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The multivariate Gaussian distribution 5 q
Basic properties

Marginal and conditional distributions

For a positive definite covariance matrix ¥, the multivariate
Gaussian distribution has density on R

F(x|€,T) = (27) "9 (det K)M2e~(x-OTKO=9/2 (1)

where K = Y1 is the concentration matrix of the distribution.
If X1 ~ Nd(fl, Zl) and X5 ~ Nd(fz, 22) and X7 1L X5

X1+ Xo ~ Ny(61 + &2, T1 + X2).
If Ais an r x d matrix, b € R" and X ~ Ny(&, X), then

Y = AX 4+ b ~ N, (A¢ + b, ALAT).
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The multivariate Gaussian distribution q 9
Basic properties

Marginal and conditional distributions

Partition X into X and X5, where X1 € R and X5 € R® with
r + s = d and partition mean vector, concentration and covariance
matrix accordingly.

Then, if X ~ Ny(€,T)
Xo ~ Ns(62, X22).
If o5 is regular, it further holds that
X1 X = x2 ~ Ni(&1p2, Z1p2)s
where
Slp =6+ T1¥55 (e —&) and Tip=T11 — 0¥, ¥or.

In particular, if 15 = 0 if and only if X1 and X, are independent.

Steffen Lauritzen, University of Oxford Multivariate Gaussian Analysis



The multivariate Gaussian distribution q 9
Basic properties

Marginal and conditional distributions

From the matrix identities
PHED RTEED REY Bwtp WIS 212 (2)

and
KitKia = —X10% 55, (3)

it follows that then the conditional expectation and concentrations
also can be calculated as

12 = &1 — Kii Kia(xe — &) and Ki2 = Ki1.

Note that the marginal covariance is simply expressed in terms of
> where as the conditional concentration is simply expressed in
terms of K.
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Trace of matrix
Gaussian likelihoods Sample h known mean

Maximizing the likelihood

A square matrix A has trace
tr(A) = Z aji.
i

The trace has a number of properties:

tr(yA + uB) = v tr(A) + ptr(B) for ~y, u being scalars;
2. tr(A) =tr(AT);

3. tr(AB) = tr(BA)

4. tr(A) = > A\ where \; are the eigenvalues of A.

[y
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Trace of matrix
Gaussian likelihoods Sample h known mean

Maximizing the likelihood

For symmetric matrices the last statement follows from taking an
orthogonal matrix O so that OAO" = diag()\y,. .., \q) and using

tr(OAOT) = tr(AOT 0) = tr(A).
The trace is thus orthogonally invariant, as is the determinant:
det(OAO ") = det(0) det(A) det(O") = 1det(A)1 = det(A).

There is an important trick that we shall use again and again: For
A e R
ATAXN = tr(ATAN) = tr(AXT)

since AT A\ is a scalar.
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Trace of matrix
Gaussian likelihoods h known mean

ing the likelihood

Consider first the case where £ = 0 and a sample
X1 =x1,...,X, = x, from a multivariate Gaussian distribution
Ny(0,X) with X regular. Using (1), we get the likelihood function

L(K) = (2r) "/%(det K)"/2e™ Xiaax Kx"/2
o< (det K)n/2 Zu:l tl’{KX,,XJ}/2

(det K)n/2 —tr{K Y0 _, xux,) }/2

(

det K)n/2 tr(Kw)/Z. (4)

where .
W=> XX =X"X,
v=1
is the matrix of sums of squares and products. Here we have let X
be the n x d matrix with rows equal to X .
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Trace of matrix
Gaussian likelihoods Sample with known mean

Maximizing the likelihood

Writing the trace out
tr(KW) =) kW
P

emphasizes that it is linear in both K and W and we can recognize
this as a linear and canonical exponential family with K as the
canonical parameter and —W /2 as the canonical sufficient
statistic. Thus, the likelihood equation becomes

E(—W/2) == —nX/2=-W/2
since E(W) = nX. Solving, we get

Kl=%=W/n

in analogy with the univariate case.
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Trace of matrix
Gaussian likelihoods Sample with known mean

Maximizing the likelihood

Rewriting the likelihood function as
log L(K) = g log(det K) — tr(KW)/2
we can of course also differentiate to find the maximum, leading to

0
8—@ log(det K) = wj;/n,

which in combination with the previous result yields

0

— log(det K) = K~ 1.

55 08(det K)

The latter can also be derived directly by writing out the
determinant, and it holds for any non-singular square matrix, i.e.
one which is not necessarily positive definite.
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properties

Wishart density

The Wishart distribution

Partioning the Wishart distribution

The Wishart distribution is the sampling distribution of the matrix
of sums of squares and products. More precisely:

A random d x d matrix W has a d-dimensional Wishart
distribution with parameter X and n degrees of freedom if

n
w23 XX
i=1

where X, ~ Ny4(0,X). We then write
W ~ Wq(n, X).

The Wishart is the multivariate analogue to the x?:
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Definition
Basic properties

Wishart density

The Wishart distribution

Partioning the Wishart distribution

If Wi and Wa are independent with W; ~ Wy(n;, X), then
Wi + Wo ~ Wy(n1 + n2, X).
If Ais an r x d matrix and W ~ Wy(n, X), then
AWAT ~ W, (n,AZAT).
For r = 1 we get that when W ~ Wy(n,X) and X € R¢,
ATWA ~ a3x3(n),

where af\ =T\
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Definition
Basic properties

Wishart density

The Wishart distributiol P . e
ne Yishart distribution Partioning the Wishart distribution

If W~ Wy(n,X), where X is regular, then W is regular with
probability one if and only if n > d.

When n > d the Wishart distribution has density
fa(w|n,X)
= c(d,n) " Y(det £)""2(det w)("=d-D/2e=tr(="1w)/2

for w positive definite, and 0 otherwise.
The Wishart constant c¢(d, n) is

d
c(d,n) =22 2m) @ DATT T {(n+1-i)/2}.
i=1
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Definition
Basic properties

Wishart density

The Wishart distribution Partioning the Wishart distribution

Let Xi,..., X, be independent and identically distributed as
Ny(&,Z). Let X be the n x d matrix with rows equal to X,-T and
assume that MMy, ..., Mg are n X n matrices for orthogonal
projections onto subspaces Ly, ..., Ly of R", that is,

n,n, =6,MN, and N} =T,
Then, if ;€ =0 we have
W, = X M, X ~ Wy(f,,X),

where f, = dim L, = rank 1, = tr[1,. Further, Wy, ..., W are
independent.
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tion
Basic properties

Wishart density

The Wishart distribution Partioning the Wishart distribution

Let W ~ Wy(n, X) with X regular and n > d. Then W, is regular
with probability one and

(i) W)z is independent of (Wi, Wap);
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Definition
Basic properties

Wishart density
Partioning the Wishart distribution

The Wishart distribution

Let W ~ Wy(n, X) with X regular and n > d. Then W, is regular
with probability one and

(i) W)z is independent of (Wi, Wap);
(ii) W1|2 ~W:(n—s, Z1|2)?

Steffen Lauritzen, University of Oxford Multivariate Gaussian Analysis



Definition
Basic properties

. o Wishart density
The Wishart distribution Partioning the Wishart distribution

Let W ~ Wy(n,X) with X regular and n > d. Then W,

2 is regular
with probability one and

(i) W)z is independent of (Wi, Wap);
(II) W1|2 ~ Wr(n — S, lez);
(i) Waa ~ Ws(n, Lo);
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Definition
Basic properties

Wishart density
Partioning the Wishart distribution

The Wishart distribution

Let W ~ Wy(n, X) with X regular and n > d. Then W, is regular
with probability one and

(i) W)z is independent of (Wi, Wap);

) W1|2 ~W:(n—s, Z1|2)?
(iii) W22 ~ Ws(n, 222);

) The conditional distribution of Wj» given Wy = way is
multivariate Gaussian NrX5(21222_21W22,/\) where

12
Nij i = Cov(Wij, Wiy | Wap = wap) = wjo;, " wj.
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Definition
Basic properties

Wishart density

The Wishart distribution Partioning the Wishart distribution

In the special case with £15 = 0 this can be simplified to
Wijp ~ We(n—s,211) and

Wiz | Wao = wap ~ Npxs(0,A)

with /\,‘ij/ = OjkWjj.
It follows that in this case, i.e. when ¥15 = 0, it holds that

Wiz Wyt Way ~ Wi (s, Z11),

cf. Problem sheet 4.
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