SC7 Bayes Methods

First problem sheet (Sections 1-4.2 of lecture notes).

Section A questions (optional)

1. Let ¥ be an n x n covariance matrix and for x € R" let py.,(z) = N(z;0,,%). Let O,
be the set of all non-empty subsets of [n] and let 0 € O, be a set with m elements.
For x, = (Toys- .-, %0,) With z, € R™ let p,(z,) = N(x;0m, X0,) where 0, is a vector
of m zeros and X,, is the sub-matrix of ¥ obtained by taking the rows and columns
in (01,...,0m). Define what it means for the family of distributions {p,;0 € O,} to be

marginally consistent and show that this holds.

2. Let x1,x9,73,... be an infinite exchangeable sequence of binary random variables with
generative model ¢ ~ F and z; ~ p(+|q) jointly independent for 7 > 1 given ¢. Show that
cov(z;,x;) > 0 forall 4,5 € {1,2,3,...}.

Section B questions (hand in solutions to these questions)

3. In the radiocarbon dating example (with the same key question about span), suppose
the dated materials are found in layers (strata) piled up on one another, with y;; the
radiocarbon date for 6; ;, the j'th date in the ¢'th layer. Let L < 9 <y < ... <y <U
be the age parameters for the layer boundaries. If we have n; dates from the ith layer
we know that for i« = 1,2,..,M — 1, and j = 1,2,...,n;, ¥; < 6,; < ;41 (so specimen
dates in higher layers are not as old as dates in lower layers). Let b = (¢1,...,4¢)) and
0= (61,...00—1) With 6; = (01, ..., 0;0,).

Derive a prior density (6, ) for the parameters 0, ¢ with reference to the prior elicitation

checklist given in lectures. Hint: how are the layer boundary dates 1o, ..., 9¥p/_1 generated?

4. (From Cox and Hinkley Theoretical Statistics) For i = 1,...,n, let 6; € {0,1} be the
indicator for the event that student i enjoys the course this year and let 6 = (04, ...,6,).
Suppose our prior probability for 6; = 1, i = 1,...,n is that they are iid with P(§; = 1) = p
with p our prior probability that an individual student enjoys the course and we take a
fixed value of p expressing our prior expectation for the proportion enjoying the course

(based perhaps on past years).

Our prior on the function ¢(f) = n~' Y~ 6; has mean p (that’s good) and variance p(1 —
p)/n. If nis large this prior expresses near certainty in the proportion enjoying the course.

This doesn’t represent prior knowledge.

Modify the prior model so that the variance doesn’t go to zero as n — oo whilst retaining
E(q(0)) = p-



5. Let X3, X5 be binary random variables. Table entries below give probabilities, p(z1, x2) =

Pr(X, = 21, Xy = 1), for outcomes (X, X5) = (21, z2) indicated by row and column.!

‘X1:0 X1:1
Xo=0 0 1/2
Xo=1| 1/2 0

(a) Show that X; and X, are exchangeable.

(b) Show that there does not exist a distribution F' such that

pare) = [T = =are)

i=1,2
ie, de Finetti’s theorem need not hold if the exchangeable sequence is finite.

6. Consider two urns. In the first urn there are 50 black balls and 50 red balls. In the second
urn there are 100 balls, the number of each color unknown. Suppose the proportion of

black balls in the second urn is equal ¢.

Jane’s ¢-prior, w(¢), satisfies E(¢) = 1/2. Jane is offered a choice of urn and color and two
balls are drawn (with replacement) from the chosen urn. Jane receives a £1 reward for
each ball matching her chosen color. Her utility function is U(0) = 0,U(1) = v,U(2) =1
with 1/2 <v < 1.

Jane is offered red from the first urn or black from the second.

(a) Show that the expected utility of choosing the second urn given ¢ is

E(U]¢) = 26(1 - ¢)v + ¢".
(b) Jane chooses the first urn. Show that this choice maximises the expected utility.

(c) Jane is now offered black from the first urn or red from the second. Show that Jane

should again choose the first urn.

Section C questions (optional)

7. An 18x24 square-foot area of grass in a field was split into 3x3 square-foot cells (so
n = 48). An indicator for army-worm damage was recorded for the centre square in each

cell. When the grass was planted the plough and harrows ran down the columns.

"From P. Diaconis and Freedman D. (1980). Finite Exchangeable Sequences. Ann. Probab. v8 p745-764.



Easting
Northing [1 2 3 4 5 6 7 8
1{1 1.1 0 0 0 O 1
21110 0 1 0 1
310111 1 0 11
411 1 1.0 0 1 1 1
501 1.0 0 0 0 0 1
6/0 01 1 0 1 11

For i = 1,...,n, let ¥; € {0,1} indicate army-worm damage observed in cell i. The data

are displayed above. Suppose Y; ~ Bernoulli(;) independently in each cell, with

_exp(z)
1+ exp(z)

%

where z; € R is an unobserved real latent variable associated with cell i. Let z = (z1, ..., 2,).

The z-values are modelled by an auto-regression with an n x n weight matrix W
z=(I-W)le, e~ N(0,0°1,)

It is of interest to estimate a map of the log-odds for damage, and to test for an effect
due to ploughing. Assume a prior for ¢ is available and consider eliciting a prior for z by

specifying W.

(a) Suppose that for i = 1,...,n, W;; = 0. Let 7(z;|2_;, o) denote the conditional density

of z; given the other z-values and o. Show that
p(zilz—i,0) = N (2553, Wi j2j,0%).

(b) Scientist A believes a small number of army worm midges blew in after planting, so
that the first arrivals were scatted at random over the area and these then expanded
through the ground to form local clusters. Using the auto-regression, elicit a prior

ma(z|o,u) for z with a single scalar parameter w.

(c) Scientist B believes the army worms blew in before planting and formed small clus-
ters a foot or so across which were subsequently smeared out along the columns by
ploughing and seeding. Using the auto-regression, elicit a prior mg(z|o,v) for z with
a single scalar parameter v.

(d) Suppose priors for o, u and v have been elicited. Say how you would check that

these priors and the priors for z reflect available knowledge. Indicate any further

information you would need from Scientists A and B.



8. Consider a process generating xy, s, T3, ... in which x; = 1 with fixed and known proba-
bility p and forn =1,2, ...,
p+ky

Tpi1 = 1Ty, oo, 1) = ,
P(ass = Lon, o) = 52

where k, =Y ¢ x; and p(Tpq1 = 0[2p, ...y x1) = 1 — p(@pi1 = Ly, ..., 1),

(a) Is the process Markov?
(b) Show that this process generates an infinite exchangeable sequence.
9. Let G = (V, E) be a directed acyclic graph with nodes V' = {1,.,...,n} and edges £ C
V x V. A Directed Acyclic Graph (DAG) is a directed graph with no directed loops.

Forn =1,2,3, ... let G, be the set of all distinct DAG’s on n labeled nodes and let |G, | give
the number of such DAG’s. There are three DAG’s on n = 2 nodes with V' = {1, 2} and
Gi; = (V,E;), i = 1,2,3. Possible edge sets are Ey = ), E, = {(1,2)} and E5 = {(2,1)},
0 |Ga| = 3. There are |G3| = 25 DAG’s on n = 3 nodes. See https://oeis.org/A003024.

(a) Let mp,(g9), g € G, give the uniform distribution on DAG’s with n nodes, so that

Iyeg.,
7TU,TL(g) = |9g€ | .

For G ~ my3 and G = (V, E) let G_3 € G5 be the DAG obtained from G by removing
node 3 and any edge (i,3) € E or (3,7) € E, i = 1,2 connected to node 3. Show that

G _3 is not distributed according to mo.

(b) (research question) Construct a family of probability distributions pi.,(g), g € G, over
DAGs that is marginally consistent, in the sense that if G ~ p;., then G_,, ~ p1.,_1.
Of course we can “cheat” and write down any p;., we like for some fixed n and then
define the probability ps, s C [n] for DAGs on the vertex set s to be the marginal!

Not very practical at large n.
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