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The Wishart distribution —
Definition

Basic properties

Wishart density

The Wishart distribution is the sampling distribution of the matrix
of sums of squares and products. More precisely:

A random d x d matrix W has a d-dimensional Wishart
distribution with parameter ¥ and n degrees of freedom if

n
w 2 le}(xl/)T
i=1

where X” ~ Ny(0,X). We then write
W ~ Wq(n, X).

The Wishart is the multivariate analogue to the x?:
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The Wishart distribution .
Definition

Basic properties

Wishart density

If Wi and Wa are independent with W; ~ Wy(n;, X), then
Wi + Wo ~ Wy(n1 + n2, X).
If Ais an r x d matrix and W ~ Wy(n, X), then
AWAT ~ W, (n, AZAT).
For r = 1 we get that when W ~ Wy(n,X) and X € R¢,
ATWA ~ a3x3(n),

where af\ =T\
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The Wishart distribution

Definition
Basic properties

Wishart density

If W~ Wy(n,X), where X is regular, then W is regular with
probability one if and only if n > d.

When n > d the Wishart distribution has density
fa(w|n,X)
= c(d,n) " Y(det £)""2(det w)("=d- D2~ (=" w)/2

for w positive definite, and 0 otherwise.
The Wishart constant c(d, n) is

d
c(d,n) =22 2m) @ DATT T {(n+1-i)/2}.
i=1
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Gaussian graphical models Definition and likelihood function

Iterative Proportional Scaling

Consider X = (X,,v € V) ~ Ny(0,X) with X regular and
K=Y"1

The concentration matrix of the conditional distribution of
(Xa, X3) given Xy\(q,py is

k k
K N _ < ao af > ’
e} koo kop
implying
COV(Xa7XB|XV\{a,[3}) = (Kil)aﬁ == aﬁ/(kaockﬂﬁ - kg,@)'

Hence
all BV \{a,B} < ko =0.

Thus the dependence graph G(K) of a regular Gaussian
distribution is given by

ad B <= ko =0.
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Gaussian graphical models Definition and likelihood function

Iterative Proportional Scaling

S(G) denotes the symmetric matrices A with a,3 = 0 unless o ~ 3
and 8T(G) their positive definite elements.

A Gaussian graphical model for X specifies X as multivariate
normal with K € ST(G) and otherwise unknown.

The likelihood function based on a sample of size n is
L(K) o (det K)"/2e=tr(KW)/2,

where W is the Wishart matrix of sums of squares and products,
W ~ Wy (n, ) with Y l=KeSH9g).
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Gaussian graphical models Definition and likelihood function

Iterative Proportional Scaling

Define the matrices AY, u € V U E as those with elements

1l fueVandi=j=u
all-j-: 1 iquEandUZ{i7j}
0 otherwise.

Then, as K € §(G),
K=Y kA +) kA (1)
veV ecE

and hence

tr(KW) = >k, tr(A"W) + > ke tr(A°W)
vev ecE
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Gaussian graphical models Definition and likelihood function

Iterative Proportional Scaling

Hence we can identify the family as a (regular and canonical)
exponential family with —tr(A*W)/2,u € V U E as canonical
sufficient statistics.

This yields the likelihood equations
tr(A“W) = ntr(A"Y), wve VUE.
which can also be expressed as
NGy = Wy, nbas=wag, VvEV, {ap}eE.
or, equivalently
n¥cc = wee for all cliques ¢ € C(9),

We should remember the model restriction ¥ ! € S*(G).
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Gaussian graphical models Definition and likelihood function

Iterative Proportional Scaling

For K € ST(G) and ¢ € C, define the operation of ‘adjusting the
c-marginal’ as follows. Let a= V' \ ¢ and

o n(ch)il + Kca(Kaa)ilKac Kea
e = ( Kac K ) B

The C-marginal covariance ¥ corresponding to the adjusted
concentration matrix becomes

i¢:c - {(TCK)_I}CC
_ _ _ -1
= {n(ch) 1 + Kca(Kaa) 1Kac - Kca(Kaa) 1Kac}

WCC/”v

hence T K does indeed adjust the marginals. From (2) it is seen
that the pattern of zeros in K is preserved under the operation T,
and it can also be seen to stay positive definite.

Steffen Lauritzen, University of Oxford Decomposable Graphical Gaussian Models



Gaussian graphical models Definition and likelihood function

Iterative Proportional Scaling

Next we choose any ordering (ci, ..., ck) of the cliques in G.
Choose further Ky = I and define for r =0,1,...

Krp1 = (Tq -+ T ) K.

Then we have: Consider a sample from a covariance selection
model with graph G. Then

K= lim K,,

r—o0

provided the maximum likelihood estimate K of K exists.
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Basic factorizations
Maximum likelihood estimates
An example

Decomposable Gau graphical models

If the graph G is chordal, we say that the graphical model is
decomposable.
In this case, the IPS-algorithm converges in a finite number of
steps, as in the discrete case.
We also have the familiar factorization of densities

[Icec flxclXc)

f(X ’ Z) = HSeS f(XS | 25)”(5) (3)

where v(S) is the number of times S appear as intersection
between neighbouring cliques of a junction tree for C.
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Basic factorizations
Maximum likelihood estimates

Decomposable Gaussian graphical models
P grap An example

Relations for trace and determinant

Using the factorization (3) we can for example match the
expressions for the trace and determinant of

tr(KW) = ) tr(KcWe) = > v(S) tr(Ks Ws)

CeC Ses

and further

_ . -1 _ HCEC det{zC}
det> = {det(K)} " = [Tscs{det(Ts)}(S)

These are some of many relations that can be derived using the
decomposition property of chordal graphs.
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Basic factorizations
Maximum likelihood estimates
An example

Decomposable Gaussian graphical models

The same factorization clearly holds for the maximum likelihood
estimates:

&y [Teec flxc| iC)
f(X ’ Z) - HSGS f(Xs | is)”(s) (4)

Moreover, it follows from the general likelihood equations that
fA = Wa/n whenever A is complete.

Exploiting this, we can obtain an explicit formula for the maximum
likelihood estimate in the case of a chordal graph.
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Decomposable Gaussian graphical models

An example

For a |d| x |e| matrix A = {ay,}yed uce We let [A]Y denote the
matrix obtained from A by filling up with zero entries to obtain full
dimension |V| x |V/|, i.e.

([A]V) I fyed,uce
o 0 otherwise.

The maximum likelihood estimates exists if and only if n > C for
all C € C. Then the following simple formula holds for the
maximum likelihood estimate of K:

R=nd 3 [we) ] = S uts) [ws) Y]

ceC Ses

1%
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Basic factorizations
Maximum likelihood estimates

Decomposable Gaussian graphical models
3 grap An example

Mathematics marks

2:Vectors 4:Analysis
3:Algebra

1:Mechanics 5:Statistics

This graph is chordal with cliques {1,2,3}, {3,4,5} with separator
S = {3} having ¥({3}) = 1.
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Basic factorizations
Maximum likelihood estimates
An example

Decomposable Gaussian graphical models

Since one degree of freedom is lost by subtracting the average, we
get in this example

Wby Wi widy 0 0

~ Wby Wi Wby 0 0
K =87 W3] W23 W[31323] + W[3§15] —1/ws3 ""[3:&5] W[33§15]
0 0 W345] WE45] W(345)
0 0 W[345] Wi34s]  W[3as)

where w, is the /jth element of the inverse o
h [’{23] the ijth el t of th f
w1l Wiz Wi3
Wiiosp = | war w2 wos
w31 W32 W33
and so on.
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Definition
A simple example
More general systems

Linear structural equation systems

Consider a directed acyclic graph D and associate for every vertex
a random variable X,. Consider now the equation system

Xy g Xpa(v) + By + Uy, v € V (5)

where U,, v € V are independent random disturbances with
U, ~ N(0,02).

Such an equation system is known as a recursive structural
equation system.

Structural equation systems are used heavily in social sciences and
in economics. The term structural refers to the fact that the
equations are assumed to be stable under intervention so that
fixing a value of x} would change the system only by removing the
line in the equation system (5) defining x;.
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Definition
A simple example
More general systems

Linear structural equation systems

A recursive structural equation system defines a multivariate
Gaussian distribution with joint density

(v —ary ()~ Bv)?
_ \XvTQy Xpa(v) TPV
f(x|a,0) = H(27T)_1/20\716 207

v

_ (27_[_)—|V\/2 Ho_;l

S (Xv—ﬂjxpa(v)—ﬂ\/)z
X e v 20'3 ,

from which the joint concentration matrix K can easily be derived.
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Definition
A simple example
More general systems

Linear structural equation systems

Consider the system

X1 «— U

X2 — U2

X3 — azuXi+ Us

Xa — agXo+ g3 Xz + Us.

The quadratic expression in the exponent becomes

2 2 2 2
xi | x5 (—azix)’ | (xa— agxe — ag3xs)
S+ =5+ > + .
o1 03 93

2
Oy
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Definition
A simple example
More general systems

Linear structural equation systems

Expanding the squares and identifying terms yields the
concentration matrix

2
1 Q3 —a31
2t 0 -0
1 3 3
a2
0 1 4 G Q4243 —Qup
0'2 0'2 0'2 0'2
K = 2 4 4 ’ 4
—as; Qo3 1 4 Q3 —aus
0'2 0'2 0'2 0'2 0'2
3 7 3 1 2
0 —Qu) —u3 1
o3 o o
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Definition
A simple example
More general systems

Linear structural equation systems

The covariance matrix can in principle be found by inverting the
above. However, it is easier to express X in terms of the Us as

X1 = U

Xo = U

X3 = azlU + Us

Xs = ouzaziUs + agalh + agzUs + Uy

and then calculate the covariances directly to obtain

2 2 2
01 0 3107 Q43003107
0 0'% 0 a42<7§
2 2 2 2 2 2 2
03107 , 0 , 032 +2oz3101 , 014303107 2+ ooy |
043003107 Q205 (303107 + (14303 wy

where
2_ 2 2 2, 2 2 2 2 2
Wi = Q303107 + 403 + 4303 + 0.
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Definition
A simple example
More general systems

Linear structural equation systems

Systems of structural equations of the type considered are called
recursive in contrast to feedback systems of equations where
directed cycles in the corresponding graph are allowed.

It is sometimes customary to allow correlations between the
disturbance terms which makes conditional independence relations
more complex.

This type of model and analysis goes back to the geneticist Sewall
Wright who coined the term path analysis to the calculus of effects
based on this kind of models.

This is one of the early precursors for modern graphical modelling.

Markov properties for directed graphs are necessary to understand
these models.
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