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tionarity and autocovariances.

¢ Chapter 2: Models of stationary processes. Linear processes. Autoregressive, moving
average models, ARMA processes, the Backshift operator. Differencing, ARIMA pro-
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Lectures: Mondays and Fridays 11-12. There will be one problem sheet, a Practical class
Friday of Week 4, and an Examples class Tuesday 3-4 of Week 5.

While the examples class will cover problems from the problem sheet, there may not be
enough time to cover al the problems. You will benefit most from the examples class if you
(attempt to) solve the problems on the sheet ahead of the examplesclass.

L ecture notes are published at

www.stats.ox.ac.uk/ reinert/timeseries/timeseries.htm.

The notes may cover more material than the lectures. The notes may be updated throughout
the lecture course.

Time seriesanalysisis avery complex topic, far beyond what could be covered in an 8-hour
class. Hencethe goal of the classisto give abrief overview of the basicsin time seriesanalysis.
Further reading is recommended.



1 What areTimeSeries?

Many statistical methodsrelate to datawhich areindependent, or at least uncorrelated. Thereare
many practical situations where data might be correlated. Thisis particularly so where repeated
observations on a given system are made sequentially in time.

Data gathered sequentially in time are called atime series.

Examples

Here are some examplesin which time series arise:
¢ Economicsand Finance

¢ Environmental Modelling

¢ Meteorology and Hydrology

¢ Demographics

e Medicine

¢ Engineering

¢ Quality Control

The simplest form of datais along-ish series of continuous measurementsat equally spaced
time points.
Thatis

¢ oObservationsare made at distinct pointsin time, these time points being equally spaced
¢ and, the observations may take values from a continuousdistribution.

The above setup could be easily generalised: for example, the times of observation need not
be equally spacedin time, the observationsmay only take valuesfrom adiscrete distribution, . ..

If we repeatedly observe a given system at regular time intervals, it is very likely that the
observationswe makewill be correlated. So we cannot assumethat the data constitute arandom
sample. The time-order in which the observationsare madeis vital.

Objectives of time series analysis:
¢ description - summary statistics, graphs

¢ analysisand interpretation - find a model to describe the time dependencein the data, can
we interpret the model?

¢ forecasting or prediction - given a sample from the series, forecast the next value, or the
next few values

e control - adjust various control parameters to make the seriesfit closer to atarget

e adjustment - in alinear model the errors could form atime series of correlated observa-
tions, and we might want to adjust estimated variancesto allow for this

2 Examples: from Venablesand Ripley, datafrom Diggle (1990)
1h: aseries of 48 observations at 10-minute intervals on luteinizing hormone levels for a
human female



deaths: monthly deathsin the UK from a set of common lung diseasesfor the years 1974
to 1979
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dotted series = males, dashed = females, solid line = total
(We will not split the series into males and females from now on.)

1.1 Definitions

Assume that the series X'y runs throughout time, that is (X¢):=o,+1,+2,..., but is only observed
attimest=1,..., n.

Soweobserve( X, ..., Xy). Theoretica propertiesrefer to the underlying process(X ¢ )icz.

The notations X ; and X (¢) areinterchangeable.

The theory for time series is based on the assumption of ‘ second-order stationarity’. Real-
life dataare often not stationary: e.g. they exhibit alinear trend over time, or they have a seasonal
effect. Sothe assumptionsof stationarity below apply after any trends/seasonal effects have been
removed. (We will look at the issues of trends/seasonal effects later.)



1.2 Stationarity and autocovariances

The processis called weakly stationary or second-order stationary if for al integers¢, =

cov(Xigr, X7) =

where 1 is constant and v+ doesnot dependon 7.
The processis strictly stationary or strongly stationary if

(th,...,th) and (Xt1+-,—,...,th+-,—)
have the same distribution for all setsof time pointst, ..., ¢ andall integers .
Notice that a processthat is strictly stationary is automatically weakly stationary. The con-
verse of thisisnot true in general.

However, if the processis Gaussian, that isif (X,,..., X, ) has a multivariate normal
distribution for all ¢, . . ., tx, then wesk stationarity doesimply strong stationarity.

Notethat var(X,) = ~o and, by stationarity, v_: = ~:.

The sequence () is called the autocovariancefunction.
The autocorrelation function (acf) (p:) isgiven by

pt = corr(Xeyr, X7) = Je
Yo

The acf describesthe second-order properties of the time series.

We estimate v; by c¢, and p: by r;, where

min(n—t,n)
Cy

Co

e Fort > 0, the covariancecov( X4+, X-) isestimated from the n — ¢ observed pairs
(X1, X1)y oo, (X, Xnme).

If we take the usual covariance of these pairs, we would be using different estimates of
the mean and variances for each of the subseries (X ¢41,..., Xn) and (X1,..., Xn—t),
whereasunder the stationarity assumption these have the same mean and variance. So we
use X (twice) in the above formula.

e Weuse < rather than —L, even though there are n — ¢ termsin the sum, to ensure that
(¢t ) isthe covariance sequenceof some second-order stationary series.



A plot of r, against ¢ is called the correlogram.

A series (X, ) issaid to belagged if itstime axisis shifted: shifting by 7 lags givesthe series
(Xi—r).

So r; is the estimated autocorrelation at lag ¢; it is also called the sample autocorrelation
function.

1h: autocovariance function
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deaths: autocorrelation function



Series deaths

2 Modelsof stationary processes

Assumewe have atime serieswithout trends or seasona effects. That is, if necessary, any trends
or seasond effects have already been removed from the series.
How might we construct alinear model for atime serieswith autocorrelation?

Linear processes

The process (X ;) iscaled alinear processif it hasarepresentation of the form

Xi=p+ Z Cré&g—r

r=—00

where 11 is a common mean, {c.} is a sequence of fixed constants and {e :} are independent
random variableswith mean 0 and common variance.

Weassume Y ¢ < oo to ensurethat the variance of X, isfinite.

Such a processis strictly stationary. If ¢, = 0 for r < 0 it is said to be causal, i.e. the
process at time ¢ does not depend on the future, asyet unobserved, valuesof ¢ ;.

The AR, MA and ARMA processesthat we are now going to define are all specia cases of
causal linear processes.

2.1 Autoregressive processes
Assumethat acurrent value of the seriesislinearly dependent uponits previousvalue, with some
error. Then we could have the linear relationship

Xi=aXi1 4 e

where e, is a white noise time series. [That is, the ¢; are a sequence of uncorrelated random
variables (possibly normally distributed, but not necessarily normal) with mean 0 and variance
o]



Thismodel is called an autoregressive (AR) model, since X isregressed on itself. Herethe
lag of the autoregressionis 1.
More generally we could have an autoregressive model of order p, an AR(p) model, defined

by
P
X = ZOM‘Xt—i + €¢.
=1

At first sight, the AR(1) process
Xi=aXi—1+ €
isnotinthelinear form X; = i + >_ cr€e;—,. However note that
Xi=aXi—1+ e
=€+ ale—1 + aXi—2)
e tac +ale o+ F " ek + " X

2
=€ t+a€—1 +a €+ -

whichisin linear form.

If ¢, hasvariance o2, then from independencewe have that
Var(X,) = o> +ale? 4. a2 4 oz2kVar(Xt_k).
The sum converges as we assumefinite variance.
But the sum convergesonly if |a| < 1. Thus|a| < 1 isarequirement for the AR(1) process

to be stationary.
We shall calculatethe acf later.

2.2 Moving aver age processes

Another possibility is to assume that the current value of the seriesis a weighted sum of past
white noiseterms, so for examplethat

X =€+ Ber—1.

Such a model is called a moving average (MA) model, since X is expressed as a weighted
average of past values of the white noise series.

Here the lag of the moving average is 1. We can think of the white noise series as being
innovations or shocks: new stochastically uncorrelated information which appears at each time
step, which is combined with other innovations (or shocks) to provide the observable series X .

More generally we could have amoving average model of order ¢, an MA(g) model, defined
by \
Xt = €t + Zﬁjﬁt_].

J=1



If ¢, hasvariance o2, then from independencewe have that
q
Var(X,) = o’ + 26]202.
=1

We shall calculate the acf |ater.

2.3 ARMA processes

An autoregressivemoving average processARMA (p, g) is defined by

P q
Xi= ZOM‘Xt—i + Zﬁ]et—]
=1 J=0

where 3o = 1.
A slightly more general definition of an ARMA processincorporates anon-zero mean value
u, and can be obtained by replacing X« by X; — pand X:—; by X:_; — n above.

Fromits definition we seethat an MA(q) processissecond-order stationary forany 31, . . ., 34.

However the AR(p) and ARMA (p, ¢) modelsdo not necessarily define second-order station-
ary time series.

For example, we have already seen that for an AR(1) model we need the condition |«| < 1.
Thisis the stationarity condition for an AR(1) process. All AR processesrequire a condition of
this type.

Define, for any complex number =z, the autoregressive polynomial

da(z)=1— a1z — - — apz’.
Then the stationarity condition for an AR(p) processis:
all the zerosof the function ¢ . (=) lie outside the unit circlein the complex plane.

Thisis exactly the condition that isneeded on {« 1, ..., a,} to ensure that the processis well-
defined and stationary (see Brockwell and Davis 1991), pp. 85-87.

2.4 The backshift operator
Define the backshift operator B by

BX, = X,_1, B’X.=B(BX.)= X2,

We includethe identity operator I X, = B° X, = X..
Using this notation we can write the AR(p) process X+ = > 7| a; Xi—; + ¢ as

=1
P
(1 - Zoz,'B’> X, = ¢,
=1

or even more concisely
ba(B)X =c.



Recall that an MA(q) processis X = e + > 9_, Byei—;.
Define, for any complex number z, the moving average polynomial

ds(2) =14 Brz+ -+ Bz

Then, in operator notation, the MA(g) processcan be written

q
X = (I-i- ZﬁJBJ> €t
=1
or
X = ¢p(B)e.

For an MA(q) process we have aready noted that there is no need for a stationarity con-
dition on the coefficients 3;, but there is a different difficulty requiring some restriction on the
coefficients.

Consider the MA(1) process

Xi =€+ Bera.

Ase; hasmean zero and variance o 2, we can cal cul ate the autocovariancesto be

v = Var(Xo)=(1 —1—62)02

71 = Cov(Xo, X1)
= Covl(eg,e€1) + Cov(ep, Beg) + Cov(Be_1,€e1) + Cov(Be_1, Beo)
= Cov(eg, Beo)
= Bo’,

e = 0, k>2

So the autocorrelations are

B

po=1 m

Now consider theidentical processbut with 3 replaced by 1/3. From above we can seethat
the autocorrelation function is unchanged by this transformation: the two processes defined by
/3 and 1/3 cannot be distinguished.

It is customary to impose the following identifiability condition:

all the zerosof the function ¢ (=) lie outside the unit circlein the complex plane

The ARMA(p, q) process

P q
Xi= ZOM‘Xt—i + Zﬁ]et—]
=1 J=0

where 3, = 1, can be written
ba(B)X = ¢p(B)e.
The conditionsrequired are



1. the stationarity conditionon {a 1, ..., a,}
2. theidentifiability conditionon {31, ..., 34}
3. an additional identifiability condition: ¢ (=) and ¢ 5(z) have no common roots.

Condition 3 isto avoid having an ARMA (p, ¢) model which can, infact, be expressed asalower
order model, say asan ARMA(p — 1, g — 1) model.

2.5 Differencing
The difference operator V isgiven by
VXt = Xt - Xt—l

These differences form a new time series VX (of lengthn — 1 if the origina series had length
n). Similarly

VX, = V(VX,) = Xe —2X01 + Xeeo
and so on.

If our origina time seriesis not stationary, we can look at the first order difference process
VX, or second order differences V2X, and so on. If we find that a differenced process is a
stationary process, we can look for an ARMA model of that differenced process.

In practiceif differencing isused, usually 4 = 1, or maybed = 2, is enough.

2.6 ARIMA processes

The process X ; issaid to bean autoregressiveintegrated moving averageprocessARIMA(p, d, q)
if its dth difference V¥ X isan ARMA(p, q) process.
An ARIMA(p, d, g) model can be written

$a(B)VX = ¢s(B)e

or

$a(B)(I — B)*'X = ¢s(B)e.

2.7 Second order propertiesof MA(q)

For the MA(q) process Xt = > %_, Bjec—;, where 3o = 1, itisclear that E(X¢) = Ofor all ¢.
Hence, for k > 0, the autocovariancefunctionis

Ve = E(XtXt—k)

q q
Zﬁ]et ] Zﬁzﬁt k— z

2=0 1=0

q
Zﬁ] Eet J€t—k— z)

0 =0

MQ

<
Il

Sincethee; sequenceiswhitenoise, E(e¢—jei—r—;) = O unlessy = 1 + k.
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Hencethe only non-zero terms in the sum are of the form o 2 3; 8,4 . and we have

L S BiBisi Ikl <a
0 k[ >q

and the acf isobtained via pr. = v&/7o.

In particular notice that the acf if zero for |k| > g. This‘cut-off’ in the acf after lag g is
a characteristic property of the MA process and can be used in identifying the order of an MA
process.

Simulation: MA(1) with 3 = 0.5

Series mal.sim

ACF

Simulation: MA(2) with 3 = 3. = 0.5

Series ma2.sim

ACF

Toidentify an MA(q) process:

We have aready seen that for an MA(g) time series, all values of the acf beyond lag ¢ are
zero: i.e. pr = 0fork > q.

So plots of the acf should show a sharp drop to near zero after the gth coefficient. Thisis
therefore adiagnostic for an MA(q) process.

11



2.8 Second order propertiesof AR(p)

Consider the AR(p) process
r
X = ZOM‘Xt—i + €¢.
=1

For thismodel E(X;) = 0 (why?).
Hence multiplying both sides of the above equation by X ;_; and taking expectationsgives

P
T = Zozwk_i, k> 0.
=1

In terms of the autocorrelations px = v« /7o
P
pr=> aipr—i, k>0
=1

These are the Yule-Walker equations.

The population autocorrelations p . are thus found by solving the Yule-Walker equations:
these autocorrelations are generally al non-zero.

Our present interest in the Yule-Walker equationsisthat we could use them to calculate the
px if weknew the «;. However later we will beinterested in using them to infer the values of «;
corresponding to an observed set of sample autocorrel ation coefficients.

Simulation: AR(1) witha = 0.5

Series arl.sim

ACF

Simulation: AR(2) witha; = 0.5, a2 = 0.25

12



Series ar2.sim

ACF

Toidentify an AR(p) process:

The AR(p) process has p . decaying smoothly as & increases, which can be difficult to rec-
ognhizein aplot of the acf.

Instead, the corresponding diagnostic for an AR(p) processis based on a quantity known as
the partial autocorrelation function (pacf).

The partial autocorrelation at lag & isthe correlation between X ; and X;_j, after regression
on Xt—17 ey Xt—k+1-

To construct these partial autocorrel ationswe successively fit autoregressive processesof or-
der1,2,... and, at each stage, definethe partial autocorrelation coefficient a » to be the estimate
of the final autoregressive coefficient: so a . is the estimate of o in an AR(k) process. If the
underlying processis AR(p), then o, = 0 for & > p, so aplot of the pacf should show a cutoff
after lag p.

The simplest way to construct the pacf is viathe sample analoguesof the Yule-Walker equa-
tionsfor an AR(p)

P
Pk:zaiplk—il k=1,...,p
=1

The sample analogue of these equationsreplaces p . by its samplevalue rx:

P

Tk :Za,;pmk_” k=1,...,p

=1

wherewewrite a; , to emphasizethat we are estimating the autoregressivecoefficientsa 1, . .., ayp
on the assumption that the underlying processis autoregressive of order p.
So we have p equationsin the unknownsa 1 5, . . ., ap,, Which could be solved, and the pth

partial autocorrelation coefficientisay .
Calculating the pacf

In practice the pacf is found as follows.
Consider theregressionof X on X;_1, ..., X¢_x, that isthe model

k
X = Za],kXt—J + €t

J=1

13



with ¢; independent of X, ..., X¢—1.
Given data X1, ..., Xy, least squares estimates of {a1x,...,arx} are obtained by min-
imising

n k 2
0'2:% Z (Xt—zajkat_]> .

t=k+1 =1

Thesea; ;. coefficients can befound recursively ink fork = 0,1,2,....
Fork = 0: 0'8 = Co, Gp,0 = 0, andam = p(l)
Andthen, giventhea; 1 values, thea; , valuesare given by

k—1
P — Z]=1 A5, k—1Pk—y
k—1
- Z]=1 aj,k—1p5

Ujk = Gjk—1 — Ak kak—j k-1  J=1...k—1

gk =

and then
oh = 02_1(1 — aiyk).

Thisrecursive method is the Levinson-Durbin recursion.

Theax,r valueisthe kth sample partial correlation coefficient.

In the case of a Gaussian process, we have the interpretation that

arr = corr( Xy, Xe—n | Xe—1, oo, Xe—kgr).

If the process X, is genuinely an AR(p) process, thena . = 0 for k > p.

So aplot of the pacf should show a sharp drop to near zero after lag p, and thisisadiagnostic
for identifying an AR(p).

Simulation: AR(1) witha = 0.5

Series arl.sim

04 05

03

Partial ACF

Simulation: AR(2) witha; = 0.5, a2 = 0.25

14



Partial ACF

Series ar2.sim

Simulation: MA(1) with 3 = 0.5

Partial ACF

Series mal.sim

Simulation: MA(2) with 3 = 3. = 0.5

Partial ACF

Series ma2.sim

Testson sample autocorrelations

15



To determine whether the values of the acf, or the pacf, are negligible, we can use the ap-
proximation that they each have a standard deviation of around 1/ v/n.

So this would give 4-2/+/n as approximate confidence bounds (2 is an approximation to
1.96). In R these are shown as blue dotted lines.

Valuesoutside the range &2/ /- can be regarded as significant at about the 5% level. But if
alarge number of rj values, say, are calculated it is likely that some will exceed this threshold
even if the underlying time seriesis awhite noise sequence.

Interpretation is al'so complicated by the fact that the r; are not independently distributed.
The probability of any one r lying outside 4-2/+/n depends on the values of the other r ;.

3 Statistical Analysis

3.1 Fitting ARIMA models: The Box-Jenkinsapproach

The Box-Jenkins approach to fitting ARIMA models can be divided into three parts:
¢ Identification;
o Estimation;
o Verification.

3.1.1 Identification

Thisreferstoinitial preprocessing of the datato makeit stationary, and choosing plausible values
of p and ¢ (which can of course be adjusted as model fitting progresses).
To assesswhether the data come from a stationary processwe can

¢ look at the data: e.g. atime plot aswelooked at for the 1h series;
e consider transforming it (e.g. by taking logs;)
¢ consider if we need to difference the seriesto makeit stationary.

For stationarity the acf should decay to zero fairly rapidly. If thisis not true, then try dif-
ferencing the series, and maybe a second time if necessary. (In practice it is rare to go beyond
d = 2 stagesof differencing.)

Thenext stepisinitial identification of p and q. For thiswe usethe acf and the pacf, recalling
that

e for an MA(q) series, the acf is zero beyond lag ¢;
o for an AR(p) series, the pacf is zero beyond lag p.
We can use plots of the acf/pacf and the approximate &2/ /n confidence bounds.

16



3.1.2 Estimation: AR processes

For the AR(p) process
P
X = ZOM‘Xt—i + €t
=1

we have the Yule-Walker equationspx. = > %_, aipji_g|, for k > 0.

Wefit the parameters ay, . . ., ar, by solving
r
rk:Zoz,'r“_M, k=1,...,p
=1
These are p equations for the p unknownsa 1, .. ., a, Which, as before, can be solved using a

Levinson-Durbin recursion.

The Levinson-Durbin recursion gives the residual variance

2
o 1< .
0'123 = E Z (Xt — ZO{]Xt_]> .
t=p+1 =1
This can be used to guide our selection of the appropriate order p. Define an approximate log
likelihood by
—2log L. = nlog(&f,).

Then this can be used for likelihood ratio tests.
Alternatively, p can be chosen by minimising AIC where
AIC = —2log L + 2k

and k = p isthe number of unknown parametersin the model.

If (X:), isacausal AR(p) processwith i.i.d. WN(0, o2), then (see Brockwell and Davis
(1991), p.241) then the Yule-Walker estimator & is optimal with respect to the normal distribu-
tion.

Moreover (Brockwell and Davis (1991), p.241) for the pacf of a causal AR(p) process we
have that, for m > p,

\/E&mm

isasymptotically standard normal. However, the elements of the vector &, = (G1m, - - ., Gmm)
arein genera not asymptotically uncorrelated.

3.1.3 Estimation: ARMA processes

Now we consider an ARMA(p, q) process. If we assume a parametric model for the white noise
—this parametric model will be that of Gaussian white noise —we can use maximum likelihood.
We rely on the prediction error decomposition. That is, X 1, . .., X,, havejoint density

n

FXr, o Xn) = FX) [ A | X0, Xem).

t=2

17



Suppose the conditional distribution of X; given X,..., X;—, is normal with mean X, and
variance P;_, and supposethat X, ~ N (X1, P). (Thisisasfor the Kalman filter —seelater.)

Then for the log likelihood we obtain

- X, — V)2
—2log L. = Z {log(27r) +log Py + %} .

t=1

Here X, and P,_; are functions of the parameters a1, ..., ap, B1, ..., 3¢, @d SO maximum
likelihood estimators can be found (numerically) by minimising —2 log I. with respect to these
parameters.

The matrix of second derivatives of —2log L, evaluated at the mle, isthe observed informa-
tion matrix, and its inverseis an approximation to the covariancematrix of the estimators. Hence
we can obtain approximate standard errors for the parameters from this matrix.

In practice, for AR(p) for example, the calculation is often simplified if we condition on the
first m values of the series for some small m. That is, we use a conditional likelihood, and so
the sum in the expression for —21log L istakenover t = m + 1 ton.

For an AR(p) we would use some small value of m, m > p.

When comparing models with different numbers of parameters, it is important to use the
same value of ., in particular when minimising AIC = —2log L + 2(p + ¢). In R this cor-
respondsto keepingn.. cond in the arima command fixed when comparing the AIC of several
models.

3.1.4 Verification

Thethird step isto check whether the model fits the data.
Two main techniquesfor model verification are

o Overfitting: add extra parametersto the model and uselikelihood ratio or ¢ tests to check
that they are not significant.

¢ Residual analysis: calculateresiduals from thefitted model and plot their acf, pacf, ‘ spec-
tral density estimates’, etc, to check that they are consistent with white noise.

3.1.5 Portmanteau test of white noise
A useful test for the residualsis the Box-Pierce portmanteau test. Thisisbased on

where K’ > p + ¢ but much smaller than 2, and r, isthe acf of the residual series. If the model
is correct then, approximately,
Q ~ X%\"—p—q

18



so we can base atest on this: wewould reject the model at level « if @ > X%_p_q(l — a).
Animproved test is the Box-Ljung procedure which replaces @ by

K 2

Q:n(n—l—Z)Zn_k.

k=1

The distribution of @ is closer to axir_p_q than that of Q.

3.2 Analysisin thefrequency domain

We can consider representing the variability in atime series in terms of harmonic components
at various frequencies. For example, a very simple model for atime series X ;. exhibiting cyclic
fluctuations with aknown period, p say, is

Xt = acos(wt) + Bsin(wt) + €

where e; isawhite noise sequence, w = 27 /p isthe known frequency of the cyclic fluctuations,
and « and 3 are parameters (which we might want to estimate).

Examining the second-order properties of atime series via autocovariances/autocorrel ations
is ‘analysisin the time domain’.

What we are about to |ook at now, examining the second-order properties by considering the
frequency componentsof aseriesis‘analysisin the frequency domain’.

321 Thespectrum

Supposewe have a stationary time series X ; with autocovariances ().
For any sequence of autocovariances (v x ) generated by a stationary process, there exists a
function F' such that

W:/ e F(N)

where F' isthe unique function on [—, 7] such that
1 F(—-=)=0
2. Fisnon-decreasing and right-continuous
3. theincrementsof F' are symmetric about zero, meaning that for 0 < a < b < ,

Thefunction F' is called the spectral distribution function or spectrum. £ has many of the
properties of a probability distribution function, which helps explain its name, but F(x) = 1 is
not required.

Theinterpretationisthat, for 0 < a < b < =, F(b) — F(a) measuresthe contribution to the
total variability of the processwithin the frequency rangea < A < b.

If F'iseverywhere continuous and differentiable, then

i 9100
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is called the spectral density function and we have

e = /W " F(A)dA.

It > |v&| < oo, thenit can be shownthat f alwaysexistsand is given by

=k 3 et =2yl ; i cos(AR).
By the symmetry of vi, f(A) = f(—X).

From the mathematical point of view, the spectrum and acf contain equivalent information
concerning the underlying stationary random sequence (X ;). However, the spectrum hasa more
tangible interpretation in terms of the inherent tendency for realizations of (X') to exhibit cyclic
variations about the mean.

[Note that some authors put constants of 2x in different places. For example, some put a
factor of 1/(2x) intheintegral expression for . in terms of F, f, and then they don't need a
1/(2x) factor when giving f interms of v;.]

Example: WN(0, o%)

Here, vo = ¢, 71 = 0 for k # 0, and so we haveimmediately

2

a
fA) = . forall A

which isindependent of A.

The fact that the spectral density is constant means that all frequencies are equally present,
and this is why the sequenceis called ‘white noise’. The converse aso holds: i.e. aprocessis
white noiseif and only if its spectral density is constant.

Example: AR(1): X = aX¢—1 + €.

Herevo = 02/(1 — oz2) and y; = ozlkl'yo for k # 0.
So
FO) = 1 3 el ink

2 o

kE=—c0

70 1 S k_i\k 1 S k_—i)\k
= — 4+ — a’e — a’e
27r+27r70; +27r70;

ix —ix
Yo ae ae
27 < + 1— ae? + 1—0ze‘“>
o1 —a?)
27(1 — 2arcos A + a?)
2

o
- 27(1 — 2arcos A + a?)

wherewe usede ~** + e** = 2cos A.

Simulation: AR(1) witha = 0.5
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Series: arl.sim
AR (1) spectrum

spectrum

00 01 02 03 04 05

frequency

Simulation: AR(1) witha = —0.5

Series: arlb.sim
AR (2) spectrum

spectrum

00 01 02 03 04 05

frequency

Plotting the spectral density f(\), we seethat in the casea > 0 the spectral density f()) is
adecreasing function of A: that is, the power is concentrated at low frequencies, corresponding
to gradual long-range fluctuations.

For o < 0 the spectra density f(A) increases as a function of A: that is, the power is
concentrated at high frequencies, which reflectsthe fact that such aprocesstendsto oscillate.

ARMA(p, q) process

P q
X = ZOM‘Xt—i + Zﬁ]et—]
=1 J=0

The spectral density for an ARMA(p.q) processisrelated to the AR and MA polynomias¢ «(z)
and ¢s(z).
The spectral density of X is

_ o7 gs(e™ P

T = 2 gutep
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Example: AR(1) Here ¢ (2) = 1 —az and ¢p(z) = 1, o, for —7 < A <,

2

JO) = L —ae™
2

= a_|1 — acos A + tarsin A7
27

2
= ;—ﬂ{(l —acos A’ + (asinX)’}7!

2
a

27(1 — 2a cos A + a?)

as calculated before.

Example: MA(2)
Here po(2) = 1,65(2) = 1 + 0z, andweobtain, for —= < A < 7,

2

T —iX |2
A = =|1+6
f) 5|1+

2
a

= ﬁ(l + 26 cos(A) + 92).

Plotting the spectral density f (), we would seethat in the case § > 0 the spectral density
islargefor low frequencies, small for high frequencies. Thisis not surprising, as we have short-
range positive correlation, smoothing the series.

For 6 < 0 the spectral density islarge around high frequencies, and small for low frequen-
cies; the series fluctuates rapidly about its mean value. Thus, to a coarse order, the qualitative
behaviour of the spectral density is similar to that of an AR(1) spectral density.

3.22 ThePeriodogram

To estimate the spectral density we use the periodogram.
For a frequency w we compute the squared correlation between the time series and the
sine/cosine waves of frequency w. The periodogram I (w) is given by

n 2

Z 6—itht

t=1

" 2mn [{thsm wt } {thcos wt } ]

The periodogram is related to the autocovariance function by

T 2mn

[ere]

1 e 1 —
](w):% cre "t = 0+;thcoswt
t=1

t=—o0

ct:/ ewt](w)dw.
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So the periodogram and the autocovariance function contain the same information. For the
purposes of interpretation, sometimes one will be easier to interpret, other times the other will
be easier to interpret.

Simulation: AR(1) witha = 0.5

Series: arl.sim
Raw Periodogram

spectrum
1e-01 16400 1e+01

1e-02

1e-03

T T T T T T
00 01 02 03 04 05

feuency
bandwidth = 0.000144
Simulation: AR(1) witha = —0.5

Series: arlb.sim
Raw Periodogram

16400 1e+01
I

spectrum
1e-01

1e-02

1e-03

T T T T T T
00 01 02 03 04 05

Simulation: MA(1) with 3 = 0.5

Series: maL.sim
Raw Periodogram

1e+00 1e+01
I I

spectrum
1e-01

1e-02

1e-03

T T T T T T
00 01 02 03 04 05

equency
bandwidth = 0.000144
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From asymptotic theory, at Fourier frequenciesw = w; = 27j/n, 7 = 1,2,..., the peri-

odogramordinates{ /(w1 ), I (w2), ... } areapproximately independentwith means{ f(w1), f(w2), ...

That isfor thesew
I{w) ~ f(w)E
where E is an exponential distribution with mean 1.

Note that var[I(w)] ~ f(w)?, which does not tend to zero asn — oo. So I(w) isNOT a
consistent estimator.

In addition, the independence of the periodogram ordinates at different Fourier frequencies
suggests that the sample periodogram, as a function of w, will be extremely irregular. For this
reason smoothing is often applied, for instance using a moving average, or more generaly a
smoothing kernel.

3.2.3 Smoothing

The idea behind smoothing is to take weighted averages over neighbouring frequenciesin order
to reduce the variability associated with individual periodogram values.
The main form of asmoothed esimator is given by

flw) = / %K <A - ‘”) I(A)dA.

Here K issomekernel function (= aprobability density function), for exampleastandard normal
pdf, and . is the bandwidth.

The bandwidth £ affects the degree to which this process smooths the periodogram. Small
h = alittle smoothing, large h = alot of smoothing.

In practice, the smoothed esimate f () will be evaluated by the sum
. “i 1 [ A—w
flw) = Z/w K < - >I(A)d)\
J -1
27 1 jw;—w

Asthe degree of smoothing & increases, the variance decreases but the biasincreases.

The cumulative periodogram U (w) is defined by

Ln/2]
Uw)= > Hwe)/ > I(wk).

O<wy Sw 1

This can be used to test residuals in a fitted model, for example. If we hope that our residual
series is white noise, the the cumulative periodogram of the residuals should increase linearly:
i.e. we can plot the cumulative periodogram (in R) and look to seeif the plot is an approximate
straight line.

Example: Brockwell & Davis (p 339, 340)
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Data generated by
Xt = cos(nt/3) + € t=...,100

where{e; } is Gaussian white noise with variance 1.
Peak in the periodogram at w17 = 0.34x.

[Figurefrom B& D]

Example series: 1h

Example series: deaths

3
g
3

1000 1500 2000
L

500
L

T T T
1074 1075 1976 1077 1078 1979 1080

year

1h: unsmoothed periodogram
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Ih: Raw Periodogram

spectrum (dB)

frequency
bandwidth = 0.00601, 95% C.I. is (~6.26,16.36)d8

deaths: unsmoothed periodogram

deaths: Raw Periodogram

spectrum (dB)

T T T T T T T
0 1 2 3 4 5 6

frequency
bandwidth = 0.0481, 95% C.1. is (-6.26,16.36)dB

Supposewe have estimated the periodogram values I (w 1), I (w2), . . ., wherew; = 275 /n,
j=1,2,....
An example of asimpleway to smooth isto useamoving average, and so estimate I (w ;) by

1 1 1
1o L (wi—a) + gllwi—a) + Lwj—2) + -+ Hwyte)| + 75 L (wjta)-
Observe that the sum of the weights above (i.e. the ;= sandthe +s) is 1.
Keeping the sum of weights equal to 1, this process could be modified by using more, or
fewer, I(w) valuesto estimate I (w;).
Also, this smoothing process could be repeated.

If aseriesis (approximately) periodic, say with frequency wo, then periodogram will show
apeak near this frequency.

It may well also show smaller peaksat frequencies 2w, 3wo, . . . .

Theinteger multiples of wq are called its harmonics, and the secondary peaks at these high
frequencies arise because the cyclic variation in the original series is non-sinusoidal. (So a
situation like this warns against interpreting multiple peaksin the periodogram as indicating the
presence of several distinct cyclic mechanismsin the underlying process.)
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In R, smoothing is controlled by the option spans to the spectrum function.
The unsmoothed periodogram (above) was obtained via spectrum (1h)
The smoothed versions below are

gpectrum(1lh, spans = 3)
gpectrum(1h, spans = c(3,3))
gpectrum (1h, spans = c(3,5))

All of the examples, above and below, from Venables & Ripley.
V & R advise:

o trial and error needed to choose the spans;
e spansshould be odd integers;
¢ useat least two, which are different, to get asmooth plot.

Ih: Smoothed Periodogram, spans=3

spectrum (dB)

frequency
bandwidth = 0.0159, 95% C.1.is (~4.32, 7.73)dB

Ih: Smoothed Periodogram, spans=c(3,3)

spectrum (dB)

frequency
bandwidth = 0.0217, 95% C.l. s (-3.81, 6.24)dB
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spectrum (dB)

spectrum (dB)

spectrum (dB)

a5

40

45

Ih: Smoothed Periodogram, spans=c(3,5)

01 02 03 04 05
frequency
bandwidth = 0.0301, 95% C.I. is (~3.29, 4.95)dB
deaths: Smoothed Periodogram, spans=c(3,3)
T T T T T T
1 2 3 4 5 6
bandwidth = 0.173, 95% C.1. is (-3.81, 6.24)dB
moothed Periodogram, spans=c(3,5)
T T T T T T
1 2 3 4 5 6

bandwidth = 0.241, 95% C.1. is (-3.29, 4.95)dB.
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deaths: Smoothed Periodogram, spans=c(5,7)

s
2

g

£

5 24

frequency
bandwidth = 0.363, 95% C.1.is (~2.74, 3.82)d8

1h: cumulative periodogram

Series: |h

frequency

deaths: cumulative periodogram

Series: deaths

10

08

i

frequency
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3.3 Modsl fitting using time and frequency domain
3.3.1 Fitting ARMA models

The value of ARMA processes lies primarily in their ability to approximate a wide range of
second-order behaviour using only asmall number of parameters.

Occasionally, we may be ableto justify ARMA processesin terms of the basic mechanisms
generating the data. But more frequently, they are used as a means of summarising atime series
by afew well-chosen summary statistics: i.e. the parameters of the ARMA process.

Now consider fitting an AR model to the 1h series. Look at the pacf:

Series |h

Partial ACF
02

Fit an AR(1) model:
lh.arl <- ar(lh, F, 1)

Thefitted model is:
Xt = 0.58Xt_1 + €t

with o = 0.21.
Oneresidual plot we could look at is

cpgram(lh.ari$resid)

1h: cumulative periodogram of residuals from AR(1) model

AR() fit to Ih

04

02




Also try select the order of the model using AIC:

lh.ar <- ar(lh, order.max = 9)
lh.ar$order
lh.ar$aic

This selectsthe AR(3) model:
Xt = 0.65Xt_1 — 0.06Xt_2 — 0.23Xt_3 + €t

with 6 = 0.20.
The same order is selected when using

lh.ar <- ar(lh, order.max = 20)
lh.ar$order

1h: cumulative periodogram of residuals from AR(3) model

AR(3)fitto Ih

By default, ar fits by using the Yule-Walker equations.

We can aso use

arimainlibrary (MASS)

to fit these models using maximum likelihood. (Examplesin Venables& Ripley, and in the
practical class)

The function tsdiag produces diagnostic residuals plots. As mentioned in a previous lec-
ture, the p-valuesfrom the Ljung-Box statistic are of concernif they go below 0.05 (marked with
adotted line on the plot).

1h: diagnostic plots from AR(1) model
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p values for Ljung-Box statistic

1h: diagnostic plots from AR(3) model

Standardized Residuals

| .
T
©

p values for Ljung-Box statistic

3.3.2 Estimation and elimination of trend and seasonal components

Thefirst step in the analysis of any time seriesis to plot the data.
If thereare any apparent discontinuities, such asasudden changeof level, it may beadvisable
to analysethe series by first breaking it into a homogeneous segments.

We can think of asimple model of atime series ascomprising
e deterministic components, i.e. trend and seasonal components
¢ plusarandom or stochastic component which shows no informative pattern.

We might write such a decomposition model as the additive model
Xe=me+ s+ Zs
where

m; = trend component (or mean level) at time ¢;
s¢ = seasonal component at time ¢;
Z; = random noise component at time ¢.
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Herethetrend m. isaslowly changing function of ¢, andif d isthe number of observationsin a
completecyclethen s; = s;_g4.
In some applications a multiplicative model may be appropriate

Xt = mtstZt.

After taking logs, this becomesthe previous additive model.

It is often possible to look at atime plot of the seriesto spot trend and seasona behaviour.
We might look for alinear trend in the first instance, though in many applications non-linear
trend is also of interest and present.

Periodic behaviour is aso relatively straightforward to spot. However, if there are two or
more cycles operating at different periods in atime series, then it may be difficult to detect such
cyclesby eye. A formal Fourier analysis can help.

The presence of both trend and seasonality together can make it more difficult to detect one
or the other by eye.

Example: Box and Jenkins airline data. Monthly totals (thousands) of international airline
passengers, 1949 to 1960.

AirPassengers

T T T T T T
1950 1952 1954 1056 1058 1960

Time

airpass.log <- log(AirPassengers)
ts.plot (airpass.log)

T T T T
1950 1952 1954 1056 1058 1960

Time
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We can aim to estimate and extract the deterministic componentsm ; and s, and hope that
theresidual or noise component 7, turns out to be a stationary process. We can then try to fit an
ARMA process, for example, to 7 ;.

An dternative approach (Box-Jenkins) is to apply the difference operator V repeatedly to
the series X, until the differenced seriesresemblesaredlization of a stationary process, and then
fit an ARMA model to the suitably differenced series.

3.3.3 Elimination of trend when there isno seasonal component

The model is
Xe=mi + 7,

wherewe canassume E(Z ) = 0.

1: Fit a Parametric Relationship

We can take m . to be the linear trend m; = ao + a1 t, or some similar polynomial trend,
and estimate m by minimising >~ ( X+ — m)? with respectto ao, a1.

Then consider fitting stationary modelsto Y = X; — m., where m; = &o + a1 t.

Non-linear trends are also possible of course, say logm, = ao + a1k’ (0 < k < 1),
me = ao /(1 + are™?2%), ...

In practice, fitting a single parametric relationship to an entire time seriesis unredlistic, so
we may fit such curves astheselocally, by alowing the parameters « to vary (slowly) with time.

Theresulting series Y: = X — m; isthe detrendedtime series.

Fit alinear trend:

T T T T T T T T
0 20 40 60 80 100 120 140

The detrended time series:



T T T T T T T T
0 20 40 60 80 100 120 140

2: Smoothing

If the aim is to provide an estimate of the local trend in a time series, then we can apply a
moving average. That is, take a small sequence of the seriesvalues X (g, ..., X4, ..., Xi4q,
and compute a (weighted) average of them to obtain a smoothed series value at time ¢, say 7 «,

where
q

1
My = E Xigj.
my 2q—|—1]__ t+g

It is useful to think of {7} asaprocessobtained from { X} by application of alinear filter
my = Z;’i_oo a; Xi45, withweightsa; = 1/(2¢+ 1), —¢ < j < ¢, anda; =0, |j| > q.

Thisfilter isa‘low pass filter sinceit takesdata X ; and removes from it the rapidly fluctu-
ating component Y; = X — m., to leave the dowly varying estimated trend term 7 ;.

We should not choose g too large since, if m ¢ isnot linear, although thefiltered processwill
be smooth, it will not be agood estimate of .

If we apply two filters in succession, for example to progressively smooth a series, we are
said to be using a convolution of thefilters.

By careful choice of the weights a ;, it is possible to design a filter that will not only be
effective in attenuating noise from the data, but which will also allow a larger class of trend
functions.

Spencer’s 15-point filter hasweights

ay = a—j 1< 7
a; =0 7] > 7

_ b
T 320
and has the property that a cubic polynomial passesthrough thefilter undistorted.

(ao,ai,. .. ar) (74,67, 46,21,3, -5, —6, —3)

spencer.wts <- c¢(-3,-6,-5,3,21,46,67,74,67,46,21,3,-5,-6,-3)/320
airpass.filt <- filter(airpass.log, spencer.wts)
ts.plot(airpass.log, airpass.filt, lty=c(2,1))

Original series and filtered series using Spencer’s 15-point filter:
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1950 1952 1954 1056 1058 1960

Detrended seriesviafiltering:

0.10

B
S
7

-0.15

T T T T
1950 1952 1954 1056 1058 1960

Time

3: Differencing

Recall that the difference operator isV X ; = X; — X;_1. Notethat differencing is aspecial
case of applying alinear filter.

We canthink of differencing asa‘sample derivative' . If we start with alinear function, then
differentiation yields a constant function, while if we start with a quadratic function we need to
differentiate twice to get to a constant function.

Similarly, if atime serieshasalinear trend, differencing the seriesoncewill removeit, while
if the series has a quadratic trend we would need to difference twice to remove the trend.

Detrended seriesvia differencing:
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T T T T T T
1950 1052 1954 1956 1058 1960

Year

3.4 Seasonality

After removing trend, we can remove seasonality. (Above, al detrended versions of the airline
dataclearly still have a seasonal component.)

1: Block averaging

The simplest way to remove seasonality is to average the observations at the same point in
each repetition of the cycle (for example, for monthly data average al the January values) and
subtract that average from the values at those respective pointsin the cycle.

2: Seasonal differencing

Theseasonal differenceoperatorisV . Xy = Xy — X;—_. wheres isthe period of the seasonal
cycle. Seasonal differencing will remove seasonality in the same way that ordinary differencing
will remove apolynomial trend.

airpass.diff<-diff (airpass.log)
airpass.diff2 <- diff (airpass.diff, lag=12)
ts.plot(airpass.diff2)

0.00 0.05 0.10
L L L

airpass.diff2

-0.05

-0.10

-0.15

T T T T T T
1050 1052 1054 1956 1058 1960

Time
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After differencing at lag 1 (to remove trend), then at lag 12 (to remove seasonal effects), the

log(AirPassengers) Seriesappears stationary.
Thatis, theseries VV 12 X, or equivalently the series(1— B)(1— B'?) X, appearsstationary.

R hasafunction st 1 which you can useto estimate and remove trend and seasonality using
‘loess’.

st isacomplex function, you should consult the online documentation before you use it.
The time series chapter of Venables& Ripley contains examples of how to usest1. Aswith all
aspects of that chapter, it would be agood ideafor you to work through the examplesthere.

We could now look to fit an ARMA model to VV 1, X, or to the residual component ex-
tracted by st1.

Seasonal ARIMA models

Recall that X isan ARMA(p, q) processif
r q
X — ZOM‘Xt—i =€+ Zﬁ]et—]
=1 J=1

and X isan ARIMA(p, d, q) processif VX isARMA(p, q).
In shorthand notation, these processesare

$a(B)X = ¢s(Ble  and  6a(B)VIX = ¢s(B)e.

Suppose we have monthly observations, so that seasonal patterns repeat every s = 12 ob-
servations. Then we may typically expect X : to depend on such terms as X ;_12, and maybe
Xt_24, aswell EBXt_l, Xt_27 e

A general seasonal ARIMA (SARIMA) model, is

Op(B)Dp(B°)Y = @4(B)Po(B°)e
where &, ®p, ®,, g are polynomiasof ordersp, P, ¢, @ and where
Y =(1-B)%1-B)"X.

Here:
¢ s isthe number of observarionsper season, so s = 12 for monthly data;

e D isthe order of seasonal differencing, i.e. differencing at lag s (we were content with
D =1 for the air passenger data);
¢ d istheorder of ordinary differencing (we were content with d = 1 for the air passenger
data).
Thismodel is often referred to asan ARIMA((p, d, q) x (P, D, Q).) model.

Examples

1. Consider aARIMA model of order (1,0,0) x (0,1, 1)12.

38



Thismodel can be written
(1—aB)Y, = (14 8B%)e,

where
Y = Xt — X120,

2. The ‘airline model’ (so named because of its relevance to the air passenger data) is a
ARIMA model of order (0,1,1) x (0,1, 1)12.
Thismodel can be written

Y, = (14 61 B)(1 + B:B"%)e,

where Y, = VV, X isthe series we obtained after differencing to reach stationarity, i.e. one
step of ordinary differencing, plus one step of seasonal (lag 12) differencing.

4 State space models

State-space models assume that the observations (X ;) are incomplete and noisy functions of
some underlying unobservableprocess (Y )., called the state process, which is assumed to have
asimple Markovian dynamics. The general state space model is described by

1 Yy, Y1, Y2,...isaMarkov chain
2. Conditionaly on {Y%}:, the X’s areindependent, and X ; dependson Y; only.

When the state variables are discrete, one usualy calls this model a hidden Markov model; the
term state space model is mainly used for continuous state variables.

4.1 Thelinear state space model
A prominent roleis played by thelinear state space model

Y, = GYioi+4 v @)
X, = HY:+w, 2

where G, and H, are deterministic matrices, and (v;), and {w;}; are two independent white
noise sequenceswith v, and w, being mean zero and having covariance matrices V2 and W,
respectively. The general case,

i = gt(Yt—hUt)
Xt = ht(th7wt)7

is much more flexible. Also, multivariate models are available. The typica question on state
space modelsis the estimation or the prediction of the states (Y, ). in terms of the observed data
points (X+):.

Example. Supposethe model

Yo = Vi 4o
Xt = th-i—’UJt,
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where (v:); and (w¢); aretwo independent white noise sequenceswith v ¢ and w; being mean
zero and having covariance V.2 and W7, respectively. Then

Xi—o0Xio1 = Yi—oYio1 4+ we — dwi

= U+ w — Qw1

The right-hand side showsthat all correlationsat lags > 1 are zero. Hencetheright-hand sideis
equivalent to an MA (1) model, and thus X ; follows an ARMA(1,1)-model.

Infact any ARMA(p,q)-model with Gaussian WN can be formulated as a state space model.
The representation of an ARMA model asa state-spacemodel is however not unique, see Brock-
well and Davis (1991), pp.469-470.

Note that the above model is more flexible than an ARMA model. If, for example, the
observation at time ¢ is missing, then we simply put 77, = (0,0, ...,0)T.

4.2 Filtering, smoothing, and forecasting

The primary aims of the analysis of state space models are to produce estimators for the un-
derlying unobserved signal Y; given thedataX® = (X;,..., X:) uptotimes. Whens < ¢
the problem is called forecasting, when s = ¢ it is called filtering, and when s > ¢ it is called
smoothing. For aderivation of the results below see also Smith (2001).

We will throughout assumethe white noise to be Gaussian.

For filtering and forecasting, we use the Kalman filter. It is a recursive method to calculate
a conditional distribution within a multivariate normal framework. Asit is recursive, only the
estimated state from the previoustime step and the current measurement are needed to compute
the estimate for the current state.

The state of the filter is represented by two variables: the estimate of the state at time t;
and the error covariance matrix (a measure of the estimated accuracy of the state estimate). The
Kaman filter hastwo distinct phases. Predict and Update. The predict phase usesthe state esti-
mate from the previoustimestep to produce an estimate of the state at the current timestep. Inthe
update phase, measurement information at the current timestep is used to refine this prediction
to arrive at anew, (hopefully) more accurate state estimate, again for the current timestep.

It is useful to first revise some distributional results for multivariate normal distributions. Sup-

posethat
VAl 1 Y11 X2
(7 )=ow(() (50 22)) @
Then the conditional distribution of 71 given Z» = 22 is

L(Z1|Z2 = 22) = MVN (u1 + 21221_11(22 — p2), Y11 — 21221_11221) (4)
and conversely, if Z> ~ MVN (u2, T22) and if (4) holds, then (3) holds.

Assume the model

Yi = GiYior e
Xt == Htht‘i'wh
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with (vt): independent white noise W N (0, V), and (w¢): ind. WN (0, W;). Here Y; isa
vector representing unknown states of the system, and X ; are the observed data. . Put X' =
(X1, X2,...,X}), thehistory of X uptotimet, and
Ye = E(VIX)
Ptshtz = E{(Ytl - Yti)(Y% - Ytsz)T}
= E{(Ytl - Yti)(Y% - Y5 )T|XS}'

2

Whenit; = t2 = ¢, wewill write P for convenience.

Suppose YL = u and PY = o0, and that the conditional distribution of Y;_; given the history
X! uptotimet — 1,

LY | XY = MYN (Y, Poa).

Then £(Y;|X'~") isagain multivariate normal. With

R = GPiaiGy 4V,

we have that
E(X.Y)) = HY,
VC“"(XAY}) = Wt.

Then the conditional distribution of (X, ¥;)” given X*~* isgiven by

£< Xt Yt—l) —MVN<< HthYtt__ll > < Wi+ HeReH  H R >>
Y N ' '

G Y} R.HT R,
We can compute that the conditional distribution of Y, given X'~ is multivariate normal with
mean ;' and variance P;, where

V) = @Y+ RHI (W, + HRHD) ™ (X, — HiG Y,
P, Ri— R H (W, + H.R.H )"  H/R;.

These eguations are known as the Kalman filter updating equations. This solves the filtering
problem.

Have alook at the expression for Y'. It contains the term G, Y;'7!, which is simply what we
would predict if it were known that Y;—; = Y;'7;!, plus aterm which depends on the observed
error in forecasting, i.e. (X — H:GY,;7").

Note that we initialized the recursion by X0 = p and P§ = oo. Instead one might have

initialized the recursion by some prior distribution, of by an uninformative prior X = 0, P§ =
k1, where I denotesthe identity matrix.

For forecasting, supposet > s. By induction, assumeweknow Y% ;, PZ ;. Then

Yy = G
P: = GPLGT 4+ V.
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Recursion solves the forecasting problem.

We can calculate that the conditional distribution of X ;41 given X' is
MV./V'(Ht+1Gt+1Ytt_|.1, Ht+1Rt+1Ht7:|_1 + Wit).

Thisfact is the basis of the prediction error decomposition, giving usalikelihood for parameter
estimation.

For smoothing we use the Kalman smoother. We proceed by backwardsinduction. Supposethat
Y/, P{ are known, where P/ is the conditional covariance matrix of X given {Yi,...,Y:}.
With asimilar derivation asabove, fort = n,n —1,...,1,

Y o= YO T (0 =T
P, = PIol 4 J (P - PR,

where
Jt—l — Ptt__llHT(Ptt_l)_l.

Note that these proceduresdiffer for different initial distributions, and sometimesit may not clear
which initial distribution is appropriate.

Seealso Kalmanfiltersmadeeasy by Terence Tong, at http: //openuav. astroplanes.com/library/docs/writeup.pdf.

Example: Johnson & Johnson quarterly earnings per share, 1960-1980.

Model:
Xt = Tt + St + Ut, Obwvw
T, = ¢Tt_1 + wyr, trend
St = Si—1 4 Si—2 4+ Si—3 + wyx  Seasonal component.

Assumethat the seasonal components sum to zero over the four quarters, in expectation.
The state vector is
Yy = (1%, St, Se—1, St—2).

See Shumway and Soffer, p.334-336.

5 Non-linear models

Financial time series, e.g. shareprices, share priceindices, spot interest rates, currency exchange
rates, have led to many specialized models and methods.

There are two main types:
¢ ARCH models
e Stochastic Volatility models
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ARCH = autoregressive conditionally heteroscedastic

ARCH

ARCH models are models analagousto ARMA models, but with AR and MA components
which act on the variances of the processaswell as, or instead of, the means.

Sochastic Volatility

In stochastic volatility models there is some unobserved process known as the volatility
which directly influences the variance of the observed series. That is, these have some similar
characteristicsto state space models.

A review of ARCH / Stochastic Volatility modelsis:
Shephard (1996), which is Chapter 1 of Time Series Models (editors: Cox, Hinkley, Barndorff-
Nielsen), Chapman and Hall

Usually we consider the daily returns v given by

y: = 100log < Tt >
Tt—1

Common features of series of thistype are:

where z; istheprice on day ¢.

o thereisasymmetric distribution about the mean
¢ thereislittle autocorrelation among the values of
e thereis strong autocorrelation among the values of i 2

the y: have heavy tailed distributions (i.e. heavier tails than anormal distribution)
o thevariance of the processchanges substantially over time

Most models of financial time series are of the general structure

Yt | Zt ~ N(Hna?)

where z; is some set of conditioning random variables (maybe lagged values of ;) and ;¢ and
o2 arefunctions of z;.

An example of an ARCH model is:
ye | ze ~ N(O,a?)

where

ze = (Y1, ..., Yyi—1)

2 2 2
oy =0t ary_1+ -+ apyi_p.

Clearly herethe variance of y; dependson lagged valuesof y ..



An example of astochastic volatility model is
ye | he ~ N(0,e™)
where
hegr = vo +vihe +me
ne ~ N(0, 03;)

with the variables r; being independent as ¢ varies.

The state variable k¢ is not observed, but could be estimated using the observations. This
situation is similar to that for state space models, but it is the variance (not the mean) of y that
dependson £+ here.

ARCH models
The simplest ARCH model, ARCH(1), is
2 2
Y = O€s, 0 = Qo + a1yi_q
with e, ~ N (0, 1), and the sequenceof ¢, variables being independent.

The ARCH model can bethought of asan autoregressivemodel iny 7. An obviousextension
of thisideaisto consider adding moving average terms aswell. This generalization of ARCH is
called GARCH. The simplest GARCH model is GARCH(1,1):

2 2 2
Yt = Ot€¢, o; = a0+ a1y + Brog_

A further extension (EGARCH, where E isfor exponential) isto model thelog of o7 asafunction
of the magnitude, and of the sign, of €;_;.

The R command garch in the tseries package uses the Jarque-Bera test for normality,

based on sample skewnessand kurtosis. For asamplex 1, . .., z, thetest statistic is given by
n(o (v=3)°
6 <S Ty
with
(i =)
§= ————
(r St =) ¥

the sample skewness, and
& (=i — )
(% e —2)2)°
the sample kurtosis. For a normal distribuiton, the expected skewnessis 0, and the expected
kurtosis is 3. To test the null hypothesis that the data come from a normal distribution, the
Jarque-Bera statistic is compared to the chi-square distribution with 2 degrees of freedom.

Stochastic volatility

Thebasic aternative to ARCH-type modelsisto allow o Z to depend not on past observations
but on some unobserved components.
Thelog-normal stochastic volatility model is

yy = exp(he/2), hit1 =0 + vihe +
wheree, ~ N(0,1) andn, ~ N(0, o7) areindependent for all ¢.
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