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1 Random Partitions

For a positive integer n, we will denote by [r] the set {1,...,n}. We will consider partitions of [n], that is, a set of
disjoint non-empty subsets of [n] whose union is [n]. Let ITj,,; denote the set of partititons of [n]. In general, for a
countable set S, ILs denotes the partitions of S. Let II,, be a random partition (random variable taking values in IIj;).

Let m € II},) by a partition. Given a permutation ¢ of [n], let ¢(7) be the partition obtained by permuting the
members of clusters in 7 by ¢. Given a subset S C [n], let Jg(7) be the partition of .S obtained by removing all the
members of clusters in = which are not in .S.

© = {{1,3,5},{2,4}, {6,7,8}, {9}} (1.1)
¢ = (123)(489)(567) o(m) =1{{2,1,6},{3,8},{7,5,9}, {4}} (1.2)
S={1,3,4,5,7,8} Js(m) = {{1,3,5},{4},{7,8}} (1.3)

Definition 1.4 (Exchangeability). II,, is called exchangeable if its distribution is invariant to permutations ¢ of [n):
P(I1,, = m,) = P, = ¢(mn)) (1.5)

Exchangeability implies that P(IT,, = 7,,) only depends on the number of clusters and the sizes of the clusters in
. We will denote the number of clusters of m,, by k and the sizes of the clusters by nq, ..., ng. Then the probability
function can be written as

P(IL, = m,) = fa(ny, ..., nk) (1.6)

where f,, is some symmetry function of its arguments, which have to satisfy

k
nj >1 > nj=n 1.7)
j=1
Definition 1.8 (Projectivity). A sequence of random partitions 11y, 1s, ... of [1],[2], . . . respectively is called projec-
tive if
P(Jjn) () = 7)) = P, = ) (1.9)

forall T, € H[m].

Projectivity implies that the probability function has to satisfy the addition rule:

k
fa(ni,ooomg) = fopi(na,oone, 1) + > fara(n,.omy + 1,00 ng) (1.10)
j=1

The formula means that a projective sequence of partitions can be constructed by iteratively adding members 1,2, .. .,
into it. Suppose that after iteration n the partition constructed has k clusters of sizes n1,...,ng. Atiterationn + 1, a
new member is added into a new cluster with probability proportional to f,,4+1(n1,...,ng, 1), while it is added to the
jth cluster with probability proportional to fy,+1(n1,...,1n; +1,...,ng).

Theorem 1.11 (Kingman (1978)). Given a projective sequence of exchangeable random partitions 111,11, . . ., there
is a unique exchangeable random partition I, of N, such that 11,, ~ Ji,) (Il ). The converse is true as well.

We will simply refer to a projective sequence of exchangeable random partitions simply as exchangeable random
partitions (on N) from now on.

Definition 1.12 (Exchangeable Partition Probability Function). A function f with arguments finite sequences of posi-
tive integers is called an exchangeable partition probability function (EPPF) if:

o f is a symmetric function of its arguments;



o f satisfies the addition rule:

k
Fa(na, o) = faa(nn, e 1)+ fasa(na, ooy + 1,0 ) (1.13)
j=1

An EPPF governs the distribution for an exchangeable random partition, with

P(IL, = {c1,...,c}t) = f(el, - |ex]) (1.14)

Definition 1.15 (Chinese Restaurant Process). A Chinese restaurant process (CRP) is a random partition on [n]
constructed iteratively, where at each iteration, a new member is added to a new cluster with probability proportional
to o, and to a cluster of size m with probability proportional to m. We denote the distribution by CRP(«, [n]).

A CRP is obviously projective. It is also exchangeable, since its probability function, obtained by multiplying the
probabilities associated with each stage of the construction, is:

()
P(L, = 7,) = ————al™! r 1.16
(I =m0) = w gy LT T(leD (1.16)
CETy,

Definition 1.17 (Two-parameter Chinese Restaurant Process). A two-parameter CRP is a random partition on [n]
constructed iteratively, where at each iteration, a new member is added to a new cluster with probability proportional
to o+ dk where k is the current number of clusters, and to a cluster of size m with probability proportional to m — d.

We denote the distribution by CRP(«, d, [n)]).

A CRP(a, d, [n]) is projective and exchangeable as well, since its EPPF is given by:

[7tn|—1

_o oy letdyt ol
P(IT, = m,) = [a+ﬁrl [T —a (1.18)

CETy
where [z]f = z(x +b)--- (z + (a — 1)b).

It is in general hard to come up with exchangeable random partitions by fiddlying with its EPPF or an iterative
construction. It is easier to think about exchangeable random partitions as induced by a probability measure j. Con-
sider

Xilp~ p (1.19)

for each ¢ = 1,2,.... Construct a partition on N such that ¢ and j belong to the same cluster if and only if X; = X.
This partition is obviously exchangeable since X;’s are iid. Further, if y is random, the induced random partition is
still exchangeable.

Theorem 1.20 (Kingman (1978)). Every exchangeable random partition on N can be constructed by inducing it from
a random probability measure.

This theorem motivates study of exchangeable random partitions via random probability measures. It also mo-
tivates the question of what random probability measure underlies the Chinese restaurant processes (the Dirichlet
process and the Pitman-Yor process respectively).

The structure of the random partition can be read off from the atomic structure of p. Note that an atom x of p of
mass w will correspond to a cluster ¢,,, with asymptotic size w (as n — 00, ¢, /n — w.) If y has a smooth component,
say of total mass wy, then every draw X; coming from this component will be unique with probability 1, so that it
corresponds to a cluster of size 1. The total proportion of integers belonging to such tiny clusters will asymptote to
wp. These clusters are called dust.



2 Poisson Processes

Definition 2.1 (Poisson Process). A Poisson process is a random measure N on space (S,S)) such that for each
measurable set A, N(A) is Poisson distributed with mean \(A), where X is the mean measure of the process. We
write:

N ~ Poisson(\) (2.2)
A Poisson process is composed of atoms of unit mass:
N(S) N(S)
N=> 6, N(A)= )" 6, (4) (2.3)
k=1 k=1

If A(A) is finite, then the point masses in N can be generated in the following fashion:
e First generate Poisson number of points n ~ Poisson(A(A)).
e For each k € [n], generate x, ~ A(AN-)/A(A)

Proposition 2.4 (Completely Randomness). A Poisson process is completely random: if A and B are disjoint, then
N(A)LLN(B).

Proposition 2.5 (Transformations). e Superposition: if N and N' are independent Poisson processes with means
Aand N, then N + N' is a Poisson process with mean A + X'

e Mapping: if N is a Poisson process with mean X and f : S — S’ is measurable, then N o f~! is Poisson with
mean Ao f~1.

Theorem 2.6 (Campbell). If N ~ Poisson(\), then

N(S)

E { / f(x)N(dx)] _E kz::l Fla)| = / F@)A(dz) @.7)

A useful characterization of point processes is via the characteristic functional.
U[f] =Ele” ff(r)N(dx)] (2.8)

This is a generalization of the characteristic function of a random variable, and completely determines the point
process.

Theorem 2.9 (Characteristic Functional). For a Poisson process N ~ Poisson(\), the characteristic functional is:
W[f] = e J1meT TP An) (2.10)

Proposition 2.11 (Change of Probability). Ler f be such that — [ 1 — e_f(‘”))\(dac) < o0o. We can define a point
process N absolutely continuous wrt Poisson(\), with density:

o | F@)N(do)
p(N) = — e (2.12)

Then N is a Poisson process with exponentially tilted mean measure e~ (’”))\(dx).

Theorem 2.13 (Palm Formula). If N ~ Poisson(\) and f and G are functions of x € S and of (x, N) respectively,
then

E { / f(x)G(a;,N)N(d:c)] - / E[G(x, 5, + N)|f(2)A(dz) (2.14)

The LHS can be interpreted as approximately the following: the expectation of f ()G (z, N)N(S) where we first
draw N ~ Poisson(A), then draw = ~ N/N(S). The RHS is approximately the same expectation but where we first
draw z ~ A\/A(S), then §, + N is a Poisson process conditioned on there being an atom at x.



3 Completely Random Measures

Definition 3.1 (Completely Random Measure (CRM)). A completely random measure 1 over a measure space (.S, 1)
is a random measure such that if A and B are disjoint then p(A) 1L p(B).

CRMs cannot be random and non-atomic, since a random smooth density function must have some local corre-
lations. Examples of CRMs include (non-random) measures that can contain both atoms and a smooth component,
and atomic random measures p = » Vi d;, where v; are random and independent, but z; are fixed (non-random).
A more non-trivial example can be constructed using Poisson processes. Let N = >, 6(., ) be a Poisson process
over the product space R, x S, and define

p(A) = ZkaA(yk) (3.2)
k

where x 4 is the characteristic function for A. Then the completely randomness of N will be inherited by .

Theorem 3.3 (Kingman (1967)). A CRM . can be decomposed into a sum of 3 independent components:

J K
= po+ > vida, + > wiby, (3.4)
j=1 k=1

where g is a non-random measure, J is constant, {x;} are fixed members of S, v; are mutually independent random

. K . .
variables on Ry, and N = 3 ;" & is a Poisson process over R x S.

Wk, Yk)

The atoms {z;} are called the fixed atoms of 1, while {y;, } are the random atoms. Let ¢;(dv;) be the distribution
of v;. The mean measure A is called the Lévy measure. To ensure that y is o-finite, it has to satisfy the property that

/ / min(w, 1)A(dw, dy) < oo (3.5)
R, JA

for each A € . Further, the number of random atoms in A is infinite iff A\(R; x A) = co. When A decomposes into
a product of two measures, A(dw, dy) = p(dw)H (dy), the CRM is called homogeneous. It implies that the masses of
the random atoms are independent of their locations.

The characteristic functional of the underlying Poisson process N governing the distribution of the random atoms
translates to a representation of CRMs called the Lévy-Khintchine representation.

Theorem 3.6 (Lévy-Khintchine Representation). The characteristic functional of 1 is

J
f] = E e I I@m] —exp | - / F@)po(dw) =~ (f () - /R 1= e W (dw,dy) | (37)

+><S

where 1j(z) = —logE[e™*"] is the Laplace transform of q;.

4 Normalized Random Measures

Define a normalized random measure (NRM) as a random probability measure obtained by normalizing a homoge-
neous completely random measure (CRM):

uw~ CRM(pH) 4.1)
T = u(®) (4.2)
v = /T 4.3)

T is the total mass of the unnormalized p. p is the Lévy measure of the CRM, and H the base distribution. General-
izations to other CRMs are possible; homogeneity is assumed for simplicity here.



4.1 Posterior Distribution

Consider a sample of size n drawn iid from v:

Xilv ~v 4.4)
We are interested in the posterior distribution of p and v given observations X; = x; forz = 1,...,n. Noting that
is discrete, different observations can take on the same values. Let 27 for j = 1,.. ., k be the k unique values, with z
appearing n; times. Since v is determined given p, the probability of the observations is
k
P(X; € da;Vi € [n]|p) = T~ [ w(da})™ (4.5)
j=1
The difficulty here is in the 7™ term, which we can address by introducing an auxiliary variable U
Ulp ~ Gamma(n, T (4.6)
TTL
P(U € dulp) = ) u" e T du 4.7
P(U € du) = L_1]E[T"e—T“}du 4.8)
- T(n) '
Multiplying the probabilities, we get:
k
P(X; € da;Vi € [n],U € dulp) =T'(n)" H p(dx;)"™ u" e Tudy, 4.9)
j=1
Consider the characteristic functional of the posterior process. This is given by:
E[e~ /S @mdp(X; € dx;Vi € [n],U € dulu)]
E e~/ @0 X; € dovi U e du) = i = 0% : 4.10
¢ [ Xi € daiVi € [n], U € du E[P(X; € day¥i € [n), U € dulp)] (4-10)
To obtain the numerator,
k
E |~/ F@nldo)p(p)—1 H p(dx;)"™ u" e Ty 4.11)
j=1
k
=I'(n) "W 'duE |e /(@) +u)nlde) H p(dx;)"™ (4.12)
j=1
Applying the Palm formula,
()t )(ds) TT
=I'(n) """ 'du / E | /U@ lntwid,)(do) T 1) | (widay (deef))™ pldwy,) h(dact,) (4.13)
j=1
k-1
=I'(n) "W 'duE |e~ J(F(@)+u)nlde) H p(dz;)"™ h(de)/e_(f(g”k)J““)w’“wZ’p(dwk) (4.14)
j=1
k
=I'(n)" "W 'duE e~/ <f<w>+“>ﬂ<d$>} h(dz}) / e~ )i ™ p(dwy;) (4.15)

j=1



By the Lévy-Khintchine representation,

=I'(n) ‘" tduexp ( /(1 — e W @)Fw)y (g > H h(dz}) / (f(@} H”)“’Jw”]p(dw]) (4.16)

Setting f(x) = 0 gives us the denominator, which is the marginal probability of the observation and auxiliary variable:

E[P(X; € dx;Vi € [n],U € du|p)] 4.17)
=P(X; € dz;Vi € [n],U € du) (4.18)
k
=I'(n) 'u" " *dul [e* I ““(dm)} H h(dx;‘)/ Bt wn’p(dwj) 4.19)
j=1
k
=T'(n) tu"te ¥ Wdy H h(dz})k(u, ny) (4.20)
j=1

where ¢)(u) = —log E[e~ J “#(49)] = [(1—e~"")p(dw) is the Laplace transform of p, and k(u,n) = [ e~"““w" p(dw)
is the nth moment of the u-exponentially tilted Lévy measure. Now dividing the numerator by the denomlnator the
characteristic functional of the posterior  is:

E [e_ J1@ulde)| X, € dai € [n],U € du] 4.21)
k e~ UwW; j .
— exp (— / (v — emulFE) ) H 1 MW 4.22)
k . 1ijw7_7'jp(dw )
—exp (— / (1 — e/ @)e v (g ) 11 / R (4.23)
(4.24)

Thus the posterior i can be expressed as:

k
j=1

where the fixed atoms at the k observed values {z7} has random masses distributed as

e~ Ui w;”p(dwj)

]P)(W] S dwj|Xi € dx;Vi € [n], U e du) = n(u,nj) (4.26)
and the random atoms are described by a CRM p with an exponentially tilted Lévy measure
e” " p(dw)h(dx) (4.27)

4.2 Exchangeable Partition Probability Function

The exchangeable partition probability function (EPPF) can be easily ready off from the marginal probability (4.16).
Denoting by II,, the partition on [n] induced by the observations {x;}, we get:

P(IT,, = 7, U € du) =I'(n) " tu""te ¥Wqy H K(u,|c]) (4.28)

CcCET



The conditional distribution given U € du is obtained by dividing by (4.8):

P(II Ued e v 429
(II,, = mp|U € du) —ch K (u,|c|) (4.29)

And the EPPF itself is:
P11, = m,) =I'(n)~! /u"ileﬂl’(“) H k(u, |e])du (4.30)

cETy,

4.3 Stick-breaking Construction

To derive the stick-breaking construction for NRMs, consider a size-biased sample from v, i.e. if
oo
p= wile (4.31)
k=1

then let 1* be a variable taking on value k& with probability wy /T, and let W = wy~. Consider the joint distribution
of Wi and T

P(W; € dw,T € dt|u) = Y 8y, (dw) S (dt) (4.32)

M8
S

T
k=1
* — W
P(W; € dw,T € dt) = ; O (dw)éT(dt)] (4.33)
]‘ !/ !/
= /IE |:W5T+w/(dt):| W' Oy (dw) p(dw”) (4.34)
= %g(t — w)dtp(dw) (4.35)

where g is the density of 7" under Lévy measure p.! Intuitively, the probability that the first size-biased mass W takes
on value w and that the total mass 7" is ¢ is the “probability” of w under p, times the probability of the rest of the mass
being ¢ — w under g, times the probability w /¢ that mass w is chosen.

t —
P(W € dw|T € dt) = wylt—w)

t gt

The above gives the first size-biased mass W7". Now we can recurse on the rest of the atoms in y, with total mass
left t — w. This gives:

p(dw) (4.36)

k
Wy g(t — Zj:l wy,)
k—1 k—1
t— Zj:l w;j g(t — Zj:l wy,)

Note that the conditionals are Markovian in the sense that each iteration depends only on the total mass left ¢ —
> jelk—1) Wi» and not on the original total mass, nor the sizes of the previous size-biased masses.

To complete the stick-breaking construction, we have to first sample the total mass 7" before starting to break the
sticks. Note that this stick-breaking construction generalizes to Poisson-Kingman processes, the only difference now
being that the first total mass 7" has a different distribution.

P(Wy € dwi|T € dt, W] € dw;Vj € [k —1]) = p(wg) (4.37)

IT have not found any statements regarding absolute continuity of the distribution of 7". Bertoin (2006), Pitman (2003) both assumed it without
proof. For the NRMs in use, they do exist.



4.4 Examples

We will give two examples of how the above results pan out: the Dirichlet process and the normalized generalized
gamma process. The normalized generalized gamma process (NGGP) Brix (1999), Favaro and Teh (2012), Lijoi et al.
(2007) is the current most general tractable family of NRMs. It encompasses the DP (a normalized gamma process)
Ferguson (1973), the normalized stable Kingman (1975), Perman (1990), and the normalized inverse Gaussian Lijoi
et al. (2005).

4.4.1 Dirichlet Process

The Dirichlet process is a normalized gamma process. The Lévy measure for the gamma process is given by

p(dw) = aw™te ™ dw (4.38)
The exponentially tilted moments are:
*° r
k(u,n) = /67““’ "p(dw) = / w" e gy = aﬂ (4.39)
0 (u+1)"
The Laplace transform for p is:
() = / (1 — =) p(duw) = / (1— e ™Yoo dw = alog(u + 1) (4.40)
0
And the total mass 7" is gamma distributed with shape « and scale 1, so
1
t) = ——t* et 4.41
9(t) Ty’ © (4.41)
Plugging these into (4.28), we get:
P(IT, = 7m0, U € du) =I'(n) " ‘u""te ¥®Way H k(u,|c|) (4.42)
CETy,
u" ! I(le])
=I'(n) ' ——d —_— 443
(n) i 1e uCH a(u D) (4.43)
wn 1 o
=I'(n) ' —————du o/™ r 4.44
0 el I 0 @40

Thus we note that the random partition II,, is independent of the auxiliary variable U. Integrating out U,

1 e o] unfl
P(IL, = 7,) = du al™! (| 4.45
Wl =m0) =55 J, Gy e @™ L P0) 4
1 T)(q) i,
- Tn I(| 4.46
I'(n) T'(n+ a) cg%[ (I (446)
Oé) alm!
n I( 4.47
“Fnta) g[ (Ie) (4.47)
For the stick-breaking construction, (4.37) is
P(Wy € dwi|T € dt, W] € dw;Vj € [k —1]) (4.48)
t— w
w9l = S we) p(wy) (4.49)
t_ZJ leg(t Z 1wk)
t— 1= (=325 wi)
_ Wy ( Z i ) - — aw;leiwk (4.50)
t—zj le (t— Z _w wy,)*le” (t=22521 wk)



Transforming the variables to Vi, = W} /(T — 25;11 W), we get:
P(Vy € do|T € dt,V; € dv;Vj € [k —1]) =a(1 —vy,)* ! (4.51)

That is, each v, ~ Beta(1, «) independently, and independent from the total mass 7.

4.4.2 Normalized Generalized Gamma Process

The NGGP hsa Lévy measure

(07

—o—1_—Tw 4.52
7”170)10 e dw 4.52)

pldw) =
When o = 0,7 = 1 we get the DP. When 7 = 0 we get the normalized stable, and when o = .5 we get the normalized
inverse Gaussian.
The exponentially tilted moments are:

_ —uw,,n _ « > n—o—1_(ut+7r)w _ OZF(TL B U)
k(u,n) = /e w"p(dw) = Ti—0) /0 w e dw = s )T o) (4.53)

The Laplace transform for p is (via integration by parts):

o o _ O
Y(u) = /(1 —e ")p(dw) = ﬁ/{) (1—e “)w 7 e ™ dw = a% (4.54)
The joint distribution of II,, and U is:
P(IL, = 7m0, U € du) =P(n) " 'e @ du [T #(u, le) (4.55)
cemy,
1 omel —qlutn?=r? al'(Jc| — o)
=T(n) tu"te ™ o du (4.56)
g (u+7)lel=oT(1 - o)

alml =t (wtr)? =27 I(lc| — o)
= e d — 4.57
T(n) (u+ r)ntml © w1 Fa=0 (*37)

CETp

Marginalizing out U gives the EPPF. Note that the EPPF is of Gibbs type. The stick-breaking construction can also be
obtained in closed (but ugly) form.

5 Poisson-Kingman Processes

NRMs form a wide class of exchangeable random partitions/random probability measures, but it does not include an
important example, which is the Pitman-Yor process. A generalization of NRMs called Poisson-Kingman processes
encompasses this (Pitman, 2003). These form the currently largest class of exchangeable random partitions/random
probability measures. They generalize NRMs by allowing the total mass to come from a distribution different from
the one under the homogeneous CRM.

Let p be the Lévy measure and H the base distribution of the CRM. Denote by CRM (pH |t) the random measure
obtained by conditioning the CRM on having total mass ¢. Let v be some distribution on R, . A Poisson-Kingman
process PKP(pH, ) is a random probability measure 1 constructed as follows:

T ~ (5.1)
v|T ~ CRM(pH|T) (5.2)
p=np/T (5.3)

10



If v = ¢; is a point mass, then PKP(pH, ;) is a random probability measure constructed from an underlying CRM,
with the total mass T fixed at t. We can understand PKP(pH, ) as a mixture over PKP(pH, §;), where ¢ has mixing
distribution ~y:

PKP(pH.7) = | PKP(pH. 5,1 (de) (5.4)

5.1 Pitman-Yor Process

The Pitman- Yor process is a Poisson-Kingman process with the following parameters: The underlying CRM is a stable
process, with

g

—o—1

pldx) =
The total mass T'under the CRM is a positive stable distribution with index o, whose density we denote g, (7).
The total mass distribution we use to get the Pitman-Yor is a polynomial-tilting of g, (T):

I'a+1)
Yo,o(T) =
INa/o+1)
Deriving the useful properties of the Pitman-Yor process (its EPPF, stick-breaking construction) is an interesting
mathematical exercise (left to the user :p). For practical applications these derivations are not needed, but it is good to
know where the various constructions came from.

T™%go(T) (5.6)

6 Gibbs Type Exchangeable Random Partitions

Definition 6.1 (Gibbs Type Exchangeable Random Partition). An exchangeable random partition is said to be of
Gibbs type if its EPPF can be written as:

k
f0h7“-ank)::V%kII]m%j (62)
j=1

k
wheren =3 ;| n;.

These are also related to product partition models Barry and Hartigan (1992), Miiller and Quintana (ress). Product
partition models are used in a larger range of problems, e.g. in regression problems where the partition structure is
dependent on covariates, and in change point analysis. They do not have the nice theoretical results of Gibbs type
partitions.

The Chinese restaurant processes are of Gibbs type. In the one-parameter (o = 0) case, we have:

1 e
fo(na, ... npla) = Wak [T (6.3)
1

If we mix over «, say with prior vy(«), we still get a Gibbs type partition with EPPF:

j=1

k

1 s —

R aFy(a)da [T1177 T (6.4)
=1

fo(nl,...,nk):/

[a

Another class of Gibbs type partitions are the random partitions induced by a finite symmetric Dirichlet of length
K and pseudocount 5 > 0:

K
Puh7“'vpKw5aK3 = £i2¥? Illfil (65)
j=1

11



The EPPF can be obtained by marginalizing out the Dirichlet, giving:

(K%
(KA}

fop(ng,...,mi|K) = 7t (6.6)

If we mix over K (but not ), say with prior v(K), we still get a Gibbs type partition with EPPF:

= [K]k b n -1
f_B(nl,...,nk) = Z [Kﬁ H _A,_ﬁ J (6.7)

K=1

These Gibbs type partitions have finite but unbounded number of clusters: a partition drawn from the distribution will
have K < oo number of clusters as n — oo, but K is not bounded. E.g. a Poisson prior on K.

A final class of Gibbs type priors are the Poisson-Kingman processes PKP(p,,y) constructed from an underlying
stable process. The EPPF for PKP(p,, d;) can be derived as:

ok fot Go(t —v)v" ko= 1dy ny—1
T hotge Lol 68)

Jj=1

folna, ... nglt) =

Mixing over -, we still get a Gibbs type partition with EPPF:

kf t—v) n—ko—1 7, k
0 9o H n -1
.. = 1 _ J .
fU(n17 )nk)) /(; t"F(n _ ko-)go' dt U (6 9)
Jj=1

There is a characterization of all Gibbs type exchangeable random partitions, which states that these are the only
possible Gibbs type priors:

Theorem 6.10 (Gnedin and Pitman (2006)). A Gibbs type random partition is exchangeable if and only if there is an
index o € [—00, 1] such that

Wi = [1— o]t = FF((T_;’)) 6.11)
The index o determines the type of random partition it is:
e o = 1: trivial partitions with all singleton clusters.

e 0 < 0: These are mixtures of finite symmetric Dirichlets with pseudocounts 3 = —o, with mixing distribution

~v(K) over the number of components of the Dirichlet.
e o = 0: These are mixtures of DPs with mixing distribution () over the concentration parameter.

e 0 < 0 < 1: These are the Poisson-Kingman processes PKP(p,,~y), which are mixtures of PKP(p,, 6;) with
fixed total mass t, with mixing distribution (t) over the total mass.

Further the basic processes over which we mix with -y are the extremal points of the space of Gibbs type exchangeable
random partitions of index o.

A simplification of the Gibbs type exchangeable random partition leads to the two-parameter CRP:

Theorem 6.12. If an exchangeable random partition is of Gibbs type with V., = V,)V/, then it is a two-parameter
CRP.
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