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Recap: Subgradient Descent for Lipschitz Functions

Goal: mlg f(z) |with f convex and C convex
e

Projected Subgradient Descent—Lipschitz (Theorem 9.3)

» Function f is y-Lipschitz
» Assume |lz; — 2*||2 < b

Then, projected subgradient descent with s =71 = \[ satisfies

(5

» Optimal rate. Lower bound is Q(fo) where a := max,cc || z||2

%IQ

» Dimension-free rate if both the function f and the constraint set C
“behave nicely” with the dimension d (i.e., 7,b do not depend on d)

It does not always happen...



Subgradient Descent with Euclidean Geometry

Risk minimization:
minimize  r(w) = Ep(w' XY)

= Let w* be a minimizer
subject to  |lwl|y < Y
Empirical risk minimization:
1 & -
minimize  R(w) = — ) o(w' X;Y;)
w n ; = Let W* be a minimizer

subject to  [Jwl> < ¢}

r(We)—r(w*) < R(W;)~R(W*) + sup {r(w)—R(w)} + sup {R(w)—r(w)}
——— weWw weW
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Principled approach: Enough to run algorithm for ¢ ~ n time steps
(ONLY BASED ON UPPER BOUNDS!)
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Subgradient Descent with Non-Euclidean Geometry

Risk minimization:

minimize  r(w) = Ep(w' XY)

subject to w e Ay

Empirical risk minimization:

w

subject to w € Ay

minimize  R(w) = E E o(w' X;Y;)
n
i=1

— Let w* be a minimizer

= Let W* be a minimizer

Optimization

r(Wy)—r(w*) < R(W;)—R(W*) + sup {r(w)—R(w)} + sup {R(w)—7r(w)}
N———— weWw

wew

Statistics

EStatistics < 403‘;0‘{‘}7@

2logd
n

d
Optimization < 2¢2 c‘l/vw, \/Z

Not same rate with respect to the dimension d




Different Geometry

» Problem: Using Cauchy-Schwarz’s, R has Lipschitz constant proport. to v/d:

RS T T Yo - T
- < - X;Yi) — XiYi)| < — Yilw—u) X;
| R(w) R(“”—n;ﬂ oo (w ) —p(u = > Vi(w —u) "X,

i=1
< Yollw —ull2 max 1 Xill2 < VdeXvgllw — ull2
as we have ||z||2 < Vd||z||s (a sharp inequality)
» Intuition: To get \/logd for Statistics term, we used Holder's (Lecture 3)
> Idea: Use Holder's inequality also for Optimization term:
|[R(w) — R(u)| < L i lp(w X;Y;) — p(uT X,Y)| < 12 i Yi(w —u) " X
n n

i=1
< Yecoollw —ully

» To get a dim.-free Lipschitz constant, we need Lipschitz w.r.t. || - ||; norm...



Local-to-Global Properties w.r.t. a Generic Norm

Previous properties can be defined for any norm || - || in R¢

» Convex: | f(y) > f(z)+ Vf(x)T(y —z) Vr,yeR?

v

a-Strongly Convex:

Ja > 0 such that f(y) > f(z) + Vf(2) (y —z) + %Hy —z||* Va,yecC

» [-Smooth:

33 > 0 such that f(y) < f(z) + V()" (y — =) + glly —z|* ve,yecC

v

~-Lipschitz:

v > 0 such that f(z) —ylly — 2l < f() < f(2) + ]y — 2l| Yo,y € C|

Q. What about designing gradient descent that works in any geometry?



Gradient descent

8
Te

Gradient descent:

Ty = x¢ — iV f(24)

1 .

— ; VF(x).y—ax 2 — |12
Tiy1 argﬁgﬁ@{ﬂ“)ﬂ flxe),y »Lt>+2m ly lt|2}
—_———

linear approximation -
proximal term



Newton's method

CONIY DI ) Gradient descent

Newton's method

Newton’s method:
T4l = Tt — Ut(VQf(xt))_lvf(wt)

Tt1 = arg ;IQ%R% {f(ft)+<vf(17t)a y—xt) + ;H(Z/_mt)TVQf(IEt)(Z/—JIt)}

linear approximation -
proximal term



Mirror descent

..
$

Bregman divergence: given ® : R? — R strictly convex and differentiable

D®(z,y) = ®(z) — @(y) — (VO(y),z — y)
Mirror descent: [Nemirovsky and Yudin, 1983]

T = (V@) (VO(zy) — 0V f(24))

. 1 D
Tty1 = arg min {f(mt) +(Vf(xe),y — 2) + — D®(y, Tf)}
yERd Mt

linear approximation

proximal term



Bregman divergences

Function name | o(z) ‘ dom ¢ ‘ Dy (z;y)
Squared norm 1a? (=00, +00) 1(z—y)?
Shannon entropy zlogz —x [0, +00) zlog % —z+y
Bit entropy zlogz + (1 —z)log(l —z) [0,1] zlog % +(1—2z)log }:—:
Burg entropy —logx (0, +00) % — log % -1
Hellinger —1-a2 [-1,1] 1 —zy)(1 —y2)~1/2 - (1 —22)1/2
£, quasi-norm —zP (0<p<1) [0, 4+00) —zP +pxyP~l — (p— 1) yP
£p norm [z (1<p<oo) (—00,400) | |z|” —pasgnylyP~" + (p— 1) [yl?
Exponential exp T (—00, +00) expz — (z —y+1)expy
Inverse 1/x (0, +00) 1/z +z/y? —2/y

Figure: Table from [Dhillon and Tropp, 2008]




Projected Mirror Descent

Goal: melgf( x) | with f convex, C C D convex (D is closure of D), CN'D # ()

Projected Mirror Descent

VO (Ziy1) = VO(x¢) — g, where g € Of (24)

Tyy1 = 1E (F41)

[ ‘I‘ Ig)

gradient step
\o V(L

Rd

projection
Tyq D



Mirror Maps, Bregman Divergence, Bregman Projection

Mirror map (Definition 10.5)

®: D CR? — R is a mirror map if:
i) ® is strictly convex and differentiable
i) The gradient V®: D — R? is a surjective map
iii) The gradient diverges on the boundary of D: lim, ,sp | V®(2)| = oo

Bregman divergence (Definition 10.6)

The Bregman divergence associated with a differentiable ® : R — R is

D?®(z,y) = ®(z) — ®(y) — VE(y) ' (x —y)

Bregman projection (Definition 10.7)

The Bregman projection associated to a mirror map @ is given by

¢ (y) = e D®(z,y)




Euclidean Balls = Gradient Descent

C D=R?
Mirror map: ®(z) = 1||z|]3
Vo(zr) =2z

Bregman divergence:

D*(z,y) = ®(x) — ®(y) — VO(y) ' (x — )
Ly Ly e o1 T
5ol =5 Iyl =y 2+ 4Ty

1 2
= e vl

vV v v Y

> Projection:

H?(y) = argmin Dq)(y, x) = argmin ||z — y||§ =Ile(y)
zeCND zeC

We recover the projected subgradient descent algorithm



Negative Entropy = Exponential Gradient Descent

> C =17y D={zxecR2,>0,i=1,...,d}
» Mirror map: ®(z) = 25:1 x;log x; (negative entropy)
> VO(x) =1+ log(x)
» Bregman divergence: D?(z,y) = 25:1 x; log (%)
» Projection: II¥ (y) = argming,coqp D®(y,2) = H;Hl
log(Z41) = log(z¢) — nge = Tiy1 = xpe 1
Tit41 = fvtiﬂ
1 Ze41]11




Decomposition via Bregman Divergences

Property (Proposition 10.9)

For any differentiable function ® : R? — R we have

(Vo(z) = V() (z = 2) = D®(x,y) + D*(2,2) — D®(2,y)

Analogous to the Euclidean decomposition

2a7b = flall3 + [[b]13 — lla — b3

14/10



Non-Expansivity of Projections

Let z € CND and y € D. Then,
.
(Ve (TIg () - Vo(y)) (Tg(y) —2) <0
which implies D®(z,TIZ (y)) + D®(TIZ (y),y) < D®(x,y) and, in particular,

D®(x,1Ig (y)) < D*(,y)

y—Tc )l
\

Analogous property
as for Euclidean projections: ly — =



Results for Lipschitz Functions

f is y-Lipschitz on C w.r.t. norm || - || if 3y > 0 such that (equivalent)
> Forevery z,y €C, [f(y) — f(z)] < vllz -y
» For every x € C, any subgradient g € Jf(z) satisfies ||g||. <, where

llglls == sup{|ng|; xR ||z = 1} (dual norm)

Projected Mirror Descent—Lipschitz (Theorem 10.11)

» Function f is v-Lipschitz w.r.t. the norm || - ||

» Mirror map @ is a-strongly convex on C N'D w.r.t. the norm || - ||
» Initial condition is z; € argmin,o~p O(2)

> Assume ¢? = sup,ccrp @(z) — ©(21)

Then, projected mirror descent with n, =n = 9, / 27"‘ satisfies

() ser=e




Proof of Theorem 10.11 (Part I)
» Using that g5 = %(V@(ms) —VO(Zsy1)).:

flas) = f(@) < gd (ws —x) = %(V@(ws) —V®(Fe11)) " (x5 — )

1 . -
= %(D(I)(,Z'S,.’L'S+1) + D*(z,25) — D (2, F541))
1 ~
< *(D¢($57m5+1) + Dq)(x,ms) - D(I)(m:xs+1))

n
» Strong conv. of ®: ®(Fst1) > (xs) + VO(2s) | (For1 — os) + S| Fagr — s

> Lipschitz continuity of f: ||gs|l« <
> Using these two inequalities, along with Holder’s inequality, we obtain

D¥ (s, Est1) = D(x5) = ®(Fs41) — VB(Fsp1) ' (w5 — Tot1)
: _ o
< (VO(2s) = V(For1)) ' (25 — Fogr) — S llEs+1 — |2
T ~ Q- 2
=ngs (Ts — Tst1) — §||$s+1 —xs]|
~ (62T
S nlgsllllzs = Esarll = 5 T4 — as|?

2 2
~ o no
<mylles — Zstall — §\|$s+1 —z|” < oo

where we used the inequality az — bz? < max,cr(az —bz?) = a?/4b for all z € R,



Proof of Theorem 10.11 (Part II)

> By convexity, we finally obtain

$(§ ) ~ e < § ) - s
< 3 0w = DY ) + L

2
= D@ m) = DM o) +

D@ m) | m?
nt 200’
as D*(x,2511) > 0.
» The proof follows by optimizing the bound over 7, and using that

D¥(x*,x1) = ®(z*) — ®(x1) — VO(z1) " (2" —21) < sup D(z) — B(x1),
xeCND

where we used the optimality condition in Proposition 8.10 to claim that
Vo(x1) (¢* —21) >0

as x1 € argmin,c~p () by assumption.



Back to Learning: Boosting

»C=A; D={zeR’z>0,i=1,...,d}

> Mirror map: ®(w) = Zle w; log w; (negative entropy)

» Starting point wy € argmin,,cenp ®(w) = £1

» As ®(w) < 0, we have ¢ = sup,,conp P(w) — ®(wy) = logd

> & is a-strongly convex with respect to the || - ||; norm, with o =1
(consequence of Pinsker's inequality)

» R is y-Lipschitz with respect to the || - ||1 norm, with v = v,cX (Hélder's)

|R(w) = R(u)| < vpe[lw — ull

_c 20 _ 1 2logd w _
Ifn=21/% =zt , we have (recall ¢}¥ =1)

— 2
Optimization, = R(W;) — R(WX) < ¢4/ i cx eV,

2log d
t

Principled approach: Enough to run algorithm for ¢t ~ n time steps
(ONLY BASED ON UPPER BOUNDS!)



