SB2.1 Foundations of Statistical Inference
Sheet 1 — MT22
For Tutors Only — Not For Distribution

Section A
1. Let Xi,...,X, be independent Poisson random variables with means E(X;) = Am;,
t=1,...,n where A > 0 is unknown and my, ..., m, are known constants.

(a) Show that the model defines an exponential family with canonical parameter 6 =
log A.
(b) What is the canonical observation? Find its mean and variance.
(¢c) Find the MLE 8 of 6.
(d) What can we say about E[§]?
)

(e) Show that for any function 7': N — R we have that

T(XZ;X)

(f) Conclude that there cannot exist an unbiased estimator of 6.

Solution:

(a)

L(\x) = H e (Amy)" g

1

= exp {(log A) le — )\Zmi + x;logm; — Zlog(xi!)}
1 1 1 1

which is in canonical exponential form with § =log\, By (z) = > 7 z;

(b) The canonical (minimal) sufficient statistic is X (nX is fine as well). E[X] = \mn.

> 1 X is Poisson (A Y] m;) so Var(X) = Am/n.

(c) £(0) = const + 0> " a; — e SV my, 00/00 = S T xi — > my, so 0 = log|z/m),
provided z > 0. If z = 0 then A= 0, § = —co. Asn — oo the probability that

X = 0 tends to zero if A > 0.

(d) In fact, E[é\] does not even exist. This is because P(é\: —o0) = P(z=0)>0.
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(e) > X;~ Poi(A>_m;) Without loss of generality assume that Y m; = 1 to simplify

notations. So we want to prove that if X ~ Poi(\) under E, then

lim E\[T(X)] = T(0)

A—0

Observe that .
_ - A
E)\T] =T(0)e ™ +e AZT(!@)E.
k=1

Notice that if \; < Ay then for k > 1 we have A} < A% and thus we also have

A Y
T <IT(R)1F

TR) Sy < Tk

Now we need to assume that 7' is integrable at least for one A\g < 1 so that

- TR
e ZT < 00.

Therefore we have that for A < Ag

T(k)AF
k!

are dominated by the summable T'(k)\;/k!, and for each k > 1, T(k)A\*/k! — 0.

We apply the dominated convergence theorem to obtain that

: A
fm 3~ Th =0
k>1

and therefore, since e™ — 1 as A — 0, we also have that

Aee=A

A—0

k
lime ) T(k)% = lim > 7T'(k)
E>1 ) >1

Thus
EA[T] — T(0) as A — 0

(f) Notice that since § = log(\), we have that § — —oo as A\ — 0. Therefore if T is
any unbiased estimator, then for any K > 0 we can find € > 0 such that for A\ < e
E,[T] < =K. But T(0) > —oo and therefore we arrive at a contradiction.
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Section B

2. Let Xq,..., X, be arandom sample from the density
f(z:0) =e @ 2>0

(a) Show that the MLE 6 of 6 is the minimum of X1, ..., X,.
(b) Show that 6 is a sufficient for 6.

(c) Show that for all € > 0
Pyllf— 6] > ] < e,

deduce that 8 is consistent in probability and in quadratic mean, that is 9 — 0 in
probability and in L? (we say that X,, — X in L? if F[(X,,— X)?] — 0), but that it

is a biased estimator of § with E[f] = 6 + 1/n. Suggest an unbiased and consistent

estimator and find its variance.

Solution:

L(Q, X) =e ZEL zitnd H H[xi>9] = enee_ Zziﬂ[min xlzg]

i=1
Note that X; is just 8 plus a mean 1 exponential r.v.

(a) To maximize L(f, z) we need to look at the boundaries. Once we do that it is clear
that f = min; X; maximizes L(0,x).

(b)

L(@, X) = eneﬂmin(x )>0 X e_"i’

so it factorizes into fi(min(x;);0)h(z) and min(z;) is sufficient. The family is not

an exponential family

(c) Writing Z; = X; — 6, the Z; are iid Exp(1) r.v. Thus 0 = 0 4+ min Z;. Remember

that min;—; __, Z; is itself an Exp(n) r.v.

,,,,,

PO—0>e¢)=PminZ >e) =e ™, e>0

and

PH—6<—¢)=0

Hence for all e > 0
lm P[0 — 6] > ¢] =0
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and it is consistent in probability. We also have that
E[(0 — 0)*] = E[(min Z;)*] =2/n* = 0

as m — 00 so it is consistent in quadratic mean.

Finally
E[0]=0+1/n, V(§) =n"2

It is not unbiased . An unbiased estimator is § = 6 — 1 /m and its variance is the

same as that of 6.

3. Let X = (X3,...,X,) be an i.i.d. sample from a distribution with density

1
f(z;0) = 593$26_0$, x> 0.

(a) Rewrite the density in standard exponential form.

(b) Find a minimal sufficient statistic for 8, T'(X) . Find the expected value of the
statistic.

(¢) Find the maximum likelihood estimator for . Is it unbiased for 67

(d) Show that 6* = (2/n) Y., X; ' is an unbiased estimator of § and find its variance.

(e) Compute the Fisher information 1,(f) of the model and compare the variance of
0* with I,,(6).
[Hint: Recall: The Gamma density with parameters (o, () is %xa*16*5$. If
X ~T(ay,B),Y ~T'(az, p) and independent then X +Y ~ I'(ay1 + aq, 5). Mean of
[(a, B) is o/ B.]

Solution:

(a)

1 2
f(z;0) = 5939526799” = exp {—0z + 3log 0} %
is in the standard form with T'(z) = z, n(6) = 0, B(0) = 3logf and h(z) = z?/2.

It is clear that this is a strictly 1-parameter exponential family.

(b)
L(6;z) oc §3re 02 Hmf

By the factorization theorem (or by standard results about exponential family) z
is a minimal sufficient statistic for # . From the hint we can see that f(z;0) is a
['(3,60) family and therefore the mean is 3/6.
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(c) 1(0) = 3nlogh — 0> x; + const, I'(0) = 3n/0 — S z; s0 6 = 3/z.
Recall: The Gamma density with parameters («, ) is %xa_le_ﬂx. If X ~
I'(a1,5),Y ~ I'(ag, ) and independent then X + Y ~ I'(a; + az,3). Mean of
I(a, B) is /8.
Y1 X; has a Gamma distribution with density

03n
x3n—16—9$ T

T(3n) =0
SO
N [e%} 93n P p
E[0] = — " e
0] 3n/0 F(Bn)x e dx
3n _
_ 3. 0 .I‘(Sn 1)
I'(3n) g3n—1
B 3nb
 3n—1
Thus @ is a biased estimate of 6.
(d)
-1 001 3 —0x
E[X ] = / —0°ze ""dx
0o 2
1
= -0
2

so 0* = (2/n) Y7 X; ! is an unbiased estimate of §. Similarly, from the density,
one can show that Var(6*) = 6%/n.

(e) Fisher’s information is [,,(f) = —E[;—;é(@)] = 3n/0*. To find the variance we

compute

So Var(6%) = 62/n > 1,,(0) = 62/ (3n).
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4. Let X1,...,X, be a sample from N (u,0?).
(a) Show that the MLE of o2 is

(/7\2 = nfl (Xz — X)2
i=1
(b) Show that 52 has a smaller mean square error than

n

(n—1)"") (X — X)*.

=1

(¢) For which value of a is the MSE of

(n—i—a)_l (Xz —X)2

i=1
the smallest.

Hint: For (b) and (c) you will need to find Var(x2_,) which is a special case of the

variance of a gamma distribution.

Solution:

(a)

1
{(p,0%) = const — n log o? — 5 ZI:(IZ —p)?/o?
S0
ol n 1< 9
907 = 02 g1 2517 1) @
or 1

s (z; — ). (2)

Setting both equal to 0 we get that g = Z, uniformly in o2, so

i=1
Technically we should also do a second derivative test to verify it’s indeed a maxi-

mum. Recap from Part A Statistics

(n—1)5? oy
0_2 n—1
2
p_n—1 52 2
n n Xn—1
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X2 has a density
1 xr/2—1
(/227

which is a T'(r/2,1/2) density with mean 2 X r/2 = r and variance 4 x r/2 = 2r.

e 2 >z>0

E(5?) = ((n — 1)/n)o?, Bias(6?) = —0?/n, Var(c?) = (2(n — 1)/n?)o*. Thus

on — 1
MSE(5%) = Var(3?) + Bias(6%)? = ———o*
n
Let
S2=(n—1)" §n (Xi — X)? G~
- [ n— 1Xn717

=1

then [S?] = o2, so unbiased. Therefore the MSE is simply the variance and therefore

2(n — 1) 2 . 2m—1
MSE(S?) = t= * > MSE(6%) = —5—0o".
(5%) (n—1)20 0 > (%) poa
(c) Let
o =(n+ a) ! Z
i=1
A similar calculation to (b) shows that
MSE(c*?) = ¥+ (b—1)%) ot
@)= (2 0-12) 0
where b = (n —1)/(n + a). The MSE is minimal when
1
b= — ,ora=1
= +1
That is the minimal MSE solution is
w7 Y
i=1
Department of Statistics, University of Oxford Page 7 of 13

George Deligiannidis: deligian@stats.ox.ac.uk



SB2.1 Foundations of Statistical Inference: Sheet 1 (Tutors Only) — MT22

5. (a) Let Yi,...,Y, be a random sample from a Poisson distribution with parameter
A > 0. One observes only W; = 1y.~o. Compute the likelihood associated with the
sample (Wy,..., W,) and the MLE in A. Show that it is consistent in probability.

(b) Let Xji,...,X, be a random sample from a truncated Poisson distribution with
distribution
6—)\ T
flzA) = s r=1,2,....
For ¢ =1,...,n a random variable Z; is defined by

Show that Z is an unbiased estimator of A with efficiency (efficiency is the ratio of

the variance to the Cramer-Rao lower bound)

Solution:

(a) For the first part, the likelihood function is the folowing: let w = (wy,...,w,) be

the vector of observations and let S =) w;. Then
L w) = (1 —e?)5e 2= = (e — 1)

So that

and solving ¢/ = 0 gives us
N S
A= —log(l——).
og(l——)

Note that we have again the problem that A = 0o with positive probability.

Observe that the W; are iid Bernoulli variables with parameter p = 1 — e™*. The
MLE estimator for p is well known to be p = S/n. Notice that p = 1 — e (or
A = —log(1—p)). This is an example of the invariance of the MLE w.r.t. one-to-one

reparametrization.

Notice that p — log(1l — p) is uniformly continuous on [0,1 — 4] for any § > 0.
Suppose first that A < oo, or equivalently that p=1—e ™ < 1 — 6 for some § > 0.
Then there exists a K = K such that

| log(1 —p) —log(1 —p')| < Kslp—p/|, forall p,p’ €[0,1—4].
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Then we have for any € > 0

P[|log(1 — pn) —log(1 — p)| > €] < IP’[{\ log(1 = pn) —log(1 = p)| > €} N {|pn — p| < 5/2}]
+ Pllpn —pl > 6/2]
< IP’[ B — p| > €/Kspa| +0(1) = o(1)
by consistency of p,.

On the other hand if A = oo, then p = 1 we have that S/n = p = 1 = p with
probability 1. Therefore log(1 — p) = +00 = A with probability 1. Therefore we

have consistency.

(b) For the second part,

e—)\ /\x
The mean of Z is
e N\ e ¥ e
E[Z] = — = = Mer —1) =\
12 ;xl—e—’\x! 1—6—/\;@—1)! 1—e? (e )

Therefore Z = Y Z;/n is an unbiased estimator.

Now we want to compute the efficiency. For this we need the Fisher information

and the variance of the estimator. Here the estimator is Z and the model is the

sample (X71,...,X,). Thus the Fisher information is calculated w.r.t the law of
the vector (Xi,...,X,). The Fisher information is additive so that the Fisher
information of (X1,...,X,) is simply niy where i, is the Fisher information of a

singe X. The loglikelihood

I(A) = =X —log(l —e?) +zlog A\ — log z!

and
o _ 1 =z
ON l—e )\
0%l e A x

ON2 (1—e)2 A2

The Fisher information for one observation is (using E[X] = \/(1 —e™))

. 0?1
L (aT)

e n 1 A
(I—eM)?2  XN1l—e?

1 1 ] e
N 1= 1—e
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To obtain the variance consider

er N\ e A* A2
E[Z(Z -1 =) 2le =~ Dy S5 1 = T en L o~ T e

r>2 r>2
Then
Var(Z) = 5 g a1y 2
ar — — =
1—e 1—e
I have
9%l
o g (2t
? (aV)
B e A
o (1—e )2 " A2
1 1 ] e
N 1—eA 1 —e 2
Efficiency = [L\Var(Z)] -
re? )2
()
N 1—e?
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Section C

6. (a)

(optional bookwork) Let X be a discrete random variable with pmf f(x;60) with
parameter # € © and sample space X € y. Let T'(x) be a function of z. Suppose
f(x;0)/f(y; ) is not a function of # if and only if T'(z) = T'(y). Show that T'(x) is

minimal sufficient for 8.

Let N = N(0,S5] be the number of events in a Poisson arrival process of rate A
acting over time s in the interval 0 < s < §. Suppose we observe arrivals in the
process at times X7, Xo, ..., Xy, and wish to use these data to estimate A. Show
that N is minimal sufficient for A (assume the result in (a) holds for any sufficiently

regular family of probability distributions).

Solution:

(a)

Break the condition into two parts:
(*) T(x) =T(y) =t implies f(x;0)/f(y;0) is not a function of 6;
(**) f(x;0)/f(y;0) not a function of € implies T'(z) = T'(y) = t.

Let f(x;0) = g(z|t(z),0)h(t|0) (with no assumption of sufficiency) and suppose
T(x) =T(y) =t. If (*) holds then

f(@:0) _ g(alt,0)
fly;0)  g(ylt,0)

say, with ¢ independent of 6 (factors of h cancel). But then

> glalt.0) = g(lt.0) > clx,y)

x:T(x)=t x:T(z)=t

= c(z,y)

SO
-1

gylt.0) = | Y clx,y)
T (z)=t
which is independent of 6, so T is sufficient for 6 in f. If f(x;0)/f(y;0) does depend
on 6 when T'(x) = T(y) =t then ¢ depends on # and the same reasoning shows 7'
cannot be sufficient, so condition (*) is necessary for sufficiency. Let U(z) be some
sufficient statistic. We must show that 7" is a function of U, so T' is minimal. It
is enough to show that U(x) = U(y) implies T'(z) = T(y). But U(z) = U(y) = u
implies f(z;0)/f(y;0) is not a function of 6, and then (xx) implies T'(z) = T'(y),

so 1" is minimal sufficient.
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(b) The intervals of a Poisson arrival process of rate A are exponential so X; ~ Exp(\)
likelihood for ¢ = 1,2, ..., N. The probability that the final interval between time
Y = ZZN:1 X; and S has no event is the probability that an Exp(\) random variable
exceeds S — Y, that is, exp(—A(S — Y)). The likelihood for A given data X =

(21, ...x,) is therefore

L(;z) = [H)\exp(—)\xi)] exp(—A(S —Y))

= exp(—AS)\"

since (S —Y)+x,+ ...+ 2 =5 and so N is sufficient for A by the factorization
theorem (L = Ki(x,0)Ks(x) with K;(z,0) = L and Ky = 1). It is minimal
sufficient by part (a) since, if z = (x1,...z,) and y = y1, ..., Y, then L(xz; X)/L(y; \)

is independent of A if and only if n = m.

7. A random sample X1,..., X, is taken from the Weibull distribution
B
%xﬁ_lexp{— <E> }, z>0,aa>0,8>0.
o Q

(a) Assuming that [ is known, find a sufficient statistic for a.

(b) Suppose now that a is known. Show that the order statistics X(y,..., X is

sufficient statistic for 5, but that no one-dimensional statistic can be sufficient.

(c) Does the Weibull distribution belong to a 2-parameter exponential family?

Solution: . .
L(0;x) = a P exp{—a~" Z 2P} x pn fofl.
1 1

Assuming [ is a known constant, this is exponential form in the natural parameter
—a~P. The natural observation T'(z) = n~' 3.7 2 is thus a (minimal) sufficient statis-

tic for a if £ is known.

We suppose now that « is known. Observe that the order statistic is always sufficient
when the observation is an i.i.d. sample (the order in which the observations arrive

contains no information).

Notice that a statistic 7' is minimal sufficient if and only if T'(x) = T'(y) is equivalent
to f(x;0)/f(y;0) being independent of #. In the case of the Weibull distribution, say
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with o known, and n i.i.d. observations, the log-likelihood ratio takes the form

f(‘r17"'7xn;ﬁ>
f(ylv-“uyn;B)

= (31 Y tostr) = 30 (5) 3 - 0 X tostv) + 30 (%)

and this should be independent of 5. For 8 =1 the above implies that > x; = > v;.

F(x,y;3) = log

In addition all the derivatives of the above expression w.r.t. § must vanish. Writing

w; = log(x;/a), z; = log(y;/P) we have for p > 2

— D Bw; P.Bzi _
gt () = = d_wbe™ + 3 sl =0
for all # > 0. Letting 5 — 0 we obtain then that

D __ p
E :wz_§ Ziv

and therefore all moments of the empirical measures

n n
§ 5102'7 E 5Z¢7
=1 =1

are the same and we can conclude that

{z1,.. 2y ={y1, -, Un}-

Therefore f(x;3)/f(y; ) being independent of § is equivalent to & being equal to y
up to permutation. Therefore the order statistic is minimal sufficient; in particular as
n grows so does the dimension of any sufficient statistic. A 2-parameter exponential
family admits a 2-dimensional sufficient statistic independent of the size of the sample

(see Corollary 2.3 and the remark thereafter), thus giving us a contradiction.
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