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Recall Results on Binary Classification

> 7= (X, Y) € R x {11}
» Admissible action set A C B:={a:R% — {-1,1}}
» True loss function ((a, (7,y)) = la()£y = @ (a(z)y) with ©*(u) := 1,<0

r(a) =P(a(X) #Y) a* € argminr(a) @™ € argminr(a)

acA a€B
1 < N .
R(a) = I Z laxyzy, AT€ argerim R(a)
i=1 a

So far we have proved:

P<T( ) e < \/VC(A) . woga/a)) s

n n

Problem: In general, computing A* is NP hard!

Idea: Define convex relaxation of the original problem



Convexity

Convex function (Definition 8.1)

A function f : RY — R is convex if for every z,7 € R% \ € [0, 1] we have

O+ (1= N2) <M (@) + (1- Vf@)

Convex set (Definition 8.2)

A set A is convex if for every a,a € A, A € [0, 1] we have
Na+(1- )i e A




Convex Loss Surrogates

Convex loss surrogate (Definition 8.3)

A function ¢ : R — R, is called a convex loss surrogate if:
e convex e non-increasing o p(0) =1

True loss: ) Loss
cp*(u) - 1"§O — True
34 — Exponential
Exponential loss: — Hinge
plu) =e — Logistic
5]
Hinge loss:
o(u) = max{1 — u, 0} Ny
Logistic loss:
p(u) =logy(1+e™) | B—




Convex Soft Classifiers

» Soft classifiers Asort C Beost := {a : RY — R}
» If a € By, corresponding hard classifier is given by sign(a)

1. Linear functions with convex parameter space:
Aot ={a(z) =w'z+b:weC CRYbeC, CR}
C1,Cy are convex sets

2. Majority votes (Boosting)'

Asort = {a ij (wla s 7wm) € A’m}

A,, is the m-dim. 5|mplex and hi,....hpm : R* = R are base classifiers

Empirical ¢-Risk Minimization

If o and Ao are convex, we are left with a convex problem

1
R,(a) = - ng(a(Xi)Yi) AL € areg;mnR (@)
i=1 a soft




Zhang's Lemma

ro(a) = Ep(a(X)Y) al € a;eg;nin ry(a)
r(a) =E¢*(a(X)Y) =P(a(X) #Y) a*’™r e aragerrBlin r(a)

Let ¢ : R — R, be a convex loss surrogate. For any 7 € [0,1], a € R, let

Hy (@) = p(@)i + ¢(~a) (1~ ), (i) = inf Hy(@).
Assume that there exist ¢ > 0 and v € [0, 1] such that
1
‘ﬁ 2‘ <c(l-7(n)" for any 7 € [0,1]

Then, for any a : RY — R we have

r(sign(a)) —r(a™) < 2¢(ry(a) = re(agh))”
—_——

he)éjcesls ”i‘k excess (-risk
ard classitier soft classifier




Zhang's Lemma: Examples

> Exponential loss:
(1) = 2y/7(1 = 1)
c= 1/\@
v=1/2

» Hinge loss:
(1) =1 —[1 - 27
c=1/2
v=1

» Logistic loss:
(1) = —nlogy 7 — (1 — 1) logy(1 — 1)
c= 1/\/5
v=1/2

Zhang’s Lemma shows that we can reliably focus on convex problems



Elements of Convex Theory

Subgradients (Definition 8.8)

Let f:C C RY — R. A vector g € R? is a subgradient of f at x € C if

fl@)=fly) <g'(x—y) foranyyeC
The set of subgradients of f at = is denoted Jf ().

Subgradients yield global information (uniform lower bounds)

Convexity and subgradients (Theorem 8.9)

Let f:C C RY — R with C convex:
f is convex = for any x € int(C),df (z) # 0
f is convex <= for any = € C,df(x) # 0
If f is convex and differentiable at z, then V f(z) € 0f(x)

Convex functions that are differentiable allow to infer global information (i.e.,
subgradients) from local information (i.e., gradients)

This is why convex problems are “typically” amenable to computations...
To nrove aloorithme converoe we need additional lacal-to-olohal nroneriiec



Are Convex Problems Easy to Solve?

» Convex hull: conv(T) := {ZTzl witj tw € Apy, by, ..t €T, mE N}
» Epigraph: epi(f) := {(z,t) € D x R: f(x) < t}.

Proposition 8.6

minc't= min ¢t max c¢'t= max c't.
teT teconv(T) teT teconv(T)

Proof: As 7 C conv(7), we have min ¢"t> min c¢'t. Other direction:
teT teconv(T)

m
. T . T
min ¢ t= min c w;t;
t€conv(T) MENt1,...,tm €T ,(W1,...,wm )EA, =

m

. T T
min E wjc t; > minc t.

MEN,t1,...,tm €T, (W1 ,...;wm ) EAm st teT

Proposition 8.7

Forany f:D CR? — R, min f(z) = min t with C = conv(epi(f)).
zeD (z,t)eC

Anv minimization problem can be written in a convex form!



Local-to-Global Properties

> Convex: | f(y) > f(z) + Vf(z)"(y —2) Vz,yeR

» «-Strongly Convex:

Ja > 0 such that f(y) > f(z) + Vf(2) (y —z) + glly —z||2 Va,y € R?

» [3-Smooth:

38 > 0 such that f(y) < f(z) + Vf(z)(y —z) + gHy —z||2 Vz,yeR?

» ~-Lipschitz:

Fy > 0 such that f(z) —7|ly — zl]2 < f(y) < f(z) +7|ly — 2|2 Yo,y € R

Strongly convex? | Smooth? | Lipschitz?
Exponential loss (in R) NO NO NO
Hinge loss (in R) NO NO YES
Logistic loss (in R) NO YES YES

However, we typically only need the domain to be a compact set of R




