J(t, 2) =
max{2, 4, 1} = 4.

We define a swap-and-reduce map on tree shapes,

(5.9) ϱ̃ : Tshape
A ×A→

⋃
j∈A

Tshape
A\{j}

mapping (t, i) to the tree shape t′ obtained from t by first swapping labels i and
j = J(t, i), then deleting the leaf subsequently labeled j and contracting away its

parent branch point. Formally, t′ is the image of t \
{ ←
{i}
}
under the map ϕt,i that

modifies label sets E ∈ t by first deleting label i from the sets, and then replacing
label j by i. In the example in Figure 5.3, with i = 2 and j = 4, ϕt,i is the map

t=
{

[9], {5, 7}, {1, 2, 3, 4, 6, 8, 9}, {1, 2, 4, 6, 8, 9}, {1, 6},{2, 4, 8, 9}, {4, 8, 9},{4, 8}
}

7→ 7→ 7→ 7→ 7→ 7→ 7→

t′=
{
[9]\{4}, {5, 7}, {1, 2, 3, 6, 8, 9}, {1, 2, 6, 8, 9}, {1, 6}, {2, 8, 9}, {2, 8}

}
.

Note that in the preceding definition, ϕt,i(E1) = ϕt,i(E2) if and only if E1\{i} =
E2 \ {i}. But the only distinct edges E1 ̸= E2 in t with this relationship are

the sibling and parent of leaf edge {i}. Thus, by excluding
←

{i} from its domain,
we render ϕt,i injective and ensure that the range of this map is an element of

Tshape
A\{J(t,i)}.

This swap-and-reduce map is the same as the down-move of the modified Aldous
chain of Definition 1.11. This map on tree shapes induces a corresponding map for
degenerate A-trees, where labels are swapped and the degenerate component is
projected away, but everything else remains unchanged.
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Swap-and-reduce map for A-trees. Let T = (t, (xh, h ∈ A), (βE , E ∈ t))

∈ T̃int
A \ Tint

A . Recall that for such an A-tree, I(T ) denotes the unique index i ∈ A

for which xi +
∥∥β ←
{i}

∥∥ = 0. We define J : T̃int
A \ Tint

A → A by J(T ) = J(t, I(T )), as

defined above. The swap-and-reduce map on A-trees is the map

(5.10) ϱ : T̃int
A \ Tint

A →
⋃
j∈A

Tint
A\{j}

that sends T to (ϱ̃(t, I(T )), (x′h, h ∈ A \ {J(T )}), (β′E , E ∈ ϱ̃(t, I(T )))) where

(i) x′h = xh for h ̸= I(T ), and x′I(T ) = xJ(T ) if I(T ) ̸= J(T ),

(ii) β′E = βϕ−1
t,I(T )

(E) for each E ∈ ϱ̃(t, I(T )), where ϕt,I(T ) is the injective map

defined in the definition of the swap-and-reduce map for tree shapes.

Definition 5.9 (Non-resampling k-tree evolution). Set A1 = [k] and fix some
T 0
(1) = T ∈ Tint

A1
. Inductively for 1 ≤ n ≤ k − 1, let (T y

(n), y ∈ [0,∆n)) denote a

killed An-tree evolution from initial state T 0
(n), run until its degeneration time ∆n,

conditionally independent of (T(j), j < n) given its initial state. If n ≤ k − 2, we

then set An+1 = An \ {J(T ∆n−
(n) )}, let T 0

(n+1) = ϱ(T ∆n−
(n) ) and repeat. For n = k,

let (T y
(k), y ∈ [0,∆k)) denote a BESQ(−1) process from initial state ∥T ∆k−1−

(k−1) ∥.
For 1 ≤ n ≤ k we define Dn =

∑n
j=1 ∆j and set D0 = 0. For y ∈ [Dn−1, Dn)

we define T y = T y−Dn−1

(n) . For y ≥ Dk we set T y = 0 ∈ Tint
∅ . Then (T y, y ≥ 0)

is a non-resampling k-tree evolution from initial state T . We say that at each
time Dn, label I(T Dn−) has caused degeneration and label J(T Dn−) is dropped in
degeneration.

We now define a resampling k-tree evolution in which at degeneration times we
first apply ϱ and then jump into a random state according to a resampling kernel,
which reinserts the label lost in degeneration, so that the evolution always retains
all k labels.

Label insertion operator ⊕. For tree shapes. Consider t ∈ Tshape
A . Given

an edge F ∈ t∪ {{h} : h ∈ A}, we define t⊕ (F, j) to be the tree shape with labels
A ∪ {j} formed by replacing edge F by a path of length 2, and inserting label j
as a child of the new branch point in the middle of the path. Formally, for each
E ∈ t we define (a) ϕ(E) = E ∪ {j} if F ⊊ E and (b) ϕ(E) = E otherwise. Then
t⊕ (F, j) equals ϕ(t) ∪ {F ∪ {j}}.

For A-trees. Consider an A-tree T = (t, (xh, h ∈ A), (βE , E ∈ t)), a label i ∈ A,
and a 2-tree U = (y1, y2, γ) ∈ Tint

2 with ∥U∥ = 1, where we have dropped the tree
shape because all elements of Tint

2 have the same shape. We define T ⊕ (i, j, U) to
be the (A ∪ {j})-tree formed by replacing the leaf block i and its weight xi by the
rescaled 2-tree in which label i gets weight xiy1, a new label j gets weight xiy2, and
their new parent edge bears partition xiγ. This operation is illustrated in Figure
5.4. Formally,

(5.11) T ⊕ (i, j, U) = (t⊕ ({i}, j), (x′h, h ∈ A ∪ {j}), (β′E , E ∈ t⊕ ({i}, j))),

where: (i) (x′i, x
′
j , β
′
{i,j}) = xiU , (ii) x′h = xh for h /∈ {i, j}, and (iii) β′E = βϕ−1(E)

for E ̸= {i, j}, where ϕ is as for tree shapes.
Now consider a block ℓ = (F, a, b) ∈ block(T ). This block splits βF into

βF,0 ⋆ (0, b − a) ⋆ βF,1. We define T ⊕ (ℓ, j, U) to be the (A ∪ {j})-tree formed by
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T ⊕ (3, 5, U)

Figure 5.4. The label insertion operator, inserting label 5 into
leaf block 3 in a 4-tree.

inserting label j into block ℓ. In this definition, U is redundant. Formally,

(5.12) T ⊕ (ℓ, j, U) = (t⊕ (F, j), (x′h, h ∈ A ∪ {j}), (β′E , E ∈ t⊕ (F, j))),

where: (i) x′h = xh for h ̸= j, (ii) β′E = βϕ−1(E) for E /∈ {F, F ∪ {j}}, and (iii)
(β′F , x

′
j , β
′
F∪{j}) = (βF,0, b− a, βF,1).

Resampling kernel for A-trees. For finite non-empty A ⊂ N and j ∈ N\A,
we define the resampling kernel as the distribution of the tree obtained by inserting
label j into a block chosen at random according to the masses of blocks and, if
the chosen block is a top mass xi, then replacing the block by a rescaled Brownian
reduced 2-tree. More formally, we define a kernel Λj,A from Tint

A to Tint
A∪{j} by

(5.13)

∫
T ′∈Tint

A∪{j}

φ(T ′)Λj,A(T, dT
′) =

∑
ℓ∈block(T )

∥ℓ∥
∥T∥

∫
U∈Tint

2

φ(T⊕(ℓ, j, U))Q(dU),

where Q denotes the distribution of a Brownian reduced 2-tree with leaf labels
{1, 2}, as defined in the introduction.

In (5.14), we will describe how these resampling kernels can be used to generate
a Brownian reduced k-tree for k ≥ 3.

Definition 5.10 (Resampling k-tree evolution). Fix some T 0
(1) = T ∈ Tint

k .

Inductively for n ≥ 1, let (T y
(n), y ∈ [0,∆n)) denote a killed k-tree evolution from

initial state T 0
(n), run until its degeneration time ∆n, conditionally independent of

(T(j), j < n) given its initial state. We define T 0
(n+1) to have conditional distribution

ΛJn,[k]\{Jn}
(
ϱ(T ∆n−

(n) ), ·
)
given (T(j), j ≤ n), where Jn = J(T ∆n−

(n) ).
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We set D0 = 0 and define Dn =
∑n

j=1 ∆j , n ≥ 1. For y ∈ [Dn−1, Dn) we

define T y = T y−Dn−1

(n) . For y ≥ D∞ := supn≥0Dn we set T y = 0 ∈ Tint
∅ . Then

(T y, y ≥ 0) is a resampling k-tree evolution with initial state T .

Theorem 5.11. Non-resampling and resampling k-tree evolutions are self-
similar Borel right Markov processes, but they are not Hunt processes.

Proof. As noted in Proposition 5.8, killed A-tree evolutions are self-similar
Borel right Markov processes. Note that because these evolutions in the various
type-0/1/2 compounds in the tree are independent and their degeneration times are
continuous random variables, almost surely one of them degenerates before all of the
others. Since each type-i compound has i positive top masses and positive interval

partition mass at almost all times before its degeneration time, T D1− ∈ T̃int
k a.s.

Therefore, the non-resampling and resampling k-tree evolutions are well-defined.
Moreover, the type of construction undertaken in Definitions 5.9 and 5.10 of non-
resampling and resampling k-tree evolutions is well-studied; it yields a Borel right
Markov process by Théorème 1 and the Remarque on p. 474 of Meyer [120].

Recall from the proof of Proposition 5.8 the sequence (Sn) of stopping times
that increases to the killing time, which here is the first degeneration/resampling
time. Indeed, for non-resampling and resampling k-tree evolutions, the jump to 0
has been replaced by a swap-and-reduce and/or resampling jump, so the discon-
tinuity along (Sn) prevails, hence the Hunt property still fails for non-resampling
and resampling k-tree evolutions. □

Theorem 5.12. Let (T y, y ≥ 0) be a non-resampling or resampling k-tree
evolution with initial state with mass ∥T 0∥ = m. Then the total mass process
(∥T y∥, y ≥ 0) has law BESQm(−1).

At this stage, we can only prove a partial form of Theorem 5.12, as follows.

Proposition 5.13. The total mass process of a (self-similar) non-resampling
A-tree evolution is a BESQ(−1). The total mass process of a resampling k-tree
evolution is a BESQ(−1), killed at the random time D∞ := supnDn.

Proof. Let (T y, y ≥ 0) denote a non-resampling k-tree evolution. Up until
its first degeneration, its total mass ∥T y∥ is the sum of the total masses of k − 1
type-0/1/2 evolutions – one compound for each internal edge E ∈ t of the tree
shape. In particular, the sum of the “type numbers” of these compounds is k: if
we let ni denote the number of type-i compounds, i ∈ {0, 1, 2}, then

k − 1 = n0 + n1 + n2 and k = 0× n0 + 1× n1 + 2× n2 = n1 + 2n2.

This gives n2 = n0 + 1. By Proposition 5.1, the total mass process of a type-i
evolution is a BESQ(1− i). Then, by the (generalized) additivity of squared Bessel
processes [131, Proposition 1.1], the sum of these total masses, (∥T y∥, y ∈ [0, D1]),
evolves as a squared Bessel process with parameter 1× n0 + 0× n1 − 1× n2 = −1,
stopped at a stopping time in a filtration to which the squared Bessel process is
adapted. Moreover, the same argument and the strong Markov property show that
the total mass continues to evolve as a BESQ(−1) between the first and second
degeneration times, and so on. Thus, the process evolves as a BESQ(−1) until
its absorption at 0. The same argument proves the assertion as stated for the
resampling k-tree evolution. □
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In Section 6.4 (and Appendix A.3), we will complete the proof of Theorem 5.12
by establishing the following result.

Proposition 5.14. For resampling k-tree evolutions with degeneration times
Dn, n ≥ 1, the limit D∞ = limn→∞Dn equals inf{y ≥ 0: ∥T y−∥ = 0}, and this is
a.s. finite.

5.4. Pseudo-stationarity of self-similar k-tree evolutions

Recall the law of a Brownian reduced k-tree stated in Proposition 1.4 in terms

of a uniform random tree shape τ from Tshape
[k] , a Dirichlet( 12 , . . . ,

1
2 ) mass split

onto the k top masses and the k−1 edges, and independent PDIP( 12 ,
1
2 ) proportions

to further split the edge masses into interval partitions. Denote by Qz,A(dU) the
distribution on Tint

A of the A-tree obtained from the distribution Qz,[k](dU) of a
Brownian reduced k-tree scaled to have total mass z, with leaves then relabeled
by the increasing bijection [k] → A, for k = #A. The resampling kernel Λj,A of
Definition 5.10 satisfies
(5.14)∫

T∈Tint
k

Qz,[k](dT )f(T ) =

∫
(Ti,i∈[2,k])

Λ2,[1](z, dT2) · · ·Λk,[k−1](Tk−1, dTk)f(Tk),

where z ∈ Tint
1 denotes the 1-tree with weight z on its sole component, leaf 1. This

formula indicates that the Markov chain that begins with z and at each step, adds
a successive label via the resampling kernel, has as its path a consistent system of
Brownian reduced k-trees, k ≥ 1, each scaled to have total mass z. Like Proposition
1.4, this formula follows from the development in [130, Section 3.3].

Proposition 5.15. Let (T y, y ≥ 0) be a resampling k-tree evolution starting
from an independently scaled Brownian reduced k-tree of arbitrary total mass M ,
and let B ∼ BESQM (−1). Then at any fixed time y ≥ 0, T y has the distribution of
an independently scaled Brownian reduced k-tree of mass B(y).

In light of this result, we refer to the laws of independently scaled Brownian
reduced k-trees as the pseudo-stationary laws for resampling k-tree evolutions. Be-
fore we prove Proposition 5.15, recall that type-0 evolutions do not degenerate (and
are reflected when reaching zero total mass), while we say that type-1 evolutions
degenerate when they reach the (absorbing) state of zero total mass and type-2
evolutions degenerate when they reach a single-top-mass state on an empty inter-
val partition. In particular, total mass evolutions conditioned on no degeneration
up to time y are unaffected by the conditioning for type-0 evolutions as we are
conditioning on an event of probability 1, while they are conditioned to be positive
for type-1 evolutions and conditioned on an event that depends on the underlying
type-2 evolution for type 2.

Proposition 5.16. Let (T y, y ≥ 0) be a killed/non-resampling/resampling k-
tree evolution starting from a Brownian reduced k-tree scaled by an independent
random initial mass. Then for y ≥ 0, given {D1 > y}, the tree T y is again condi-
tionally a Brownian reduced k-tree scaled by an independent random mass. In the
special case that ∥T 0∥ ∼ Gamma

(
k − 1

2 , λ
)
, given {D1 > y}, ∥T y∥ has conditional

law Gamma
(
k − 1

2 , λ/(2λy + 1)
)
.
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Proof. First, suppose M ∼ Gamma
(
k − 1

2 , λ
)
. Note that

(5.15) P(D1 > y) = (2yλ+ 1)−k,

since each type-1 compound contributes (2yλ + 1)−1 by (2.10) and each type-2
compound contributes (2yλ+ 1)−2, by Proposition 4.12, all independently, with k
top masses altogether. Conditioning on non-degeneration means conditioning each
independent type-i evolution, i = 1, 2, not to degenerate; thus, this conditioning
does not break the independence of these evolutions. By Proposition 5.5, the con-
ditional distribution of each edge partition and top mass at time y is the same as
the initial distribution, but with each mass and partition scaled up by a factor of
2λy + 1, as claimed.

The result for deterministic initial total mass follows by Laplace inversion, and
for general random mass by integration. We leave the details to the reader and
refer to Propositions 4.6 and 4.8 or indeed to [71, Proposition 4.3 and the proof of
Theorem 1.5] for similar arguments. □

Proposition 5.17. Let (T y, y ≥ 0) be a killed/non-resampling/resampling k-
tree evolution starting from a Brownian reduced k-tree, scaled by any independent
initial mass M , and let y ≥ 0. Then the following hold.

(i) The label J = J(T D−) dropped at the first degeneration time D = D1 has law
P(J = 2) = 2/k(2k − 3) and P(J = j) = (4j − 5)/k(2k − 3), j ∈ {3, . . . , k}.

(ii) Conditionally given J = j, the normalized tree ϱ
(
T D−)/∥∥T D−

∥∥, which is

simply T D/
∥∥T D

∥∥ in the non-resampling case, is a Brownian reduced ([k]\
{j})-tree.

(iii) The pair
(
J
(
T D−), ϱ(T D−)/∥∥T D−

∥∥) is independent of
(
M,D,

∥∥T D−
∥∥).

(iv) In the special case that M ∼ Gamma
(
k − 1

2 , λ
)
, conditionally given D = y,

∥T y−∥ ∼ Gamma
(
k − 3

2 , λ/(2yλ+ 1)
)
.

(v) In the resampling case, properties (i), (ii), and (iii) also hold at each sub-
sequent degeneration time D = Dn, n ≥ 1. Moreover, T Dn/

∥∥T Dn
∥∥ is a

Brownian reduced k-tree.

Proof. First, we derive (v) as a consequence of the other assertions. Equa-
tion (5.14), along with exchangeability of labels in the Brownian reduced k-tree,
implies that taking a Brownian reduced ([k]\{j})-tree and inserting label j via
the resampling kernel results in a Brownian reduced k-tree. Thus, (ii) gives us

T D1/
∥∥T D1

∥∥ d
= T 0/

∥∥T 0
∥∥. Assertion (v) for subsequent degeneration times then

follows by induction and the strong Markov property of resampling k-tree evolu-
tions at degeneration times.

It remains to prove (i), (ii), (iii), and (iv) for killed evolutions. We begin with
the special case M ∼Gamma

(
k− 1

2 , λ
)
. In this case, by Proposition 1.4, each type-i

compound has initial mass Gamma ((i+ 1)/2, λ), with all initial masses being inde-
pendent. For y > 0, each type-1 compound avoids degeneration prior to time y
with probability (2yλ+1)−1 by (2.10). For type-2 the corresponding probability is
(2yλ+1)−2 by Proposition 4.12. Moreover, when a type-2 compound degenerates,
each of the two labels is equally likely to be the one to cause degeneration Proposi-
tion 4.13. Thus, the first label I to cause degeneration is uniformly random in [k]
and is jointly independent with the initial tree shape τk and the time of degenera-
tion D. But recall that this does not necessarily mean that label I is dropped at
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degeneration; we must account for the swapping part of the swap–and-reduce map
ϱ.

This places us in the setting of our study of the modified Aldous chain of
Definition 1.11, where we begin with a uniform random tree shape τk and select a
uniform random leaf I for removal, with the same label-swapping dynamics as in the
definition of ϱ̃ in Section 5.3. In particular, [70, Corollary 4] gives the distribution
of J := J(τk, I) as p1 := P(J = 1) = 0, p2 := P(J = 2) = 2/k(2k − 3) and
pj := P(J = j) = (4j−5)/k(2k−3) for j ∈ {3, . . . , k}; and [70, Lemma 3] says that
given {J = j}, the tree shape τk−1 after swapping and reduction is conditionally

uniformly distributed on Tshape
[k]\{j}.

Since D is independent of (τk, I) and since τk−1 = ϱ̃(τk, I), if we additionally
condition on D, then the above conclusion still holds: given {D = y, J = j}, the
resulting tree shape τk−1 is still conditionally uniform on Tshape

[k]\{j}. Moreover, by

the independence of the evolutions of the type-0/1/2 compounds in the tree (prior
to conditioning), each type-1 compound that does not degenerate is conditionally
distributed as a type-1 evolution in pseudo-stationarity, conditioned not to die up
to time y, and correspondingly for type-2 and type-0 compounds. As noted in
Proposition 5.5, the law at time y is the same as the initial distribution, but with
total mass scaled up by a factor of 2yλ + 1, meaning that each top mass my

h in

these compounds is conditionally independent with law Gamma
(
1
2 , λ/(2yλ+ 1)

)
, and

each internal edge partition βy
E is a conditionally independent PDIP

(
1
2 ,

1
2

)
scaled by

a Gamma
(
1
2 , λ/(2yλ+ 1)

)
mass. Similarly, if the degeneration occurs in a type-2

compound in τk, then the remaining top mass in that compound also has condi-
tional law Gamma

(
1
2 , λ/(2yλ+ 1)

)
by Proposition 4.13. Thus, ϱ

(
T D−)/∥∥T D−

∥∥ is
conditionally a Brownian reduced ([k]\{j})-tree, as claimed, and is conditionally
independent of ∥T D∥ ∼ Gamma

(
k − 3

2 , λ/(2yλ+ 1)
)
.

This completes the proof of (iv) as well as of (i) and (ii) in the special case
when the initial total mass is M ∼ Gamma

(
k − 1

2 , λ
)
. Moreover, since the above

conditional law of the normalized tree does not depend on the particular value of
D, we find that the pair in (iii) is independent of

(
D,
∥∥T D

∥∥) in this case; it remains
to show independence from M .

Now consider a k-tree evolution (T y, y ≥ 0) starting from a unit-mass Brownian
reduced k-tree, with degeneration time D. Let M be independent of this evolution
with law Gamma

(
k − 1

2 , λ
)
. By the self-similarity noted in Proposition 5.8, T y =

MT y/M , y ≥ 0, is a k-tree evolution with initial mass M , as studied above. In

particular,
(
D,
∥∥T D−

∥∥) = (MD,M
∥∥T D−

∥∥) and
(
J
(
T D−), ϱ(T D−)∥∥T D−

∥∥
)

=

(
J
(
T D−), ϱ(T D−)∥∥T D−

∥∥
)
.

We showed that

∫ ∞
0

E

[
f

(
J
(
T D−), ϱ(T D−)∥∥T D−

∥∥
)
g
(
x
∥∥∥T D−

∥∥∥ , xD)] λk−
1
2

Γ(k − 1
2 )
xk−

3
2 e−λxdx

= E[f(J∗, T ∗)]
∫ ∞
0

E
[
g
(
x
∥∥∥T D−

∥∥∥ , xD)] λk−
1
2

Γ(k − 1
2 )
xk−

3
2 e−λxdx,
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where J∗ and T ∗ have the laws described in (i) and (ii) for the dropped label and

the normalized tree. If we cancel out the constant factors of λk−
1
2 /Γ(k− 1

2 ) on each

side, appeal to Laplace inversion, and then cancel out factors of xk−
3
2 , then we find

E

[
f

(
J
(
T D−), ϱ(T D−)∥∥T D−

∥∥
)
g
(
x
∥∥∥T D−

∥∥∥ , xD)]= E[f(J∗, T ∗)]E
[
g
(
x
∥∥∥T D−

∥∥∥ , xD)]
for Lebesgue-a.e. x > 0. By the self-similarity observed in Proposition 5.8, it
follows that this holds for every x > 0, thus proving (i) and (ii) for fixed initial
mass, or for any independent random initial mass by integration. This formula also
demonstrates the independence of the dropped label and normalized tree from the
degeneration time and mass at degeneration. Since the laws that we find for the
dropped index and the normalized tree do not depend on the initial mass x, this
also proves (iii). □

This means that for any scaled Brownian reduced k-tree, the k-tree evolution
without resampling runs through independent multiples of T ∗k, T ∗k−1, . . . , T ∗2, T ∗1, 0,
where each of the n-trees for 1 ≤ n ≤ k has as its distribution the appropriate
mixture of Brownian reduced trees with label sets of size n. We now combine the
previous results to establish the laws of independently scaled Brownian reduced
k-trees as pseudo-stationary laws for resampling k-tree evolutions.

Proof of Proposition 5.15. By Proposition 5.17 and (5.14), conditional on
D1 = z > 0, the tree T z is distributed as a Brownian reduced k-tree scaled by an
independent random mass. By the strong Markov property at degeneration times
and induction, the same holds conditional on Dn = z > 0, for any n ≥ 1.

While we have not yet proved Proposition 5.14, that D∞ is the hitting time
at zero for the total mass process, it is easier to prove it in this special setting.
Indeed, the rescaled inter-degeneration times (Dn+1−Dn)/∥T Dn∥ are independent
and identically distributed. As shown in Proposition 5.13, the total mass ∥T y∥
evolves as a BESQ(−1) up until time D∞, so this time must be a.s. finite so as to
not exceed the time of absorption for the BESQ. From this we conclude that the
masses ∥T Dn∥ must tend to zero almost surely.

Let (T x
n , x ≥ 0) denote a resampling k-tree evolution with T 0

n = T Dn , con-
ditionally independent of (T y, y ≥ 0) given T Dn . Now, we condition on Dn =
z ≤ y < Dn+1. Then by the strong Markov property at time Dn, the tree T y is
conditionally distributed according to the conditional law of T y−z

n , given that (T x
n )

does not degenerate prior to this time. By Proposition 5.16, this too is a Brownian
reduced k-tree scaled by an independent random mass. Integrating out this condi-
tioning preserves the property of T y being a Brownian reduced k-tree scaled by an
independent mass. □

As in Lemma 4.10, we can strengthen the pseudo-stationarity of Proposition
5.15, at fixed times y, to certain stopping times Y .

Corollary 5.18 (Strong pseudo-stationarity). Consider a resampling k-tree
evolution (T y, y ≥ 0), whose initial state is an independent multiple of a random
state with unit-mass pseudo-stationary distribution Q1,[k]. Denote byM(y) = ∥T y∥,
y ≥ 0, the associated total mass process and by (Fy

mass, y ≥ 0) the right-continuous
filtration it generates. Let Y be a stopping time in this filtration. Then for all
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FY
mass-measurable η : Ω→ [0,∞) and measurable H : Tint

k → [0,∞),

E
[
ηH(T Y )

]
= E

[
ηQM(Y ),[k][H]

]
.

Proof. The proof of Lemma 4.10 is easily adapted, omitting all indicators such
as 1{D > y}, and using Proposition 5.15 instead of Propositions 4.6 or 4.8. □

5.5. Unit-mass k-tree evolutions

We proceed as in the case k = 2 in (4.2) and Definition 4.1, noting that

J ◦ = {(m1,m2, β{1,2}) : (t2, (mj , j ∈ [2]), (βE , E ∈ t2)) ∈ T̃int
{1,2}} ∪ {(0, 0, ∅)},

where t2 ∈ Tshape
2 is the unique 2-tree shape, which is irrelevant for the total mass

of T = (t2, (mj , j ∈ [2]), (βE , E ∈ t2)) ∈ T̃int
{1,2} as ∥T∥ = m1 + m2 + ∥β{1,2}∥ =

∥(m1,m2, β{1,2})∥. In general, given a càdlàg path T = (T y, y ≥ 0) in
⋃

A T̃int
A ,

consider the de-Poissonization time-change function ρT : [0,∞) → [0,∞],

(5.16) ρT(u) := inf

{
y ≥ 0:

∫ y

0

∥T x∥−1dx > u

}
, u ≥ 0.

If the total mass process (∥T y∥, y ≥ 0) evolves as a BESQ(−1), as in Theorem 5.12,
then ρ(T) is bijective onto [0, ζ) a.s., where ζ = inf{y ≥ 0: ∥T y∥ = 0} is a.s. finite;
see e.g. [79, p. 314-5].

Let Tint
k,1 :=

{
T ∈ Tint

k : ∥T∥ = 1
}
. We define unit-mass k-tree evolutions by

de-Poissonizing self-similar k-tree evolutions.

Definition 5.19. Let T = (T y, y ≥ 0) denote a self-similar resampling (re-
spectively, non-resampling) k-tree evolution from initial state T ∈ Tint

k,1. Then

T u :=
∥∥T ρu(T)

∥∥−1T ρu(T), u ≥ 0

is a unit-mass resampling (resp. non-resampling) k-tree evolution from initial state
T .

Theorem 5.20. Unit-mass resampling and non-resampling k-tree evolutions
are Borel right Markov processes. The former are stationary with the laws of the
Brownian reduced k-trees. The latter are eventually absorbed at the state 1 ∈ Tint

1,1

of the degenerate tree consisting of only one top mass of unit weight.

Proof. The proofs of the k = 2 case in Theorems 4.3–4.4 are easily adapted
using the Markov property, total mass, and pseudo-stationarity results of the self-
similar k-tree evolutions obtained in Theorems 5.11 and 5.12 and Proposition 5.15.

□

We also obtain the following result for (unit-mass resampling) k-tree evolutions.

Corollary 5.21. Let T = (T u, u≥0) = ((tuk , (X
u
j , j∈ [k]), (βu

E , E∈tuk)), u≥0)

denote a k-tree evolution started from T = (tk, (Xj , j ∈ [k]), (βE , E ∈ tk)) ∈ Tint
k,1,

and let τ be the first time either a top mass or an interval partition has mass 0.
Observe that τ ≤ D1, where D1 is the first time T resamples, so for u < τ , tuk = tk.

Then ((X
u/4
j , j ∈ [k]), (∥βu/4

E ∥, E ∈ tk)), 0 ≤ u < τ) is a Wright–Fisher diffusion,

killed when one of the coordinates vanishes, with parameters − 1
2 respectively 1

2 for
coordinates corresponding to top masses respectively masses of interval partitions.
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Proof. Let T be a self-similar k-tree evolution started from T . By Proposi-
tions 5.1 and 5.3(i), up until the first time a top mass or the mass of an interval
partition is zero, the top masses evolve as BESQ(−1) processes and the masses of
internal interval partitions evolve as BESQ(1) processes, and all of these are in-
dependent. The effect of de-Poissonization procedure in Definition 5.19 on these
evolutions is identical to Pal’s de-Poissonization procedure [124, 125] used to con-
struct Wright–Fisher diffusions. See (4.5). The result follows. □



CHAPTER 6

Projective consistency of k-tree evolutions

Recall that the ultimate goal of this memoir is to construct a path-continuous
continuum-tree-valued Markov process. Our strategy, as indicated in the statements
of Theorems 1.5 and 1.6, is to obtain this as a projective limit of k-tree-valued
processes. We think of these k-trees as projections of a Brownian CRT, as described
in Section 1.2. In this chapter, we prove projective consistency results for the (self-
similar) k-tree evolutions and their unit-mass variants, as defined in Chapter 5,
thereby proving Theorem 1.5. In Chapter 7, we study the projective limits.

Definition 6.1 (Projection maps for A-trees). For j ∈ N and finite A ⊂ N
with #(A \ {j}) ≥ 1, we define a projection map

π−j : Tint
A → Tint

A\{j}

to remove label j from an A-tree, as follows. Let T = (t, (xi, i ∈ A), (βE , E ∈ t)) ∈
Tint
A . If j /∈ A, then π−j(T ) = T . Otherwise, let ϕ denote the map E 7→ E\{j} with

domain t \
{ ←
{j}
}
. As noted for a similar map in Section 5.3, this map is injective.

Then π−j(T ) := (t′, (x′i, i ∈ A \ {j}), (β′E , E ∈ t′)), where

(i) t′ = ϕ(t) =
{
E \ {j} : E ∈ t \

{ ←
{j}
}}

,

(ii) if E =
←

{j} is a type-1 edge in t, then β′E\{j} = βE\{j} ⋆ (0, xj) ⋆ βE ,

(iii) if
←

{j} = {a, j} is a type-2 edge in t, then x′a = xa + xj + ∥β{a,j}∥,
(iv) if i ∈ A \ {j} is not the sibling of {j} in t, then x′i = xi, and
(v) if E ∈ t′ is not the sibling of {j} in t, then β′E = βϕ−1(E).

For k ≥ 1 and any finite A ⊆ N with A∩ [k] ̸= ∅, we define πk : Tint
A → Tint

A∩[k] to

be the composition π−(k+1) ◦ π−(k+2) ◦ · · · ◦ π−max(A) to project onto trees labeled
by A ∩ [k]. It is straightforward to check that this composition of projection maps
commutes.

These projections are illustrated in Figure 6.1. Note how, in that example, in
passing from T to π5(T ), the condition of item (ii) of the above definition applies,
whereas in passing from π5(T ) to π4(T ), item (iii) applies. By comparing these
maps to the label insertion operator introduced prior to Definition 5.10, we see
that the projection neatly undoes label insertion: if j /∈ A ⊂ N, then

(6.1) π−j(T ⊕ (ℓ, j, U)) = T for any T ∈ Tint
A , ℓ ∈ block(T ), U ∈ Tint

2,1.

It is easily seen from [68, Lemma 2.4] that these are weak contraction maps:

dT(πk(T ), πk(T
∗)) ≤ dT(T, T

∗) for T ∈ Tint
A , T ∗ ∈ Tint

B ,

where dT is defined in (5.5)-(5.6).

91
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Figure 6.1. Projections of a 6-tree.

Theorem 6.2. (i) Let 2 ≤ j < k. For (T y, y ≥ 0) any (self-similar) non-
resampling k-tree evolution, (πj(T y), y ≥ 0) is a non-resampling j-tree evo-
lution.

(ii) If (T y, y ≥ 0) is a resampling k-tree evolution and T 0 satisfies

(6.2) E[φ(T 0)] =

∫
Tint
j+1

Λj+1,[j](Tj , dTj+1) · · ·
∫
Tint
k

Λk,[k−1](Tk−1, dTk)φ(Tk)

for some Tj ∈ Tint
j , then (πj(T y), y ≥ 0) is a resampling j-tree evolution.

(iii) These same results hold for unit-mass versions of these processes.

For j ≥ 1, we say that (Tk, k ≥ j) is a consistent family of k-trees if πk−1(Tk) =
Tk−1 for all k > j. We say that a family of k-tree evolutions (T y

k , y ≥ 0), k ≥ j, is
consistent if (T y

k , k ≥ j) is consistent for each y ≥ 0. This next result follows from
Theorem 6.2 by the Kolmogorov consistency theorem.

Corollary 6.3. (i) For every consistent family Tk ∈ Tint
k , k ≥ 1, there are

consistent families of non-resampling k-tree evolutions (T y
k , y ≥ 0), k ≥ 1,

with T 0
k = Tk for each k.
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(ii) For any fixed j ≥ 1 and T ∈ Tint
j , there exists a consistent family of resam-

pling k-tree evolutions (T y
k , y ≥ 0), k ≥ j, T 0

j = T . If j = 1, each process in
this family is pseudo-stationary, as in Proposition 5.15.

(iii) Assertions (i) and (ii) hold for unit-mass versions of these processes; in
particular, there is a consistent family of stationary unit-mass resampling
k-tree evolutions, (T u

k , u ≥ 0), k ≥ 1.

We note one more consistency result. For any B ⊆ N with A∩B ̸= ∅ we define
πB : Tint

A → Tint
A∩B analogously to πk, to be the composition of projection maps π−j

dropping each successive label j ∈ A \B.

Proposition 6.4. Suppose (T y, y ≥ 0) is a resampling k-tree evolution. Then
there exists a process ((Ay, By, σy), y ≥ 0) that is constant between degeneration
times, where for each y, σy : Ay → By is a bijection between two subsets of [k], with
the property that σy ◦ πAy (T y) ∈ Tint

By , y ≥ 0, is a non-resampling k-tree evolution.

In [70, Theorem 2] we proved the discrete analogue to Theorem 6.2(ii) for
the label-swapping variant of Aldous’s Markov chain on cladograms described in
Definition 1.11. Our approach was to find an intermediate process in between the
“upper” process – in the present setting, (T y

k+1, y ≥ 0) – and its projection, and
give a two-step proof. In the first step, we used the Rogers–Pitman intertwining
criterion to show that the intermediate process is Markovian. In the second step,
we used Dynkin’s criterion to identify the lower, projected process. We refer to
Appendix A.1 for a discussion of these two criteria.

We take an approach inspired by this strategy. As in [70], neither Dynkin’s
criterion nor the intertwining criterion holds between the resampling (k+1)- and
k-tree evolutions. Due to the obstacles presented by degeneration times, we pre-
fer coupling arguments over appeals to Dynkin’s criterion between times at which
a lower label (≤ k) is dropped in degeneration and has to resample. At those
degeneration times, we argue again by a combination of intertwining and Dynkin
arguments connecting the (k+1)-tree, an intermediate object, and the k-tree.

This intermediate process and associated intertwining property are introduced
in Section 6.1. In Section 6.2, we establish some lemmas about projections of de-
generate trees, including the aforementioned Dynkin arguments. Then, in Section
6.3, we put these pieces together with our coupling arguments to show that the
consistency of Theorem 6.2(ii) holds up until the accumulation time D∞ of degen-
eration times. In Section 6.4, we use this partial result to prove Proposition 5.14,
which states that D∞ is a.s. the time at which the total mass process converges to
0. This completes the proofs of Theorems 5.12 and 6.2(ii). The remaining results
of Theorem 6.2 and Proposition 6.4 are then proved in Section 6.5, thereby com-
pleting the proof of Theorem 1.5. We conclude in Section 6.6 with a definition and
consistency results for partially resampling k-tree evolutions.

6.1. Intermediate process intertwined below a resampling (k+1)-tree

Let k ≥ 1. We define marked k-trees as k-trees with one block of the tree
“marked.” In particular, we are interested in projecting from (k+1)-trees and
marking the block of the resulting k-tree into which label k+1 must be inserted to
recover the (k+1)-tree from the k-tree. See Figure 6.2.
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(A)

(B)

1

3
1

1

Φ1

2

1
3

Φ1

2

⋆

2

3

∗
Λk

Φ2

4

3

3

4

1

2

⋆

Φ2

2

∗
Λk

Figure 6.2. Two marked k-trees (k = 3) based on the same k-
tree, with marked blocks indicated with a “⋆.” In example (A),

the marking is on a leaf block. Then
∗
Λk splits the marked block

into a Brownian reduced 2-tree. In (B), the marking is on an

internal block. Then the kernel
∗
Λk inserts label k+1 into the block.

Definition 6.5. Let k ≥ 1. We define the set of marked k-trees

∗

Tint

k :=
{
(T, ℓ) | T ∈ Tint

k \ {0}, ℓ ∈ block(T )
}
∪ {0}, where

block(T ) := block(T ) ∪
{
(F, a, a) : F ∈ t, a ∈

([
0, ∥βF ∥

]
\
⋃

V ∈βF

V
)}(6.3)

for T = (t, (xj , j ∈ [k]), (βE , E ∈ t)). We view marked k-trees as intermediate
objects between (k+1)-trees and k-trees, via a pair of projection maps. First,

ϕ1 :
∗

Tint

k → Tint
k is the projection ϕ1(T, ℓ) = T . The map ϕ2 : Tint

k+1 →
∗

Tint

k is
illustrated in Figure 6.2 and defined as follows.

(i) If in T ∈ Tint
k+1 we have

←−

{k+1} = {j, k + 1} for some j ∈ [k], then ϕ2(T ) =
(πk(T ), j). This is the case in Figure 6.2(A).

(ii) Otherwise, if E =
←−

{k+1} is not a type-2 edge, then recall part (ii) of Defi-
nition 6.1 of πk(T ), in which the interval partitions marking the parent edge
E and sibling edge F := E \ {k+1} are combined with the top mass xk+1

to form the partition β′F = βF ⋆ (0, xk+1) ⋆ βE marking F in the projected
tree. In this case we define ϕ2(T ) =

(
πk(T ), (F, ∥βF ∥, ∥βF ∥+ xk+1)

)
, where

the marked block is the block in πk(T ) corresponding to the top mass xk+1

in T . This is the case in Figure 6.2(B).

We also define a stochastic kernel from
∗

Tint

k to Tint
k+1. Recall the label insertion

operator, ⊕, of Section 5.3. Let
∗
Λk denote the kernel from

∗

Tint

k to Tint
k+1 that
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associates with each (T, ℓ) ∈
∗

Tint

k the law of T ⊕ (ℓ, k+1, U), where U ∼ Q is a
Brownian reduced 2-tree of unit mass.

We adopt the convention that ϕ2(0) = ϕ1(0) = 0 and
∗
Λk(0, · ) = δ0( · ).

We denote corresponding Markov kernels by Φ1 and Φ2:

Φ1((T, ℓ), · ) = δT ( · ), Φ2(T, · ) = δϕ2(T )( · ).

The term in (6.3) in which we allow a marking ℓ of the form (F, a, a) allows the
description of a (k+1)-tree in which the top mass xk+1 equals 0 and sits in a type-1
compound. The special case a = ∥βF ∥ corresponds to this type-1 compound being
degenerate, with a null interval partition below the zero mass leaf component. We

write
∗
Tint
k := ϕ2(Tint

k+1) and
∗

T̃int
k := ϕ2(T̃int

k+1) for the spaces of marked trees with
respectively no degenerate labels or at most one degenerate label, which could be
label k + 1, as discussed above.

We may think of the resampling kernel Λk+1,[k] of Section 5.3 as representing
a two-step transition in which a block is first selected at random and then, if a

leaf block was chosen, it is split into a scaled Brownian reduced 2-tree. Then
∗
Λk

represents the second step: for (T, ℓ) ∈
∗
Tint
k with ∥ℓ∥ > 0,

(6.4)
∗
Λk ((T, ℓ) , · ) = Λk+1,[k] (T, · | k+1 is inserted into ℓ) ,

In Appendix A.2, we introduce a natural metric d∗T on
∗

Tint

k that possesses the

following properties.

Lemma 6.6. The projection maps ϕ1 :
(⋃

k≥1 Tint
k+1, dT

)
→
(⋃

k≥1

∗

Tint

k , d∗T

)
and

ϕ2 :
(⋃

k≥1

∗

Tint

k , d∗T

)
→
(⋃

k≥1 Tint
k , dT

)
are continuous. The kernel

∗
Λk is weakly

continuous in its first coordinate.

When composing stochastic kernels, we adopt the standard convention that
sequential transitions are ordered from left to right:

(6.5)

∫
PQ(x, dz)f(z) =

∫
P (x, dy)

∫
Q(y, dz)f(z).

We discuss Rogers and Pitman’s [140] notion of intertwining in a continuous-time
regime in Appendix A.1; for now, we note the property in the discrete-time regime.

Definition 6.7. Suppose P is a Markov kernel on a state space (S,S), ϕ : S →
R is a surjective measurable map to (R,R), and Λ: R × S → [0, 1] is a stochastic
kernel. Let Φ: S ×R → [0, 1] denote the kernel Φ(s, · ) = δϕ(s)( · ). Let Q := ΛPΦ.
We say that Q is intertwined below P (via (ϕ,Λ)) if

(I1) ΛΦ is the identity kernel on (R,R) and
(I2) ΛP = QΛ.

Proposition 6.8 (Theorem 2 in [140], discrete-time regime). Let P , ϕ, Λ, and
Q be as in Definition 6.7, with Q intertwined below P via (ϕ,Λ). If (Xn, n ≥ 0) is
a discrete-time Markov process on S with transition kernel P and

(I3) X0 ∼
∫
R
Λ(y, · )µ(dy) for some probability measure µ on R,

then Yn := ϕ(Xn), n ≥ 0, is a discrete-time Markov process on R with Y0 ∼ µ. We
say that this process is intertwined below (Xn, n ≥ 0) via Λ.
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For (T, ℓ) ∈
∗
Tint
k , let

(
T y
k+1, y ≥ 0

)
denote a resampling (k+1)-tree evolution

with initial distribution
∗
Λk((T, ℓ), · ). Let

∗
T y
k = (T y

k , ℓ
y) := ϕ2(T y

k+1), y ≥ 0.

Remark 6.9. In fact,
( ∗
T y
k , y ≥ 0

)
is a (continuous-time) Markov process in-

tertwined below
(
T y
k+1, y ≥ 0

)
, in the sense described in Appendix A.1. However,

as we do not require this full result, we only prove a pair of partial results in this
direction.

Recall from Section 5.2 our language around tree shapes and from Section 5.3
the definition of the swap-and-reduce map, ϱ. When a label i in a resampling or
non-resampling (k+1)-tree evolution degenerates, it swaps places with max{i, a, b},
where a is the least label descended from the sibling of i and b is the least label
descended from its uncle. Since k+1 is the greatest label in the tree, there are three
cases in which it will resample:

(D1) k+1 belongs to a type-2 compound, and either it (in the case k+1 = i) or
its sibling (in the case k+1 = a) causes degeneration;

(D2) k+1 belongs to a type-1 compound and causes degeneration, so k+1 = i; or

(D3) k+1 = b, as leaf k+1 belongs to a type-1 compound and its sibling in the
tree shape is an internal edge that belongs to a type-1 or type-2 compound
that degenerates.

Let D1, D2, . . . denote the sequence of degeneration times of
(
T y
k+1, y ≥ 0

)
,

with D≤k1 , D≤k2 , . . . the subsequence of degeneration times at which a label other
than k + 1 is dropped and resampled.

Proposition 6.10.
( ∗
T Dn

k 1{Dn < D≤k1 }, n ≥ 0
)

is a discrete-time Markov

process intertwined below
(
T Dn

k+11{Dn < D≤k1 }, n ≥ 0
)
via

(
ϕ1,

∗
Λk

)
.

Proof. First note that the upper process is a discrete-time Markov process
by construction. Conditions (I1) and (I3) are satisfied by definition of the relevant
kernels and our setup. By Proposition 6.8 and as discussed in Appendix A.1, it

now suffices to check that for all (T, ℓ) ∈
∗
Tint
k , the r.c.d. of T D1

k+11{D1 < D≤k1 }
is
∗
Λk(

∗
T D1

k 1{D1 < D≤11 }, ·), if T 0
k+1 has distribution

∗
Λk((T, ℓ), ·). For brevity, let

T ◦,yk+1 := T y
k+11{y < D≤k1 } and

∗
T ◦,yk :=

∗
T y
k 1{y < D≤k1 }, y ≥ 0.

Let (T, ℓ) ∈
∗
Tint
k and let T 0

k+1 have distribution
∗
Λk((T, ℓ), ·). The claimed r.c.d.

holds trivially where
∗
T ◦,D1

k = 0 and where
∗
T ◦,Dn

k ∈
∗
Tint
k \ ({0} ∪ (Tint

k × [k])), as in

both cases,
∗
Λk maps the marked k-tree to a point mass at the unique (k+1)-tree

that projects down to it via ϕ2. The latter of those cases is that depicted in Figure

6.2(B). This leaves the only non-trivial case, where
∗
T ◦,D1

k ∈ Tint
k × [k], i.e. when k+1

is the label to resample at D1 and the mark is put into a leaf block i ∈ [k], forming a

type-2 compound, i.e. D1 < D≤k1 and ℓD1 = i ∈ [k]. Hence, when
∗
T ◦,D1

k ∈ Tint
k ×[k],

the claimed r.c.d. follows from (6.4) and the definition of resampling in (5.13). □

Lemma 6.11. Given the event {D≤k1 < D∞} and the path
( ∗
T y
k , y ∈ [0, D≤k1 )

)
,

the tree prior to resampling at this time, T D
≤k
1 −

k+1 , has regular conditional distribution
∗
Λk

( ∗
T D

≤k
1 −

k , ·
)
.
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Proof. First note that P
( ∗
T D

≤k
1 −

k ∈
∗

T̃int
k \

∗
Tint
k

)
= 1 sinceD≤k1 is a degeneration

time. As in the preceding proof, the claimed r.c.d. holds trivially where
∗
T D

≤k
1 −

k ∈
∗

T̃int
k \

( ∗
Tint
k ∪(T̃int

k × [k])
)
. It remains to check the case where

∗
T D

≤k
1 −

k ∈
(
T̃int
k \Tint

k

)
×

[k], in which the marked block at time D≤k1 − is a top mass.

Fix i ∈ [k], n ≥ 0, and consider the event Ei,n :=
{
ℓDn = i,D≤k1 = Dn+1

}
. On

Ei,n, indeed on
{
ℓDn = i,D≤k1 > Dn

}
, labels i and k+1 are in a type-2 compound

Γy
i,k+1 :=

(
my

i ,m
y
k+1, β

y
{i,k+1}

)
, y ∈ [Dn, Dn+1). We denote the associated total

mass and normalized 2-tree by My
i,k+1 :=

∥∥Γy
i,k+1

∥∥ and Γ̄y
i,k+1 := Γy

i,k+1/M
y
i,k+1,

y ∈ [Dn, Dn+1). Recall that
∗
Λk acts on a k-tree with a marked leaf block by splitting

that leaf block into a suitably scaled Brownian reduced 2-tree. Thus, it will suffice

to prove that, given the event Ei,n for any choice of i and n, the tree Γ̄
D
≤k
1 −

i,k+1 is a

Brownian reduced 2-tree and is conditionally independent of
( ∗
T y
k , y ∈

[
0, D≤k1

))
.

Let us first prove the claimed conditional distribution. By Proposition 6.10,
Γ̄Dn

i,k+1 is a Brownian reduced 2-tree independent of My
i,k+1, conditionally given{

ℓDn = i,D≤k1 > Dn

}
. Further conditioning on

{
D≤k1 = Dn+1

}
is conditioning

the type-2 evolution
(
ΓDn+y
i,k+1

)
to not degenerate prior to some other (independent)

type-1 or type-2 compound in
(
T Dn+y
k+1 , y ≥ 0

)
. By the strong pseudo-stationarity

observed in Lemma 4.10(ii), Γ̄
D
≤k
1 −

i,k+1 is again a Brownian reduced 2-tree, condition-
ally given Ei,n.

Now, we show the claimed conditional independence. Lemma 4.10(ii) observes

further that Γ̄
D
≤k
1 −

i,k+1 is conditionally independent of its past total mass process(
MDn+y

i,k+1 , y ∈
[
0, D≤k1 −Dn

))
given Ei,n. By the independence of the constituent

type-0/1/2 compounds that make up the evolving tree in between degenerations,

Γ̄
D
≤k
1 −

i,k+1 is furthermore conditionally independent of
( ∗
T Dn+y
k , y ∈

[
0, D≤k1 − Dn

))
given Ei,n. Finally, if n ≥ 1 then by the iterative construction of resampling

(k+1)-tree evolutions in Definition 5.10, Γ̄
D
≤k
1 −

i,k+1 is conditionally independent of(
T y
k+1, y ∈ [0, Dn)

)
given Ei,n and

∗
T Dn

k . Thus, Γ̄
D
≤k
1 −

i,k+1 is conditionally independent

of
( ∗
T y
k , y ∈

[
Dn, D

≤k
1

))
given Ei,n, as desired. □

6.2. Projections of degenerate trees

In this section we prove three lemmas regarding projection maps applied to de-
generate trees, in further preparation to prove the projective consistency of resam-
pling k-tree evolutions. Recall from Section 5.3 that for a tree with one degenerate

label, T ∈ T̃int
k \Tint

k , I(T ) denotes the degenerate label and J(T ) denotes the label
dropped when applying the swap-and-reduce map: ϱ(T ) ∈ Tint

[k]\{J(T )}.

Lemma 6.12. For a degenerate (k+1)-tree T ∈ T̃int
k+1 \Tint

k+1, if J(T ) ∈ [k], then

πk(T ) is also degenerate: πk(T ) ∈ T̃int
k \ Tint

k with

(6.6) I(T ) = I(πk(T )), J(T ) = J(πk(T )), and πk(ϱ(T )) = ϱ(πk(T )).

Proof. Let T be as in the statement of the lemma. We denote its coordinates
by T = (t, (xi, i ∈ [k]), (βE , E ∈ t)). Let i := I(T ), so xi = 0 =

∥∥β ←
{i}

∥∥. By
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Figure 6.3. Here, Jn denotes J
(
T D≤k

n −
k

)
. Lemma 6.11 asserts

that the conditional law of T D≤k
n −

k+1 (upper left) given
∗
T D≤k

n −
k (left)

is as in the upper left arrow in this diagram. By construction, the

conditional law of T D≤k
n

k (in the lower right) given T D≤k
n −

k+1 (upper
left) is as in the upper path. Lemma 6.12 asserts that the left box
of the diagram commutes; Lemma 6.13 claims that the rest of the
diagram commutes.

Definition 6.1 of πk, this projection merges the masses and partitions on leaf k+1,
its parent, and its sibling. Specifically, if the parent edge is of type 1, the mass of
k+ 1 and the partitions of the parent and sibling edges form a new edge partition,
and if the parent edge is of type 2, the masses of k + 1, the entire parent partition
and the sibling top mass merge to form a new top mass. Neither leaf i nor its
parent edge can be the sibling or parent of k+ 1, as if they were, then J(T ) would
equal k + 1, in violation of our hypothesis. Thus, weight xi and partition β ←

{i}
are

unchanged in this projection. We further remark that each mass or partition in T
either is preserved or is involved in the merger described above, so no additional
compound can become degenerate in πk(T ). Hence, this projected tree has a unique

degenerate label I(πk(T )) = i = I(T ), and πk(T ) ∈ T̃int
k \ Tint

k .
Recall that J(T ) = max{i,min(A),min(B)}, where A and B denote the label

sets on the sibling and uncle of leaf i, respectively. By our hypothesis, neither A
nor B can equal {k + 1}. The projection can only possibly change these label sets
by removing label k+1, which does not affect min(A) or min(B). This proves that
J(πk(T )) = J(T ) =: j.

Finally, the swap-and-reduce map ϱ swaps the places of labels i and j, then
applies the projection map π−j to remove the weightless leaf j and its equally
weightless parent edge. As noted in Definition 6.1, the projection maps π−j and
π−(k+1) commute. Moreover, π−(k+1) clearly commutes with the operation of swap-
ping two lower labels. This proves that πk(ϱ(T )) = ϱ(πk(T )). □

Lemma 6.13. Fix j ∈ [k] and (T, ℓ) ∈
∗

T̃int
k \

∗
Tint
k with J(T ) = j. Let T ′ ∼

∗
Λk((T, ℓ), · ). Then the following two k-trees have the same distribution:

• πk(T
′′), where T ′′ has conditional law Λj,[k+1]\{j}(ϱ(T

′), · ) given T ′, and
• T ′′′ ∼ Λj,[k]\{j}(ϱ(T ), · ).
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When applied to (T, ℓ) =
∗
T D≤k

n −
k , this has the flavor of a Dynkin’s crite-

rion companion to the intertwining-like assertion of Lemma 6.11, claiming that
when a label resamples, the added information in the marked tree, namely the
marked block, does not inform the transition of the projected k-tree evolution

T y
k = πk

(
T y
k+1

)
= ϕ1

( ∗
T y
k

)
. This assertion and its relationship with Lemma 6.11

are described via a commutative diagram of stochastic kernels in Figure 6.3.

Proof. First we observe that, as noted in Definition 6.5 of
∗
Λk, πk(T

′) = T .
Thus, by Lemma 6.12, πk(ϱ(T

′)) = ϱ(T ).
This lemma is trivial in the case ℓ /∈ [k] that the marked block is internal: in

that case, the kernel
∗
Λk acts trivially, mapping (T, ℓ) to a Dirac point mass at the

unique deterministic (k+1)-tree T1 that satisfies ϕ2(T1) = (T, ℓ), as in Figure 6.2(B),
and there is a natural tree-structure- and block-mass-preserving bijection between
the blocks of T and those of T1 = T ′, allowing us to couple Λj,[k+1]\{j}(ϱ(T1), · )
with Λj,[k]\{j}(ϱ(T ), · ) so that the πk-projection of the former equals the latter.

Henceforth, we assume that ℓ = i ∈ [k], so labels i and k+1 are in a type-
2 compound in T ′. Let H denote the event that the kernel Λj,[k+1]\{j} inserts
label j somewhere into this type-2 compound. From the standpoint of the k-tree
T , this is the event that label j is inserted into the marked leaf block labeled i.
Again, the assertion is trivial on the event Hc, as then there is a tree-structure- and
block-mass-preserving bijection between the remaining blocks of the trees, i.e. the
unmarked blocks in T and the blocks outside of the type-2 compound containing
i and k+1 in T ′. Thus it remains only to prove the assertion conditional on the
event H.

This event H has probability xi/∥T∥, where xi is the top mass labeled i in
T . Moreover, H is independent of T ′: it does not depend on the normalized
“internal structure” U of the type-2 compound containing i and k + 1, which is

the only random part of T ′. By definition of
∗
Λk, this type-2 compound in T ′ is

distributed as a Brownian reduced 2-tree scaled to have mass xi. By (5.14) and
the exchangeability of labels in Brownian reduced m-trees noted in Proposition 1.4,
this means that after inserting label j, blocks i, j, and k+1 in T ′′, along with the
partitions marking their parent edges, comprise a Brownian reduced 3-tree of total
mass xi. Thus, the π−(k+1)-projection of this 3-tree is another Brownian reduced
2-tree of mass xi, with leaf labels i and j; i.e. πk(T

′′) is distributed as it would be
under Λj,[k]\{j}(T, ·) conditioned on label j resampling into block i. □

6.3. Consistent resampling k-tree evolutions

This section is devoted to proving the following proposition, that the consis-
tency of Theorem 6.2(ii) holds up until time D∞.

Proposition 6.14. Fix T ∈ Tint
k . If (T y

k+1, y ≥ 0) is a resampling (k+1)-tree

evolution with T 0
k+1 ∼ Λk+1,[k](T, · ), then T y

k := πk
(
T y
k+1

)
, y ≥ 0, evolves as a

resampling k-tree evolution prior to the limit D∞ of degeneration times in
(
T y
k+1

)
.

Since it is not clear at this stage whether D∞ is a stopping time in the natural
filtration of (T y

k ), we will also construct a bigger filtration in which degeneration
times of (T y

k+1), and D∞, are stopping times, while (T y
k ) is still a resampling k-

tree evolution with respect to this bigger filtration. We begin with a series of
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intermediate results starting from killed (k+1)-tree evolutions and successively
extending past degeneration times.

Lemma 6.15. For any initial distribution µ on Tint
k+1, it is possible to define a

pair of coupled processes such that:

•
(
T y
k+1, y ≥ 0

)
is a killed (k+1)-tree evolution with T 0

k+1 ∼ µ;

•
(
T y
k , y ≥ 0

)
is a killed k-tree evolution;

• T y
k = πk

(
T y
k+1

)
for all y less than the degeneration time of

(
T y
k+1

)
; and

•
(
T y
k , y ≥ 0

)
is strongly Markovian in the filtration generated by both pro-

cesses.

Proof. We will prove this for a generic fixed initial state T ′ ∈ Tint
k+1; the ex-

tension to general initial distributions follows by mixing. Let T := πk(T
′). We

denote the coordinates of T by (t, (xi, i ∈ [k]), (βE , E ∈ t)). Let (Ω(0),F(0),P(0))
denote a probability space on which we have defined an independent type-d evolu-
tion corresponding to each type-d compound in T , for d = 0, 1, 2, with the initial
state of each evolution equal to the corresponding compound in T . We denote the
top mass and interval partition evolutions corresponding to each leaf i and each
internal edge E by

(
my

i , y ≥ 0
)
and

(
βy
E , y ≥ 0

)
, respectively. Let D≤k denote the

minimum of the degeneration times of these type-d evolutions. As in Definition 5.7,
T y
k :=

(
t,
(
my

j , j ∈ [k]
)
,
(
βy
E , E ∈ t

))
, y ∈ [0, D≤k), with T y

k := 0 for y ≥ D≤k, is a

killed k-tree evolution. We will extend this to include a construction of a (k+1)-tree
evolution in two cases.

Case 1: Leaf k+1 is in a type-2 compound in T ′, U ′=(x′i, x
′
k+1, β

′
{i,k+1})∈Tint

2 ,

with some sibling leaf i ∈ [k]. We extend our probability space to (Ω(1),F(1),P(1))

to include a process
(
Uy
(1), y ≥ 0

)
so that, given the sub-σ-algebra of F(1) corre-

sponding to F(0), it is conditionally distributed as a type-2 evolution with initial

state U ′, conditioned to have total mass evolution
∥∥Uy

(1)

∥∥ = my
i for 0 ≤ y ≤ inf

{
z ≥

0: mz
i = 0

}
. Such a conditional distribution exists as, by Proposition 2.4, (I, dI)

is Lusin, and type-2 evolutions are càdlàg. If leaf i belongs to a type-1 compound
in T (not in T ′, where it shares a type-2 compound with k+1), then Proposition
5.3(i) indicates that this total mass process

(
my

i , y ≥ 0
)
evolves as a BESQ(−1)

on this time interval. The same holds if i belongs to a type-2 compound in T , by
Definition 3.1 of type-2 evolutions and the symmetry asserted in Lemma 3.6. Thus,
by Proposition 5.1, after integrating out this conditioning,

(
Uy
(1), y ≥ 0

)
is a type-2

evolution. We define ∆1 to be the degeneration time of
(
Uy
(1), y ≥ 0

)
and set

(6.7) D1 := D≤k ∧∆1.

Recall the label insertion operator ⊕ defined in Section 5.3. We define

(6.8) T y
k+1 := T y

k ⊕
(
i, k+1, Uy

(1)/
∥∥∥Uy

(1)

∥∥∥) , y ∈ [0, D1),

with T y
k+1 := 0 for y ≥ D1. Then this is a killed (k+1)-tree evolution with initial

state T ′, in which the type-2 compound containing label k+1 equals
(
Uy
(1), y ≥ 0

)
.

Case 2: Leaf k + 1 belongs to a type-1 compound in T ′. Then, following
Definition 6.1(ii) of πk in this case, leaf k + 1 corresponds to a block (a, b) ∈ βE
along some internal edge partition in T , if we exclude for a moment the subcase
where the leaf mass of k+ 1 vanishes. We consider the case that this internal edge
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E ∈ t belongs to a type-2 compound in T , E = {i, j} for some i, j ∈ [k]; the other
cases can be handled similarly.

For the purpose of the following, we denote the type-2 evolution on this com-
pound by Γy

E :=
(
my

i ,m
y
j , β

y
E

)
, y ≥ 0. Corollary 5.4 notes the existence of a kernel

κ that takes the path of a type-2 compound and a block in the interval partition
component at time zero, and yields the conditional joint law for a type-2 and type-1
evolution, conditioned to concatenate to equal the specified type-2 path, up until a
degeneration time. More specifically, let

(6.9)
(
Γy
(1),
(
my

(1), β
y
(1)

)
, y ∈

[
0, D(1)

))
∼ κ

(((
Γy
E , y ≥ 0

)
, (a, b)

)
, ·
)
.

We recall three properties from Corollary 5.4:

• up until the degeneration time of Γ(1), these two processes concatenate to
equal Γy

E , in the sense of (5.2);
• after mixing over the law of

(
Γy
E , y ≥ 0

)
, these constituent evolutions are

independent; and
• the top mass m0

(1) corresponds to the marked block (a, b) ∈ β0
E .

We extend our probability space to (Ω(1),F(1),P(1)) to include a pair with this
conditional law, as in (6.9), given the sub-σ-algebra of F(1) corresponding to F(0).

We define ay(1) to equal the mass of the interval partition component of Γy
(1)

and we set by(1) := ay(1) +my
(1) for y ∈ [0, D(1)). We take ∆1 to denote the lesser of

the two degeneration times of Γy
(1) and

(
my

(1), β
y
(1)

)
, y ≥ 0, and use that to define

D1 as in (6.7). Then we set

(6.10) T y
k+1 := T y

k ⊕
((
E, ay(1), b

y
(1)

)
, k+1, U

)
, y ∈ [0, D1),

with T y
k+1 := 0 for y ≥ D1, where U is an arbitrary 2-tree, say (1/2, 1/2, ∅),

which, we recall from Section 5.3, is redundant in the label insertion operator when
inserting into an internal block. It is easily checked that this all works, too, when
the mass of k + 1 vanishes in T ′ or at exceptional times, i.e. when my

(1) = 0.

In each case, the constructed process
(
T y
k+1, y ≥ 0

)
is a killed (k+1)-tree

evolution with initial state T ′, satisfying πk
(
T y
k+1

)
= T y

k for y ∈ [0, D1). The

claim that
(
T y
k , y ≥ 0

)
is a strong Markov process in the filtration generated by

itself and
(
T y
k+1, y ≥ 0

)
follows from the Proposition 5.1, which asserts that the

total mass process is strongly Markovian in the filtration generated by a type-2
evolution, and Proposition 5.3, which asserts that a type-0/1/2 evolution is strongly
Markovian in the filtration generated by two constituent evolutions into which it
can be decomposed, as in (6.9). □

Lemma 6.16. We continue in the setting of Lemma 6.15, with D1 denoting the
degeneration time of

(
T y
k+1

)
. On the event

{
J
(
T D1−
k+1

)
= k+1

}
, that label k + 1

would be dropped in the first degeneration, we additionally find

(6.11) ϱ
(
T D1−
k+1

)
= T D1

k a.s..

Proof. Recall the three cases in which we can have J
(
T D1−
k+1

)
= k+1, listed

as (D1), (D2), and (D3) above Proposition 6.10.
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Case (D1): k+1 and another label i are in a type-2 compound that degenerates
at time D1. In this case, (6.11) is clear: on both sides of the formula, this type-2

compound in T D1−
k+1 is reduced to a single leaf mass with leaf label i.

Case (D2): k+1 is in a type-1 compound that degenerates at time D1. Again,
(6.11) clear: this type-1 compound has zero mass, and it is contracted away on
both sides of the formula.

For the last case, we take up the notation in the proof of Lemma 6.15.
Case (D3): k+1 is in a type-1 compound and (one of) its nephew label(s), mean-

ing one of the labels in the process
(
Γy
(1)

)
described in (6.9), causes degeneration

at time D1. We will address the case where the sibling edge E =
←−

{k+1} \ {k+1}
is in a type-2 compound, E = {i, j}, and say label i causes degeneration; the

type-1 case is similar. Then, in T D1−
k+1 , block i and edge {i, j} both have mass

zero; but in ϱ
(
T D1−
k+1

)
, label i displaces label k+1, and the edge that was formerly

←−

{k+1} = {i, j, k+1} gets relabeled as {i, j}, so that the newly labeled block i has

mass mD1

(1) while edge {i, j} bears the partition βD1

(1) . This is consistent with the

second line of the formula in Proposition 5.3(iv), which describes construction of a
type-2 evolution by concatenating a type-2 and a type-1, so we can conclude that(
mD1

(1), β
D1

(1)

)
=
(
mD1

i , βD1

E

)
. Thus, again, (6.11) holds. □

Proposition 6.17. For any initial distribution µ on Tint
k+1, it is possible to

define a pair of coupled processes such that:

•
(
T y
k+1, y ≥ 0

)
is a resampling (k+1)-tree evolution with T 0

k+1 ∼ µ;

•
(
T y
k , y ≥ 0

)
is a killed k-tree evolution;

• T y
k = πk

(
T y
k+1

)
for all y ∈ [0, D≤k ∧ D∞), where D≤k is the degeneration

time of
(
T y
k , y ≥ 0

)
, while D∞ is the accumulation point of the degeneration

times of
(
T y
k+1, y ≥ 0

)
; and

•
(
T y
k , y ≥ 0

)
is strongly Markovian in the filtration generated by both pro-

cesses.

Proof. We begin with the coupled killed evolutions of the previous two lem-
mas, defined on a probability space (Ω(1),F(1),P(1)). We will extend this construc-
tion recursively, one degeneration at a time, to obtain a resampling (k+1)-tree
evolution with the claimed properties.

Suppose that for some n ≥ 1 we have defined
(
T y
k+1, y ∈ [0, Dn)

)
on some ex-

tension (Ω(n),F(n),P(n)) of (Ω(1),F(1),P(1)) so that this is distributed as a resam-

pling (k+1)-tree evolution stopped at its nth degeneration time. Suppose also that
T y
k := πk

(
T y
k+1

)
for y ∈ [0, Dn ∧D≤k) and that, on the event An := {Dn < D≤k}

in which k+1 is the label dropped in each of the first n degenerations, we get
ϱ
(
T Dn−
k+1

)
= T Dn

k a.s., as in (6.11).
We further extend our probability space to (Ω(n+1),F(n+1),P(n+1)) to include

additional random objects with the following conditional distributions given the
sub-σ-algebra of F(n+1) that corresponds to F(n).

• On Ac
n, we require a process

(
T (n),y
k+1 , y ≥ 0

)
conditionally distributed as a

killed (k+1)-tree evolution with initial law Λk+1,[k]

(
ϱ
(
T Dn−
k+1

)
, ·
)
. On An we

instead define this to be the constant process at 0.
• On An, we require a random block Ln conditionally distributed as a size-
biased pick from block

(
T Dn

k

)
. On Ac

n we set Ln = 0.
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• On An,1 := {Ln ∈ [k]} ⊆ An, we require a process
(
Uy
(n+1), y ≥ 0

)
that

is conditionally distributed as a pseudo-stationary type-2 evolution, as in

Proposition 5.5, conditioned to have total mass process
∥∥Uy

(n+1)∥ = mDn+y
Ln

,

y ≥ 0. On Ac
n,1 we define this to be the constant process at 0.

• On An,2 := An \An,1, with Ln = (E, a, b) ∈ block
(
T Dn

k

)
\ [k], we require a

pair of processes with conditional law

(6.12)
(
Γy
(n+1),

(
my

(n+1), β
y
(n+1)

)
, y∈ [0, D̃)

)
∼ κ

(((
ΓDn+y
E , y≥0

)
, (a, b)

)
, ·
)
,

where
(
Γy
E , y ≥ 0

)
denotes the evolution on the type-0/1/2 compound in(

T y
k

)
containing edge E, and κ denotes the kernel described in Corollary

5.4, allowing us to decompose this type-0/1/2 evolution into a type-0/1/2
evolution

(
Γy
(n+1)

)
concatenated with a type-1 evolution

(
my

(n+1), β
y
(n+1)

)
up

until the degeneration time D̃ of
(
Γy
(n+1)

)
. On Ac

n,2 we define these to be

constant 0 processes.

On each of these events, we define ∆n+1 to be a different degeneration time. On

Ac
n, it equals the degeneration time of

(
T (n),y
k+1

)
; on An,1, it is the minimum of

D≤k −Dn and the degeneration time of
(
Uy
(n+1)

)
; and on An,2, it is the minimum

of D≤k −Dn, the degeneration time D̃ of
(
Γy
(n+1)

)
, and that of

(
my

(n+1), β
y
(n+1)

)
.

We define Dn+1 := Dn +∆n+1; thus, on the event An that no lower label has
degenerated prior to Dn, we get Dn+1 ≤ D≤k.

On Ac
n we define T y

k+1 := T (n),y−Dn

k+1 for y ∈ [Dn, Dn+1). On An,1, we define(
T y
k+1, y ∈ [Dn, Dn+1)

)
as in (6.8), in Case 1 in the proof of Lemma 6.15, inserting

the type-2 evolution Uy
(n+1) in place of the individual evolving mass on leaf Ln. On

An,2, we define this process as in (6.10), in Case 2 in that proof.

By construction and by definition of the resampling kernel in (5.13), T Dn

k+1

has conditional law Λk+1,[k]

(
ϱ
(
T Dn−
k+1

)
, ·
)
given

(
T y
k+1, y ∈ [0, Dn)

)
. Hence, at this

degeneration time,
(
T y
k+1

)
behaves like a resampling (k+1)-tree evolution. Moreover,

by the argument in the proof of Lemma 6.15,
(
T Dn+y
k+1 , y ∈ [0,∆n+1)

)
is distributed

as a killed (k+1)-tree evolution. Putting these pieces together,
(
T y
k+1, y ∈ [0, Dn+1)

)
is a resampling (k+1)-tree evolution stopped at its (n+1)st degeneration time, and
T y
k = πk

(
T y
k+1

)
for y ∈ [0, Dn+1 ∧D≤k). By the same arguments as in the proof of

Lemma 6.16, equation (6.11) holds at time Dn+1 on the event An+1 that label k+1
resamples an (n+1)st time before the first time that a lower label would resample.

By the Ionescu Tulcea theorem [96, Theorem 6.17], there is a probability
space (Ω∞,F∞,P∞) on which we can define a resampling (k+1)-tree evolution(
T y
k+1, y ≥ 0

)
, with πk

(
T y
k+1

)
= T y

k for y ∈ [0, D∞) and T 0
k+1 ∼ µ. As in the proof

of Lemma 6.15, the claim that
(
T y
k , y ∈ [0, D≤k)

)
is strongly Markovian in the fil-

tration generated by itself and
(
T y
k+1, y ≥ 0

)
follows from the assertions concerning

filtrations at the ends of Propositions 5.1 and 5.3. □

Proof of Proposition 6.14. As in the statement of the proposition, let
(T y

k+1, y ≥ 0) denote a resampling (k+1)-tree evolution with T 0
k+1 ∼ Λk+1,[k](T, · ),

and let T y
k := πk

(
T y
k+1

)
, y ≥ 0. Let

(
D≤kn , n ≥ 1

)
denote the sub-sequence of degen-

eration times for
(
T y
k+1

)
at which a label in [k] drops and resamples. By Proposition

6.17, T y
k evolves as a resampling k-tree evolution for y ∈

[
0, D∞∧D≤k1

)
. By Lemma
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6.12, given
{
D≤k1 < D∞

}
, T D

≤k
1 −

k is degenerate with J
(
T D

≤k
1 −

k

)
= J

(
T D

≤k
1 −

k+1

)
=:

J1.
For the purpose of the following, let R and Πk denote the trivial stochastic

kernels associated with ϱ and πk, i.e. R(T, · ) = δϱ(T )( · ) and Πk(T, · ) = δπk(T )( · ).
Recall from Definition 6.5 that ϕ1 and Φ1 are the map and associated stochastic
kernel projecting a marked k-tree (T, ℓ) to an (unmarked) k-tree T . As in (6.5), we
follow the standard convention of reading compositions of stochastic kernels from
left to right.

Now recall Lemma 6.11 and the definition of resampling: given the marked

k-tree process (
∗
T y
k , y ∈ [0, D≤k1 )) and the event

{
D≤k1 < D∞

}
, the projected tree

after resampling, T D
≤k
1

k , has conditional law

∗
ΛkRΛJ1,[k+1]\{J1}Πk

( ∗
T D

≤k
1 −

k , ·
)
= ΛJ1,[k]\{J1}

(
ϱ
(
T D

≤k
1 −

k

)
, ·
)
,

where the second expression follows from Lemma 6.13. See the commutative dia-
gram in Figure 6.3. Thus, at this degeneration time, the projected tree behaves the
same as in Definition 5.10 of resampling k-tree evolutions. We conclude by induc-
tion and the strong Markov property of

(
T y
k+1, y ≥ 0

)
applied at the degeneration

times D≤kn , n ≥ 1. □

6.4. Accumulation of degeneration times as mass hits zero

In this section we finally prove Proposition 5.14, which allows us to complete the
proofs of Theorem 5.12 and Theorem 6.2(ii). Recall, Proposition 5.14 states that
D∞ := supnDn equals inf{y ≥ 0: ∥T y−∥ = 0} for a resampling k-tree evolution
(T y, y ≥ 0) with degeneration times (Dn, n ≥ 1).

Lemma 6.18. Fix k ≥ 3 and ϵ > 0. Let T ∈ Tint
k−1 with ∥T∥ > ϵ and let

(T y, y≥0) be a resampling k-tree evolution with T 0∼Λk,[k−1](T, · ). Let (D∗n, n≥1)
denote the subsequence of degeneration times at which label k is dropped and re-
samples. Assume that with probability one we get D∞ > D∗2. Then there is some
δ = δ(k, ϵ) > 0 that does not depend on T such that P(D∗2 > δ) > δ.

We prove this lemma in Appendix A.3.

Proof of Proposition 5.14 using Lemma 6.18. By Proposition 5.13, the
total mass ∥T y∥ of a resampling k-tree evolution evolves as a BESQ(−1) stopped at
a random stopping time D∞. Since a BESQ(−1) a.s. hits zero in finite time, if there
were no infinite accumulation of degenerations prior to the total mass hitting 0,
then there would be multiple degenerations simultaneously at that time. But this
is impossible, by the independence of the type-i evolutions in the compounds of the
k-tree in Definition 5.7 and the continuity of the distributions of their degeneration
times, cf. Lemma 2.9. Hence, D∞ <∞ a.s. In fact, Lemma 2.9 entails E[D∞] <∞.

We will prove the proposition by showing that for every ϵ ∈ (0, ∥T 0∥) we get
Hϵ := inf{y ≥ 0: 0 < ∥T y∥ ≤ ϵ} < D∞ a.s., or equivalently, Hϵ < ∞, as the
resampling k-tree evolution is defined to jump to 0 at time D∞. This would imply
that these times Hϵ have a limit in [0, D∞] at which time ∥T y∥ converges to zero,
by the continuity of the total mass process noted in Proposition 5.13. Thus, D∞
would be sandwiched between the supremum of the sequence ofH1/n stopping times
and the time when total mass hits 0, so all three would have to be equal, thereby
completing the proof.
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Fix ϵ > 0. We will proceed by induction on the number k of leaves in our
k-tree evolutions, beginning with k = 2. Consider a (self-similar) resampling 2-tree
evolution starting from any unit-mass 2-tree. After its first degeneration, when label
2 resamples, it takes a new state according to a pseudo-stationary distribution, as
described in Proposition 5.15. There is some δ > 0 such that a pseudo-stationary
(self-similar) 2-tree evolution with initial mass ϵ will not degenerate prior to time δ
with probability at least δ. By the self-similarity noted in Theorem 5.11, the same
holds for any larger initial mass with the same δ. This proves that

(6.13) P
(
D∗n+2 −D∗n > δ

∣∣ Hϵ > D∗n
)
> δ for all n ≥ 1,

where (D∗n, n ≥ 1) is the sequence of times at which the highest label, in this
case label 2, is dropped in degeneration. In this base case, this is a meaningless
distinction, as label 2 is always dropped in degeneration, and the “Dn+2” in the
formula could be replaced by “Dn+1,” but we are preparing to appeal to this display
again in the inductive step. By linearity of expectation, (6.13) implies

(6.14) ∞ > E[D∞] >
∑
n≥1

δ2P{Hϵ > D∗2n}.

It follows by the Borel–Cantelli Lemma that Hϵ < D∞ a.s., as desired.
Now, suppose for induction that the proposition holds for k-tree evolutions

and consider a resampling (k+1)-tree evolution (T y, y ≥ 0). By Proposition 6.14,
(πk(T y), y ≥ 0) is a resampling k-tree evolution up to the accumulation time D∞
of degenerations of the (k+1)-tree evolution. The degeneration times of (πk(T y))
are the times at which a label less than or equal to k is dropped and resamples
in (T y). By the inductive hypothesis, these degeneration times do not have an
accumulation point prior to the extinction time of the BESQ(−1) total mass. Thus,
D∞ must equal the accumulation point of degeneration times (D∗n, n ≥ 1) at which
label k+1 resamples. After D∗1 , label k+1 resamples, so that by the strong Markov
property, (T D∗1+y, y ≥ 0) satisfies the hypotheses of Lemma 6.18. That lemma now
implies (6.13), which in turn implies (6.14), which again proves the proposition in
this case, by the Borel–Cantelli Lemma. By induction, this completes the proof. □

We can now complete the proofs of the two other theorems mentioned at the
beginning of this section.

Proof of Theorem 5.12. By Proposition 5.13, the total mass process of a
resampling k-tree evolution is BESQ(−1) up until time D∞. By Proposition 5.14,
at this time the total mass approaches 0 continuously, as desired. □

Proof of Theorem 6.2(ii). By Proposition 6.14 and induction on the dif-
ference k − j, the desired projective consistency between resampling k- and j-tree
evolutions, for k > j ≥ 2, holds up until the accumulation time D∞ of degener-
ations in the k-tree evolution. By Theorem 5.12, D∞ is the time at which both
processes are continuously absorbed at total mass 0. □

6.5. Proofs of remaining consistency results, including Theorem 1.5

Proof of Theorem 6.2(i). It suffices to prove projective consistency between
non-resampling (k+1)- and k-tree evolutions, as we can extend to general projec-
tions from k- to j-tree evolutions for k > j ≥ 2 by induction on the difference
k − j.



106 6. PROJECTIVE CONSISTENCY OF k-TREE EVOLUTIONS

By Lemma 6.15, we can define a coupled pair
(
T y
k+1, y ≥ 0

)
and

(
T y
k , y ≥ 0

)
of a killed (k+1)- and k-tree evolution, respectively, that satisfy T y

k = πk
(
T y
k+1

)
for y ∈ [0, D1), where D1 is the degeneration time of

(
T y
k+1

)
. In fact, because these

are killed evolutions, and therefore do not invoke the swap-and-reduce map, this
lemma is not sensitive to the particular choice of labels; we can do the same for any
two finite label sets A and B of cardinality at least 2 that differ by the addition of
one label.

As in the proof of Proposition 6.17, we extend our construction inductively past
degeneration times. If label k+1 degenerates in

(
T y
k+1

)
at time Dn, then by Lemma

6.16, T Dn

k+1 := ϱ
(
T Dn−
k+1

)
= T Dn

k . Thereafter, the two processes can be defined to

be equal. Otherwise, if a lower label degenerates in
(
T y
k+1

)
at time Dn, then by

Lemma 6.12, the same label degenerates in
(
T y
k

)
at that time, and

πk
(
T Dn

k+1

)
= πk

(
ϱ
(
T Dn−
k+1

))
= ϱ
(
T Dn−
k

)
= T Dn

k .

Then, by Lemma 6.15, we can extend our coupled construction until the next
degeneration time.

The end result of this construction is a non-resampling (k+1)-tree evolution cou-
pled to a non-resampling k-tree evolution so that the latter equals the πk-projection
of the former at all times, as desired. □

Proof of Theorem 6.2(iii). Fix 1 ≤ j < k. Suppose Tk := (T y
k , y ≥ 0) is

a resampling k-tree evolution with initial distribution as in (6.2), so that Tj =
(T y

j , y ≥ 0) := (πj(T y
k ), y ≥ 0) is a resampling j-tree evolution. Then because these

evolutions have the same total mass process, they require the same time change for
de-Poissonization: (ρTk

(u), u≥0) = (ρTj
(u), u≥0). Thus, the associated unit-mass

processes of Definition 5.19 are also projectively consistent. The same argument
holds in the non-resampling case. □

Proof of Proposition 6.4. Suppose
(
T y
k,+, y ≥ 0

)
is a resampling k-tree

evolution. Let (Dn, n ≥ 1) denote its sequence of degeneration times, and set
D0 := 0. We see, for example from Theorem 6.2(ii), that in between degenerations
of Tk,+, any projection of this process with permuted labels will evolve as a killed
k-tree evolution. Thus, to prove that we can get a non-resampling evolution from a
projection and permutation, as described in the proposition, it suffices to describe a
suitable sequence of projections and permutations that change at the degenerations
of Tk,+.

Recall that we consider each edge in a tree shape to be labeled by the set of all
labels of leaves in the subtree above that edge. Recall our terminology around tree
shapes and the definition of ϱ in Sections 5.2 and 5.3, respectively: when a label
in := I

(
T Dn−
k,+

)
causes degeneration, it swaps places with label jn := J

(
T Dn−
k,+

)
=

max{in, an, bn}, where an and bn are respectively the least labels on the sibling

and uncle of leaf edge {in} in the tree shape of T Dn−
k,+ , with the convention that

bn = 0 in the special case that the parent of {in} is the root edge,
←

{in} = [k]. In
the resampling evolution, label jn is resampled.

We extend this notation. Let E
(a)
n and E

(b)
n denote the sets of labels on the

sibling and uncle of edge {in}, with the convention E
(b)
n = ∅ when

←

{in} = [k].

Then an = min
(
E

(a)
n

)
and bn = min

(
E

(b)
n ∪ {0}

)
. Let τn denote the transposition

permutation that swaps in with jn.
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Set A0 := B0 := [k] and let σ0 denote the identity map on [k]. Now suppose for
a recursive construction that we have defined (An−1, Bn−1, σn−1). For 1 ≤ j < n,
Dj−1 ≤ y < Dj , let T y

k,− := σj ◦ πAj

(
T y
k,+

)
. We consider six cases.

Case 1: in /∈ An−1 and jn /∈ An−1. In this case, the degeneration, swap-and-

reduce map, and resampling in T Dn

k are invisible under σn−1 ◦ πAn−1 , since the
projection erases both labels involved. We set (An, Bn, σn) := (An−1, Bn−1, σn−1).

Case 2: in /∈ An−1 and jn ∈ An−1. In this case, the label in that has caused
degeneration is invisible under πAn−1

, so there is no degeneration in the projected
process, but in displaces a label that is visible. To maintain continuity in the
projected process at this time, in takes the place of jn in such a way that σn(in) =
σn−1(jn). In particular, An := (An−1 \ {jn}) ∪ {in}, Bn := Bn−1, and σn :=
σn−1 ◦ τn|An

.

In each of the remaining cases, in ∈ An−1. Let ı̃n := σn−1(in).

Case 3: in ∈ An−1 and both E
(a)
n and E

(b)
n intersect An−1 non-trivially. In this

case, the degeneration caused by in in Tk,+ corresponds to a degeneration caused
by ı̃n in Tk,−.

Let ãn := min
(
σn−1

(
E

(a)
n ∩ An−1

))
and b̃n := min

(
σn−1

(
E

(b)
n ∩ An−1

))
. Let

ȷ̃n := max{̃ın, ãn, b̃n} and let τ̃n denote the transposition permutation that swaps
ı̃n with ȷ̃n. If jn ∈ An−1, then we set An := An−1 \ {jn}; otherwise, we set An :=
An−1\{in}. In either case, we define Bn := Bn−1\{̃ȷn} and σn := τ̃n◦σn−1◦τn|An

.

Case 4: in ∈ An−1 and E
(a)
n intersects An−1 non-trivially, while

←

{in} = [k]

(recall that when
←

{in} = [k], there is no uncle to edge {in}, so by convention,

E
(b)
n = ∅ and bn = 0).

As in Case 3, the degeneration caused by in in Tk,+ corresponds to a degener-
ation caused by ı̃n in Tk,−, but in this case, both degenerations occur at the root
of the respective trees. We define (An, Bn, σn) as in the previous case, but with

b̃n := 0.

Case 5: in ∈ An−1 and E
(a)
n is disjoint from An−1. Then leaf block in and the

subtree that contains label set E
(a)
n in T y

k,+ project down to a single leaf block,

σn−1(in), in T y
k,− as y approaches Dn. By leaving open the possibility that E

(b)
n

may be disjoint from An−1 as well, we include in this case the possibility that

the subtree of T y
k,+ with label set E

(b)
n projects to this same leaf block as well.

Regardless, this degeneration is “invisible” in Tk,−. In order to keep label ı̃n in

place in the projected process, if label in resamples or swaps with a label in E
(b)
n ,

then we choose a label in E
(a)
n to map to ı̃n under σn.

Case 5.1: jn = an. Then we define (An, Bn, σn) := (An−1, Bn−1, σn−1).
Case 5.2: jn = in or jn = bn. Then let τ̂n denote the transposition that swaps in

with an. If jn ∈ An−1, as is always the case when jn = in, then we set An := (An−1\
{jn})∪ {an}. Otherwise, if jn /∈ An−1, then we set An := (An−1 \ {in})∪ {an}. In
either case, we define Bn := Bn−1 and σn := σn−1 ◦ τ̂n ◦ τn|An .

Case 6: in ∈ An−1 while E
(a)
n intersects An−1 non-trivially,

←

{in} ≠ [k], and

E
(b)
n is disjoint from An−1. This degeneration time in T y

k,+ corresponds to a time

at which the leaf block ı̃n in T y
k,− has mass approaching zero (more precisely, it is
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a.s. an accumulation point of prior times at which this mass equals zero) while the

interval partition on its parent edge has a leftmost block. The subtree of T Dn−
k,+ that

contains the leaf labels E
(b)
n maps to a single internal block, the aforementioned

leftmost block, in T Dn−
k,− . Therefore, we define σn in such a way that some label in

E
(b)
n gets mapped to ı̃n, so that the label ı̃n “moves into” the leftmost block in the

projected process, as in a type-1 or type-2 evolution; see Proposition 5.2. In fact,
we can accomplish this with the same definitions of (An, Bn, σn) as in Cases 5.1
and 5.2, but with roles of an and bn reversed.

It follows from the consistency result of Theorem 6.2(i) that for each n, the
projected process evolves as a stopped non-resampling k-tree evolution (or Bn-tree

evolution) during the interval [Dn, Dn+1). By our construction, we have T Dn

k,− =

ϱ
(
T Dn−
k,−

)
in Case 3, as in Definition 5.9 of non-resampling evolutions. In the other

cases, it follows from the arguments in the proof of Lemma 6.16 that each type-0/1/2

compound in T Dn

k,− attains the value required by the type-0/1/2 evolution in that

compound, given its left limit in T Dn−
k,− . Thus,

(
T y
k,−, y ≥ 0

)
is a non-resampling

k-tree evolution. □

Finally, we have the ingredients needed to prove one of the main theorems of
this memoir.

Proof of Theorem 1.5. Resampling unit-mass k-tree evolutions satisfy all
of the properties claimed in Theorem 1.5.

(i) These are k-tree-valued processes, by definition.
(ii) They possess the required projective consistency, by Theorem 6.2(iii).
(iii) By Theorem 5.20, they are stationary with the laws of Brownian reduced

k-trees, k ≥ 2.
(iv) By Corollary 5.21, they project to mixed-parameter Wright–Fisher diffu-

sions, as claimed. □

6.6. Consistent partially resampling k-tree evolutions

Theorem 1.5, which has now been proved, allows the construction of a rooted,
weighted R-tree-valued process, as described above that theorem statement. In
order to prove the main properties of that process, as listed in Theorem 1.6, we
require one more family of k-tree-valued processes. Recall that, for a degenerate

tree T ∈ T̃int
k \ Tint

k , J(T ) denotes the label that would be dropped by the swap-
and-reduce map, ϱ(T ) ∈ Tint

[k]\{J(T )}. Here, we define m-tree evolutions in which low

labels (up to some threshold k ≤ m) do not resample when dropped in degeneration,
but high labels do.

Definition 6.19 (Partially resampling m-tree evolution). Fix m ≥ k ≥ 1 and
some T 0

(1) = T ∈ Tint
m . Let A1 := [m]. Inductively for n ≥ 1, let (T y

(n), y ∈ [0,∆n))

denote a killed An-tree evolution from initial state T 0
(n), run until its degeneration

time ∆n, conditionally independent of (T(j), j < n) given its initial state. Let

Jn := J
(
T ∆n−
(n)

)
. We define T 0

(n+1) to equal ϱ
(
T ∆n−
(n)

)
on the event {Jn ∈ [k]}, and

on the event {Jn > k} to have conditional distribution ΛJn,An\{Jn}
(
ϱ(T ∆n−

(n) ), ·
)

given (T(j), j ≤ n). In other words, labels in [k] do not resample, but higher labels
do.
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We set D0 = 0 and define Dn =
∑n

j=1 ∆j , n ≥ 1. For y ∈ [Dn−1, Dn) we

define T y = T y−Dn−1

(n) . For y ≥ D∞ := supn≥0Dn we set T y = 0 ∈ Tint
∅ . Then

(T y, y ≥ 0) is an (m+, k−)-partially resampling (self-similar) m-tree evolution with
initial state T .

Proposition 6.20. Fix k ≥ 1, and let
(
T 0
m+,k−, m ≥ k

)
be a consistent family

of Brownian reduced m-trees. Then, starting from this initial family, there are
consistent (m+, k−)-partially resampling m-tree evolutions (T y

m+,k−, y ≥ 0), m ≥
k.

Fix y ≥ 0 and denote by Ay the label set of T y
k+,k−. Conditionally given Ay,

the tree T y
m+,k− is a scaled Brownian reduced (m − k + #Ay)-tree with label set

([m] \ [k]) ∪Ay.

Proof. Let R0 = 0 and A0 = [k]. Suppose that, for some j ≥ 0, we have
constructed the consistent family up to a resampling time Rj , with remaining label
set Aj ⊆ [k] of size k− j. By Corollary 6.3(ii) and straightforward relabeling, there
exists a consistent family of resampling (m−k+#Aj)-tree evolutions starting from

T Rj

m+,k−, m ≥ k, which we consider up to but excluding the first time ∆j that a

label in Aj first resamples. We define T Rj+z
m+,k− to be this process for 0 < z < ∆j ,

and we define Rj+1 := Rj +∆j .
In the case j = k−1, we recall that label 1 is never dropped (see e.g. Proposition

5.17). Therefore, we have Aj = {1} and Rj+1 = ∞, and the construction of
((T y

m+,k−, y ≥ 0), m ≥ k) is complete.

If j < k − 1, then Rj+1 <∞. In this case, we define Aj+1 := Aj \ {Jj}, where
Jj := J

(
T Rj+1−
k+,k−

)
. By Lemma 6.12, the family T Rj+1

m+,k− := ϱ
(
T Rj+1−
m+,k−

)
, m ≥ k, is

again projectively consistent; and by Proposition 5.17, these are Brownian reduced
(m− k+#Aj+1)-trees labeled by ([m] \ [k])∪Aj+1. Hence, the induction proceeds
and completes the construction.

Now let Ay = Aj−1 for Rj−1 ≤ y < Rj , j ∈ [k]. The claimed time-y marginal
distributions follow from the aforementioned distributions at the stopping times
R0, . . . , Rk−1, Proposition 5.16, and straightforward relabeling. □

Proposition 6.21. Let (T y
m, y ≥ 0), m ≥ 1, be a consistent system of re-

sampling m-tree evolutions starting from Brownian reduced m-trees. For each pair
m ≥ k ≥ 1, there exists a process ((Am,k

y , Bk
y , σ

m,k
y ), y ≥ 0) that is constant between

degeneration times of (T y
m, y ≥ 0), such that σm,k

y is a bijection between Am,k
y ⊂ [m]

and Bk
y∪([m]\[k]) with Bk

y ⊆ [k], and such that T y
m+,k− := σm,k

y ◦πAm,k
y

(T y
m), y ≥ 0,

is an (m+, k−)-partially resampling m-tree evolution. Furthermore, for any k ≥ 1,
these processes can be chosen to be projectively consistent in m, m ≥ k.

Proof. The proof of Proposition 6.4 can be adapted, as follows. The construc-
tion of the bijections is the same, except that in Cases 3 and 4, we reduce the sizes
of An and Bn only when ȷ̃n ≤ k and set An := An−1 and Bn := Bn−1 otherwise,
extending σn := τ̃n ◦σn−1 ◦ τn to hold on the larger An = An−1. This achieves that
the resampling of the higher label for the partially resampling evolution follows the
corresponding resampling in the fully resampling evolution. □





CHAPTER 7

The Aldous diffusion as a projective limit of k-tree
evolutions

In this chapter, we construct a continuum-tree-valued Markov process and iden-
tify it as the process conjectured by Aldous. Specifically, we consider the consistent
system of stationary unit-mass k-tree evolutions starting from Brownian reduced
k-trees, k ≥ 1, of Theorem 1.5 as established in Chapter 6. We reverse the construc-
tion of Brownian reduced k-trees from a Brownian CRT and study the map S that
associates with suitable consistent families of k-trees an associated (GHP-isometry
class of a) rooted, weighted R-tree, and we prove

1. The map S projects the consistent family of stationary unit-mass k-tree
evolutions, k ≥ 1, to a stationary continuum-tree-valued Markov process,
which possesses a continuous modification. The stationary distribution is
the distribution of the Brownian CRT. Cf. Theorem 1.6.

As explained in the introduction, this process solves a conjecture that David Aldous
formulated in the late 1990s. Specifically, Aldous [18] studied a Markov chain
on unrooted binary trees with n labelled leaves, where each transition consists of
removing and reinserting a leaf uniformly at random. Our process relates to the
rooted variant of this Markov chain, where the root is an additional degree-1 vertex.
These Markov chains have uniform stationary distributions. Aldous [6] showed
that suitable representations of uniform binary n-tree shapes have as their n→ ∞
scaling limit the Brownian CRT. Aldous [12, 13] observed that there are induced
three-mass (or (2k − 1)-mass) Markov chains that record subtree sizes around one
(or k−1) branch points, and that these Markov chains, scaled and suitably sped up
to make n2 steps per unit time, appear to converge to Wright–Fisher-like diffusions.
He conjectured that “these diffusions are recording certain aspects of an underlying
diffusion on continuum trees.” We show the following, hence identifying the process
in 1. as this conjectured process, which we call the Aldous diffusion.

2. For each k ≥ 2 and a sample of k leaves of the initial tree of the (station-
ary) continuum-tree-valued process of Claim 1, consider the reduced subtree
spanned by these k leaves and the root, as time evolves. Remove from the
continuum trees the k − 1 branch points of this reduced subtree and record
the 2k−1 masses of the connected components. Then the process of Claim 1
induces an evolution of the 2k−1 component masses, stopped when one mass
vanishes. This stopped process is a Wright–Fisher diffusion with parameter
1
2 for each of the k − 1 components between two branch points (or a branch

point and the root) and parameter − 1
2 for each of the other k components.

In Chapter 8, we use this construction to study the resulting Aldous diffusion.

111
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The structure of this chapter is as follows. In Section 7.1, we recall from the
literature the Gromov–Hausdorff–Prokhorov space of weighted R-trees and study R-
tree projections of k-trees and their k → ∞ limits associated with consistent families
of k-trees hence formalising the map S of Claim 1. In Section 7.2 we use S to define
the process that will be our Aldous diffusion, establish the Markov property and
discuss why the strong Markov property fails, in general. In Section 7.3 we derive
general bounds in terms of the interval partition metric dI bounding the Gromov–
Hausdorff and Gromov–Hausdorff–Prokhorov distances between the (weighted) R-
trees associated with k-trees. In Section 7.4 we enhance subtree decompositions of
the Brownian CRT from [36, 47, 88, 130]. In Section 7.5, we establish a path-
continuous modification of our continuum-tree-valued process. In Section 7.6 we
pull the threads together and hence establish Claims 1 and 2 and thereby identify
our process as the Aldous diffusion. In Section 7.7 we revisit our arguments and
establish general Markovianity and continuity theorems under assumptions that
require the construction of a suitable consistent system of k-tree evolutions, and we
give some context as to where these general results may apply.

7.1. Introduction to weighted R-trees and k-tree projections

The aim of this section is to give a formal definition of the map S that associates
with suitable consistent families of k-trees a weighted R-tree. We formalize the
discussion of R-trees from the introduction, following [1, 84, 121]. To this end,
first recall the Hausdorff distance dHM on the set KM of compact subsets and the
Prokhorov distance dPM on the set MM of finite Borel measures in a complete and
separable metric space (M,dM ). Specifically, for x ∈ M and C ∈ KM , denote
by dM (x,C) = min{dM (x, y) : y ∈ C} the closest distance from x to C and by
Cε = {x ∈ M : dM (x,C) ≤ ε} the ε-thickening of C. Then for all C,C ′ ∈ KM and
λ, λ′ ∈ MM ,

dHM (C,C ′) := inf
{
ε>0: C ⊆ (C ′)ε and C ′ ⊆ Cε

}
dPM (λ, λ′) := inf

{
ε>0: λ(C) ≤ λ′(Cε)+ε and λ′(C) ≤ λ(Cε)+ε for all C ∈ KM

}
.

Definition 7.1. An R-tree (real tree) is a complete, separable metric space
(T, d) with the property that: (i) for each x, y ∈ T , there is a unique non-self-
intersecting path in T from x to y [[x, y]]T , and (ii) each such path [[x, y]]T is isometric
to a real interval [0, d(x, y)]. We will only consider compact R-trees.

A rooted, weighted R-tree is a quadruple (T, d, ρ, µ), where (T, d) is an R-tree,
ρ ∈ T is a distinguished vertex called the root, and µ is a finite measure on the
σ-algebra of Borel sets of (T, d).

The (rooted) Gromov–Hausdorff–Prokhorov distance dGHP(T,T
′) between two

rooted, weighted R-trees T = (T, d, ρ, µ) and T′ = (T ′, d′, ρ′, µ′) is defined as

dGHP(T,T
′) := inf

ϕ,ϕ′
max

{
dHM (ϕ(T ), ϕ′(T ′)), dM (ϕ(ρ), ϕ′(ρ′)), dPM (ϕ∗µ, ϕ

′
∗µ
′)
}
,

where the infimum is taken over all metric spaces (M,dM ) and all injective isome-
tries ϕ : (T, d) → (M,dM ) and ϕ′ : (T ′, d′) → (M,dM ). We say that T and T′

are GHP-isometric if there is a bijective isometry ι : (T, d) → (T ′, d′) such that
ι(ρ) = ρ′ and ι∗µ = µ′. We denote by Treal the set of GHP-isometry classes of
rooted, weighted, compact R-trees.
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Proposition 7.2 (Theorem 2.5 of [1]). The distance dGHP(T,T
′) only depends

on the GHP-isometry classes of T and T′, and induces a metric on Treal, also
denoted by dGHP. Furthermore, (Treal, dGHP) is separable and complete.

Definition 7.3. A random rooted, weighted R-tree is a (Treal, dGHP)-valued
random variable.

Now consider a consistent family (Rk, k ≥ 1) ∈
∏

k≥1 Tint
k , i.e. k-trees Rk =(

tk, (x
(k)
j , j ∈ [k]), (β

(k)
E , E ∈ tk)

)
∈ Tint

k , k ≥ 1, such that π−k(Rk) = Rk−1 for

all k ≥ 2, in the sense of Definition 6.1. Since β
(k)
E ∈ I for all E ∈ tk and

k ≥ 2, each edge has a diversity D
(
β
(k)
E

)
that we can use as a branch length.

Although we will eventually work with GHP-isometry classes in (Treal, dGHP), we
first construct representations of Rk, k ≥ 2, as actual rooted, weighted R-trees.
We will work in [0,∞)tk , k ≥ 2, equipped with the ℓ1-distance. We denote by
eE the unit vector in direction E ∈ tk and, for w ∈ [0,∞)tk and c > 0, we write
w + [0, c]eE := {w + xeE , x ∈ [0, c]}.

Recall (4.7), where we associated with a 2-tree (a, b, γ) ∈ J ◦ an interval
[0,D(γ)] equipped with a weight measure, M2(a, b, γ) ∈ M◦ that adds two atoms
of masses a and b at the “top” at D(γ) and an atom of mass Leb(U) at distance
Dγ(U) from the top, for each U ∈ γ. Note that M◦ can be seen as a set of weighted

(one-branch) R-trees rooted at 0. We can represent R2 by M2

(
x
(2)
1 , x

(2)
2 , β

(2)
{1,2}

)
.

Definition 7.4. Adapting (4.7), we associate with β ∈ I the weighted interval

(7.1) M0(β) :=
(
M◦0 (β), µ0(β)

)
:=

([
0,D(β)

]
,
∑
U∈β

Leb(U)δ
(
Wβ(U)

))
,

where Wβ(U) = D(β) − Dβ(U), U ∈ β. Similarly, we associate with a k-tree

Rk = (tk, (x
(k)
j , j ∈ [k]), (β

(k)
E , E ∈ tk)) ∈ Tint

k , the compact set

(7.2) S◦k(Rk) :=
⋃

E∈tk

(
Wk(E) +

[
0,D

(
β
(k)
E

)]
eE

)
⊂ [0,∞)tk

equipped with the ℓ1-distance dℓ1 , where Wk([k]) = 0 and, for E ∈ tk \ {[k]},
Wk(E) =Wk

(←
E
)
+ D

(
β
(k)
←
E

)
e←
E
. We further equip S◦k(Rk) with a measure and let

(7.3) Sk(Rk) :=
(
S◦k(Rk), dℓ1 , 0, µk

)
, with µk :=

∑
ℓ∈block(Rk)

∥ℓ∥δ
(
Wk(ℓ)

)
,

where we define the location of block ℓ in S◦k(Rk) asWk(ℓ) =Wk

( ←
{j}
)
+D

(
β
(k)
←
{j}

)
e ←
{j}

for top blocks labelled by ℓ = j ∈ [k] and Wk(ℓ) =Wk(E) +W
β
(k)
E

(U)eE for blocks

ℓ = (E, a, b) for (a, b) = U ∈ β
(k)
E , E ∈ tk.

Let τ :
⋃

k≥1 Tint
k → Treal be the function that assigns to Rk ∈ Tint

k the GHP-

isometry class of Sk(Rk).

Definition 7.5. Let Tint
∞ be the subset of

∏
k≥1 Tint

k of all consistent families

R = (Rk, k ≥ 1). We define a function S : Tint
∞ → Treal,

S(R) =

{
limk→∞ τ(Rk), if this limit exists in (Treal, dGHP)

Υ otherwise,
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where Υ ∈ Treal is the GHP-isometry class of the one-point tree equipped with the
zero measure, ({0}, 0, 0, 0).

Proposition 7.6. The map S : Tint
∞ → Treal is Borel measurable.

Proof. By [69, Theorem 2.5(a)–(b)], the map M0 : I → M is continuous,
where the space M of (4.8) is equipped with the Hausdorff–Prokhorov metric. The
function that projects (C, ν) ∈M0(I) onto the GHP-isometry class of (C, |·|, 0, ν) is
clearly Lipschitz continuous. An induction shows that τ :

⋃
k≥1 Tint

k → Treal is also

continuous on each part {t}× [0,∞)k ×It of the partition of Tint
k according to tree

shape. Then S is Borel measurable as a limit of Borel measurable functions. □

We will apply S to the consistent families of unit-mass and self-similar k-tree
evolutions. As defined for I-valued Markov processes above Proposition 2.5 and
noted for k-tree evolutions in Theorem 5.11, self-similarity of (T y

k,+, y ≥ 0) starting

from T 0
k,+ =

(
tk, (x

(k)
j , j ∈ [k]), (β

(k)
E , E ∈ t)

)
∈ Tint

k means that (cT y/c
k,+ , y ≥ 0) is

also a k-tree evolutions, starting from the scaled initial tree

(7.4) cT 0
k,+ :=

(
tk, (cx

(k)
j , j ∈ [k]), (cβ

(k)
E , E ∈ tk)

)
,

in which all block masses, i.e. both top masses x
(k)
j and blocks U ∈ β

(k)
E are scaled

by c > 0. This scaling of block masses and time is naturally consistent when
applied to consistent families of k-tree evolutions. As noted in [69, Lemma 3.3],
the effect of this scaling of masses by c is easily seen from Definition 2.1 to induce
a scaling of diversities by

√
c. In particular, if T = (T, d, ρ, µ) is a representative

of S(Tk,+, k ≥ 1), then cT := (T,
√
cd, ρ, cµ) is a representative of S(cT 0

k,+, k ≥ 1).

This ties in with the natural notion of scaling of Brownian excursions (encoding
Brownian CRTs as in Section 1.2) that scales Brownian motion space (distances in
the CRT) by

√
c when scaling Brownian motion time (masses in the CRT) by c.

We further observe that for any two rooted, weighted R-trees T and T′, we have

(7.5) dGHP(cT, cT
′) ≤ max{c,

√
c}dGHP(T,T

′).

The map S is not one-to-one, for instance, because S(R) is invariant under
permutations of labels, in the sense that consistently permuting labels 1, . . . ,m in
Rk, k ≥ m, for some m ≥ 2, does not change τ(Rk), k ≥ m. However, if we suitably
enrich S(R) by a sequence of marked points, we will be able to establish a partial
inverse of S, in Theorem 7.8 below.

We follow [121, 135] and extend Definition 7.1 to consider rooted, weighted
compact R-trees equipped with a sequence of marked points and to define

d∞GHP

((
T, d, ρ, µ, (σj , j ≥ 1)

)
,
(
T ′, d′, ρ′, µ′, (σ′j , j ≥ 1)

))
=
∑
k≥1

2−kd
[k]
GHP

((
T, d, ρ, µ, (σ1, . . . , σk)

)
,
(
T ′, d′, ρ′, µ′, (σ′1, . . . , σ

′
k)
))
,

with

d
[k]
GHP

((
T, d, σ0, µ, (σ1, . . . , σk)

)
,
(
T ′, d′, σ′0, µ

′, (σ′1, . . . , σ
′
k)
))

= inf
ϕ,ϕ′

{
max

{
dHM (ϕ(T ), ϕ′(T ′)), dPM (ϕ∗µ, ϕ

′
∗µ
′), max

0≤i≤k
dM (ϕ(σi), ϕ

′(σ′i))

}}
,

where the infimum is over all metric spaces (M,dM ) and all injective isometries
ϕ : (T, d) → (M,dM ) and ϕ′ : (T ′, d′) → (M,dM ). A GHP-isometry ι : (T, d) →
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(T ′, d′) is a GHP∞-isometry if furthermore ι(σj) = σ′j for all j ≥ 1. Then d∞GHP

can be viewed as a metric on the set Treal
∞ of GHP∞-isometry classes.

Recall from Section 1.2 the definition of a Brownian CRT. Specifically, the
line-breaking construction and the construction from a Brownian excursion yield
random R-trees whose respective projections to their GHP-isometry classes in Treal

have the same distribution [8, 109]. Taking a sample from the weight measure of the
R-tree in either representative is straightforward and gives rise to a random rooted
weighted R-tree equipped with a sequence of random marked points, which are
almost surely leaves. The following result formalizes the idea that the distribution
on Treal

∞ of its GHP∞-isometry class does not depend on the choice of representative.

Proposition 7.7. There is a natural stochastic kernel m∞ from Treal to Treal
∞

such that m∞(T, ·) can be considered as the distribution on Treal
∞ of the space T =

(T, d, ρ, µ) equipped with a sequence of independent identically µ/∥µ∥-distributed
marked points, if µ ̸= 0 and where ∥µ∥ = µ(T ) is the (finite) total mass of µ. To
be definite, we use the convention that we sample from δρ if µ = 0.

Proof. The proof of Lemma 13 from Miermont [121] for any finite number of
marked points applies mutatis mutandis. □

Theorem 7.8. There is a natural measurable map R : Treal
∞ → Tint

∞ such that

S(R(T,σ)) = T

for m∞(T, dσ)P(T ∈dT)-a.e. (T,σ)=(T, (σj , j≥1)), where T is a Brownian CRT.

We make the map R and the kernel m∞ explicit and prove this theorem in
Appendix A.4. In the following, we will use the image L of m∞(T, ·) under R to
sample a random system of consistent k-trees associated with T ∈ Treal. Indeed, L
is a kernel from Treal to Tint

∞ . In particular, we can carry out the construction of a
consistent family of Brownian reduced k-trees from a Treal-valued Brownian CRT
T by sampling from L(T , ·), on a suitably enlarged probability space.

7.2. The Markov property of the projective continuum tree limit

Now that we have formally introduced all ingredients, let us make precise the
less formal definition of the Aldous diffusion given in the introduction.

Definition 7.9. Let (T s
k,+, s ≥ 0) be a consistent family of stationary unit-

mass resampling k-tree evolutions, k ≥ 1, as in Corollary 6.3(iii). Then we define
the Aldous diffusion as a GHP-path-continuous modification of the process T (s) =
S
(
T s

k,+, k ≥ 1
)
, s ≥ 0, where S : Tint

∞ → Treal is as defined in Definition 7.5.
Similarly, given consistent pseudo-stationary self-similar resampling k-tree evo-

lutions (T y
k,+, y ≥ 0), k ≥ 1, as in Corollary 6.3(ii), we define the self-similar Aldous

diffusion as a GHP-path-continuous modification of T (y) = S
(
T y
k,+, k ≥ 1

)
, y ≥ 0.

Indeed, we can view the consistent family of k-tree evolutions as a single evolu-

tion in the subset Tint
∞ of the product space

∏
k≥1 T̃int

k . Since the stationary distri-
bution is the distribution of a consistent family of Brownian reduced k-trees, k ≥ 1,
and Theorem 7.8 confirms that mapping consistent families of Brownian reduced
k-trees under S returns Brownian CRTs, the process (T (s), s ≥ 0) is well-defined.
In this section, we establish the Markov property of this process. To justify calling
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it a diffusion, we show in Corollary 7.28 that it has a GHP-path-continuous modi-
fication hence establishing the existence of the Aldous diffusion. We will, however,
argue that for this Markov process, the strong Markov property fails, in general.

To establish the Markov property, let us think about the transition mechanism.
In the construction, the k-trees form, at all times, a consistent family of Brownian
reduced k-trees. Given a Brownian continuum random tree as initial state, we ob-
tain an evolution, as follows. First, we sample a random initial system of consistent
reduced k-trees, then we use the consistent evolution of those, and finally we con-
sider the limiting continuum tree induced by the consistent system of k-trees, at
time s, as the state at time s ≥ 0. A priori, such a construction may not yield the
Markov property, since a time-s transition followed by a time-r transition (using a
newly sampled consistent system of reduced k-trees from the same time-s CRT),
may not give the same time-(s+r) distribution as a time-(s+r) transition (without
sampling new k-trees at time s). The following result expresses the idea that the
target state as a continuum tree does not depend on the choice of sampled k-trees.

Proposition 7.10. Let (T , d, ρ, µ) be a Brownian CRT and T 0
• = (T 0

k,•, k ≥ 1)

and T 0
◦ = (T 0

k,◦, k ≥ 1) two families of reduced k-trees of the same Brownian
CRT T , independently sampled according to µ, in the sense of Proposition 7.7 and
Theorem 7.8 Then there are two coupled families (T s

• , s ≥ 0) and (T s
◦ , s ≥ 0) of

consistent unit-mass resampling k-tree evolutions, k ≥ 1, for which(
S(T s

• ), s ≥ 0
)
=
(
S(T s

◦ ), s ≥ 0
)

a.s.

Before we prove this, we establish a more elementary lemma.

Lemma 7.11. Consider a self-similar resampling k-tree evolution (T y
k,+, y ≥ 0)

with resampling times Dm, m ≥ 1, and any permutation p0 of [k]. Then there is
a sequence (pm, m ≥ 1) of random permutations, on the same probability space,

such that T̂ y
k,+ := pmT y

k,+, Dm ≤ y < Dm+1, m ≥ 0, defines a resampling k-tree

evolution
(
T̂ y
k,+, y ≥ 0

)
with the same resampling times Dm, m ≥ 1.

The same holds for a non-resampling k-tree evolution (T y
k,−, y ≥ 0) with de-

generation times D1, . . . , Dk.

Proof. It follows from elementary symmetry properties of killed k-tree evo-
lutions of Definition 5.7 that (p0T y

k,±, 0 ≤ y < D1) is also a killed k-tree evolution

in the sense of that definition. At each resampling (or degeneration) time Dm, the
swapping part of the swap-reduction function ϱ defined in Section 5.3 may yield
different transpositions, but appropriately composing pm−1 with these transposi-
tions, if any, yields a new permutation pm with the desired properties. Specifically,
symmetry properties of the resampling kernel defined in Section 5.3 are such that

we can achieve that T̂ Dm

k,+ = pmT Dm

k,+ has performed the resampling step as required.

By induction,
(
T̂ y
k,+, y ≥ 0

)
is a resampling k-tree evolution with resampling times

Dm, m ≥ 1. We conclude similarly in the non-resampling case. □

Proof of Proposition 7.10. Suppose that T 0
• := T 0

• and T 0
◦ := T 0

◦ are
associated with leaf samples (Σk,•, k ≥ 1) and (Σk,◦, k ≥ 1). Define the merged
sample by alternating Σ2k−1 = Σk,• and Σ2k = Σk,◦, k ≥ 1, and consider a family
of consistent pseudo-stationary resampling k-tree evolutions (T y

k , y ≥ 0), k ≥ 1,
starting from the associated consistent system of Brownian reduced k-trees.
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Now fix k ≥ 2. Consider the permutation p◦0 of [2k] given by p◦0(2i) = i,

p◦0(2i − 1) = k + i, i ∈ [k], and the process
(
T̂ y
2k, y ≥ 0

)
constructed as in Lemma

7.11, with permutations (p◦m, m ≥ 0) and resampling times (Dm,m ≥ 1). We

define the projection T y
k,◦ = πk(T̂ y

2k), y ≥ 0, to obtain a k-tree evolution. By the

invariance of Brownian reduced 2k-trees under permutations,
(
T̂ y
2k, y ≥ 0

)
is a

pseudo-stationary resampling 2k-tree evolution. By Theorem 6.2,
(
T y
k,◦, y ≥ 0

)
is

a pseudo-stationary resampling k-tree evolution. Starting from the permutation
p•0(2i − 1) = i, p•0(2i) = k + i, i ∈ [k], we similarly define (T y

k,•, y ≥ 0) with

permutations (p•m, m ≥ 0).
By further projection to [m] ⊆ [k], we obtain consistent evolutions by Theorem

6.2, and by Kolmogorov’s consistency theorem and de-Poissonization, we obtain
three coupled families

(
T s
• , s ≥ 0

)
,
(
T s
◦ , s ≥ 0

)
, and

((
T s
k , s ≥ 0

)
, k ≥ 1

)
. Denote

by T (s) = S
(
T s
k , k ≥ 1

)
the Brownian CRT associated with the third family.

As T s
k,◦ and T s

k,• are projections of T s
2k, their weighted R-tree representations are

projections of S2k(T s
2k) for all k ≥ 1, and can all be viewed (up to GHP-isometry) as

projected subtrees of (any representative of) T (s). Hence, the projective systems of
R-trees a.s. increase to subsets S

(
T s
◦
)
and S

(
T s
•
)
of T (s), equipped with projected

mass measures. But the mass measures of these three Brownian CRTs are diffuse
and charge all fringe subtrees [8], hence they must be equal. □

Before proceeding, we find it useful to reframe the preceding result in the
language of stochastic kernels.

• We denote the law on Treal of the Brownian CRT by BCRT.

• Let S̃ denote the stochastic kernel from Tint
∞ to Treal associated with the

map S, i.e. S̃(R, ·) = δS(R)( · ). Thus, LS̃ is the identity kernel on a BCRT-a.s.

subset of Treal.
• Let Q∞ denote the law on Tint

∞ of a projectively consistent system of Brow-
nian reduced k-trees, i.e. Q∞( · ) =

∫
L(T, · )BCRT(dT).

• For u ≥ 0, let κu denote the time-u transition kernel for the Markov processes(
T s
• , s ≥ 0

)
and

(
T s
◦ , s ≥ 0

)
of Proposition 7.10. Following Proposition 5.6,

Tint
∞ is a subspace of a countable product of Borel spaces and hence is Borel;

thus, following [96, Theorem 6.3], such transition kernels exist.
Equivalently, these are the transition kernels for the stationary, consis-

tent family of unit-mass resampling k-tree evolutions described in Corollary
6.3(iii).

Recall from (6.5) the convention of left-to-right composition of Markov kernels
κuκv, as distinct from the right-to-left notation for composition of functions g ◦ f :

(7.6)

∫
Tint
∞

Lκ1(T, dR)f(R) =
∫
Tint
∞

L(T, dR′)
∫
Tint
∞

κ1(R
′, dR)f(R).

Our goal is to study the process
(
S
(
T s

•
)
, s ≥ 0

)
of Proposition 7.10, which is our

proposed Aldous diffusion. To that end, we reformulate Proposition 7.10 as follows.

Corollary 7.12. For each u ≥ 0 there exists a Q∞-a.s. domain Bu ⊂ Tint
∞ on

which S̃LκuS̃ = κuS̃, i.e.

(7.7)

∫
f(T)S̃LκuS̃(R, dT) =

∫
f(T)κuS̃(R, dT)

for all bounded, measurable functions f : Treal → R and all R ∈ Bu.
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Proof. We copy the notation of Proposition 7.10. By that proposition, for
any u ≥ 0 and any bounded, measurable g : Tint

∞ × Treal → R,

E
[
g(T 0
• , S

(
T u
◦
))]

= E
[
g(T 0
• , S

(
T u
•
))]

.

Note that T 0
• and T 0

◦ each have law Q∞, and T 0
◦ has conditional law S̃L(T 0

• , · )
given T 0

• . Hence, the above formula is equivalent to∫∫
g(R,T)S̃LκuS̃(R, dT)Q∞(dR) =

∫∫
g(R,T)κuS̃(R, dT)Q∞(dR).

The corollary follows by the a.s. uniqueness of regular conditional distributions [96,
Theorem 6.3]. □

Theorem 7.13. The Aldous diffusion has the simple Markov property.

Proof. Fix 0 = s0 < s1 < · · · < sk+1 with ∆j := sj − sj−1, j ∈ [k + 1],
and let f0, . . . , fk, f : Treal → R be bounded, measurable functions. Kallenberg [96,
Corollary 8.3] observes the following a.s. semi-group property for general Markov
processes on Borel spaces: for every u, v ≥ 0,

(7.8) κuκv(R, · ) = κu+v(R, · ) for Q∞-a.e R ∈ Tint
∞ .

Hence, there exists a Q∞-a.s. set C ⊂ Tint
∞ such that

κ∆1κ∆2 . . . κ∆j (R, · ) = κsj (R, · ) for all j ∈ [k + 1], R ∈ C.

For the Aldous diffusion
(
S
(
T s

•
)
, s ≥ 0

)
, as defined above, this yields

E

f(S(T sk+1

•
)) k∏

j=0

fj
(
S
(
T sj
•
)) =

∫
C

Q∞(dR0)

∫
Tint
∞

κ∆1
(R0, dR1)(f1 ◦ S)(R1)

· · ·
∫
Tint
∞

κ∆k
(Rk−1, dRk)(fk ◦ S)(Rk)∫

Tint
∞

κ∆k+1
(Rk, dRk+1)(f ◦ S)(Rk+1).

Let B∆k+1
⊂ Tint

∞ be as in Corollary 7.12. The stationarity of our Markov process
implies that B∆k+1

has full measure under the κ∆1
. . . κ∆k

-image of Q∞. Hence, in
the context of that formula, the two innermost integrals can be rewritten as∫

B∆k+1

κ∆k
(Rk−1, dRk)(fk ◦ S)(Rk)

∫
Tint
∞

κ∆k+1
(Rk, dRk+1)(f ◦ S)(Rk+1)

=

∫
B∆k+1

κ∆k
(Rk−1, dRk)(fk ◦ S)(Rk)

∫
Treal

S̃Lκ∆k+1
S̃(Rk, dTk+1)f(Tk+1)

=

∫
Treal

κ∆k
S̃(Rk−1, dTk)fk(Tk)

∫
Treal

Lκ∆k+1
S̃(Tk, dTk+1)f(Tk+1),
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with the last line following by a superficial rearrangement of kernels and the obser-
vation, again, that Q∞(B∆k+1

) = 1. Plugging this back in, we get

E

f(S(T sk+1

•
)) k∏

j=0

fj
(
S
(
T sj
•
)) = E

κ̃∆k+1

(
S
(
T sk
•
)
, f
) k∏
j=0

fj
(
S
(
T sj
•
))

= E

E[f(S(T sk+1

•
)) ∣∣∣S(T sk

•
)] k∏

j=0

fj
(
S
(
T sj
•
)) ,

where κ̃∆k+1
:= Lκ∆k+1

S̃. Monotone class arguments allow to further extend this
form of the simple Markov property, see e.g. [96, Lemma 8.1]. □

Remark 7.14. The simple Markov property of the self-similar Aldous diffusion
follows by similar arguments.

We now claim that the Aldous diffusion is not a strong Markov process. Infor-
mally, we see this by considering the first time that a ternary branch point with four
large component masses is formed. This can be set up as a stopping time. Before
this time, there was an edge separating the root component and three other compo-
nents into two pairs of components. This edge, before de-Poissonization performing
a type-0 evolutions with total mass process BESQ(1), has just shrunk to zero mass,
as BESQ(1) does, but this is not a degeneration since edges only degenerate when
one of their top masses also vanishes. After this time, the same arrangement into
pairs of labels persists. However, the state in Treal at this time does not contain
the information about the pairing. The following remark formalizes this.

Remark 7.15. The Aldous diffusion in the state space (Treal, dGHP) does not
have the strong Markov property. Indeed, we will argue that the strong Markov
property fails at a stopping time at which the Aldous diffusion

(
T (s), s ≥ 0

)
pos-

sesses a degree-4 branch point. Specifically, recall that for each s ≥ 0, the Brownian
CRT T (s) has only degree-3 branch points almost surely [8]. In particular, a Brow-
nian reduced 3-tree consists of three top masses and two edge partitions that all
have positive mass almost surely. The shape is necessarily a type-1 edge between
the root and a branch point and a type-2 edge above. When the mass of the edge
partition of the type-2 edge vanishes, the corresponding branch points in the CRT
coincide hence forming a degree-4 branch point.

More precisely, it will be convenient to explore this in the context of the con-
struction T (s) := S

(
T s

k, k ≥ 1
)
, s ≥ 0, of the Aldous diffusion from consistent

resampling unit-mass k-tree evolutions
(
T s

k, s ≥ 0
)
, k ≥ 1. It is well-known (e.g.

as a consequence of [9, Theorem 2] and the sampling properties of Dirichlet distri-
butions) that the vector of five masses obtained from a Brownian reduced 3-tree
has a Dirichlet( 12 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ) distribution. We consider the event Aint

1 that the top

masses of the type-2 edge of T 0
3 each exceed 1

3 and that the remaining top mass

and the type-1 edge mass each exceed 1
9 . (We will later replace these thresholds by

12
37 ,

10
37 ,

8
37 ,

6
37 for technical reasons, but the principle is the same.) This event has

positive probability. Similarly, consider the event Aint
2 that two top masses includ-

ing the one of the type-1 edge exceed the larger thresholds, and that the remaining
top mass and the type-1 edge mass exceed the smaller thresholds, respectively. For
each permutation of the thresholds, this event has the same positive probability.
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By Corollary 5.21, the evolution of the five masses under the 3-tree evolution
stopped when the first component vanishes is a Wright–Fisher diffusion with three
parameters − 1

2 and two 1
2 . In particular, Pal’s [125] construction from squared

Bessel processes, here BESQ(−1) and BESQ(1), easily yields that there is positive
probability that the type-2 edge mass vanishes before any of the other four masses
violates its constraint to lie above their respective thresholds. We denote by σint

i the
first time when either the zero mass is attained or one of the four mass constraints
fails, for the process starting in Aint

i , respectively, i = 1, 2.
If at σint

1 or σint
2 , the type-2 edge mass vanishes, this is not a degeneration time

for the resampling 3-tree evolution, and T σint
1

3 and T σint
2

3 retain the respective tree
shape and the further evolution preserves the position of the top masses exceeding
the respective thresholds. We also oberve that this information is not retained

in S
(
T σint

1

k , k ≥ 1
)
and S

(
T σint

2

k , k ≥ 1
)
, which will both have a degree-4 branch

point with three subtrees corresponding to the top masses. The random times
σint
1 and σint

2 are not stopping times in the filtration of the Aldous diffusion, so a
formalisation of this argument will require us to define related times that are. This
will also require some sample path regularity, so we postpone the further discussion
to Chapter 8.

7.3. The GHP-distance between k-trees is bounded by dI-distances

Let Rk ∈ Tint
k = Tint

[k] and 1 ≤ i < j ≤ k. The projection map π{i,j} defined in

Definition 6.1 projects Tint
[k] to Tint

{i,j}, which is isometric to the space J ◦ of (3.1).

As a slight variation, we denote by πi,jRk ∈ I◦ the interval partition representation
(0, xi) ⋆ (0, xj) ⋆ β associated with (xi, xj , β) = π{i,j}Rk as in Remark 4.18. Note
that πj,iRk differs from πi,jRk in the order of their two left-most blocks (if xi > 0
and xj > 0 are distinct). Let Sk(Rk) and S

◦
k(Rk) denote the weighted R-tree and

the R-tree without the weight measure associated with Rk in Definition 7.4. Now let
Rk, R

′
k ∈ Tint

k . In this section we bound GHP-distances between trees Sk(Rk) and
Sk(R

′
k) by dI-distances between interval partitions πi,jRk and πi,jR

′
k, 1 ≤ i, j ≤ k.

Before turning to weighted R-trees, we bound distances in the sense of the
Gromov–Hausdorff distance without Prokhorov component

(7.9) dGH(T,T
′) = inf

ϕ,ϕ′
max

{
dHM (ϕ(T ), ϕ′(T ′)), dM (ϕ(ρ), ϕ′(ρ′))

}
,

where the infimum is taken over all metric spaces (M,dM ) and all injective isome-
tries ϕ : (T, d) → (M,dM ) and ϕ′ : (T ′, d′) → (M,dM ). We say that T and T′ are
GH-isometric if there is a bijective isometry ι : (T, d) → (T ′, d′) such that ι(ρ) = ρ′.
Then dGH can be viewed as a metric on the set Treal

◦ of GH-isometry classes of
rooted compact R-trees, and there is a useful equivalent definition [56, 84, 121]

(7.10) dGH(T,T
′) = inf

{
disGH(K) : K GH-correspondence between T and T′

}
,

where a GH-correspondence between T = (T, d, ρ) and T′ = (T ′, d′, ρ′) is a subset
K ⊆ T × T ′ with (ρ, ρ′) ∈ K, whose coordinate projections are surjective onto T
and T ′ respectively, and where the GH-distortion of K is given by

disGH(K) =
1

2
sup

{
|d(x, y)− d′(x′, y′)| : (x, x′), (y, y′) ∈ K

}
.
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Proposition 7.16. Let k ≥ 2. Consider Rk, R
′
k ∈ Tint

k with the same shape

tk ∈ Tshape
k . Consider the R-trees S◦k(Rk) and S◦k(R

′
k) and for each 1 ≤ i < j ≤ k

the four interval partitions πi,jRk, πj,iRk, πi,jR
′
k, πj,iR

′
k ∈ I. Then

dGH(S
◦
k(Rk), S

◦
k(R

′
k)) ≤ 2 max

1≤i<j≤k
min

{
dI(πi,jRk, πi,jR

′
k), dI(πj,iRk, πj,iR

′
k)
}
.

Proof. We use notation Rk=(tk, (xi, i∈ [k]), (βE , E∈tk)) and simplify nota-
tion from Definition 7.4 for the locations Σi = Wk(i) ∈ S◦k(Rk) corresponding to
the top mass labelled i ∈ [k] and bE = Wk(E) + D(βE) ∈ S◦k(Rk) corresponding
to E ∈ tk, i.e. the vertex at the top end (away from the root ρ := Wk([k])) of the
branch in S◦k(Rk) built from βE . This vertex typically has degree 3− g for a type-g
edge, g = 0, 1, 2. Indeed, if E = {i, j} ∈ tk is a type-2 edge, then bE = Σi = Σj ; if
E = F ∪ {i} ∈ tk, with F ∈ tk and i ̸∈ F , is a type-1 edge, then bE = Σi; also, if
βE = ∅, then bE = b←

E
. We use similar notation Σ′i, b

′
E , ρ

′ ∈ S◦k(R
′
k). In the follow-

ing, we denote the metrics of S◦k(Rk) and S◦k(R
′
k) by d and d′, respectively. Now

consider the GH-correspondence K between S◦k(Rk) and S
◦
k(R

′
k) which consists of

• pairs of special vertices (ρ, ρ′) and (bE , b
′
E) for all E ∈ tk,

• and all pairs of points (λbE + (1− λ)b←
E
, λb′E + (1− λ)b′←

E
), 0 < λ < 1, on the

branches between special vertices bE , b←E and b′E , b
′
←
E
, associated with E ∈ tk

and its parent
←
E, with the convention that b←

[k]
= ρ and b′←

[k]
= ρ′.

For any parent edge, i.e. any edge of the form
←
E ∈ tk for some E ∈ tk, there are

i ∈ E and j ∈
←
E \E for which d(ρ, b←

E
) = D(πi,jRk) = D(πj,iRk). Any non-parent

edge E ∈ tk is of the form E = {i, j} ∈ tk, and similarly d(ρ, bE) = D(πi,jRk) =
D(πj,iRk). Hence, if

max
1≤i<j≤k

min
{
dI(πi,jRk, πi,jR

′
k), dI(πj,iRk, πj,iR

′
k)
}
< ε,

then we have

(7.11) max
E∈tk

|d(ρ, bE)− d′(ρ′, b′E)| < ε.

This also constrains other distances. Specifically, for A,B ∈ tk, consider the “most
recent common ancestor” C =

⋂
D∈tk : A,B⊆DD of A and B in tk. As the shortest

path bA to bB in S◦k(Rk) passes through bC , we have d(bA, bB) = d(bA, bC) +
d(bC , bB) in (S◦k(Rk), d), and likewise in (S◦k(R

′
k), d

′). The triangular inequality (in
R) yields

|d(bA, bB)− d′(b′A, b
′
B)| ≤ |d(bA, bC)− d′(b′A, b

′
C)|+ |d(bC , bB)− d′(b′C , b

′
B)|.

Similarly, as C is an ancestor of A in tk, we have d(bA, bC) = d(ρ, bA)− d(ρ, bC) in
(S◦k(Rk), d) and likewise in (S◦k(R

′
k), d

′), and this yields

|d(bA, bC)− d′(b′A, b
′
C)| ≤ |d(ρ, bA)− d′(ρ′, b′A)|+ |d(ρ, bC)− d′(ρ′, b′C)|,

and likewise for |d(bB , bC) − d′(b′B , b
′
C)|. Combining these inequalities with (7.11)

yields

(7.12) max
A,B∈tk

|d(bA, bB)− d′(b′A, b
′
B)| < 4ε.

Apart from the special vertices, the GH-correspondence K includes pairs of points
on branches, say (v, v′) of the form v = λbA + (1− λ)b←

A
and v′ = λb′A + (1− λ)b′←

A
.
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For this pair (v, v′) and another pair (w,w′) obtained by replacing A by B and λ
by µ, we can write |d(v, w)− d(v′, w′)| as∣∣∣λµ(d(bA, bB)− d′(b′A, b

′
B)
)
+ λ(1− µ)

(
d(bA, b←B)− d′(b′A, b

′
←
B
)
)

+ (1− λ)µ
(
d(b←

A
, bB)− d′(b′←

A
, b′B)

)
+ (1− λ)(1− µ)

(
d(b←

A
, b←

B
)− d′(b′←

A
, b′←

B
)
)∣∣∣

and, by (the triangular inequality in R and) (7.12), this is also bounded above by
4ε. We conclude that the GH-distortion of K is at most 4ε. By (7.10), the GH-
distance is just half the infimum of GH-distortions among all GH-correspondences.
The GH-correspondence we have found therefore establishes this proposition. □

Our next aim is to derive a similar result for the Gromov–Hausdorff–Prohorov
metric. Recall that we write Sk(Rk) = (S◦k(Rk), dℓ1 , 0, µk) for the rooted R-tree
S◦k(Rk) further equipped with the mass measure µk that has an atom in each point
of S◦k(Rk) corresponding to a block in an edge partition, whose size is the block
mass (or the sum of masses if there are two or more blocks associated with the
same point of S◦k(Rk)). The following example demonstrates that a GHP-version
of Proposition 7.16 will need constants that increase at least linearly with k.

Example 7.17. We begin by designing some edge partitions. Let k ∈ 2N and
ε > 2δ > 0. Consider an interval partition β0 with diversity ℓ = D(β0) = 3kε and
such that any stretch [a, b] ⊂ [0, ∥β0∥] of diversity Dβ0

(b) − Dβ0
(a) ≤ kε has total

length b − a < δ. In particular, all intervals of β0 are of length less than δ < ε/2.
Let β be β0 with a interval of length ε inserted at diversity kε from one end and
let β′ be β0 with an interval of length ε inserted at diversity kε from the other end.
Finally, let γ be an interval partition with two intervals of length ℓ, top masses,
followed by β, and construct γ′ from β′ in the same way. Then dI(γ, γ

′) = ε, as

• this dI-distortion is approached by dI-correspondences that do not match
the intervals of length ε, in the limit towards including all other intervals,
which are naturally matched as both γ and γ′ are built from β0;

• the diversities of the two intervals of length ε differ by kε > ε so the dI-
distortion of any dI-correspondence that matches these two intervals with
each other will have dI-distortion exceeding ε; matching an interval of length
ε with a top mass has a similar effect;

• other intervals are of length at most δ < ε/2, so if both intervals of length ε
are matched with those, the combined mass difference exceeds 2(ε− δ) > ε,
and if only one of them is matched in this way, there is further unmatched
mass of ε in addition to the discrepancy ε− δ.

Now let tk be a line of k/2− 1 type-0 edges with k/2 type-2 edges to form a comb.
Let Rk have ℓ for all top masses, β0 on all type-0 edges and β on all type-2 edges,
while R′k has ℓ for all top masses, β0 on all type-0 edges and β′ on all type-2 edges.
Then Sk(Rk) = (S◦k(Rk), d, ρ, µ) and Sk(R

′
k) = (S◦k(Rk), d

′, ρ′, µ′) satisfy

dGHP(Sk(Rk), Sk(R
′
k)) > k(ε− δ)/2 and max

1≤i<j≤k
dI(πi,jRk, πi,jR

′
k) = ε,

since

• each πi,jRk only contains a single interval of length ε, which leads to a
distance dI(πi,jRk, πi,jR

′
k) = ε as above for dI(γ, γ

′);
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• the k/2 locations Aj and A′j , 1 ≤ j ≤ k/2, of atoms of size ε in Sk(Rk) and
Sk(R

′
k) are all, respectively, at distances (3i+ 1)kε and (3i+ 2)kε from the

respective roots, 1 ≤ i ≤ k/2− 1; in particular, |d(Aj , ρ)− d′(A′j′ , ρ
′)| ≥ kε;

• for any injective isometries ϕ : S◦k(Rk) → M and ϕ′ : S◦k(R
′
k) → M with

dM (ϕ(ρk), ϕ
′(ρ′k)) ≤ k(ε− δ)/2, the triangle inequality of dM yields

dM (ϕ′(A′j′), ϕ(Aj))

≥ |dM (ϕ′(A′j′), ϕ
′(ρ′))− dM (ϕ(Aj), ϕ(ρ))| − dM (ϕ′(ρ′), ϕ(ρ))

> k(ε− δ)/2.

Hence, none of the atoms ϕ′(A′j′), 1 ≤ j′ ≤ k/2, on ϕ′(S◦k(R
′
k)) are in the

set Ck(ε−δ)/2 when C = {ϕ(Aj), 1 ≤ j ≤ k/2} is the set of atoms of size
ε on ϕ(S◦k(Rk)). The same is true for the branch points of ϕ′(R′k). Hence,

Ck(ε−δ)/2 consists of, at most, k/2 stretches of length k(ε − δ) < kε, with
mass in ϕ′(Sk(R

′
k)) of at most δ. Therefore,

ϕ∗µ(C)− ϕ′∗µ
′(Ck(ε−δ)/2) > kε/2− kδ/2 = k(ε− δ)/2.

Hence, dPM (ϕ∗µ, ϕ
′
∗µ
′) > k(ε− δ)/2.

As δ ↓ 0, we find that the least upper bound on dGHP(Sk(Rk), Sk(R
′
k)) of the form

ck max
1≤i<j≤k

dI(πi,jRk, πi,jR
′
k),

must have ck ≥ k/2, at least in any generality that includes these examples.

In this example, we have a block/atom of size ε near the top or near the bottom
of each of k/2 edges too far apart and too large to allow them to be matched for
dI and to allow them to be embedded close together in any (M,dM ) for dGHP.
The key difference between the metrics is that only one such block affects each dI ,
while k/2 affect dGHP. The tree shape plays very little role in this example. What
matters is the number of type-2 edges, and a typical uniform tree shape has k/4
type-2 edges, see e.g. [63, Proposition 59]. The main general observation is that
dGHP takes into account the spines under πi,j , 1 ≤ i < j ≤ k, in a more additive
way than the maximum over dI . We could replace the max by a sum in the claimed
upper bound, but it is a sum over

(
k
2

)
= O(k2) terms, and the example only shows

that we need a factor at least linear in k. A factor linear in k is in fact sufficient. We
do not chase the best constant. The following result will suffice for our purposes.

Proposition 7.18. Let k ≥ 2. Consider two trees Rk, R
′
k ∈ Tint

k with the
same shape tk. Consider the weighted R-trees Sk(Rk) and Sk(R

′
k) and for each

1 ≤ i < j ≤ k the four interval partitions πi,jRk, πj,iRk, πi,jR
′
k, πj,iR

′
k ∈ I. Then

dGHP(Sk(Rk), Sk(R
′
k)) ≤ 3k max

1≤i<j≤k
min

{
dI(πi,jRk, πi,jR

′
k), dI(πj,iRk, πj,iR

′
k)
}
.

The proof, while similar to the proof of Proposition 7.16, is somewhat lengthy
and can be found in Appendix A.5. The added complexity derives from the fact
that the GH-correspondence of the proof of Proposition 7.16 needs to be adjusted
to facilitate the construction of a coupling of weight measures. In principle, this can
be done using the dI-correspondences between interval partitions to couple (large)
atoms. To do this consistently for all (large) atoms, we revert to an induction on
tree shape in which we encounter a variety of cases. To apply Proposition 7.18
to non-resampling k-tree evolutions, we need to address shape changes. In the
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following, we will use the convention π0,iRk = πi,0Rk = π0,0Rk = {(0, ∥Rk∥)} for

any Rk ∈ Tint
k and 1 ≤ i ≤ k.

Lemma 7.19. Let (T y
k,−, y ≥ 0) be a non-resampling k-tree evolution starting

from any initial k-tree T ∈ Tint
k with tree shape t. We denote by D1, . . . , Dk the

degeneration times and by Am ⊆ [k] the label sets on [Dm, Dm+1), 0 ≤ m ≤ k

where D0 = 0 and Dk+1 = ∞. Then there are a Tint
k -valued process (T̃ y

k,−, y ≥ 0)

and maps gm : [k]2 → (Am ∪ {0})2, 0 ≤ m ≤ k, including the identity g0, such that

• τ(T̃ y
k,−) = τ(T y

k,−), and T̃ y
k,− has tree shape t for all y ≥ 0,

• πi,j T̃ y
k,−= πgm(i,j)T y

k,− for all 1 ≤ i ̸= j ≤ k, Dm ≤ y < Dm+1, 0 ≤ m ≤ k,

• (πi,j T̃ y
k,−, y ≥ 0) is a I◦-valued type-2 evolution for all 1 ≤ i ̸= j ≤ k.

Proof. To specify (T̃ y
k,−, y ≥ 0), let us revisit the construction of (T y

k,−, y ≥ 0),
where the tree shape only changes at degeneration times, through a combination
of first (possibly) swapping two labels and then (always) reducing tree shape by
dropping a label, see (5.10). On the one hand, preserving tree shape calls for simpler
label dynamics by not swapping labels (which we did to obtain consistent k-tree
evolutions). On the other hand, preserving tree shape means not to reduce tree
shape (which we did by removing edges with a zero top mass on an empty edge
partition, as this naturally reassigns any other top mass of the removed parent edge
to the grandparent edge; this is relevant for the continuation of the k-tree evolution
as it can increase the type of the grandparent edge from 1 to 2 or from 0 to 1).

In the light of this construction and as we are given (T y
k,−, y ≥ 0), it is natural

to construct T̃ y
k,− from T y

k,− for each fixed y, by first inserting the empty edge
partitions and zero top masses removed in the evolution up to time y, and then
permuting labels to undo any label swapping and attain tree shape t. Specifically,
for 0 ≤ y < D1, we have label set A0 = [k] and T y

k,− has tree shape t. We set
p̃0 = id: [k] → [k] and T̃ y

k,− = T y
k,−, 0 ≤ y < D1. Inductively, assume we have

constructed (T̃ y
k,−, 0 ≤ y < Dm) and permutations p̃0, . . . , p̃m−1 of [k] such that

T y
k,− = πAn p̃nT̃

y
k,−, Dn ≤ y < Dn+1, 0 ≤ n ≤ m− 1.

By definition of non-resampling k-tree evolutions, T Dm

k,− is obtained from T Dm−
k,− by

swap-reduction as in (5.10). Specifically, this means first swapping im := I(T Dm−
k,− )

and jm := J(T Dm−
k,− ) via the transposition σim,jm and then removing jm so that

T Dm

k,− = πAm−1\{jm}σim,jmT Dm−
k,− = σim,jmπAm−1\{im}T

Dm−
k,− and

T Dm−
k,− = σim,jm

(
T Dm

k,− ⊕ (ℓm, jm)
)
=
(
σim,jmT Dm

k,−

)
⊕ (σim,jmℓm, im),

where we use a simplified form of the insertion operator notation of (5.11)–(5.12)
so that T ⊕ (ℓ, j) := T ⊕ (ℓ, j, U) with U = (1, 0, ∅) ∈ Tint

2 a degenerate 2-tree, and

where ℓm = am if im is part of a type-2 edge {im, am} in the tree shape of T Dm−
k,− ,

or ℓm = (F, 0, 0) if the parent F ∪ {im} of im is a type-1 edge in the tree shape of

T Dm−
k,− . We then define p̃m = σim,jm ◦ p̃m−1, p̃n:m = p̃m ◦ p̃−1n , 1 ≤ n ≤ m, and

T̃ y
k,− := p̃−1m

(
· · ·
(
T y
k,− ⊕ (p̃m:mℓm, jm)

)
· · · ⊕ (p̃1:mℓ1, j1)

)
, Dm ≤ y < Dm+1.

Then the induction proceeds, since we have Am = Am−1 \ {jm}, so that

T y
k,− = πAm

p̃mT̃ y
k,−, Dm ≤ y < Dm+1.

This means that (T̃ y
k,−, y ≥ 0) satisfies the first bullet point.
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For the other two bullet points, we construct maps beginning with g0 = id.

Now specifically, consider the pair (i, j) = (1, 2). Then π1,2T̃ y
k,− = π1,2T y

k,− for

all Dm ≤ y < Dm+1 on the event {2 ∈ Am}, and we set gm(1, 2) = (1, 2). We

have π1,2T̃ y
k,− = {(0, ∥T y

k,−∥)} =: π1,2T y
k,− for all Dm ≤ y < Dm+1, after label 2

has degenerated, i.e. on the event {2 ̸∈ Am}, and we set gm(1, 2) = (1, 0). For
other label pairs (i, j) ̸= (1, 2), we consider the setting of Lemma 7.11 for an initial
permutation that satisfies p0(i) = 1 and p0(j) = 2. Changing permutations as in the
conclusion of the lemma, the I◦-projection π1,2 yields a type-2 evolution starting

from πi,jT 0
k,− ∈ I◦. We claim that this π1,2-projection is equal to (πi,j T̃ y

k,−, y ≥ 0).
Indeed, the two I◦-valued evolutions clearly coincide between shape changes of the
underlying k-tree evolutions, and they are both continuous at shape changes, so
they are equal. We accordingly define gm(i, j) = (p−1m (1), p−1m (2)) on {2 ∈ pmAm}
and gm(i, j) = (p−1m (1), 0) on {2 ̸∈ pmAm}. □

7.4. Subtree decompositions of the Brownian CRT

In this section we study the decomposition of a Brownian CRT along a reduced
k-tree. To begin with, we sample a sequence of leaves from µ. This can be done
in Treal using the kernel m∞ of Proposition 7.7, but it will be easier to use a
Brownian CRT (T , dℓ1 ,0) embedded in ℓ1, which in the setting of Section 1.2 is
naturally equipped with points Σj = x(j) +Djej , j ≥ 1, and with the weak limit µ
of the empirical measures µk = k−1

∑
j∈[k] δ(Σj), as k → ∞. Recall also Aldous’s

observation that subtrees obtained when sampling from a Brownian excursion 2Bex

have the same joint distribution, when suitably represented, as the trees in the line-
breaking construction. In the current context, this entails that the GHP∞-isometry
class of (T , dℓ1 ,0, µ, (Σj , j ≥ 1)) is m∞(T, d(σj , j ≥ 1))P(T ∈ dT).

We consider the subtrees R+
k =

⋃
j∈[k][[0,Σj ]] ⊂ T spanned by the root 0 and

leaves Σ1, . . . ,Σk and the projection of µ onto R+
k , i.e. the image µ+

k of µ under the

natural projection onto the first k coordinates in ℓ1. Subtrees like R+
k sampled from

a CRT have played an important role ever since Aldous [6, 8] and others [56, 58]
initiated the study of CRTs. An important feature of R+

k is that it has a discrete

branching structure captured by a discrete tree shape tk in the space Tshape
k of

binary combinatorial trees with k leaves (and leaf edges) labeled by [k], and with
k−1 internal edges that are the elements of tk in the formalism of Section 5.2. Then
R+

k can be decomposed into branches (BE , dℓ1 , µ
+
k |E), E ∈ [k] ∪ tk. More recently,

spinal and subtree decomposition theorems [36, 47, 88, 130] have decomposed
(T , dℓ1 ,0, µ) along R+

k . Vice versa, the joint distribution of the CRT (T , dℓ1 ,0, µ)
and (R+

k , dℓ1 ,0, µ
+
k ), can be described, as follows.

Theorem 7.20 (Subtree decomposition I). (a) Let (T , dℓ1 ,0, µ) be a BCRT
embedded in ℓ1 and Σj, j ≥ 1, a sequence sampled from µ. Then (R+

k , dℓ1 ,0, µ
+
k )

is determined by the following independent random variables:

• a tree shape tk that is uniformly distributed on Tshape
k ;

• a vector (M1, . . . ,M2k−1) ∼ Dirichlet( 12 , . . . ,
1
2 ), representing the

masses (µ+
k (BE), E ∈ [k] ∪ tk), when listed in an order such as depth

first search;
• interval partitions β1, . . . , β2k−1∼PDIP( 12 ,

1
2 ) representing the atoms of

µ+
k |BE

, E∈ [k]∪tk, in spinal order and normalized by M1, . . . ,M2k−1.
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(b) Conditionally given (R+
k , dℓ1 ,0, µ

+
k ), the distribution of (T , dℓ1 ,0, µ) is that

of the tree obtained from (R+
k , dℓ1 ,0, µ

+
k ) by grafting at each atom x ∈ R+

k

of mass mx = µ+
k (x) > 0 a tree (Tx,

√
mxdx, ρx,mxµx) at its root ρx, where

• (Tx, dx, ρx, µx) is an independent BCRT for each atom x of µ+
k .

Proof. The case k = 1 is essentially in [88, Proposition 4(ii)], which shows
that the collection of normalized spinal subtrees is a family of independent copies Ti,
i ≥ 1, of T , independent of the spinal mass partition. The construction there of the
Brownian CRT T from a homogeneous partition-valued fragmentation process [26]
and the stopping line argument to decompose along the block containing 1 actually
show that the independence of normalized spinal subtrees can be strengthened to
include a joint independence from the spinal interval partition. See also [136].

Similarly, the stopping line argument applied to the stopping line at times when
higher labels leave the blocks containing 1, . . . , k, shows that again the collection

of normalized spinal subtrees is a family of independent copies T (k)
i , i ≥ 1, of

T , independent of the k-tree (R+
k , dℓ1 ,0, µ

+
k ), as required for (b). The k-tree can

be represented as in [130, Proposition 26] in terms of the independent random
variables listed in (a). □

In the terminology of [129, 130], the weighted interval M0(β) associated with
β ∼ PDIP( 12 ,

1
2 ), is called a ( 12 ,

1
2 )-string of beads. Let us denote by ϕ : I×(Treal)N →

Treal the map that assigns to β ∈ I and (Ti, i ≥ 1) ∈ (Treal)N the (GHP-isometry
class of the) tree that consists of a spine [0,D(β)], to which the tree Ti with mass
rescaled by the size Pi = bi − ai of the ith-largest block Ui = (ai, bi) of β and with
distances rescaled by

√
Pi is grafted at Dβ(Ui), provided that the resulting tree is a

well-defined compact R-tree. To be definite, we assign the trivial tree Υ otherwise,
and also, we break mass ties by spinal order. It was shown in [136] that this map
is measurable and a.s. non-trivial when applied to the above random arguments.
The case k = 1 of Theorem 7.20 says that ϕ(β, (Ti, i ≥ 1)) is a Brownian CRT.

The k = 1 case of Theorem 7.20 also yields that the branches Bj of R+
k that

have a leaf Σj as an end point, with their subtrees grafted are rescaled Brownian
CRTs Tj , j ∈ [k]. Constructions such as (7.3), when applied to Brownian reduced
k-trees, yield subtrees that we can represent as (Rk, dℓ1 ,0, µk), k ≥ 1, where Rk =
R+

k \
⋃

j∈[k] Bj and µk is obtained by projecting µ or µ+
k onto Rk. Then the

decomposition of (T , dℓ1 ,0, µ) along (Rk, dℓ1 ,0, µk) is naturally obtained from the
decomposition along R+

k . To make a precise statement, we return to the notion of

a Brownian reduced k-tree of the form
(
tk, (X

(k)
j , j ∈ [k]), (β

(k)
E , E ∈ tk)

)
∈ Tint

k

and deduce the following variant of Theorem 7.20.
Recall from Definition 7.4 notation S◦k(Rk) and Wk(ℓ) for an R-tree represen-

tation and atom locations derived from Rk ∈ Tint
k .

Corollary 7.21 (Subtree decomposition II). (a) Consider (T , dℓ1 ,0, µ), a
Brownian CRT embedded in ℓ1, and a sequence Σj, j ≥ 1, sampled from µ.

Then the Brownian reduced k-tree Rk = (tk, (X
(k)
j , j ∈ [k]), (β

(k)
E , E ∈ Tk))

is determined by the following independent random variables:

• a tree shape tk that is uniformly distributed on Tshape
[k] ;

• a vector (M1, . . . ,M2k−1) ∼ Dirichlet( 12 , . . . ,
1
2 ) listing k top masses(

X
(k)
j , j ∈ [k]

)
followed by k − 1 edge masses

(
∥β(k)

E ∥, E ∈ tk
)
, the

latter in an order such as depth first search;
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• interval partitions βk+1, . . . , β2k−1 ∼ PDIP( 12 ,
1
2 ) representing the edge

partitions
(
β
(k)
E , E ∈ tk

)
normalized by Mk+1, . . . ,M2k−1.

(b) Conditionally given Rk, the distribution of (T , dℓ1 ,0, µ) is that of the tree
obtained from S◦k(Rk) by grafting at Wk(ℓ) for each block ℓ ∈ block(Rk) a

tree
(
Tℓ,
√

∥ℓ∥dℓ, ρℓ, ∥ℓ∥µℓ

)
at its root ρℓ, where

• (Tℓ, dℓ, ρℓ, µℓ) is an independent Brownian CRT for each ℓ ∈ block(Rk).

Proof. (a) is a direct consequence of Theorem 7.20. For (b), we apply the
further argument there to stopping lines at heights when higher labels leave the
blocks containing two or more labels 1, . . . , k. □

7.5. GHP-path-continuity of the Aldous diffusion

In this section we establish the existence of a continuous modification of the
process T (s) = S

(
T s
k,+, k ≥ 1

)
, s ≥ 0, of Definition 7.9 and hence complete the

proof of the existence of the Aldous diffusion as a GHP-path-continuous Markov
process. First, we study the Treal-valued processes T (y) := S(T y

k,+, k ≥ 1), y ≥ 0,

constructed from a consistent system of self-similar Tint
k -valued resampling k-tree

evolutions (T y
k,+, y ≥ 0), k ≥ 1, starting from a consistent family of unit-mass

Brownian reduced k-trees, i.e. in the case j = 1 and T = 1 ∈ Tint
1 of Corollary

6.3(ii). Recall from Theorem 5.12 that the total mass B(y) := ∥T y
k,+∥, y ≥ 0,

is fluctuating according to BESQ1(−1). Since projections preserve total mass, this
is indeed the same BESQ1(−1) process for all k ≥ 1 and for the limiting process
(T (y), y ≥ 0). Furthermore, the marginal distributions of T (y) are Brownian

reduced k-trees with masses scaled by B(y) and distances by
√
B(y), by consistency

and by the pseudo-stationarity of Proposition 5.15.
Specifically, we will apply the Kolmogorov–Chentsov theorem to what we nat-

urally call the self-similar Aldous diffusion (T (y), y ≥ 0), starting from a unit-mass
Brownian CRT. We start by estimating the distance between T (0) and the repre-
sentation τ(T 0

k,+) in Treal of T 0
k,+ ∈ Tint

k .

Lemma 7.22. For all p > 2, there is a constant Kp,1 > 0 such that for all k ≥ 2

E
[(
dGHP(T (0), τ(T 0

k,+)
)p ] ≤ Kp,1k

1−p/2.

Proof. In a unit-mass Brownian reduced k-tree T 0
k,+, mass is split into 2k− 1

parts according to Dirichlet
(
1
2 , . . . ,

1
2

)
, as we noted in Proposition 1.4 and Theo-

rem 7.20. If we aggregate the k−1 parts associated with edge partitions into a single
mass and keep the k top masses separate, the distribution of these k + 1 masses
(M0,M1, . . . ,Mk) is Dirichlet

(
1
2 (k− 1), 12 ,

1
2 , . . . ,

1
2

)
, by aggregation properties of

Dirichlet vectors. The combined mass of the edge partitions is further split into
block masses according to an independent PD

(
1
2 ,

1
2 (k− 1)

)
distribution. We denote

its parts in a size-biased random order by Pj , j ≥ 1. From the subtree decomposi-
tion of Corollary 7.21, each block mass is associated with a Brownian CRT. Denote
these by S1, . . . ,Sk and S(j), j ≥ 1. Denote the p-moment of the height ht(T )
of a Brownian CRT T by hp and note that we can bound the (p/2)-moment of a

Beta
(
1
2 , k−1

)
-variable above by Kpk

−p/2, the (p/2−1)-moment of a Beta
(
1
2 , k/2

)



128 7. THE ALDOUS DIFFUSION AS A PROJECTIVE LIMIT OF k-TREE EVOLUTIONS

variable by Kpk
1−p/2, for some Kp > 0.

E
[(
dGHP(T (0), τ(T 0

k,+))
)p ]

≤ E
[
max

{
max
i∈[k]

M
p/2
i (ht(Si))

p, sup
j≥1

M
p/2
0 P

p/2
j (ht(S(j)))p

}]

≤
k∑

i=1

E
[
M

p/2
i

]
hp +

∑
j≥1

E
[
M

p/2
0

]
E
[
P

p/2
j

]
hp

≤ Kpk
1−p/2hp + E

[
P

p/2−1
1

]
hp ≤ Kp,1k

1−p/2,

as required. (See e.g. [127] for details on the properties of Dirichlet and Poisson–
Dirichlet distributions that we have used, and specifically [127, Equation (2.23)]
for the penultimate step.) □

For the passage from time 0 to time y we will use a k-tree evolution (T y
k,−, y ≥ 0)

without resampling (as resampling causes discontinuities in the pre-limiting pro-
cesses) and note that for all k ≥ 2, we can bound dGHP(T (0), T (y)) above by

(7.13) dGHP

(
T (0), τ(T 0

k,−)
)
+ dGHP

(
τ(T 0

k,−), τ(T
y
k,−)

)
+ dGHP

(
τ(T y

k,−), T (y)
)
.

We will ultimately choose larger k for smaller y > 0, specifically, k > y−δ for
some δ ∈ (0, 1). The first term in (7.13) can be bounded by Lemma 7.22, and we
rephrase the lemma with our intended choice of k in the following corollary. Indeed
Propositions 6.20–6.21 will allow us to apply this corollary also for the third term
in (7.13), by separately taking into account the total mass at time y.

Corollary 7.23. Fix δ ∈ (0, 1). Then for all p > 2, y ∈ (0, 1] and k > y−δ

E
[(
dGHP(T (0), τ(T 0

k,−)
)p ] ≤ Kp,1y

pδ/2−δ.

In order to obtain a good bound from the lemma applied to T (y), we will need to
make sure that the random number J of remaining top masses in a non-resampling
evolution is large with high probability, in the following sense.

Lemma 7.24. Fix ε, δ ∈ (0, 1). Denote by Jy
k the random number of top masses

of T y
k,−, the non-resampling evolution at time y. Then for any p > 2 there is Kp,2 >

0 such that P(Jy
k ≤ k(1−ε)) ≤ Kp,2y

2(pδ/2−δ) for all y > 0 and k = ⌈y−δ/(1− ε)⌉.

Proof. Consider a BESQ(−1) process (M(y), y ≥ 0) starting from M(0) =
M ∼ Gamma( 12 , 1). By Lemma 2.9, the events of survival beyond times x > 0 can

be given in terms of an independent Gamma( 32 , 1)-variable G as {M/2G > x}. Then

P(M/2G > 2ky) → 1 as y ↓ 0, since ky → 0.

In a non-resampling k-tree evolution starting from a Brownian reduced k-tree with
Mk ∼ Gamma(k− 1

2 , 1) initial mass, the k top mass evolutions (each stopped when

hitting 0) are independent and distributed as (M(y), y ≥ 0). Denote by J
(k)
Mk

the
number of top mass evolutions surviving to time 2ky. Then for all y sufficiently

small, E
[
J
(k)
Mk

]
≥ k(1− ε/2) and hence by Hoeffding’s inequality [91, Theorem 1]

P
(
J
(k)
Mk

≤ k(1− ε)
)
≤ P

(
J
(k)
Mk

≤ E
[
J
(k)
Mk

]
− kε/2

)
≤ exp(−kε2/2).
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By the Weak Law of Large Numbers, P
(
Mk/k < 2

)
≥ 1

2 for all k sufficiently large,
i.e. for all y sufficiently small. By self-similarity, survival probabilities of BESQ(−1)

are increasing functions of the initial mass, and P
(
J
(k)
m ≤ k(1− ε)

)
is a decreasing

function of the initial mass m of the non-resampling k-tree evolution. In particular,
for k such that P

(
Mk/k < 2

)
≥ 1

2 ,

1

2
P
(
J
(k)
2k ≤ k(1− ε)

)
≤
∫ 2k

0

P
(
J (k)
m ≤ k(1− ε)

)
P(Mk ∈ dm)

≤ P
(
J
(k)
Mk

≤ k(1− ε)
)
≤ exp(−kε2/2).

Again by self-similarity, scaling from initial mass 2k to unit initial mass yields

P(Jy
k ≤ k(1− ε)) = P

(
J
(k)
2k ≤ k(1− ε)

)
≤ 2 exp(−kε2/2),

and since p > 2 is fixed and k = ⌈y−δ/(1 − ε)⌉, we can bound this probability by
Kp,2y

2(pδ/2−δ) for all y > 0, by choosing Kp,2 sufficiently large. □

With this estimate on the number of top masses in the non-resampling evolution
established, we now derive the following corollary of Lemma 7.22.

Corollary 7.25. Fix ε, δ ∈ (0, 1). For all p > 2, there is a constant Kp,3 > 0
such that for all y ∈ (0, 1] and k = ⌈y−δ/(1− ε)⌉,

E
[(
dGHP

(
T (y), τ(T y

k,−)
))p ]

≤ Kp,3y
pδ/2−δ.

Proof. Recall that T (y) = S(T y
m,+, m ≥ 1) a.s. By Proposition 6.21, we can

associate with ((T y
m,+, y ≥ 0), m ≥ 1), on the same probability space, a consistent

family (T y
m+,k−, y ≥ 0), m ≥ k ≥ 1, of partially resampling m-tree evolutions, in

which labels in [k] do not resample, while higher labels do. This includes a non-
resampling k-tree evolution T y

k,− := T y
k+,k−, y ≥ 0. More precisely, this family

can be chosen in such a way that for fixed y and k, the trees T y
m+,k−, m ≥ k, are

projectively consistent in the sense that π−mT y
m+,k− = T y

(m−1)+,k−, m ≥ k + 1.

By Proposition 6.20, when conditioning on the label set Ay
k of T y

k,− := T y
k+,k−, on

the event {#Ay
k ≥ 1}, these trees form a consistent family of independently scaled

Brownian reduced (m− k +#Ay
k)-trees with label set ([m] \ [k]) ∪Ay

k.
Since furthermore, for the consistent family constructed in Proposition 6.21, the

tree T y
m+,k− is obtained as a projection from T y

m,+ up to relabelling, for eachm ≥ k,

we can couple representatives of S(T y
m+,k−,m ≥ k) and S(T y

m,+,m ≥ 1) = T (y)
a.s., so that the former is a subset of the latter, equipped with the projected mass
measure. But since S(T y

m+,k−,m ≥ k) is itself a scaled BCRT, the inclusion is an

equality a.s. In the notation of Lemma 7.24, we have Jy
k = #Ay

k. We split the
expectation according to the number Jy

k of surviving top masses

E
[(
dGHP

(
τ(T y

k,−), T (y)
))p ]

= E
[(
dGHP

(
τ(T y

k,−), T (y)
))p

1
{
Jy
k ≤ k(1− ε)

}]
+ E

[(
dGHP

(
τ(T y

k,−), T (y)
))p

1
{
Jy
k > k(1− ε)

}]
.

Now denote byB(y) the total mass of T (y). By Theorem 5.12 and since (T 0
j,+, j ≥ 1)

has unit mass, this sequence together with T (0) = S(T 0
j,+, j ≥ 1) is independent

of B(y). We remark that B(y) and Jy
k are not independent and that (T 0

j,+, j ≥ 1)

is not independent of (B(y), Jy
k ). We extend our probability space to support an
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independent copy (T̂j , j ≥ 1) of (T 0
j,+, j ≥ 1), and we let T̂ = S(T̂j , j ≥ 1). The

following argument does not depend on the conditional distribution of B(y) given
Jy
k .

On {Jy
k ≤ k(1 − ε)}, we bound dGHP(τ(T y

k,−), T (y)) by ht(T (y)). By [67,

equation (18)], we have E
[
(B(y))p

]
≤ (1 + 2y(1 + 2(p − 1)))p ≤ (4p − 1)p for all

y ∈ (0, 1], and hence, using the Cauchy–Schwarz inequality, the first term can be
bounded by Lemma 7.24 as(

E
[
(ht (T (y)))

2p
)]1/2 (

P {Jy
k ≤ k(1− ε)}

)1/2
≤ (4p− 1)p/2

(
E
[
(ht(T (0)))

2p
])1/2

Kp,2y
pδ/2−δ,

On {Jy
k = j} for j > k(1 − ε), we note that we can first replace (τ(T y

k,−), T (y))

by (τ(T̃j), T̂ ), both scaled by (the independent) B(y); then we increase the GHP-
distance by reducing j to ⌈k(1−ε)⌉; then we drop the indicator; then we can replace

(τ(T̃j), T̂ ) by (τ(T 0
⌈k(1−ε)⌉,+), T (0)) maintaining the scaling by B(y), which is an

independent factor. Using Lemma 7.22, the second term is bounded above by

(E [(B(y))
p
])
1/2
(
E
[(
dGHP

(
τ(T 0
⌈k(1−ε)⌉,+), T (0)

))2p])1/2
≤ (4p− 1)p/2

√
K2p,1(1− ε)1/2−p/2 ypδ/2−δ/2. □

Finally, we compare τ(T 0
k,−) and τ(T

y
k,−).

Lemma 7.26. Fix ε, δ ∈ (0, 1) and θ ∈ (0, 14 ). For each p > 2, there is a

constant Kp,4 such that for all y ∈ (0, 1] and k = ⌈y−δ/(1− ε)⌉, we have

(7.14) E
[(
dGHP

(
τ(T 0

k,−), τ(T
y
k,−)

))p ]
≤ Kp,4y

(θ−δ)p−2δ.

Proof. In order to apply the bounds of Proposition 7.18, we invoke Lemma

7.19, which allows us to replace (T y
k,−, y ≥ 0) by a Tint

k -valued evolution (T̃ y
k,−, y ≥ 0)

whose tree shape remains constant and that has projections (πi,j T̃ y
k,−, y ≥ 0) that

are I◦-valued type-2 evolutions for all 1 ≤ i ̸= j ≤ k, all starting from identically
distributed initial states. Furthermore, their initial distribution, which is obtained
by concatenating the two top masses of a Brownian reduced 2-tree at the left end of
the interval partition, was denoted by µ̃ in Proposition 4.19. By Proposition 7.18,
this entails for all y ∈ (0, 1], k ≥ 2,

E
[(
dGHP

(
τ(T 0

k,−), τ(T
y
k,−)

))p ]
≤ 3pkpE

[
max

1≤i<j≤k

(
dI

(
πi,jT 0

k,−, πi,j T̃
y
k,−

))p ]
≤ 3pkp

∑
1≤i<j≤k

E
[(
dI

(
πi,jT 0

k,−, πi,j T̃
y
k,−

))p ]
≤ 3pkp+2E

[(
dI
(
π1,2T 0

2,−, π1,2T
y
2,−
))p ]

,

We now take k = ⌈y−δ/(1− ε)⌉ and apply Proposition 4.19 to the I◦-valued type-
2 evolution (π1,2T y

2,−, y ≥ 0) to obtain (7.14). Specifically, we established the
existence of random Hölder constants L = Lθ,y, with moments of all orders, for any
θ ∈ (0, 14 ) and y > 0, such that

dI(γ
a, γb) ≤ L|b− a|θ for all 0 ≤ a < b ≤ y,
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for an I◦-valued type-2 evolution (γy, y ≥ 0) starting from (0, A)⋆(0, B)⋆Cβ where
(A,B,C) ∼ Dirichlet( 12 ,

1
2 ,

1
2 ) and β ∼ PDIP( 12 ,

1
2 ) are independent. This entails

that there is a constant Cθ,p such that for all y ∈ [0, 1]

E
[(
dI
(
γ0, γy

))p ] ≤ Cθ,py
θp. □

Now, we choose δ so as to get the best overall bound out of the three estimates of
Corollaries 7.23 and 7.25 and Lemma 7.26. Since the first two want δ large and the
last one wants δ small, this easily gives δ = 2

3θ ∈ (0, 16 ) as the best choice for large
p, and hence the proof of Theorem 7.27 will give GHP-Hölder continuity of index
up to (but excluding) 1

12 . We do not claim the optimality of this index. We also

establish GH-Hölder continuity up to (but excluding) 1
4 , and this will be optimal

like for local times of Stable( 32 )-processes [31] where these bounds originate, see
Section 4.5.

Theorem 7.27. The self-similar Aldous diffusion admits a continuous mod-
ification. This modification is a.s. GHP-Hölder continuous of index α for all
α ∈ (0, 1

12 ) and GH-Hölder continuous of index α for all α ∈ (0, 14 ).

Proof. Let θ ∈ (0, 1/4), δ = 2
3θ and p > 2. By (7.13), Corollaries 7.23 and

7.25 and Lemma 7.26, there is Kp,5 > 0 such that for all y ∈ (0, 1]

E [(dGHP(T (0), T (y)))
p
]

≤ 3pE
[(
dGHP

(
T (0), τ(T 0

k,−)
))p ]

+ 3pE
[(
dGHP

(
τ(T 0

k,−), τ(T
y
k,−)

))p ]
+ 3pE

[(
dGHP

(
τ(T y

k,−), T (y)
))p ]

≤ Kp,5y
θp/3−4θ/3.

Denote by Px the law of the self-similar Aldous diffusion (T (y), y ≥ 0) starting from
a Brownian CRT with initial mass x, defined in the natural way as S(T y

k,+, k ≥ 1),
y ≥ 0, from a consistent system of pseudo-stationary resampling k-tree evolutions
with initial mass x, as in Corollary 6.3(ii). Denoting by Z(y) = ∥T (y)∥, y ≥ 0, the
total mass evolution (BESQ(−1)), we have for all 0 ≤ a < b ≤ 1

E1 [(dGHP(T (a), T (b)))p]

≤ E1 [(dGHP(T (a), T (b)))p1{Z(a) ≥ b− a}]
+ 2p−1E1 [(ht(T (a)))p1{Z(a) ≤ b− a}] + 2p−1E1 [∥T (a)∥p1{Z(a) ≤ b− a}]
+ 2p−1E1 [(ht(T (b)))p1{Z(a) ≤ b− a}] + 2p−1E1 [∥T (b)∥p1{Z(a) ≤ b− a}] ,

where we have

• split the term for Z(a) ≤ b−a by ((s+t)p ≤ 2p−1(sp+tp) and) the triangular
inequality for dGHP to compare T (a) and T (b) with the degenerate one-point
tree Υ with zero mass,

• and split the resulting two terms using dGHP(T,Υ) ≤ max{ht(T ), µ(T )}.
Now we consider each of these terms separately. We now apply the Markov property,
pseudo-stationarity and self-similarity of ((T y

k,+, k ≥ 1), y ≥ 0), as well as the effect
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of applying S as noted around (7.4) and (7.5). Then the first term is bounded by∫ ∞
b−a

max{xp, xp/2}E1

[(
dGHP(T (0), T ((b− a)/x))

)p]P1(Z(a) ∈ dx)

≤ Kp,5|b− a|θp/3−4θ/3E1

[
max

{
(Z(a))p/2−θp/3+4θ/3, (Z(a))p−θp/3+4θ/3

}]
,

where the latter expectation is bounded uniformly in a ∈ [0, 1] for p sufficiently
large. Next, clearly,

E1

[
∥T (a)∥p1{Z(a) ≤ b− a}

]
≤ |b− a|p,

and by pseudo-stationarity and since distances scale by
√
x when masses are scaled

by x,

E1

[
(ht(T (a)))p1{Z(a) ≤ b− a}

]
= E1

[
(Z(a))p/21{Z(a) ≤ b− a}

]
E1

[
(ht(T (0)))p

]
≤ |b− a|p/2E1

[
(ht(T (0)))p

]
.

To study the analogous time-b quantities, it will be useful to first calculate moments
of the squared Bessel process, using the transition density identified by Göing-
Jaeschke and Yor [79] and well-known series representations of Bessel functions:

E1

[
(Z(y))q

]
=

∫ ∞
0

1

2y
xq−3/4 exp

(
−x+ 1

2y

) ∞∑
m=0

1

m!Γ(m+ 5/2)

(√
x

2y

)2m+3/2

dx

=

∞∑
m=0

1

m!Γ(m+ 5/2)

(
1

2y

)2m+5/2

exp

(
− 1

2y

)∫ ∞
0

xq+me−x/2ydx

=

∞∑
m=0

Γ(q +m+ 1)

m!Γ(m+ 5/2)

(
1

2y

)m+3/2−q

exp

(
− 1

2y

)

≤
∞∑

m=0

Γ(q +m+ 1)

m!Γ(m+ 5/2)

(
1

2y

)m+3/2−q

,

where the series is finite for all q > 0 and y > 0, by the ratio test. Applying the
Markov property of BESQ1(−1) at time a and then self-similarity, we calculate

E1

[
∥T (b)∥p1{Z(a) ≤ b− a}

]
= E1

[
1{Z(a) ≤ b− a}EZ(a)[(Z(b− a))p]

]
=

∫ b−a

0

xpE1 [(Z((b− a)/x))p]P1(Z(a) ∈ dx)

≤
∫ b−a

0

xp
∞∑

m=0

Γ(p+m+ 1)

m!Γ(m+ 5/2)

(
x

2(b− a)

)m+3/2−p

P1(Z(a) ∈ dx)

≤ |b− a|p
∞∑

m=0

Γ(p+m+ 1)

m!Γ(m+ 5/2)

(
1

2

)m+3/2−p

,
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and similarly,

E1 [(ht(T (b)))p1{Z(a) ≤ b− a}]
= E1

[
1{Z(a) ≤ b− a}EZ(a)[ht(T (b− a))p]

]
=

∫ b−a

0

xp/2E1 [ht(T ((b− a)/x))p]P1(Z(a) ∈ dx)

≤
∫ b−a

0

xp/2
∞∑

m=0

Γ(p/2 +m+ 1)

m!Γ(m+ 5/2)

(
x

2(b− a)

)m+3/2−p/2

P1(Z(a)∈dx)E1[(ht(T (0)))p]

≤ |b− a|p/2E1 [(ht(T (0)))p]

∞∑
m=0

Γ(p/2 +m+ 1)

m!Γ(m+ 5/2)

(
1

2

)m+3/2−p/2

,

as required.
Therefore, the Kolmogorov–Chentsov criterion [137, Theorem I.(2.1)] applies.

Specifically, if we write ε(p) = θp/3 − 4θ/3 − 1, we get Hölder continuity for all
indices in (0, ε(p)/p). As p → ∞, this includes all α ∈ (0, 1

12 ), as required, since

θ ∈ (0, 14 ) was arbitrary.

For GH, we can improve the bound on the distance between τ(T 0
k,−) and τ(T

y
k,−)

using Proposition 7.16 to obtain

E
[(
dGH(τ(T 0

k,−), τ(T
y
k,−))

)p]
≤ 2pk2Cθ,py

θp ≤ Kp,6y
θp−2δ.

Since the coefficient of p does not depend on δ, we can choose δ = 1
2 and obtain

E [(dGH(T (0), T (y)))p] ≤ Kp,7y
θp−1.

The same argument as for GHP, now with ε(p) = θp − 2 yields Hölder continuity
of all indices α ∈ (0, 14 ), since θ ∈ (0, 14 ) was arbitrary. □

Corollary 7.28. The Aldous diffusion has a GHP-path-continuous modifica-
tion.

Proof. This follows from Theorem 7.27 because the de-Poissonization time-
change is differentiable and because the total mass process of the self-similar process
is (almost) 1

2 -Hölder. □

7.6. Proof of Theorem 1.6 and resolving the first part of Conjecture 1.1

In this section we pull the threads together and complete our proof of Claims
1 and 2 made at the beginning of this chapter. Specifically, we prove Theorem 1.6,
which claims that our construction yields a continuum-tree-valued process that (i)
is stationary with the law BCRT (ii) is GHP-path-continuous and (iii) has the simple
Markov property. We further note that the process that we call the Aldous diffusion
reduces to Wright–Fisher diffusions when decomposing around finitely many branch
points, as Aldous [12, 13] stipulated, hence resolving the first part of Conjecture
1.1.

Proof of Theorem 1.6. Consider the process T (s) = S
(
T s
k,+, k≥1

)
, s≥0,

constructed by mapping the stationary Tint
∞ -valued consistent family of unit-mass

resampling k-tree evolutions of Corollary 6.3(iii) by the map S : Tint
∞ → Treal of

Definition 7.5, which was shown to be measurable in Proposition 7.6.
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(i) By Corollary 6.3(iii), the stationary distribution of the Tint
∞ -valued process

is a consistent system of Brownian reduced k-trees. By Theorem 7.8, the image
under S is a Brownian CRT. Hence (T (s), s ≥ 0) is stationary with the law BCRT.

(ii) A GHP-path-continuous modification exists by Corollary 7.28.
(iii) The simple Markov property was shown in Theorem 7.13. □

This also establishes Claim 1 as stated at the beginning of this chapter. Specif-
ically, this establishes the Aldous diffusion as a path-continuous Markov process
in the Gromov–Hausdorff–Prokhorov space of weighted R-trees that is stationary
with the law of the BCRT. As a consequence of the construction and of Corollary
5.21, we can indeed conclude that this process resolves the first part of Conjecture
1.1.

Corollary 7.29. Consider the stationary Tint
∞ -valued consistent family of unit-

mass resampling k-tree evolutions

T s
k,+ =

(
tsk,
(
X

(k)
j (s), j ∈ [k]

)
,
(
β
(k)
E (s), E ∈ tsk

))
, s ≥ 0, k ≥ 1,

of Corollary 6.3(iii) and weighted R-trees Sk

(
T s
k,+

)
, k ≥ 1, and S

(
T s
k,+, k ≥ 1

)
associated as in (7.3) and Definition 7.5, s ≥ 0. Then the Wright–Fisher diffusions((

X
(k)
j (u/4), j ∈ [k]

)
,
(
∥β(k)

E (u/4)∥, E ∈ t
u/4
k )

))
, 0 ≤ u/4 < τk,

of Corollary 5.21, where τk := inf
{
s ≥ 0: minj∈[k]X

(k)
j (s) = 0

}
, are embedded in

the Aldous diffusion T (s) = S
(
T s

k,+, k≥ 1
)
, s≥ 0, of Definition 7.9 as masses of

connected components separated in any representative of T (s) by the branch points

corresponding to W s
k (E) + D

(
β
(k)
E

)
eE ∈ S◦k

(
T s
k,+

)
, E ∈ tsk, defined for each s ≥ 0

as specified before (7.3).

This also establishes Claim 2 since T 0
k,+ is a Brownian reduced k-tree associated

with the BCRT T (0) and hence jointly distributed as the reduced k-tree obtained
by sampling k leaves from the mass measure of T (0).

7.7. General Markovianity and Continuity theorems

In this chapter, we have so far constructed the (unit-mass and self-similar)
Aldous diffusion(s) and derived their Markovianity and GHP-path-continuity from
consistent systems of k-tree evolutions and their properties (Definition 7.9 and The-
orems 7.13 and 7.27 and their consequences). The philosophy has been that in the
same way as continuum (random) trees are entirely characterized by properties of
their (consistent system of) reduced k-trees, continuum-tree-valued evolutions can
be obtained from consistent systems of evolutions of reduced k-trees. Furthermore,
we have demonstrated that as the continuum structure (diffuse mass measure car-
ried by a dense set of leaves) of a continuum tree is a feature not present in the
reduced k-trees, the GHP-path-continuity does not have to be present in evolutions
of reduced k-trees.

The aim of this section is to generalize the setting away from BCRTs, the
Aldous chain and the specific consistent system of k-tree evolutions towards more
general CRTs and tree-valued Markov chains and to explore what properties of
associated k-tree evolutions we require to establish more general continuum-tree-
valued diffusions. We do this by revisiting the developments of this chapter and
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formulate a set of assumptions on the CRT and on the evolutions of reduced k-trees,
under which we can prove Markovianity and continuity theorems for associated
continuum-tree-valued processes.

Interval partitions with diversity and reduced k-trees of CRTs. Recall
from Section 2.1 the notion of an interval partition with diversity and note that the
set I of such interval partitions, the total diversity function D , the block diversity
functions Dβ , β ∈ I, the notions of total mass ∥β∥ of β ∈ I and mass ∥U∥ of U ∈ β,
β ∈ I, and the notion of concatenation ⋆ satisfy the following.

A. (I, dI) is a Lusin space and D , ∥ · ∥ : I → [0,∞) are continuous functions.
Each β ∈ I is a countable set equipped with functions Dβ : β → [0,D(β)]
and ∥ · ∥ : β → [0, ∥β∥] so that

∑
U∈β ∥U∥ = ∥β∥ for all β ∈ I. There is

an associative operation of concatenation ⋆ : I2 → I such that D(β ⋆ γ) =
D(β) + D(γ) and ∥β ⋆ γ∥ = ∥β∥+ ∥γ∥.

For any space (I, dI) with these properties, we can proceed as in Section 5.2, let
Tint
k =

⋃
t∈Tshape

k
{t}× [0,∞)k×It be the space of k-trees, and note that projections

π−k defined there, still give rise to a notion of consistent family (Rk, k ≥ 1) ∈∏
k≥1 Tint

k . In particular, this includes the spaces (Iα, dα) of [69], in which the

( 12 -)diversity of Definition 2.1 is replaced by the notion of α-diversity obtained by

replacing
√
π
√
h by Γ(1− α)hα in (2.1).

Remark 7.30. Indeed, we can include multifurcating trees, at some cost. Let

us abuse notation and redefine Tshape
k as the set of subsets t of the power set of [k]

such that [k] ∈ t, #B ≥ 2 for all B ∈ t, and for all B,C ∈ t, we have B ∩ C = ∅
or B ⊆ C or C ⊆ B. Then we write C =

←
B if B ⊂ C and there is no D ∈ t with

B ⊂ D ⊂ C, for any C ∈ t and B ∈ t ∪ {{j}, j ∈ [k]}. We say C is multifurcating

if there are three or more B ∈ t ∪ {{j}, j ∈ [k]} with
←
B = C. Of course, we still

set Tint
k =

⋃
t∈Tshape

k
{t}× [0,∞)k ×It now including multifurcating tree shapes. In

the multifurcating setting, the definition of π−k in Definition 6.1 will have to be

adjusted by including
←

{j} in the domain of ϕ, if this is a multifurcating branch point
in t so that this branch point is not removed. The form of this projection function
will depend on the structure of I, which may not be a set of interval partitions.

Definitions 7.4 and 7.5 of M0, Sk and S apply verbatim, but we do require
some regularity of the map M0 that is not implied by Assumption A, but is known
to hold, for instance, when (I, dI) = (Iα, dα), by [69, Theorem 2.5(a)–(b)].

B. M0 : I → M defined as in Definition 7.4 is continuous, where the space M
of (4.8) is equipped with the Hausdorff–Prokhorov metric.

This is the key ingredient that makes the proof of Proposition 7.6 apply and
establish the following generalization for the function S, now defined using any
(I, dI ,D , ∥ · ∥, ⋆) that satisfies Assumptions A–B.

Proposition 7.31. Under Assumptions A–B, the map S : Tint
∞ → Treal is Borel

measurable.

This proposition allows us to associate a continuum tree with a family of re-
duced k-trees, via the map S. In Theorem 7.8, we established a map R that allows
us to associate a family of reduced k-trees with a continuum tree (with an infinite
sample from its mass measure) in a generality sufficient for the BCRT. In fact, this
map is also sufficient for larger classes of CRTs. We make the following assumption.
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C. (T , d, ρ, µ) is a self-similar CRT in the sense of [85], binary with diffuse weight
measure whose support is the set of leaves and dense in T . Furthermore,

its reduced 2-tree (t, X1, X2, β) := (t2, X
(2)
1 , X

(2)
2 , β

(2)
[2] ), constructed in the

same way as explained above Proposition 1.4, is such that almost surely,
R2 is isometric to [0,D(β)], every block U ∈ β corresponds to a connected
component of T \R2 at distance D(β)−Dβ(U) from the root ρ, while blocks
X1 and X2 correspond to connected components at distance D(β) from ρ.

Theorem 7.32. The measurable map R : Treal
∞ → Tint

∞ of Theorem 7.8 is such
that, whenever Assumptions A–C are satisfied, we have

S(R(T,σ)) = T

for m∞(T, dσ)P(T ∈dT)-a.e. (T,σ)=(T, (σj , j≥1)).

The Markovianity theorem. Recall that our aim is to define continuum-
tree-valued stochastic processes using the map S. The missing ingredient for this is
a consistent system of k-tree evolutions. We therefore make the following assump-
tion, modeled closely on the developments of Chapters 5–6, requiring a generaliza-
tion of the consistent (pseudo-)stationary families and other unit-mass and/or self-
similar resampling/non-resampling/killed k-tree evolutions (T s

k,±/†, s≥ 0) and/or

(T y
k,±/†, y≥ 0), k ≥ 1, constructed there. In the following, we use unified notation

(T s
k,±/†, s≥ 0) for a process that may be unit-mass or 1-self-similar, depending on

what the assumptions provide, but we no longer require to have both frameworks
nor the independent evolution of type-i compounds, i = 0, 1, 2.

D. ((T s
k,+, k ≥ 1), s ≥ 0) is a unit-mass (or 1-self-similar) Tint

∞ -valued Borel

right Markov process that is (pseudo-)stationary with marginal distributions
obtained as consistent reduced k-trees of (T , d, ρ, µ) (scaled by independent
random constants in the self-similar case). Processes (T s

k,±/†, s ≥ 0) for fixed

k ≥ 1 are Markovian and evolve continuously and according to the same
dynamics until a top mass vanishes together with its parent edge partition.
At such times, killing or swap-reduction and/or resampling take place as
specified in Section 5.3, using the distributionQ of a reduced 2-tree associated
with (T , d, ρ, µ). Killed k-tree evolutions are invariant under the permutation
of labels.

This assumption is such that, under Assumptions A–D, Proposition 7.10, Lemma
7.11 and Corollary 7.12 remain valid and their proofs are easily adapted, both as
a pure unit-mass and as a pure 1-self-similar argument. We now deduce the first
main theorem of this section, retracing the proof of Theorem 7.13.

Theorem 7.33 (Markovianity theorem). Under Assumptions A–D, the (unit-
mass or 1-self-similar) process T (s) = S

(
T s
k,+, k ≥ 1

)
, s ≥ 0, has the simple Markov

property.

Representing non-resampling k-tree evolutions by 2-tree evolutions.
Lemma 7.19 naturally generalizes, as follows.

Lemma 7.34. Let (T s
k,−, s ≥ 0) be a (unit-mass or 1-self-similar) non-resampling

k-tree evolution under Assumptions A–D, starting from any initial k-tree T ∈ Tint
k

with tree shape t. We denote by D1, . . . , Dk the degeneration times and by Am ⊆ [k]
the label sets on [Dm, Dm+1), 0 ≤ m ≤ k, where D0 = 0 and Dk+1 = ∞. Then
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there are a Tint
k -valued process (T̃ s

k,−, s ≥ 0) and maps gm : [k]2 → (Am ∪ {0})2,
0 ≤ m ≤ k, including the identity function g0, such that

• τ(T̃ s
k,−) = τ(T s

k,−), and T̃ s
k,− has tree shape t for all s ≥ 0,

• πi,j T̃ s
k,−= πgm(i,j)T s

k,− for all 1 ≤ i ̸= j ≤ k, Dm ≤ s < Dm+1, 0 ≤ m ≤ k,

• (πi,j T̃ s
k,−, s ≥ 0) is an I◦-valued type-2 evolution for all 1 ≤ i ̸= j ≤ k, i.e.

a non-resampling self-similar 2-tree evolution represented in I◦ as explained
at the beginning of Section 7.3.

Subtree decompositions of self-similar CRTs. Part (b) of the subtree
decomposition theorem, Corollary 7.21, of the BCRT holds for all self-similar CRTs:

Theorem 7.35 (Subtree decomposition – general). Consider any α-self-similar
CRT (T , dℓ1 ,0, µ) embedded in ℓ1, a sequence Σj, j ≥ 1, sampled from µ, and the as-

sociated reduced k-tree Rk = (tk, (X
(k)
j , j ∈ [k]), (β

(k)
E , E ∈ Tk)). Then conditionally

given Rk, the distribution of (T , dℓ1 ,0, µ) is that of the tree obtained from S◦k(Rk)
by grafting at Wk(ℓ) for each block ℓ ∈ block(Rk) a tree

(
Tℓ, ∥ℓ∥αdℓ, ρℓ, ∥ℓ∥µℓ

)
at

its root ρℓ, where (Tℓ, dℓ, ρℓ, µℓ), ℓ ∈ block(Rk), are i.i.d. copies of (T , dℓ1 ,0, µ).

Proof. [88, Proposition 4(ii)] and the stopping-line arguments in the proofs
of Theorem 7.20 and Corollary 7.21 apply to all self-similar CRTs. □

Instead of an exact distribution of Rk, k ≥ 1, as in part (a) of Corollary 7.21
in the general case, we just assume the following.

E. In the setting of Theorem 7.35, Rk has block sizes (Mk,i, i ≥ 1), k ≥ 2, such
that for all q > 1 there is Kq > 0 such that

∑
i≥1 E[M

q
k,i] ≤ Kqk

1−q for all
k ≥ 2.

In fact, the check that the BCRT satisfies Assumption E is part of Lemma 7.22 and
works just the same with 1

2 suitably replaced by α ∈ (0, 1). More generally, this is
closely related to a property of Bertoin’s conservative 1-self-similar fragmentation
chains [25, Corollary 3], which have similar asymptotics for sums of powers of
blocks. Under Assumption C, we expect that Assumption E is always satisfied.

The continuity theorem. Finally, let us retrace our steps towards establish-
ing the existence of a path-continuous modification of the Aldous diffusion, from
Section 7.5, in the present generality. Lemma 7.22 generalizes, as follows.

Lemma 7.36. Under Assumptions A–E, for all p > 2, there is a constant
Kp,1 > 0 such that for all k ≥ 2

E
[(
dGHP(T (0), τ(T 0

k,+)
)p ] ≤ Kp,1k

1−p/2.

Proof. From the subtree decomposition of Theorem 7.35, each block mass is
associated with a CRT. Denote these by S(i), i ≥ 1, and the p-moment of the height
ht(T ) of the CRT T of Assumption C by hp. Now note that, by Assumption E,

E
[(
dGHP(T (0), τ(T 0

k,+))
)p] ≤ E

[
sup
i≥1

M
p/2
k,i (ht(S

(i)))p
]

≤
∑
i≥1

E
[
M

p/2
k,i

]
hp ≤ Kp,1k

1−p/2. □
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For the passage from time 0 to time s we will again use a k-tree evolution
(T s

k,−, s ≥ 0) without resampling and bound dGHP(T (0), T (s)) above by

(7.15) dGHP

(
T (0), τ(T 0

k,−)
)
+ dGHP

(
τ(T 0

k,−), τ(T s
k,−)

)
+ dGHP

(
τ(T s

k,−), T (s)
)
.

Choosing k > s−δ, the first term in (7.15) can be bounded by Lemma 7.36, as in
Corollary 7.23, which we restate here under Assumptions A–E.

Corollary 7.37. Fix δ ∈ (0, 1). Then for all p > 2, s ∈ (0, 1] and k > s−δ

E
[(
dGHP(T (0), τ(T 0

k,−)
)p ] ≤ Kp,1s

pδ/2−δ.

In order to obtain a good bound from the lemma applied to T (s), we will again
need to make sure that the random number J of remaining top masses in a non-
resampling evolution is large with high probability, which we formulate here as an
assumption, to play the role that Lemma 7.24 plays in Section 7.5.

F. Fix ε, δ ∈ (0, 1). Denote by Js
k the random number of top masses of T s

k,−, the
non-resampling evolution at time s. Then for any p > 2 there isKp,2 > 0 such

that P(Js
k ≤ k(1−ε)) ≤ Kp,2s

2(pδ/2−δ) for all s > 0 and k = ⌈s−δ/(1− ε)⌉.
In the setting of Section 7.5, we use Propositions 6.20–6.21 to deduce from the

consistent system of (pseudo-)stationary resamplingm-tree evolutions the existence
of the following further processes on the same probability space. As the consistent
system of Assumption D is less explicit, we also formulate the existence of the larger
system of partially resampling evolutions as an assumption.

G. Given a consistent system of (pseudo-)stationary resampling m-tree evo-
lutions (T s

m, s ≥ 0), m ≥ 1, as in Assumption D, there exists for each
pair m ≥ k ≥ 1, a process ((Am,k

s , Bk
s , σ

m,k
s ), y ≥ 0) that is constant be-

tween resampling times of (T s
m, s ≥ 0), such that σm,k

s is a bijection be-
tween Am,k

s ⊂ [m] and Bk
s ∪ ([m] \ [k]) with Bk

s ⊆ [k], and such that
T s
m+,k− := σm,k

s ◦ πAm,k
s

(T s
m), s ≥ 0, is an (m+, k−)-partially resampling

m-tree evolution in the sense of Definition 6.19, i.e. in which labels in [k]
do not resample, while higher labels do. Furthermore, for any k ≥ 1, these
processes can be chosen to be projectively consistent in m, m ≥ k. Finally,
for each s ≥ 0, denote by As

k the label set of T s
k+,k−, then conditionally given

As
k, the tree T s

m+,k− is distributed like the (scaled) reduced (m− k +#As
k)-

tree with label set ([m] \ [k]) ∪ As
k constructed from the CRT (T , d, ρ, µ) of

Assumption C.

In the self-similar case, we also need some control of the moments of the total mass
evolution, which is trivial in the unit-mass case. In the self-similar case, we obtain
this from [67, equation (18)], since all continuous positive 1-self-similar Markov
processes are linear time-changes of BESQ(c) for some c ∈ R:

Lemma 7.38. Under assumptions A–D, the total mass evolution (B(s), s ≥ 0)
is such that for all p ≥ 0, we have sups∈[0,1] E

[
(B(s))p

]
<∞.

From the estimate on the number of top masses in the non-resampling evolution
of Assumption F, the existence of partially resampling evolutions as in Assumption
G and the bounds on the total mass evolution Lemma 7.38, we now derive the
following corollary of Lemma 7.36.



7.7. GENERAL MARKOVIANITY AND CONTINUITY THEOREMS 139

Corollary 7.39. Under Assumptions A–G, fix ε, δ ∈ (0, 1). For all p > 2,
there is a constant Kp,3 > 0 such that for all s ∈ (0, 1] and k = ⌈s−δ/(1− ε)⌉,

E
[(
dGHP

(
T (s), τ(T s

k,−)
))p ] ≤ Kp,3s

pδ/2−δ.

Finally, we compare τ(T 0
k,−) and τ(T s

k,−). To this end, we need a bound as in
Proposition 4.19.

H. For I◦-valued non-resampling (unit-mass or 1-self-similar) 2-tree evolution
(γ̃s, s ≥ 0) starting from an initial state, which is obtained by concatenating
the two top masses of a unit-mass reduced 2-tree at the left end of the interval
partition, and for all θ ∈ (0, α2 ), there is a random constant L = Lθ,s with

moments of all orders such that dI(γ̃
a, γ̃b) ≤ L|b− a|θ for all 0 ≤ a < b ≤ s.

Lemma 7.40. Under Assumptions A–H, fix ε, δ ∈ (0, 1) and θ ∈ (0, α2 ). For

each p > 2, there is a constant Kp,4 such that for all s ∈ (0, 1] and k = ⌈s−δ/(1−ε)⌉,
we have

E
[(
dGHP

(
τ(T 0

k,−), τ(T s
k,−)

))p ] ≤ Kp,4s
(θ−δ)p−2δ.

Again, we choose the δ that gives the best overall bounds from Corollaries 7.37
and 7.39 and Lemma 7.40, and we conclude, as follows.

Theorem 7.41 (Continuity theorem). Under Assumptions A–H, the (unit-
mass or 1-self-similar) continuum-tree-valued diffusion admits a continuous modifi-
cation. This modification is a.s. GHP-Hölder continuous of index ϱ for all ϱ ∈ (0, α6 )
and GH-Hölder continuous of index ϱ for all ϱ ∈ (0, α2 ).

Examples. The reader may sense that the self-similar and unit-mass Aldous
diffusions could be the only processes for which all steps of the construction work.
They certainly are the most significant such processes, which is why we have pre-
sented our results as results about these specific processes in the first instance.
However, there are several more general settings, in which either substantial partial
results are available or there are other reasons to believe such processes now become
accessible and will substantially benefit from the generality of some of the methods
presented here.

• Arguably, closest to the Aldous chain is a chain built from Ford’s alpha
model [63], where up-steps are not insertions into a uniform random edge,
but according to weights α ∈ (0, 1) for internal edges and 1− α for external
edges. This tree growth model yields binary Markov branching trees that
are weakly sampling consistent [63] and have α-self-similar CRTs as their
scaling limits [87]. The meaning and relevance of weak sampling consistency
are that a down-step triggered by selecting a uniform leaf (and appropriate
relabelling [147]) yields a tree distributed like the tree with one fewer leaf.
As a consequence, we can define down-up Markov chains with Ford trees as
their stationary distributions, and the question of a continuum-tree-valued
diffusion arises in the same way as for the Aldous chain.

Consistent combinatorial k-tree chains have been constructed [147], Pois-
sonization yields the same decoupling of the evolutions of type-0, type-1 and
type-2 compounds. The theory of type-0 and type-1 evolutions has been de-
veloped [71] in a generality that covers cases relevant to the chains associated
with Ford’s model in state spaces (Iα, dα) of [69] alluded to earlier.
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The remaining challenge for Ford’s model is that labels are not exchange-
able. The above proofs of the Markovianity and continuity theorems both
depend on exchangeable labels obtained by sampling from the self-similar
CRT. An alternative approach to the diffusion is to start from the strongly
sampling consistent Markov branching model associated with the Ford CRT,
as discussed more generally in the following bullet point – in the special case
of the Ford CRT, the above further structure may still be relevant.

• Consider any binary self-similar CRT, as in Assumption C. Sampling a se-
quence of independent leaves from its mass measure always yields tree shapes
that form a strongly sampling consistent Markov branching model in the
sense of [87]. This yields up-steps according to some regenerative tree growth
rule [128]. Strong sampling consistency means that the Aldous chain with
its up-step replaced by the regenerative tree growth rule yields a stationary
Markov chain. In general, there is no reason why any form of Poissoniza-
tion should lead to the decoupling of type-i compounds i = 0, 1, 2, but the
regenerative structure appears to be useful in a unit-mass setting.

The challenges here are captured by Assumptions A–H. Under what
further conditions is there a notion of diversity that captures edge lengths
from subtree masses and a metric on interval partitions so that Assumptions
A–B hold? What do k-tree evolutions look like? Can we set them up as
autonomous Markov processes that satisfy the consistency requirements of
Assumptions D and G? And can we then also establish Assumptions E, F
and H? Note that in the absence of Poissonization, this is a programme that
may be carried out entirely in the unit-mass framework.

• Another setting, where the parallels reach further, is Marchal’s growth pro-
cess [114] for stable CRTs. These are a one-parameter family of multifur-
cating CRTs, so they do not satisfy Assumption C in the above wording, but
if we relax the assumption of binary self-similar CRTs to general self-similar
CRTs in the sense of [85], they are included, indeed they form arguably
the most important one-parameter family of self-similar CRTs [46, 85, 87].
As indicated in Remark 7.30, this can be handled by a suitable space (I, dI)
generalizing the notion of an interval partition to record sizes of subtrees that
have the same distance from the root in blocks that are not necessarily to-
tally ordered. Associated tree-valued up-down chains and induced consistent
k-tree chains have been studied in [147] in the combinatorial setting.

The notion of α-diversity in spaces (Iα, dα) again captures edge lengths
from (coarse) spinal partitions and hence provide again useful building blocks
to capture the full coarse-fine spinal partition identified in [88, Corollary 10].
Some progress towards constructing relevant evolutions has been made in the
interval partition evolutions with two-sided immigration and in the nested
interval partition evolutions of [145]. Setting up a consistent system of k-
tree evolutions is the subject of ongoing research, which aims to connect to
the theory of this section to obtain (self-similar and unit-mass variants of) a
continuum-tree valued stable Aldous diffusion.



CHAPTER 8

Further properties of the Aldous diffusion

In this chapter, we study the Aldous diffusion constructed in Chapter 7. Specif-
ically, we address the following points.

1. We show that, although the Brownian CRT (and hence the Aldous diffusion
at any fixed time) is almost surely binary, there is a dense Lebesgue-null set
of times when the Aldous diffusion is a CRT with a non-binary branch point.
Indeed, we argue, but stop short of a rigorous proof that at such times, there
is precisely one degree-4 branch point and no branch points of any degree
5 or higher. The latter properties distinguish our process from Zambotti’s
excursion-valued process, which we discussed in Section 1.4.

2. We continue our discussion of the failure of the strong Markov property of
the Aldous diffusion by showing that there are stopping times in the natural
filtration of the Aldous diffusion at which the Aldous diffusion is non-binary,
and that at such stopping times, the strong Markov property fails.

3. We embed the stationary Aldous chain into the Aldous diffusion in such
a way that the steps of the Aldous chain occur at times that are spaced
by independent exponentially distributed random variables. We show that
these embedded continuous-time Aldous chains, suitably rescaled, converge
to the Aldous diffusion hence completing the resolution of Conjecture 1.1.
We further deduce the reversibility of the Aldous diffusion.

These three points are covered, respectively, in Sections 8.1, 8.2 and 8.3. We con-
clude this chapter by stating open problems related to the Aldous diffusion in
Section 8.4.

8.1. Non-binary branch points

Recall that all branch points of the Brownian CRT are binary almost surely.
More precisely, it is almost surely the case that for all points in a Brownian CRT,
their removal disconnects the Brownian CRT into three connected components
(around countably many branch points) or two connected components (around
other non-leaf vertices) or the tree remains connected (when removing a leaf). In
our discussion of the failure of the strong Markov property of the Aldous diffusion
in Remark 7.15 we argued that there are nevertheless random times at which the
Aldous diffusion has a ternary branch point (whose removal disconnects into four
connected components). Before we return to this discussion in the next section,
we consider non-binary branch points (whose removal disconnects into at least four
connected components) more systematically.

Theorem 8.1. On an event of probability 1, the Aldous diffusion T (s), s ≥ 0,
has a dense null set of times s ≥ 0 at which T (s) has a non-binary branch point.

141
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For the proof of Theorem 8.1, it will be important to have k-trees embedded in
the Aldous diffusion at all times. While the Aldous diffusion, as defined in Definition
7.9, has been constructed from k-tree evolutions in a way that naturally entails an
embedding at fixed times almost surely, the Kolmorogov–Chentsov argument of
Theorem 7.27 passes to a continuous modification that, a priori, only preserves
the embedding property at a countable dense set of times (for instance all dyadic
times in the proof of [137]). The following lemma allows us to strengthen this,
with the help of path properties of k-tree evolutions. Recall the definition of the
Gromov–Hausdorff space (Treal

◦ , dGH) of (7.9).

Proposition 8.2. Let (T s
k,+, s ≥ 0) be a consistent family of stationary unit-

mass resampling k-tree evolutions, k ≥ 1, as in Corollary 6.3(iii) and
(
T (s), s ≥ 0

)
the GHP-path-continuous modification of

(
S
(
T s

k,+, k ≥ 1
)
, s ≥ 0

)
, where S : Tint

∞ →
Treal is as defined in Definition 7.5. Then it is almost surely the case that for
all s ≥ 0, the k-trees τ(T s

k,+), k ≥ 1, can be embedded isometrically into (any

representative of) T (s) as a nested family of subsets.

We prove this proposition in Appendix A.6.

Corollary 8.3. It is almost surely the case that

S
(
T s

k,+, k ≥ 1
)
= lim

k→∞
τ(T s

k,+) ⊆ T (s), for all s ≥ 0,

in the sense that any representative of the left-hand side can be embedded isometri-
cally into any representative of the right-hand side as rooted R-trees.

While we believe that this subset property can be strengthened to an equality,
we have not been able to prove this. We also emphasize that the embedding is as
a rooted R-tree, not as a weighted rooted R-tree.

Proof of Theorem 8.1. Since the Aldous diffusion is stationary with the
distribution of the binary BCRT, the set of times where any non-binary branch
points exist is a Lebesgue null set. Since de-Poissonization does not affect the
relevant statements about non-binary branch points, it suffices to establish the
corresponding results for the self-similar Aldous diffusion (restricting the claim
that the set of exceptional times is dense to the lifetime of the self-similar process).

To show that the set of times with a non-binary branch point is dense almost
surely, it suffices to show that there is a sequence of such times accumulating
at time 0, since this then extends from time 0 to all rational times, by pseudo-
stationarity of the self-similar processes of Corollary 6.3(ii), during the lifetime
of the self-similar Aldous diffusion (T (y), y ≥ 0). Equivalently, we can consider
η0 = inf{y ≥ 0: T (y) non-binary} and show that η0 = 0 almost surely.

Consider a killed 3-tree evolution
(
T y
3,†, y ≥ 0

)
starting according to the pseudo-

stationary distribution with Gamma( 52 , λ) initial mass. As in the proof of Proposition
5.17, this process is composed of two independent evolutions of types 1 and 2,
respectively. By Constructions 3.4 and 2.19 and Proposition 2.6, the three top
masses and total masses of the two interval partitions form independent BESQ(−1)
and BESQ(1) processes starting from Gamma( 12 , λ) initial mass, until the first of these
vanishes. With positive probability p3 > 0, say, we observe the event A3 that this is
the BESQ(1) process associated with the type-2 evolution. At this time η, all three
top masses are projected to W η

3 (1) = W η
3 (2) = W η

3 (3) in S3(T η
3,†). This should

correspond to a ternary branch point of the self-similar Aldous diffusion.
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Rather than confirming this rigorously in the 3-tree setup, we consider a similar
event A6 associated with a killed 6-tree evolution

(
T y
6,†, y ≥ 0

)
starting according

to the pseudo-stationary distribution with Gamma( 112 , λ) initial mass. Consider tree
shapes that have three type-2 edges with label sets {1, 4}, {2, 5} and {3, 6} and two
type-0 edges. The edge of interest is the type-0 edge that is between two branch
points of the tree shape, not the one adjacent to the root. Consider the event A6

that we observe such a tree shape and that of the five interval partitions and six
top masses, the first to reach zero mass, or zero diversity in the case of an edge,
is the edge of interest. Then A6 has positive probability p6 > 0. At this random

time η′, the R-tree S6(T η′

6,†) is a star tree that has a ternary branch point with

four branches respectively leading to the root and three leaves W η′

6 (1) = W η′

6 (4),

W η′

6 (2) =W η′

6 (5) and W η′

6 (3) =W η′

6 (6), and on the event A6, these branches have
positive lengths given by the diversities of the other four interval partitions.

By scaling, it is easy to see that this probability p6 = P(A6) is unchanged if we
change the initial total mass to any other positive initial total mass, deterministic
or random. Now fix ε > 0. Starting from unit initial mass, the probability p′6 that
A6 holds with η′ ≤ ε is positive, and by scaling, the probability of this event is
bounded below by p′6 when the initial mass is bounded above by 1.

Intuitively, events like A6 happen at all scales. More formally, we will consider a
consistent sequence (T y

k,+, y ≥ 0), k ≥ 1, of resampling self-similar k-tree evolutions
starting from a consistent family of unit-mass Brownian reduced k-trees, as in
Corollary 6.3(ii) for T = 1 ∈ Tint

1 . For each n ≥ 1 we will choose a random Kn so
that the initial tree can be projected to n disjoint scaled Brownian reduced 6-trees.
Specifically, consider the initial n-tree and let Kn be the first k ≥ n such that the

tree shape of T 0
k,+ contains edges with label sets Ẽ

(n)
1 , . . . Ẽ

(n)
n such that i ∈ Ẽ

(n)
i

and #Ẽ
(n)
i ≥ 6 for all i ∈ [n]. For each i ∈ [n] let E

(n)
i ⊆ Ẽ

(n)
i be the subset of

six lowest labels. Then the subtrees of T 0
k,+ above Ẽ

(n)
i , i ∈ [n], are disjoint and,

projected to E
(n)
i , i ∈ [n], give rise to n 6-trees S(n)

i , i ∈ [n].

Now we consider 6-tree evolutions starting from S(n)
i , i ∈ [n], n ≥ 1, induced

by (T y
k,+, y ≥ 0), k ≥ 1. Specifically, for each i ∈ [n], consider a permutation

p
(n)
i of [Kn] that maps E

(n)
i to {1, 2, 3, 4, 5, 6}. By Lemma 7.11, Proposition 6.4

and Corollary 6.3, there are an induced resampling Kn-tree evolution starting from

the initial tree with labels permuted by p
(n)
i , an associated non-resampling Kn-tree

evolution, a non-resampling 6-tree evolution obtained by projection via π6, and

finally a non-resampling E
(n)
i -tree evolution obtained by relabeling via p−1n |[6], in

which the subtree with root edge labeled E
(n)
i performs a 6-tree evolution starting

from S(n)
i and run until its first degeneration time. The purpose of passing to

non-resampling evolutions is to avoid resampling into S(n)
i . The purpose of the

relabeling is to prevent lower labels from swapping with labels in E
(n)
i in a swap-

reduction step of the non-resampling Kn-tree evolution.
Now fix n and still consider the non-resampling Kn-tree evolution (condition-

ally given Kn). Then the tree shape of the projection N 0
n = π

E
(n)
1 ∪···∪E(n)

j
T 0
Kn,+

,

includes, for each i ∈ [n], a 6-tree S(n)
i , and these 6-trees are disjoint subtrees of

N 0
n . It follows from Proposition 1.4 and aggregation properties of Dirichlet vectors
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that conditionally given their masses ∥S(n)
i ∥, i ∈ [n], the scaled Brownian reduced

6-trees S(n)
i , i ∈ [n], are independent. Similarly projecting the non-resampling

Kn-tree evolution gives rise to a non-resampling E
(n)
1 ∪ · · · ∪ E

(n)
n -tree evolution

(N y
n , y ≥ 0) in which the induced evolutions

(
(S(n)

i )y, y ≥ 0
)
are non-resampling

6-tree evolutions starting from (S(n)
i )0 = S(n)

i , i ∈ [n], and they are conditionally

independent given their initial masses ∥S(n)
i ∥, i ∈ [n].

Now let ηn = inf{y ≥ 0: SKn
(T y

Kn,+
) non-binary}. Denote by B

(n)
i the event

that
(
(S(n)

i )y, y ≥ 0
)
rescaled to unit mass satisfies A6 and η′ ≤ ε. Then we find

that P(ηn ≤ ε) ≥ P
(⋃

i∈[n]B
(n)
i

)
= 1− (1− p′6)

n → 1 as n→ ∞.

We now translate these statements into statements about the self-similar Aldous
diffusion T (y) = S

(
T y
k,+, k ≥ 1

)
, y ≥ 0. By Corollary 8.3, (Sk(T y

k,+), k ≥ 1) is,
almost surely, a GHP-convergent tree growth process for all y ≥ 0. By Proposition
8.2, any pre-limiting tree can be embedded in the limiting tree. In particular, any
non-binary branch point in a pre-limiting tree is also a non-binary branch point in
the limit. Hence, P(η0 ≤ ε) ≥ P(ηn ≤ ε) → 1 as n → ∞. But this holds for all
ε > 0. Therefore, η0 = 0 almost surely. This completes the proof. □

Remark 8.4. It is natural to ask about branch points of degree 5 or higher
or several simultaneous ternary branch points. We believe that neither is possible,
and indeed the reasoning in the above proof can be extended.

Specifically, the argument of a BESQ(1) vanishing in a 3-tree is easily adapted
to the situation of 4-trees, as follows. In order for there to exist η ≥ 0 with W η

4 (j)
equal for all j ∈ [4], we need two independent BESQ(1) to vanish simultaneously.
But they are distributed like squared Brownian motions, and as the origin is polar
for planar Brownian motion, this event has probability zero. The same argument
applies to any two adjacent edges in k-tree evolutions for any k ≥ 4 and to the
evolutions started from any rational time. Similarly, for 6-trees, the probability
vanishes that there is η ≥ 0 with W η

6 (j), j ∈ [6], forming two groups of three equal
points.

Vice versa, any branch point of degree d in the limiting tree T (y) has d − 1
subtrees of positive height and it is an easy consequence of the GHP metric that it
must be present in Sk(T y

k,+) for large enough k, as long as S(T y
k,+, k ≥ 1) = T (y).

Similarly, if its degree in the limiting tree is finite, this degree is then attained for
large enough k, and if its degree is infinite, this is approached as k → ∞. However,
we have not been able to prove that Corollary 8.3, or the corresponding statement in
the self-similar setting, can be strengthened to an equality. Furthermore, we would
have to consider that there may be other ways of forming higher-degree branch
points. Specifically, while each block ℓ of T y

k,+ corresponds to a connected compo-

nent of T (y) \ S◦k(T
y
k,+) grafted at W y

k (ℓ), non-binary branch points are formed if

the locations W y
k (ℓ) are not distinct. We have discussed when this happens to top

masses due to vanishing interval partition mass. It remains to discuss the possibility
of vanishing interval partition diversity.

As recalled at the end of Section 2.3, we showed in [67, 68, 71] that diversity
equals local time almost surely simultaneously at all levels for the construction of
Lemma 2.24 of a pseudo-stationary type-0 evolution. However, while it is well-
known that local times are strictly increasing on the level set almost surely at any
fixed level, at exceptional levels this is known to fail at isolated points of level sets
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(decrease times [22, 117]). We are not aware of any literature that ensures that
this cannot happen for non-isolated points. While we believe that this is true,
we have been unable to prove this. However, the above arguments (or indeed the
proof of [73, Theorem 1.10]) would entail that the interval partition evolution does
not visit states with finitely many blocks. But we would also like to rule out the
possibility that there are exceptional times with infinitely many blocks with zero
diversity, which would correspond to branch points of infinite degree.

Remark 8.5. We would like to remark that Zambotti’s process (1.6) does not
yield the Aldous diffusion when mapped to a continuum-tree-valued process via
the association explained around (1.3). While we stop short of proving this, an
intriguing way to approach a proof is to look at branch point degrees.

Specifically, by [155, Theorems 7.2–7.3], there are exceptional times when Zam-
botti’s process has at least three zeroes in (0, 1), but not when it has five or more.
In the continuum tree encoded by such a function, having j zeroes means the root
has degree j+1, with one subtree encoded by each of the j+1 excursions separated
by the j zeroes. It therefore suffices to show that the degree of the root is never 4 or
5 under the Aldous diffusion or equivalently under the self-similar Aldous diffusion.

In the setting of the proof of Theorem 8.1, recall the argument used to find
a ternary branch points in a killed 3-tree evolution. Applying this to the BESQ(1)
process associated with the type-1 evolution yields a root with degree 2 at excep-
tional times with positive probability. Similarly, considering the root edge and an
adjacent edge, we find that with probability one, the associated masses do not van-
ish simultaneously hence preventing the creation of a root with degree 3 or higher
in this way. A complete proof would again have to rule out other ways in which
the root could have higher degree, as discussed in the preceding remark.

As an alternative approach to a proof, we could also use the Markov chain of
[51] to see that also the limit can resolve ternary branch points in a way other
than how they were formed. Indeed, this sheds some light on the possible degrees
of the root since the Aldous diffusion dynamics appear to create blockage through
the memory in the binary tree shape that fixes the order of subtrees on any spine.
In Zambotti’s process, the only reflection is at level 0 and several local minima
can descend to zero simultaneously with hardly any interaction. Indeed, in [51],
flipping a few maxima into minima can make a subtree move past a branch point.

8.2. 3-sided states and the failure of the Strong Markov property

In Remark 7.15, we argued that the strong Markov property of the Aldous dif-
fusion fails at times where there is a ternary branch point. We have now developed
the tools to establish this rigorously. Specifically, we will study here examples of
states with ternary branch points and explain how they can be viewed as states with
three reflecting sides that ensure that the Aldous diffusion can only exit such states
on the side from which they were approached. In the following, we consider the
Aldous diffusion in the GHP-closed subset Treal

unit ⊂ Treal of GHP-isometry classes
of unit-mass rooted, weighted R-trees, where it takes its values.

Proposition 8.6. The Aldous diffusion in the state space (Treal
unit, dGHP) does

not have the strong Markov property.

In the proof, we will consider stopping times, at which the Aldous diffusion
hits, with the same positive probability, but from different “sides”, the following
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set of (GHP-isometry classes T of) trees (T, d, µ, ρ) with a ternary branch point:

A =
{
T ∈ Treal

unit : ∃v∈T∃ C0,C1,C2,C3⊆T

closed connected
∀i ̸=jCi ∩ Cj = {v}, ρ ∈ C0,

∀j µ(Cj) ≥ 12−2j
37 , sup{d(v, x) : x ∈ Cj} ≥ 1

}
.

In other words, for trees in A there is a point v ∈ T at which the tree can be
split into at least four components of height at least 1 and masses at least 12

37 ,
10
37 ,

8
37 ,

6
37 , respectively. These mass thresholds, as well as the height threshold 1,

are of technical help to avoid ambiguities and degeneracies, but are of no intrinsic
significance beyond their role in finding times in a dense set of times where a ternary
branch point exists. In particular, these mass thresholds add to 36

37 close to 1, and
the point v is unique (unless µ has atoms, which will be addressed appropriately).
The set A can be approached in three different ways, distinguishing trees that may
have a branch separating four components into pairs of mass thresholds, either
( 1237 ,

10
37 ) and ( 8

37 ,
6
37 ), or (

12
37 ,

8
37 ) and (1037 ,

6
37 ), or (

12
37 ,

6
37 ) and (1037 ,

8
37 ):

A1 =
{
T ∈ Treal

unit : ∃v,w∈T∃C0,C1,C2,C3⊆T\]]v,w[[

closed connected
C0 ∩ C1 = {v}, C2 ∩ C3 = {w}, ρ ∈ C0,

∀j µ(Cj) ≥ 12−2j
37 , sup{d(v, x) ∧ d(w, x) : x ∈ Cj} ≥ 1

}
,

A2 =
{
T ∈ Treal

unit : ∃v,w∈T∃C0,C1,C2,C3⊆T\]]v,w[[

closed connected
C0 ∩ C2 = {v}, C1 ∩ C3 = {w}, ρ ∈ C0,

∀j µ(Cj) ≥ 12−2j
37 , sup{d(v, x) ∧ d(w, x) : x ∈ Cj} ≥ 1

}
,

A3 =
{
T ∈ Treal

unit : ∃v,w∈T∃C0,C1,C2,C3⊆T\]]v,w[[

closed connected
C0 ∩ C3 = {v}, C1 ∩ C2 = {w}, ρ ∈ C0,

∀j µ(Cj) ≥ 12−2j
37 , sup{d(v, x) ∧ d(w, x) : x ∈ Cj} ≥ 1

}
.

We will be interested in the statement of the strong Markov property at the first
hitting time of A on the events that the Aldous diffusion is starting and staying
in A1, A2 and A3 respectively until hitting A. To this end, we first note some
properties of these sets of R-trees.

Lemma 8.7. (i) For any R-tree (T, d, ρ, µ) with diffuse µ and isometry class
in A (respectively Ai, i = 1, 2, 3), the vertex v ∈ T (respectively v, w ∈ T ) and
the components C0, C1, C2, C3 ⊆ T that satisfy all constraints are unique.

(ii) The subsets A,A1, A2, A3 ⊂ Treal
unit are closed.

(iii) Consider subsets A◦i of Ai, i = 1, 2, 3, obtained by replacing all weak in-
equalities by strict inequalities, removing v and w from C0, C1, C2, C3 for the
purpose of satisfying the connectedness constraint and for exceeding the mass
thresholds, and also requiring v ̸= w. Then A◦i is open in (Treal

unit, dGHP), and
its closure is a subset of Ai, i = 1, 2, 3.

(iv) Let γ ∈ (0, 1
4×37 ) and consider subsets Ãi(γ) of Ai, i = 1, 2, 3, obtained by

increasing all mass and height thresholds of Ai by γ and replacing Cj by the
γ-thickening Cγ

j for the purposes of satisfying the intersection constraints.

Then Ãi(γ) is closed in Treal
unit and a subset of A◦i ∪A.

(v) We have A◦i ⊆
⋃

γ∈(0,1/(4×37)) Ãi(γ) ⊆ A◦i ∪A.

We prove this in Appendix A.7.
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Lemma 8.8. Consider the Aldous diffusion (T (s), s ≥ 0) of Definition 7.9.
Then T := T (0) is a Brownian CRT and P{T ∈A◦1} = P{T ∈A◦2} = P{T ∈A◦3} > 0.
Furthermore, for i = 1, 2, 3, consider the exit time σA◦i = inf{s ≥ 0: T (s) ̸∈ A◦i }
from A◦i . Then P(σA◦i > 0 | T ∈ A◦i ) = 1.

Proof. For the first claim, recall from Proposition 1.4 the distribution of a
Brownian reduced 6-tree R6. In particular, with positive probability for i = 1, 2, 3,

• the uniform tree shape has three type-2 edges,
• the Dirichlet

(
1
2 , . . . ,

1
2

)
mass split assigns mass M0 >

12
37 to the (type-0)

root edge, M1 +M2 +M3 >
12−2i
37 to the adjacent type-2 edge including its

top masses, and masses M4 +M5 +M6, M7 +M8 +M9 exceeding the other
two thresholds to the other two type-2 edges including their top masses,

• the PDIP
(
1
2 ,

1
2

)
partitions have diversities exceeding 1/

√
M3j for the four

edges with masses M3j that are subject to a mass threshold, j = 0, 1, 2, 3.

Then the associated weighted R-tree S6(R6) has two branch points, which we call v
and w, and the decomposition of S6(R6) around v and w yields branches of weights
exceeding the respective mass thresholds and lengths exceeding

√
M3j/

√
M3j = 1,

j = 0, 1, 2, 3. We may assume that S6(R6) can be embedded in T , with the mass
measure of T projecting to the mass measure of S6(R6), and this easily entails that
P{T ∈ A◦i } ≥ P{S6(R6) ∈ A◦i } > 0.

While the above is not the only way that {T ∈ A◦i } can occur, note that
P{S6(R6) ∈ A◦i } does not depend on i = 1, 2, 3, by symmetries of Brownian reduced
6-trees. For Brownian reduced k-trees for larger k, we can similarly consider all
tree shapes and selections of v and w in which {Sk(Rk) ∈ A◦i } can occur. Then
the transformation that, on {Sk(Rk) ∈ A◦1 ∪ A◦2}, disconnects, swaps and regrafts
the unique (by Lemma 8.7(i)) pair of components of S◦k(Rk) \ {v, w} with masses
between 8

37 and 11
37 , leaves the distribution of the Brownian reduced k-tree invariant,

and so do similar swaps on {Sk(Rk) ∈ A◦1 ∪A◦3}. Hence, these probabilities do not
depend on i = 1, 2, 3, either.

Conditionally given the event {T ∈ Ai}, the mass and height thresholds are
strictly exceeded almost surely, by Corollary 7.21. Since the mass measure of T is
diffuse almost surely, there are no atoms at v or w, so the mass thresholds are still
strictly exceeded when v and w are removed from C0, C1, C2, C3. Hence T ∈ A◦i
almost surely, i.e. P{T ∈ Ai} = P{T ∈ A◦i }. Since the boundary of A◦i is a subset
of Ai \A◦i , by Lemma 8.7(iii), and P{T ∈ Ai \A◦i } = 0, and dGHP(Sk(Rk), T ) → 0,
the Portmanteau theorem yields P{T ∈ A◦i } = limk→∞ P{Sk(Rk) ∈ A◦i }. Hence,
P{T ∈ A◦1} = P{T ∈ A◦2} = P{T ∈ A◦3}.

Since the Aldous diffusion is dGHP-path-continuous and A
◦
i is open by Lemma

8.7(iii), the exit time from the open set A◦i is almost surely positive, conditionally
given {T ∈ A◦i }, for each i = 1, 2, 3. □

Proof of Proposition 8.6. Consider the Aldous diffusion (T (s), s ≥ 0) of
Definition 7.9 and Corollary 7.28, constructed from a consistent family (T s

k,+, s≥0),
k ≥ 1, of stationary unit-mass resampling k-tree evolutions, which in turn have been
obtained by de-Poissonizing a consistent family of self-similar resampling k-tree
evolutions (T y

k,+, y ≥ 0), k ≥ 1. Recall the exit times

σA◦i = inf{s ≥ 0: T (s) ̸∈ A◦i }, i = 1, 2,
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introduced in Lemma 8.8. For any k ≥ 6, on the event {Sk(T 0
k,+) ∈ A◦1}, we can

identify unique v, w ∈ S◦k(T 0
k,+) such that components of S◦k(T 0

k,+) \ {v, w} satisfy

the mass and height constraints for membership in A◦1, by Lemma 8.7(i). Condi-
tionally given T 0

k,+, each component gives rise to a number of independent type-d

evolutions in (T y
k,+, y ≥ 0), which eventually trigger resampling events. Discon-

necting, swapping and regrafting the pair of components of S◦k(T 0
k,+) \ {v, w} with

masses between 8
37 and 11

37 , as in the proof of Lemma 8.8, corresponds to a change

of tree shape of T 0
k,+. Inductively, we can use the same type-d evolutions and cou-

ple the resampling events to obtain a self-similar k-tree evolution starting from the
initial tree with components swapped, hence in A◦2. Furthermore, this construc-
tion is naturally consistent in k and, via de-Poissonization, mapping under S and
passing to a continuous modification, we can associate, on the event {T (0) ∈ A◦1},
an Aldous diffusion (T ∗(s), s ≥ 0) starting within A◦2. Then the two processes are
coupled so that

σ∗A◦2 := inf{s ≥ 0: T ∗(s) ̸∈ A◦2} = σA◦1

and for s ∈ [0, σA◦1 ], the trees T (s) and T ∗(s) differ only in that the unique com-

ponents around the appropriate branch points with masses between 8
37 and 11

37 are
swapped. In particular, we have

T (σA◦1 ) = T ∗(σA◦2 ) on the event
{
T (σA◦1 ) ∈ A

}
.

Now we claim that P{T (σA◦1 ) ∈ A} > 0. To show this, we first observe (as a
consequence of (7.12)) the continuity of the map that associates with T ∈ A1

the distance d(v, w) between v and w, which are unique by Lemma 8.7(i). Next
consider the unit-mass 6-tree evolution (T s

6,+, s ≥ 0) used in the construction of

(T (s), s ≥ 0). Recall from the discussion around Proposition 8.2 and Corollary 8.3
that the relationship between k-tree evolutions and the Aldous diffusion is rather
subtle, due to the passage to a continuous modification, but also that modifications
preserve the original process at a dense set of times and at those times, S6(T s

6,+)

is not just embedded into T (s), but also carries the projected weight measure of

T (s). In the following we fix γ ∈ (0, 1
4×37 ) and recall the closed subset Ã1(γ) of

A◦1 ∪A from Lemma 8.7(iv), which we here write as

Ã1 =
{
T ∈ Treal

unit : ∃v,w∈T∃C0,C1,C2,C3⊆T\]]v,w[[

closed connected
Cγ

0 ∩ Cγ
1 ={v}, Cγ

2 ∩ Cγ
3 ={w}, ρ ∈ C0,

∀j µ(Cj) ≥ 12−2j
37 + γ, sup{d(v, x) ∧ d(w, x) : x ∈ Cj} ≥ 1 + γ

}
.

Then having T (s) ∈ Ã1 on a set of times that is dense in [0, σA◦1 ] already entails

that T (s) ∈ Ã1 for all s ∈ [0, σA◦1 ]. Hence, we have{
S6(T s

6,+) ∈ Ã1 for all s ∈ [0, σA◦1 ]
}
⊆
{
T (σA◦1 ) ∈ A

}
since the membership of the closed set Ã1 ⊆ A◦1 ∪ A transfers from S6(T s

6,+) to

T (s). Indeed, on the left-hand event, we have σA◦1 = inf{s ≥ 0: S6(T s
6,+) ∈ A}.

But this event corresponds, in the self-similar setting before de-Poissonization, to
the BESQ(1) process of mass in the component between v and w vanishing while
independent type-d evolutions of other parts of the process maintain the mass and
height constraints (after de-Poissonization). This has positive probability.
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Now assume that the Aldous diffusion satisfies the strong Markov property at
σA◦1 and at σA◦2 . Then

P
(
T (σA◦1 ) ∈ · | T (0)∈A◦1, T (σA◦1 )∈A

)
= P

(
T ∗(σA◦2 ) ∈ · | T ∗(0)∈A◦2, T ∗(σA◦2 )∈A

)
= P

(
T (σA◦2 ) ∈ · | T (0)∈A◦2, T (σA◦2 )∈A

)
implies that the processes (T (σA◦i +u), u ≥ 0) under P( · | T (0) ∈ A◦i , T (σA◦i ) ∈ A),
i = 1, 2, have the same distribution. But this is false since the BESQ(1) process
reflects at 0, while the mass and height constraints are almost surely satisfied strictly
at time σA◦i and, by path-continuity, will continue to hold for a positive amount of
time after σA◦i so that for u sufficiently small, we will have

P(T (σA◦1 + u) ∈ A◦1 | T (σA◦1 ) ∈ A) = P(T (σA◦2 + u) ∈ A◦2 | T (σA◦2 ) ∈ A) >
1

2
,

and this contradicts the equality in distribution since A◦1 and A◦2 are disjoint. □

While we focussed on A◦1 and A◦2 in the proof of Proposition 8.6, it should be
clear that either can be swapped with A◦3, and the same effect is observed. Also

the reflection at A observed there when (S6(T
s
6,+), s ≥ 0) stays within Ãi = Ãi(γ)

holds for all i = 1, 2, 3 and as long as any (Sk(T
s
k,+), s ≥ 0), k ≥ 6, stays within⋃

γ∈(0,1/(4×37)) Ãi(γ) = A◦i ∪A, by Lemma 8.7(v). We conclude, as follows.

Corollary 8.9. The Aldous diffusion starting in A◦i and stopped when first
hitting Ai \ (A◦i ∪A) has A as a reflecting boundary for all i = 1, 2, 3.

We can therefore think of states in A as having three sides from which they
can be reached. Indeed, the behaviour of the Aldous diffusion at A bears some
similarities with the behaviour of reflecting planar Brownian motion in a disk with
a slit removed, D = {z ∈ C : |z| < 1} \ [0, 1), for which each of the boundary states
in (0, 1] has two sides, one in the upper right quarter-disk, one in the lower right
quarter-disk. In order to move between these quarter-disks, the reflecting planar
Brownian motion has to enter the left half-disk. For the Aldous diffusion to move
between any two of the three A◦i , it has to breach the height or mass thresholds.

Reflecting planar Brownian motion in D fails to be strongly Markovian in the
Euclidean closure, but becomes strongly Markovian if the topology is changed to
a compactification that effectively contains two disjoint copies of (0, 1]. More gen-
erally, the study of Brownian motion in bounded domains with reflection on the
boundary is a classical problem that was studied by Fukushima [75]. See also [34,
Section 3]. One way to equip the compactification of D with a metric is to use the
natural extension of the intrinsic metric on D, which assigns any two points in D as
their distance the infimum of the Euclidean length of paths between the two points.

We believe it is worth exploring the generalization of this idea, where the roles
of C and D are taken by Treal and a suitable subset of binary trees. Such a gener-
alization is delicate since suitable sets of binary trees will not be dGHP-open and A
will only be a small part of the boundary. Indeed, the Aldous diffusion will exhibit
similar behaviour at every tree with a ternary branch point, and it visits trees with
ternary branch points on a dense set of times, by Theorem 8.1. We will return to
this idea in Section 8.4.
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8.3. The modified Aldous chain embedded in the Aldous diffusion

In this section we show that tree shapes in a unit-mass resampling k-tree evolu-
tion in stationarity are Markovian and we provide an embedding of the stationary
modified Aldous chain of Definition 1.11. We use this to show that the Aldous
diffusion is the scaling limit of these continuous-time Markov chains and that the
Aldous diffusion is reversible.

Theorem 8.10. Consider the consistent system
(
T s
k,+, s ≥ 0

)
, k ≥ 1, of

stationary unit-mass k-tree evolutions. Then the associated tree shape evolutions(
tsk,+, s ≥ 0

)
, k ≥ 1, form a consistent family of stationary continuous-time Markov

chains, which have the same distribution as the modified Aldous chain embedded
into continuous time by independent Exponential(c̃k) times between steps, where
c̃k = k(2k − 3), k ≥ 2.

More precisely, let Λ(tk, · ) denote the kernel from Tshape
k to Tint

k that associates

with tk ∈ Tshape
k the distribution of a unit-mass Brownian reduced k-tree conditioned

to have shape tk. Then the continuous-time modified Aldous chain on k-tree shapes
is intertwined below the stationary unit-mass k-tree evolution via Λ(tk, · ), in the
sense of Theorem A.3.

Before we prove this theorem, we need some auxiliary results. We begin in
the self-similar regime and study degeneration times, mass evolutions and pseudo-
stationarity conditioned on tree shapes.

Lemma 8.11. Consider a killed k-tree evolution (T y, y ≥ 0) starting from a
Brownian reduced k-tree with any initial mass distribution µ and conditioned to have

tree shape t ∈ Tshape
k . Denote its degeneration time by D. Then the distribution of

the total mass process (∥T y∥, 0 ≤ y < D) does not depend on t.

Proof. First consider µ = Gamma(k − 1
2 , λ), cf. the proof of Proposition 5.17

for related arguments. Recall that Definition 5.7 builds such an evolution from in-
dependent type-d evolutions for each type-d edge of t, d = 0, 1, 2. More specifically,
we may use Construction 3.14 for all type-2 edges and therefore use as building
blocks k independent identically distributed pseudo-stationary type-1 evolutions to
obtain the type-d evolutions of our construction for all edges of types d = 1, 2.
Furthermore, by Remark 3.17, the remainder of this construction for each type-2
evolution also gives rise to an evolution that is a type-0 evolution starting from
a Gamma( 12 , λ)-multiple of PDIP( 12 ,

1
2 ), up to the lifetime of the type-2 evolution, in

such a way that given this lifetime, the type-0 evolution is independent of the type-2
evolution. These type-0 evolutions are just what is needed in our construction for
type-0 edges. The lifetime of the killed k-tree evolution is the minimum of the k
independent type-1 evolutions. Since every k-tree shape has one more type-2 edge
than type-0 edges, the joint distribution of this lifetime with the total mass process
of the killed k-tree evolution is the same for all k-tree shapes.

To deduce the claim for general µ, we proceed as in the proof of Proposition
5.17. Specifically, here is a sketch of the argument. For any two tree shapes, we here
express the distributional identity of total mass processes when µ = Gamma(k− 1

2 , λ)
in terms of expectations of functions of the total mass process. We invert the
Laplace transform in λ to obtain the result for fixed initial mass. We then integrate
the fixed mass result against µ for the general case. □
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Let us investigate pseudo-stationarity results of resampling k-tree evolutions
conditioned on their initial tree shape. Specifically, we have the following variants
of Propositions 5.16 and 5.17 when conditioning on an initial tree shape t0 ∈
Tshape
k , all in the following setting. We recall from the beginning of Section 5.4

notation Q1,[k] for the distribution of a unit-mass Brownian reduced k-tree and

write shape : Tint
k → Tshape

k for the map that assigns with T ∈ Tint
k its shape in

Tshape
k .

(S) Let t0 ∈ Tshape
k and (T y, y ≥ 0) a resampling k-tree evolution, whose ini-

tial state is an independent multiple M of a random state with unit-mass
distribution Q1,[k]( · | shape = t0).

We will denote the distribution of (T y, y ≥ 0) in setting (S) by PQµ,t0
, if

M ∼ µ, and by PQm,t0
if M = m. We also denote by PT the distribution of a

resampling k-tree evolution starting from T ∈ Tint
k .

Proposition 8.12. Consider setting (S). Given {D1 > y}, the tree T y is
conditionally an independently scaled Brownian reduced k-tree conditioned to have
tree shape t0.

Proof. Since the tree shape in (T y, y ≥ 0) does not change before D1, the
proof of Proposition 5.16 applies verbatim. □

Proposition 8.13. Consider setting (S). Then the following hold for all n ≥ 1.

(i) Given successive labels Ir = ir causing degeneration, r ∈ [n− 1], and shapes
tr−1 at Dr−, r ∈ [n], we have In = I(T Dn−) ∼ Unif([k]) and the tree shape

of T Dn is uniformly distributed on the 2k − 3 shapes in Tshape
k of the form

tn−1 ⊕ (F, J(tn−1, In)), F ∈ ϱ̃(tn−1, In) ∪ {{h} : h ∈ [k] \ {J(tn−1, In)}}.
(ii) Under the conditioning of (i) and further conditioning on In = in and on the

tree shape at Dn being tn, the normalized tree T Dn/∥T Dn∥ is a Brownian
reduced k-tree conditioned to have tree shape tn.

(iii) Under the conditioning of (ii), the normalized tree T Dn/∥T Dn∥ is indepen-
dent of (M, ∥T D1∥, . . . , ∥T Dn∥, D1, . . . , Dn)

Proof. We refine the proof of Proposition 5.17. We denote the random tree
shape of T y by ty so that the conditioning on a fixed sequence (t0, . . . , tn−1) of
tree shapes entails that ty = tr for Dr ≤ y < Dr+1, 0 ≤ r ≤ n − 1. To establish
the joint distributions claimed in (i)–(iii), we consider measurable test functions
fr, gr : [0,∞) → [0,∞), r ≥ 0, and H : Tint

k → [0,∞). Then it suffices to show that

EQµ,t0

[
f0(∥T 0∥)

n∏
r=1

(
gr(Dr)fr(∥T Dr∥)1{Ir = ir, t

Dr = tr}
)
H

(
T Dn

∥T Dn∥

)]

=

(
1

k(2k − 3)

)n
Q1,[k][H | shape = tn]EQµ,t0

[
f0(∥T 0∥)

n∏
r=1

(
gr(Dr)fr(∥T Dr∥)

)]
.

We will prove this by induction on n together with the further claim that the final
expectation in this display does not depend on t0.

First, we reduce the claim to n = 1 by the strong Markov and self-similarity
properties of resampling k-tree evolutions at degeneration times. Indeed, if (i)–(iii)
hold for n = 1, then conditionally given the tree shape T D1 is t1, the post-D1

process satisfies (S) with t0 replaced by t1. Furthermore, by (iii), this post-D1
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process, after self-similar scaling to start from unit mass, is conditionally indepen-
dent of (M, ∥T D1∥, D1) given I1 = i1 and given the tree shapes of T 0 and T D1 .
Inductively, if (i)–(iii) hold with n replaced by n′ = n − 1 ≥ 1 and (tr, ir, fr, gr)
replaced by (t′r, i

′
r, f
′
r, g
′
r) = (tr+1, ir+1, fr+1, gr+1), r ∈ [n], then

EQµ,t0

[
f0(∥T 0∥)

n∏
r=1

(
gr(Dr)fr(∥T Dr∥)1{Ir = ir, t

Dr = tr}
)
H

(
T Dn

∥T Dn∥

)]

= EQµ,t0

[
f0(∥T 0∥)g1(D1)f1(∥T D1∥)1{I1 = i1, t

D1 = t1}

ET D1

[
n′∏
r=1

(
g′r(Dr)f

′
r(∥T Dr∥)1{Ir = i′r, t

Dr = t′r}
)
H

(
T Dn′

∥T Dn′∥

)]]

=
(∗)

EQµ,t0

[
f0(∥T 0∥)g1(D1)f1(∥T D1∥)1{I1 = i1, t

D1 = t1}

EQ∥TD1∥,t1

[
n′∏
r=1

(
g′r(Dr)f

′
r(∥T Dr∥)1{Ir = i′r, t

Dr = t′r}
)
H

(
T Dn′

∥T Dn′∥

)]]

allows us to apply first the first part of the induction hypothesis, and then the
n = 1 result (with H), to deduce that this further equals

EQµ,t0

[
f0(∥T 0∥)g1(D1)f1(∥T D1∥)1{I1 = i1, t

D1 = t1}

(
1

k(2k − 3)

)n′
Q1,[k][H | shape = t′n′ ]EQ∥TD1∥,t1

[
n′∏
r=1

(
g′r(Dr)f

′
r(∥T Dr∥)

)]]

=

(
1

k(2k − 3)

)n
Q1,[k][H | shape = tn]

EQµ,t0

[
f0(∥T 0∥)g1(D1)f1(∥T D1∥)EQ∥TD1∥,t1

[
n′∏
r=1

(
g′r(Dr)f

′
r(∥T Dr∥)

)]]
.

By the second part of the induction hypothesis, the inner conditional expecta-
tion of the product does not depend on t1, and by the corresponding statement for
n = 1, the outer expectation does not depend on t0. In particular, we can replace
t1 by tD1 and apply the Markov property. More precisely, we argue as follows.
Firstly, we insert

∑
i∈[k],t∈Tshape

k
1{I1 = i, tD1 = t}, which equals 1. Secondly, we

replace t1 by t in the conditional expectation of the product. Thirdly, we apply the
step (∗) of the previous display in reverse for each i and t (taking the roles of i1 and
t1). Fourthly, with no more dependence on (i, t), we can remove the sums again.
Finally, an application of the strong Markov property completes the induction step.

It remains to prove the case n = 1. As in the proof of Proposition 5.17,
it suffices to consider a killed k-tree evolution and a resampling step carried out
on the left limit at the killing time. By the invariance of the resampling kernel
under permutations of labels, we obtain a variant of (5.14) that includes shapes.
Specifically, we find that resampling j into a Brownian reduced (k − 1)-tree with

shape t ∈ Tshape
[k]\{j} inserts label j into an edge uniformly chosen from the 2k − 3
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edges of t and then yields a Brownian reduced k-trees conditioned on this shape:∫
Tk∈Tint

k

∫
Tk−1∈Tint

k−1

Qz,[k]\{j}(dTk−1 | shape = t)Λj,[k]\{j}(Tk−1, dTk)f(Tk)

=
1

2k − 3

∑
F∈t∪{{h} : h∈[k]\{j}}

∫
Tint
k

Qz,[k](dT | shape = t⊕ (F, j))f(T ).

This identifies the claimed conditional distribution of tD1 given I1 and means it suf-
fices to establish (i)–(iii) with ϱ(T D1−)/∥T D1−∥ and ϱ̃(t0, i1) instead of T D1/∥T D1∥
and t1. The remaining claim, including the second claim that the distribution of
(∥T 0∥, D1, ∥T D1−∥) does not depend on t0, only depends on the killed k-tree evo-
lution.

With fixed initial tree shape t0 = t, the argument of Proposition 5.17 still
yields I = I1 ∼ Unif([k]) independent of D = D1. The distribution of J =
J(t, I) identified there changes, but we leave this implicit here. More importantly,

on the event {I = i}, we have an induced tree shape ti = ϱ̃(t, i) ∈ Tshape
[k]\{J(t,i)}

after swap-reduction. The further arguments of Proposition 5.17 now yield that,
conditionally given this tree shape, ϱ(T D−)/∥T D−∥ ∼ Q1,[k]\{J(t,i)}( · | shape = ti)

that is conditionally independent of (∥T 0∥, D, ∥T D−∥). The second claim follows
from Lemma 8.11. □

In particular, we read off the distribution of the tree shapes at resampling times.

Corollary 8.14. Consider setting (S). Then the tree shapes (tDn , n ≥ 0) at
D0 = 0 and at resampling times Dn, n ≥ 1, evolve according to the modified Aldous
chain of Definition 1.11.

Corollary 8.15 (Conditional strong pseudo-stationarity). Consider setting
(S). Denote by M(y) and t(y) the total mass and shape of T y and by Fy

mass+shape,
y ≥ 0, the filtration they generate. Let Y be a stopping time in this filtration. Then

for all t′ ∈ Tshape
[k] and all FY

mass+shape-measurable η : Ω → [0,∞) and measurable

H : Tint
k → [0,∞),

E
[
η1{M(Y ) > 0, t(Y ) = t′}H(T Y )

]
(8.1)

= E
[
η1{M(Y ) > 0, t(Y ) = t′}QM(Y ),[k][H | shape = t′]

]
.

Proof. As in the proof of Proposition 5.15, we deduce from Propositions 8.12
and 8.13 corresponding statements for any fixed time by conditioning on the resam-

pling times. Specifically, we find that for all y ≥ 0 and t′ ∈ Tshape
k , conditionally

given {M(y) > 0, t(y) = t′}, the tree T y is an independently scaled Brownian
reduced k-tree conditioned to have tree shape t′.

Based on these conditional distributions, we adapt the proof of Lemma 4.10,
as follows. First suppose that Y = y is non-random. An induction yields that for
all 0 = y0 < y1 < · · · < yn = y

EQm,t

[
n∏

r=0

fr(t(yr),M(yr))1{M(y) > 0, t(y) = t′}H(T y)

]

= EQm,t

[
n∏

r=0

fr(t(yr),M(yr))1{M(y) > 0, t(y) = t′}QM(y),[k][H | shape = t′]

]
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and a monotone class theorem establishes (8.1) when Y = y is non-random. The
generalization to stopping times by discretization and right-continuity is again stan-
dard. □

Proof of Theorem 8.10. In the following, we denote by P1,t (respectively
Pm,t) the distribution of a unit-mass (respectively self-similar) resampling k-tree
evolution starting from a Brownian reduced k-tree (of mass m in the self-similar

case) conditioned to have tree shape t ∈ Tshape
k for some k ≥ 1. Let

(
T y, y ≥ 0

)
∼ Pµ,t =

∫
(0,∞)

Pm,tµ(dm) with induced tree shape evolution (ty, y ≥ 0). Recall

that the de-Poissonization stopping times ρT (s), s ≥ 0, satisfy ∥T ρT (s)∥ > 0 a.s., as
noted below (4.2). By Corollary 8.15 applied to Y = ρT (s), we find for FY

mass+shape-

measurable η : Ω → [0,∞), measurable h : Tint
k → [0,∞) and t′ ∈ Tshape

k

Em,t

[
η1{tρT (s) = t′}h

(
T ρT (s)/∥T ρT (s)∥

)]
= Em,t

[
η1{tρT (s) = t′}

]
E1,t′

[
h
(
T 0
)]
.

This readily entails

E1,t

[
η1{ts = t′}h

(
T s
)]

= E1,t

[
η1{ts = t′}

]
E1,t′

[
h
(
T 0
)]
,

where η : Ω → [0,∞) is measurable in F s
mass+shape = FρT (s)

mass+shape. In the notation
of intertwining of Theorem A.3, this means that ΛPs = ΛPsΦΛ, where Ps is the
transition kernel of the unit-mass resampling k-tree evolution, Φ is the kernel asso-
ciated with projection to tree shape and Λ is the kernel stated in the statement of

the theorem. Since also ΛΦ is the identity kernel on Tshape
k and T 0 has distribution

Λ(t, · ), Theorem A.3 applies and yields that (ts, s ≥ 0) is Markovian.
To make the transition kernel of (ts, s ≥ 0) more explicit, note that by construc-

tion, the tree shape stays constant between the times Dr such that ρT (Dr) = Dr,
r ≥ 0, where we write D0 := 0. By Lemma 8.11, the distribution of D1 under
P1,t does not depend on the initial tree shape t0 = t, since D1 only depends on
(∥T y∥, 0 ≤ y < D1).

In a continuous-time Markov chain whose holding times Dr −Dr−1, r ≥ 1, are
identically distributed, they are furthermore independent exponentially distributed
and independent of the jump chain (tDr , r ≥ 0). This also follows inductively from
the independence noted in Proposition 8.13(iii) in conjunction with the further
independence from tree shapes. To summarize,

E1,t

[
n∏

r=1

gr
(
Dr−Dr−1

)
1
{
I(T Dr−)= ir, t

Dr =tr
}]

=
( 1

k(2k − 3)

)n n∏
r=1

E1,t

[
gr
(
D1

)]
.

While it does not seem straightforward to determine the distribution of D1 directly,
we obtained from the Markov property of (ts, s ≥ 0) that it is exponential. We
denote the rate parameter by c̃k. We further identify the transition probabilities of

(tDr , r ≥ 0) as the ones of the modified Aldous chain, cf. Corollary 8.14.
To relate the rate parameters, we note that in a stationary unit-mass resam-

pling (k + 1)-tree evolution with rates c̃k+1, the resampling label J in the sense of
Proposition 5.17(i) is k + 1 with probability (4k − 1)/(k + 1)(2k − 1). By Poisson
thinning, this means that

c̃k = c̃k+1

(
1− 4k − 1

(k + 1)(2k − 1)

)
= c̃k+1

k(2k − 3)

(k + 1)(2k − 1)
.
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Hence, there is c ∈ (0,∞) such that c̃k = ck(2k − 3). Since c̃2 = 2c, the following
proposition entails that c = 1, and this completes the proof. □

Proposition 8.16. The first resampling time of a stationary unit-mass 2-tree
evolution as in Theorem 4.4 is exponentially distributed with rate parameter 2.

We prove this lemma in Appendix A.8.
We further note that with probability 1/(2k − 3), the state of the modified

Aldous chain does not change. Hence, the actual jump rate of the continuous-time
Markov chain is further thinned to ck = k(2k−4) = 2k(k−2), which is reminiscent
of, but not the same as the rates appearing in Kingman’s coalescent. But still, in
a non-resampling evolution, these rates are such that it should be possible to show
that the Aldous diffusion comes down from infinity in the sense that, starting in
stationarity and with suitable labelling conventions, the labels perform a variant of
Kingman’s coalescent.

The embedding of Theorem 8.10 allows us to deduce scaling limits. The follow-
ing corollary restates Theorem 1.8 in the context of Theorem 8.10 and completes
the resolution of Conjecture 1.1.

Corollary 8.17. This continuous-time (modified) Aldous chain, represented

as a process of R-trees with edge lengths 1/
√
k and uniform weight measure on

the leaves, converges to the Aldous diffusion as k → ∞, in the sense of finite-
dimensional distributions on (Treal, dGHP). Indeed, in the coupling provided by
Theorem 8.10, the convergence holds almost surely.

Proof of Corollary 8.17 and Theorem 1.8. In the setting of Theorem
8.10, consider the Aldous diffusion T (s) = S

(
T s

k,+, k ≥ 1
)
, s ≥ 0. Then for each

s ≥ 0, the joint distribution of (tsk, k ≥ 1) with the limiting CRT T (s) is as in
Curien and Haas [41, Theorem 5(iii)]. Hence, the convergence as claimed holds
almost surely for each s ≥ 0. This entails the almost sure convergence at any
finite number of times, which also entails the convergence in the sense of finite-
dimensional distributions, as claimed. □

Remark 8.18. The holding times are i.i.d. exponential variables that are cou-
pled for different k so that they form a superposition of Poisson processes of rates
c̃j − c̃j−1, j ≥ 2. The points of a Poisson process in any interval are distributed
like a Poisson number of i.i.d. uniform random variables. Now consider the time
change that maps equi-distant times at multiples of 1/k2 to the times of the points
of the superposition up to level k. It follows from the strong law of large numbers
for Poisson variables and the Glivenko–Cantelli theorem for the uniform random
variables that these time changes converge uniformly in any time interval to a linear
function. If we had uniform rather than finite-dimensional convergence in Corollary
8.17, we could deduce the convergence of the discrete Aldous chain.

Finally, we turn to the question of reversibility of the Aldous diffusion. Specifi-
cally, recall the (unmodified) Aldous chain of Section 1.1. We note as Schweinsberg
[143] did in the unrooted case, that the symmetry of the transition rules entails the
reversibility with the uniform stationary distribution. The modified label dynamics
of Definition 1.11, on the other hand, sacrifice reversibility for k ≥ 4 by allowing
certain forward moves that cannot be reversed in one step. However, as noted be-
fore, the two chains share the same dynamics of the underlying unlabeled trees (and
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representations in Treal), and indeed, this will allow us to apply the reversibility of
the (unmodified) Aldous chain. None of these observations is affected by passing to
continuous time, with steps separated by independent exponential times. We can
now prove Corollary 1.9, which we restate here.

Corollary 8.19. The Aldous diffusion is reversible with the distribution of
the Brownian CRT.

Proof of Corollaries 8.19 and 1.9. For each k ≥ 1, denote by (tk(s), s ≥
0) a stationary continuous-time (unmodified) Aldous chain with steps separated by
independent exponential times with the rates c̃k = k(2k−3) of Theorem 8.10. This
continuous-time chain is reversible and therefore (tk(0), tk(s)) and (tk(s), tk(0))
have the same distribution for each s ≥ 0.

Adapting ideas from Definition 7.4 to the simpler setting without edge parti-

tions, we denote by τ√k : T
shape
k → Treal the map that assigns with a tree shape the

GHP-isometry class of an R-tree representative of t with edge lengths 1/
√
k and

uniform weight measure on the leaves.
Now fix s ≥ 0. In the setting of Theorem 8.10, Corollary 8.17 yields that

dGHP(τ√k(t
0
k,+), T (0)) → 0 and dGHP(τ√k(t

s
k,+), T (s)) → 0 almost surely. Then

for any bounded continuous function f : Treal × Treal → [0,∞), we have

E
[
f
(
T (0), T (s)

)]
= lim

k→∞
E
[
f
(
τ√k(t

0
k,+), τ

√
k(t

s
k,+)

)]
= lim

k→∞
E
[
f
(
τ√k(tk(0)), τ

√
k(tk(s))

)]
= lim

k→∞
E
[
f
(
τ√k(tk(s)), τ

√
k(tk(0))

)]
= lim

k→∞
E
[
f
(
τ√k(t

s
k,+), τ

√
k(t

0
k,+)

)]
= E

[
f
(
T (s), T (0)

)]
and this completes the proof. □

8.4. Open problems

The definition of the Aldous diffusion, Definition 7.9, is in a stationary setting.
The Markov property established in Theorem 7.13 gives rise to transition kernels
κ̃s, s ≥ 0, that are defined BCRT-almost everywhere, satisfy a semi-group property
BCRT-almost everywhere, and can be paraphrased, as follows.

• Sample a sequence of leaves from the mass measure of the initial unit-mass
(binary) continuum tree,

• use the root and the first k leaves to build an initial reduced k-tree in Tint
k ,

for all k ≥ 1, forming an initial consistent family in Tint
∞ ,

• run a Tint
∞ -valued evolution of unit-mass k-tree evolutions for time s ≥ 0,

• use the function S of Definition 7.5 to project the consistent family at time
s into Treal.

This is sufficient to establish the stationary process as a simple Markov process
and to derive some other properties, as we have demonstrated, but raises further
questions, whose answers may open up a more direct analytic study of the Aldous
diffusion without relying on the delicate consistency in stationarity of resampling
k-tree evolutions in Corollary 6.3, which gives rise to the Tint

∞ -valued evolution.
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Problem 8.20. Identify a state space of (binary) continuum trees from which
the Aldous diffusion with transition kernels κ̃s, s ≥ 0, can start. Provide an explicit
description of κ̃s, s ≥ 0, as a family of kernels on this state space that satisfies the
semi-group property everywhere. Identify the generator of the Aldous diffusion.

Indeed, a restriction to binary continuum trees is necessary here, because for
any continuum tree with ternary or higher-degree branch points and any sequence
of leaves sampled from its mass measure, there will not be a unique way to associate
a consistent family in Tint

∞ . More precisely, a reduced k-tree constructed from labels
in all four components around a ternary branch point must split the four labels into
two pairs separated by an empty edge partition. Each of the three ways of pairing up
four labels will typically lead to a different continuum-tree-valued evolution in much
the same way as the Aldous diffusion resolves ternary branch points instantaneously
into two binary branch points after the stopping times explored in Section 8.2.

On the other hand, a state space of binary trees is insufficient for a continuous
modification, by Theorem 8.1. As indicated in Remark 8.4, we believe it is sufficient
to allow one ternary and no higher-degree branch points.

Problem 8.21. Show that the Aldous diffusion almost surely has no times at
which there is any branch point of degree 5 or higher or more than one ternary
branch point.

We discussed in Remark 8.5 that this would also be one way, but not the only
way, to approach the following problem.

Problem 8.22. Prove rigorously that Zambotti’s process (1.6) on a space of
excursions does not yield the Aldous diffusion when mapped to a continuum-tree-
valued process via the association explained around (1.3).

This clearly leaves open Zambotti’s problem [155, Section 5.6.4] of providing a
description of his process as an evolution of trees, which would naturally take place
in (Treal, dGHP), or in a subspace. The following is the complementary problem.

Problem 8.23. Construct and study an excursion-valued Aldous diffusion that
projects to the Aldous diffusion via the association explained around (1.3).

From the perspective of our construction, this involves the construction of con-
sistent planar structures. Intuitively, this can be done using independent Bernoulli
variables to make tree shapes planar. To construct excursions, it seems useful to
also associate Bernoulli variables with every block in an interval partition, to indi-
cate whether the corresponding subtree is to the left or to the right of the branch
represented by the interval partition. This also helps set up consistent evolutions
where naturally the Bernoulli variables are associated with atoms of the Poisson
random measures of Section 2.3. Following this route would involve revisiting many
developments of this memoir with added structure. Could other techniques make
use of the less abstract state space of excursions, using some of the insights from
this memoir that translate easily between frameworks?

An excursion-valued Aldous diffusion is a richer object as it encodes planar
structure. Planar structure plays an important role in some applications of con-
tinuum trees, notably to random planar maps and Liouville quantum gravity [45,
110, 116]. The planar order of the BCRT was already considered by Aldous [8],
as was the general coding of ordered graph-theoretic trees as walks. See also Le
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Gall [107]. There is also a more recent literature on the representation of order
structure of R-trees. See e.g. Evans et al. [55, 57].

We do not believe that an excursion-valued Aldous diffusion would be strongly
Markovian, but the additional order structure appears to reduce the 3-sided na-
ture of states explored in Section 8.2 to 2-sided states. Specifically, a continuum
tree with a ternary branch point corresponds to an excursion with three adjacent
sub-excursions above the same level. A resolution into two binary branch points
corresponds to one of the touch points moving above the other, which can happen
in only two ways, the third being ruled out by the planar order – the subtrees
corresponding to the left and right excursion cannot form a third pair.

As far as the strong Markov property is concerned, other approaches seem more
promising. One possibility is to discard the metric structure and work on a state
space of rooted algebraic trees building on the work of Löhr et al. [112, 113] in the
unrooted case.

Problem 8.24. Define a topology on a space of rooted algebraic trees. Show
that the Aldous diffusion projected to rooted algebraic trees is a strong Markov
process, a rooted algebraic Aldous diffusion.

This problem may alternatively be addressed in Forman’s space of interval-
partition trees [64]. Either way, the metric structure of the continuum tree would
be removed from the state space. A potential alternative may be changing the
metric on a state space of binary continuum trees to a metric that measures the
distance between two binary continuum trees as the infimum of GHP-lengths of
paths in this space of binary continuum trees. This space is not complete, but
approaching the same continuum tree with a ternary branch point from the three
sides indicated in Section 8.2 appears to correspond to three distinct points in a

completion, which we denote by (Treal
binary, d

path
GHP). Following [56, 58], it is easy to

see that this completion is a separable metric space.

Problem 8.25. Show that the Aldous diffusion is a path-continuous strong

Markov process in (Treal
binary, d

path
GHP).

Intuitively, the self-similar Aldous diffusion of Section 7.5 inherits the indepen-
dence of the evolution of subtrees in subtree decompositions that is expressed in
the underlying k-tree evolutions (modulo labels, which only play an auxiliary role
when mapping into (Treal, dGHP)).

Problem 8.26. Describe the evolution of the subtree decomposition of Corol-
lary 7.21 under the self-similar Aldous diffusion, until one of the subtrees corre-
sponding to the top masses vanishes.

It would be particularly interesting to identify a σ-finite measure that describes
the evolution of new subtrees created during this evolution. In the following, we
refer to this σ-finite measure as the excursion measure of the self-similar Aldous
diffusion.

Problem 8.27. Study the self-similar Aldous diffusion under its excursion mea-
sure. Study de-Poissonization under the excursion measure of the self-similar Al-
dous diffusion.

Following any fixed time, with an entrance law of the excursion measure of the
self-similar Aldous diffusion, the forward evolution is a self-similar Aldous diffusion
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and its de-Poissonization must give a unit-mass Aldous diffusion, and the backward
evolution can be approached using the reversibility of Corollary 8.19. Returning to
the context of limit theorems of Section 8.3, we also pose the following problem.

Problem 8.28. Strengthen the convergence of the embedded continuous-time
Aldous chain in Corollary 8.17 to functional convergence. Show the convergence
of the discrete-time Aldous chain to the Aldous diffusion. Identify other Markov
chains that converge to the Aldous diffusion.

In this memoir, we have approached problems about continuum trees via em-
bedded k-trees, spinal decompositions and Poissonization. It is instructive to do
the same to approach Problem 8.28. Recall the Poissonized oCRP( 12 , 0) from Section
1.5. In the Poissonized (modified) Aldous chain, every leaf (and adjacent branch
point) is deleted at rate 1, into every edge a new branch point (and adjacent leaf)
is inserted at rate 1

2 . Given the subtree spanned by two leaves and the root of the
initial tree, the associated 2-tree has two top masses evolving as birth-and-death
chains and an evolving vector of leaf counts in spinal subtrees until one of the top
masses vanishes. We can view this as a first top mass, and a second top mass
followed by the vector of spinal leaf counts. The so-extended vector evolves as an
oCRP( 12 , 0) independently of the first top mass, jointly stopped when the first top
mass vanishes. This is the discrete analogue of the type-2 evolution of Definition
3.1 run as a type-1 evolution and an independent BESQ(−1)-top mass until one of
the two top masses vanishes.

It was shown in [139, 145] that this oCRP( 12 , 0) has a type-1 evolution as its
scaling limit. This scaling limit holds as functional convergence [145, Theorem 3.12]
if represented in a space of interval partitions equipped with the Hausdorff distance,
or equivalently the distance obtained in Definition 2.3 if dis(β, γ, (Uj , Vj)j∈[n]) is
replaced by disH(β, γ, (Uj , Vj)j∈[n]) defined to be the maximum of just (iii) and
(iv) in Definition 2.3 hence ignoring diversities. This is proved by first showing the
convergence of the discrete scaffolding-and-spindles construction of Section 1.5 to
the continuous scaffolding-and-spindles construction of Section 2.3. Distances in
the continuum trees are diversities of interval partitions and local times of the scaf-
folding Lévy processes. Establishing the functional convergence of distances in the
Poissonized Aldous chain is therefore closely related to the functional convergence
of Lévy process local times in the following sense.

Problem 8.29. Consider a sequence Xn of spectrally positive compound Pois-
son processes compensated to have zero mean by adding a negative drift. Suppose
that Xn → X weakly, where X is an unbounded variation Lévy process with bi-
continuous occupation density local time process L. Show that the occupation
density local times Ln of Xn converge weakly to L.

For a Brownian motion limit, this problem was addressed by Khoshnevisan
[99] and Lambert et al. [103]. A general finite-dimensional convergence result
(even without assuming bi-continous limiting local times) was proved by Lambert
and Simatos [102, Theorem 2.4]. They also illustrate for a specific heavy-tailed
jump distribution in the relevant domain of attraction of a stable process that
tightness holds. The argument is very technical, but any obstacles to proving the
corresponding result in the setting of [139, Theorem 1.5] appear to be technical in
nature rather than any suspected lack of tightness. In any case, this is only a first
step or practice step towards establishing tightness in Problem 8.28.
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Finally, recall from Section 7.7 the discussion of generalizations of the Aldous
diffusions to other (pseudo-)stationary continuum-tree-valued evolutions. Let us
here formulate the three examples as open problems.

Problem 8.30. Construct a unit-mass and self-similar continuum-tree-valued
evolutions for Ford’s CRT [63, 87] that relate to consistent systems of k-tree evolu-
tions with non-exchangeable labels, using as building blocks the type-0 and type-1
evolutions of [71].

Problem 8.31. Construct unit-mass continuum-tree-valued evolutions asso-
ciated with down-up Markov chains derived from strongly sampling consistent
Markov branching models in the domain of attraction of a binary self-similar CRT
of [86, 87].

Problem 8.32. Construct unit-mass and self-similar continuum-tree-valued
evolutions for the stable CRTs of [46, 85] based on a down-up chain whose up-
steps are Marchal’s growth procedure [114] and building on nested interval partition
evolutions of [145].



Appendix

This appendix is a collection of material mostly of a technical nature. Section
A.1 reviews Dynkin’s criterion and intertwining, which are used throughout to
show where functions of Markov processes are Markovian. The remainder contains
technical proofs of results stated in the main chapters, Sections A.2–A.3 are relevant
in Chapter 6, Sections A.4–A.5 in Chapter 7 and Sections A.6–A.8 in Chapter 8.

A.1. Dynkin’s criterion and intertwining

Throughout this section: (X(t), t ≥ 0) is a continuous-time Markov process on
a state space (S,S), (Pt, t ≥ 0) is the family of transition kernels for X, ϕ : S → T is
a surjective measurable map to (T, T ), and Y (t) = ϕ(X(t)), t ≥ 0. We will discuss
two different sufficient criteria for (Y (t), t ≥ 0) to also be Markovian.

Theorem A.1 (Theorem 10.13 of [49]). Let ϕ−1 denote the pre-image under ϕ.
If ϕ satisfies Dynkin’s criterion that for all A ∈ T and (x, y) ∈ S2 with ϕ(x) = ϕ(y),

(A.1) Pt(x, ϕ
−1(A)) = Pt(y, ϕ

−1(A)),

then (Y (t), t ≥ 0) is a Markov process in the filtration generated by (X(t), t ≥ 0).

See [141, Lemma I.14.1] for another version of this result. This is also some-
times credited as the Kemeny–Snell criterion, after [98, Theorem 6.3.2].

The second criterion that we discuss is stated in terms of compositions of sto-
chastic kernels. We adopt the standard convention that sequential transitions are
ordered from left to right, unlike the notation for compositions of functions:∫

PQ(x, dz)f(z) =

∫
P (x, dy)

∫
Q(y, dz)f(z).

Definition A.2. Consider a stochastic kernel Λ: T ×S → [0, 1] and let Qt :=
ΛPtΦ, t ≥ 0, where Φ denotes the kernel associated with the map ϕ, Φ(x, · ) =
δϕ(x)( · ). We say (Qt, t ≥ 0) is intertwined below (Pt, t ≥ 0) via Λ if

(i) ΛΦ equals the identity kernel on (T, T ) and
(ii) ΛPt = QtΛ, t ≥ 0.

Theorem A.3 (Theorem 2 of [140]). If (Qt, t ≥ 0) is intertwined below (Pt, t ≥
0) via Λ and additionally,

(iii) X(0) has regular conditional distribution (r.c.d.) Λ(Y (0), · ) given Y (0),

then (Y (t), t ≥ 0) is a Markov process. We then say that (Y (t), t ≥ 0) is inter-
twined below (X(t), t ≥ 0) via Λ.

If conditions (i) and (iii) are satisfied, then (ii) is equivalent [140, Remark (ii)]
to

(ii’) For all t ≥ 0 and y ∈ T , if X(0) has distribution Λ(y, ·), then the r.c.d. of
X(t) given Y (t) is Λ(Y (t), · ).

161
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A.2. A metric on marked k-trees and the proof of Lemma 6.6

In this section we discuss a metric on the space
∗

Tint

k of marked k-trees that was
introduced in Section 6.1. Recall from Definition 6.5 that a marked k-tree is an
ordered pair

∗
T = (T, ℓ), where T is a k-tree in the sense of Section 5.2 (i.e. with

leaf masses and internal edge partitions) and ℓ is a distinguished block in T , either
a leaf i ∈ [k] or one of the blocks along one of the internal edge partitions. Such
marked trees arise as the ϕ2-projections of (k+1)-trees; recall from Definition 6.5
and Figure 6.2 that this map contracts away leaf k+1 and leaves a marking in the
block of the resulting k-tree where that leaf would need to be inserted in order to
recover our initial (k+1)-tree.

We metrize
∗

Tint

k by
(A.2)

d∗T

( ∗
Tk,1,

∗
Tk,2

)
:= inf

{
dT(Tk+1,1, Tk+1,2) : ϕ2(Tk+1,1) =

∗
Tk,1, ϕ2(Tk+1,2) =

∗
Tk,2

}
.

Note that if Tk,1 and Tk,2 have the same tree shape as each other and both are
marked in corresponding leaf blocks i ∈ [k], then

(A.3) d∗T ((Tk,1, i), (Tk,2, i)) = dT(Tk,1, Tk,2).

Indeed, dT(Tk,1, Tk,2) is a general lower bound for distances between marked k-
trees. In this special case, the bound can be seen to be sharp by splitting block i
in each of the marked k-trees into a very small block k+1, a small edge partition
with little diversity, and a massive block i, in order to form (k+1)-trees that project
down as desired. In the limit as block k+1 and the edge partition on its parent
approach mass and diversity zero, the dT-distance between the resulting (k+1)-trees
converges to dT(Tk,1, Tk,2).

On the other hand, if two marked k-trees have equal tree shape but the marked
blocks lie in different leaf components or internal edge partitions, then

(A.4) d∗T ((Tk,1, ℓ1), (Tk,2, ℓ2)) = dT(Tk,1, 0) + dT(0, Tk,2).

If Tk,1 and Tk,2 have different tree shapes, then both (A.3) and (A.4) hold, as the
right hand sides are then equal, by (5.6).

This leaves only the case where the two marked k-trees have the same shape
and the marked blocks each lie in corresponding internal edge partitions in the two
trees. Then each marked k-tree is as in example (A) in Figure 6.2: for i = 1, 2,
there is a unique (k+1)-tree Tk+1,i for which ϕ2(Tk+1,i) = (Tk,i, ℓi). Then

(A.5) d∗T

(
(Tk,1, (E, a1, b1)), (Tk,2, (E, a2, b2))

)
= dT(Tk+1,1, Tk+1,2).

Proof of Lemma 6.6. First, we note that for T1, T2 ∈ Tint
k+1 and

∗
T1,

∗
T2 ∈

∗

Tint

k ,

(A.6) d∗T(ϕ1(T1), ϕ1(T2)) ≤ dT(T1, T2) and dT

(
ϕ2
( ∗
T1
)
, ϕ2
( ∗
T2
))

≤ d ∗
T

( ∗
T1,

∗
T2

)
.

The first of these inequalities follows immediately from the definition of d∗T. The

second follows from (A.3), (A.4), and (A.5), with the added note that the projection
map πk satisfies

dT(Tk+1,1, Tk+1,2) ≤ dT(πk(Tk+1,1), πk(Tk+1,2)).

This proves the continuity of ϕ1 and ϕ2.
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We now prove that
∗
Λk is weakly continuous in its first coordinate. We sepa-

rately check continuity at zero, at k-trees with a marked leaf, and at k-trees with
the mark in a block of an interval partition. In each case, we consider a sequence

((Tn, ℓn), n ≥ 1) of marked k-trees converging to a limit
∗
T∞ of that type.

Case 1:
∗
T∞ = 0. Then the total mass ∥Tn∥ and the diversities of all interval

partition components of the Tn must go to zero. Let U = (m1,m2, β) ∼ Q denote
a Brownian reduced 2-tree of unit mass. For n ≥ 1, let Tn := Tn ⊕ (ℓn, U). Then

Tn has law
∗
Λk((Tn, ℓn), · ). We recall that, as noted in [69, Equation (3.5)], scaling

an interval partition by c, causes its diversity to scale by
√
c. Thus,

dT(Tn, 0) ≤ dT(Tn, 0) +
√
∥ℓn∥Dβ(∞) ≤ dT(Tn, 0) +

√
∥Tn∥Dβ(∞),

which goes to zero as n tends to infinity. We conclude that
∗
Λk is weakly continuous

at 0.
Case 2:

∗
T∞ = (T∞, i) for some i ∈ [k]. Then by (A.4), for all sufficiently large

n, ℓn = i and Tn has the same tree shape as T∞; call this tree shape t. Let U and
(Tn, n ≥ 1) be as in Case 1. Let xn,i denote the mass of block i in Tn. As noted in
[69, Equation (3.7)],

dT(Tn, Tm) ≤ dT(Tn, Tm) ≤ dT(Tn, Tm) +
∣∣√xn,i −√

xm,i

∣∣Dβ(∞).

Since the sequence (xn,i, n ≥ 1) is Cauchy, it follows from the above bounds that

(Tn, n ≥ 1) is a.s. Cauchy as well. Thus, we conclude that
∗
Λk(Tn, · ) converges

weakly.
Case 3: ℓn = (E, an, bn) for some E ∈ t, for all sufficiently large n. Then

for each such large n, there is some (k+1)-tree Tk+1,n such that
∗
Λk((Tn, ℓn), · ) =

δTk+1,n
( · ). By (A.5), if the marked k-trees (Tn, ℓn) converge then so do the (k+1)-

trees Tk+1,n.

This proves that
∗
Λk is weakly continuous in its first coordinate everywhere on

∗

Tint

k . □

A.3. Proof of Lemma 6.18

In this section, we prove Lemma 6.18, which we restate here for convenience.

Lemma A.4. (Lemma 6.18) Fix k ≥ 3 and ϵ > 0. Let T ∈ Tint
k−1 with ∥T∥ > ϵ

and let (T y, y ≥ 0) be a resampling k-tree evolution with T 0 ∼ Λk,[k−1](T, · ).
Let (Dn, n ≥ 1) denote the sequence of all degeneration times of this evolution
and (D∗n, n ≥ 1) the subsequence of degeneration times at which label k drops and
resamples. Assume that with probability one we get D∞ := supnDn > D∗2. Then
there is some δ = δ(k, ϵ) > 0 that does not depend on T such that P(D∗2 > δ) > δ.

We prove this lemma in three cases.

Case 1: T contains a leaf block of mass xi > ∥T∥/2k.
Case 2: T contains an edge partition β of mass at least ∥T∥/2k, and β contains

a block of mass at least ∥β∥/2k2.
Case 3: T contains an edge partition β of mass at least ∥T∥/2k, and each block

in β has mass less than ∥β∥/2k2.

Proof of Lemma 6.18, Case 1. With probability at least 1/2k, the kernel
Λk,[k−1](T, · ) inserts label k into the large leaf block i, splitting it into a Brownian
reduced 2-tree (xi, xk, β{i,k}). This type-2 compound (Uy, y ∈ [0, D1)) will then
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evolve in pseudo-stationarity, as in Proposition 5.5, until the first degeneration
time D1 of (T y, y ≥ 0).

Let A1 denote the event that UD1− is not degenerate, i.e. some other compound
degenerates at time D1. On A1, some outside label may swap places with i and
cause i to resample. However, as noted in the discussion of cases (D1), (D2), and
(D3) in Section 6.1, no label will swap places with label k at time D1 on the event
A1. Let R1 denote the subtree of ϱ(T D1−) corresponding to UD1−. This equals
UD1− if no label swaps with i. By Proposition 5.5 and exchangeability of labels
in Brownian reduced 2-trees, on the event A1 the tree R1 is a Brownian reduced
2-tree.

Let B1 denote the event that the label dropped at D1 resamples into a block of
R1. Let UD1 denote the resulting subtree after resampling. On the event A1 ∩Bc

1,
UD1 = R1 is again a Brownian reduced 2-tree, by definition of the resampling k-tree
evolution. On the event A1 ∩ B1, the tree UD1 is a Brownian reduced 3-tree, by
(5.14) and the exchangeability of labels.

We extend this construction inductively. Suppose that on the event
⋂n

m=1Am,
the tree UDn is a Brownian reduced M -tree, for some (random) M . We define
(Uy, y ∈ [Dn, Dn+1)) to be the M -tree evolution in this subtree during this time
interval. Let An+1 denote the event that UDn+1− is non-degenerate, Rn+1 the
corresponding subtree in ϱ(T Dn+1−), Bn+1 the event that the dropped label re-
samples into a block in Rn+1, and UDn+1 the corresponding subtree in T Dn+1 .

Then on
⋂n+1

m=1Am the tree Rn+1 is again a Brownian reduced M -tree, by the
same arguments as above, with Proposition 5.16 in place of Proposition 5.5. On
Bc

n+1 ∩
⋂n+1

m=1Am, the tree UDn+1 = Rn+1 is a Brownian reduced M -tree, and on

Bn+1 ∩
⋂n+1

m=1Am the tree UDn+1 is a Brownian reduced (M+1)-tree.
In this manner, we define (Uy, y ∈ [0, DN )) where DN is the first time that

Uy− attains a degenerate state as a left limit. Let Ay denote the label set of Uy for
y ∈ [0, DN ); by the preceding argument and Proposition 5.16, Uy is conditionally
a Brownian reduced (#Ay)-tree given {y < DN}. Let (σy, y ∈ [0, DN )) denote the
evolving permutation that composes all label swaps due to the swap-and-reduce
map, σy = τn ◦ τn−1 ◦ · · · ◦ τ1 for y ∈ [Dn, Dn+1), where τm is the label swap
permutation that occurs at time Dm.

We can simplify this account by considering a pseudo-stationary killed k-tree
evolution (Vy, y ∈ [0, D′′)) coupled so that πAy◦σy(Vy) = Uy, y ∈ [0, D′′), whereD′′

is the degeneration time of (Vy). Such a coupling is possible due to the consistency
result of Proposition 6.14 and the exchangeability of labels evident in Definition 5.7
of killed k-tree evolutions. Note that, in particular, D′′ precedes the first time at
which a label in (Uy) degenerates. Moreover, following the discussion of cases (D1),
(D2), and (D3) in Section 6.1, label k cannot be dropped in degeneration until a
label within (Uy) degenerates.

There is some δ > 0 sufficiently small so that a pseudo-stationary k-tree evolu-
tion with initial mass ϵ/2k will avoid degenerating prior to time δ with probability
at least 2kδ. By the self-similarity noted in Theorem 5.11, this same δ bound holds
for pseudo-stationary k-tree evolutions with greater initial mass. Applying this
bound to (Vy, y ∈ [0, D′′)) proves the lemma in this case. □

Proof of Lemma 6.18, Case 2. In this case, with probability at least 1/4k3,
label k is inserted into a “large” block in β of mass at least ∥β∥/2k2. If another
label resamples into this same block prior to time D∗1 , then we are in the regime of
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Case 1, and the same argument applies, albeit with smaller initial mass proportion.
However, if no other label resamples into this block then, although it is unlikely for
this block to vanish quickly, it is possible for label k to be dropped in degeneration if
a label that is a nephew of k causes degeneration (case (D3) in Section 6.1). In this
latter case, however, that label swaps into the block in which label k was sitting.
Then, label k resamples and may jump back into this large block with probability
bounded away from zero. This, again, puts us in the regime of Case 1. In this case,
D∗1 may be small with high probability, but not D∗2 .

More formally, a version of the argument for Case 1 yields δ > 0 for which,
with probability at least δ: (i) the kernel Λk,[k−1](T, · ) inserts label k into a block

in β with mass at least ∥β∥/2k2; (ii) this block, or a subtree created within this
block survives to time δ with its mass staying above ∥β∥/3k2; (iii) the total mass
stays below 2∥T∥ and either (iv) D∗1 > δ; or (v) D∗1 ≤ δ but at time D∗1 , label k
resamples back into this same block, which only holds a single other label at that
time; and then (vi) D∗2 −D∗1 > δ. □

To prove Case 3, we require two lemmas, one of which recalls additional prop-
erties of type-0/1/2 evolutions.

Lemma A.5. Fix (x1, x2, β) ∈ [0,∞)2×I with x1+x2 > 0. There exist a type-0
evolution (βy

0 , y ≥ 0), a type-1 evolution ((my, βy
1 ), y ≥ 0), and a type-2 evolution

((my
1,m

y
2, β

y
2 ), y ≥ 0) with respective initial states β, (x1, β), and (x1, x2, β), coupled

in such a way that for every y, there exists an injective, left-to-right order-preserving
and mass-preserving map sending the blocks of βy

2 to blocks of βy
1 , and a map with

these same properties sending the blocks of βy
1 to blocks of βy

0 .

These assertions are immediate from the pathwise constructions of type-0/1/2
evolutions in Constructions 2.17, 2.19 and 3.4.

Lemma A.6. Fix c ∈ (0, 1/2) and x > 0. Consider u1, u2 ≥ 0 with u1 + u2 > 0
and β ∈ I with ∥β∥ > x and none of the blocks of β having mass greater than
c∥β∥. For every ϵ > 0 there exists some δ = δ(x, c) > 0 that does not depend on
(u1, u2, β) such that with probability at least 1 − ϵ, a type-2 evolution with initial
state (u1, u2, β) avoids degenerating prior to time δ.

Proof. Fix a block (a, b) ∈ β with a ∈ [c∥β∥, 2c∥β∥] and let

β0 := {(a′, b′) ∈ β : a′ < a}, β1 := {(a′ − b, b′ − b) : (a′, b′) ∈ β, a′ ≥ b}
so that β = β0 ⋆ (0, b − a) ⋆ β1. We follow Proposition 5.3(iv), in which a type-2
evolution is formed by concatenating a type-2 with a type-1. In particular, let

Γ̂y :=
(
m̂y

1, m̂
y
2, β̂

y
)
and Γ̃y := (m̃y, β̃y), y ≥ 0, denote a type-2 and a type-1

evolution with respective initial states (u1, u2, β0) and (b−a, β1). Let D̂ denote the

degeneration time of (Γ̂y, y ≥ 0) and let Ẑ denote the time at which ∥Γ̂y∥ hits zero.

Let I equal 1 if m̂D̂
1 > 0 or 2 if m̂D̂

2 > 0, and set (XI , X3−I) :=
(
m̂D̂

I , m̃
D̂
)
. Finally,

let
(
my

1,m
y
2, β

y
)
, y ≥ 0 denote a type-2 evolution with initial state (X1, X2, β̃

D̂),

conditionally independent of ((Γ̂y, Γ̃y)), y ∈ [0, D̂])) given this initial state, but

coupled to have my
I = m̂D̂+y

I for y ∈ [0, Ẑ − D̂]. By Proposition 5.3(iv), the
following is a type-2 evolution:

(A.7)

{
(m̂y

1, m̂
y
2, β̂

y ⋆ (0, m̃y) ⋆ β̃y) for y ∈ [0, D̂),

(my−D̂
1 , my−D̂

2 , βy−D̂) for y ≥ D̂.
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Moreover, by the Markov property of type-1 evolutions, Definition 3.1 of type-
2 evolutions, and the symmetry noted in Lemma 3.6, the following is a stopped
type-1 evolution:

(A.8)

{
(m̃y, β̃y) for y ∈ [0, D̂),

(my−D̂
3−I , β

y−D̂) for y ∈ [D̂, Ẑ].

Let δ > 0 be sufficiently small so that, with probability at least
√
1− ϵ, a

BESQcx(−1) avoids hitting zero prior to time δ, and likewise for a BESQ(1−2c)x(0).

Then with probability at least 1−ϵ = (
√
1− ϵ)2, both (∥Γ̂y∥, y ≥ 0) and the BESQ(0)

total mass of the type-1 evolution of (A.8) avoid hitting zero prior to time δ. On
this event, the type-2 evolution of (A.7) does not degenerate prior to time δ. □

Proof of Lemma 6.18, Case 3. Informally, we proved that degenerations
of k may take a long time in Cases 1 and 2 by controlling the degeneration times
of pseudo-stationary structures inserted into large blocks in repeated resampling
events. In Case 3, there are no large blocks, and indeed large blocks may never
form. Instead, there must be a large interval partition, which we can cut rather
evenly into 2k− 1 sub-partitions. We will control the degeneration of evolving sub-
partitions and the probability that insertions are into distinct non-adjacent internal
sub-partitions.

Specifically, let us follow the notation introduced at the start of this appendix.
We can decompose β = β1 ⋆ · · · ⋆ β2k−1 into sub-partitions βi with ∥β1∥ ≥ ∥β∥/k
and ∥β∥/4k ≤ ∥βi∥ ≤ ∥β∥/2k for 2 ≤ i ≤ 2k − 1, since no block exceeds mass
∥β∥/2k2 ≤ ∥β∥/4k.

With probability at least 1/8k2, the kernel Λk,[k−1](T, · ) inserts label k into

β2, splitting β2 = β−2 ⋆ (0, xk) ⋆ β
+
2 . Then label k is in the type-1 compound

U0 = (xk, β
+
2 ⋆ β3 ⋆ . . . ⋆ β2k−1), while β1 ⋆ β

−
2 is the interval partition of the

compound associated with the sibling edge of k. Consider the concatenation Vy :=
Vy
3 ⋆ Vy

4 ⋆ · · · ⋆ Vy
2k−1 of type-1 evolutions (Vy

i , y ≥ 0), 3 ≤ i ≤ 2k − 1, starting

respectively from β+
2 ⋆β3, β4, . . . , β2k−1, for times y up to the first time DV that one

of them reaches half or double its initial mass. We denote by DW the degeneration
time of the sibling edge of k as part of this resampling k-tree evolution. If this
sibling edge of k is a type-2 edge, denote by u1 and u2 its top masses and consider
a type-2 evolution (Wy, y ≥ 0) starting from (u1, u2, β1 ⋆ β

−
2 ), with degeneration

time DW . Otherwise, this edge has three or more labels, so one or both children
of this edge have more than one label. For each of these children, we choose as u1
or u2, respectively, the top mass of its smallest label. Then the degeneration time

of a type-2 evolution (W̃y, y ≥ 0) starting from (u1, u2, β1 ⋆ β
−
2 ) is stochastically

dominated by the time DW at which the sibling edge of k degenerates. We denote
by DT the first time that ∥T y∥ reaches half or double its initial mass.

Since ∥β1 ⋆ β−2 ∥ ≥ ∥β1∥ ≥ ∥β∥/k ≥ ∥T∥/2k2 ≥ ϵ/2k2, Lemma A.6 yields
δW = δ(ϵ/2k2, 1/2k) > 0 such that P(DW > δ1) ≥ 1 − 1/(32k2)k. Let δT > 0 be
such that a BESQϵ(−1) stays in (ϵ/2, 2ϵ) up to time δT with probability at least
1 − 1/(32k2)k. Then P(DT > δT ) ≥ 1 − 1/(32k2)k. Finally, let δV > 0 be such
that the probability that BESQϵ/8k2(0) does not exit (ϵ/16k2, ϵ/4k2) before time δV
exceeds (1/2)1/2k. Since the 2k−3 independent type-1 evolutions are starting from
greater initial mass, we obtain from Proposition 5.1 and the self-similarity assertion
of Theorem 5.11 that P(DV > δV) > 1/2.
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We proceed in a way similar to Case 1 and inductively construct a subtree
evolution (Uy, y ∈ [0, DU )) coupled to (Vy, y ∈ [0, DV)) on events An+1, n ≥ 0,
on which Dn+1 < min{DV , DW , DT } and any resampling of a label at time Dn+1

when UDn+1− has j− 1 labels occurs into a block of VDn+1

2j , j = 2, . . . , k− 1. Given

that Dn+1 < min{DV , DW , DT }, such a block is chosen by the resampling kernel
with (conditional) probability exceeding ∥β2j∥/(4∥T∥) ≥ 1/32k2.

Thus, with probability at least δ := min{δV , δW , δT , 1/(32k2)k−2}, we have
D∗1 > δ and so D∗2 > δ. □

A.4. Representation of R-trees by consistent families of k-trees

Recall from Section 7.1

• the subset Tint
∞ of projectively consistent families R = (Rk, k ≥ 1) of k-trees

Rk =
(
tk, (x

(k)
j , j ∈ [k]), (β

(k)
E , E ∈ tk)

)
∈ Tint

k , k ≥ 1, equipped with the
subset topology of the product topology formed by the metric topologies
induced by (5.5)–(5.6),

• and the metric space
(
Treal
∞ , d∞GHP

)
of GHP∞-isometry classes of rooted,

weighted compact R-trees with a sequence of marked points.

In this section, we make explicit the kernel m∞ from Treal to Treal
∞ that samples

a sequence of marked points from the normalized weight measure, and the map
R : Treal

∞ → Tint
∞ that uses the marked points of the R-tree (representative) to build

a corresponding projectively consistent family in Tint
∞ , and we prove Theorem 7.8.

Let
(
Treal
k , d

[k]
GHP

)
be Miermont’s [121] space of GHP[k]-isometry classes of

rooted, weighted compact R-trees with k marked points. In this section, we adapt
Miermont’s notation and write T =

[
T, d, µ, (σi)

k
i=0

]
=
[
T, d, µ, (σ0,σ)

]
∈ Treal

k

for the GHP[k]-isometry class of (T, d, µ, (σi)
k
i=0), a rooted, weighted compact R-

tree (T, d, σ0, µ) with k marked points σ1, . . . , σk ∈ T . We extend this notation to
similarly write T =

[
T, d, µ, (σi)

∞
i=0

]
=
[
T, d, µ, (σ0,σ)

]
∈ Treal

∞ .

Definition A.7. For any 1 ≤ k ≤ ∞ and any rooted, weighted compact R-tree
(T, d, σ0, µ) with µ ̸= 0, let

mk

(
(T, d, σ0, µ),A

)
=

∫
Tk

(
µ/∥µ∥

)⊗k
(dσ)1A

([
T, d, µ, (σ0,σ)

])
.

As noted in Section 7.1, Miermont’s arguments for finite k extend to k = ∞.
Specifically, mk((T, d, σ0, µ), ·) only depends on the GHP-isometry class

[
T, d, σ0, µ

]
and induces a kernel from Treal to Treal

k , for all 1 ≤ k ≤ ∞. See [121, Lemma 13].
Denote by L(T, d) the set of leaves of the R-tree (T, d), i.e. the set of members

of T whose removal does not disconnect T . For 1 ≤ k <∞, let

Treal,L
k =

{[
T, d, µ, (σi)

k
i=0

]
∈ Treal

k : L(T, d) ⊆ {σ0, σ1, . . . , σk}
}

be the set of GHP[k]-isometry classes of trees that are spanned by the root and
their other k marked points.

For any k-marked rooted, weighted compact R-tree
(
T, d, µ, (σi)

k
i=0

)
and 0 ≤

i ̸= j ≤ k, we consider the isometries ρTi,j : [0, d(σi, σj)] → T with ρTi,j(0) = σi and

ρTi,j(d(σi, σj)) = σj and the associated paths [[σi, σj ]]T = ρTi,j([0, d(σi, σj)]) in T .
We write ]]σi, σj [[T= [[σi, σj ]]T \ {σi, σj} and define [[σi, σj [[T and ]]σi, σj ]]T similarly.
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Define the subset

(A.9) T+
k =

⋃
1≤j≤k

[[σ0, σj ]]T

of T spanned by σ0, . . . , σk and the projection map π+
k : T → T+

k given by π+
k (σ) =

argminx∈T+
k
d(x, σ). We note that this is well-defined because (T, d) is an R-tree

and T+
k ⊆ T is a closed connected subset. We consider T+

k as a k-marked rooted
R-tree by equipping it with the metric and marked points inherited from T , and
we further equip T+

k with the measure µ+
k = (π+

k )∗µ, the image of µ by π+
k . Since

the GHP[k]-isometry class T+
k of

(
T+
k , d, µ

+
k , (σi)

k
i=0

)
only depends on the GHP[k]-

isometry class T of
(
T, d, µ, (σi)

k
i=0

)
, this induces a map reduce+k : Treal

k → Treal,L
k

given by reduce+k (T) = T+
k .

Lemma A.8. The map reduce+k : Treal
k → Treal,L

k is Lipschitz continuous with
Lipschitz constant less than or equal to 17.

Proof. For the purposes of this proof, we omit the superscript + from reduced
trees and projection maps. Consider a metric space (M, δ) and two embedded k-
marked rooted, weighted compact R-trees

(
T, δ, µ, (σi)

k
i=0

)
and

(
T ′, δ, µ′, (σ′i)

k
i=0

)
with

δH(T, T ′) < ε, δP(µ, µ′) < ε, δ(σi, σ
′
i) < ε, 0 ≤ i ≤ k,

and their reduced subtrees Tk and T ′k defined as in (A.9), with associated projection
maps πk : T → Tk and π′k : T

′ → T ′k and measures µk and µ′k. It suffices to show
that δH(Tk, T

′
k) < 17ε and δP(µk, µ

′
k) < 17ε.

Let σ ∈ Tk. Then σ ∈ [[σ0, σi]]T for some i ∈ [k]. Since δ(σ0, σ
′
0) < ε and

δ(σi, σ
′
i) < ε, the triangular inequality yields |δ(σ0, σi)− δ(σ′0, σ′i)| < 2ε. Therefore,

we can find σ′ ∈ [[σ′0, σ
′
i]]T ′ such that∣∣δ(σ′0, σ′)− δ(σ0, σ)

∣∣ < 2ε and
∣∣δ(σ′i, σ′)− δ(σi, σ)

∣∣ < 2ε.

A priori, σ′ may be far from σ in M . However, since δH(T, T ′) < ε, we can also
find σ̃′ ∈ T ′ with δ(σ, σ̃′) < ε, and since T ′ is an R-tree, we have σ′ ∈ [[σ′i, σ̃

′]]T ′ or
σ′ ∈ [[σ′0, σ̃

′]]T ′ . In the first case,

δ(σ, σ′) ≤ δ(σ, σ̃′) + δ(σ̃′, σ′) = δ(σ, σ̃′) + δ(σ̃′, σ′i)− δ(σ′, σ′i)

≤ ε+ δ(σ̃′, σ) + δ(σ, σi) + δ(σi, σ
′
i)− δ(σ, σi) + 2ε < 5ε.

In the second case, the same argument with i replaced by 0 yields the same con-
clusion. Reversing the roles of Tk and T ′k, we conclude that δH(Tk, T

′
k) < 5ε.

Turning to the measures, consider any closed C ⊆ M and recall notation Cε

for its ε-thickening. Then π−1k (C ∩ Tk) ⊆M is also closed and so

µk(C) = µ(π−1k (C ∩ Tk)) ≤ µ′
(
(π−1k (C ∩ Tk))ε

)
+ ε.

Our aim is to show that this can be further bounded by µ′k(C
17ε) + 17ε. To this

end, let σ′ ∈
(
π−1k (C ∩ Tk)

)ε ∩ T ′. Then there is σ ∈ π−1k (C ∩ Tk) such that
δ(σ, σ′) ≤ ε. Now consider the projections πk(σ) into Tk and π′k(σ

′) into T ′k. Since
δH(Tk, T

′
k) < 5ε, there is p ∈ Tk such that δ(π′k(σ

′), p) < 5ε. Then

δ(σ, πk(σ)) ≤ δ(σ, p) ≤ δ(σ, σ′) + δ(σ′, π′k(σ
′)) + δ(π′k(σ

′), p) ≤ δ(σ′, π′k(σ
′)) + 6ε.
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Similarly, δ(σ′, π′k(σ
′)) ≤ δ(σ, πk(σ)) + 6ε. Since πk(σ) ∈ [[σ, p]]T , we find

δ(π′k(σ
′), πk(σ)) ≤ δ(π′k(σ

′), p) + δ(p, πk(σ)) = δ(π′k(σ
′), p) + δ(σ, p)− δ(σ, πk(σ))

≤ 5ε+ δ(σ′, π′k(σ
′)) + 6ε− δ(σ′, π′k(σ

′)) + 6ε = 17ε.

We conclude that
(
π−1k (C ∩ Tk)

)ε ∩ T ′ ⊆ (π′k)−1(C17ε ∩ T ′k
)
, and this entails that

µ′
(
(π−1k (C ∩ Tk))ε

)
+ ε ≤ µ′

((
π′k
)−1(

C17ε ∩ T ′k
))

+ 17ε,

as required. □

For T =
[
T, d, µ, (σi)

k
i=0

]
∈ Treal,L

k , we construct the tree shape in Tshape
k , de-

noted by shapek(T), via its graph-theoretic representation (V,E), by the following
procedure. The vertex set is V = {σi, 1 ≤ i ≤ k}∪ {bi,j , 1 ≤ i < j ≤ k} ⊆ T , where
bi,j is the unique point in T that satisfies [[σ0, bi,j ]]T = [[σ0, σi]]T ∩ [[σ0, σj ]]T . The
edge set E includes an edge between u ∈ V and v ∈ V if and only if ]]u, v[[T∩V = ∅.
With each v ∈ V , associate labels(v) = {i ∈ [k] : σi = v} ∪

⋃
1≤i<j≤k : bi,j=v{i, j}.

Since
{
labels(v), v ∈ V

}
does not depend on the choice of representative of the

isometry class T, we can define the tree shape of T as

shapek(T) =

{ {
labels(v), v ∈ V

}
\
{
{j} : j ∈ [k]

}
if this is in Tshape

k ,

∆ otherwise,

where ∆ ̸∈ Tshape
k is a cemetery state. If B = labels(v) and v = bi,j , we also write

v = bB . In fact, it is not hard to see that while t :=
{
labels(v), v ∈ V

}
is not

necessarily a binary hierarchy in the sense of Section 5.2, it is always a hierarchy in
the generalised sense where each B ∈ t with #B ≥ 2 has a unique partition into a
minimal number of parts C1, . . . , Ck ∈ t, for some k ≥ 2, without further requiring
that k = 2. For the purposes of this section, it suffices to consider shapek(T) when

this hierarchy is binary and hence gives rise to a (binary!) tree shape in Tshape
k .

Proposition A.9. The function shapek : Treal,L
k → Tshape

k ∪{∆} is measurable.

Proof. Since Tshape
k ∪ {∆} is a finite set, it suffices to show that for all t ∈

Tshape
k , the set shape−1k (t) is measurable. We will argue that this set is open in

(Treal,L, d
[k]
GHP). To this end, consider any T =

[
T, d, µ, (σi)

k
i=0

]
∈ Treal,L

k with tree
shape shapek(T) = t. The construction of its tree shape via the graph-theoretic
representation (V,E) is such that any two points in the finite vertex set V ⊆ T are

at a strictly positive d-distance in T . From this and (7.12), we can find a d
[k]
GHP-ball

in Treal,L
k centered at T in which the tree shape remains constant, as required. □

Remark A.10. As we are applying (7.12) from the proof of Proposition 7.16
in what we will use to prove Theorem 7.8, we point out that Proposition 7.16 does
not depend on Theorem 7.8 nor indeed on any material from Section 7.2.

For T =
[
T, d, µ, (σ0, σ1, σ2)

]
∈ Treal,L

2 , recall [[σ0, b1,2]]T = [[σ0, σ1]]T ∩[[σ0, σ2]]T .
The (first) top mass µ

(
]]b1,2, σ1]]T

)
does not depend on the choice of representative

of the isometry class T and will be denoted by top(T).
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More generally, let T =
[
T, d, µ, (σi)

k
i=0

]
∈ Treal,L

k and j ∈ [k]. Then we define

the jth top mass

top
(k)
j (T) = µ

 ⋂
i∈[k]\{j}

]]bi,j , σj ]]T

 .

Proposition A.11. The functions top
(k)
j : Treal,L

k → [0,∞) are measurable for
all 1 ≤ j ≤ k.

Proof. First consider the function top=top
(2)
1 . Consider a sequence Tn→

T = [T, d, µ, (σ0, σ1, σ2)] in the space (Treal,L
2 , d

[2]
GHP). Then the distances between

the branch point and each of the marked points converge (cf. (7.12)) and since
]]b1,2, σ1]]T is open in T , we have lim infn→∞ top(Tn) ≥ top(T), i.e. top is lower
semi-continuous and thus measurable. The argument is easily adapted to handle

top
(k)
j , 1 ≤ j ≤ k. □

For any T =
[
T, d, µ, (σ0, σ1, σ2)

]
∈ Treal,L

2 , we consider the “restriction”(
[[σ0, b1,2]]T , d, µ|[[σ0,b1,2]]T , (σ0, b1,2)

)
. This space is GHP[1]-isometric to the inter-

val [0, d(σ0, b1,2)] equipped with the root 0, the marked point d(σ0, b1,2), and the
image weight measure. We denote the weighted interval by edge(T) ∈ M, using
the space introduced in (4.8).

More generally, let T =
[
T, d, µ, (σi)

k
i=0

]
∈ Treal,L

k and B ∈ shapek(T) \ {[k]},
we consider the restriction

(
[[b←

B
, bB ]]T , d, µ|]]b←

B
,bB ]]T , (b←B , bB)

)
. This space is GHP[1]-

isometric to the interval [0, d(b←
B
, bB)] equipped with the root 0, the marked point

d(b←
B
, bB), and the image weight measure. We similarly handle the case B = [k]

using the convention that b←
[k]

= σ0, and restricting µ to the left-closed geodesic

[[σ0, b[k]]]T to include a potential atom at the root. In all cases, we denote the

weighted interval by edge
(k)
B (T) ∈ M.

Lemma A.12. For each t ∈ Tshape
k , the functions edge

(k)
B : shape−1k (t) → M,

B ∈ t, are measurable.

Proof. First consider the function edge = edge
(2)
[2] . Let Tn → T as in

the proof of the previous lemma. Here, the closed interval that forms the first
component in edge(Tn) converges in the Hausdorff sense, as n → ∞, while the
weight measure component in edge(Tn) when evaluated on closed subsets of the
closed limiting interval exhibits upper semi-continuity, as n → ∞. This entails
(vague convergence when restricted to the interior of the limiting closed interval
and hence) measurability of function edge. Again this argument can be adapted

to handle edge
(k)
B , B ∈ t, t ∈ Tshape

k . □

The following results are straightforward consequences of the definitions.

Lemma A.13. The map µ 7→
(
µ([0, t]), t ≥ 0

)
from the space of finite measures

on [0,∞) to the Skorokhod space D↑b([0,∞), [0,∞)) of bounded increasing functions
is measurable. The map µ 7→ µ([0,∞)) is continuous, and the map (f, sup f) 7→
range(f) = f([0,∞)) from {(g,M) ∈ D↑b([0,∞), [0,∞)) : sup g =M} to the space
of compact subsets of [0,∞) equipped with the Hausdorff metric is also continuous.

Corollary A.14. The map ip(µ) = range
(
µ([0, t]), t ≥ 0

)
is measurable.
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We will slightly abuse notation and consider ip : M → IH as a map on M that
only depends on the measure component inM and that takes values in the space IH

of all interval partitions in a sense generalizing Definition 1.3, where we associate
with any compact subset C ⊆ [0,∞) the set of bounded connected components of
[0,∞)\C and equip IH with a metric induced by the Hausdorff metric. See [69] for
a fuller discussion of this induced topology on the most relevant subspace IH ⊂ IH

of interval partitions β whose partition points C = [0, ∥β∥] \
⋃

U∈β U have zero

Lebesgue measure, and also [74, Section 4] for the relevance of generalized interval
partitions for interval partition evolutions. In the setting of Lemma A.12, we now

introduce maps ip
(k)
B := ip ◦ edge(k)B .

Proposition A.15. For all t ∈ Tshape
k , the functions ip

(k)
B : shape−1k (t) → IH ,

B ∈ t, are measurable.

Now recall that the ultimate aim of this section is the proof of Theorem 7.8,
which we can now phrase more precisely, as follows. The claim is we can con-
struct a function R : Treal

∞ → Tint
∞ such that S(R([T, d, µ, (σi)

∞
i=0])) = [T, d, σ0, µ] for

m∞([T, d, σ0, µ], d[T, d, µ, (σi)
∞
i=0])BCRT(d[T, d, σ0, µ])-a.e. [T, d, µ, (σi)

∞
i=0] ∈ Treal

∞ ,
where BCRT denotes the distribution on Treal of a Brownian CRT. We will slightly
abuse notation and abbreviate this as saying

S(R(T, (σi)
∞
i=1)) = T for BCRT∞-a.e. (T, (σi)

∞
i=1) ∈ Treal

∞ .

In the following we will further abuse notation and consider reduce+k : Treal
∞ →

Treal,L
k , naturally defined by projecting away the redundant marks beyond the first

k via the natural 1-Lipschitz map from Treal
∞ to Treal

k .

Definition A.16. Let T = [T, d, µ, (σi)
∞
i=0] ∈ Treal

∞ . Then we define R(T) =
(Rk(reduce

+
k (T)), k ≥ 1), if this is in Tint

∞ , where

Rk(T
+
k ) =

(
shapek(T

+
k ),
(
top

(k)
j (T+

k ), j ∈ [k]
)
,
(
ip

(k)
B (T+

k ), B ∈ shapek(T
+
k )
))

if shapek(T
+
k ) ∈ Tshape

k . If shapek(T
+
k ) = ∆ or if ip

(k)
B (T+

k ) ̸∈ I for any B ∈
shapek(T

+
k ), we set Rk(T

+
k ) = 0 ∈ Tint

k . If (Rk(reduce
+
k (T)), k ≥ 1) is not

consistent, we define R(T) = 0 ∈ Tint
∞ .

Proof of Theorem 7.8. First note that a Brownian CRT is almost surely
binary with a diffuse weight measure supported by the leaves [6]. For any rooted,
weighted compact R-tree (T, d, ρ, µ) with these properties, points sampled from µ
will be distinct almost surely, and any finite number of distinct leaves σ1, . . . , σk
gives rise to a binary tree shape. Hence, shapek(reduce

+
k ([T, d, µ, (σi)

k
i=0])) is

well-defined as an element of Tshape
k , for each k, and given a sequence (σi)

∞
i=1 of

distinct leaves, also R([T, d, µ, (σi)
∞
i=0]) is well-defined as a member of

∏
k≥1 Tint

k ,
since Brownian reduced k-trees almost surely have interval partitions that are mem-
bers of I. And also the consistency is a consequence of the construction, as noted
previously when constructing Brownian reduced k-trees in Section 1.2.

We now turn to the application of S to R([T, d, µ, (σi)
∞
i=0]). In Definition 7.5,

we defined S(Rk, k ≥ 1) = limk→∞ τ(Rk), where τ(Rk) is the GHP-isometry class
of the weighted R-tree Sk(Rk) constructed in (7.2)–(7.3) branch by branch using
diversities of interval partitions as locations and block sizes as sizes of atoms.

On the other hand, limk→∞ reduce+k (T, (σi)
∞
i=1) exists in (Treal, dGHP) for any

(T, (σi)
∞
i=1) ∈ Treal

∞ , since representatives of reduced trees are naturally embedded in
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any representative of T and form an increasing sequence of closed sets in a compact
metric space that converges to the closure of their union in the Hausdorff sense.
As the weight measure of the Brownian CRT has dense support [6, Theorem 3],
this Hausdorff limit is actually T for BCRT∞-a.e. (T, (σi)

∞
i=1) ∈ Treal

∞ . As the weight
measures of the reduced trees are just projections of the weight measure of the
limiting tree, the Hausdorff convergence further entails the Hausdorff–Prokhorov
convergence of embedded weighted R-trees.

As a slight variation of the above argument, we can consider the function

reducek : Treal
∞ → Treal,L

k that associates with
[
T, d, µ, (σi)

∞
i=0

]
the GHP[k]-isometry

class Tk of

Tk =
⋃

1≤i<j≤k

[[σ0, bi,j ]]T

of T with root σ0 inherited from
[
T, d, µ, (σi)

∞
i=0

]
and now equipped with the marked

points πk(σi), i ∈ [k], and the weight measure (πk)∗µ, both projected by the nat-
ural projection πk : T → Tk. Then similarly limk→∞ reducek(T, (σi)

∞
i=1) exists in

(Treal, dGHP) and equals T for BCRT∞-a.e. (T, (σi)
∞
i=1) ∈ Treal

∞ .
To show S(R(T, (σi)

∞
i=1)) = T, it thus suffices to show that reducek(T, (σi)

∞
i=1)

is the GHP[k]-isometry class of Sk(Rk(reduce
+
k (T, (σi)

∞
i=1))), where Rk : Treal,L

k →
Tint
k is as in Definition A.16.

Specifically, for k = 2 and any binary (T, (σi)
∞
i=1) ∈ Treal

∞ , write T+
2 =

reduce+2 (T, (σi)
∞
i=1) and suppose that edge(T+

2 ) ∈ I. Then the weighted one-
branch R-tree S2(R2(T

+
2 )) of length D(edge(T+

2 )) has an atom at the end whose

size is a sum that includes top
(2)
1 (T+

2 ) and top
(2)
2 (T+

2 ), which is precisely the
mass projected to the end of T2 = reduce2(T, (σi)

∞
i=1). Apart from top masses,

S2(R2(T
+
2 )) has further atoms built from sizes and locations (not necessarily dis-

tinct and possibly including the ends, in general). By construction, these are the
block sizes and associated diversities of edge(T+

2 ), hence replicating the order of
the atoms in (any representative of) T2. The subtle point is that the atom loca-
tions on S2(R2(T

+
2 )) and T2 coincide for BCRT∞-a.e. (T, (σi)

∞
i=1) ∈ Treal

∞ . This is a
property established in [129], as discussed in the context of Proposition 2.2.

For k ≥ 3, using analogous notation, we note that Sk(Rk(T
+
k )) and Tk have

the same tree shape, by construction. To complete their identification, we apply
the argument for the case k = 2 to projections onto subtrees spanned by any two
labels 1 ≤ i < j ≤ k. An induction beginning with the edge to the branch point
adjacent to the root (in the graph-theoretic tree shape) and proceeding to adjacent
branch points in subtrees can be used to complete the proof. We leave the details
to the reader. □

A.5. Proof of Proposition 7.18

Recall that Proposition 7.18 claims that the GHP-distance between the weighted
R-trees Sk(Rk) and Sk(R

′
k) associated with two trees Rk, R

′
k ∈ Tint

[k] with the same

shape tk can be bounded above, as follows,

dGHP(Sk(Rk), Sk(R
′
k)) ≤ 3k max

1≤i<j≤k
min

{
dI(πi,jRk, πi,jR

′
k), dI(πj,iRk, πj,iR

′
k)
}
,
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where for each 1 ≤ i < j ≤ k the interval partitions πi,jRk, πj,iRk, πi,jR
′
k, πj,iR

′
k ∈

I were defined at the beginning of Section 7.3 to capture interval partition repre-
sentations of projected 2-trees that have the top masses as left-most intervals in
the order indicated by the indices i and j.

Before we begin the proof, let us recall from [121, Proposition 6] Miermont’s
representation of dGHP that extends the similar representation (7.10) of dGH as
infimum of GH-distortions of GH-correspondences. For two unit-mass weighted
R-trees T = (T, d, ρ, µ) and T′ = (T ′, d′, ρ′, µ′), we consider pairs (K, ν), where
K ⊆ T ×T ′ is a GH-correspondence and ν a coupling of µ and µ′, i.e. a probability
measure on T × T ′ whose marginal distributions are µ and µ′. Then

(A.10) dGHP(T,T
′) = inf

{
disGHP(K, ν) :

K ⊆ T × T ′ GH-correspondence
ν coupling of µ and µ′

}
,

where disGHP(K, ν) := min{disGH(K), 1 − ν(K)} is the GHP-distortion of (K, ν).
We will handle weighted R-trees that are not necessarily of unit mass and to allow
masses of µ and µ′ to differ, will involve a partial coupling that leaves mass outside
the correspondence unallocated rather than assigned to (T × T ′) \ K. Instead of
establishing a general representation now, we will indicate at the end of the proof
how the partial coupling can be used to bound dGHP(Sk(Rk), Sk(R

′
k)).

In this context, let us also explain some of the main ideas. Firstly, in the
case k = 2, a bound dI(π1,2Rk, π1,2R

′
k) < ε means there is a correspondence

(Uj , Vj)j∈[n] from β := π1,2Rk to γ := π1,2R
′
k of distortion less than ε, in the sense

of Definition 2.3. In S2(R2) and S2(R
′
2), which we can represent as measures on

intervals of the form [0,Dβ(∞)] and [0,Dγ(∞)], each pair (Uj , Vj) gives rise to a pair
Leb(Uj)δ(Dβ(Uj)) and Leb(Vj)δ(Dγ(Vj)) of atoms. The natural associated partial
coupling is ν =

∑
j∈[n] min{Leb(Uj),Leb(Vj)}δ(Dβ(Uj),Dγ(Vj)). By the definition

of the distortion of (Uj , Vj)j∈[n], this leaves mass at most ε unmatched, and all the
coupled mass is in the subset K ⊆ [0,Dβ(∞)]× [0,Dγ(∞)] of points within ε of the
diagonal, which can help build a GH-correspondence of disGH(K) = ε.

Secondly, in the cases k ≥ 3, we will have to build such a partial coupling
consistently from the various (overlapping!) interval partitions πi,jRk and πi,jR

′
k,

i, j ∈ [k], i ̸= j. The challenge is that some of the blocks of πi,jRk and πi,jR
′
k

correspond to subtree masses rather than atoms of Sk(Rk) and Sk(R
′
k), and the

dI-correspondence of blocks in the definition of dI(πi,jRk, πi,jR
′
k) does not take

into account such “internal structure” of the block, so a block of πi,jRk that gives
rise to a single atom of Sk(Rk) may correspond to a block of πi,jR

′
k whose mass in

Sk(R
′
k) is spread over a subtree.
Here is a lemma that makes some elementary observations about correspon-

dences of small distortion.

Lemma A.17. Let ε > 0 and β, γ ∈ I with dI(β, γ) < ε. Let (Ui, Vi)i∈[n] and
(U ′j , V

′
j )j∈[m] be two correspondences from β to γ with distortion at most ε. Then for

every U ∈ β with Leb(U) > ε, there are i ∈ [n] and j ∈ [m] such that U = Ui = U ′j.
If furthermore Leb(U) > 2ε, then Vi = V ′j =: V with Leb(V ) > ε, and β<U :=
{W ∈ β : W < U} and γ<V := {W ∈ γ : W < V } satisfy dI(β<U , γ<V ) < ε.

Proof of Proposition 7.18. As in the proof of Proposition 7.16, we proceed
by setting up a GH-correspondence, but now including pairs of big atoms as well
as endpoints of branches among the pairs of special vertices, to construct a partial
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coupling of the weight measures, as well as a GH-correspondence between the R-
trees. Now suppose that

(A.11) max
1≤i<j≤k

min
{
dI(πi,jRk, πi,jR

′
k), dI(πj,iRk, πj,iR

′
k)
}
< ε.

For the purposes of this proof, we will call a dI-correspondence of blocks of πi,jRk

and πi,jR
′
k in the sense of the definition of dI an (i, j)-matching. For each 1 ≤ i <

j ≤ k, consider an (i, j)-matching, or a (j, i)-matching, for which the dI-distortion
is less than ε. This exists by the definition of dI . Recall that the right end of πi,jRk

corresponds to the root of Sk(Rk), for each 1 ≤ i, j ≤ k, i ̸= j.
In this setting, we prove by strong induction on k that the (i, j)-matchings, 1 ≤

i < j ≤ k, induce a finite collection of corresponding pairs of atoms of Sk(Rk) and
Sk(R

′
k), which leaves at most mass (3k− 1)ε unmatched, where we call unmatched

mass of Sk(Rk) the full mass of any atom of Sk(Rk) that is not included in a pairing
and also the residual mass of any atom of Sk(Rk) that has been paired with an
atom of Sk(R

′
k) of smaller mass. More precisely, we show a corresponding claim

for RA, R
′
A ∈ Tint

A , where SA(RA) and S
◦
A(RA) etc. are defined as in Definition 7.4,

which applies verbatim with k and [k] replaced by A.

Induction hypothesis: for all A ⊆ N, 2 ≤ #A ≤ k − 1 and trees RA, R
′
A ∈ Tint

A

with the same tree shape t ∈ Tshape
A , we have the following. If there is an (i, j)-

matching or a (j, i)-matching, Mi,j, for each i, j ∈ A, i < j, whose dI-distortion is
less than ε, then there is a finite collection of pairs of atoms corresponding either
to matched blocks (X,X ′), or to (X,Y ′) where (X,X ′), (Y,X ′) and (Y, Y ′) are all
matched blocks (for different i, j), that leaves at most mass (3#A− 1)ε unmatched.

For A = {b, c} and RA, R
′
A ∈ Tint

A , there is only one pair (i, j) = (b, c). By
possibly swapping roles of b and c, we may suppose we have a (b, c)-matching, i.e.
a dI-correspondence of blocks U1, . . . , Un of πb,cRA and U ′1, . . . , U

′
n of πb,cR

′
A, with

dI-distortion less than ε. We use this dI-correspondence to pair associated atoms
of SA(RA) and SA(R

′
A). By definition of dI , we have

n∑
r=1

|Leb(Ur)− Leb(U ′r)|+ ||πb,cRA|| −
n∑

r=1

Leb(Ur) < ε < (3#A− 1)ε

and
n∑

r=1

|Leb(Ur)− Leb(U ′r)|+ ||πb,cR′A|| −
n∑

r=1

Leb(U ′r) < ε < (3#A− 1)ε.

These quantities are precisely unmatched masses of SA(RA) and SA(R
′
A) associated

with this pairing.
For k = #A ≥ 3 and RA, R

′
A ∈ Tint

A with the same shape tA, consider the
first branch point of tA, which splits subtree labels A = A(1) = B(1) ∪ C(1),
say. The choice of this branch point is preliminary and we will adjust this in
some cases to a different branch point that splits subtree labels A(m) = B(m) ∪
C(m) for some m ≥ 2 in a way that we explain later. For the purposes of this
proof, we distinguish five types of branch point according to the sizes #B(m) and
#C(m) of subtree label sets and corresponding subtree masses. For the latter, it
will be convenient to consider b(m) = minB(m) and c(m) = minC(m) so that
dI(πb(m),c(m)RA, πb(m),c(m)R

′
A) < ε and the subtree masses of B(m), respectively

C(m), are the first block sizes f1(m) and f ′1(m), respectively second block sizes
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f2(m) and f ′2(m), of πb(m),c(m)RA and πb(m),c(m)R
′
A. Here we use the convention

that f2(m) = 0 if πb(m),c(m)RA does not have a second block, similarly for f ′2(m).

• Type I: #B(m) = 1 or #C(m) = 1, but not both.
• Type II: #B(m) ≥ 2, #C(m) ≥ 2, and (i) or (ii) or both hold, where

(i) f1(m), f ′1(m) ∈ (0, 3ε] with at least one in (0, 2ε],
(ii) f2(m), f ′2(m) ∈ [0, 3ε] with at least one in [0, 2ε].

• Type III: #B(m) = #C(m) = 1.
• Type IV: #B(m) ≥ 2, #C(m) ≥ 2, f1(m), f ′1(m), f2(m), f ′2(m) ∈ (2ε,∞).
• Type V: #B(m) ≥ 2, #C(m) ≥ 2 and one of (i)–(iv) hold, where

(i) either f1(m) ∈ (0, 2ε] and f ′2(m) ∈ [0, 2ε] and f ′1(m), f2(m) ∈ (3ε,∞), or
f ′1(m) ∈ (0, 2ε] and f2(m) ∈ [0, 2ε] and f1(m), f ′2(m) ∈ (3ε,∞),
(ii) one of f1(m), f ′1(m) is in (0, 2ε], the other in (3ε,∞), while f2(m), f ′2(m)
are in (2ε,∞) with at least one in (3ε,∞),
(iii) one of f2(m), f ′2(m) is in [0, 2ε], the other in (3ε,∞), while f1(m), f ′1(m)
are in (2ε,∞) with at least one in (3ε,∞),
(iv) either f1(m) ∈ (0, 2ε] and f2(m) ∈ [0, 2ε] and f ′1(m), f ′2(m) ∈ (3ε,∞),
or f ′1(m) ∈ (0, 2ε] and f ′2(m) ∈ [0, 2ε] and f1(m), f2(m) ∈ (3ε,∞).

For A(m) of types I or II, we will say that the subtree labeled B(m) is larger than
the subtree labeled C(m) if the branch point A(m) is of type I with #C(m) = 1
or of type II(ii). If we are now given A(m) = B(m) ∪ C(m) with #A(m) ≥ 3, we
let A(m+1) = B(m) if the subtree labeled B(m) is larger than the subtree labeled
C(m), and we let A(m+1) = C(m) otherwise. Let m0 be the first m ≥ 1 for which
the branch point A(m) = B(m)∪C(m) has type III, IV or V. We will now identify
pairs of atoms by considering a (b(m0), c(m0))-matching of distortion less than ε.

First suppose that A(m0) = B(m0) ∪C(m0) has type III. In this case, the top
masses of πb(m0),c(m0)RA and πb(m0),c(m0)R

′
A have atom locations in SA(RA) and

SA(R
′
A), but there may be other blocks in the matching that correspond to subtrees

in SA(RA) and/or SA(R
′
A). These are necessarily associated with the respective

smaller subtree labeled B(m) or C(m) for 1 ≤ m < m0. These m0 − 1 subtrees
arise from branch points of types I and II. We will also refer to these blocks as
blocks of types I and II. Let us denote by m1, m2 the numbers of blocks of types
I, II, respectively. Then m1 +m2 = m0 − 1, while m1 + 2m2 ≤ #A − 2 since the
smaller subtree has one label for type I and at least two labels for type II.

• Type-I blocks have atom locations in SA(RA) and SA(R
′
A). Indeed, they are

the top masses of type-1 edges in RA and R′A.
• Type-II blocks typically do not have atom locations in SA(RA) and SA(R

′
A).

Indeed, they are total masses of a type-2 edge (if they correspond to subtrees
with precisely two labels) or of several edges (if there are three or more
labels). But they have sizes at most 3ε. We remove from the (b(m0), c(m0))-
matching all type-II blocks and all blocks matched with type-II blocks. This
increases the distortion by at most 6εm4: in each pair, one type-II block
has mass at most 2ε, their match (if any) has mass at most 3ε, while the
other has mass at most 3ε and their match (if any) at most 4ε. Note that
of these, the ones with bounds 2ε and 4ε are in πb(m0),c(m0)RA, and the two
with bound 3ε are in πb(m0),c(m0)R

′
A, or vice versa, in each case summing to

at most 6ε per type-II branch point.



176 APPENDIX

The resulting matching has distortion at most ε + 6εm2 ≤ ε + 3(#A − 2)ε ≤
(3#A− 1)ε. Also, all blocks that remain in the matching have atom locations.

Next suppose that A(m0) = B(m0)∪C(m0) has type IV. Then πb(m0),c(m0)RA

and πb(m0),c(m0)R
′
A each have two top masses exceeding 2ε. By Lemma A.17,

the (i, j)-matchings Mi,j , i, j ∈ B(m0), have matched blocks corresponding to the
top masses of πb(m0),c(m0)RA and πb(m0),c(m0)R

′
A labeled c(m0) and induce (i, j)-

matchings M
B(m0)
i,j of πi,jRB(m0) and πi,jR

′
B(m0)

of distortion at most ε. By the

induction hypothesis, there is an associated finite collection of pairs of blocks that
leave at most mass (3#B(m0) − 1)ε unmatched. This holds similarly for C(m)
leaving mass at most (3#C(m0)− 1)ε unmatched. Finally, the non-top-mass part
of the (b(m0), c(m0))-matching can be handled like the type-III case, here leaving
at most ε+ 3(#A−#A(m0))ε unmatched. This adds to (3#A− 1)ε, as required.

Now suppose that A(m0) = B(m0)∪C(m0) has type V. We argue in each case
that for each label set it suffices to remove any matched top masses in [0, 2ε] and
their match, and to locate an atom in the corresponding subtree for the one in
(3ε,∞), or to apply the induction hypothesis if for one label set, both top masses
are in (2ε,∞). We discuss the four cases (i)–(iv) separately.

(i) Suppose f1(m0) ∈ (0, 2ε], f ′2(m0) ∈ [0, 2ε], f ′1(m0), f2(m0) ∈ (3ε,∞). The
other subcase then follows by symmetry. Then the blocks U ′ labeled B(m0)
and U labeled C(m0) of top masses f ′1(m0) and f2(m0) are the first pair in the
(b(m0), c(m0))-matching. The top mass of size f1(m0) must be unmatched
due to the order constraints of dI-correspondences. The top block V ′ of
size f ′2(m0) ≤ 2ε may be part of the (b(m0), c(m0)) matching, and if so, is
matched to a block V of size at most 3ε.

If f2(m0) ≤ 7ε, then f ′1(m0) ≤ 8ε. Removing the one or two matched
pairs involving top masses from the (b(m0), c(m0))-matching increases its
distortion by at most max{7ε + 3ε, 8ε + 2ε} = 10ε. Proceeding as for type
III further increases the distortion by at most 6εm2 ≤ 3(#A−#A(m0))ε ≤
3(#A− 4)ε summing to a total distortion of at most (3#A− 1)ε.

If f2(m0) > 7ε, consider any i, j ∈ B(m0). Since the block U is also
a block in πi,jRA, it is matched in the (i, j)-matching to a block W ′ in
πi,jR

′
A with Leb(W ′) > 6ε, which corresponds to part of the subtree labeled

B(m0) of mass Leb(U ′). Since the sizes of both U ′ and W ′ differ from
f2(m0) = Leb(U) by at most ε, we have |Leb(W ′) − Leb(U ′)| ≤ 2ε, and
i, j ∈ B(m0) can be chosen so that W ′ has an atom location in SA(R

′
A).

Similarly, U ′, shifted by f ′2(m0), is a block of πi,jR
′
A for any i, j ∈ C(m0),

and we can choose i, j and a block with atom location in SA(RA) so that
(W,U ′ + f ′2(m0)) is a pair in this (i, j)-matching. Then the masses of W
and W ′ differ by at most 3ε. Hence removing from the (b(m0), c(m0))-
matching pairs involving top masses and adding the pair (W,W ′) increases
the unmatched mass by at most max{2ε+ 3ε, 2ε+ 2ε} = 5ε. Proceeding as
for type III yields total unmatched mass bounded above by (3#A− 1)ε.

(ii) Suppose f1(m0) ∈ (0, 2ε], f ′1(m0) ∈ (3ε,∞), f2(m0), f
′
2(m0) ∈ (2ε,∞). The

other subcase follows again by symmetry. With notation as in (i), (U,U ′)
is again a pair in the (b(m0), c(m0))-matching and the top mass of size
f1(m0) is unmatched. Here, the second top mass V ′ of πb(m0),c(m0)R

′
A of

size f ′2(m0) > 2ε will be matched to a block V in πb(m0),c(m0)RA, of size at
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least ε. Now consider i, j ∈ C(m0). Then U
′+Leb(V ′), is a block in the (i, j)-

matching that must be matched to V : on the one hand f2(m0) < f ′1(m0)+ ε
since (U,U ′) is a pair in a matching; on the other hand, if U ′ + Leb(V ′)
were matched to the left of V , it would be matched to a part of f2(m0),
so f2(m0) > f ′1(m0) + f ′2(m0) − ε; but then f ′2(m0) < 2ε, which is false.
In particular, we find that Leb(V ) > 2ε. Also, for i, j ∈ B(m0), (V, V ′)
is in the (i, j)-matching, by Lemma A.17, and U is a block in the (i, j)-
matching that must be matched to a blockW ′ to the left of V ′. In particular,
Leb(U ′) ≥ Leb(W ′) ≥ Leb(U ′)− 2ε.

If Leb(U ′) ≤ 4ε, then the matched pairs identified above imply that
Leb(U) ≤ 5ε, Leb(V ) ≤ 5ε and Leb(V ′) ≤ 6ε. If we remove both pairs
(U,U ′) and (V, V ′) from the (b(m0), c(m0))-matching, we increase the dis-
tortion by at most max{5ε+ 5ε, 6ε+ 4ε} = 10ε. We can argue as in case (i)
that the resulting total distortion is at most (3#A− 1)ε.

If Leb(U ′) > 4ε, then Leb(V ) > 3ε, so V has an atom location in
SA(RA). Also, the constraint Leb(W ′) ≥ Leb(U ′) − 2ε makes W ′ unique,
for any i, j ∈ B(m0), and we may choose i, j ∈ B(m0) so that W ′ has an
atom location in SA(R

′
A). Replacing U

′ byW ′ increases the unmatched mass
by at most 2ε. Since the (i, j)-matchings Mi,j , i, j ∈ C(m0), have matched
blocks V , and U ′ + Leb(V ′), Lemma A.17 ensures that they induce (i, j)-

matchings M
C(m0)
i,j of πi,jRC(m0) and πi,jR

′
C(m0)

of distortion at most ε. By

the induction hypothesis, there is an associated finite collection of pairs of
blocks that leave at most mass (3#C(m0) − 1)ε unmatched. Proceeding as
for type III yields total unmatched mass of at most ε + (3#C(m0) − 1)ε +
2ε+ 6εm2 ≤ (3#A− 1)ε.

(iii) Suppose f2(m0) ∈ [0, 2ε], f ′2(m0) ∈ (3ε,∞), f1(m0), f
′
1(m0) ∈ (2ε,∞). We

adapt the argument of (ii), as follows. Again, the first two pairs (U,U ′) and
(V, V ′) of the (b(m0), c(m0))-matching consist of the three large top masses
and the non-top mass V . In a suitable (i, j)-matching for i, j ∈ C(m0) we
find V matched with U ′+Leb(V ′), while U+f2(m0) is matched with a block
W ′′ to the left of U ′ +Leb(V ′), where W ′′ has an atom location in SA(R

′
A).

If Leb(V ′) ≤ 4ε, then Leb(V ) ≤ 5ε, and also Leb(W ′′) ≤ 4ε so that
Leb(U) ≤ 5ε and Leb(U ′) < 6ε. If Leb(V ′) > 4ε, then Leb(U ′) + Leb(V ′) ≤
Leb(U)+Leb(V )+ ε ≤ Leb(W ′′)+Leb(U ′)+2ε, and Leb(V ′)−Leb(W ′′) ≤
2ε. In particular, Leb(W ′′) > 2ε. The remainder of the argument is easily
adapted, here applying the induction hypothesis to RB(m0), R

′
B(m0)

.

(iv) Suppose f1(m) ∈ (0, 2ε] and f2(m) ∈ [0, 2ε] and f ′1(m), f ′2(m) ∈ (3ε,∞).
We combine the arguments of (ii) and (iii). Indeed, we consider the first
two pairs (U,U ′) and (V, V ′) of the (b(m0), c(m0))-matching, with neither
U nor V top mass. When Leb(U ′) ≤ 4ε or Leb(V ′) ≤ 4ε, we can drop
both pairs and increase the distortion by at most 10ε. If both Leb(U ′) > 4ε
and Leb(V ′) > 4ε, we can replace U ′ and V ′ by W ′ and W ′′ and increase
the unmatched mass by at most 2ε + 2ε = 4ε. In either case, the type-III
argument completes this last case hence completing the induction step.

ForA = [k], we obtain a partial coupling of atom mass, which gives a finite collection
K0 ⊂ S◦k(Rk)× S◦k(R

′
k) of pairs of atoms. To build a GH-correspondence between

S◦k(Rk) and S
◦
k(R

′
k) we define a set K1 of special pairs that contains

• pairs of vertices (bE , b
′
E) for all E ∈ tk
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• and the pairs of coupled atoms (v, v′) ∈ K0.

We now define the GH-correspondence K generated by K1 as containing

• pairs of points
(
λv + (1− λ)

←
v , λv′ + (1− λ)

(←
v
)′)

, 0 ≤ λ ≤ 1, on the branch

between adjacent corresponding special points (v, v′),
(←
v ,
(←
v
)′) ∈ K1.

We now proceed as in the proof of Proposition 7.16, where we note that (A.11)
ensures that distances from the root for pairs of matched atoms are still bounded
by ε, except where we included (W,W ′), (U,W ′), (V,W ′) and/or (V,W ′′) for type-V
blocks. In those cases, which only arise for k ≥ 4, the bound is 3ε. We can therefore
extend (7.11) to a maximum over our extended list of special pairs, subject to a
factor 3 when k ≥ 4. Then the GH-distortion of K is at most 4ε ≤ 3kε when
k = 2, 3 and at most 12ε ≤ 3kε when k ≥ 4, by the same argument as in the proof
of Proposition 7.16. Furthermore, the GH-correspondence gives rise to a partial
coupling of the weight measures µ of Sk(Rk) and µ

′ of Sk(R
′
k), which is given by

ν =
∑

(U,U ′)

min{Leb(U),Leb(U ′)}δ(vU , v′U ′),

where the sum is taken over all matched blocks (U,U ′) chosen for the construction of
K0, and where vU ∈ S◦k(Rk) and v

′
U ′ ∈ S◦k(R

′
k) are the atom locations corresponding

to these blocks. Specifically, the fact that the coupling of atom mass leaves mass
at most (3k − 1)ε uncovered now implies that

µ(S◦k(Rk))− ν(K0) ≤ (3k − 1)ε and µ′(S◦k(R
′
k))− ν(K0) ≤ (3k − 1)ε.

By the argument of [121, Proposition 6], adapted from the case of probability
measures to the case of finite measures, this permits the construction of a metric
space (M,dM ) and injective isometries ϕ : S◦k(Rk) →M and ϕ′ : S◦k(R

′
k) →M that

show that dGHP(Sk(Rk), Sk(R
′
k)) ≤ 3kε, as required. □

A.6. Embedding of R-trees and the proof of Proposition 8.2

Lemma A.18. Consider a sequence Tn = (Tn, dn, ρn), n ≥ 0, of compact rooted
R-trees and compact connected subsets Sn ⊆ Tn with ρn ∈ Sn, n ≥ 1. Suppose that
dGH(Tn,T0) → 0 as n → ∞ and that Sn = (Sn, dn, ρn), n ≥ 1, converges in
(Treal
◦ , dGH). Then there is a compact connected subset S0 ⊆ T0 with ρ0 ∈ S0 such

that dGH(Sn,S0) → 0, where S0 = (S0, d0, ρ0).

Proof. Let (En, δn) be a sequence of metric spaces and ϕn, ψn sequences of
isometric embeddings of Tn and T0 into En such that δHn (ϕn(Tn), ψn(T0)) → 0 and
δn(ϕn(ρn), ψn(ρ0)) → 0. Let an = max{δHn (ϕn(Tn), ψn(T0)), δn(ϕn(ρn), ψn(ρ0))}+
1/n and define Sn = {t ∈ T0 : δn(ψn(t), ϕn(Sn)) ≤ an} and Sn = (Sn, d0, ρ0). By
construction, ρ0 ∈ Sn and dGH(Sn,Sn) ≤ an → 0.

Since T0 is compact, the Hausdorff topology on compact subsets of T0 is com-
pact as well. Therefore there is a subsequence Snk

converging to some compact
S0 ⊆ T0 in the Hausdorff metric. Hence dGH(Snk

,S0) → 0. However, since Sn
converges in the GH topology, dGH(Sn,S0) → 0 as well.

Finally, since the set of isometry classes of R-trees is dGH-closed, S0 is an R-tree
and hence connected. □

Corollary A.19. Suppose that in the setting of the Lemma A.18, we have

compact connected S
(k)
n ⊆ Tn with ρn ∈ S

(k)
n for all k ≥ 1, and that they are nested,

i.e. S
(k)
n ⊆ S

(k+1)
n for all k ≥ 1. If S

(k)
n = (S

(k)
n , dn, ρn) converges in (Treal

◦ , dGH)



A.6. EMBEDDING OF R-TREES AND THE PROOF OF PROPOSITION 8.2 179

for all k ≥ 1, then there is a nested family of compact connected S
(k)
0 ⊆ T0 with

ρ0 ∈ S
(k)
0 , k ≥ 1, such that dGH(S

(k)
n ,S

(k)
0 ) → 0 for all k ≥ 1.

Proof. We argue as in the proof of the lemma, for k = 1 to find a subsequence

along which S
(1)
n , in obvious notation, converges to some S

(1)
0 ⊆ T0. For each k ≥ 2,

we inductively pass to a further subsequence to identify subsequential limits S
(k)
0 ⊆

T0 of S
(k)
n while maintaining previous convergences. By definition S

(k)
n ⊆ S

(k+1)
n

implies S
(k)
n ⊆ S

(k+1)
n and hence S

(k)
0 ⊆ S

(k+1)
0 , as claimed. The claimed Gromov–

Hausdorff convergences follow as in the proof of Lemma A.18. □

We remark that while the Hausdorff limit of S
(k)
0 as k → ∞ is well-defined as

a subset of T0, it may be a strict subset of T0 even if all Tn are the Hausdorff limits

of S
(k)
n as k → ∞. This is because there may be subtrees of T0 that correspond

to subtrees of Tn that are included in S
(kn+1)
n , but do not intersect S

(kn)
n for a

sequence kn → ∞.

Proof of Proposition 8.2. Denote by D = {k2−m, k ≥ 0,m ≥ 0} the set of
dyadic rationals. Recall the Definition 7.5 of the map S. First consider the setting
of the self-similar Aldous diffusion in Section 7.5 and let z ∈ D. The map S takes
a Gromov–Hausdorff–Prokhorov limit of rooted, weighted R-trees Sk(T z

k,+), which
in turn are trees with a discrete tree shape and edge lengths, further equipped with
a measure. By consistency of the k-tree evolutions, these trees Sk(T z

k,+), k ≥ 1,
can be constructed as a projectively consistent sequence of weighted R-trees, for
instance embedded in ℓ1(N) as proposed by Aldous [6], and this construction also
yields a representative of the limit S

(
T z
k,+, k ≥ 1

)
, z ∈ D, in which τ(T z

k,+), k ≥ 1,
naturally have embedded representatives that form a nested family. By the proof
of the Kolmogorov–Chentsov theorem [137, Proof of Theorem I.(2.1)], there is an
almost sure event on which we may define

T (y) = lim
z→y,z∈D

S
(
T z
k,+, k ≥ 1

)
, y ≥ 0,

to obtain a path-continuous process. These limits are in the Gromov–Hausdorff–
Prokhorov sense. We work on this almost sure event. Let k ≥ 1 and y ∈ [0,∞).
Then there is a sequence zn ∈ D, n ≥ 1, with zn ↓ y. Recall that the resampling
k-tree evolution (T y

k,+, y ≥ 0) is right-continuous and continuous between the re-
sampling times, which form a strictly increasing sequence that accumulates at the
random time when the total mass vanishes. In particular, we may assume without
loss of generality that the sequence (zn, n ≥ 1) is between two resampling times
(but allowing y to be a resampling time). For the purposes of the remainder of this
proof, we use notation τ◦ = π ◦ τ , where π : Treal → Treal

◦ is the natural projection
that associates with a (rooted, weighted isometry class of a) rooted, weighted R-tree
the (rooted isometry class of the) rooted R-tree. Since diversities of edge partitions
evolve continuously between resampling times, we deduce that τ◦(T zn

k,+) tends to

τ◦(T y
k,+) in the Gromov–Hausdorff sense.

We can now apply Lemma A.18 taking as Sn the representative of τ◦(T zn
k,+)

embedded into a representative Tn of T (zn), and u0 = s. Then the lemma entails
that τ◦(T y

k,+) can be isometrically embedded into (any representative of) T (y). By
Corollary A.19, this can be achieved for all k ≥ 1 simultaneously, as a nested family,
as required.
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Since the Aldous diffusion is obtained by scaling and time-changing the self-
similar Aldous diffusion, the conclusion also holds for the Aldous diffusion. □

A.7. Proof of Lemma 8.7

Recall that we defined A1 to be the set of (GHP-isometry classes of) unit-mass
rooted, weighted R-trees (T, d, ρ, µ) that have two branch points v, w ∈ T at which
T can be decomposed into connected subsets C0, C1, C2, C3 of T\]]v, w[[ in such a
way that C0 ∩ C1 = {v}, C2 ∩ C3 = {w}, where C0 contains the root ρ, and such
that the heights and masses of Cj , j = 0, 1, 2.3, are all greater than or equal to some
threshold values. Specifically, the connectedness and intersection properties imply
that Cj can be viewed as an R-tree rooted at uj = v for j = 0, 1 and at uj = w
for j = 2, 3, and the height constraints are sup{d(uj , x) : x ∈ Cj} ≥ 1, j = 0, 1, 2, 3,
while the mass constraints are

µ(C0) ≥ 12
37 , µ(C1) ≥ 10

37 , µ(C2) ≥ 8
37 , µ(C3) ≥ 6

37 .

In this setting, Lemma 8.7(i) states the following in the case of A1.

Lemma A.20. If in the above setting µ is diffuse, then v, w,C0, C1, C2, C3 are
unique.

Proof. Let us fix a choice of v, w,C0, C1, C2, C3. Since µ is diffuse, there is
no atom in v or w. The mass decomposition around v includes three components
that are subject to mass thresholds 10

37 ,
12
37 and 14

37 , and as there is no atom in v or

w, none of these is exceeded by more than 1
37 , so the components cannot swap roles

and none of them is big enough to contain two sufficiently heavy components in a
decomposition around another branch point that also exceeds these mass thresholds.
Therefore, v, C0, C1 are unique. The further branch point w splits the component
of mass between 14

37 and 15
37 further into two components of sizes at least 6

37 and 8
37 ,

and this is possible only in this component, not in any other component around
either v or the present w. Hence, w,C2, C3 are also unique. □

We now consider three of the claims to Lemma 8.7(ii)–(iii), and start by study-
ing

A◦1 =
{
T ∈ Treal

unit : ∃v,w∈T
v ̸=w

∃U0,U1,U2,U3⊆T\[[v,w]]

open connected
U0 ∩ U1 = {v}, U2 ∩ U3 = {w}, ρ ∈ U0,

∀j µ(Uj) >
12−2j
37 , sup{d(v, x) ∧ d(w, x) : x ∈ Uj} > 1

}
.

Lemma A.21. The set A◦1 is open in (Treal
unit, dGHP)

Proof. Let T ∈ A◦1 be the weighted isometry class of (T, d, ρ, µ) and suppose
that v, w, U0, U1, U2, U3 are such that the constraints for membership in A◦1 hold.
We will write uj = v for j = 0, 1 and uj = w for j = 2, 3. By possibly making the
Uj , j = 0, 1, 2, 3, larger, we may assume that they are entire connected components
of T \ [[v, w]], since the constraints in combination with the R-tree property of (T, d)
already guarantee that they are subsets of distinct connected components.

We denote by Bδ(v) = {x ∈ T : d(x, v) < δ} the open ball of radius δ. By the
regularity of measures, there is δ > 0 such that d(v, w) > 10δ and the compact sets
Vj := Uj \B2δ(uj), j = 0, 1, 2, 3, still exceed the respective mass thresholds by more
than 2δ and stricter height thresholds of 1+2δ. By compactness, only finitely many
connected components of Uj \ Bδ(uj) intersect Vj . As Uj is connected, the most
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recent common ancestor vj of Vj is in Uj . We denote byWj = {x ∈ Uj : vj ∈ [[uj , x]]}
the subtree above vj and also set ε := min{d(uj , vj), j = 0, 1, 2, 3}. Then ε ∈ (0, 2δ]
and so Wj is a closed connected subset of Uj that contains Vj and satisfies the
stricter mass and height constraints. We note that any pair of points in different
subsets Wj has distance at least 2ε in (T, d).

Now suppose that the weighted isometry class T′ ∈ Treal
unit of (T ′, d′, ρ′, µ′) sat-

isfies dGHP(T,T
′) < ε/12. Recall Miermont’s representation (A.10) of dGHP. Con-

sider a correspondence with GH-distortion below ε/12 and a coupling of µ and µ′

that assigns all but mass strictly below ε/12 to pairs of points in the correspon-
dence. We define the setsW ′j of points in T

′ that are in correspondence with points
inWj , j = 0, 1, 2, 3. Then the lower bound on the distances ofWj implies that they
are disjoint and at distance at least 5ε/3. We claim that while W ′j may not be con-

nected, the ε/6-thickening (W ′j)
ε/6 will be connected (and at distance at least 4ε/3

from each other, and they will satisfy the respective mass and height constraints).
This is because any two points x′1, x

′
2 ∈ W ′j are in correspondence with two points

x1, x2 ∈ Wj that are connected by a path [[x1, x2]] ⊆ Wj . Each point on the path
is corresponding to a point in W ′j , so travelling along [[x1, x2]] at step sizes of γ
corresponds to a sequence of points in W ′j at step size strictly below γ + ε/6, for
any γ > 0, and for γ sufficiently small, this will be below ε/3, so the unique path
in the R-tree T ′ between any two adjacent steps is in (W ′j)

ε/6.

Let us show that there are no y′j ∈ (W ′j)
ε/6, j = 0, 2, 3, such that y′2 ∈ [[y′0, y

′
3]].

Assume for contradiction that this were the case. For corresponding points yj ∈ T ,

we have yj ∈ (Wj)
ε/3 ⊆ Uj \Bε/2(uj), and this does give a contradiction:

ε

2
≤ d(y2, w) =

1

2

(
d(y0, y2) + d(y2, y3)− d(y0, y3)

)
<

1

2

(
d′(y′0, y

′
2) + d′(y′2, y

′
3)− d′(y′0, y

′
3) + 3

ε

6

)
=
ε

4
.

Similarly, we cannot have y′i ∈ [[y′j , y
′
k]] for any distinct i, j, k ∈ {0, 1, 2, 3}. Hence,

there are unique v′, w′ ∈ T ′ such that

[[y′0, v
′]] = [[y′0, y

′
1]] ∩ [[y′0, y

′
2]] for all y′j ∈ (W ′j)

ε/6, j = 0, 1, 2,

[[y′0, w
′]] = [[y′0, y

′
2]] ∩ [[y′0, y

′
3]] for all y′j ∈ (W ′j)

ε/6, j = 0, 2, 3.

Note that vj ∈ Wj ∩ B2δ(uj), j = 0, 1, 2, 3. In particular, corresponding v′j ∈ W ′j
satisfy d′(v′0, v

′
1) ≤ 4δ + ε/6 < 5δ and similarly d′(v′2, v

′
3) < 5δ. On the other hand,

d′(v′1, v
′
j) ≥ d(v1, vj) − ε/6 ≥ d(v, w) + 11ε/6 > 10δ for j = 2, 3, and similarly

d′(v′0, v
′
j) > 10δ. An elementary argument considering the possible shapes of the

tree spanned by v′j , j = 0, 1, 2, 3, entails that v′ ∈]]v′j , w′[[ for j = 0, 1 and w′ ∈
]]v′, v′j [[ for j = 2, 3. We conclude that the connected components U ′j of T ′ \ [[v′, w′]]
containing W ′j , j = 0, 1, 2, 3, together with v′ and w′ satisfy all the constraints to
imply that T′ ∈ A◦1, as required. □

Lemma A.22. The set A1 is closed.

Proof. Consider a sequence (Tn, n ≥ 1) in A1 that converges in (Treal, dGHP).
By [83, Lemmas 5.8 and A.1], there is a compact metric space (M,dM ) and em-
beddings Tn ⊆M , n ≥ 1, such that representatives (Tn, dM , ρn, µn) of Tn converge
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in the sense that

dM (ρn, ρ) → 0, dHM (Tn, T ) → 0, and dPM (µn, µ) → 0.

Since Tn ∈ A1, we may take vn, wn ∈ Tn and C
(n)
j ⊂ Tn, j = 0, 1, 2, 3, satisfying all

constraints for membership in A1, for all n ≥ 1. Since the space of compact subsets
of M equipped with the Hausdorff distance dHM is compact, we may assume, by
taking successive subsequences that we suppress notationally, that also

dM (vn, v) → 0, dM (wn, w) → 0, dHM (C
(n)
j , Cj) → 0, j = 0, 1, 2, 3,

for some v, w ∈ T , Cj ⊂ T , j = 0, 1, 2, 3. Then Cj , j = 0, 1, 2, 3, are connected as
Hausdorff limits of R-trees. Also clearly v ∈ C0 ∩ C1 and w ∈ C2 ∩ C3. To show
that these intersections contain no further points, assume for contradiction that x ∈
C0 ∩ C1 with x ̸= v. Then there are sequences xn ∈ C

(n)
0 and x′n ∈ C

(n)
1 such that

dM (xn, x) → 0 and dM (x′n, x) → 0. But also, δ = d(v, x) > 0. We write u
(n)
j = vn,

j = 0, 1, and u
(n)
j = wn, j = 2, 3, n ≥ 1. Now consider C̃

(n)
j := C

(n)
j \ Bδ/2(u

(n)
j ),

j = 0, 1, 2, 3, n ≥ 1. Then passing to further subsequences, we may assume that

dHM (C̃
(n)
j , C̃j) → 0, j = 0, 1, 2, 3,

for some C̃j ⊆ Cj , j = 0, 1, 2, 3. Furthermore, any two points in distinct C̃
(n)
j ,

j = 0, 1, 2, 3, are at least δ apart and this property is maintained in the limit. But

we will have xn ∈ C̃
(n)
0 for n sufficiently large, hence x ∈ C̃0. Similarly x ∈ C̃1, but

as C̃0∩ C̃1 = ∅, this is a contradiction. So C0∩C1 = {v}. Similarly C2∩C3 = {w}.
That Cj satisfies the height constraint is a consequence of Hausdorff convergence

as points in C
(n)
j at distance 1 from u

(n)
j have limit points in Cj at distance 1 from

uj , where uj = v for j = 0, 1 and uj = w for j = 2, 3. That Cj satisfies the
mass constraint is a consequence of Prokhorov convergence: first for all ε and n
sufficiently large,

µ(Cε
j ) ≥ µn((Cj)

ε)− ε ≥ µn(C
(n)
j )− ε ≥ 12− 2j

37
− ε,

then the regularity of measures means the limε↓0 of the left-hand side is µ(Cj) while
the right-hand side tends to the required threshold. □

Corollary A.23. The closure of A◦1 is a subset of A1.

Proof. It suffices to note that A◦1 ⊂ A1, and that A1 is closed, by Lemma
A.22. □

Proof of Lemma 8.7. (i) This was proved for A1 in Lemma A.20, while the
argument is easily adapted for A2, A3 and A.

(ii)–(iii) We showed in Lemma A.22 that A1 is closed, in Lemma A.21 that A◦1
is open and in Corollary A.23 that the closure of A◦1 is a subset of A1. Again, these
arguments are easily adapted for A2 and A3, and the argument of Lemma A.22
also to A.

(iv) Since Cj and Cγ
j are both closed subsets of T for any T = [T, d, ρ, µ] ∈

Ãi(γ), the argument of Lemma A.22 again applies to show that Ãi(γ) is closed.

Given v, w and Cj , j = 0, 1, 2, 3, that satisfy the constraints of Ãi(γ), we can
consider as Uj the connected component of T \ [[v, w]] containing Cj , j = 0, 1, 2, 3.
Then all constraints for membership in A◦i hold, with the possible exception of the
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requirement that v ̸= w, but if v = w, then T ∈ A. We conclude that Ãi(γ) ⊆
A◦i ∪A.

(v) Now let T = [T, d, ρ, µ] ∈ A◦i . In the notation of the proof of Lemma A.21,
we consider vj ∈ Wj ⊆ Uj , j = 0, 1, 2, 3, and ε = min{d(uj , vj), j = 0, 1, 2, 3}.
This minimum is attained by at least one j = 0, 1, 2, 3. If we let γ = ε and define
ṽj ∈ [[uj , vj ]] with d(uj , ṽj) = ε, then Cj = Wj ∪ [[vj , ṽj ]] inherits the closure and
connectedness properties from Wj . This together with the intersection constraints
of Uj further entails that Cj , j = 0, 1, 2, 3, satisfy the intersection constraints for

membership in Ãi(γ). Since Wj also exceeds the mass and height thresholds of A◦i
by more than 2δ ≥ ε = γ, in the notation of the proof of Lemma A.21, Cj also

satisfies the mass and height constraints for membership of T in Ãi(γ). □

A.8. Proof of Proposition 8.16

By the intertwining argument at the beginning of the proof of Theorem 8.10,
the resampling time D of a unit-mass 2-tree evolution is exponentially distributed.
It therefore suffices to identify the rate parameter, which can be obtained as
limε↓0

1
εP(D ≤ ε). Since de-Poissonization involves a time change that has con-

tinuously changing speed starting from 1, Proposition 8.16 follows immediately
from the following.

Proposition A.24. Consider the degeneration time D of a type-2 evolution
starting from the unit-mass pseudo-stationary distribution. Then

lim
ε↓0

1

ε
P(D ≤ ε) = 2.

This appendix is devoted to the proof of this proposition as a culmination of
intermediate results. Let ((my

1,m
y
2, β

y), y ≥ 0) be a type-2 evolution starting from
the unit-mass pseudo-stationary distribution and D its degeneration time. For the
purpose of the following, for i = 1, 2, let Ti denote the first time that the mass on
label i approaches 0:

Ti := inf{y ≥ 0: my−
i = 0} = sup

h>0
inf{y ≥ 0: my

i < h}.

For ϵ ∈
(
0, 14

)
, we cover the event {D ≤ ϵ} with a union of 6 events.

Aϵ,1 :=
{
m0

1 > 1−
√
ϵ and mϵ

2 + ∥βϵ∥ = 0, while T1 ≥ ϵ
}
,(A.12)

Bϵ,1 :=
{
m0

1 ≤ 1−
√
ϵ and mϵ

2 + ∥βϵ∥ = 0, while T1 ≥ ϵ
}
,(A.13)

Cϵ := {max{T1, T2, D} ≤ ϵ and mϵ
1 +mϵ

2 ≥ 1− ϵ1/3},(A.14)

Dϵ := {mϵ
1 +mϵ

2 + ∥βϵ∥ < 1− ϵ1/3}.(A.15)

We define Aϵ,2 and Bϵ,2 in the same manner as Aϵ,1 and Bϵ,1, respectively, but
with the roles of labels 1 and 2 switched. In particular, Aϵ,1 is the event that
the process degenerates prior to time ϵ and that label 1 starts with a large initial
mass and avoids converging to mass 0 prior to time ϵ. By virtue of our choice that
m0

1 > 1−
√
ϵ > 1

2 , this is disjoint from Aϵ,2. Thus, by symmetry,

(A.16) 2P(Aϵ,1) ≤ P{D ≤ ϵ} ≤ 2P(Aϵ,1) + 2P(Bϵ,1) + P(Cϵ) + P(Dϵ).

First, we prove the following.
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Lemma A.25. lim
ϵ→0+

P(Aϵ,1)

ϵ
= lim

ϵ→0+

1

ϵ
P

{
m0

1 > 1−
√
ϵ, T1 ≥ ϵ,

and mϵ
2 + ∥βϵ∥ = 0

}
= 1.

Afterwards, we will show that each of the remaining probabilities goes to 0
faster than ϵ.

Proof. Fix ϵ ∈ (0, 14 ). The top mass my
1 evolves as a BESQ(−1) up until it ap-

proaches 0. If it starts from mass 1−x then by Lemma 2.9, T1 ∼ InvGamma
(
3
2 ,

1−x
2

)
.

Conditional on {T1 > ϵ}, the process (my
2, β

y), y ∈ [0, ϵ], is a type-1 evolution, per
Definition 3.1. Thus, by Proposition 2.6, its total mass evolves as a BESQ(0), so its
degeneration time D from initial mass x is InvExp

(
x
2

)
[79, equation (13)]. Com-

bining this with the Beta
(
1, 12

)
distribution of m0

2 + ∥β0∥ gives

(A.17) P(Aϵ,1) =

∫ √ϵ

x=0

1

2
√
1− x

e−x/2ϵ

(
1−

∫ ∞
y=(1−x)/2ϵ

1

Γ
(
3
2

)√ye−ydy) dx,
with the leftmost term under the outer integral being the density of Beta

(
1, 12

)
,

the middle term being the cumulative distribution function of InvExp
(
x
2

)
, and

the inner integral calculating one minus the cumulative distribution function of
InvGamma

(
3
2 ,

1−x
2

)
. To get a lower bound, we bound the first term below by 1

2 and

reduce the lower bound of the inner integral down to (1−
√
ϵ)/2ϵ.

P(Aϵ,1) ≥
∫ √ϵ

x=0

1

2
e−x/2ϵdx

(
1−

∫ ∞
y=(1−

√
ϵ)/2ϵ

2√
π

√
ye−ydy

)

≥ [−ϵe−x/2ϵ]
√
ϵ

0

(
1− 2√

π

∫ ∞
y=(1−

√
ϵ)/2ϵ

ye−ydy

)
.

The bound y ≥ √
y in the inner integral is justified as (1−

√
ϵ)/2ϵ ≥ (1− 1

2 )/
1
2 = 1.

Thus,

P(Aϵ,1) ≥ ϵ
(
1− e−1/2

√
ϵ
)(

1− 2√
π
[−ye−y − e−y]∞(1−

√
ϵ)/2ϵ

)
= ϵ

(
1− e−1/2

√
ϵ
)(

1− 2√
π
e−(1−

√
ϵ)/2ϵ

(
1−

√
ϵ

2ϵ
+ 1

))
.

Both terms after the initial ϵ converge to 1 as epsilon tends to 0.
We now derive the upper bound. Continuing from (A.17) and bounding the

inner integral below by 0,

P(Aϵ,1) ≤
∫ √ϵ

x=0

1

2
√
1− x

e−x/2ϵdx ≤
∫ ∞
x=0

1

2
√
1−

√
ϵ
e−x/2ϵdx =

ϵ√
1−

√
ϵ
.

Combining this with our lower bound proves the limit. □

Lemma A.26. lim
ϵ→0+

P(Bϵ,1)

ϵ
= lim

ϵ→0+

1

ϵ
P

{
m0

1 ≤ 1−
√
ϵ, T1 ≥ ϵ,

and mϵ
2 + ∥βϵ∥ = 0

}
= 0.

Proof. Fix ϵ ∈
(
0, 14

)
. We get a formula for P(Bϵ,1) via the same argument

as that giving rise to (A.17), just changing the bounds on the outer integral:

(A.18) P(Bϵ,1) =

∫ 1

x=
√
ϵ

1

2
√
1− x

e−x/2ϵ

(
1−

∫ ∞
y=(1−x)/2ϵ

1

Γ
(
3
2

)√ye−ydy) dx.
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Thus,

P(Bϵ,1) ≤
∫ 1

x=
√
ϵ

1

2
√
1− x

e−x/2ϵdx

≤
∫ 3/4

x=
√
ϵ

1

2
√
1/4

e−x/2ϵdx+

∫ 1

x=3/4

1

2
√
1− x

e−3/8ϵdx

= [−2ϵe−x/2ϵ]
3/4√
ϵ
+ e−3/8ϵ[−

√
1− x]13/4

≤ 2ϵe−1/2
√
ϵ +

1

2
e−3/8ϵ.

Dividing by ϵ and taking the limit proves the result. □

Lemma A.27. lim
ϵ→0+

P(Cϵ)

ϵ
= lim

ϵ→0+

1

ϵ
P

{
max{T1, T2, D} ≤ ϵ,

and mϵ
1 +mϵ

2 ≥ 1− ϵ1/3

}
= 0.

Proof. For j = 1, 2, let Ej := {Tj ≤ ϵ}. Lemma 2.9 entails that

(A.19) P(Ej | m0
j ) = P(G ≥ m0

j/2ϵ | m0
j ),

where G ∼ Gamma
(
3
2 , 1
)
. Plugging in the Beta

(
1
2 , 1
)
distribution of m0

1,

P(E1) =

∫ 1

0

1

2
√
x
P
{
G ≥ x

2ϵ

}
dx ≤

∫ ϵ

0

1

2
√
x
dx+

∫ 1

ϵ

1

2
√
x

3ϵ

x
dx,

by Markov’s inequality. Evaluating these integrals gives

(A.20) P(E1) = P(E2) ≤ 4
√
ϵ− 3ϵ = O(

√
ϵ)

in big-O notation.
Note that E1 and E2 are conditionally independent given the initial mass split

(m0
1,m

0
2, ∥β0∥). By (A.19), the conditional probabilities of these two events are

monotone decreasing in m0
1 and m0

2, respectively. Under the Dirichlet
(
1
2 ,

1
2 ,

1
2

)
distribution of the initial mass split, there is a strong negative stochastic relation-
ship between these masses: the conditional law of m0

1 given m0
2 = a stochastically

dominates that of m0
1 given m0

2 = b for any 0 ≤ a < b ≤ 1. Thus,

(A.21) P(E1 ∩ E2) ≤ P(E1)P(E2) = O(ϵ).

Construction 3.4 of type-2 evolutions shows that we may view the blocks of the
interval partition component βy of our type-2 evolution as a subset of the blocks of

a type-0 evolution (β̂z, z ≥ 0) with the same initial state, β̂0 = β0. Moreover, after
the first times T1 and T2 when each of the initial top masses my

1 and my
2 converges

to 0, these top masses also correspond to blocks in this type-0 evolution.
Now, define E∗ := E1 ∩ E2 ∩ {D ≤ ϵ}. On E∗, at most one of the top

masses is non-zero at time ϵ, so to bound the probability that the total mass of the
process exceeds 1−ϵ1/3 at time ϵ on this event, we need only bound the conditional
probability of

E3 :=
{
β̂ϵ has a block of mass 1− ϵ1/3

}
given E1 and E2. Note that, by (A.19), under this conditioning, m0

1 and m0
2 are

biased to be small, and thus ∥β0∥ is biased to be large, thus making E3 more
probable. Therefore, we will bound this probability in the extreme event that
∥β0∥ = 1.
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The total mass process
(∥∥β̂y

∥∥, y ≥ 0
)
is a BESQ(1), per Proposition 2.6. Thus,

if we take (B(t), t ≥ 0) to denote standard one-dimensional Brownian motion,

P
(∥∥β̂ϵ

∥∥ > 1 + ϵ1/3
∣∣ ∥∥β̂0

∥∥ = 1
)
≤ 2P

(
B(ϵ) >

√
1 + ϵ1/3 − 1

)
,

≤ 2P
(
B(ϵ) > ϵ1/3/4

)
≤ 2e−ϵ

−1/3/32,

bounding the square-root function below by a first-order approximation and apply-
ing the Chernoff bound to the Gaussian B(ϵ). Next, by the pseudo-stationarity of(
β̂y, y ≥ 0

)
as described in Proposition 2.7,

P(E3 | E1 ∩ E2) ≤ P

(
β̂ϵ

∥β̂ϵ∥
has a block >

1− ϵ1/3

1 + ϵ1/3

)
+ e−ϵ

−1/3/32

≤ P
(

A size-biased random block
from a PD( 12 ,

1
2 ) is > 1− 2ϵ1/3

)
1

1− 2ϵ1/3
+ o(ϵ).

If we only consider ϵ ∈ (0, 2−6) then 1/(1 − 2ϵ1/3) < 2. A size-biased random
block of a PD

(
1
2 ,

1
2

)
has Beta

(
1
2 , 1
)
distribution, which has cumulative distribution

function F (x) =
√
x for x ∈ [0, 1]. Thus,

P(E3 | E1 ∩ E2) ≤ 2(1−
√
1− 2ϵ1/3) + o(ϵ) = O(ϵ1/3).

Plugging in (A.20) gives

P(Cϵ) ≤ P(E1 ∩ E2 ∩ E3) ≤ O(ϵ)O(ϵ1/3) = o(ϵ),

as desired. □

Lemma A.28. lim
ϵ→0+

P(Dϵ)

ϵ
= lim

ϵ→0+

1

ϵ
P
(
mϵ

1 +mϵ
2 + ∥βϵ∥ < 1− ϵ1/3

)
= 0.

Proof. By Theorem 3.3, the total mass process M(y) := my
1 + my

2 + ∥βy∥,
y ≥ 0, is a BESQ1(−1). There are many ways to bound change in a squared Bessel
process; we apply [67, Lemma 33] with s = 0, t = ϵ < 1 to get E[|M(ϵ)−M(0)|p] =
O(ϵp/2) for every p ≥ 2. By Markov’s inequality,

P
(
M(ϵ) < 1− ϵ1/3

)
≤ E[|M(ϵ)−M(0)|p]/ϵp/3 = O(ϵp/6).

Taking p = 7, for example, completes the proof. □

We can now prove the main result of this appendix.

Proof of Proposition A.24. We conclude from Lemmas A.25, A.26, A.27,
and A.28 together with equation (A.16) that

lim
ϵ→0+

ϵ−1P{D ≤ ϵ} = 2. □
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Astérisque, 427:viii+257, 2021.

[46] T. Duquesne and J.-F. Le Gall. Random trees, Lévy processes and spatial branching pro-
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