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Abstract

This thesis consists of five chapters, and focuses on two mainproblems: the graph
realization problem with its applications to localizationof sensor network and structural
biology, and the low-rank matrix completion problem. Chapter 1 is a brief introduction to
rigidity theory and supplies the background needed for the subsequent chapters. Chapter
2 introduces the graph realization problem in dimension two, and its application to sensor
network localization. Chapter 3 considers the three dimensional graph realization problem
and its application to the molecule problem from structuralbiology. Chapter 4 focuses on
the group synchronization problem, and provides a more in-depth analysis of the synchro-
nization methods used in our algorithms for the graph realization problem inR2 andR3.
Finally, Chapter 5 investigates the problem of uniqueness of low-rank matrix completion,
building on tools from rigidity theory.

Rigidity theory tries to answer if a given partial set of distancesdij = ‖pi−pj‖ between
n points inRd uniquely determines the coordinates of the pointsp1, . . . , pn up to rigid trans-
formations (translations, rotations, reflections). Chapter 1 is a self contained but extremely
selective and incomplete collection of basic definitions and results from the rigidity theory
literature.

The graph realization problem has received a great deal of attention in recent years, due
to its importance in applications such as wireless sensor networks and structural biology. In
Chapter 2, we present a new approach to localization of sensors from noisy measurements
of a subset of their Euclidean distances. Our algorithm starts by finding, embedding and
aligning uniquely realizable subsets of neighboring sensors called patches. In the noise-
free case, each patch agrees with its global positioning up to an unknown rigid motion
of translation, rotation and possibly reflection. The reflections and rotations are estimated
using the recently developed eigenvector synchronizationalgorithm, while the translations
are estimated by solving an overdetermined linear system. The algorithm is scalable as the
number of nodes increases, and can be implemented in a distributed fashion. Extensive nu-
merical experiments show that it compares favorably to other existing algorithms in terms
of robustness to noise, sparse connectivity and running time.

In Chapter 3, we extend on previous work and propose the 3D-ASAP algorithm, for the
graph realization problem inR3, given a sparse and noisy set of distance measurements.
3D-ASAP is a divide and conquer, non-incremental and non-iterative algorithm, which
integrates local distance information into a global structure determination. Our approach
starts with identifying, for every node, a subgraph of its 1-hop neighborhood graph, which
can be accurately embedded in its own coordinate system. In the noise-free case, the com-
puted coordinates of the sensors in each patch must agree with their global positioning up
to some unknown rigid motion, that is, up to translation, rotation and possibly reflection. In
other words, to every patch there corresponds an element of the Euclidean group Euc(3) of
rigid transformations inR3, and the goal is to estimate the group elements that will prop-
erly align all the patches in a globally consistent way. Furthermore, 3D-ASAP successfully
incorporates information specific to the molecule problem in structural biology, in particu-
lar information on known substructures and their orientation. In addition, we also propose
3D-SP-ASAP, a faster version of 3D-ASAP, which uses a spectral partitioning algorithm
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as a preprocessing step for dividing the initial graph into smaller subgraphs. Our extensive
numerical simulations show that 3D-ASAP and 3D-SP-ASAP arevery robust to high levels
of noise in the measured distances and to sparse connectivity in the measurement graph,
and compare favorably to similar state-of-the art localization algorithms.

Chapter 4 is a self contained analysis of the group synchronization problem and its vari-
ations. Finding group elements from noisy measurements of their ratios is also known as
the synchronization problem. The eigenvector method was originally introduced for solv-
ing the synchronization problem over the group SO(2) of planar rotations, which is one of
the building blocks for our ASAP algorithms. In this chapterwe motivate the robustness to
noise of the eigenvector synchronization method for the groupsZ2 and SO(2) using tools
from spectral graph theory. In the case of synchronization over SO(3) we show that, in the
noise free case, the top three eigenvectors of the incomplete matrix of pairwise group mea-
surements perfectly recover the unknown group elements. Inaddition, we give an analysis
of different approaches to the synchronization problem over Z2 with anchor information,
which is useful for incorporating molecular fragment information into the molecule prob-
lem.

Finally, Chapter 5 investigates the problem of uniqueness of low-rank matrix comple-
tion. This problem, of completing a low-rank matrix from a subset of its entries, is often
encountered in the analysis of incomplete data sets exhibiting an underlying factor model
with applications in collaborative filtering, computer vision and control. Most recent work
had been focused on constructing efficient algorithms for exact or approximate recovery of
the missing matrix entries and proving lower bounds for the number of known entries that
guarantee a successful recovery with high probability. A related problem from both the
mathematical and algorithmic point of view is the distance geometry problem of realizing
points in a Euclidean space from a given subset of their pairwise distances. Rigidity theory
answers basic questions regarding the uniqueness of the realization satisfying a given par-
tial set of distances. We observe that basic ideas and tools of rigidity theory can be adapted
to determine uniqueness of low-rank matrix completion, where inner products play the role
that distances play in rigidity theory. This observation leads to efficient randomized algo-
rithms for testing necessary and sufficient conditions for local completion and for testing
sufficient conditions for global completion. Crucial to ouranalysis is a new matrix, which
we call thecompletion matrix, that serves as the analogue of the rigidity matrix.
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Chapter 1

Rigidity theory: basic definitions and

results

Rigidity theory tries to answer if a given partial set of distancesdij = ||pi − pj || between
n points inRd uniquely determines the coordinates of the pointsp1, . . . , pn up to rigid
transformations (translations, rotations, reflections).This section is a self contained but
extremely selective and incomplete collection of basic definitions and results in rigidity
theory from the literature (e.g., [28, 44, 55, 83, and references therein]). Readers who are
unfamiliar with rigidity theory may wish to skip this section at first reading and use it as a
glossary.

A bar and joint frameworkinRd is an undirected graphG = (V,E) (|V | = n, |E| = m)
and aconfigurationp which assigns a pointpi in Rd to each vertexi of the graph. The
edges of the graph correspond to distance constraints, thatis, (i, j) ∈ E iff there is a bar
of lengthdij betweenpi andpj. Consider a motion of the configuration withpi(t) being
the displacement vector of vertexi at time t. Any smooth motion that instantaneously
preserves the distancedij must satisfyd

dt
‖pi − pj‖2 = 0 for all (i, j) ∈ E. Denoting the

instantaneous velocity of thei-th point byṗi, it follows that

(pi − pj)
T (ṗi − ṗj) = 0, for all (i, j) ∈ E. (1.1)

Given a frameworkG(p) in Rd, a solutionṗ = [ṗT1 ṗT2 · · · ṗTn ]T with ṗi in Rd to the system
of linear equations (1.1) is called aninfinitesimal motion. This linear system consisting of
m equations indn unknowns can be brought together asRG(p)ṗ = 0, whereRG(p) is the
so calledm× dn rigidity matrix.

Note that for every skew-symmetricd × d matrix A (with AT = −A) and for every
b ∈ Rd we have thaṫpi = Api + b is an infinitesimal motion, whereA accounts for some
orthogonal transformation andb accounts for some translation. Such infinitesimal motions
are calledtrivial because they are the derivative of rigid transformations. Aframework
G(p) is infinitesimally rigidif all infinitesimal motions are trivial, andinfinitesimally flexi-
bleotherwise. Observe that the trivial infinitesimal motions span ad(d+1)/2 dimensional
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subspace ofRdn, combining thed degrees of freedom of translations with thed(d−1)/2 de-
grees of freedom of orthogonal transformations. Therefore, the dimensionality of the null
space of the rigidity matrix of a given framework determinesif it is infinitesimally rigid
or infinitesimally flexible: ifdimnull(RG(p)) > d(d + 1)/2 thenG(p) is infinitesimally
flexible, otherwisedim null(RG(p)) = d(d+ 1)/2 andG(p) is infinitesimally rigid.

1.1 Local rigidity

A frameworkG(p) is said to belocally rigid if there exists a neighborhoodU of G(p)
such thatG(p) is the only framework inU with the same set of edge lengths, up to rigid
transformations. In other words, there is no continuous deformation that preserves the edge
lengths.

A configuration isgenericif the coordinates do not satisfy any non-zero polynomial
equation with integer coefficients (or equivalently algebraic coefficients). Generic config-
urations are not an open set of configurations inRdn, but they do form a dense set of full
measure.

The following rigidity predictor was introduced by Gluck [42] and extensively used in
Asimow and Roth [5]:

Theorem 1.1.1(Gluck [42], Asimow and Roth [5]). If a generic frameworkG(p) of a

graphG with d + 1 or more vertices is locally rigid inRd, then it is infinitesimally rigid;

otherwisedim null(RG(p)) > d(d+ 1)/2.

Since the dimension of the null space of the rigidity matrix is the same at every generic
point, local rigidity inRd is a generic property. That is, either all generic frameworks of the
graphG are locally rigid, or none of them are. This is a condition forgeneric local rigidity
in Rd which can be considered as a property of the graphG.

Hendrickson [55] observed that generic local rigidity can therefore be tested efficiently
in any dimension using a randomized algorithm: simply randomize the displacement vec-
tors p1, . . . , pn while ignoring the specific distance constraints that they have to satisfy,
construct the rigidity matrix corresponding to the framework of the original graph with
the randomized points and check its rank. With probability one, the rank of the rigidity
matrix that corresponds to the unknown true displacement vectors equals the rank of the
randomized rigidity matrix. A similar randomized algorithm for generic local rigidity was
described in [44, Algorithm 3.2].

Since generic local rigidity is a combinatorial property ofthe graph, it is natural to
search for a combinatorial characterization of such graphs. Such a combinatorial charac-
terization exists for rigidity in the plane (d = 2). The total number of degrees of freedom
for n points in the plane is2n. How many distance constraints are necessary to limit a
framework to having only the trivial motions? Or equivalently, how many edges are neces-
sary for a graph to be rigid? Each edge can remove a single degree of freedom. Rotations
and translations will always be possible, so at least2n− 3 edges are necessary for a graph
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to be rigid. For example, a graph withn = 3 and|E| = 2n − 3 = 3 edges is the triangle
which is rigid. Similarly, a graph withn = 4 and|E| = 2n− 3 = 5 is K4 minus one edge
which is also locally rigid. However, the graph onn = 5 vertices consisting ofK4 plus one
dangling node has2n− 3 = 7 edges but it is not rigid. Such edge counting considerations
had already been made by Maxwell [75] in the 19th century. Laman [72] was the first to
prove the precise combinatorial characterization of rigidframeworks in the plane:

A framework isminimally rigid, if it is infinitesimally flexible once an edge is removed.
A framework isredundantly rigid, or equivalentlyedge-2-rigidif it is infinitesimally rigid
upon the removal of any single edge.

Theorem 1.1.2(Laman [72]). A graph withn vertices is generically minimally rigid in 2D

if and only if it has2n − 3 edges and no subgraph ofn′ vertices has more than2n′ − 3

edges. A graph is generically rigid if it contains a Laman graph withn vertices.

In other words, Laman condition for minimally rigid graphs says that the graph needs
to have at least2n− 3 “well-distributed” edges. Generic rigidity is a property of the graph
connectivity, not the geometry. Thepebble gamealgorithm of Hendrickson and Jacobs
[63] applies Laman’s theorem to determine generic local rigidity of a given graph in at
mostO(n2) steps. Laman graphs (i.e., generic minimally rigid graphs)are an instance of
tight sparse graphs. A graph withn vertices andm edges is said to be(k, l)-sparseif every
subset ofn′ ≤ n vertices spans at mostkn′−l edges. If, furthermore,m = kn−l, the graph
is calledtight (see, e.g, [73]). Thus the(2, 3)-sparse tight graphs are the Laman graphs.
Unfortunately, an exact combinatorial characterization of locally generic rigid graphs is
currently not available in higher dimensions (d ≥ 3). The “edge-counting” condition is
necessary but not sufficient.

1.2 Global rigidity

Local generic rigidity does not imply unique realization ofthe framework. For example,
consider the2D-rigid graph withn = 4 vertices andm = 5 edges consisting of two
triangles that can be folded with respect to their joint edge. A frameworkG(p) is globally
rigid in R

d if all frameworksG(q) in R
d which areG(p)-equivalent (have all bars the same

length asG(p)) are congruent toG(p) (that is, they are related by a rigid transformation).
Hendrickson proved two key necessary conditions for globalrigidity of a framework at

a generic configuration:

Theorem 1.2.1(Hendrickson [55]). If a frameworkG(p), other than a simplex, is globally

rigid for a generic configurationp in Rd then:

• The graphG is vertex(d+ 1)-connected;
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• The frameworkG(p) is edge-2-rigid (or, redundantly rigid), in the sense that remov-

ing any one edge leaves a graph which is infinitesimally rigid.

A graphG is generically globally rigidin Rd if G(p) is globally rigid at all generic
configurationsp [26, 27]. Only recently it was demonstrated that global rigidity is a generic
property in this sense for graphs in each dimension [27, 44].The conditions of Hendrickson
as stated in Theorem 1.2.1 are necessary for generic global rigidity. They are also sufficient
on the line, and in the plane [60]. However, by a result of Connelly [26], K5,5 in 3-space is
generically edge-2-rigid and 5-connected but is not generically globally rigid.

The critical technique used for proving global rigidity of frameworks uses stress matri-
ces. Astressis an assignment of scalarswij to the edges such that for eachi ∈ V

∑

j: (i,j)∈E

ωij(pi − pj) = 0. (1.2)

Alternatively, a stress is a vectorw in the left null space of the rigidity matrix:RG(p)
Tw =

0. A stress vector can be rearranged into ann×n symmetric matrixΩ, known as thestress
matrix, such that fori 6= j, the(i, j) entry ofΩ is Ωij = −ωij , and the diagonal entries for
(i, i) areΩii =

∑
j: j 6=i ωij. Note that all row and column sums are now zero from which

it follows that the all-ones vector(1 1 · · · 1)T is in the null space ofΩ as well as each
of the coordinate vectors of the configurationp. Therefore, for generic configurations the
rank of the stress matrix is at mostn − (d + 1). The key connection for global rigidity is
the following pair of results:

Theorem 1.2.2(Connelly [27]). If p is a generic configuration inRd, such that there is a

stress, where the rank of the associated stress matrixΩ isn− (d+1), thenG(p) is globally

rigid in R
d.

Theorem 1.2.3(Gortler, Healy, and Thurston [44]). Suppose thatp is a generic configura-

tion in Rd, such thatG(p) is globally rigid inRd. Then eitherG(p) is a simplex or there is

a stress where the rank of the associated stress matrixΩ is n− (d+ 1).

Based on their theorem, Gortler, Healy and Thurston also provided a randomized poly-
nomial algorithm for checking generic global rigidity of a graph [44, Algorithm 3.3]. If
the graph is generically locally rigid then their algorithmpicks a random stress vector of
the left null space of the rigidity matrix, converts it into astress matrix and computes the
rank of the stress matrix which is compared withn − (d + 1) to determine generic global
rigidity.

Rigidity properties of random Erdős-RényiG(n, β) graphs, where each edge is chosen
with probabilityβ have been recently analyzed for the two dimensional case:

Theorem 1.2.4(Jackson, Servatius, and Servatius [61]). Let G = G(n, β), whereβ =

(log n+ k log log n+ w(n))/n, andlimn→∞w(n) = +∞.
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• If k = 2 then G is asymptotically almost surely (a.a.s) genericallylocally rigid.

• If k = 3 then G is a.a.s. generically globally rigid.

The bounds onβ given in Theorem 1.2.4 are best possible in the sense that ifG =
G(n, β) andβ = (logn+ k log log n+ c)/n for any constantc, thenG does not a.a.s. have
minimum degree at leastk. The emergence of large rigid components was also studied by
Theran in [100].

Coning is a method for preserving global rigidity between dimensions. The process of
coning a graphG adds a new vertexv, and adds edges fromv to all original vertices inG,
creating the cone graphG ∗ v. A recent result of [28] states the following:

Theorem 1.2.5(Connelly [28]). A graphG is generically globally rigid inRd if and only

if the cone graphG ∗ v is generically globally rigid inRd+1.

This result allows us to reduce the notion of global rigidityin R3 to global rigidity in
R2, after removing the center node, and is crucial to our 2D-ASAP algorithm as detailed in
Section 2.4.

1.3 Unique Localizability and Universal Rigidity

We start with some more notation needed for this section and the following chapters. We
consider a sensor network inRD with k anchors denoted byA, andn sensors denoted by
S. An anchor is a node whose locationai ∈ Rd is readily available,i = 1, . . . , k, and a
sensor is a node whose locationxj is to be determined,j = 1, . . . , n.

We denote bydij the Euclidean distance between a pair of nodes,(i, j) ∈ A∪S. In most
applications, not all pairwise distance measurements are available, therefore we denote by
E(S,S) andE(S,A) the set of edges denoting the measured sensor-sensor and sensor-
anchor distances. We represent the available distance measurements in an undirected graph
G = (V,E) with vertex setV = S ∪A of size|V | = n+ k, and edge set of size|E| = m.
An edge of the graph corresponds to a distance constraint, that is(i, j) ∈ E iff the distance
between nodesi andj is available and equalsdij = dji, wherei, j ∈ A ∪ S. We denote
the partial distance measurements matrix byD = {dij : (i, j) ∈ E(S,S) ∪ E(S,A)}. A
solutionx together with the anchor seta comprise alocalizationor realizationp = (x, a)
of G. As defined at the beginning of this chapter, aframeworkin Rd is the ensemble(G, p),
i.e., the graphG together with the realizationp which assigns a pointpi in Rd to each vertex
i of the graph.

Given a partial set of noiseless distances and the anchor seta, the graph realization
problem can be formulated as the following system

‖xi − xj‖22 = d2ij for (i, j) ∈ E(S,S)
‖ai − xj‖22 = d2ij for (i, j) ∈ E(S,A)

xi ∈ R
d for i = 1, . . . , n (1.3)
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Unless the above system has enough constraints (i.e., the graphG has sufficiently many
edges), thenG is not globally rigid and there could be multiple solutions.However, if the
graphG is known to be (generically) globally rigid inR3, and there are at least four anchors
(i.e., k ≥ 4), andG admits a generic realization1, then (3.16) admits a unique solution.
Due to recent results on the characterization of generic global rigidity, there now exists a
randomized efficient algorithm that verifies if a given graphis generically globally rigid in
Rd [45]. However, this efficient algorithm does not translate into an efficient method for
actually computing a realization ofG. Knowing that a graph is generically globally rigid in
Rd still leaves the graph realization problem intractable, asshown in [7]. Motivated by this
gap between deciding if a graph is generically globally rigid and computing its realization
(if it exists), So and Ye introduced the following notion of uniqued-localizability [96]. An
instance(G, p) of the graph localization problem is said to beuniquely d-localizableif

1. the system (3.16) has a unique solutionx̃ = (x̃1; . . . ; x̃n) ∈ Rnd, and

2. for anyl > d, x̃ = ((x̃1; 0), . . . , (x̃n; 0)) ∈ Rnl is the unique solution to the following
system:

‖xi − xj‖22 = d2ij for (i, j) ∈ E(S,S)
‖(ai; 0)− xj‖22 = d2ij for (i, j) ∈ E(S,A) (1.4)

xi ∈ R
l for i = 1, . . . , n

where(v; 0) denotes the concatenation of a vectorv of sized with the all-zeros vector0 of
sizel − d. The second condition states that the problem cannot have a non-trivial localiza-
tion in some higher dimensional spaceRl (i.e, a localization different from the one obtained
by settingxj = (x̃j ; 0) for j = 1, . . . , n), where anchor points are trivially augmented to
(ai; 0), for i = 1, . . . , k. A crucial observation should now be made: unlike global rigidity,
which is a generic property of the graphG, the notion ofunique localizabilitydepends
not only on the underlying graphG but also on the particular realizationp, i.e., it depends
on the framework(G, p). In Section 3.5.2 we introduce the notion of a weakly uniquely
localizable graph, essential for the preprocessing step ofthe 3D-ASAP algorithm.

To establish a precise connection between the notion of unique localizability and the
framework of rigidity theory, Zhu et al. introduce in [114] the rigidity theoretic notion of
universal rigidity, whose definition is as follows. Letd, n ≥ 1 be integers. LetG = (V,E)
be a graph onn nodes, and letp = (p1, . . . , pn) ∈ Rdn be its realization inRd. We say that
(G, p) is universally rigid in Rd if for any realizationq = (q1, . . . , qn) ∈ Rhn of G in Rh

(whereh ≥ 1 is arbitrary), we have:

[||pi − pj ||2 = ||qi − qj ||2for(i, j) ∈ E] =⇒ [||pi − pj ||2 = ||qi − qj ||2for1 ≤ i < j ≤ n]

In other words,p is the unique (up to congruence) realization ofG in any Euclidean space.
Furthermore, if(G, p) is universally rigid inRd for all generic realizationsp ∈ Rdn, then
we say that the graphG is generically universally rigidin R

d. Note that the notion of

1A realization isgenericif the coordinates do not satisfy any non-zero polynomial equation with integer
coefficients.
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global rigidity defined in Section 1.2 is less restrictive than that of universal rigidity, since
the former only requires thatp is the unique (up to congruence) realization ofG in Rd.

The following theorem of Zhu et al. establishes the equivalence conditions between
the notions of universal rigidity and uniqued-localizability [114]. We denote byD the set
of all available sensor-sensorE(S,S) and sensor-anchor distancesE(S,A). Recall thata
denotes the (known) location of all anchors,S the set of all sensors (|S| = n),A the set of
all anchors (|A| = k), and we letN = n+ k.

Theorem 1.3.1.Suppose that(G,D, a, d) is a uniquelyd-localizable instance of the graph

realization problem, withp = (x, a) ∈ R
d(n+k) being its unique localization inRl for all

l ≥ d. Then(G, p) is universally rigid inRd. Conversely, letG = (V,E) be a graph

with N ≥ d + 1 nodes, and letp ∈ RdN be a realization of G inRd. Suppose that(G, p)

is universally rigid inRd. Then, whenever the number of anchorsk ≥ d + 1 and there

existd + 1 affinely independent vectors in the family{pi}i∈A, the instance(G,D, pA, d) is

uniquely d-localizable, wherepA = (pi)i∈A.

The above result combined with Theorem 3.5.2 that appears ina later chapter, have
important algorithmic consequences as they allow one to test efficiently whether a frame-
work (G, p) is universally rigid inRd using SDP. In particular, if(G, p) is universally rigid
in Rd, then the unique realizationp can also be found efficiently by the same SDP for-
mulation. This highly contrasts with the results for globalrigidity, since it is NP-hard to
check whether(G, p) is globally rigid inRd, and there is currently no efficient algorithm
for finding the unique realizationp of a globally rigid framework(G, p).
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Chapter 2

Graph realization in R
2 and localization

of sensor networks

2.1 Introduction

Consider a graphG = (V,E) consisting of a set of|V | = n nodes and|E| = m edges,
together with a distance measurement associated with each edge. The graph realization
problem is to assign to each vertex coordinates inRd so that the Euclidean distance between
any two neighboring nodes matches the distance associated to that edge. In other words,
for any edge(i, j) ∈ E we are given the distancedij = dji between nodesi andj, and
the goal is to find ad-dimensional embeddingp1, p2, . . . , pn ∈ Rd such that‖pi − pj‖ =
dij, for all (i, j) ∈ E.

Due to its practical significance, the graph realization problem has attracted a lot of
attention in recent years, across many communities. The problem and its variants come
up naturally in a variety of settings such as wireless sensornetworks [13, 104], structural
biology [56], dimensionality reduction, Euclidean ball packing and multidimensional scal-
ing (MDS) [30]. In such real world applications, the given distancesdij between adjacent
nodes are not accurate,dij = ‖pi − pj‖+ εij whereεij represents the added noise, and the
goal is to find an embedding that realizes all known distancesdij as best as possible.

When alln(n − 1)/2 pairwise distances are known, ad-dimensional embedding of
the complete graph can be computed using classical MDS. However, when many of the
distance constraints are missing, the problem becomes significantly more challenging be-
cause the rank-d constraint on the solution is not convex. Applying a rigid transformation
(composition of rotation, translation and possibly reflection) to a graph realization results
in another graph realization, because rigid transformations preserve distances. Whenever
an embedding exists, it is unique (up to rigid transformations) only if there are enough
distance constraints, in which case the graph is said to be globally rigid or uniquely real-

8



izable (see, e.g., [55]). The graph realization problem is known to be difficult; Saxe has
shown it is strongly NP-complete in one dimension, and strongly NP-hard for higher di-
mensions [86, 112]. Despite its difficulty, the graph realization problem has received a great
deal of attention in the networking and distributed computation communities, and numer-
ous heuristic algorithms exist that approximate its solution. In the context of sensor net-
works [65, 7, 6, 2], there are many algorithms that solve the graph realization problem, and
they include methods such as global optimization [19], semidefinite programming (SDP)
[17, 13, 14, 95, 96, 114] and local to global approaches [77, 89, 71, 91, 113].

In this chapter, we focus on the problem of localization of sensor networks in the plane
(R2), although the approach is applicable to higher dimensionsd > 2 as well. In the next
chapter we consider the three dimensional version of this problem, and its application to a
problem from structural biology. From here onwards we will refer to the two dimensional
graph realization problem as thesensor network localizationproblem, or simply theSNL
problem. Sensor networks are a collection of autonomous miniature devices distributed
over a geographical area that cooperate to monitor various physical or environmental con-
ditions. Each sensor is capable of limited computing power and wireless communication
capabilities. While the initial development was motivatedmainly by military applications,
the current range of applications of sensor networks includes video surveillance, medical
devices, monitoring of weather conditions and traffic control [104]. Since each sensor typi-
cally communicates with a small number of dynamic neighboring nodes, information flows
through the network by means of ad-hoc routing algorithms. Traditional routing algorithms
were based only on the connectivity of the measurement graph, but location-aware sensors
lead to more efficient geographic routing. Such algorithms for geographically informed
routing assume that nodes are located at precise coordinatelocations or that the sensors are
equipped with a GPS or similar localization systems. However, for certain applications,
GPS devices may be too expensive, have high power consumptions, or may not be avail-
able as in indoors applications. Sensors that are aware of their location are often referred to
as anchors, and anchor-based algorithms make use of their existence when computing the
coordinates of the remaining sensors. Since in some applications the presence of anchors
is not a realistic assumption, it is important to have efficient and robust to noise anchor-free
algorithms, that can also incorporate the location of anchors if provided.

A popular model for the SNL problem is that of a disc graph model, where two sensors
communicate with each other if and only if they are within sensing radiusρ of each other,
i.e., (i, j) ∈ E ⇐⇒ dij ≤ ρ. The SNL problem is NP-hard also under the disc graph
model [6]. Measuring inter-sensor distances is usually achieved by either Received Signal
Strength Indicator (RSSI), where the strength of the signaldecays with the increase of the
distance, or the Time of Arrival (ToA) technique that uses the difference in the arrival times
of the radio signal. Figure 3.1 shows an example of a measurement graph for a dataset of
n = 1090 cities in the United States, with sensing radiusρ = 0.032, for which each node
knows, on average, the distance to itsdeg = 19 closest neighbors.

Solutions to the SNL problem are often measured by three criteria: (1) sensitivity to
noise in the distance measurements and sparse connectivity; (2) scalability to large net-
works; and (3) the property of being fully distributable. The third criterion means that local
computations at each sensor should be based only on information available at that sensor
and its neighbors. Most of the SNL algorithms, while allowing for distributable implemen-
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Figure 2.1: Original US map withn = 1090 cities (left) and the measurement graph with
sensing radiusρ = 0.032 (right).

tations, are sensitive to noise and do not scale well as the size of the network increases.

Figure 2.2: The 2D-ASAP recovery process for a patch in the UScities graph. The right-
most subgraph is the embedding of the patch in its own local frame, using a localization al-
gorithm, such as stress minimization or SDP. To every patch,like the one shown here, there
corresponds an elements of Euc(2) that we try to estimate. Using the pair alignments, in
Step 1 we estimate the reflection from an eigenvector synchronization computation overZ2,
in Step 2 we estimate the rotation angle by the same eigenvector synchronization method
applied to SO(2), while in Step 3 we find the estimated coordinates by solving an overde-
termined system of linear equations.

The algorithm we are about to describe belongs to the group ofalgorithms that inte-
grate local distance information into a global structure determination. Our approach starts
with identifying, for every sensor, globally rigid subgraphs of its1-hop neighborhood that
we call patches. Each patch is then separately localized in acoordinate system of its own
using either the stress minimization approach of [46] or by SDP. In the noise-free case, the
computed coordinates of the sensors in each patch must agreewith their global positioning
up to some unknown rigid motion, that is, up to translation, rotation and possibly reflec-
tion. To every patch there corresponds an element of the Euclidean group Euc(2) of rigid
transformations in the plane, and the goal is to estimate thegroup elements that will prop-
erly align all the patches in a globally consistent way. By finding the optimal alignment
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of all pairs of patches whose intersection is large enough, we obtain measurements for the
ratios of the unknown group elements. Finding group elements from noisy measurements
of their ratios is also known as the synchronization problem[66, 41]. For example, the
synchronization of clocks in a distributed network from noisy measurements of their time
offsets is a particular example of synchronization overR. [92] introduced an eigenvector
method for solving the synchronization problem over the group SO(2) of planar rotations.
This algorithm will serve as the basic building block for ourSNL algorithm. Namely, we
reduce the SNL problem to three consecutive synchronization problems that overall solve
the synchronization problem over Euc(2). Intuitively, we use the eigenvector method for
the compact part of the group (reflections and rotations), and use the least-squares method
for the non-compact part (translations). In the first step, we solve a synchronization prob-
lem overZ2 for the possible reflections of the patches using the eigenvector method. In the
second step, we solve a synchronization problem over SO(2) for the rotations also using
the eigenvector method. And, in the third step, we solve a synchronization problem over
R2 for the translations by solving an overdetermined linear system of equations using the
method of least squares. This solution yields the estimatedcoordinates of all the sensors up
to a global rigid transformation. Figure 3.2 shows a schematic overview of our algorithm,
which we call 2D-As-Synchronized-As-Possible (2D-ASAP).

From the computational point of view, all steps of the algorithm can be implemented in
a distributed fashion and scale linearly in the size of the network, except for the eigenvector
computation, which is nearly-linear1. We give a complexity analysis of the 2D-ASAP algo-
rithm in Section 2.6, and demonstrate its scalability by localizing a network with 100,000
nodes. We conducted numerous numerical experiments that demonstrate the robustness of
our algorithm to noise and to sparse connectivity of the measurement graph.

Our work in this chapter is organized as follows:

1. Section 2.2 contains a survey of existing methods for solving the SNL problem, al-
though some of these methods also apply to the graph realization problem in dimen-
sionsd > 2.

2. Section 2.3 gives an overview of the 2D-ASAP algorithm we propose.

3. In Section 2.4, we explain the procedure for breaking up the initial large network into
many smaller globally rigid subgraphs.

4. In Section 2.5, we describe several methods for aligning pairs of overlapping patches
that have enough nodes in common.

5. Section 2.6 is a complexity analysis of each step of 2D-ASAP, and shows that the
algorithm scales almost linearly in the size of the network.

6. In Section 2.7, we detail the results of numerical simulations in which we tested the
performance of our algorithm in comparison to existing state-of-the-art algorithms.

7. Finally, Section 2.8 is a summary and a discussion of possible extensions of the
algorithm and its usefulness in other applications.

1Every iteration of the power method is linear in the number ofedges of the graph, but the number of
iterations is greater thanO(1) as it depends on the spectral gap.
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2.2 Related work

An approximate solution to the SNL problem is a two-dimensional embeddingp1, . . . , pn ∈
R2 that realizes all measured distancesdij, (i, j) ∈ E as best as possible. A popular ap-
proach to solving the SNL problem is based on SDP, and has attracted considerable atten-
tion in recent years [17, 12, 13, 14, 114]. One possible way ofsolving the SNL problem is
to find the embeddingp1, ..., pn that minimizes the following error function

min
p1,...,pn∈R2

∑

(i,j)∈E

(
‖pi − pj‖2 − d2ij

)2
. (2.1)

While the above objective function is not convex over the constraint set, it can be relaxed
into an SDP [13]. Although SDP can be generally solved (up to agiven accuracy) in poly-
nomial time, it was pointed out in [14] that the objective function (2.1) leads to a rather
expensive SDP, because it involves fourth order polynomials of the coordinates. Addition-
ally, this approach is rather sensitive to noise, because large errors are amplified by the
objective function in (2.1), compared to the objective functions in (2.2) and (2.3) that are
discussed below.

Instead of using the objective function in (2.1), [14] consider the SDP relaxation of the
following penalty function

min
p1,...,pn∈R2

∑

(i,j)∈E

∣∣‖ pi − pj ‖2 −d2ij
∣∣ . (2.2)

In fact, they also allow for possible non-equal weighting ofthe summands in (2.2) and
for possible anchor points. The SDP relaxation of (2.2) is faster to solve than the relax-
ation of (2.1) and it is usually more robust to noise. Constraining the solution to be in
R2 is non-convex, and its relaxation by the SDP often leads to solutions that belong to a
higher dimensional Euclidean space that are projected to the plane. This projection often
results in large errors for the estimation of the coordinates. A regularization term for the
objective function of the SDP was suggested in [14] to assistit in finding solutions of lower
dimensionality and preventing nodes from crowding together towards the center of the con-
figuration. To improve the overall localization result, theSDP solution is used as a starting
point for a gradient-descent method. The gradient descent method generally fails to com-
pute the global optimal solution of the non-convex problem,unless a good initialization is
provided.

In our simulations, we find that in the absence of anchor points, the SDP approach
works well when the sensing radius is large enough and for relatively low levels of noise.
However, as the size of the network grows, solving one large SDP problem can become too
expensive. The numerical simulations in Figures 2.20 and 2.21 show that the SDP approach
is sensitive to high levels of noise, to sparse connectivityof the graph, and to the number
and the locations of the anchors.

Another approach to solving the SNL problem is by minimizingthe following stress
function

Stress(p1, . . . pn) =
∑

(i,j)∈E

(‖ pi − pj ‖ −dij)2 (2.3)
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over all possible configurationsp1, . . . pn ∈ R2. One of the more recent iterative algorithms
that was observed to perform well in practice compared to other traditional optimization
methods is a variant of the gradient descent approach calledthe stress majorization algo-
rithm, also known as SMACOF [19], originally introduced by [34]. The main drawback of
this approach is that the stress function in (2.3) is not convex and the search for the global
minimum is prone to getting stuck at local minima. This oftenmakes the initial guess
for gradient descent based algorithms important for obtaining satisfactory results. What
usually happens at a local but not global minimum is a phenomenon known as foldovers,
where large pieces of the graph realization fold on top of others. Long range distance mea-
surements help to prevent foldovers in the recovered solution, but such measurements are
rarely available in applications, and are completely absent in the disc graph model.

In [77] the authors proposed an incremental algorithm whichfirst tries to localize small
subsets of the network. Each such local subset consists of four sensors forming a rigid
graph, i.e., the complete graphK4 on four vertices where all six pairwise distances are
known (a quad). The procedure for embedding such quads is called trilateration, and the
method is incremental in the sense that once a quad has been localized, another one is found
which has a common triangle with the first one, and the alignment is performed by applying
the best possible rigid transformation between the two. Using breadth-first-search, all the
existing quads of the graph are localized, with the intermediate embedding being improved
at each step by running stress minimization. One drawback ofthis method, besides being
incremental, is that it localizes only sensors contained intrilateralizable components of the
network, but not all globally rigid graphs are trilateralizable.

The authors of [89] describe a similar algorithm that first localizes small subsets of
nodes, and then stitches them together sequentially. The initial embedding of a patch is
obtained by first computing all pairwise shortest paths in the weighted connectivity graph
of the patch in order to estimate all missing distances, followed by MDS to obtain an initial
estimate which is then improved by running the stress minimization algorithm. The patches
are glued together incrementally in a greedy fashion by finding the best affine transforma-
tion between a new patch and the current global layout. Finally, the complete network
obtained in this manner is improved using stress minimization. The main drawback of
such incremental algorithms is their sensitivity to noise due to accumulation of the errors.

In an attempt to depart from the noise sensitive incrementalmethods, [71] proposed
PATCHWORK, an algorithm that avoids stitching patches together in a greedy manner.
Their method embeds small local patches, that are later glued together using a distributed
global optimization process. Patches are mapped to a globalcoordinate system using affine
transformations, and the patch overlaps yield a linear least-squares problem enforcing that
the transformations agree well on the common vertices.

Maximum variance unfolding (MVU) is a non-linear dimensionality reduction algo-
rithm [109]. It produces a low-dimensional representationof the data by maximizing the
variance of its embedding while preserving the original local distance constraints. MVU
builds on the SDP approach and addresses the issue of the possibly high dimensional so-
lution to the SDP problem. While rank constraints are non convex and cannot be directly
imposed, it has been observed that low dimensional solutions emerge naturally maximizing
the variance of the embedding (also known as the maximum trace heuristic). Their main
observation is that thex andy coordinate vectors of the sensors are often well approximated
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by just the first few (e.g., 10) low-oscillatory eigenvectors of the graph Laplacian. This ob-
servation allows to replace the original and possibly largescale SDP by a much smaller
SDP which leads to a significant reduction in running time.

The Locally Rigid Embedding (LRE) algorithm [91] is reminiscent of the Locally Lin-
ear Embedding (LLE) [84] technique used in machine learningfor dimensionality reduc-
tion. LRE tries to preserve, in a global coordinate system, the local affine relationships
present within patches. Each sensor contributes with a linear equation relating its location
to those of its neighboring nodes, thus altogether setting up a global linear system. LRE
builds up a specially designed sparse matrix whose eigenvectors give an embedding of all
sensors, from which a global affine transformation must be removed. The LRE algorithm
is able to recover the global coordinates from local noisy measurements, under the assump-
tion that every node together with its neighbors form a rigidsubgraph that can be embedded
uniquely, up to a rigid transformation.

The authors of [113] recently proposed an algorithm along the lines of PATCHWORK
and LRE, called As-Rigid-As-Possible (ARAP). Their algorithm starts off by localizing
small patches in a similar manner, but instead of finding a global embedding via affine
mappings they use rigid mappings. Again, the patch overlapsimpose constraints on the
mappings, however the usage of rigid mappings has the advantage of better preserving
the local relationships between patches. This comes at the price of resulting in a non-
linear optimization problem, which is solved efficiently using a two-phase alternating least
squares method. The algorithm requires an initial guess forthe nonlinear optimization,
which is obtained by As-Affine-As-Possible (AAAP), an improved version of the LRE
and PATCHWORK algorithms. The reported experimental results, confirmed also by our
own experiments, show that ARAP is more robust to sparse connectivity and noise in the
measurement graph compared to all other algorithms surveyed above.

DILAND, recently introduced in [70], is a distributed algorithm for localization with
noisy distance measurements. Under appropriate conditions on the connectivity and trian-
gulation of the network, DILAND was shown to converge almostsurely to the true solution.

2.3 The 2D-ASAP Algorithm

The gist of our algorithm is to break up the large graph into many smaller overlapping sub-
graphs, that we call patches, and “stitch” them together consistently in a global coordinate
system with the purpose of localizing the entire measurement graph. To avoid foldovers in
the final solution, each such patch needs to be globally rigidand the entire measurement
graphs needs to be globally rigid as well2.

The patches are determined in the following way. For every nodei we denote byV (i) =
{j : (i, j) ∈ E} ∪ {i} the set of its neighbors together with the node itself, and byG(i) =
(V (i), E(i)) its subgraph of 1-hop neighbors. IfG(i) is globally rigid, then we embed it in

2We remark that in the disc graph model, the non-edges also provide distance information since(i, j) /∈ E
impliesdij > ρ. This information sometimes allows to uniquely localize networks that are not globally rigid
to begin with. This information, however, is not used in the standard formulation of the 2D-ASAP algorithm,
except for extremely sparse networks, as discussed later inSection 2.5.

14



R2. If G(i) is not globally rigid, we break it into maximally globally rigid subgraphs that
we call patches, and embed each patch inR2. The embedding of every patch inR2 is given
in its own local frame. The exact way we break up the 1-hop neighborhood subgraphs into
smaller maximally globally rigid subgraphs is detailed in Section 2.4. We denote byN
the number of patches obtained in the above decomposition ofthe measurement graph, and
note that it may be different fromn, the number of nodes inG, since the neighborhood
graph of a node may contribute several patches or none.

For the embedding of local patches we usually use the Stress majorization algorithm as
described in [46]. Once each patch is embedded in its own coordinate system, one must find
the reflections, rotations and translations that will stitch all patches together in a consistent
manner, a process to which we refer assynchronization.

To every patchPi there corresponds an elementei ∈ Euc(2), where Euc(2) is the Eu-
clidean group of rigid motions in the plane. The rigid motionei moves patchPi to its
correct position with respect to the global coordinate system. Our goal is to estimate the
rigid motionse1, . . . , eN (up to a global rigid motion) that will properly align all thepatches
in a globally consistent way. To achieve this goal, we first estimate the alignment between
any pair of patchesPi andPj that have enough nodes in common (alignment methods
are discussed in Section 2.5). The alignment of patchesPi andPj provides a (perhaps
noisy) measurement for the ratioeie

−1
j in Euc(2). We solve the resulting synchronization

problem in a globally consistent manner, such that information from local alignments prop-
agates to pairs of non-overlapping patches. This is done by replacing the synchronization
problem over Euc(2) by three different consecutive synchronization problems. In the first
synchronization problem, we find the reflections of all the patches using the eigenvector
synchronization algorithm over the groupZ2. Once the reflections are estimated, we use
the eigenvector synchronization method over SO(2) to estimate the rotations of all patches.
Once both reflections and rotations are estimated, we estimate the translations by solv-
ing an overdetermined linear system. In other words, we integrate all the available local
information into a global coordinate system over several steps by using the eigenvector
synchronization algorithm and least squares over the isometries of the Euclidean plane.
The main advantage of the eigenvector method is that it can recover the reflections and
rotations even when many of the alignments are incorrect. The algorithm is summarized in
Table 2.1.

2.3.1 Step 1: Synchronization overZ2 to estimate reflections

As mentioned earlier, for every patchPi that was already embedded in its local frame, we
need to estimate whether or not it needs to be reflected with respect to the global coordinate
system. We denote the reflection of patchPi by zi ∈ {−1, 1}. These are defined up
to a global reflection (global sign). The alignment of every pair of patchesPi andPj

whose intersection is sufficiently large, provides a measurementzij for the ratioziz
−1
j .

However, some ratio measurements can be corrupted because of errors in the embedding
of the patches due to noise in the measured distances. We denote byGP = (V P , EP ) the
patch graph whose verticesV P are the patchesP1, . . . , PN , and two patchesPi andPj are
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INPUT G = (V,E), |V | = n, |E| = m, dij for (i, j) ∈ E

Pre-processing 1. Break the measurement graphG intoN globally rigid patchesP1, . . . , PN .
Step 2. Embed each patchPi separately using the embedding method of choice (e.g., stress ma-

jorization or SDP).
Step 1 1. Align all pairs of patches(Pi, Pj) that have enough nodes in common.
Estimating 2. Estimate their relative reflectionzij ∈ {−1,+1}.
Reflections 3. Build a sparseN ×N symmetric matrixZ = (zij) as defined in (4.3).

4. DefineZ = D−1Z, whereD is a diagonal matrix withDii = deg(i).
5. Compute the top eigenvectorvZ1 of Z which satisfiesZvZ1 = λZ

1 v
Z
1 .

6. Estimate the global reflection of patchPi by ẑi = sign(vZ1 (i)) =
vZ

1
(i)

|vZ

1
(i)|

.

7. Replace the embedding patchPi with its mirrored image whenever̂zi = −1.
Step 2 1. Align all pairs of patches(Pi, Pj) that have enough nodes in common.
Estimating 2. Estimate their relative rotation angleθij ∈ [0, 2π) and setrij = eıθij .
Rotations 3. Build a sparseN ×N Hermitian matrixR = (rij) as defined in (4.1).

4. DefineR = D−1R.
5. Compute the top eigenvectorvR1 ofR corresponding toRvR1 = λR

1 vR1 .

6. Estimate the global rotation angleθ̂i of patchPi usingeıθ̂i = vR

1
(i)

|vR

1
(i)|

.

7. Rotate the embedding of patchPi by the angleθi.
Step 3 1. Build them× n overdetermined system of linear equations given in (3.13).
Estimating 2. Include the anchors information (if available) into the linear system.
Translations 3. Compute the least squares solution for thex-axis andy-axis coordinates.

OUTPUT Estimated coordinateŝp1, . . . , p̂n

Table 2.1: Overview of the 2D-ASAP Algorithm

adjacent,(Pi, Pj) ∈ EP , iff they have enough3 vertices in common to be aligned such that
the ratioziz

−1
j can be estimated.

The first step of the 2D-ASAP algorithm is to estimate the appropriate reflections of
all patches. To that end, we use the eigenvector synchronization method as it was shown
to perform well even in the presence of a large number of errors. The eigenvector method
starts off by building the followingN ×N sparse symmetric matrixZ = (zij)

zij =





1 aligningPi with Pj did not require reflection
−1 aligningPi with Pj required reflection of one of them
0 (i, j) /∈ EP (Pi andPj cannot be aligned)

(2.4)

We explain in more detail in Section 2.5 the procedures by which we align pairs of patches,
if such an alignment is at all possible.

Prior to computing the top eigenvector of the matrixZ, as done in [92], we choose to
normalize it as follows. LetD be anN × N diagonal matrix,4 whose entries are given by
Dii =

∑N
j=1 |zij|. In other words,

Dii = deg(i), (2.5)

3E.g., three common vertices, although the precise definition of “enough” will be given later
4The diagonal matrixD should not be confused with the partial distance matrix.
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Figure 2.3: Optimal alignment of two patches that overlap infour nodes. The alignment
provides a measurement for the ratio of the two group elements in Euc(2). In this example
we see that a reflection was required to properly align the patches.

wheredeg(i) is the node degree of patchPi in GP , that is, the number of other patches that
can be aligned with it. We define the matrixZ as

Z = D−1Z, (2.6)

and note that, although not necessarily symmetric, it is similar to the symmetric matrix
D−1/2ZD−1/2 through

Z = D−1/2(D−1/2ZD−1/2)D1/2.

Therefore, the matrixZ hasN real eigenvaluesλZ
1 > λZ

2 ≥ · · · ≥ λZ
N andN orthonormal

eigenvectorsvZ1 , ..., v
Z
N , satisfyingZvZi = λZ

i v
Z
i . In the eigenvector method, we compute

the top eigenvectorvZ1 ∈ RN of Z, which satisfies

ZvZ1 = λZ
1 v

Z
1 , (2.7)

and use it to obtain estimatorsẑ1, . . . , ẑN for the reflections of the patches, in the following
way:

ẑi = sign(vZ1 (i)) =
vZ1 (i)

|vZ1 (i)|
, i = 1, 2, . . . , N. (2.8)

The top eigenvector recovers the reflection of all patches upto a global sign, since ifvZ1 is
the top eigenvector ofZ then so is−vZ1 . After estimating the reflection of all patches, we
replace the embedding of patchPi by its mirrored image whenever̂zi = −1.

Both the success of the eigenvector method in estimating thecorrect reflections and
the importance of the normalization (2.6) are demonstratedin Figures 2.4 and 2.5 that
correspond to the US cities graph with sensing radiusρ = 0.032 and average degreedeg =
19. The percentages of patches for which the top eigenvectorvZ1 of Z failed to estimate the
reflection correctly are onlyτ = 0% andτ = 0.1% corresponding to distance measurement
errors ofη = 0% andη = 20%, respectively (η is defined in (2.28)). That is, even when
the measured distances are off by as much as20% from their correct values, only0.1%
of the patches were assigned the wrong reflection. Without the normalization, however,
extracting the signs of the top eigenvectorvZ1 of Z leads to significantly larger error rates
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(τ = 24.6% andτ = 40.2%). We defer to Section 4.2 of the chapter on synchronization,the
theoretical explanation for this behavior, but the numerical evidence in Figures 2.4 and 2.5
already provides some intuition. For example, Figure 2.4 shows that most entries ofvZ1 are
close to zero (even in the noise free case) and therefore signconfusion is probable, while
only a few entries have large magnitude. On the other hand, for the normalized matrixZ,
its top eigenvector in the noise-free case has only two possible values (1 and−1), and even
in the noisy case, where entries have different magnitudes,their signs rarely get confused.
Another difference between the two cases can be realized from Figure 2.5 that shows the
eigenvalue histograms and bar plots for the matricesZ andI−Z. While the eigenvalues of
Z are both negative and positive, all eigenvalues ofI − Z seem to be non-negative, as the
latter matrix is related to the Laplacian of the patch graph,a fact that will be later explored
in Section 4.2.

2.3.2 Step 2: Synchronization over SO(2) to estimate rotations

After estimating the reflections, we turn in Step 2 to estimate the rotations of all patches,
that will properly align them with respect to the global coordinate system, up to translations
and a global rotation. To each patch we associate an elementri ∈ SO(2), i = 1, . . . , N
that we represent as a point on the unit circle in the complex planeri = eıθi = cos θi +
ı sin θi. We repeat the alignment process from Step1 to estimate the angleθij between two
overlapping patches, i.e., the angle by which one needs to rotate patchPi to align it with
patchPj. When the aligned patches contain corrupted distance measurements,θij is a noisy
measurement of their offsetθi − θj mod 2π. Following a similar approach to Step 1, we
build theN ×N sparse symmetric matrixR = (rij) whose elements are either0 or points
on the unit circle in the complex plane:

rij =

{
eıθij if (i, j) ∈ EP

0 if (i, j) /∈ EP
. (2.9)

Sinceθij = −θji mod 2π, it follows thatR is a Hermitian matrix, that is,Rij = R̄ji,
where for any complex numberw = a+ ıb we denote bȳw = a− ıb its complex conjugate.
Note that the patch graphGP may change (have extra edges) from Step 1 to Step 2, because
the registration method needs at least three nodes in the intersection of patchesPi andPj

in order to compute the relative reflection, but only two suchpoints to compute the rotation
angle. However, for simplicity, we assume that the patch graph GP is the same for both
Steps 1 and 2.

As in Step 1, we choose to normalizeR using the diagonal matrixD, whose diagonal
elements are also given byDii =

∑N
j=1 |rij|. We define the matrix

R = D−1R, (2.10)

which is similar to the Hermitian matrixD−1/2RD−1/2 through

R = D−1/2(D−1/2RD−1/2)D1/2.
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Therefore,R hasN real eigenvaluesλR
1 > λR

2 ≥ · · · ≥ λR
N with correspondingN orthog-

onal (complex valued) eigenvectorsvR1 , . . . , v
R
N , satisfyingRvRi = λR

i v
R
i . We define the

estimated rotation angleŝθ1, ..., θ̂N and their corresponding elements in SO(2),r̂1, ..., r̂N
using the top eigenvectorvR1 as

r̂i = eıθ̂i =
vR1 (i)

|vR1 (i)|
, i = 1, 2, . . . , N. (2.11)

The estimation of the rotation angles is up to an additive phase sinceeiαvR1 is also an
eigenvector ofR for anyα ∈ R.

Note that the only difference between Step 2 and the angular synchronization algorithm
in [92] is the normalization of the matrix prior to the computation of the top eigenvector.
The usefulness of the normalization and the success of (2.11) in estimating the rotation
angles are demonstrated in Figures 2.6, 2.7 and 2.8.
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Figure 2.4: Histogram of the entries of the top eigenvectorsvZ1 andvZ1 (scaled such that
‖vZ1 ‖2 = ‖vZ1 ‖2 = N) for various noise levels for the US cities graph with sensing radius
ρ = 0.032. PatchesPi for whichz1 = −1 are colored blue, while patches for whichzi = 1
are marked in red. Note that the top eigenvectorvZ1 is a good classifier between red and
blue, whilevZ1 results in many misclassifications.
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Figure 2.5: Histogram of all eigenvalues and bar-plot of thetop10 eigenvalues ofZ andZ
for the US cities graph withρ = 0.032 (deg = 19) and various noise levelsη. The resulting
error rateτ is the percentage of patches whose reflection was incorrectly estimated. To
ease the visualization of the eigenvalues ofZ, we choose to plot1 − λZ because the top
eigenvalues ofZ tend to pile up near1, so it is difficult to differentiate between them by
looking at the bar plot ofλZ .
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(a) R, η = 0% (b) R, η = 20%

(c) R, η = 0% (d) R, η = 20%

Figure 2.6: Scatter plots in the complex plane of the entriesof the top eigenvectorsvR1 and
vR1 for the US cities graph withρ = 0.032 (deg = 19) and various noise levelsη. The color
of the points correspond tocos θi = Re(ri).
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Figure 2.7: Histogram of all eigenvalues and bar-plot of thetop10 eigenvalues ofR andR
for the US cities graph withρ = 0.032 and various noise levelsη. Note that, as we did with
Z, also forR we plot the histogram and bar plots of1− λR.
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Figure 2.8: Histogram of the angle estimation errorθi − θ̂i (in degrees) for the US cities
graph withρ = 0.032 and various noise levelsη. Note that angles are estimated up to an
arbitrary phase and we have not mean shifted the histograms.
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2.3.3 Step 3: Synchronization overRd to estimate translations

The final Step of the 2D-ASAP algorithm is computing the global translations of all patches
and recovering the true coordinates. For each patchPk, we denote byGk = (Vk, Ek)

5 the
graph associated to patchPk, whereVk is the set of nodes inPk, andEk is the set of edges
induced byVk in the measurement graphG = (V,E). We denote byp(k)i = (x

(k)
i , y

(k)
i )T

Figure 2.9: An embedding of a patchPk in its local coordinate system (frame) after it
was appropriately reflected and rotated. In the noise-free case, the coordinatesp(k)i =

(x
(k)
i , y

(k)
i )T agree with the global positioningpi = (xi, yi)

T up to some translationt(k)

(unique to alli in Vk).

the known local frame coordinates of nodei ∈ Vk in the embedding of patchPk (see Figure
2.9).

At this stage of the algorithm, each patchPk has been properly reflected and rotated so
that the local frame coordinates are consistent with the global coordinates, up to a transla-
tion t(k) ∈ R

2. In the noise-free case we should therefore have

pi = p
(k)
i + t(k), i ∈ Vk, k = 1, . . . , N. (2.12)

We can estimate the global coordinatesp1, .., pn as the least squares solution to the overde-
termined system of linear equations (2.12), while ignoringthe by-product translations
t(1), ..., t(N). In practice, we write a linear system for the displacement vectorspi − pj
for which the translations have been eliminated. Indeed, from (2.12) it follows that each
edge(i, j) ∈ Ek contributes a linear equation of the form6

pi − pj = p
(k)
i − p

(k)
j , (i, j) ∈ Ek, k = 1, . . . , N. (2.13)

In terms of thex andy global coordinates of nodesi andj, (2.13) is equivalent to

xi − xj = x
(k)
i − x

(k)
j , (i, j) ∈ Ek, k = 1, . . . , N, (2.14)

yi − yj = y
(k)
i − y

(k)
j , (i, j) ∈ Ek, k = 1, . . . , N. (2.15)

We solve these two linear systems separately, once forx1, . . . , xn and once fory1, . . . , yn.
Let T be the least squares matrix associated with the overdetermined linear system in

5Not to be confused withG(i) = (V (i), E(i)) defined in the beginning of this section.
6In fact, we can write such equations for everyi, j ∈ Vk but choose to do so only for edges of the original

measurement graph.
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(2.14),x be then × 1 vector representing thex-coordinates of all nodes, andbx be the
vector with entries given by the right-hand side of (2.14). Using this notation, the system
of equations given by (2.14) can be written as

Tx = bx, (2.16)

and similarly (2.15) can be written as

Ty = by. (2.17)

Note that the matrixT is sparse with only two non-zero entries per row and that the all-
ones vector1 = (1, 1, . . . , 1)T is in the null space ofT , i.e.,T1 = 0, so we can find the
coordinates only up to a global translation.

To avoid building a very large least squares matrix, we combine the information pro-
vided by the same edges across different patches in only one equation, as opposed to having
one equation per patch. This is achieved by adding up all equations of the form (2.14) cor-
responding to the same edge(i, j) from different patches, into a single equation, i.e.,

∑

k∈{1,...,N} s.t.(i,j)∈Ek

xi − xj =
∑

k∈{1,...,N} s.t.(i,j)∈Ek

x
(k)
i − x

(k)
j , (i, j) ∈ E, (2.18)

and similarly for they-coordinates using (2.15). We denote the resultingm × n matrix by
T̃ , and itsm×1 right-hand-side vector bỹbx. Note thatT̃ has only two nonzero entries per
row 7. The least squares solution̂p1, . . . , p̂n to

T̃ x = b̃x, and T̃ y = b̃y, (2.19)

is our estimate for the coordinatesp1, . . . , pn up to a global rigid transformation. Figure
2.10 shows the original and estimated embedding (after rigid alignment), and the histogram
of errors in the coordinates, where the error associated with nodei is given by‖ pi − p̂i ‖ .
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Figure 2.10: Left: Estimated embedding (blue) after alignment with the true positions (red)
for the US cities graph withρ = 0.032 and noise levelη = 20%. Right: Histogram of the
errors‖pi − p̂i‖.

7Note that some edges inE may not be contained in any patchPk, in which case the corresponding row
in T̃ has only zero entries.
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The 2D-ASAP algorithm can easily integrate the informationprovided by anchors, if
those exist. First, in the pre-processing step, if two or more anchors are contained in a
patch, then this information can be used in localizing that patch. In Step 1, the relative
reflection is solely determined for pairs of patches that have three or more anchor points
in their intersection. Similarly, in Step 2, the relative rotation is determined for pairs of
patches that have two or more anchors points in their intersection. In Step 3 we incorporate
such information in the least squares method. Suppose we have obtained a reconstruction
without using the anchor information. Since the anchors take their coordinates from the
original embedding (which is a rigid transformation of our reconstruction) we first need to
properly align the anchors with respect to our reconstruction. Then, for every nodei that is
an anchor, we simply substitute the unknownsx

(k)
i in equation (3.13) with their true known

value, and solve for the remaining unknowns (and similarly for they-coordinates). Figure
2.11 shows reconstructions of the US cities map with noiseη = 0.2 and different number
of anchors.
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Figure 2.11: Reconstruction of the US cities graph withρ = 0.032 and noise levelη = 20%
for different number of anchors points. The average normalized error (ANE) is defined in
(2.29).

Another way of including the anchor information in Step 3 is to substitute the anchor
pointspi in equation (2.13) byOpi + t, wherepi is known, whileO is an unknown2 × 2
matrix, accounting for the possible rotation and reflectionof the anchors with respect to the
reconstruction (although in our solution we cannot restrict O to be an orthogonal matrix),
andt is an unknown2× 1 vector for the possible translation. Upon this substitution, (2.13)
becomes a linear system of equations for the coordinates of the non-anchor points, for the
entries of the matrixO and for the vectort. Note that this linear system can still be solved
for thex-coordinates and they-coordinates separately.

2.4 Finding and localizing globally rigid patches

In this section we turn to the problem of finding and localizing patches, which is a crucial
preprocessing step of our algorithm. Most localization algorithms that use a local to global
approach, such as PATCHWORK, LRE and ARAP, simply define patches by associating
with every nodei its entire 1-hop neighborhoodG(i). It is possible, however, that the
subgraphG(i) of 1-hop neighbors of vertexi is not globally rigid. In such a case,G(i) has
more than one possible realization in the plane. Therefore,wheneverG(i) is not globally
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rigid, we find its maximally globally rigid components, which we call patches. The number
of resulting patches can be0, 1, or greater than1. We note that [56] also suggested a method
for breaking up networks into maximally globally rigid components. However, as we show
below, breaking up the 1-hop neighborhood subgraphG(i) is easier than breaking up a
general graph, by utilizing recent results of [28] about theglobal rigidity property of cone
graphs.

Star graph. We call astar grapha graph which contains at least one vertex that is
connected to all remaining nodes. Note that in our definition, unlike perhaps more con-
ventional definitions of star graphs, we allow edges betweennon-central nodes to exist.
Note that for each nodei, the local graphG(i) composed of the central nodei and all its
neighbors takes the form of a star graph.

k-connectivity. A graph isk-vertex-connectediff it remains connected even after the
removal of anyk − 1 vertices. Alternatively, a graph isk-vertex-connected iff every pair
of vertices is connected by at leastk disjoint paths. In a planar network, a necessary
condition for global rigidity is 3-vertex-connectivity [55], meaning that the graph should
remain connected after the removal of any two vertices. Notethat 3-vertex-connectivity
implies that the minimum degree of the graph is three, since any vertex of lower degree can
be disconnected from the graph by removing its neighbors. Analternative characterization
is in terms of cuts, also known as splitting pairs. A graph that is not 3-vertex-connected has
a vertex cut of size two, i.e., a pair of vertices whose removal disconnects the graph into two
separated components. A graph with a cut of size two is not globally rigid since one of the
two components can be flipped across the line determined by the splitting pair. A similar
definition holds fork-edge-connectivity, where a graph is said to bek-edge-connectedif
there is no set ofk−1 edges whose removal disconnects the graph, and the smallestsuchk
denotes the edge-connectivity of the graph. Note that if a graph isk-vertex-connected then
it is alsoq-edge-connected forq ≤ k.

Proposition 2.4.1.A star graph is generically globally rigid inR2 iff it is 3-vertex-connected.

Proof. The process of coning a graphG adds a new vertexv, and adds edges fromv to all

original vertices inG, creating the cone graphG ∗ v. A recent result of [28] states that a

graph is generically globally rigid inRd−1 iff the cone graph is generically globally rigid

in Rd.

Let H be a 3-vertex-connected star graph,v be its center node, andH∗ the graph ob-

tained by removing nodev, H∗ = H\v. SinceH is 3-vertex-connected thenH∗ must be

2-vertex-connected, since otherwise, ifu is a cut-vertex inH∗, then{v, u} is a vertex-cut

of size 2 inH, a contradiction. Since the vertex connectivity of a graph cannot exceed its

edge-connectivity, it follows thatH∗ is at least 2-edge-connected, which is a necessary and
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sufficient condition for generic global rigidity on the line. Using the coning theorem, the

generic globally rigidity ofH∗ in R1 implies thatH is generically globally rigid inR2.

On the other hand, as mentioned before, ifH is generically globally rigid, then it must be

3-vertex-connected.

Using Proposition 2.4.1, we propose the following simple algorithm for breaking up a
star graph into maximally globally rigid components. We first remove all vertices of degree
one, since no globally rigid subgraph can contain such a vertex. Note that a vertex of degree
two can be only be contained in a triangle, provided its two neighbors are connected. Next,
we search for the (maximal) 3-connected components in the graph, taking advantage of its
structure as a star graph. In other words, we are looking for adecomposition of the graph
into a union of 3-vertex-connected subgraphs of maximal size. For the case of star graphs,
the following approach leads to a simple and efficient algorithm. We look for a cut set
(of size one or two) containing the center node that separates the graph into two or more
components, and recurse on each one of them. In order to checkfor the 3-connectivity of
a given 1-hop neighborhood star graphG(i), it suffices to remove the center nodei and
check if the remaining graphG(i) \ {i} is 2-connected, which can be done inO(m′) time,
wherem′ is the number of edges inG(i) \ {i}.

Figure 2.12 shows an example of a 1-hop neighborhood graph where the center node is
connected to all its neighbors in the measurement graph. Theneighborhood graph has four
3-connected components that share edges and vertices, eachcomponent being a star graph
and hence globally rigid by the above result. Note that a globally rigid patch is allowed to
be as small as a triangle.

Figure 2.12: The neighborhood graph of center node1 is split into four maximally 3-
connected-components (patches):{1, 2, 3, 4}, {1, 4, 5}, {1, 5, 6}, {1, 6, 7, 8}.

After finding the patches, it still remains to localize each of them separately in the
plane. Localizing a small globally rigid subgraph is significantly easier in terms of speed
and accuracy than localizing the whole measurement graph. First, the size of a patch is
significantly smaller than the size of the whole network. Forexample, the typical patch
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size for the US cities graph withn = 1090 and sensing radiusρ = 0.032 is between10
to 30 nodes, as shown in Figure 2.13 (left panel). Also, when embedding locally, we are
no longer constrained to a distributed computation that canimpose additional challenges
due to inter-sensor communication. Since each node in the patch is connected to a central
node, all the information can be passed on to this node which will perform the computation
in a centralized manner. Finally, under the assumptions of the disc graph model, it is likely
that 1-hop neighbors of the central node will also be interconnected, rendering a relatively
high density of edges for the patches, as indicated by Figure2.13 (right panel). This means
that locally, the partial distance matrix of a typical patchusually has only a small number
of missing entries, which makes the embedding of the patch more robust to noise and more
efficient to compute. We have also observed in our experimental simulations that SDP
localization algorithms tend to run considerably faster when the partial distance matrix is
denser.
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Figure 2.13: Histogram of patch sizes (left) and edge density (right). US cities map,n =
1090 and noiseη = 20% (deg = 20).

After experimenting with the different localization methods, our method of choice for
embedding the patches was the three-stage procedure described in [46], due to its relatively
low running time and its robustness to noise for small patches. When used for small patches
(e.g. of size 20-30) rather than the entire network, the stress minimization is more reliable
and less sensitive to local minima. Compared to an anchor-free SDP localization algorithm
like SNL-SDP8, it produces similar results in terms of the localization error, but with lower
running times (see Figure 2.14). To the best of our knowledge, the SDP based approaches
(in particular those in [17, 13, 14, 95, 96, 114]) have not been analyzed in the context of
the disc graph model, and the SDP localization theory is built only on the known distances,
without any additional lower and upper bounds that can be inferred from the disc graph
assumption. However, experimental results reported by thesame authors (personal com-
munication) reveal that when adding such additional constraints into the SDP formulation,
the localizations become more accurate at the cost of increased running time.

The three-stage algorithm of [46] first estimates the missing distancesd′ij for (i, j) /∈
Ek by making use of the disc graph assumption (for the lower bound) and the triangle
inequality (for the upper bound). Second, the coordinates are computed by running the
classical MDS on the complete set of pairwise distances. Third, the embedding is improved

8We used the SNL-SDP code of [101].
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Figure 2.14: Comparison of the three-stage algorithm labeled Stress minimization and
SNL-SDP for the US cities graph withρ = 0.032 and noise levelη = 20%.

by running the stress minimization algorithm based only on the initial distances, but not on
the estimated missing distances:

Stage 1. Estimating missing distances. For each missing distanced′ij with (i, j) /∈ Ek,
we denote its lower bound estimate (respectively upper bound) by dij (respectivelydij).
Using the triangle inequality on all pairs of existing edges(i, k), (j, k) ∈ Ek, an upper
bound ond′ij is given by

dij = min
k:(i,k),(j,k)∈Ek

dik + djk. (2.20)

Using the disc graph model assumption, a lower bounddij is given by

dij = max{ max
k:(i,k)∈Ek

{dik}, max
k:(j,k)∈Ek

{djk}}. (2.21)

The missing distances are estimated asd′ij =
dij+dij

2
, for (i, j) /∈ Ek.

Stage 2. Classical MDS. After estimating all missing distances, classical MDS algo-
rithm [30] is used on the complete set of pairwise distances to compute local coordinates
of all nodes of the patch.

Stage 3. Stress minimization. The embedding obtained from classical MDS is refined
using the stress majorization algorithm (mentioned in Section 2.2). The stress function in
(2.3) is minimized by running the iterative majorization technique described in [46]. At
each iteration, the coordinates of each node are updated according to the following rule

pi ←−
1

degi(Pk)

∑

j∈Vk,(i,j)∈Ek

[pj + dij(pi − pj) inv(‖ pi − pj ‖)] (2.22)

wheredegi(Gk) denotes the degree of nodei in patchPk, and

inv(x) =

{
1/x if x 6= 0

0 if x = 0
. (2.23)
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We remark that we use classical MDS for patches that have no missing edges. Note that
some patches can be much larger than others, rendering theirembedding less accurate. We
therefore restrict the size of the patches to some maximal prescribed size.

2.5 Methods for aligning patches in Steps 1 and 2

In this section we describe several methods for aligning patches and for computing their
relative reflections and rotations. Successful alignment of patches is important, since in
order for the eigenvector method to succeed, theZ andR matrices from Steps 1 and 2
of 2D-ASAP need to have enough correct, or approximately correct, entries. Given two
patchesPi andPj , each embedded in its own coordinate system, we are first interested in
estimating their relative reflectionzij , wherezij = −1 if Pi needs to be replaced by its
mirrored image before being aligned withPj, andzij = 1 if the two patches can be aligned
via an angular rotation and translation without a reflection. Second, we are interested in
estimating the offset angleθij = θi − θj mod 2π that aligns the two patches. Obviously,
two patches that are far apart and have no common nodes cannotbe aligned, and there
must be enough overlapping nodes to make the alignment possible. Figure 2.13 shows a
typical example of the sizes of the patches we consider, as well as their intersection sizes.
As expected, in the case of the disc graph model, the overlap is often small. It is therefore
crucial to have robust alignment methods even when the overlap size is small.

A closed form solution to the registration problem in any dimension was given by [59],
where the best rigid transformation between two sets of points is obtained by various ma-
trix manipulations and eigenvalue/eigenvector decomposition. In our approach described
in the following paragraph, we choose to convert this non-linear regression problem to a
linear complex least squares problem by using complex numbers to denote2-by-2 rotation
matrices.

Least squares registration.Given two patchesPk andPl that have at least three nodes
in common, the registration process finds the optimal 2D rigid motion ofPl that aligns
the common points (as shown in Figure 2.3). We denote byVk,l = {v1, . . . , vs} the nodes
in the intersection of patchesPk andPl, i.e.,Vk,l = Vk ∩ Vl. We letp(k)1 , . . . , p

(k)
s be the

coordinates of the set of nodesVk,l in the embedding of patchPk, and similarlyp(l)1 , . . . , p
(l)
s

be the coordinates of nodesVk,l in the embedding of patchPl. For a pointp(k)i = (x
(k)
i , y

(k)
i )

we denote bȳp(k)i = (x
(k)
i ,−y(k)i ) its mirrored image across thex-axis. For the purpose

of the minimization problems we are about to describe, it is convenient to view the local
frame of each patch as the complex planeC instead of the Euclidean spaceR2. We write
the coordinates of a nodep(k)i = (x

(k)
i , y

(k)
i ) asp(k)i = x

(k)
i +ıy

(k)
i , and represent its mirrored

image byp̄(k)i = x
(k)
i − ıy

(k)
i .

Given two sets of planar labeled points{p(k)1 , . . . , p
(k)
s } and{p(l)1 , . . . , p

(l)
s } (viewed as

elements ofC), the registration problem is to find a rotationrθ = eıθ and a translation vector
t = x + ıy, that finds the optimal alignment of the two sets of points in the least squares
sense. In other words, we are interested in findingrθ and t that minimize the following
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objective function

f(θ, t) =

s∑

i=1

|p(k)i − (rθp
(l)
i + t)|2. (2.24)

Since we do not know a priori the relative reflectionzij of the pair of patchesPk andPl,
we use the registration method twice. We first registerPk andPl by minimizing (2.24), and
then registerPk andP̄l, the mirrored image of patchPl, by minimizing a similar objective
function

f̃(θ, t) =
s∑

i=1

|p(k)i − (rθp̄
(l)
i + t)|2. (2.25)

If the residual in the minimization (2.24) is smaller than the residual in the minimization
(2.25), then the two patches are properly oriented, otherwise one of the two patches needs
to be replaced by its mirrored image. In other words, we definezij as

zij =





1 if minθ,t f(θ, t) ≤ minθ,t f̃(θ, t)

−1 if minθ,t f(θ, t) > minθ,t f̃(θ, t)
0 if Pi andPj cannot be aligned (intersection is too small)

(2.26)

We rewrite (2.24) (and similarly for (2.25)) as‖Ax− b‖2, where

AT =

(
p
(l)
1 . . . p

(l)
i . . . p

(l)
s

1 . . . 1 . . . 1

)
, bT =

(
p
(k)
1 . . . p

(k)
i . . . p

(k)
s

)
, xT = [rθ t].

Therefore, we solve the minimization problem of (2.24) by the method of least squares
and findrθ and t. By solving the registration problem using complex least squares, we
are guaranteed to recover the optimal solution (best 2D rigid transformation) up to scaling
[87]. For noisy distance measurements,rθ does not necessarily lie on the unit circle, in
which case we extract its phaseθ (but ignore its amplitude). For noisy data, the registration
method becomes significantly more robust if the pair of patches have a large overlap (e.g.
at least 6 or 7 nodes). Also, note that for computing the relative reflection, the two patches
must overlap in at leasts ≥ 3 nodes, while for estimating the rotation (after finding the
proper rotation) it suffices to haves ≥ 2.

Combinatorial Score. The second alignment method we consider makes use of the
underlying assumptions of the disc graph model. Specifically, we exploit the information
in the non-edges that correspond to distances larger than the sensing radiusρ. The resulting
method can be used to estimate both the relative reflection and rotation for a pair of patches
that overlap in just two nodes (or more).

Consider two overlapping patchesPk andPl that intersect at only two nodes{a, b} ∈
Vk ∩ Vl. We would like to decide whether the two patches have the sameorientation with
respect to the original complete network, or ratherPl needs to be replaced by its mirrored
image. As illustrated in Figure 2.15, there are two possibleways to align the two patches
using the common edgeab, in terms of their relative orientation. One withPk andPl as
they appear on the left-hand side of the figure, and one where the Pl patch is reflected
across edgeab, shown on the right-hand side of the figure. Only one of the twoscenarios
is feasible, and to decide which one, we make use of the disc graph model assumption that
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two nodes are connected iff their distance does not exceedρ. For each of the two scenarios,
we count the number of violations of the disc graph assumption. There are two types of
violations: distances that are predicted by the patch alignment to be smaller thanρ but are
missing from the original measurement graph, and distancesthat are predicted by the patch
alignment to be greater thanρ but also appear in the original measurement graph. One of
the two scenarios will correspond to a foldover in the graph,causing nodes that were far
apart in the original graph to become within sensing radius of each other (causing false
edges), and nodes that were close in the original graph to become far apart (thus leading
to missing edges). Of the two scenarios, we choose the one with the smaller number of
violations.

Figure 2.15: Using the combinatorial method to decide on therelative reflection of two
patches: aligningPk andPl (left), andPk andP̄l (right).

Link edges. The last alignment method we consider is useful whenever twopatches
have a small overlap, but there exist many cross edges in the measurement graph that con-
nect the two patches. Suppose the two patchesPk andPl overlap in at least one vertex, and
call a link edgean edge(u, v) ∈ E that connects a vertexu in patchPk (but not inPl) with
a vertexv in patchPl (but not inPk). We denote the number of link edges byq. Figure
2.16 shows two patches overlapping in only one vertex that have q = 3 such link edges.

First, in order to factor out the translation, we align the center of mass of the intersection
points. The next step is to find the rotation that optimally aligns the two patches. Of course,
if there are enough common nodes (at least three) one can use the registration method to
obtain the rotation angle. However, when the overlap size issmall (up to four or five nodes),
the results of the registration method are not very accuratein the presence of large noise.
We want to be able to align patches robustly, even when they have only one or two common
nodes, because there are many pairs with small overlap size,as the right panel of Figure
2.13 indicates. Each link edge adds a constraint between thetwo patches, and we would
like to compute the optimal rotation angle that satisfies thelink edge constraints as best as
possible. If we denote the coordinates of nodeui in patchPk by p

(k)
ui , the penalty function

we minimize is:

F (θ) =

q∑

i=1

(|p(k)ui
− rθp

(l)
vi
|2 − d2ui,vi

)2 (2.27)

whererθ = eıθ. Setting the derivativeF ′(θ) = 0, we arrive at a cubic forrθ, and we pick
the root that gives the minimum value forF (θ). To decide on the relative reflection for a
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Figure 2.16: Alignment of two patchesPi andPj overlapping in just one node using link
edges (green).

pair of patches, we run this minimization twice, once for patchesPk andPl, and a second
time for patchesPk andP̄l. Whichever setup gives a smaller global minimum, indicatesthe
correct relative reflection of the two patches.

The three registration methods considered above are usefulin different scenarios. In
practice, we only use the least squares registration method, which turns out to be the most
robust to noise whenever the overlap between patches is large enough (e.g., 6 overlapping
nodes or more). However, in some cases, that we report in the proceeding section, we
also use the combinatorial method that is useful when the overlap is small (e.g., 2 nodes
or more). Although the link edges method is useful when the node overlap is just 1, we
did not use it in practice, as in our experiments all patch graphs were already connected
without using it. The link edges method is important to maintain connectivity of the patch
graph when the input measurement graph is very sparse. Figure 2.17 shows a histogram of
the intersection sizes between pairs of patches in the US cities graph.

10 20 30 40 50
0
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1000

1500

2000

2500

3000

Patch intersection size

Figure 2.17: Histogram of the intersection size of patches in the US cities graphρ = 0.032
andη = 20%.
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2.6 Complexity Analysis

In this section we give a complexity analysis of each step of the 2D-ASAP algorithm, show-
ing that the time complexity scales almost linearly in the size of the network (number of
nodesn and edgesm), and augment this theoretical analysis with the running times of nu-
merical simulations for the localization of networks of increasing sizes (n = 103, 104, 105)
as detailed in Table 2.11. Tables 2.2 and 2.3 summarize the notation used throughout this
section, respectively the complexity of each step of the 2D-ASAP algorithm.

n # of nodes inG, |V | = n
m # of edges inG, |E| = m
k upper bound on the size of a patch (user input)
N # of patches (nodes in the patch graphGP ), |V P | = N N ≤ n(k − 1)
M # of pairs of overlapping patches (edges inGP ), |EP | = M M ≤ Nk2/2
dP maximum degree inGP dP ≤ k2

m′ maximum # of edges in a patch m′ ≤ k2/2

Table 2.2: Summary of notation used to describe the graph of sensorsG = (V,E) and the
patch graphGP = (V P , EP ).

Stage Complexity # of calls
Break 1-hop neighborhood into patchesO(k +m′) n
Patch embedding by SMACOF O(k3 + k3/2t) N
Patch embedding by FULL-SDP O(k2m′2.5 +m′3.5) N
Patch intersection O(k) M
Patch alignment O(k) M
Top eigenvector computation O(Mζ) 2
Linear least squares O(m

√
κ) 2

Total O(n poly(k,m′, t, ζ) +m
√
κ)

Table 2.3: Summary of the complexity of each step of the 2D-ASAP algorithm.t denotes
the number of iterations of the SMACOF algorithm,ζ the number of iterations of the
power method, andκ the condition number of the matrixT TT (whereT is the least squares
matrix from Step 3).

Preprocessing Step: Finding and localizing globally rigidpatches.Breaking up the
graph into maximally globally rigid components was presented in detail in Section 2.4,
and represents the first computationally expensive task in 2D-ASAP. In light of Proposi-
tion 2.4.1, to check for the 3-connectivity of a given 1-hop neighborhood star graphG(i),
it suffices to remove the center nodei and check if the remaining graphG(i) \ {i} is
2-connected, otherwise extract its 2-connected components. Partitioning a graph into 2-
connected components can be done in time linear in the numberof nodes and number of
edges of the graph. The (worst-case) complexity of this stepis thereforeO(k + m′). For
convenience, we did not use anO(m′) implementation, but rather theO(m′2) naı̈ve algo-
rithm that looks for cuts in the graph by examining all possible pairs of nodes. Despite the
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expected linear scaling of this step of the algorithm, the running times reported in Table
2.11 do not seem to scale linearly, but we are able to explain this discrepancy as follows. In
our experiments, the average patch size remains approximatively the same (e.g.≈ 13) for
n = {103, 104, 105}, and the maximum patch sizes arek = {24, 28, 31}. Since the number
of patchesM is bounded bynk, we attribute the slow running times to MATLAB’s added
overhead when working with arrays of structures. A similar behavior can be observed in
the Patch intersectionspreprocessing step, where we compute and store the intersection
of pairs of overlapping patches. As shown in the following paragraphs, each patch over-
laps with a constant number of other patches, and thus the number of patch intersections
to compute and store scales linearly in the number of patches. We expect that an efficient
implementation in C of these steps of the algorithm will scale linearly.

The next question we address is whether the resulting numberof patchesN is linear
in the number of nodesn. We answer this question in the affirmative, and show in the
following analysis thatN ≤ n(k − 1) wherek is the user chosen upper bound on the size
of a patch. Denote byP1, P2, . . . Pr the maximally globally rigid components in the 1-hop
neighborhood graphG(i) of a given nodei, with |Pl| ≥ 3 and|Pl| ≤ k ∀l = 1, . . . , r, since
we restrict the size of the 1-hop neighborhood to be at mostk. Note that the union of two
globally rigid graphsPi andPj that intersect in at leastd+ 1 = 3 nodes is itself a globally
rigid graph. This observation together with the maximalitycondition on the patch sizes
imply that any two patches intersect in at most two vertices|Pi ∩ Pj| ≤ 2, as otherwise
their union is a globally rigid component inG(i), and neitherPi norPj would be maximal.
In addition, whenever a pair of patches overlap in2 vertices it must be the case that one
of the two vertices is the center nodei. If one were to draw an imaginary line through
all edges originating ati (there arek − 1 such edges), and think of the resulting sectors
(slices) as building blocks for the patches, then it becomesclear that a patch is comprised
of adjacent sectors and has a left-end and a right-end edge. This also means that a patch
overlaps with at most2 other patches, and the intersection is given by the left-endand
right-edges. Since there arek − 1 edges originating ati, it means that there are at most
k − 1 patches contributed by the 1-hop neighborhood of any node.

The running time for localizing the patches depends on the embedding method of
choice, SMACOF or FULSDP. In terms of complexity, [4] show that the SMACOF al-
gorithm runs inO(k3 + k3/2t) time andO(k) space, wheret is the number of iterations
required to minimize the stress energy function introducedearlier in (2.3). In our experi-
ments, we limit the maximum size of a patch to a constantk ≈ 30− 50 by including in the
1-hop neighborhood of nodei only thek−1 nearest neighbors ofi (if i has more thank−1
neighbors). However, if we choose to use the SDP approach forembedding the patches,
this task is more expensive since the computation complexity of SeDuMi (the SDP solver
used here) isO(k2m′2.5 + m′3.5), since there arek number of decision variables (nodes
of a patch) andm′ linear matrix (in)equality constraints (edges of a patch) [81]. In either
scenario, the embedding of a single patch remains polynomial in k, and the complexity of
the preprocessing step adds up toO(N poly(k)), since there areN patches for which we
check biconnectivity and compute their embedding.

Steps 1 and 2: Computing Reflections and RotationsThe computationally expensive
tasks in Steps 1 and 2 are the registration of pairs of overlapping patches, and the computa-
tion of the top eigenvectors of sparseN-by-N matrices. The registration method introduced
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at the beginning of Section 2.5 amounts to solving a complex linear least squares problem,
of the formAx = b, whereA is a matrix of sizes× 3, ands is the number of points in the
intersection of the two patches. The least squares solutionis given byx = (ATA)−1AT b,
which can be computed inO(s) time. Sinces ≤ k, the overall complexity of aligning
two patches using least squares isO(k). Concerning the eigenvector computation, we note
that every iteration of the power method is linear in the number of edgesM of the patch
graphGP , but the number of iterations is greater thanO(1) as it depends on the spectral
gap. Note that a pair of patchesPi andPj overlap if and only ifj is either a 1-hop or 2-hop
neighbor ofi. Since we limit the number of 1-hop neighbors of a node tok, it follows
that the number of 2-hop neighbors is at mostk2. In other words,k2 is an upper bound
for the maximum degree in the patch graphGP , and we conclude that the number of edges
M does not exceedNk2/2, whereN grows linearly inn. Note that in the analysis above
we assumed each node contributes with one patch, but the result M = O(N) still remains
valid if G(i) generates multiple patches (a constant depending onk).

Step 3: Least Squares.To estimate thex andy-axis translations and compute the final
coordinates of the reconstruction, we solve the linear least square problems in (3.15). One
possible approach for solving such linear least squares problems of the formTx = b is to
use conjugate gradient iterations applied to the normal equationsT TTx = T T b (which can
be done without explicitly doing the expensive computationof the matrixT TT ). The rate
of convergence of the gradient iterations is determined by the condition numberκ of the
matrix T TT , and the number of iterations required for convergence isO(

√
κ) [103]. For

matrices that are sparse or have exploitable structure, each conjugate gradient iteration has
complexity as low asO(m). Recall that in our caseT is a sparse matrix with only two
nonzero entries per row. Overall, the complexity of the linear least squares in Step 3 in our
case isO(m

√
κ).

Adding up the complexity of all steps of the algorithm, we geta running time of
O(n poly(k,m′, t, ζ) +m

√
κ), which is almost linear in the size of the network.

2.7 Experimental results

We have implemented our 2D-ASAP algorithm and compared its performance with other
methods across a variety of measurement graphs, varying parameters such as the number
of nodes, average degree (sensing radius) and level of noise.

In our experiments, the noise is multiplicative and uniform, meaning that to each true
distance measurementlij =‖ pi − pj ‖, we add random independent noiseεij in the range
[−ηlij , ηlij], i.e.,

dij = lij + εij

εij ∼ Uniform([−ηlij , ηlij]) (2.28)

The percentage noise added is100η, (e.g.,η = 0.1 corresponds to10% noise).
The sizes of the graphs we experimented with range from200 to 105 nodes taking

different shapes, with average degrees as low as6.8, and noise levels up to70%. Across all
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our simulations, we consider the disc graph model, meaning that all pairs of sensors within
rangeρ are connected. We denote the true coordinates of all sensorsby the2×nmatrixP =
(p1 · · · pn), and the estimated coordinates by the matrixP̂ = (p̂1 · · · p̂n). To measure
the localization error of our algorithm we first factor out the optimal rigid transformation
between the true embeddingP and our reconstruction̂P (using the registration method),
and then compute the following average normalized error (ANE)

ANE =

√∑n
i=1 ‖ pi − p̂i ‖2√∑n
i=1 ‖ pi − p0 ‖2

=
‖ P − P̂ ‖F
‖ P − p01

T ‖F
, (2.29)

wherep0 = 1
n

∑n
i=1 pi is the center of mass of the true coordinates and the Frobenius norm

of ann1 × n2 matrixH is ‖H ‖F=
√∑n1

i=1

∑n2

j=1 |Hij|2. The normalization factor in the

denominator of (2.29) ensures that the ANE is not only rigid invariant, but it is also scale
free, i.e., it is invariant to scaling all the distances by a constant factor.

Figure 2.19 shows reconstructions of the US cities map at different levels of noise
η = 0%, 10%, 20%, 30%, 40%, 50%. The number of nodes isn = 1090 and the sensing ra-
diusρ = 0.032 leads to an average degree between19 and23 depending on the noise level
η. A high average degree improves significantly the accuracy of the reconstruction even at
high levels of noise. Table 2.4 shows various measurements of the errors in Steps 1 and 2,
and indicates that the eigenvector method is able to correctmany of the input errors: the
errorsEZeig andEReig are smaller than the input errorsEZinp andERinp. Table 2.5 compares the
final reconstruction errors of 2D-ASAP, ARAP and MVU, from which we conclude that
2D-ASAP and ARAP usually give very similar reconstruction errors. While FAST-MVU
performs reasonably well for the US cities graph, its performance deteriorates significantly
for the other graphs considered below, despite the fact thatunlike with the other tested al-
gorithms, we allowed FAST-MVU to do the gradient descent final step for minimizing the
stress function. We remark that ARAP performs several alternating least squares iterations
(about 40) that refine the reconstruction until convergence, while 2D-ASAP is non-iterative
and its resulting structure can be further improved with anyrefinement method. The ANEs
reported in Table 2.5 for the US cities graph and for all othergraphs are averaged over
10 runs with independent realizations of noise for the distances. Table 2.6 shows the run-
ning time of the various steps of the 2D-ASAP algorithm corresponding to our not par-
ticularly optimized MATLAB implementation on a PC machine equipped with an Intel(R)
Core(TM)2 Duo CPU E8500 @ 3.16GHz4 GB RAM. Notice that all steps are amenable
to a distributed implementation, thus a parallelized implementation would significantly re-
duce the running times. BuildingZ takes more time than buildingR, since in Step 1 the
registration method is performed twice for every pair of overlapping patches, while in Step
2 it is performed only once. We also remark that forη = 50% we used the combinato-
rial method for aligning patches that overlap in 2,3,4 or 5 nodes, which resulted in a little
improvement for the ANE from 0.57 to 0.54.

The C-shape graphs in Figure 2.20 haven = 200 nodes, sensing radiusρ = 0.17
leading to an average degree between 9 and 10, and were testedat noise levelsη =
0%, 10%, 20%, 30%, 40%. The similar C-shape graphs in Figure 2.21 have the same num-
ber of nodes, butρ = 0.28, the average degrees are between 20 and 28 and the noise levels
areη = 35%, 40%, 50%, 60%, 70%. The simulation results in the two scenarios clearly
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Step 1 (Reflections) Step 2 (Rotations)
η deg M τ EZinp EZeig ERinp EReig OutliersRinp OutliersReig

0% 19 10228 0% 0.1% 0% 0.2 0.2 0.3% 0.1%
10% 19 10589 0% 0.2% 0% 1.7 1.2 0.8% 0.3%
20% 20 11299 0.1% 0.7% 0.1% 4 2.6 7.2% 2.5%
30% 20 11730 2.4% 2% 0.4% 7.7 4.2 21.1% 8.9%
35% 21 12165 7.1% 3% 1.3% 17.4 7.7 36.8% 18.8%
40% 22 12479 7.1% 5.5% 2.9% 18.3 8.3 44.2% 23.1%
45% 23 14305 8.8% 10.4% 6.9% 22.6 11.1 53.8% 32.0%
50% 23 15295 10.5% 16.1% 10.8% 26.8 12.2 61.7% 39.1%

Table 2.4: Error rates for 2D-ASAP in Steps 1 and 2 for the US map with n = 1090 cities,
ρ = 0.032 and number of patchesN ≈ 1200 depending on the noise level.M is the number
of pairs of patches aligned (number of edges in the patch graph). τ denotes the percentage
of patches incorrectly oriented, that is, the percentage ofdisagreements betweenẑi andzi.
EZinp is the percentage of errors in the matrixZ, that is, the percentage of disagreements
betweenzij andziz

−1
j restricted to(i, j) ∈ EP . EZeig is the percentage of disagreements

betweenẑiẑ
−1
j andziz

−1
j also restricted to(i, j) ∈ EP . ERinp andOutliersRinp denote the

average angle error (in degrees) and the number of outlier angles (errors above10◦) in
θij − (θi − θj) mod 2π for (i, j) ∈ EP . EReig andOutliersReig denote the average angle

error (in degrees) and the number of outlier angles (errors above10◦) in θ̂i− θ̂j − (θi − θj)
mod 2π for (i, j) ∈ EP .

illustrate a significant improvement in robustness to noisefor the case of denser graphs. In
addition to ARAP and FAST-MVU, we compare our results against the FULL-SDP algo-
rithm [17], in three different scenarios. In the first two, werun FULL-SDP on the same
measurement graph used by the other algorithms, but provideFULL-SDP with additional3
and10 anchors placed at random, that are not provided to the other algorithms. We choose
the anchors at random from the set of all sensors. In the thirdscenario, we use a measure-
ment graph of (approximately) the same average degreedeg as the one used by the other
algorithms, but allow FULL-SDP to use a much larger sensing radiusρ = 1. Each node has
a large number of neighbors within reach, but we select on averagedeg nodes uniformly at
random from the set of all nodes within the sensing radius. These experiments show that
the FULL-SDP algorithm is somewhat sensitive to the sensingradius and the number of
anchors used. As shown at the top of Figure 2.20, the recoverygiven by the FULL-SDP
algorithm with 10 random anchors and no noise (η = 0%) is rather poor compared to 2D-
ASAP, ARAP and FAST-MVU, that are not using any anchor pointswhatsoever. However,
the usage of long range distances significantly improves thesolution of the FULL-SDP
algorithm, as shown by the top right plot in Figure 2.20. Tables 2.7 and 2.8 provide the re-
construction errors for the C graphs. While 2D-ASAP and ARAPgive comparable results,
the errors of MVU are significantly larger.

For the PACM graphs in Figure 2.22, the sensor network takes the shape of the letters
P,A, C,M that form a connected graph onn = 378 vertices. The sensing radius isρ =
0.9 and the average degreedeg ≈ 12. This graph was particularly useful in testing the
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η deg 2D-ASAP ARAP MVU

0% 19 0.01 0.02 0.10
10% 19 0.05 0.04 0.09
20% 20 0.09 0.08 0.09
30% 20 0.18 0.16 0.15
40% 22 0.32 0.40 0.25
45% 22 0.41 0.53 0.32
50% 23 0.54 0.62 0.38

Table 2.5: Reconstruction errors
(measured inANE) for the US
cities graph withn = 1090 cities
and sensing radiusρ = 0.032.

Stage Time (sec)

BreakG into patches 41
Embedding patches 52
Build Z 4.5
ComputevZ1 0.3
BuildR 1.7
ComputevR1 0.3
Step 3 (Least squares)3.9
Total 103.6

Table 2.6: Running times of the 2D-
ASAP algorithm. US map withn =
1090 cities, η = 20%, deg = 20,
N = 1151 patches, average patch
size=15.6.

sensitivity of the algorithm to the topology of the network.In Table 2.9, we show the
reconstruction errors for various levels of noiseη = 0%, 10%, 20%, 30%, 40%.

Another graph that we tested is the GRID graph shown in Figure2.23. It hasn =
272 nodes, sensing radiusρ = 0.7 and average degreedeg ≈ 10. Table 2.10 shows the
reconstruction errors for various levels of noiseη = 0%, 10%, 20%, 30%, 40%, 50%. To
test the robustness to noise in the case of a very sparse graph, we experimented with the
SQUARE graph withn = 250 nodes and average degreedeg = 6.8. The 2D-ASAP and
ARAP algorithm can handle well up to40% noise, with the latter one being slightly more
accurate. Figure 2.24 and Table 2.13 show the reconstruction errors for the SQUARE graph
at noise levelsη = 0%, 10%, 20%, 30%, 40%, 50%.

η 2D-ASAP AAAP ARAP MVU FULLSDP3 FULLSDP10 FULLSDP∗
10

0% 0 0.03 0.01 0.19 0.30 0.18 0
10% 0.02 0.15 0.03 0.20 0.29 0.17 0.10
20% 0.04 0.30 0.05 0.26 0.25 0.17 0.15
30% 0.07 0.37 0.08 0.29 0.25 0.17 0.23
40% 0.14 0.42 0.11 0.32 0.23 0.17 0.30
50% 0.23 0.46 0.20 0.34 0.23 0.18 0.37

Table 2.7: Reconstruction errors (measured inANE) for the C graph withn = 200 nodes,
sensing radiusρ = 0.17 and average degreedeg = 9. FULLSDPk denotes the FULLSDP
algorithm withk anchors. FULLSDP∗10 denotes the same FULLSDP algorithm, but for a
sensing radiusρ = 1 and a degree limit on each nodes that preserves the average degree
deg.

The second to last graph that we tested is the SPIRAL graph shown in Figure 2.18(a).
This graph is made ofn = 2259 nodes, that are spread near a spiral curve that starts at the
origin and once it gets to its outermost loop it traces back towards the origin. The perturba-
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η deg 2D-ASAP ARAP MVU FULLSDP3 FULLSDP10 FULLSDP∗
10

0% 20 0 0.01 0.45 0 0 0
35% 22 0.15 0.18 0.61 0.25 0.24 0.28
40% 22 0.19 0.23 0.57 0.28 0.24 0.33
45% 23 0.23 0.28 0.72 0.28 0.24 0.37
50% 24 0.32 0.32 0.72 0.30 0.25 0.47
55% 25 0.40 0.38 0.82 0.34 0.28 0.49
60% 26 0.47 0.47 0.76 0.37 0.29 0.54
65% 27 0.58 0.56 0.90 0.42 0.32 0.58
70% 28 0.67 0.62 0.81 0.47 0.35 0.58

Table 2.8: Reconstruction errors (measured inANE) for the C graph withn = 200 nodes
and sensing radiusρ = 0.28.

η 2D-ASAP AAAP ARAP MVU

0% 0 0 0 0.20
10% 0.06 0.11 0.02 0.22
20% 0.20 0.24 0.03 0.22
30% 0.23 0.30 0.06 0.23
40% 0.32 0.34 0.13 0.24

Table 2.9: Reconstruction errors (measured inANE) for the PACM graph withn = 425
vertices, sensing radiusρ = 0.9 and average degreedeg = 12.

tion of the sensors from the curve ensures that the 1-hop neighborhoods are not too close
to being collinear. The sensing radius for this graph isρ = 0.47. Despite the fact that the
measured distances are noise-free, the localizations obtained by both 2D-ASAP, AAAP,
ARAP and MVU (Figures 2.18(c), 2.18(e) and 2.18(f)) deviatefrom the true positioning.
The failure of 2D-ASAP to find the original embedding in this noise-free case is due to a
failure of the SMACOF procedure to localize a small number ofpatches. Although there is
no noise in the distance measurements, the stress minimization algorithm sometimes con-
verges to a local minimum, resulting in patches that are incorrectly localized. Since the
topology of this graph is that of a closed curve, such bad patches lead to incorrect twists
and turns in our computed embedding. Although 2D-ASAP and ARAP are using the same
algorithm to localize the patches, it is clear that the incorrectly localized patches are less
harmful to 2D-ASAP as they are to ARAP. This is also indicatedin the averaged normal-
ized errors:ANE(ASAP) = 0.47, ANE(ARAP) = 1.30, ANE(MVU) = 3.43. Figure
2.18(b) shows the accurate embedding obtained by 2D-ASAP when SNL-SDP was used
to localize the patches, denoted 2D-ASAP-SDP, for whichANE(ASAP-SDP) = 0.002.
Although SNL-SDP requires more time to embed the patches (850 seconds compared to
250 seconds for SMACOF), this time was well spent in getting an improved reconstruction.

Another difference between 2D-ASAP and ARAP for this SPIRALgraph is in the run-
ning time. While 2D-ASAP runs here for about 500 seconds (and1100 seconds with
SNL-SDP), ARAP takes over 10000 seconds, with the majority of its running time being
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η 2D-ASAP AAAP ARAP MVU FULL-SDP3

0% 0 0.01 0 0.02 0
10% 0.01 0.04 0.01 0.06 0.17
20% 0.02 0.12 0.01 0.12 0.23
30% 0.04 0.19 0.02 0.18 0.24
40% 0.06 0.25 0.04 0.26 0.26
50% 0.11 0.29 0.06 0.30 0.26

Table 2.10: Reconstruction errors (measured inANE) for the GRID graph withn = 272
nodes, sensing radiusρ = 0.7, and average degreedeg = 10.

spent on localizing the patches. We believe that this difference in running time is caused
by ARAP’s attempt to localize the entire 1-hop neighborhoodof every node, rather than
breaking up the 1-hop neighborhoods into globally rigid patches like 2D-ASAP does. The
example of the SPIRAL graph shows that the embedding of some graphs can be challeng-
ing even in the noise-free case, but 2D-ASAP is doing relatively well even for this difficult
graph.

Finally, in order to illustrate the scaling behavior of 2D-ASAP and compare its run-
ning time to that of the other algorithms, we experimented with random graphs withn =
{103, 104, 105} nodes distributed uniformly at random in the unit square. For this experi-
ment, we used a machine with192 GB memory and2.66GHz core. Since the sizes of the
graphs are increasing in scale, we choose the radiusρ such that the average degree remains
about the samedeg = {12.8, 12.5, 12.8}. Table 2.11 details the running times of the vari-
ous steps of the 2D-ASAP algorithm for three graphs, and Table 2.12 compares the running
times of 2D-ASAP, AAAP, ARAP, FAST-MVU and FULLSDP20 for a random graph on
n = 103 nodes. FAST-MVU is by far the fastest method with only2.7 seconds, but also
the one least robust to noise. 2D-ASAP comes second with477 seconds,95% of which
are spent in the preprocessing steps. ARAP9 took1201 seconds, and when ran onn = 104

nodes, it did not produce an outcome within 48 hours. We couldalso move this earlier in
this section. The FULL-SDP method takes over5000 seconds when ran on a graph with
n = 103 nodes, and is unlikely to compare well to 2D-ASAP if we increasen to 104.
We expect that an optimized implementation in C would further reduce the running time
of 2D-ASAP, in particular the steps of breakingG into patches and computing the patch
intersections. Forn = 105, these two steps account for almost70% of the current running
time, and an implementation where they would scale linearlymeans reducing the overall
running time by more than60% to only about60000 seconds.

9Note that for testing ARAP, we used the MATLAB implementation kindly provided by its authors on
November 2009.
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Stage\# of nodesn 1000 10000 100000

BreakG into patches 41 901 52,180
Embedding patches 414 4,325 37,140
Patch intersections 2 132 58,134
Build Z 8.7 90 2,237
ComputevZ1 0.8 13 926
BuildR 4.6 49 3,414
ComputevR1 0.2 7 522
Step 3 6 88 4,772
Total Time (sec) 477 5,605 159,325

Table 2.11: Running times (in seconds) of the
2D-ASAP algorithm on the SQUARE graph
with n = {103, 104, 105} nodes inside the
unit square,η = 0% anddeg ≈ 12, 13.

Algorithm n = 1000 n = 10000

2D-ASAP 477 5605
AAAP 1170 > 48 hours
ARAP 1201 > 48 hours
FAST-MVU 2.7 10.8
FULLSDP20 5250 -

Table 2.12: Comparison of the run-
ning times (in seconds) of different
algorithms, for the SQUARE graph
with n = {103, 104} nodes andη =
0%.
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Figure 2.18: Reconstructions of the SPIRAL graph withn = 2259 nodes,ρ = 0.47 and
η = 0%. 2D-ASAP-SDP is a version of 2D-ASAP where we used SDP for thelocalization
of the patches, instead of SMACOF.
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η 2D-ASAP ARAP MVU
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Figure 2.19: Reconstructions of the US cities graph withn = 1090 nodes, sensing radius
ρ = 0.32 andη = 0%, 10%, 20%, 30%, 40%, 50%.
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Figure 2.20: Reconstructions of the sparse C graph withn = 200 nodes,ρ = 0.17, and
η = 0%, 10%, 20%, 30%, 40%.
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η 2D-ASAP ARAP FAST-MVU FULL-SDP3 FULL-SDP10 FULL-SDPρ=1
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Figure 2.21: Reconstructions of the dense C graph withn = 200 nodes,ρ = 0.28, and
η = 35%, 40%, 50%, 60%, 70%.
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Figure 2.22: Reconstructions of the PACM graph withn = 425 nodes,ρ = 0.9, and noise
levelsη = 0%, 10%, 20%, 30%, 40%.
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η 2D-ASAP AAAP ARAP MVU FULL-SDP3
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Figure 2.23: Reconstructions of the GRID graph withn = 272 nodes,ρ = 0.7, and noise
levelsη = 0%, 10%, 20%, 30%, 40%, 50%.
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η 2D-ASAP AAAP ARAP MVU FULLSDP3 FULLSDP10

0% 0.0000 0.0036 0.0060 0.0273 0.2329 0.0652
10% 0.0155 0.0443 0.0092 0.0619 0.2917 0.1689
20% 0.0524 0.1256 0.0165 0.1004 0.2858 0.1760
30% 0.0835 0.2023 0.0277 0.1646 0.2767 0.1793
40% 0.1543 0.2551 0.1114 0.2114 0.2588 0.1722
50% 0.3150 0.2899 0.3132 0.2540 0.2558 0.1714

Table 2.13: Reconstruction errors (measured inANE) for the SQUARE graph withn =
250 nodes, sensing radiusρ = 1.51. and average degreedeg = 6.8.
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η 2D-ASAP AAAP ARAP FAST-MVU FULL-SDP3 FULL-SDP10
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Figure 2.24: Reconstructions of the SQUARE graph withn = 250 nodes, sensing ra-
dius ρ = 1.51, and average degreedeg = 6.8, for different levels of noiseη =
0%, 10%, 20%, 30%, 40%, 50%.
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2.8 Summary and discussion

In this chapter, we introduced 2D-As-Synchronized-As-Possible (2D-ASAP), a non-incremental
non-iterative anchor-free algorithm for localizing sensor networks. As our numerical ex-
periments show, 2D-ASAP is extremely robust to high levels of noise in the measured
distances and to sparse connectivity of the measurement graph. Our algorithm starts with
local coordinate computations based only on 1-hop neighborhood information, but unlike
existing incremental methods, it synchronizes all such local information in a noise robust
global optimization process using an efficient eigenvectorcomputation.

Across all graphs that we have tested, 2D-ASAP and ARAP almost always give the
best results in terms of the averaged normalized error. In particular, whenever another
algorithm like MVU or SDP does well, 2D-ASAP and ARAP are alsosuccessful. Also
to the naked eye, the localization results of 2D-ASAP and ARAP best resemble the true
positioning. The SPIRAL graph demonstrates that there are cases for which 2D-ASAP
and ARAP can give significantly different results, in this case, to the favor of the former.
When comparing 2D-ASAP and AAAP, both of which are fully ab-initio reconstructions,
it is clear that 2D-ASAP gives much better results. Although2D-ASAP and ARAP usually
give similar results, there is a fundamental difference between the two algorithms. While
ARAP requires an initial guess provided by AAAP to start its iterative refinement process,
2D-ASAP is a fully ab-initio reconstruction method that scales almost linearly in the size of
the network, as demonstrated by our example of localizing a network with 100,000 nodes.
In practice, 2D-ASAP can (and perhaps should) be followed bya refinement procedure,
such as stress minimization or even ARAP.

The unit disc graph assumption, which comes up naturally in many problems of prac-
tical interest, is essential to the performance of the 2D-ASAP algorithm as it favors the
existence of many globally rigid patches of relatively large size. When the disc graph
assumption does not hold, the 1-hop neighborhood of a node may be extremely sparse,
and thus breaking up such a sparse star graph leads to many small maximally globally
rigid components (i.e., most of them may contain only a few nodes), with only a few of
them having a large enough pairwise intersection. Since small patches lead to small patch
intersections, it would therefore be difficult for 2D-ASAP to align patches correctly and
compute a robust final solution. Except for the combinatorial score method in Section 2.5,
the 2D-ASAP algorithm does not (explicitly) make use of the sensing radius of the disc
graph model assumption.

Combining both distance and angular measurements to increase accuracy and robust-
ness to noise is another possible generalization. The inclusion of angular measurements in
localization algorithms has not been studied as thoroughlyas distance measurements, but
recent papers, such as [21], provide insight for this potential improvement. In the context
of the 2D-ASAP algorithm, angular measurements should leadto better localization and
alignment of the patches.

There are a few possible ways in which the 2D-ASAP algorithm can be improved. First,
it is possible to weigh the entries of theZ andR matrices from Steps 1 and 2. One possible
weighing scheme would be to assign weights that are proportional to some confidence mea-
sure in the alignment of the patches. For example, a high residual obtained when aligning
two patches hints that the relative reflection or rotation may be incorrect. Also, aligning
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two patches with a large overlap is significantly more robustthan aligning two patches that
overlap in just a few vertices. Another possible scheme is todesign weights that will mini-
mize the mixing time of the random walk on the patch graph, or equivalently, maximizing
the second eigenvalue (the spectral gap) of the graph Laplacian. This approach is motivated
by our unreported matrix perturbation analysis initiated in Section 4.2 and by the intuition
that faster mixing of the random walk should assist the eigenvector method to integrate and
propagate consistency relations over cycles in the patch graph. In [99] it is shown that this
fastest mixing design problem is convex and can be solved using SDP, which interestingly
enough draws similarities with the MVU approach to localization. The synchronization
problems in Steps 1 and 2 can be solved using SDP instead of theeigenvector method (see
[92]), but our experience show that the improvement is usually marginal.

Targeting bad patches and bad distance measurements (outliers detection) is another
approach that may increase the robustness of the algorithm to noise. After Step 1 of the
algorithm, we have the estimated reflectionsẑi, and it is possible now to target bad patches
Pi for which ẑiẑ

−1
j differs from zij for a large number of neighboring patchesPj . Even

before Step 1, one may wish to discard patches whose area inside their convex hull is too
small, as such patches are likely to result in incorrect reflections. Also, in the spirit of
the weighted-matrices scenario mentioned above, one may start by aligning patches and
localizing nodes only in regions of the graph that have a higher density of edges. Targeting
and removing bad patches that have low confidence may disconnect the patch graph in Steps
1 and 2. One should then run the 2D-ASAP algorithm on each connected component of
the patch graph, thus localizing all the nodes within them. Some of the missing distances
can now be inferred, and can be added to the problem by an iterative application of the
2D-ASAP algorithm. Although this method seems incrementalin nature, at each step the
eigenvector computation will enforce global consistencies.

We believe that the eigenvector synchronization method hasthe potential of being use-
ful in many applications other than the localization problem of sensor networks. In par-
ticular, in [93, 53] we demonstrated its usefulness in cryo-electron microscopy [40], and
showed its mathematical connection to the parallel transport and the connection-Laplacian
operators from differential geometry. We are currently extending this approach to the 3D
structure from motion problem in computer vision and to the analysis of high dimensional
data point clouds [94], specifically, to the generalizationof Laplacian eigenmaps and dif-
fusion maps [11, 25] that are popular methods for dimensionality reduction and spectral
clustering.

Although this chapter pertains to the the localization of planar networks, we remark
that 2D-ASAP can be generalized to solve the localization problem inR3, a problem which
is motivated by three-dimensional structure determination of macromolecules using NMR
spectroscopy [56]. The three-dimensional localization problem can be formulated as a
synchronization problem over Euc(3), and can be similarly solved in three steps: an eigen-
vector synchronization for the reflections overZ2, an eigenvector synchronization for the
rotations over SO(3), and a least squares solution for the translations inR3. In the second
step of the algorithm, the optimal rotations between pairs of patches will be represented
by 3 × 3 rotation matrices, and the elements of SO(3) will be obtained from the top three
eigenvectors instead of just the top one. In the next chapter, we extend on the approach
used in 2D-ASAP to accommodate for the additional challenges posed by rigidity theory
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in R3 and other constraints that are specific to the molecule problem, the main application
for the three dimensional version of the graph realization problem.
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Chapter 3

Graph realization in R
3 and the

molecule problem

3.1 Introduction

This chapter pertains to the graph realization problem inR3 and its application to a problem
from structural biology. We use the same notation as in the two dimensional case. One is
given a graphG = (V,E) consisting of a set of|V | = n nodes and|E| = m edges, together
with a non-negative distance measurementdij associated with each edge, and is asked to
compute a realization ofG in R3. In other words, for any pair of adjacent nodesi andj,
(i, j) ∈ E, the distancedij = dji is available, and the goal is to find a three dimensional
embeddingp1, p2, . . . , pn ∈ R3 such that‖pi− pj‖ = dij, for all (i, j) ∈ E. We follow the
same graph model as in the two dimensional graph realizationproblem, i.e., the geometric
graph model, where the distance between two nodes is available if and only if they are
within sensing radiusρ of each other, i.e.,(i, j) ∈ E ⇐⇒ dij ≤ ρ. Figure 3.1 shows
an example of a measurement graph for a data set ofn = 500 nodes, with sensing radius
ρ = 0.092 and average degreedeg = 18, i.e. each node knows, on average, the distance to
its 18 closest neighbors.

The three dimensional graph realization problem arises naturally in the application of
nuclear magnetic resonance (NMR) to structural biology, and is often referred to as the
molecular distance geometry problem, or simply themolecule problem. A brief descrip-
tion of this application is given in Section 3.2. In Chapter 2we introduced 2D-ASAP, an
eigenvector based synchronization algorithm that solves the sensor network localization
problem inR2. We summarize below the approach used in 2D-ASAP, and further explain
the differences and improvements that its generalization to three-dimensions brings. Figure
3.2 shows a schematic overview of our algorithm, which we call 3D-As-Synchronized-As-
Possible (3D-ASAP). In this chapter, we focus exclusively on the molecule problem.

54



−4
−3

−2
−1

0
1

2
3

−3

−2

−1

0

1

2

3

−0.5

0

0.5

Y

X

Z

Figure 3.1: 2D view of the BRIDGE-DONUT data set, a cloud ofn = 500 points inR3

in the shape of a donut (left), and the associated measurement geometric graph of radius
ρ = 0.92 and average degreedeg = 18 (right).

The 2D-ASAP algorithm proposed in [32] and described in Chapter 2 belongs to the
group of algorithms that integrate local distance information into a global structure deter-
mination. For every sensor, we first identify globally rigidsubgraphs of its1-hop neighbor-
hood that we call patches. Each patch is then separately localized in a coordinate system of
its own using either the stress minimization approach of [46], or by using semidefinite pro-
gramming (SDP). In the noise-free case, the computed coordinates of the sensors in each
patch must agree with their global positioning up to some unknown rigid motion, that is, up
to translation, rotation and possibly reflection. To every patch there corresponds an element
of the Euclidean group Euc(2) of rigid transformations in the plane, and the goal is to esti-
mate the group elements that will properly align all the patches in a globally consistent way.
By finding the optimal alignment of all pairs of patches whoseintersection is large enough,
we obtain measurements for the ratios of the unknown group elements. Finding group
elements from noisy measurements of their ratios is also known as the synchronization
problem [66, 41]. For example, the synchronization of clocks in a distributed network from
noisy measurements of their time offsets is a particular example of synchronization over
R. [92] introduced an eigenvector method for solving the synchronization problem over
the group SO(2) of planar rotations. This algorithm serves as the basic building block for
our 2D-ASAP and 3D-ASAP algorithms. Namely, we reduce the graph realization prob-
lem to three consecutive synchronization problems that overall solve the synchronization
problem over Euc(2). Intuitively, we use the eigenvector method for the compact part of
the group (reflections and rotations), and use the least-squares method for the non-compact
part (translations). In the first step, we solve a synchronization problem overZ2 for the
possible reflections of the patches using the eigenvector method. In the second step, we
solve a synchronization problem over SO(2) for the rotations, also using the eigenvector
method. Finally, in the third step, we solve a synchronization problem overR2 for the
translations by solving an overdetermined linear system ofequations using the method of
least squares. This solution yields the estimated coordinates of all the sensors up to a
global rigid transformation. Note that the groupsZ2 and SO(2) are compact, allowing us
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to use the eigenvector method, while the groupR2 is non-compact and requires a different
synchronization method such as least squares.

In this chapter, we extend on the approach used in 2D-ASAP to accommodate for the
additional challenges posed by rigidity theory inR3 and other constraints that are specific to
the molecule problem. In addition, we also increase the robustness to noise and speed of the
algorithm. The following paragraphs are a brief summary of the improvements 3D-ASAP
brings, in the order in which they appear in the algorithm.

First, we address the issue of using a divide and conquer approach from the perspective
of three dimensional global rigidity, i.e., of decomposingthe initial measurement graph into
many small overlapping patches that can be uniquely localized. Sufficient and necessary
conditions for two dimensional combinatorial global rigidity have been established only
recently, and motivated our approach for building patches in 2D-ASAP [60, 55]. Due
to the recent coning result in rigidity theory [28], it is also possible to extract globally
rigid patches in dimension three. However, such globally rigid patches cannot always be
localized accurately by SDP algorithms, even in the case of noiseless data. To that end, we
rely on the notion ofunique localizability[96] to localize noiseless graphs, and introduce
the notion of a weakly uniquely localizable (WUL) graph, in the case of noisy data.

Second, we use a median-based denoising algorithm in the preprocessing step, that
overall produces more accurate patch localizations. Our approach is based on the obser-
vation that a given edge may belong to several different patches, the localization of each
of which may result in a different estimation for the distance. The median of these dif-
ferent estimators from the different patches is a more accurate estimator of the underlying
distance.

Third, we incorporated in 3D-ASAP the possibility to integrate prior available informa-
tion. As it is often the case in real applications (such as NMR), one has readily available
structural information on various parts of the network thatwe are trying to localize. For
example, in the NMR application, there are often subsets of atoms (referred to as “molecu-
lar fragments”, by analogy with the fragment molecular orbital approach, e.g., [39]) whose
relative coordinates are known a priori, and thus it is desirable to be able to incorporate such
information in the reconstruction process. Of course, one may always input into the prob-
lem all pairwise distances within the molecular fragments.However, this requires increased
computational efforts while still not taking full advantage of the available information, i.e.,
the orientation of the molecular fragment. Nodes that are aware of their location are often
referred to as anchors, and anchor-based algorithms make use of their existence when com-
puting the coordinates of the remaining sensors. Since in some applications the presence
of anchors is not a realistic assumption, it is important to have efficient and noise-robust
anchor-free algorithms, that can also incorporate the location of anchors if provided. How-
ever, note that having molecular fragments is not the same ashaving anchors; given a set
of (possibly overlapping) molecular fragments, no two of which can be joined in a globally
rigid body, only one molecular fragment can be treated as anchor information (the nodes of
that molecular fragment will be the anchors), as we do not know a priori how the individual
molecular fragments relate to each other in the same global coordinate system.

Fourth, we allow for the possibility of combining the first two steps (computing the
reflections and rotations) into one single step, thus doing synchronization over the group
of orthogonal transformations O(3)= Z2× SO(3) rather than individually overZ2 fol-
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lowed by SO(3). However, depending on the problem being considered and the type of
available information, one may choose not to combine the above two steps. For example,
when molecular fragments are present, we first do synchronization overZ2 with anchors,
followed by synchronization over SO(3). We defer to Section4.4 of the next chapter the
detailed analysis of the synchronization problem overZ2 with anchor information.

Fifth, we incorporate another median-based heuristic in the final step, where we com-
pute the translations of each patch by solving, using least squares, three overdetermined
linear systems, one for each of thex, y and z axis. For a given axis, the displacement
between a pair of nodes appears in multiple patches, each resulting in a different estima-
tion of the displacement along that axis. The median of all these different estimators from
different patches provides a more accurate estimator for the displacement. In addition, af-
ter the least squares step, we introduce a simple heuristic that corrects the scaling of the
noisy distance measurements. Due to the geometric graph model assumption and the uni-
form noise model, the distance measurements taken as input by 3D-ASAP are significantly
scaled down, and the least squares step further shrinks the distances between nodes in the
initial reconstruction.

Finally, we introduce 3D-SP-ASAP, a variant of 3D-ASAP which uses a spectral par-
titioning algorithm in the pre-processing step of buildingthe patches. This approach is
somewhat similar to the recently proposed DISCO algorithm of [74]. The philosophy
behind DISCO is to recursively divide large problems into two smaller problems, thus
building a binary tree of subproblems, which can ultimatelybe solved by the traditional
SDP-based localization methods. 3D-ASAP has the disadvantage of generating a number
of smaller subproblems (patches) that is linear in the size of the network, and localizing all
resulting patches is a computationally expensive task, which is exactly the issue addressed
by 3D-SP-ASAP.

From a computational point of view, all steps of the algorithm can be implemented in a
distributed fashion and scale linearly in the size of the network, except for the eigenvector
computation, which is nearly-linear1. We show the results of numerous numerical experi-
ments that demonstrate the robustness of our algorithm to noise and various topologies of
the measurement graph.

This chapter is organized as follows:

1. Section 3.2 describes an application of nuclear magneticresonance (NMR) to struc-
tural biology, and motivates the use of our localization algorithm for the molecule
problem.

2. Section 3.3 is a brief survey of related approaches for solving the graph realization
problem inR3, although some of the methods described in the previous chapter in
Section 2.2 also apply to the three dimensional case.

3. Section 3.4 gives an overview of the 3D-ASAP algorithm we propose.

1Every iteration of the power method or the Lanczos algorithmthat are used to compute the top eigen-
vectors is linear in the number of edges of the graph, but the number of iterations is greater thanO(1) as it
depends on the spectral gap.
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Figure 3.2: The 3D-ASAP recovery process for a patch in the 1d3z molecule graph. The
localization of the rightmost subgraph in its own local frame is obtained from the available
accurate bond lengths and noisy NOE measurements by using one of the SDP algorithms.
To every patch, like the one shown here, there corresponds anelement of Euc(3) that we try
to estimate. Using the pairwise alignments, in Step 1 we estimate both the reflection and
rotation matrix from an eigenvector synchronization computation over O(3), while in Step 2
we find the estimated coordinates by solving an overdetermined system of linear equations.
If there is available information on the reflection or rotations of some patches, one may
choose to further divide Step 1 into two consecutive steps. Step 1a is synchronization
overZ2, while Step 1b is synchronization over SO(3), in which the missing reflections and
rotations are estimated.

4. Section 3.5 introduces the notion of weakly uniquely localizable graphs used for
breaking up the initial large network into patches, and explains the process of em-
bedding and aligning the patches.

5. Section 3.6 proposes a variant of the 3D-ASAP algorithm byusing a spectral clus-
tering algorithm as a preprocessing step in breaking up the measurement graph into
patches.

6. In Section 3.7 we introduce a novel median-based denoising technique that improves
the localization of individual patches, as well as a heuristic that corrects the shrinkage
of the distance measurements.

7. In Section 3.8, we detail the results of numerical simulations in which we tested the
performance of our algorithms in comparison to existing state-of-the-art algorithms.

8. Finally, Section 3.9 is a summary and a discussion of possible extensions of the
algorithm and its usefulness in other applications.
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3.2 NMR spectroscopy and the molecule problem

The graph realization problem inR3 is of particular importance because it arises naturally
in the application of nuclear magnetic resonance (NMR) to structural biology. NMR spec-
troscopy is a well established modality for atomic structure determination, especially for
relatively small proteins (i.e., with atomic mass less than40kDa) [110], and contributes to
progress in structural genomics [1]. General properties ofproteins such as bond lengths and
angles can be translated into accurate distance constraints. In addition, peaks in the NOESY
experiments are used to infer spatial proximity information between pairs of nearby hydro-
gen atoms, typically in the range of 1.8 to 6 angstroms. The intensity of such NOESY peaks
is approximately proportional to the distance to the minus6th power, and it is thus used to
infer distance information between pairs of hydrogen atoms(NOEs). Unfortunately, NOEs
provide only a rough estimate of the true distance, and hencethe need for robust algorithms
that are able to provide accurate reconstructions even at high levels of noise in the NOE
data. In addition, the experimental data often contains potential constraints that are am-
biguous, because of signal overlap resulting in incompleteassignment [82]. The structure
calculation based on the entire set of distance constraints, both accurate measurements and
NOE measurements, can be thought of as instance of the graph realization problem inR3

with noisy data.
It complements crystallography by providing information in solution, free of crystal

packing effects, and is a rich source of information about local molecular dynamics [80]
and electronic properties. In contrast to crystallography, the process of structure determina-
tion is indirect and complex involving multiple cycles of integration of experimental con-
straints (predominantly from the nuclear Overhauser effect NOE) and preexisting chemical
knowledge of primary structure and typical molecular geometry at the atomic and fragment
level. Initial efforts on using the NOEs focused on using themethods of distance geometry
[54], and later developments elaborated this using representations in torsion angle space e.g
[52] and integration with full molecular energy and dynamics calculations, e.g. [88]. While
these methods have provided powerful tools for NMR structure determination, they are rel-
atively slow, and do not provide for direct integration withexperimental data, because of
the normally required intermediate step of assignment, i.e. the linkage map of what spectral
signal (principally NOEs) belongs to which hydrogen or set of hydrogens. Various inge-
nious ways to circumvent this tedious and error prone step have been proposed (reviewed in
[51]) involving back calculation from preliminary structures, incorporation of probabilities
of typing and sequence for assignment, and direct calculation of hydrogen density from
complete NOE sets [50]. It is generally recognized that whatever the robustness of the al-
gorithmic approach, an “assignment-free” procedure is notcurrently practical because of
imprecision of measurements of NOEs, lack of completeness of NOE data sets, and ambi-
guities arising from spectral overlap. However, if the steps of incorporation of preexisting
chemical information, and calculation of preliminary structure were considerably faster,
then it is quite likely that assignment-free procedures could be developed and could be ro-
bust, using statistical correlation from preexisting data, Monte Carlo calculations and other
approaches. In addition to the specific NMR approach, where the scalar nature of the NOE
data suggests an obvious application, basic speed up of preliminary structure generation
would have value in homology modeling [85], and molecular replacement in crystallogra-
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phy [111]. The value of a new ultrafast method of generating preliminary structures from
a variety of experimental data using chemical structure constraints is likely to have very
broad applications.

3.3 Related work

Due to the importance of the graph realization problem, manyheuristic strategies and nu-
merical algorithms have been proposed in the last decade. A popular approach to solving
the graph realization problem is based on SDP, and has attracted considerable attention
in recent years [17, 12, 13, 14, 114]. We defer to Section 3.5.4 a description of existing
SDP relaxations of the graph realization problem. Such SDP techniques are usually able
to localize accurately small to medium sized problems (up toa couple thousands atoms).
However, many protein molecules have more than 10,000 atomsand the SDP approach by
itself is no longer computationally feasible due to its increased running time. In addition,
the performance of the SDP methods is significantly affectedby the number and location
of the anchors, and the amount of noise in the data. Note that many of the algorithms
described in the previous chapter in Section 2.2 can also be generalized to the three dimen-
sional case. To overcome the computational challenges posed by the limitations of the SDP
solvers, several divide and conquer approaches have been proposed recently for the graph
realization problem. One of the earlier methods appears in [16], and more recent methods
include the Distributed Anchor Free Graph Localization (DAFGL) algorithm of [15], and
the DISCO algorithm (DIStributed COnformation) of [74].

One of the critical assumptions required by the distributedSDP algorithm in [16] is
that there exist anchor nodes distributed uniformly throughout the physical space. The
algorithm relies on the anchor nodes to divide the sensors into clusters, and solves each
cluster separately via an SDP relaxation. Combining smaller subproblems together can be
a challenging task, however this is not an issue if there exist anchors within each smaller
subproblem (as it happens in the sensor network localization problem) because the solution
to the clusters induces a global positioning; in other wordsthe alignment process is triv-
ially solved by the existence of anchors within the smaller subproblems. Unfortunately, for
the molecule problem, anchor information is scarce, almostinexistent, hence it becomes
crucial to develop algorithms that are amenable to a distributed implementation (to allow
for solving large scale problems) despite there being no anchor information available. The
DAFGL algorithm of [15] attempted to overcome this difficulty and was successfully ap-
plied to molecular conformations, where anchors are inexistent. However, the performance
of DAFGL was significantly affected by the sparsity of the measurement graph, and the
algorithm could tolerate only up to 5% multiplicative noisein the distance measurements.

The recent DISCO algorithm of [74] addressed some of the shortcomings of DAFGL,
and used a similar divide-and-conquer approach to successfully reconstruct conformations
of very large molecules. At each step, DISCO checks whether the current subproblem is
small enough to be solved by itself, and if so, solves it via SDP and further improves the
reconstruction by gradient descent. Otherwise, the current subproblem (subgraph) is fur-
ther divided into two subgraphs, each of which is then solvedrecursively. To combine two
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subgraphs into one larger subgraph, DISCO aligns the two overlapping smaller subgraphs,
and refines the coordinates by applying gradient descent. Ingeneral, a divide-and-conquer
algorithm consists of two ingredients: dividing a bigger problem into smaller subproblems,
and combining the solutions of the smaller subproblems intoa solution for a larger subprob-
lem. With respect to the former aspect, DISCO minimizes the number of edges between the
two subgroups (since such edges are not taken into account when localizing the two smaller
subgroups), while maximizing the number of edges within subgroups, since denser graphs
are easier to localize both in terms of speed and robustness to noise. As for the latter aspect,
DISCO divides a group of atoms in such a way that the two resulting subgroups have many
overlapping atoms. Whenever the common subgroup of atoms isaccurately localized, the
two subgroups can be further joined together in a robust manner. DISCO employs several
heuristics that determine when the overlapping atoms are accurately localized, and whether
there are atoms that cannot be localized in a given instance (they do not attach to a given
subgraph in a globally rigid way). Furthermore, in terms of robustness to noise, DISCO
compared favorably to the above-mentioned divide-and-conquer algorithms.

3.4 The 3D-ASAP Algorithm

3D-ASAP is a divide and conquer algorithm that breaks up the large graph into many
smaller overlapping subgraphs, that we call patches, and “stitches” them together consis-
tently in a global coordinate system with the purpose of localizing the entire measurement
graph. Unlike previous graph localization algorithms, we build patches that are globally
rigid2 (or weakly uniquely localizable, that we define later), in order to avoid foldovers in
the final solution3. We also assume that the given measurement graph is globallyrigid to
begin with; otherwise the algorithm will discard the parts of the graph that do not attach
globally rigid to the rest of the graph.

We build the patches in the following way. For every nodei we denote byV (i) =
{j : (i, j) ∈ E} ∪ {i} the set of its neighbors together with the node itself, and by
G(i) = (V (i), E(i)) its subgraph of 1-hop neighbors. IfG(i) is globally rigid, which
can be checked efficiently using the randomized algorithm of[45], then we embed it inR3.
Using SDP for globally rigid (sub)graphs can still produce incorrect localizations, even for
noiseless data. In order to ensure that SDP would give the correct localization, a stronger
notion of rigidity is needed, that of unique localizability[96]. However, in practical applica-
tions the distance measurements are noisy, so we introduce the notion of weakly localizable
subgraphs, and use it to build patches that can be accuratelylocalized. The exact way we
break up the 1-hop neighborhood subgraphs into smaller globally rigid or weakly uniquely
localizable subgraphs is detailed in Section 3.5.2. In Section 3.6 we describe an alternative

2There are several different notions of rigidity that appearin the literature, such as local and global rigidity,
and the more recent notions of universal rigidity and uniquelocalizability [114, 96].

3We remark that in the geometric graph model, the non-edges also provide distance information since
(i, j) /∈ E impliesdij > ρ. This information sometimes allows to uniquely localize networks that are not
globally rigid to begin with. However, we do not use this information in the standard formulation of our
algorithm, but this could be further incorporated to enhance the reconstruction of very sparse networks.
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method for decomposing the measurement graph into patches,using a spectral partitioning
algorithm. We denote byN the number of patches obtained in the above decomposition of
the measurement graph, and note that it may be different fromn, the number of nodes in
G, since the neighborhood graph of a node may contribute several patches or none. Also,
note that the embedding of every patch inR3 is given in its own local frame. To compute
such an embedding, we use the following SDP-based algorithms: FULL-SDP for noiseless
data [17], and SNL-SDP for noisy data [101]. Once each patch is embedded in its own
coordinate system, one must find the reflections, rotations and translations that will stitch
all patches together in a consistent manner, a process to which we refer assynchronization.

We denote the resulting patches byP1, P2, . . . , PN . To every patchPi there corresponds
an elementei ∈ Euc(3), where Euc(3) is the Euclidean group of rigid motionsin R

3. The
rigid motion ei moves patchPi to its correct position with respect to the global coordi-
nate system. Our goal is to estimate the rigid motionse1, . . . , eN (up to a global rigid
motion) that will properly align all the patches in a globally consistent way. To achieve
this goal, we first estimate the alignment between any pair ofpatchesPi andPj that have
enough nodes in common, a procedure we detail later in Section 3.5.6. The alignment of
patchesPi andPj provides a (perhaps noisy) measurement for the ratioeie

−1
j in Euc(3).

We solve the resulting synchronization problem in a globally consistent manner, such that
information from local alignments propagates to pairs of non-overlapping patches. This is
done by replacing the synchronization problem over Euc(3) by two different consecutive
synchronization problems.

In the first synchronization problem, we simultaneously findthe reflections and rota-
tions of all the patches using the eigenvector synchronization algorithm over the group
O(3) of orthogonal matrices. When prior information on the reflections of some patches
is available, one may choose to replace this first step by two consecutive synchronization
problems, i.e., first estimate the missing rotations by doing synchronization overZ2 with
molecular fragment information, as described in Section 4.4, followed by another synchro-
nization problem over SO(3) to estimate the rotations of allpatches. Once both reflections
and rotations are estimated, we estimate the translations by solving an overdetermined lin-
ear system. Taken as a whole, the algorithm integrates all the available local information
into a global coordinate system over several steps by using the eigenvector synchronization
algorithm and least squares over the isometries of the Euclidean space. The main advantage
of the eigenvector method is that it can recover the reflections and rotations even if many
of the pairwise alignments are incorrect. The algorithm is summarized in Table 3.1.

3.4.1 Step 1: Synchronization over O(3) to estimate reflections and

rotations

As mentioned earlier, for every patchPi that was already embedded in its local frame, we
need to estimate whether or not it needs to be reflected with respect to the global coordinate
system, and what is the rotation that aligns it in the same coordinate system. In 2D-ASAP,
we first estimated the reflections, and based on that, we further estimated the rotations.
However, it makes sense to ask whether one can combine the twosteps, and perhaps further
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INPUT G = (V,E), |V | = n, |E| = m, dij for (i, j) ∈ E

Pre-processing
Step

1. Break the measurement graphG into N globally rigid or weakly uniquely localizable
patchesP1, . . . , PN .

Patch Localiza-
tion

2. Embed each patchPi separately using either FULL-SDP (for noiseless data), or SNL-SDP
(for noisy data), or cMDS (for complete patches).

Step 1 1. Align all pairs of patches(Pi, Pj) that have enough nodes in common.
2. Estimate their relative rotation and possibly reflectionhij ∈ O(3).
3. Build a sparse3N × 3N symmetric matrixH = (hij) as defined in (4.2).

Estimating Re-
flections

4. DefineH = D−1H , whereD is a diagonal matrix with
D3i−2,3i−2 = D3i−1,3i−1 = D3i,3i = deg(i), for i = 1, . . . , N .

and Rotations 5. Compute the top 3 eigenvectorsvHi ofH satisfyingHvHi = λH
i vHi , i = 1, 2, 3.

6. Estimate the global reflection and rotation of patchPi by the orthogonal matrix̂hi that is
closest tõhi in Frobenius norm, wherẽhi is the submatrix corresponding to the ith patch in
the3N × 3 matrix formed by the top three eigenvectors[vH1 vH2 vH3 ].
7. Update the current embedding of patchPi by applying the orthogonal transformationĥi

obtained above (rotation and possibly reflection)
Step 2 1. Build them×n overdetermined system of linear equations given in (3.14),after applying

the median-based denoising heuristic.
Estimating 2. Include the anchors information (if available) into the linear system.
Translations 3. Compute the least squares solution for thex-axis,y-axis andz-axis coordinates.

OUTPUT Estimated coordinateŝp1, . . . , p̂n

Table 3.1: Overview of the 3D-ASAP Algorithm

increase the robustness to noise of the algorithm. By doing this, information contained in
the pairwise rotation matrices helps in better estimating the reflections, and vice-versa,
information on the pairwise reflection between patches helps in improving the estimated
rotations. Combining these two steps also reduces the computational effort by half, since
we need to run the eigenvector synchronization algorithm only once.

We denote the orthogonal transformation of patchPi by hi ∈ O(3), which is defined up
to a global orthogonal rotation and reflection. The alignment of every pair of patchesPi and
Pj whose intersection is sufficiently large, provides a measurementhij (a3× 3 orthogonal
matrix) for the ratiohih

−1
j . However, some ratio measurements can be corrupted because

of errors in the embedding of the patches due to noise in the measured distances. We
denote byGP = (V P , EP ) the patch graph whose verticesV P are the patchesP1, . . . , PN ,
and two patchesPi andPj are adjacent,(Pi, Pj) ∈ EP , iff they have enough vertices in
common to be aligned such that the ratiohih

−1
j can be estimated. We letAP denote the

adjacency matrix of the patch graph, i.e.,AP
ij = 1 if (Pi, Pj) ∈ EP , andAP

ij = 0 otherwise.
Obviously, two patches that are far apart and have no common nodes cannot be aligned,
and there must be enough4 overlapping nodes to make the alignment possible. Figures 3.8
and 3.9 show a typical example of the sizes of the patches we consider, as well as their
intersection sizes.

The first step of 3D-ASAP is to estimate the appropriate rotation and reflection of each
patch. To that end, we use the eigenvector synchronization method as it was shown to

4E.g., four common vertices, although the precise definitionof “enough” will be discussed later.
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perform well even in the presence of a large number of errors.The eigenvector method
starts off by building the following3N × 3N sparse symmetric matrixH = (hij), where
hij is the a3× 3 orthogonal matrix that aligns patchesPi andPj

Hij =

{
hij (i, j) ∈ EP (Pi andPj have enough points in common)

O3×3 (i, j) /∈ EP (Pi andPj cannot be aligned)
(3.1)

We explain in more detail in Section 3.5.6 the procedure by which we align pairs of patches,
if such an alignment is at all possible.

Prior to computing the top eigenvectors of the matrixH, as introduced originally in
[92], we choose to use the following normalization (similarto 2D-ASAP in [32]). LetD
be a3N × 3N diagonal matrix5, whose entries are given byD3i−2,3i−2 = D3i−1,3i−1 =
D3i,3i = deg(i), for i = 1, . . . , N . We define the matrix

H = D−1H, (3.2)

which is similar to the symmetric matrixD−1/2HD−1/2 through

H = D−1/2(D−1/2HD−1/2)D1/2.

Therefore,H has3N real eigenvaluesλH
1 ≥ λH

2 ≥ λH
3 ≥ λH

4 ≥ · · · ≥ λH
3N with corre-

sponding3N orthogonal eigenvectorsvH1 , . . . , v
H
3N , satisfyingHvHi = λH

i v
H
i . As shown in

the next paragraphs, in the noise free case,λH
1 = λH

2 = λH
3 , and furthermore, if the patch

graph is connected, thenλH
3 > λH

4 . We define the estimated orthogonal transformations
ĥ1, . . . , ĥN ∈ O(3) using the top three eigenvectorsvH1 , v

H
2 , v

H
3 , following the approach

used in [93]. In Section 4.3 of the next chapter we show that, in the noise free case, the
top three eigenvectors ofH perfectly recover the true solutionh1, . . . , hN ∈ O(3), up to a
global orthogonal transformation.

However, when distance measurements are noisy and the pairwise alignments between
patches are inaccurate, an estimated transformationh̃i may not coincide withhi, and in
fact may not even be an orthogonal transformation. For that reason, we estimatehi by the
closest orthogonal matrix tõhi in the Frobenius matrix norm6

ĥi = argmin
X∈O(3)

‖h̃i −X‖F (3.3)

We do this by using the well known procedure (e.g.,[3]),ĥi = UiV
T
i , whereh̃i = UiΣiV

T
i

is the singular value decomposition ofh̃i, see also [36] and [67]. Note that the estimation of
the orthogonal transformations of the patches are up to a global orthogonal transformation
(i.e., a global rotation and reflection with respect to the original embedding). Also, the
only difference between this step and the angular synchronization algorithm in [92] is the
normalization of the matrix prior to the computation of the top eigenvector. The usefulness
of this normalization was first demonstrated in 2D-ASAP, in the synchronization process
overZ2 and SO(2).

5The diagonal matrixD should not be confused with the partial distance matrix.
6We remind the reader that the Frobenius norm of anm × n matrix A can be defined in several ways

‖A‖2F =
∑m

i=1

∑n

j=1 |aij |2 = Tr(ATA) =
∑min(n,m)

i=1 σ2
i , whereσi are the singular values ofA.
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(a) η = 0%, τ = 0%, and
MSE = 6e− 4
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(b) η = 20%, τ = 0%, and
MSE = 0.05
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(c) η = 40%, τ = 4%, and
MSE = 0.36

Figure 3.3: Bar-plot of the top9 eigenvalues ofH for the UNITCUBE and various noise
levelsη. The resulting error rateτ is the percentage of patches whose reflection was in-
correctly estimated. To ease the visualization of the eigenvalues ofH, we choose to plot
1− λH because the top eigenvalues ofH tend to pile up near1, so it is difficult to differen-
tiate between them by looking at the bar plot ofλH.

We use the mean squared error (MSE) to measure the accuracy ofthis step of the al-
gorithm in estimating the orthogonal transformations. To that end, we look for an optimal
orthogonal transformation̂O ∈ O(3) that minimizes the sum of squared distances between
the estimated orthogonal transformations and the true ones:

Ô = argmin
O∈O(3)

N∑

i=1

‖hi − Oĥi‖2F (3.4)

In other words,Ô is the optimal solution to the registration problem betweentwo sets of
orthogonal transformations in the least squares sense. Following the analysis of [93], we
make use of properties of the trace such asTr(AB) = Tr(BA), Tr(A) = Tr(AT ) and
notice that

N∑

i=1

‖hi − Oĥi‖2F =

N∑

i=1

Tr

[(
hi −Oĥi

)(
hi − Oĥi

)T]

=
N∑

i=1

Tr
[
2I − 2Oĥih

T
i

]
= 6N − 2Tr

[
O

N∑

i=1

ĥih
T
i

]
(3.5)

If we let Q denote the3× 3 matrix

Q =
1

N

N∑

i=1

ĥih
T
i (3.6)

it follows from (3.5) that the MSE is given by minimizing

1

N

N∑

i=1

‖hi − Oĥi‖2F = 6− 2Tr(OQ). (3.7)
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In [3] it is proven thatTr(OQ) ≤ Tr(V UTQ), for all O ∈ O(3), whereQ = UΣV T is the
singular value decomposition ofQ. Therefore, the MSE is minimized by the orthogonal
matrix Ô = V UT and is given by

1

N

N∑

i=1

‖hi − Ôĥi‖2F = 6− 2Tr(V UTUΣV T ) = 6− 2

3∑

k=1

σk (3.8)

whereσ1, σ2, σ3 are the singular values ofQ. Therefore, wheneverQ is an orthogonal
matrix for whichσ1 = σ2 = σ3 = 1, the MSE vanishes. Indeed, the numerical experiments
in Table 3.2 confirm that for noiseless data, the MSE is very close to zero. To illustrate
the success of the eigenvector method in estimating the reflections, we also computeτ ,
the percentage of patches whose reflection was incorrectly estimated. Finally, the last two
columns in Table 3.2 show the recovery errors when, instead of doing synchronization over
O(3), we first synchronize overZ2 followed by SO(3).

O(3) Z2 and SO(3)
η τ MSE τ MSE

0% 0% 6e-4 0% 7e-4
10% 0% 0.01 0% 0.01
20% 0% 0.05 0% 0.05
30% 5.8% 0.35 5.3% 0.32
40% 4% 0.36 5% 0.40
50% 7.4% 0.65 9% 0.68

Table 3.2: The errors in estimating the reflections and rotations when aligning theN =
200 patches resulting from for the UNITCUBE graph onn = 212 vertices, at various levels
of noise. We usedτ to denote the percentage of patches whose reflection was incorrectly
estimated.

3.4.2 Step 2: Synchronization overR3 to estimate translations

The final step of the 3D-ASAP algorithm is computing the global translations of all patches
and recovering the true coordinates. For each patchPk, we denote byGk = (Vk, Ek)

7

the graph associated to patchPk, whereVk is the set of nodes inPk, andEk is the set
of edges induced byVk in the measurement graphG = (V,E). We denote byp(k)i =

(x
(k)
i , y

(k)
i , z

(k)
i )T the known local frame coordinates of nodei ∈ Vk in the embedding of

patchPk (see Figure 3.4).
At this stage of the algorithm, each patchPk has been properly reflected and rotated so

that the local frame coordinates are consistent with the global coordinates, up to a transla-
tion t(k) ∈ R3. In the noise-free case we should therefore have

pi = p
(k)
i + t(k), i ∈ Vk, k = 1, . . . , N. (3.9)

7Not to be confused withG(i) = (V (i), E(i)) defined in the beginning of this section.
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Figure 3.4: An embedding of a patchPk in its local coordinate system (frame) after it
was appropriately reflected and rotated. In the noise-free case, the coordinatesp(k)i =

(x
(k)
i , y

(k)
i , z

(k)
i )T agree with the global positioningpi = (xi, yi, zi)

T up to some translation
t(k) (unique to alli in Vk).

We can estimate the global coordinatesp1, . . . , pn as the least squares solution to the
overdetermined system of linear equations (3.9), while ignoring the by-product translations
t(1), . . . , t(N). In practice, we write a linear system for the displacement vectorspi − pj for
which the translations have been eliminated. Indeed, from (3.9) it follows that each edge
(i, j) ∈ Ek contributes a linear equation of the form8

pi − pj = p
(k)
i − p

(k)
j , (i, j) ∈ Ek, k = 1, . . . , N. (3.10)

In terms of thex, y andz global coordinates of nodesi andj, (3.10) is equivalent to

xi − xj = x
(k)
i − x

(k)
j , (i, j) ∈ Ek, k = 1, . . . , N, (3.11)

and similarly for they andz equations. We solve these three linear systems separately,and
recover the coordinatesx1, . . . , xn, y1, . . . , yn, andz1, . . . , zn. Let T be the least squares
matrix associated with the overdetermined linear system in(3.11),x be then × 1 vector
representing thex-coordinates of all nodes, andbx be the vector with entries given by the
right-hand side of (3.11). Using this notation, the system of equations given by (3.11) can
be written as

Tx = bx, (3.12)

and similarly for they andz coordinates. Note that the matrixT is sparse with only two
non-zero entries per row and that the all-ones vector1 = (1, 1, . . . , 1)T is in the null space
of T , i.e.,T1 = 0, so we can find the coordinates only up to a global translation.

To avoid building a very large least squares matrix, we combine the information pro-
vided by the same edges across different patches in only one equation, as opposed to having
one equation per patch. For 2D-ASAP, we achieved this by adding up all equations of the
form (3.11) corresponding to the same edge(i, j) from different patches, into a single
equation, i.e.,

∑

k∈{1,...,N} s.t.(i,j)∈Ek

xi − xj =
∑

k∈{1,...,N} s.t.(i,j)∈Ek

x
(k)
i − x

(k)
j , (i, j) ∈ E, (3.13)

8In fact, we can write such equations for everyi, j ∈ Vk but choose to do so only for edges of the original
measurement graph.
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and similarly for they andz-coordinates (see Section 2.3.3). For very noisy distance mea-
surements, the displacementsx

(k)
i −x

(k)
j will also be corrupted by noise and the motivation

for (3.13) was that adding up such noisy values will average out the noise. However, as
the noise level increases, some of the embedded patches willbe highly inaccurate and will
thus generate outliers in the list of displacements above. To make this step of the algorithm
more robust to outliers, instead of averaging over all displacements, we select the median
value of the displacements and use it to build the least squares matrix

xi − xj = median
k∈{1,...,N} s.t.(i,j)∈Ek

{x(k)
i − x

(k)
j }, (i, j) ∈ E, (3.14)

We denote the resultingm × n matrix by T̃ , and itsm × 1 right-hand-side vector bỹbx.
Note thatT̃ has only two nonzero entries per row9, T̃e,i = 1, T̃e,j = −1, wheree is the row
index corresponding to the edge(i, j). The least squares solution̂p = p̂1, . . . , p̂n to

T̃ x = b̃x, T̃ y = b̃y, and T̃ z = b̃z, (3.15)

is our estimate for the coordinatesp = p1, . . . , pn, up to a global rigid transformation.
Whenever the ground truth solutionp is available, we can compare our estimatep̂ with

p. To that end, we remove the global reflection, rotation and translation fromp̂, by com-
puting the best procrustes alignment betweenp and p̂, i.e. p̃ = Op̂ + t, whereO is an
orthogonal rotation and reflection matrix, andt a translation vector, such that we minimize
the distance between the original configurationp and p̃, as measured by the least squares
criterion

∑n
i=1 ‖pi − p̃i‖2. Figure 3.5 shows the histogram of errors in the coordinates,

where the error associated with nodei is given by‖ pi − p̂i ‖.
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1 2 3 4 5
0

10

20

30

40

50

 

(c) η = 50%, ERRc = 1.23

Figure 3.5: Histograms of coordinate errors‖pi − p̂i‖ for all atoms in the 1d3z molecule,
for different levels of noise. In all figures, the x-axis is measured in Angstroms. Note the
change of scale for Figure (a), and the fact that the largest error showed there is 0.12. We
usedERRc to denote the average coordinate error of all atoms.

We remark that in 3D-ASAP anchor information can be incorporated similarly to the
2D-ASAP algorithm, as explained at the end of Section 2.3.3;however we do not elaborate
on this here since there are no anchors in the molecule problem.

9Note that some edges inE may not be contained in any patchPk, in which case the corresponding row
in T̃ has only zero entries.
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3.5 Extracting, embedding, and aligning patches

This section describes how to break up the measurement graphinto patches, and how to
embed and pairwise align the resulting patches. We start in Section 3.5.1 with a description
of how to extract globally rigid subgraphs from 1-hop neighborhood graphs, and discuss the
advantages thatk-star graphs bring. However, in practice, we do not follow either approach
to extract patches, since SDP-based methods may still produce inaccurate localizations of
globally rigid patches even in the case of noiseless data. Therefore, in Section 3.5.2 we
recall a recent result of [96] onuniquely d-localizablegraphs, which can be accurately lo-
calized by SDP-based methods. We thus lay the ground for the notion of weakly uniquely
localizable(WUL) graphs, which we introduce with the purpose of being able to local-
ize the resulting patches even when the distance measurements are noisy. Section 3.5.3
discusses the issue of finding “pseudo-anchor” nodes, whichare needed when extracting
WUL subgraphs. In Section 3.5.4 we discuss several SDP-relaxations to the graph local-
ization problem, which we use to embed the WUL patches. In Section 3.5.5 we remark
on several additional constraints specific to the molecule problem, which are currently not
incorporated in 3D-ASAP. Finally, Section 3.5.6 explains the procedure for aligning a pair
of overlapping patches.

3.5.1 Extracting globally rigid subgraphs

Although there is no combinatorial characterization of global rigidity in R3 (but only nec-
essary conditions [55]), one may exploit the fact that a 1-hop neighborhood subgraph is
always a “star” graph, i.e., a graph with at least one centralnode connected to everybody
else. The process of coning a graphG adds a new vertexv, and adds edges fromv to all
original vertices inG, creating the cone graphG ∗ v. A recent result of [28] states that a
graph is generically globally rigid inRd−1 iff the cone graph is generically globally rigid
in Rd. This result allows us to reduce the notion of global rigidity in R3 to global rigidity
in R2, after removing the center node. We recall that sufficient and necessary conditions
for two dimensional combinatorial global rigidity have been recently established [60, 55],
i.e., 3-connectivity and redundant rigidity (meaning the graph remains locally rigid after
the removal of any single edge). Therefore, breaking a graphinto maximally globally rigid
components amounts to finding the maximally 3-connected components, and furthermore,
extracting the maximally redundantly rigid components. The firstO(n+m) algorithm for
finding the 3-connected components of a general graph was given by Hopcroft and Tarjan
[58]. A combinatorial characterization of redundant rigidity in dimension two was given in
[55], together with anO(n2) algorithm.

The rest of this section presents an alternative method for extracting globally rigid sub-
graphs, while avoiding the notion of redundant rigidity. Motivated by the fact that 1-hop
neighborhood graphs may have multiple centers (especiallyin random geometric graphs),
we introduce the following family of graphs. Ak-star graph is a graph which contains at
leastk vertices (centers) that are connected to all remaining nodes. For example, for each
nodei, the local graphG(i) composed of the central nodei and all its neighbors takes the
form of a 1-star graph (which we simply refer to as a star graph). Note that in our defini-
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tion, unlike perhaps more conventional definitions of star graphs, we allow edges between
non-central nodes to exist.

Proposition 3.5.1.A (k− 1)-star graph is generically globally rigid inRk iff it is (k+1)-

vertex-connected.

Proof. We prove the statement in the proposition by induction onk. The casek = 2 was

previously shown in [32]. Assuming the statement holds truefor k−2, we show it remains

true fork − 1 as well.

Let H be a(k + 1)-vertex-connected(k − 1)−star graph,S = {v1, . . . , vk−1} be its

center nodes, andH∗ the graph obtained by removing one of its center nodes. SinceH is

(k + 1)-vertex-connected thenH∗ must bek-vertex-connected, since otherwise, ifu is a

cut-vertex inH∗, then{v1, u} is a vertex-cut of size 2 inH, a contradiction. By induction,

H∗ is generically globally rigid inRk−1, since it is a(k − 2)-star graph that isk-vertex-

connected. Using the coning theorem, the generic globally rigidity of H∗ in Rk−1 implies

thatH is generically globally rigid inRk.

The converse is a well known statement in rigidity theory [55]. We first say that a

framework inRk allows a reflection if a separating set of vertices lies in(k−1)-dimensional

subspace. However, realization for which more thank vertices lie in a(k− 1)-dimensional

subspace are not generic, and therefore, for generic frameworks, reflections occur when

there is a subset ofk or fewer vertices whose removal disconnects the graph, i.e., G is not

(k + 1)-vertex-connected. In other words, ifH is generically globally rigid inRk, then it

must be(k + 1)-vertex-connected.

Using the above result fork = 3 implies that if the 1-hop neighborhoodG(i) of node
i has another center nodej 6= i, then one can breakG(i) into maximally globally rigid
subgraphs (inR3) by simply finding the 4-connected components ofG(i). SinceG(i) has
two center nodesi andj, the problem amounts to finding the 2-connected components of
the remaining graph.

This observation suggests another possible approach to solving the network localiza-
tion problem. Instead of breaking the initial graphG into patches by first using 1-hop
neighborhoods of each node, one can start by considering the1-hop neighborhoodG(i, j)
of a pair of nodes(i, j) ∈ E(G), where vertices of graphG(i, j) are the intersection of the
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1-hop neighbors of nodesi andj. This approach assures thatG(i, j) is a2-star graph, and
by the above result, can be easily broken into maximally globally rigid subgraphs, without
involving the notion of redundant rigidity.

Note that, in practice, we do not follow either of the two approaches introduced in this
section, since SDP-based methods may compute inaccurate localizations of globally rigid
graphs, even in the case of noiseless data. Instead, we use the notion of weakly uniquely
localizable graphs, which we introduce in the next section.

3.5.2 Extracting Weakly Uniquely Localizable (WUL) subgraphs

We first recall some of the notation introduced earlier, thatis needed throughout this section
and Section 4.4 on synchronization overZ2 with anchors. We consider a sensor network in
R3 with k anchors denoted byA, andn sensors denoted byS. An anchor is a node whose
locationai ∈ R3 is readily available,i = 1, . . . , k, and a sensor is a node whose locationxj

is to be determined,j = 1, . . . , n. Note that for aesthetic reasons and consistency with the
notation used in [96], we usex in this section to denote the true coordinates, as opposed top
used throughout the rest of the thesis10. We denote bydij the Euclidean distance between a
pair of nodes,(i, j) ∈ A∪S. In most applications, not all pairwise distance measurements
are available, therefore we denote byE(S,S) andE(S,A) the set of edges denoting the
measured sensor-sensor and sensor-anchor distances. We represent the available distance
measurements in an undirected graphG = (V,E) with vertex setV = A ∪ S of size
|V | = n+ k, and edge set of size|E| = m. An edge of the graph corresponds to a distance
constraint, that is(i, j) ∈ E iff the distance between nodesi andj is available and equals
dij = dji, wherei, j ∈ A ∪ S. We denote the partial distance measurements matrix by
D = {dij : (i, j) ∈ E(S,S) ∪ E(S,A)}. A solutionx together with the anchor seta
comprise alocalizationor realizationp = (x, a) of G. A frameworkin Rd is the ensemble
(G, p), i.e., the graphG together with the realizationp which assigns a pointpi in Rd to
each vertexi of the graph. We refer the reader to Chapter 1 for more background on rigidity
theory.

Given a partial set of noiseless distances and the anchor seta, the graph realization
problem can be formulated as the following system

‖xi − xj‖22 = d2ij for (i, j) ∈ E(S,S)
‖ai − xj‖22 = d2ij for (i, j) ∈ E(S,A)

xi ∈ R
d for i = 1, . . . , n (3.16)

Unless the above system has enough constraints (i.e., the graphG has sufficiently many
edges), thenG is not globally rigid and there could be multiple solutions.However, if the
graphG is known to be (generically) globally rigid inR3, and there are at least four anchors
(i.e., k ≥ 4), andG admits a generic realization11, then (3.16) admits a unique solution.
Due to recent results on the characterization of generic global rigidity, there now exists a

10Not to be confused with thex-axis projections of the distances in the least squares step.
11A realization isgenericif the coordinates do not satisfy any non-zero polynomial equation with integer

coefficients.
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randomized efficient algorithm that verifies if a given graphis generically globally rigid in
Rd [45]. However, this efficient algorithm does not translate into an efficient method for
actually computing a realization ofG. Knowing that a graph is generically globally rigid in
Rd still leaves the graph realization problem intractable, asshown in [7]. Motivated by this
gap between deciding if a graph is generically globally rigid and computing its realization
(if it exists), So and Ye introduced the following notion of uniqued-localizability [96]. An
instance(G, p) of the graph localization problem is said to beuniquely d-localizableif

1. the system (3.16) has a unique solutionx̃ = (x̃1; . . . ; x̃n) ∈ R
nd, and

2. for anyl > d, x̃ = ((x̃1; 0), . . . , (x̃n; 0)) ∈ Rnl is the unique solution to the following
system:

‖xi − xj‖22 = d2ij for (i, j) ∈ E(S,S)
‖(ai; 0)− xj‖22 = d2ij for (i, j) ∈ E(S,A) (3.17)

xi ∈ R
l for i = 1, . . . , n

where(v; 0) denotes the concatenation of a vectorv of sized with the all-zeros vector0 of
sizel − d. The second condition states that the problem cannot have a non-trivial localiza-
tion in some higher dimensional spaceRl (i.e, a localization different from the one obtained
by settingxj = (x̃j ; 0) for j = 1, . . . , n), where anchor points are trivially augmented to
(ai; 0), for i = 1, . . . , k. A crucial observation should now be made: unlike global rigidity,
which is a generic property of the graphG, the notion ofunique localizabilitydepends not
only on the underlying graphG but also on the particular realizationp, i.e., it depends on
the framework(G, p).

We now introduce the notion of a weakly uniquely localizablegraph, essential for the
preprocessing step of the 3D-ASAP algorithm, where we breakthe original graph into
overlapping patches. A graph isweakly uniquely d-localizableif there exists at least one
realizationp ∈ R(n+k)d (we call this a certificate realization) such that the framework (G, p)
is uniquely localizable. Note that if a framework(G, p) is uniquely localizable, thenG is a
weakly uniquely localizable graph; however the reverse is not necessarily true since unique
localizability is not a generic property.

The advantage of working with uniquely localizable graphs becomes clear in light of the
following result by [96], which states that the problem of deciding whether a given graph
realization problem is uniquely localizable, as well as theproblem of determining the node
positions of such a uniquely localizable instance, can be solved efficiently by considering
the following SDP

maximize 0

subject to (0; ei − ej)(0; ei − ej)
T · Z = d2ij, for (i, j) ∈ E(S,S)

(ai;−ej)(ai;−ej)T · Z = d2ij, for (i, j) ∈ E(S,A)
Z1:d,1:d = Id

Z ∈ Kn+d (3.18)
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whereei denotes the all-zeros vector with a1 in theith entry, andKn+d = {Z(n+d)×(n+d)|Z =[
Id X
XT Y

]
� 0}, whereZ � 0 means thatZ is a positive semidefinite matrix. The SDP

method relaxes the constraintY = XXT to Y � XXT , i.e., Y − XXT � 0, which is
equivalent to the last condition in (3.18). The following predictor for uniquely localizable
graphs introduced in [96], established for the first time that the graph realization problem
is uniquely localizable if and only if the relaxation solution computed by an interior point
algorithm (which generates feasible solutions of max-rank) has rankd andY = XXT .

Theorem 3.5.2([96, Theorem 2]). Suppose G is a connected graph. Then the following

statements are equivalent:

a) Problem (3.16) is uniquely localizable

b) The max-rank solution matrixZ of (3.18) has rankd

c) The solution matrixZ represented by (b) satisfiesY = XXT .

Algorithm 1 summarizes our approach for extracting a WUL subgraph of a given graph,
motivated by the results of Theorem 3.5.2 and the intuition and numerical experiments
described in the next paragraph. Note, however, that the statements in Theorem 3.5.2
hold true as long as the graphG has at least four anchor nodes. While this may seem a
very restrictive condition (since in many real life applications anchor information is rarely
available) there is an easy way to get around this, provided the graph contains a clique
(complete subgraph) of size at least4. As discussed in Section 3.5.3, a patch of size at least
10 contains such a clique with very high probability. Once sucha clique has been found,
one may use cMDS to embed it and use the coordinates as anchors. We call such nodes
pseudo-anchors.

Algorithm 1 Finding a weakly uniquely localizable (WUL) subgraph of a graph with four
anchors or pseudo-anchors

Require: Simple graphG = (V,E) with n sensors,k anchors andm edges corresponding
to known pairwise Euclidean distances, andε a small positive constant (e.g.10−4)

1: Randomize a realizationp1, . . . , pn in R
3

2: If k < 4, find a complete subgraph ofG on 4 vertices (i.e.,K4) and compute an
embedding of it (using classical MDS). Denote the set of pseudo-anchors byA

3: Solve the SDP relaxation problem formulated in (3.18) usingthe anchor setA
4: Denote by the vectorw the diagonal elements of the matrixY −XXT .
5: Find the subset of nodesV0 ∈ V \A such thatwi < ε
6: DenoteG0 = (V0, E0) the weakly uniquely localizable subgraph ofG.

Two known necessary conditions for global rigidity inR3 are4-connectivity and re-
dundant rigidity (meaning the graph remains locally rigid after the removal of any single
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edge) [55, 27]. One approach to breaking up a patch graph intoglobally rigid subgraphs,
used by the ABBIE algorithm of [56], is to recurse on each 4-connected component of the
graph, and then on each redundantly rigid subcomponent; buteven then we are still not sure
that the resulting subgraphs are globally rigid. Our approach is to extract a WUL subgraph
from the 4-connected components of each patch. It may not be clear to the reader at this
point what is the motivation for using weak unique localizability since it is not a generic
property, and hence attempting to extract a WUL subgraph of a4-connected graph seems
meaningless since we do not know a priori what is the true realization of such a graph.
However, we have observed in our numerical simulations thatthis approach significantly
improves the accuracy of the embeddings. An intuitive motivation for this approach is the
following. If the randomized realization in Algorithm 1 (orwhat remains of it after re-
moving some of the nodes) is “faithful”, meaning close enough to the true realization, then
the WUL subgraph is perhaps generically uniquely localizable, and hence its localization
using the SDP in (3.18) under the original distance constraints can be computed accurately,
as predicted by Theorem 3.5.2. We also consider a slight variation of Algorithm 1, where
we replace step 3 with the SDP relaxation introduced in the FULL-SDP algorithm of [17].
We refer to this different approach as Algorithm 2. Note thatwe also consider Algorithm
2 in our simulations only for computational reasons, since the running time of the FULL-
SDP algorithm is significantly smaller compared to ourCVX-based SDP implementation
[48, 49] of problem (3.18).

Our intuition about the usefulness of the WUL subgraphs is supported by several nu-
merical simulations. Figure 3.6 and Table 3.3 show the reconstruction errors of the patches
(in terms of ANE, an error measure introduced in Section 3.8)in the following scenar-
ios. In the first scenario, we directly embed each 4-connected component, without any
prior preprocessing. In the second, respectively third, scenario we first extract a WUL
subgraph from each 4-connected component using Algorithm 1, respectively Algorithm 2,
and then embed the resulting subgraphs. Note that the subgraph embeddings are computed
using FULL-SDP, respectively SNL-SDP, for noiseless, respectively noisy data. Figure 3.6
contains numerical results from the UNITCUBE graph with noiseless data, in the three
scenarios presented above. As expected, the FULL-SDP embedding in scenario 1 gives the
highest reconstruction error, at least one order of magnitude larger when compared to Al-
gorithms 1 and 2. Surprisingly, Algorithm 2 produced more accurate reconstructions than
Algorithm 1, despite its lower running time. These numerical computations suggest12 that
Theorem 3.5.2 remains true when the formulation in problem (3.18) is replaced by the one
considered in the FULL-SDP algorithm [17].

The results detailed in Figure 3.6, while showing improvements of the second and
third scenarios over the first one, may not entirely convincethe reader of the usefulness
of our proposed randomized algorithm, since in the first scenario a direct embedding of the
patches using FULL-SDP already gives a very good reconstruction, i.e.8.4e−4 on average.
We regard4-connectivity a significant constraint that very likely renders a random geomet-
ric star graph to become globally rigid, thus diminishing the marginal improvements of
the WUL extraction algorithm. To that end, we run experiments similar to those reported
in Figure 3.6, but this time on the 1-hop neighborhood of eachnode in the UNITCUBE

12Personal communication by Yinyu Ye.
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(c) Scenario 3:ANE = 7.2e− 6

Figure 3.6: Histogram of reconstruction errors (measured in ANE) for the noiseless
UNITCUBE graph withn = 212 vertices, sensing radiusρ = 0.3 and average degree
deg = 17. ANE denotes the average errors over allN = 197 patches. Note that the x-
axis shows the ANE in logarithmic scale. Scenario 1: directly embedding the 4-connected
components. Scenario 2: embedding the WUL subgraphs extracted using Algorithm 1.
Scenario 3: embedding the WUL subgraphs extracted using Algorithm 2. Note that for the
subgraph embeddings we use FULL-SDP.

graph, without further extracting the 4-connected components. In addition, we sparsify
the graph by reducing the sensing radius fromρ = 0.3 to ρ = 0.26. Table 3.3 shows the
reconstruction errors, at various levels of noise. Note that in the noise free case, scenarios
2 and 3 yield results which are an order of magnitude better than that of scenario 1, which
returns a rather poor average ANE of5.3e−02. However, for the noisy case, these marginal
improvements are considerably smaller.

η Scenario 1 Scenario 2 Scenario 3

0% 5.3e-02 4.9e-03 1.3e-03
10% 8.8e-02 5.2e-02 5.3e-02
20% 1.5e-01 1.1e-01 1.1e-01
30% 2.3e-01 2.0e-01 2.0e-01

Table 3.3: Average reconstruction errors (measured inANE) for the UNITCUBE
graph withn = 212 vertices, sensing radiusρ = 0.26 and average degree
deg = 12. Note that we only consider patches of size greater than or equal to 7,
and there are 192 such patches. Scenario 1: directly embedding the 4-connected
components. Scenario 2: embedding the WUL subgraphs extracted using Algo-
rithm 1. Scenario 3: embedding the WUL subgraphs extracted using Algorithm
2. Note that for the subgraph embeddings we use FULL-SDP for noiseless data,
and SNL-SDP for noisy data.

Table 3.4 shows the total number of nodes removed from the patches by Algorithms 1
and 2, the number of 1-hop neighborhoods which are readily WUL, and the running times.
Indeed, for the sparser UNITCUBE graph withρ = 0.26, the number of patches which are
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already WUL is almost half, compared to the case of the densergraph withρ = 0.30.

ρ = 0.30, N = 197 ρ = 0.26, N = 192
Algorithm 1 Algorithm 2 Algorithm 1 Algorithm 2

Total nr of nodes removed 31 26 258 285
Nr of WUL patches 188 191 104 101
Running time (sec) 887 48 632 26

Table 3.4: Comparison of the two algorithms for extracting WUL subgraphs, for
the UNICUBE graphs with sensing radiusρ = 0.30 andρ = 0.26, and noise level
η = 0%. The WUL patches are those patches for which the subgraph extraction
algorithms did not remove any nodes.

Finally, we remark on one of the consequences of our approachfor breaking up the
measurement graph. It is possible for a node not to be contained in any of the patches,
even if it attaches in a globally rigid way to the rest of the measurement graph. An easy
example is a star graph with four neighbors, no two of which are connected by an edge, as
illustrated by the graph in Figure 3.7. However, we expect such pathological examples to
be very unlikely in the case of random geometric graphs.

Figure 3.7: An example of a graph with a node that attaches globally rigidly to the rest of
the graph, but is not contained in any patch, and thus it will be discarded by 3D-ASAP.

3.5.3 Finding pseudo-anchors

To satisfy the conditions of Theorem 3.5.2, at leastd + 1 anchors are necessary for em-
bedding a patch, hence for the molecule problem we needk ≥ 4 such anchors in each
patch. Since anchors are not usually available, one may ask whether it is still possible to
find such a set of nodes that can be treated as anchors. If one were able to locate a clique
of size at leastd+1 inside a patch graph, then using cMDS it is possible to obtainaccurate
coordinates for thed+1 nodes and treat them as anchors Whenever this is possible, wecall
such a set of nodespseudo-anchors. Intuitively, the geometric graph assumption should
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lead one into thinking that if the patch graph is dense enough, it is very likely to find a
complete subgraph ond + 1 nodes. While a probabilistic analysis of random geometric
graphs with forbiddenKd+1 subgraphs is beyond of scope of this paper, we provide an
intuitive connection with the problem of packing spheres inside a larger sphere, as well as
numerical simulations that support the idea that a patch of size at least≈ 10 contains four
such pseudo-anchors with some high probability.

To find pseudo-anchors for a given patch graphGi, one needs to locate a complete
subgraph (clique) containing at leastd + 1 vertices. Since any patchGi contains a center
node that is connected to every other node in the patch, it suffices to find a clique of size
at least3 in the 1-hop neighborhood of the center node, i.e., to find a triangle inGi\i. Of
course, if a graph is very dense (i.e., has high average degree) then it will be forced to
contain such a triangle. To this end, we remind one of the firstresults in extremal graph
theory (Mantel 1907), which states that any given graph ons vertices and more than1

4
s2

edges contains a triangle, the bipartite graph withV1 = V2 = s
2

being the unique extremal
graph without a triangle and containing1

4
s2 edges. However, this quadratic bound which

holds for general graphs is very unsatisfactory for the caseof random geometric graphs.
Recall that we are using the geometric graph model, where twovertices are adjacent

if and only if they are less than distanceρ apart. At a local level, one can think of the
geometric graph model as placing an imaginary ball of radiusρ centered at nodei, and
connectingi to all nodes within this ball; and also connecting two neighborsj, k of i if and
only if j andk are less thanρ units apart. Ignoring the center nodei, the question to ask
becomes how many nodes can one fit into a ball of radiusρ such that there exist at leastd
nodes whose pairwise distances are all less thanρ. In other words, given a geometric graph
H inscribed in a sphere of radiusρ, what is the smallest number of nodes ofH that forces
the existence of aKd.

The astute reader might immediately be lead into thinking that the problem above can
be formulated as a sphere packing problem. Denote byx1, x2, . . . xm the set ofm nodes
(ignoring the center node) contained in a sphere of radiusρ. We would like to know what
is the smallestm such that at leastd = 3 nodes are pairwise adjacent, i.e. their pairwise
distances are all less thanρ.

To any nodexi associate a smaller sphereSi of radiusρ
2
. Two nodesxi, xj are adjacent,

meaning less than distanceρ apart, if and only if their corresponding spheresSi andSj

overlap. This line of thought leads one into thinking how many non-overlapping small
spheres can one pack into a larger sphere. One detail not to beoverlooked is that the radius
of the larger sphere should be3

2
ρ, and notρ, since a nodexi at distanceρ from the center of

the sphere has its corresponding sphereSi contained in a sphere of radius3
2
ρ. We have thus

reduced the problem of asking what is the minimum size of a patch that would guarantee
the existence of four anchors, to the problem of determiningthe smallest number of spheres
of radius 1

2
ρ that can be “packed” in a sphere of radius3

2
ρ such that at least three of the

smaller spheres pairwise overlap. Rescaling the radii suchthat 3
2
ρ = 1 (hence1

2
ρ = 1

3
), we

ask the equivalent problem:How many spheres of radius1
3

can be packed inside a sphere
of radius1, such that at least three spheres pairwise overlap.

A related and slightly simpler problem is that of finding the densest packing onm equal
spheres of radiusr in a sphere of radius 1, such that no two of the small spheres overlap.
This problem has been recently considered in more depth, andanalytical solutions have
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been obtained for several values ofm. If r = 1
3

(as in our case) then the answer ism = 13
and this constitutes a lower bound for our problem.

However, the arrangements of spheres that prevent the existence of three pairwise over-
lapping spheres are far from random, and motivated us to running the following experiment.
For a givenm, we generatem random spheres of radius1

3
inside the unit sphere, and count

the number of times when at least three spheres pairwise overlap. We ran this experiment
15, 000 times for different values ofm = 5, 6, 7, respectively8, and obtained the follow-
ing success rates69%, 87%, 96%, respectively99%, i.e., the percentage of times when the
random realizations of spheres of radius1

3
inside a unit sphere produced three pairwise

overlapping spheres. The simulation results show that about 9 spheres would guarantee,
with very high probability, the existence of three pairwiseoverlapping spheres. In other
words, for a patch of size10 including the center node, there exist with high probability at
least4 nodes that are pairwise adjacent, i.e., the four pseudo-anchors we are looking for.

3.5.4 Embedding patches

After extracting patches, i.e., WUL subgraphs of the 1-hop neighborhoods, it still remains
to localize each patch in its own frame. Under the assumptions of the geometric graph
model, it is likely that 1-hop neighbors of the central node will also be interconnected, ren-
dering a relatively high density of edges for the patches. Indeed, as indicated by Figure 3.8
(right panel), most patches have at least half of the edges present. For noiseless distances,
we embed the patches using the FULL-SDP algorithm [17], while for noisy distances we
use the SNL-SDP algorithm of [101]. To improve the overall localization result, the SDP
solution is used as a starting point for a gradient-descent method.
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Figure 3.8: Histogram of patch sizes (left) and edge density(right) in the BRIDGE-
DONUT graph,n = 500 anddeg = 18. Note that a large number of the resulting patches
are of size4, thus complete graphs on four nodes (K4), which explains the same large
number of patches with edge density1.
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3.5.5 Additional information specific to the molecule problem

In this section we discuss several additional constraints specific to the molecule problem,
which are currently not being exploited by 3D-ASAP. While our algorithm can benefit from
any existing molecular fragments and their known reflection, there is still information that
it does not take advantage of, and which can further improve its performance. Note that
many of the remarks below can be incorporated in the pre-processing step of embedding
the patches, described in the previous section.

The most important piece of information missing from our 3D-ASAP formulation is the
distinction between the “good” edges (bond lengths) and the“bad” edges (noisy NOEs).
The current implementations of the FULL-SDP and SNL-SDP algorithms do not incorpo-
rate such hard distance constraints.

One other important information which we are ignoring is given by the residual dipolar
couplings (RDC) measurements that give noisy angle information (cos2(θ)) with respect to
a global orientation [10].

Another approach is to consider an energy based formulationthat captures the interac-
tion between atoms in a readily computable fashion, such as the Lennard-Jones potential.
One may then use this information to better localize the patches, and prefer patches that
have lower energy.

The minimum distance constraint, also referred to as the “hard sphere” constraint,
comes from the fact that any two atoms cannot get closer than acertain distanceκ ≈ 1
Angstrom. Note that such lower bounds on distances can be easily incorporated into the
SDP formulation.

Another observation one can make use of is set of non-edges ofthe measurement graph,
i.e., the distances corresponding to the missing edges cannot be smaller than the sensing
radiusρ. Two remarks are in place however; under the current noise model it is possible
for true distances smaller than the sensing radius not to be part of the set of available
measurements, and vice-versa, it is possible for true distances larger than the sensing radius
to become part of the distance set. However, since this constraint is not as certain as the
hard sphere constraint, we recommend using the latter one.

Finally, one can envisage that significant other information can be reduced to distance
constraints and incorporated into the approach described here for the calculation of struc-
tures and complexes. Such development could significantly speed such calculations if it
incorporates larger molecular fragments based on modeling, similarly of chemical shift
data etc., as done with computationally intensive experimental energy methods, e.g., HAD-
DOCK [107].

3.5.6 Aligning patches

Given two patchesPk andPl that have at least four nodes in common, the registration pro-
cess finds the optimal 3D rigid motion ofPl that aligns the common points. A pictorial
illustration of the registration process is shown in Figure2.3 of the previous chapter. A
closed form solution to the registration problem in any dimension was given in [59], where
the best rigid transformation between two sets of points is obtained by various matrix ma-
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nipulations and eigenvalue/eigenvector decomposition.
Since alignment requires at least four overlapping nodes, the K4 patches that are fully

contained in larger patches are initially discarded. Otherpatches may also be discarded if
they do not intersect any other patch in at least four nodes. The nodes belonging to such
patches but not to any other patch would not be localized by ASAP.

As expected, in the case of the geometric graph model, the overlap is often small, espe-
cially for small values ofρ. It is therefore crucial to have robust alignment methods even
when the overlap size is small. We refer the reader to Section2.5 of the previous chapter
for other methods of aligning patches with fewer common nodes inR2, i.e. the combina-
torial method and the link method which can be adjusted for the three dimensional case.
The combinatorial score method makes use of the underlying assumption of the geometric
graph model. Specifically, we exploit the information in thenon-edges that correspond
to distances larger than the sensing radiusρ, and use this information for estimating both
the relative reflection and rotation for a pair of patches that overlap in just three nodes (or
more). The link method is useful whenever two patches have a small overlap, but there ex-
ist many cross edges in the measurement graph that connect the two patches. Suppose the
two patchesPk andPl overlap in at least one vertex, and call alink edgean edge(u, v) ∈ E
that connects a vertexu in patchPk (but not inPl) with a vertexv in patchPl (but not in
Pk). Such link edges can be incorporated as additional information (besides the common
nodes) into the registration problem that finds the best alignment between a pair of patches.
The right plot in Figure 3.9 shows a histogram of the intersection sizes between patches in
the BRIDGE-DONUT graph that overlap in at least4 nodes.
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Figure 3.9: Histogram of the node degrees of patches in the patch graphGP (left) and
the intersection size of patches (right), in the BRIDGE-DONUT graph withn = 500 and
deg = 18. GP hasN = 615 nodes (i.e. patches) and average degree24, meaning that, on
average, a patch overlaps (in at least 4 nodes) with24 other patches.
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3.6 Spectral-Partitioning-ASAP (3D-SP-ASAP)

In this section we introduce 3D-Spectral-Partitioning-ASAP (3D-SP-ASAP), a variation of
the 3D-ASAP algorithm, which uses spectral partitioning asa preprocessing step for the
localization process.

3D-SP-ASAP combines ideas from both DISCO [74] and 3D-ASAP.The philosophy
behind DISCO is to recursively divide large problems into smaller problems, which can
ultimately be solved by the traditional SDP-based localization methods. If the number of
atoms in the current group is not too large, DISCO solves the atom positions via SDP, and
refines the coordinates by using gradient descent; otherwise, it breaks the current group of
atoms into smaller subgroups, solves each subgroup recursively, aligns and combines them
together, and finally it improves the coordinates by applying gradient descent. The main
question that arises is how to divide a given problem into smaller subproblems. DISCO
chooses to divide a large group of nodes into exactly two subproblems, solves each problem
recursively and combines the two solutions. In other words,it builds a binary tree of
problems, where the leaves are problems small enough to be embedded by SDP. However,
not all available information is being used when considering only a single spanning tree of
the graph of patches. The 3D-ASAP approach fuses information from different spanning
trees via the eigenvector computation. However, compared to the number of patches used
in DISCO, 3D-ASAP generates many more patches, since the number of patches in 3D-
ASAP is linear in the size of the network. This can be considered as a disadvantage, since
localizing all the patches is often the most time consuming step of the algorithm. 3D-SP-
ASAP tries to reduce the number of patches to be localized while using the patch graph
connectivity in its full.

When dividing a graph into two smaller subgraphs, one wishesto minimize the number
of edges between the two subgraphs, since in the localization of the two subgraphs the
edges across are being left out. Simultaneously, one wishesto maximize the number of
edges within the subgraphs, because this makes the subgraphs more likely to be globally
rigid and easier to localize. In general, the graph partitioning problem seeks to decompose
a graph intoK disjoint subgraphs (clusters), while minimizing the number of cut edges,
i.e., edges with endpoints in different clusters. Given thenumber of clustersK, the Min-
Cut problem is an optimization problem that computes a partitionP1, . . . ,PK of the vertex
set, by minimizing the number of cut edges

Cut(P1, . . . ,PK) =
K∑

i=1

E(Pi,Pi), (3.19)

whereE(X, Y ) =
∑

i∈X,j∈Y Aij , andX denotes the complement ofX. However, it is
well known that trying to minimize Cut(P1, . . . ,PK) favors cutting off weakly connected
individual vertices from the graph, which leads to poor partitioning quality since we would
like clusters to consist of a relatively large number of nodes. To penalize clustersPi of
small size, Shi and Malik [90] suggested minimizing the normalized cut defined as

NCut(P1, . . . ,PK) =
K∑

i=1

Cut(Pi,Pi)

Vol(Pi)
, (3.20)
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where Vol(Pi) =
∑

i∈Pi
deg(i), anddeg(i) denotes the degree of nodei in G.

Although minimizing NCut over all possible partitions of the vertex setV is an NP-
hard combinatorial optimization problem [108], there exists a spectral relaxation that can
be computed efficiently [90]. We use this spectral clustering method to partition the mea-
surement graph in the molecule problem. The gist of the approach is to use the clas-
sical K-means clustering algorithm on the Laplacian eigenmap embedding of the set of
nodes. IfA is the adjacency matrix of the graphG, andD is a diagonal matrix with
Di,i = deg(i), i = 1, . . . , n, then the Laplacian eigenmap embedding of nodei in Rk is
given by (φ1(i), φ2(i), . . . , φK(i)), whereφj is the jth eigenvector of the matrixD−1A.
For an extensive literature survey on spectral clustering algorithms we refer the reader to
[106]. We remark that other clustering algorithms (e.g., [57]) may also be used to partition
the graph.

The approach we used for localization in conjunction with the above normalized spec-
tral clustering algorithm is as follows (3D-SP-ASAP):

1. We first decompose the measurement graph intoK partitionsP1, . . . ,PK , using the
normalized spectral clustering algorithm.

2. We extend each partitionPi, i = 1, . . . , K to include its 1-hop neighborhood, and
denote the new patches byPi, i = 1, . . . , K.

3. For every pair of patchesPi andPj which have nodes in common or are connected by
link edges13, we build a new (link) patch which contains all the common points and
link edges. The vertex set of the new patch consists of the nodes that are common to
bothPi andPj, together with the endpoints of the link edges that span across the two
patches. Note that the new list of patches contains the extended patches built in Step
(2) P1, . . . , PK , as well as the newly built patchesPK+1, . . . , PL.

4. We extract from each patchPi, i = 1, . . . , L the WUL subgraph, and embed it using
the FULL-SDP algorithm for noiseless data, and the SNL-SDP algorithm for noisy
data.

5. Synchronize all available patches using the eigenvectorsynchronization algorithm
used in ASAP.

Note that when the extended patches from Step (2) are highly overlapping, Step (3)
of the algorithm should be omitted, for reasons detailed below related to the robustness
of the embedding. The reason for having Steps (2), and possibly (3), is to be able to
align nearby patches. Without Step (2) patches will have disjoint sets of nodes, and the
alignment will be based only on the link edges, which is not robust for high levels of
noise. Without Step (3) the existing patches may have littleoverlap, in which case we
expect the alignment involving link edges not to be robust athigh levels of noise. By
building the link patches, we provide 3D-SP-ASAP more accurate pairwise alignments.
Note that embedding link patches is less robust to noise, dueto their bipartite-like structure,
especially when the bipartitions are very loosely connected to each other (also confirmed

13edges with endpoints in different patches
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by our computations involving link patches). In addition, having to localize a larger number
of patches may significantly increase the running time of thealgorithm. However, for our
numerical experiments with 3D-SP-ASAP conducted on the BRIDGE-DONUT graph, the
extended partitions built in Step (2) were highly overlapping, and allowed us to localize the
entire network without the need to build the link patches in Step (3).

The advantage of combining a spectral partitioning algorithm with 3D-ASAP is a de-
crease in running time as shown in Tables 3.13 and 3.14, due toa significantly smaller
number of patches that need to be localized. Note that the graph partitioning algorithm is
extremely fast, and partitions the BRIDGE-DONUT measurement graph in less than half a
second. Table 3.11 shows the ANE reconstruction errors for the BRIDGE-DONUT graph,
when we partition the measurement graph intoK = 8 andK = 25 clusters. ForK = 8,
some of the extended partitions become very large, containing as many as150 nodes, and
SNL-SDP does a very poor job at embedding such large patches when the distance mea-
surements are noisy. By increasing the number of partitionsto K = 25, the extended
partitions contain less nodes, and are small enough for SNL-SDP to localize accurately
even for high levels of noise. Note that the ANE errors for 3D-SP-ASAP withK = 25
are comparable with those of ASAP, while the running time is dramatically reduced (by an
order of magnitude, for the BRIDGE-DONUT example withη = 35%). Figures 3.10 and
3.11 show variousK-partitions of the PACM and the BRIDGE-DONUT graphs.

(a) K=2 (b) K=3 (c) K=4 (d) K=5

(e) K=6 (f) K=7 (g) K=8 (h) K=9

Figure 3.10: Partitions of the PACM graph (K is the number of partitions)
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(a) K=2 (b) K=3 (c) K=4 (d) K=5

(e) K=6 (f) K=7 (g) K=8 (h) K=9

Figure 3.11: Partitions of the BRIDGE-DONUT graph (K is the number of partitions)

3.7 The Median Denoising Algorithm (MDA) and a rescal-

ing heuristic

In this section we describe a method to improve the localization of the individual patches
prior to the patch alignment and global synchronization steps. The main observation here
is the following: suppose a pair of nodes appear in several different patches, then each
patch provides a different estimation for their distance, and all these estimators can be
averaged together to provide a perhaps more accurate estimator. The improved reestimated
distances are then used to localize the individual patches again, this time using the cMDS
algorithm since patches no longer contain any missing distances. The second part of this
section introduces a simple rescaling procedure, that increases the accuracy of the final
reconstruction.

Denote byCk (k = 1, . . . , N) the set of all pairwise edges within patchPk (so if Pk

hast nodes thenCk contains all
(
t
2

)
edges). LetC denote the set of all edges that appear

in at least one patch, i.e.,C = ∪Nk=1Ck. Note thatC contains edges(i, j) that were initially
missing from the measurement set (i.e.(i, j) /∈ E) but for which we now have an estimate
due to the initial localization of the patches (using, say, SDP). After the initial embedding,
we have at least one estimated distance for each edge(i, j) ∈ C, but because patches
overlap, most of the edges appear in more than one patch. Denote byd1ij , d

2
ij, . . . the set of

estimates for the (possibly missing) distance(i, j), wheredkij is the distance between nodes
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i andj in the SDP embedding of patchPk. To obtain a more accurate estimate ofdij we
take the median of all the above estimates, and denote the updated value by

d̃ij = median(d1ij, d
2
ij, . . .) (3.21)

If the noise level in the originally measured distances is small, then we expect the es-
timatesd1ij, d

2
ij, . . . to have small variance and take values close to the true distance. How-

ever, for higher levels of noise, many of the estimates can bevery inaccurate (either highly
overestimating or underestimating the true distances), and we choose the median value to
approximate the true distance. Tables 3.5 and 3.6 show that MDA is indeed effective and
reduces the noise level in the distances, usually by at leasta few percentages. Note that the
SDP improves by itself on the initial distance measurements(those that are available), and
the MDA decreases their noise even further.

To take advantage of the more accurate updated distance values, we recompute the
embeddings of allN patches using the cMDS algorithm, since there exists an estimate
for all pairwise distances within a patch. Whenever a hard constrained distance (a “good”
edge) is present, such as a bond length, we use its true distance in the cMDS embeddings,
and ignore the noisy value returned by the SDP since hard constrained distances are not
enforced in the SDP.

Tables 3.5 and 3.6 show the average ANE of the patches after the SDP embeddings
(ANEold), and after the cMDS embeddings ran on the updated distances(ANEnew). Note
that the new patch embeddings are significantly more accurate, in some cases the ANE
decreasing by as much as25%. We also experimented with an iterative version of this
denoising algorithm, where at each round we run the cMDS and recompute the median of
the updated distances. However, subsequent iterations of this procedure did not improve
the accuracy furthermore.

Existing distances Missing distances
η ANEold ANEnew η̄ η̄SDP η̄MDA η̄SDP η̄MDA

10% 0.04 0.03 5.06 3.75 3.42 3.37 3.13
20% 0.10 0.078 10.28 8.22 7.5 8.91 8.12
30% 0.18 0.14 15.95 14.09 13.03 17.99 16.83
40% 0.27 0.22 21.74 20.66 19.31 29.09 27.72
50% 0.37 0.32 29.11 28.76 27.5 42.14 40.92

Table 3.5: Denoising distances at various levels of noise, for the UNITCUBE data set.
ANEold andANEnew denote the average ANE of all patches after the SDP embedding
respectively after the cMDS embedding with the distances denoised by MDA.η̄ is the
empirical noise level (averaged over all noisy distances),η̄SDP is the noise level after the
SDP embedding,̄ηMDA is the noise level after running MDA. We show the noise levels
individually for both the existing and missing distances. Note thatη̄ 6= η since the former
denotes the average absolute value deviation from the true distance as a percentage of the
true distance, while the latter is the parameter in the uniform distribution in (2.28) that is
used to define the noise model (in fact,E[η̄] = η

2
).
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Existing distances Missing distances
η ANEold ANEnew η̄ η̄SDP η̄SDP,GOOD η̄MDA η̄SDP η̄MDA

0% 0.00048 0.00039 0 0.02 0.14 0 0.38 0.32
10% 0.00316 0.00266 4.91 3.42 1.79 3.13 3.2 2.99
20% 0.00590 0.00506 9.81 7.01 3.68 6.44 6.18 5.81
30% 0.00957 0.00803 14.74 10.75 5.59 9.88 9.51 8.95
40% 0.01292 0.01120 19.65 14.5 7.62 13.42 13.55 12.8
50% 0.01639 0.01462 24.57 18.1 9.82 16.93 18.24 17.35

Table 3.6: Denoising distances at various levels of noise for the ubiqutin (PDG 1d3z, [29]).
η̄SDP,GOOD denotes the average noise of the hard constraint (“good”) distances after the
SDP embeddings. Note that the current implementation of theSNL-SDP algorithm used
for the patch embeddings does not allow for hard distance constraints.

In the remaining part of this section, we discuss the issue ofscaling of the distances after
different steps of the algorithm, and propose a simple rescaling heuristic that improves the
overall reconstruction.

We denote the true distance measurements bylij = ‖pi − pj‖, (i, j) ∈ E, and the
empirical measurements bydij = lij + εij , (i, j) ∈ E, whereεij is random independent
noise, as introduced in (2.28). We generically refer tod̃ij as the distance between nodesi
andj, after different steps of the algorithm, as indicated by thecolumns of Tables 3.7 and
3.8. We denote byδ the average scaling of the distances with respect to their ground truth
values, and similarly byκ the average empirical noise of the distance measurements

δ = mean

(
lij

d̃ij
, (i, j) ∈ E

)
, κ = mean

(∣∣∣∣∣
d̃ij − lij

lij

∣∣∣∣∣ , (i, j) ∈ E

)

The first column of the tables contains the scaling and noise values of the initial distance
measurements, taken as input by ASAP. The fact thatκ is approximately half the value
of the noise levelη stems from the fact that the measurements are uniformly distributed
in [(1 − η)lij, (1 + η)lij]. Note that the initial scaling is quite significant, and thisis a
consequence of the same noise model and the geometric graph assumption. Distances that
are scaled down by the noise will still be available to 3D-ASAP, while distances that are
scaled up and become larger than the sensing radius will be ignored. Therefore, on average,
the empirical distances are scaled down andδ is greater than 1.

The second column gives the scaling and noise values after the MDA algorithm fol-
lowed by cMDS to recompute the patches. Note that after this denoising heuristic, while
the scalingδ remains very similar to the original values, the noiseκ decreases considerably
especially for the lower levels of noise.

The third column computes the scaling, noise and ANE values after the least squares
step for estimating the translations, where by ANE we mean the average normalized error
introduced in (2.29). Note that both the scaling and the noise levels significantly increase
after integrating all patches in a globally consistent framework. To correct the scaling issue,
we scale up all the available distances (thus taking into account only the edges of the initial
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measurement graph) byδ∗, computed as

δ∗ = mean

(
dij

d̃LSij
, (i, j) ∈ E

)

wheredij denotes the initial distances, and̃dLSij the distances after the least-square step.
Note that, as a consequence, the ANE error of the reconstruction decreases significantly.

Finally, we refine the solution by running gradient descent,on the initial distancesdij
scaled up byδ∗, which further improves the scaling, noise and ANE values.

Original MDA-cMDS Least squares Rescaled Gradient Descent
η% δ κ% δ κ% δ κ% ANE δ∗ ANE δ κ% ANE

10 1.01 5.1 1.01 3.4 1.02 3.6 0.05 1.01 0.05 1.00 3.0 0.04
20 1.05 10.3 1.04 7.5 1.08 8.8 0.12 1.04 0.10 1.02 6.1 0.07
30 1.12 16.0 1.11 13.0 1.21 17.0 0.25 1.09 0.20 1.04 9.9 0.16
40 1.22 21.8 1.21 19.3 1.43 27.8 0.36 1.21 0.26 1.04 13.9 0.19
45 1.29 26.0 1.28 23.8 1.65 35.6 0.45 1.32 0.30 1.02 17.8 0.26
50 1.38 29.2 1.36 27.5 1.92 43.8 0.53 1.47 0.35 0.99 22.4 0.32

Table 3.7: Average scaling and noise of the existing edges (and where appropriate the
ANE of the reconstruction) for the UNITCUBE graph, at various steps of the algorithm:
after the original measurements, after the SDP-MDA-cMDS denoising step, after the least
squares in Step 3, after rescaling of the available distances by the empirical scaling factor
δ∗, and after running gradient descent on the rescaled (originally available) distances.

Original MDA-cMDS Least squares Rescaled Gradient Descent
η% δ κ% δ κ% δ κ% ANE δ∗ ANE δ κ% ANE

10 1.00 0.03 1.00 0.02 1.02 0.04 0.01 1.02 4e-3 0.99 0.01 3e-3
20 1.01 0.06 1.00 0.04 1.04 0.07 0.01 1.03 0.01 0.99 0.02 0.01
30 1.02 0.08 1.01 0.06 1.06 0.10 0.02 1.05 0.01 0.99 0.03 0.01
40 1.03 0.11 1.01 0.08 1.10 0.14 0.02 1.09 0.02 0.99 0.05 0.01
50 1.06 0.14 1.02 0.10 1.18 0.19 0.04 1.16 0.03 0.98 0.08 0.01

Table 3.8: Average scaling and noise of all edges (good+NOE)of the ubiqutin (PDG 1d3z)
(and where appropriate the ANE of the reconstruction) at various steps of the algorithm:
after the original measurements, after the SDP-MDA-cMDS denoising step, after the least
squares in Step 3, after rescaling of the available distances by the empirical scaling factor
δ∗, and after running gradient descent on the rescaled NOE distances.
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3.8 Experimental results

We have implemented our 3D-ASAP algorithm and compared its performance with other
methods across a variety of measurement graphs, varying parameters such as the number
of nodes, average degree (sensing radius) and level of noise. The experimental setup is
similar to the one used in Section 2.7 for 2D-ASAP, where we used multiplicative and
uniform noise, as detailed in equation 2.28.

The sizes of the graphs we experimented with range from200 to 1000 nodes taking dif-
ferent shapes, with average degrees in the range14−26, and noise levels up to50%. Across
all our simulations, we consider the geometric graph model,meaning that all pairs of sen-
sors within rangeρ are connected. We denote the true coordinates of all sensorsby the2×n
matrix P = (p1 · · · pn), and the estimated coordinates by the matrixP̂ = (p̂1 · · · p̂n).
To measure the localization error of our algorithm we first factor out the optimal rigid
transformation between the true embeddingP and our reconstruction̂P , and then com-
pute the average normalized error (ANE), a scale invariant measure for error introduced for
2D-ASAP in Section 2.29.

The experimental results in the case of noiseless data (i.e.incomplete set of exact dis-
tances) should already give the reader an appreciation of the difficulty of the problem. As
mentioned before, the graph realization problem is NP-hard, and the most we can aim for
is an approximate solution. The main advantage of introducing the notion of a weakly
uniquely localizable graph and using it for breaking the original problem into smaller sub-
problems, can be seen in the experimental results for noiseless data. Note that across all
experiments, except for the PACM graph reconstructions, weare able to compute localiza-
tions which are at least one order of magnitude more accuratethan what those computed
by DISCO or SNL-SDP. Note that all algorithms are followed bya refinement procedure,
in particular steepest descent with backtracking line search.

η 3D-ASAP DISCO SNL-SDP MVU

0% 5e-4 8e-3 2e-3 2e-6
10% 0.04 0.06 0.04 0.07
20% 0.07 0.10 0.09 0.12
30% 0.16 0.17 0.17 0.26
40% 0.19 0.29 0.29 0.50
45% 0.26 0.34 0.35 0.48
50% 0.32 0.42 0.43 0.61

Table 3.9: Reconstruction errors (measured in
ANE) for the UNITCUBE graphs withn = 212
vertices, sensing radiusρ = 0.3 and average de-
greesdeg = 17− 25.

η 3D-ASAP DISCO

0 % 0.0001 0.0024
10 % 0.0031 0.0029
20 % 0.0052 0.0058
30 % 0.0069 0.0078
35 % 0.0130 0.0104
40 % 0.0094 0.0107
45 % 0.0168 0.0207
50 % 0.0146 0.0151

Table 3.10: Reconstruction errors
(measured inANE) for the 1d3z
molecule graph withn = 1009 ver-
tices, sensing radiusρ = 5 angstrom
and average degreedeg = 14.

As expected, FAST-MVU performs at its best when the data is a set of random points
uniformly distributed in the unit cube. In this case, the topthree eigenvectors of the Lapla-
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cian matrix used by FAST-MVU provide an excellent approximation of the original coor-
dinates. Indeed, as the experimental results in Table 3.9 show, the FAST-MVU algorithm
gives the best precision across all algorithms, returning anANE = 2e−6. However, in the
case of noisy data, the performance of FAST-MVU degrades significantly, making FAST-
MVU the least robust to noise algorithm tested on the UNITCUBE graph. Furthermore,
FAST-MVU performs extremely poor on more complicated topologies, even in the ab-
sence of noise, as it can be seen in the reconstructions of thePACM and BRIDGE-DONUT
graphs shown in Figure 3.12. For comparison, the original underlying graphs are shown in
Figures 3.13 and 3.14.
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(a) PACM graph with noiseη = 0%
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(b) DONUT graph with noise
η = 0%

Figure 3.12: Reconstructions of the PACM and BRIDGE-DONUT graphs using the FAST-
MVU algorithm, in the case of noiseless data (compare to the original measurement graphs
shown in Figures 3.13 and 3.14.)

The second data set used in our experiments is a synthetic example of the molecule
problem, and represents the ubiqutin protein represented by PDB entry 1d3z [29], with
1288 atoms, 686 of which are hydrogen atoms. However, after removing the nodes of de-
gree less than 4,n = 1009 atoms remain. For this data set, the available distances canbe
divided into groups: the first group contains distances inferred from known bond length
and torsion angles (“good” edges) which are kept accurate across different levels of noise,
and the second group contains distances (NOE edges) which are perturbed with noiseη at
each stage of the experiment. On average, each node is incident with 6 good edges and
8 NOE edges, thus the average degree of the entire measurementgraph isdeg = 14. In
addition, besides knowledge of good and NOE edges, we also use information from molec-
ular fragments in the form of subgroups of atoms (molecular fragments) whose coordinates
are readily available. We incorporate 280 such molecular fragments, whose average size is
close to 5 atoms. To exploit such information, we slightly modify the approach to break
up the measurement graph and synchronize the patches. We build patches from molecular
fragments by selecting a WUL subgraph from each extended molecular fragment, where by
an extended molecular fragment we mean the graph resulting from a molecular fragment
and all its 1-hop neighbors. Once we extract patches from allextended molecular frag-
ments, we consider all remaining nodes (singletons) that are not contained in any of the
patches obtained so far. Depending on the noise level, the number of such singleton nodes
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is between10 and15. Finally, we extract WUL patches from the 1-hop neighborhoods of
the singleton nodes, following the approach of Section 3.5.Since we know a priori the
localization, and in particular the reflection of each molecular fragment, and the reflection
of a molecular fragment induces a reflection on the patch thatcontains it, we have readily
available information on the reflection of all patches that contain molecular fragments. In
other words, we are solving a synchronization problem overZ2 when molecular fragment
information is available. Using the synchronization method introduced in Section 4.4.1,
we compute the reflection of the remaining patches. In terms of the reconstruction error,
3D-ASAP and DISCO return comparable results, slightly in favor of our algorithm. For
noiseless NOE distances, we compute a localization that is one order of magnitude more
accurate than the solution returned by DISCO.

Another graph that we tested is the BRIDGE-DONUT graph shownin Figure 3.14. It
hasn = 500 nodes, sensing radiusρ = 0.92, and average degree in the range18 − 25, de-
pending on the noise level. Table 3.11 contains the reconstruction errors for various levels
of noise showing that 3D-ASAP consistently returns more accurate solutions than DISCO.
For the BRIDGE-DONUT graph, we included in our numerical simulations the spectral
partitioning 3D-SP-ASAP algorithm, which performed just as well as the 3D-ASAP algo-
rithm (while significantly reducing the running time as shown in Tables 3.14 and 3.13), and
consistently outperformed the DISCO algorihtm at all levels of noise. Note that 3D-SP-
ASAP returns very poor localizations when using onlyk = 8 partitions; in this case the
extended partitions have large size (up to 150 nodes) and SNL-SDP fails to embed them
accurately, even at small levels of noise, as shown in Table 3.11. By increasing the number
of partitions fromk = 8 to k = 25 and thus decreasing the size of each partition (and also
of the extended partitions), the running time of 3D-SP-ASAPincreases slightly from 140
to 186 seconds (at35% noise), but we are now able to match the accuracy of 3D-ASAP
which requires almost ten times more running time (1770 seconds).

Finally, for the PACM graphs in Figure 3.13, the network takes the shape of the letters
P,A, C,M that form a connected graph onn = 800 vertices. The sensing radius isρ = 1.2
and the average degree in the rangedeg ≈ 21 − 26. This graph was particularly useful in
testing the sensitivity of the algorithm to the topology of the network. In Table 3.12, we
show the reconstruction errors for various levels of noise DISCO returns better results for
η = 0%, 10%, 40%, but less accurate forη = 20%, 30%, 35%. We believe that DISCO
returns results comparable to 3D-ASAP (unlike the previousthree graphs) because the
topology of the PACM graph favors the graph decomposition used by DISCO. Note that at
η = 0% noise, the 3D-ASAP reconstruction differs from the original embedding mainly
in the right handside of the letter M, which is loosely connected to the rest of the letter,
and also parts of its underlying graph are very sparse, thus rendering the SDP localization
algorithms less accurate. This can also be seen in the spectral partitioning of the PACM
graph shown in Figure 3.10, where fork (number of clusters) as low as 3 or 4, the right side
of letter M is picked up as an individual cluster. At higher levels of noise 3D-SP-ASAP
proves to be more accurate than DISCO, and it returns resultscomparable with ASAP.
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η 3D-ASAP 3D-SP-ASAPk=8 3D-SP-ASAPk=25 DISCO

0% 6e-4 4e-4 2e-4 4e-3
10% 0.04 0.59 0.03 0.03
20% 0.05 0.48 0.04 0.07
30% 0.11 0.52 0.14 0.30
35% 0.12 0.33 0.15 0.21
40% 0.24 0.42 0.19 0.27
45% 0.28 0.71 0.32 0.35
50% 0.23 0.35 0.35 0.40

Table 3.11: Reconstruction errors (measured inANE) for the BRIDGE-DONUT
graph withn = 500 vertices, sensing radiusρ = 0.92 and average degreesdeg =
18−25. We usedk to denote the number of partitions of the vertex set. Forη = 0
we embed each of thek patches (extended partitions) using FULL-SDP, while for
η > 0 we used the SNL-SDP algorithm. Atη = 50%, 3D-SP-ASAPk=8 localizes
only 435 out of the 500 nodes.

η 3D-ASAP 3D-SP-ASAPk=40 DISCO

0% 0.05 0.05 0.02
10% 0.08 0.12 0.07
20% 0.07 0.16 0.18
30% 0.27 0.15 0.45
35% 0.18 0.32 0.28
40% 0.48 0.20 0.26

Table 3.12: Reconstruction errors (measured inANE) for the PACM graph with
n = 800 vertices, sensing radiusρ = 1.2 and average degreesdeg = 21− 26. For
3D-SP-ASAP we usedk = 40 partitions. Note that even for the noiseless case the
error is not negligible due to incorrect embeddings of subgraphs that are contained
in the right leg of the letter M.
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Figure 3.13: Reconstructions of the PACM graph withn = 800 nodes, sensing radius
ρ = 1.2 andη = 0%, 10%, 25%, 30%, 35%, 40%.
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Table 3.14 shows the running time of the various steps of the 3D-ASAP algorithm cor-
responding to our not particularly optimized MATLAB implementation. Our experimental
platform was a PC machine equipped with an Intel(R) Core(TM)2 Duo CPU E8500 @
3.16GHz4 GB RAM. Notice that all steps are amenable to a distributed implementation,
thus a parallelized implementation would significantly reduce the running times. Note the
running time of 3D-ASAP is significantly larger than that of 3D-SP-ASAP and DISCO, due
to the large number of patches (linear in the size of the network) that need to be localized.
3D-SP-ASAP addresses this issue, and reduces the running time from 474 to 108 seconds
(for η = 0%), and from 1770 to 186 seconds (forη = 35%). Note that all steps of the
algorithm scale linearly in the size of the network, except for the eigenvector computation,
which is nearly-linear. We refer the reader to Section 7 of [32] for a complexity analysis of
each step of 2D-ASAP, and remark that it is very similar to thecomplexity of 3D-ASAP.
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Figure 3.14: Reconstructions of the BRIDGE-DONUT graph with n = 500 nodes, sensing
radiusρ = 0.92 andη = 0%, 20%, 40%, 50%.

94



Number of partitionsk k = 8 k = 25
Noise levelη 0% 35% 35%
Spectral partitioning 0.3 0.3 0.7
Finding WUL subgraphs 48 81 89
Embedding FULL-SDP 53 (82) (89)
Embedding SNL-SDP (26) 50 86
Step 1 (Z2 × S0(3) ) 1 1 1
Step 2 (Least squares) 6 8 9
Total 108 140 186

Table 3.13: Running times (in seconds) of the 3D-SP-ASAP algorithm for the BRIDGE-
DONUT graph withn = 500 nodes,η = 0%, 35%, deg = 18, 21, andk = 8, 25 parti-
tions. Forη = 0% we embed the patches using FULL-SDP, while forη = 35% we use
SNL-SDP since the regularization term improves the localization.

η = 0% η = 35%
BreakG into patches 59 90
Finding WUL subgraphs 210 233
Embedding FULL-SDP 154 (252)
Embedding SNL-SDP (966) 1368
Denoising patches 30 39
Step 1 (Z2 × S0(3) ) 15 19
Step 2 (Least squares) 6 21
3D-ASAP 474 1770

DISCO 196 197
3D-SP-ASAP 108 186

Table 3.14: Running times (in seconds) of the 3D-ASAP algorithm for the BRIDGE-
DONUT graph withn = 500 nodes,η = 0%, 35%, deg = 18, 21, N = 533, 541 patches,
and average patch sizes17.8, 20.3. For η = 0% we embed the patches using FULL-
SDP, while forη = 35% we use SNL-SDP since the regularization term improves the
localization. Forη = 35%, during the least squares step we also use the scaling heuristic,
and run the gradient descent algorithm several times, hencethe increase in the running
time from 6 to 21 seconds.
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3.9 Summary and discussion

In this chapter, we introduced 3D-ASAP (As-Synchronized-As-Possible), a novel divide
and conquer, non-incremental non-iterative anchor-free algorithm for solving (ab-initio)
the molecule problem. In addition, we also proposed 3D-SP-ASAP, a faster version of 3D-
ASAP, which uses a spectral partitioning algorithm as a preprocessing step for dividing the
initial graph into smaller subgraphs. Our extensive numerical simulations show that 3D-
ASAP and 3D-SP-ASAP are very robust to high levels of noise inthe measured distances
and to sparse connectivity in the measurement graph.

We build on the approach used in 2D-ASAP to accommodate for the additional chal-
lenges posed by rigidity theory inR3 as opposed toR2. In particular, we extract patches
that are not only globally rigid, but also weakly uniquely localizable, a notion that is based
on the recent unique localizability of So and Ye [96]. In addition, we also increase the
robustness to noise of the algorithm by using a median-baseddenoising algorithm in the
preprocessing step, by combining into one step the methods for computing the reflections
and rotations, thus doing synchronization over O(3)=Z2× SO(3) rather than individually
overZ2 followed by SO(3), and finally by incorporating a scaling correction in the final
step where we compute the translations of each patch by solving an overdetermined linear
system by least squares. Another feature of 3D-ASAP is beingable to incorporate readily
available structural information on various parts of the network.

Furthermore, in terms of robustness to noise, 3D-ASAP compares favorably to some of
the current state-of-the-art graph localization algorithms. The 3D-ASAP algorithm follows
the same “divide and conquer” philosophy that is behind our previous 2D-ASAP algorithm,
and starts with local coordinate computations based only onthe 1-hop neighborhood infor-
mation (of a single node, or set of nodes whose coordinates are known a priori ), but unlike
previous incremental methods, it synchronizes all such local information in a noise robust
global optimization process using an efficient eigenvectorcomputation. In the preprocess-
ing step of doing the local computations, a median-based denoising algorithm improves
the accuracy of the patch reconstructions, previously computed by the SDP localization
algorithm.

Across almost all graphs that we have tested, 3D-ASAP constantly gives better results
in terms of the averaged normalized error of the reconstruction. Except for the PACM
graph, whose topology greatly favors the divide and conquerapproach used by DISCO,
3D-ASAP returns reconstructions that are often significantly more accurate in the presence
of large noise. Furthermore, for the case of noiseless distance measurements, the notion of
weakly uniquely localizable graphs that we introduced, leads to reconstructions that are an
order of magnitude more accurate than DISCO and SNL-SDP.

The geometric graph assumption, which comes up naturally inmany problems of prac-
tical interest, is essential to the performance of the 3D-ASAP algorithm as it favors the
existence of globally rigid or WUL patches of relatively large size. When the geomet-
ric graph assumption does not hold, the 1-hop neighborhood of a node may be extremely
sparse, and thus breaking up such a sparse star graph leads tomany small patches (i.e., most
of them may contain only a few nodes), with only a few of them having a large enough pair-
wise intersection. Since small patches lead to small patch intersections, it would therefore
be difficult for 3D-ASAP to align patches correctly and compute a robust final solution.
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Note that in the case of random Erdős-Rényi graphs we expect the SDP methods, or even
the low-rank matrix completion approaches, to work well. Inother words, while these
methods rely on randomness, our 3D-ASAP algorithm benefits from structure the most.

For the molecule problem, while 3D-ASAP can benefit from any existing molecular
fragments, there is still information that it does not take advantage of, and which can further
improve the performance of the algorithm. The most important information missing from
our 3D-ASAP formulation are the residual dipolar couplings(RDC) measurements that
give angle information (cos2(θ)) with respect to a global orientation. Another possible
approach is to consider an energy based formulation that captures the interaction between
pairs of atoms (e.g. Lennard-Jones potential), and use thisinformation to better localize
the patches.

Another information one may use to further increase the robustness to noise is the
distinction between the “good” and “noisy” edges. There aretwo parts of the algorithm
that can benefit from such information. First, in the preprocessing step for localizing the
patches one may enforce the “good” distances as hard constraints in the SDP formulation.
Second, in the step that synchronizes the translations using least squares, one may choose
to give more weight to equations involving the “good” edges,keeping in mind however that
such equations are not noise free since the direction of an edge may be noisy as a result of
steps 1 and 2, even if the distances are accurate. However, note that 3D-ASAP does use the
“good” edges as hard constraints in the gradient descent refinement at the end of step 3.

One other possible future direction is combining the reflection, rotation and translation
steps into a single step, thus doing synchronization over the Euclidean group. Our current
approach in 3D-ASAP takes one step in this direction, and combines the reflection and
rotations steps by doing synchronization over the Orthogonal group O(3). However, incor-
porating the translations step imposes additional challenges due to the non-compactness of
the group Euc(3), rendering the eigenvector method no longer applicable directly.

In general, there exist very few theoretical guaranties forgraph localization algorithms,
especially in the presence of noise. A natural extension of this paper is a theoretical analy-
sis of ASAP, including performance guarantees in terms of robustness to noise for a variety
of graph models and noise models. However, a complete analysis of the noise propaga-
tion through the pipeline of Figure 3.2 is out of our reach at the moment, and first calls
for theoretical guarantees for the SDP formulations used for localizing the patches in the
preprocessing step. Recent work in this direction is due to [64], whose main result provides
a theoretical characterization of the robustness properties of an SDP-based algorithm, for
random geometric graphs and uniformly bounded adversarialnoise.

While the experimental results returned by 3D-ASAP are encouraging when compared
to other graph realization algorithms, we still believe that there is room for improvement,
and expect that further combining the approaches of 3D-ASAPand DISCO would increase
the robustness to noise even more. The disadvantage of 3D-ASAP is that it sometimes uses
patches of very small size, which in the noisy scenario, can be poorly aligned with neigh-
boring patches because of small, possibly inaccurate set ofoverlapping nodes. One of the
advantages of DISCO is that it uses larger patches, which leads to larger overlappings and
more robust alignments. At the same time, the number of patches that need to be localized
by an SDP algorithm is small in the case of DISCO (2h whereh is the height of the tree in
the graph decomposition), thus reducing the computationalcost of the algorithm. However,
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DISCO does not take advantage, at a global level, of pairwisealignment information that
may involve more than two patches, while the eigenvector synchronization algorithm of
3D-ASAP incorporates such local information in a globally consistent framework. Strad-
dling the boundary between SDP computational feasibility and robustness to noise, as well
as finding the “right” method of dividing the initial problemare future research directions.
For a given patch of sizek, is it better to run an SDP localization algorithm on the whole
graph, or to first split the graph into two or more subgraphs, localize each one and then
merge the solutions to recover the initial whole patch? An analysis of this question, both
from a computational point of view and with respect to robustness to noise, would reveal
more insight into creating a hybrid algorithm that combinesthe best aspects of 3D-ASAP
and DISCO. The 3D-SP-ASAP algorithm is one step in the direction, and was able to ad-
dress some of these challenges.
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Chapter 4

The group synchronization problem

This chapter is a self contained analysis of the group synchronization problem and its vari-
ations. Finding group elements from noisy measurements of their ratios is also known as
the synchronization problem [66, 41]. The eigenvector method was introduced in [92] for
solving the synchronization problem over the group SO(2) ofplanar rotations, which is one
of the building blocks for our ASAP algorithms. Namely, we reduced the graph realization
problem to three consecutive synchronization problems that overall solve the synchroniza-
tion problem over Euc(d). Intuitively, we used the eigenvector method for the compact part
of the group, when we synchronize over the groupsZ2 and SO(2) as in 2D-ASAP, or over
O(3) as in 3D-ASAP, to recover the reflections and rotations of all patches. We then use the
least-squares method for the non-compact part, to estimatethe translations. Throughout
this chapter we use the notation SYNC(G) to denote the synchronization problem over the
groupG, whereG ∈ {Z2,SO(d),O(d)}.

The organization of this chapter is as follows:

1. Section 4.1 is an introduction to the group synchronization problem, and summarizes
the different instances of the problem and its usefulness inthe ASAP algorithms.

2. In Section 4.2, we motivate the robustness to noise of the eigenvector synchronization
method for using tools from spectral graph theory.

3. In Section 4.3 we focus on SYNC(O(3)) and show that, in the noise free case, the
top three eigenvectors of the incomplete matrix of pairwisegroup measurements per-
fectly recover the unknown group elements.

4. Section 4.4 gives an analysis of different approaches to the synchronization prob-
lem overZ2 with anchor information, which is useful for incorporatingmolecular
fragment information when estimating the reflections of theremaining patches.
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4.1 Group synchronization problem

In general, the synchronization problem can be applied in such settings where the underly-
ing problem exhibits a group structure and one has availablenoisy measurements of ratios
of group elements. We have already seen in the previous chapters several such instances of
the group synchronization problem. The eigenvector and SDP-based methods for solving
one such instance were originally introduced by Singer in [92], and pertains to the angular
synchronization problem, SYNC(SO(2)). There, one is askedto estimateN unknown an-
glesθ1, . . . , θN ∈ [0, 2π) givenM noisy measurementsδij of their offsetsθi−θj mod 2π.
The difficulty of the problem is amplified on one hand by the amount of noise in the offset
measurements, and on the other hand by the fact thatM <<

(
N
2

)
, i.e., only a small sub-

set of all possible offsets are measured. In general, one mayconsider any groupG other
than SO(2), for which there are available noisy measurements gij of ratios between group
elements

gij = gig
−1
j , gi, gj ∈ G

As long as the groupG is compact and has a real or complex representation, one may
construct a real or Hermitian matrix (which may be a matrix ofmatrices) where the element
in the position{ij} is the matrix representation of the measurementgij (possibly a matrix
of size1 × 1), or the zero matrix if there is no direct measurement for theratio of gi and
gj. For example, the rotation group SO(3) has a real representation using3 × 3 rotation
matrices, and the rotation group SO(2) has a complex representation as points on unit circle
eıθi = cos θi + ı sin θi. One may now make use of the top eigenvectors of this matrix to
estimate the unknown group elements. Alternatively, one may use this matrix to formulate
an SDP program and extract the unknown group elements. The set E of pairs{ij} for
which a ratio of group elements is available can be realized as the edge set of a graph
GP = (V P , EP ), |V P | = N, |EP | = M with vertices corresponding to the group elements
g1, . . . , gN and edges corresponding to the available measurementsgij = gig

−1
j . Note that

we use the superscript to denote the patch graph, and keep thenotation consistent with the
previous chapter. Two verticesi andj of the graphGP are connected, i.e.,{ij} ∈ EP , if
and only if their corresponding patchesPi andPj have enough points in common and can
be pairwise aligned.

SYNC(SO(2)).The setting in which synchronization shows up in the ASAP algorithms
is the following. Assume one hasn overlapping subgraphs (that we refer to as patches) of
the same graph, together with an Euclidean embedding of eachof then patches intoR2. For
simplicity, assume that each such patch differs from its original embedding in one global
framework by only a rotation transformation. The task now isto estimate the rotation asso-
ciated to each patch, that would align all such patches in a globally consistent framework
(up to a global rotation), based only on information given bythe pairwise alignment of a
small subset of pairs of patches. In other words, to each patch one may associate an ele-
mentri ∈ SO(2),i = 1, . . . , N that we represent as a point on the unit circle in the complex
planeri = eıθi = cos θi + ı sin θi. Using alignment methods such as those introduced in
Section 2.5, we estimate the angleθij between two overlapping patches, i.e., the angle by
which one needs to rotate patchPi to align it with patchPj. When the aligned patches
contain corrupted distance measurements,θij is a noisy measurement of their offsetθi− θj
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mod 2π. Next, we build theN × N sparse symmetric matrixR = (rij) whose elements
are either0 or points on the unit circle in the complex plane:

rij =

{
eıθij if (i, j) ∈ EP

0 if (i, j) /∈ EP
. (4.1)

SYNC(O(3)). The setup of the synchronization problem over the group O(3)used in
3D-ASAP is very similar to its counterpart used in 2D-ASAP, summarized above. One
difference is that, in 2D-ASAP, we first estimated the reflections, and based on that, we
further estimated the rotations. However, it makes sense tocombine the two steps, and
perhaps further increase the robustness to noise of the algorithm. By doing this, information
contained in the pairwise rotation matrices helps in betterestimating the reflections, and
vice-versa, information on the pairwise reflection betweenpatches helps in improving the
estimated rotations.

We denote the orthogonal transformation of patchPi by hi ∈ O(3), which is defined up
to a global orthogonal rotation and reflection. The alignment of every pair of patchesPi

andPj whose intersection is sufficiently large, provides a perhaps noisy measurementhij

(a 3 × 3 orthogonal matrix) for the ratiohih
−1
j . Next, we build the following3N × 3N

sparse symmetric matrixH = (hij), wherehij is the a3 × 3 orthogonal matrix that aligns
patchesPi andPj andO3×3 denotes the3× 3 zero matrix

Hij =

{
hij (i, j) ∈ EP

O3×3 (i, j) /∈ EP (4.2)

In Section 4.3 we show that, in the noise free case, the top three eigenvectors of a normal-
ized version of the matrixH perfectly recover the unknown group elementsh1, . . . , hN .

SYNC(Z2). Synchronization over the groupZ2 is useful for estimating the reflection of
the patches in the ASAP algorithms. We use the top eigenvector of the followingN × N
sparse symmetric matrixZ = (zij)

zij =





1 aligningPi with Pj did not require reflection
−1 aligningPi with Pj required reflection of one of them
0 (i, j) /∈ EP (Pi andPj cannot be aligned)

(4.3)

In addition, in ongoing work, we apply the SYNC(Z2) problem and its variations to the
U.S. Congress data set of roll call voting patterns in the U.S. Senate across time, to identify
the two existing communities, i.e. the Democratic and Republican parties [31]. There,
zij = 1 if two senators cast similar votes, andzij = −1 otherwise.

4.2 Analysis of synchronization over SO(2) andZ2

We denote byZ, R, respectivelyH the normalized versions of the measurement matrices
Z, R, respectivelyH, introduces in the previous section. As detailed in the previous two
chapters, we use the top eigenvectors of these matrices to recover the global reflections
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and global rotation angles of all patches. In this section, we analyze the algorithm from a
spectral graph theory point of view, that allows us to explain the success of the algorithm
even in the presence of corrupted measurements. Here we focus on theN ×N matricesZ
andR, while in the next section we show a similar analysis for the3N×3N tensor product
matrixH.

We first analyze the first two steps of 2D-ASAP, hence the problems SYNC(Z2) and
SYNC(SO(2)), when the distance measurements are exact and the matricesZ andR con-
tain no errors on the relative reflections and rotations of all overlapping pairs of patches.
Denoting byΥ theN ×N diagonal matrix with±1 on its diagonal representing the correct
reflectionszi, i.e.Υii = zi, we can write the matrixZ = (zij) as

Z = ΥAPΥ−1, (4.4)

whereAP = (aPij) is the adjacency matrix of the patch graphGP , given by

aPij =

{
1 if (i, j) ∈ EP

0 if (i, j) /∈ EP
, (4.5)

because in the noise-free casezij = ziz
−1
j for (i, j) ∈ EP . Similarly, we represent the

matrixR = (rij) = (eıθij ) as
R = ΘAPΘ−1, (4.6)

whereΘ is anN × N diagonal matrix withΘii = eıθi, because in the noise-free case
eıθij = eı(θi−θj) for (i, j) ∈ EP . The normalized matricesZ andR can now be written as

Z = Υ(D−1AP )Υ−1. (4.7)

and
R = Θ(D−1AP )Θ−1. (4.8)

Hence,Z, R andD−1AP all have the same eigenvalues. Since the normalized discrete
graph LaplacianL is defined as

L = I −D−1AP , (4.9)

it follows that in the noise-free case, the eigenvalues ofI−Z andI−R are the same as the
eigenvalues ofL. These eigenvalues are all non-negative, sinceL is similar to the positive
semidefinite matrixI −D−1/2APD−1/2, whose non-negativity follows from the identity

xT (I −D−1/2APD−1/2)x =
∑

(i,j)∈EP

(
xi√
deg(i)

− xj√
deg(j)

)2

≥ 0.

In other words,
1− λZ

i = 1− λR
i = λL

i ≥ 0, i = 1, 2, . . . , N, (4.10)

where the eigenvalues ofL are ordered in increasing order, i.e.,λL
1 ≤ λL

2 ≤ · · · ≤ λL
N ,

and the corresponding eigenvectorsvLi satisfyLvLi = λL
i v

L
i . Furthermore, the sets of

eigenvectors are related by
vZi = ΥvLi , vRi = ΘvLi .
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If the patch graphGP is connected, then the eigenvalueλL
1 = 0 is simple and its corre-

sponding eigenvectorvL1 is the all-ones vector1 = (1, 1, . . . , 1)T . Therefore,

vZ1 = Υ1, vR1 = Θ1, (4.11)

and, in particular,

vZ1 (i) = zi, vR1 (i) = eıθi , i = 1, 2, . . . , N. (4.12)

This implies that in the noise-free case, the ASAP algorithmperfectly recovers the reflec-
tions and rotations as shown in Figures 2.4(a) and 2.6(a).

Notice that the top eigenvectorsvZ1 andvR1 of the non-normalized matricesZ andR are
related to the top eigenvectorvA1 of the adjacency matrixAP via

vZ1 = ΥvA1 , vR1 = ΘvA1 . (4.13)

Connectivity of the patch graph together with the Perron-Frobenius theorem imply that
all entries ofvA1 are positive, that is,vA1 (i) > 0, which in principle suffices to ensure
that our rounding procedures (2.8) and (2.11) give the correct reflections and rotations.
However, unlike the constant entries of the all-ones vector, the entries ofvA1 can vary in their
magnitude. In fact, when the patch graph is not regular (i.e., when the vertex degrees are
not constant), it often happens thatvA1 has only a few large entries and all other entries are
significantly smaller, rendering numerical difficulties inthe computation ofvA1 , as indicated
in Figures 2.4 and 2.6. Moreover, in the noisy case, such small entries are likely to change
their sign (or phase), making the top eigenvector ofZ (orR) sensitive to noise.

In order to understand why the entries ofvA1 can vary so much, we first examine the
matrixD−1AP and view it as a Markov transition probability matrix of a discrete random
walk on the patch graph, whose top all-ones eigenvector expresses the fact that the steady
state density is uniform. Denoting the maximum vertex degree of the patch graph byDeg =
maxi deg(i), the matrix 1

Deg
AP corresponds to a random walk with absorption, i.e., it is

possible to artificially add an extra terminal state to whichthe random walker jumps from
nodei with probability1 − deg(i)

Deg
. Due to this absorption, the steady state distribution is

trivially concentrated at the terminal state, but the approach to this steady state is governed
by vA1 . We therefore expect vertices located away from absorptionsites to have larger
values invA1 . For example, consider the path graph onN vertices with edges given by
(i, i + 1) for i = 1, . . . , N − 1. For the path graph,deg(i) = 2 for i = 2, . . . , N − 1,
while deg(1) = deg(N) = 1. The discrete random walk matrix1

2
AP is a discretization

of the continuous diffusion process on the interval[0, 1] with absorption at the endpoints
(homogenous Dirichlet boundary conditions), from which itcan be deduced that in the
limit N → ∞ the top eigenvector is approximately given byvA1 (i) ∼ sin

(
πi

N+1

)
for i =

1, . . . , N . This agrees with our intuition that values near the center are larger than near the
boundaries, but also demonstrates the possible numerical instabilities, as the ratio between
these values can be as large asO(N). Figure 4.1 demonstrates the variability of the node
degrees of patches in the patch graph for the US cities graph,rendering the importance of
the normalization.
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Figure 4.1: Histogram of the node degrees of patches in the patch graphGP for the US
cities graph withρ = 0.032 andη = 20%.

At this point, we understand why the top eigenvectors of the normalized matricesZ and
R give superior results compared to the top eigenvectors of the non-normalized matricesZ
andR. Since the (non-normalized) LaplacianL of the patch graph

L = D − AP

also has the all-ones vector as an eigenvector (with smallest eigenvalue), another possible
good way of estimating the reflections and rotations is by using the smallest eigenvectors
of

LZ = D − Z,

and
LR = D −R.

We have seen that, in practice, the non-normalized Laplacian method (L) also performs
well, giving results that are comparable to those of the normalized Laplacian method (L).

We now turn to briefly discuss the analysis of the noisy distances scenario, dealing
first with Step 1 for the reflections. For noisy data, the measurementzij of the reflection
between patchesPi andPj may be incorrect. That is, while the value ofzij should really
beziz

−1
j , the alignment of the patches may give the false value−ziz−1

j . The effect of false
measurements changes the matricesZ andZ from (4.4) and (4.7) to

Z = Υ(AP +∆)Υ−1, (4.14)

and
Z = Υ(D−1AP +D−1∆)Υ−1, (4.15)

where∆ = (δij) is theN ×N symmetric error matrix

δij =





−2 if (i, j) ∈ EP andzij 6= ziz
−1
j (bad alignment)

0 if (i, j) ∈ EP andzij = ziz
−1
j (good alignment)

0 if (i, j) /∈ EP

. (4.16)

While the all-ones vector1 is the top eigenvector ofD−1AP , it is no longer the top eigen-
vector of the perturbed matrixD−1AP +D−1∆. If the perturbationD−1∆ is small (e.g., in
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terms of its spectral norm), then we can expect the top eigenvector to be sufficiently close
to 1. In particular, many of the eigenvector entries are expected to remain positive, mean-
ing that the reflections corresponding to these entries willbe estimated correctly. A similar
perturbation approach can also be applied to Step 2 for the rotations. The precise matrix
perturbation analysis that quantifies the “sign stability”of the top eigenvector is beyond the
scope of this thesis, however, and is postponed for future work.

From the implementation perspective, it is important to note that the eigenvector method
can be implemented in a distributed manner. The top eigenvector of the matrixZ can be
efficiently computed by the power iteration method that starts from a randomly chosen vec-
tor b0 and iteratesbn+1 =

Zbn
‖Zbn‖

. Each iteration requires just a matrix-vector multiplication

that takes onlyO(M) operations, whereM = |EP | is the number of edges in the patch
graphGP . The power iteration method has the advantage that it can be implemented in
a distributed way with every sensor making local computations and communications with
nearby sensors. The number of iterations required decreases as the spectral gap increases.

The iterations of the power method for computing the top eigenvector can also be
viewed as integration of consistency relations along cycles in the patch graphGP . To
see this, consider for example a lengthk cycleP1, P2, . . . , Pk where,(Pi, Pi+1) ∈ EP for
i = 1, 2, . . . , k − 1 and(Pk, P1) ∈ EP . In the noise-free case, the reflection measurements
are given byzij = ziz

−1
j , hence they must satisfy the consistency relation

z12z23 · · · zk−1,1zk,1 = 1. (4.17)

Similarly, the noise-free rotation measurementsrij = eı(θi−θj) also satisfy a similar consis-
tency relation

r12r23 · · · rk−1,1rk,1 = 1. (4.18)

In the iterations of the power method, the matrixZ (and similarlyR) gets multiplied by
itself and the effect of this is twofold. First, the eigenvector method integrates the infor-
mation in the consistency relations along cycles in the patch graphGP , and second, it
propagates information to far-away patches that cannot be aligned directly. This gives yet
another insight to understanding why the eigenvector method is robust to noise.

4.3 Analysis of synchronization over O(3)

Let us now show that, in the noise free case, the top three eigenvectors ofH perfectly
recover the unknown group elements. We denote byhi the3 × 3 matrix corresponding to
theith submatrix in the3×N matrix [vH1 , v

H
2 , v

H
3 ]. In the noise free case,hi is an orthogonal

matrix and represents the solution which aligns patchPi in the global coordinate system,
up to a global orthogonal transformation. To see this, we first let h denote the3N × 3
matrix formed by concatenating the true orthogonal transformation matricesh1, . . . , hN .
Note that when the patch graphGP is complete,H is a rank 3 matrix sinceH = hhT , and
its top three eigenvectors are given by the columns ofh

Hh = hhTh = hNI3 = Nh. (4.19)
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In the general case whenGP is a sparse connected graph, note that

Hh = Dh, henceD−1Hh = Hh = h, (4.20)

and thus the three columns ofh are each eigenvectors of matrixH, associated to the same
eigenvalueλ = 1 of multiplicity 3. It remains to show this is the largest eigenvalue ofH .
We recall that the adjacency matrix ofGP is AP , and denote byAP the3N × 3N matrix
built by replacing each entry of value 1 inAP by the identity matrixI3, i.e.,AP = AP ⊗ I3
where⊗ denotes the tensor product of two matrices. As a consequence, the eigenvalues
of AP are just the direct products of the eigenvalues ofI3 andAP , and the corresponding
eigenvectors ofAP are the tensor products of the eigenvectors ofI andAP . Furthermore,
if we let∆ denote theN×N diagonal matrix with∆ii = deg(i), for i = 1, . . . , N , it holds
true that

D−1AP = (∆−1AP )⊗ I3, (4.21)

and thus the eigenvalues ofD−1AP are the same as the eigenvalues of∆−1AP , each with
multiplicity 3. In addition, ifΥ denotes the3N × 3N matrix with diagonal blockshi,
i = 1, . . . , N , then the normalized alignment matrixH can be written as

H = ΥD−1APΥ−1, (4.22)

and thusH andD−1AP have the same eigenvalues, which are also the eigenvalues of
∆−1AP , each with multiplicity 3. Whenever it is understood from the context, we will
omit from now on the remark about the multiplicity 3. Since the normalized discrete graph
LaplacianL is defined as

L = I −∆−1AP , (4.23)

it follows that in the noise-free case, the eigenvalues ofI−H are the same as the eigenvalues
of L. These eigenvalues are all non-negative, sinceL is similar to the positive semidefinite
matrix I −∆−1/2AP∆−1/2, whose non-negativity follows from the identity

xT (I −∆−1/2AP∆−1/2)x =
∑

(i,j)∈EP

(
xi√
deg(i)

− xj√
deg(j)

)2

≥ 0.

In other words,

1− λH
3i−2 = 1− λH

3i−1 = 1− λH
3i = λL

i ≥ 0, i = 1, 2, . . . , N, (4.24)

where the eigenvalues ofL are ordered in increasing order, i.e.,λL
1 ≤ λL

2 ≤ · · · ≤ λL
N .

If the patch graphGP is connected, then the eigenvalueλL
1 = 0 is simple (thusλL

2 > λL
1 )

and its corresponding eigenvectorvL1 is the all-ones vector1 = (1, 1, . . . , 1)T . Therefore,
the largest eigenvalue ofH equals 1 and has multiplicity 3, i.e.,λH

1 = λH
2 = λH

3 = 1, and
λH
4 > λH

3 . This concludes our proof that, in the noise free case, the top three eigenvectors
of H perfectly recover the true solutionh1, . . . , hN ∈ O(3), up to a global orthogonal
transformation.
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4.4 Synchronization overZ2 with molecular fragments

In the molecule problem, there are molecular fragments whose local configuration is known
in advance up to an element of the special Euclidean group SE(3) rather than the Euclidean
group E(3). In other words, these are small structures that need to be translated and rotated
with respect to the global coordinate system, but no reflection is required. As a result, for
their corresponding patches we know the corresponding group element inZ2. This moti-
vates us to consider the problem of synchronization overZ2 when “molecular fragment”
information is available, and refer to it from now on as SYNC(Z2). We propose and com-
pare four methods for solving SYNC(Z2): two relaxations to a quadratically constrained
quadratic program (QCQP), and two semidefinite programming(SDP) formulations.

Mathematically, the synchronization problem over the group Z2 = {±1} can be stated
as follows: givenk group elements (anchors)A = {a1, . . . , ak} and a set of (possibly)
incomplete (noisy) pairwise group measurementszij = aix

−1
j andzij = xix

−1
j , (i, j) ∈

E(G), find the unknown group elements (sensors)S = {x1, . . . , xl}. We may sometimes
abuse notation and denote all nodes byx = {x1, . . . , xl, xl+1, . . . , xN}, whereN = l + k,
with the understanding that the lastk elements denote the anchors. Whenever we say
that indicesi ∈ S and j ∈ A, it should be understood that we refer to sensorxi ∈ S,
respectively anchoraj ∈ A. In the molecule problem,k denotes the number of patches
whose reflection is known a priori , and the goal is to estimatethe reflection of the remaining
l = N − k patches.

In the absence of anchors (whenk = 0 andN = l), the synchronization problem over
Z2 was considered in [32], following the approach for angular synchronization introduced
in [92]. The goal is to estimateN unknown group elementsz1, . . . , zN ∈ Z2, whose
pairwise group relations are captured in a sparseN ×N matrixZ = (zij) where

zij =

{
ziz

−1
j if the measurement is correct

−ziz−1
j if the measurement is incorrect

(4.25)

The setEP of pairs(i, j) for which a pairwise measurement exists (correct or incorrect) can
be realized as the edge set of the patch graphGP = (V P , EP ), where vertices correspond to
patches, and edges to the measurements. We denote the original solution byz1, . . . , zN and
our approximated solution byx1, . . . , xN . Our task is to estimatex1, . . . , xN such that we
satisfy as many pairwise group relations as possible. To that end, we start by considering
the problem of maximizing the following quadratic form

max
x1,...,xN∈ZN

2

N∑

i,j=1

xiZijxj = max
x1,...,xN∈ZN

2

xTZx, (4.26)

whose maximum, in the noise-free case, is attained whenx = z. Note that for the cor-
rect set of reflectionsz1, . . . , zN , each correct group measurementzij = ziz

−1
j contributes

ziZijzj = +1 to the sum in (4.26), while each incorrect measurement will add a−1 to the
summation. Our task now is to solve the quadratic integer optimization problem in (4.26),
which is unfortunately a non-convex optimization problem.Since NP-hard problems, such
as the maximal clique problem, can be formulated as an integer quadratic problem, the
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maximization in (4.26) is itself NP-hard. We therefore makeuse of the following relax-
ation

max∑N
i=1

|xi|2=N

N∑

i,j=1

xiZijxj = max
‖x‖2=N

xTZx (4.27)

whose maximum is achieved whenx = v1, wherev1 is the normalized top eigenvector of
Z, satisfyingZv1 = λ1v1 and‖v1‖2 = N , with λ1 being the largest eigenvalue. Thus an
approximate solution to the maximization problem in (4.26)is given by the top eigenvector
of the symmetric matrixZ. In practice, for increased robustness to noise, we use the
following alternative relaxation

max
xTDx=2m

xTZx, (4.28)

whereDii =
∑N

j=1 |Zij|, m denotes the number of edges, and hence2m is the sum of
the node degrees. The solution to the maximization problem in (4.28) is given by the top
eigenvector of the normalized matrixD−1Z. We refer the reader to [92, 32] for an analysis
of the eigenvector method and its connection with the normalized discrete graph Laplacian.

4.4.1 Synchronization by relaxing a QCQP

When anchor information is available, meaning that we know apriori some of the group
elements which we refer to as anchors, we follow a similar approach to equations (4.26,
4.27) that motivated the eigenvector synchronization method. Similarly, we are interested
in finding the set of unknown elements that maximize the number of satisfied pairwise
measurements, but this time, under the additional constraints imposed by the anchors, i.e.
xi = ai, i ∈ A. Unfortunately, maximizing the quadratic formxTZx under the anchor
constraints, is no longer an eigenvector problem. Our approach is to combine under the
same objective function both the contribution of the sensor-sensor pairwise measurements
(as a quadratic term) and the contribution of the anchors-sensor pairwise measurements (as
a linear term). To that end, we start by formulating the synchronization problem as a least
squares problem, by minimizing the following quadratic form

min
x

∑

(i,j)∈E

(xi − Zijxj)
2 = min

x

∑

(i,j)∈E

z2i + Z2
ijx

2
j − 2Zijxixj

= min
x

∑

(i,j)∈E

x2
i + x2

j − 2Zijxixj

= min
x

n∑

i=1

dix
2
i −

∑

(i,j)∈E

2Zijxixj

= min
x

xTDx− xTZx

= min
x

xT (D − Z)x (4.29)

To account for the existence of anchors, we first write the matricesZ andD in the follow-
ing block format

108



Z =

[
S U
UT V

]
, D =

[
DS 0
0 DV

]

whereSl×l, Ul×k andVk×k denote the sensor-sensor, sensor-anchor respectively anchor-
anchor measurements, andD is a diagonal matrix withDii =

∑N
j=1 |Zij|. Note thatV

is a matrix with all nonzero entries, since the measurement between any two anchors is
readily available. Similarly, we write (with a slight abuseof notation) the solution vector
in the formx = [s a]T , wheres denotes the signs of the sensor nodes, anda the signs of
the anchor nodes. The quadratic function minimized in (4.29) can now be written in the
following form

[
sT aT

] [ DS − S −U
−UT DV − V

] [
s
a

]
= sT (DS−S)s−2sTUa+aT (DV−V )a (4.30)

The vector(Ua)l×1 can be interpreted as the anchor contribution in the estimation of the
sensors. Note that in the case when the sensor-anchors measurements should be trusted
more than the sensor-sensor measurements, the anchor contribution can be weighted ac-
cordingly, and equation (4.30) becomeszT (DS − S)z − 2γzTUa + aT (DV − V )a, for
a given weightγ. SinceaT (DV − V )a is a (nonnegative) constant, we are interested in
minimizing the integer quadratic form

minimize
z∈Zl

2

zT (DS − S)z − 2zTUa.

Unfortunately, solving such a problem is NP-hard, and thus we introduce the following
relaxation to a quadratically constrained quadratic program (QCQP)

minimize
z=(z1,...,zl)

zT (DS − S)z − 2zTUa

subject to zT z = l
(4.31)

We proceed by considering the Lagrangian function

φ(z, λ) = zT (DS − S)z − 2zTUa + λ(zT z − l) (4.32)

whereλ is the Lagrange multiplier. Differentiating (4.32) with respect toz, we are led to
the following equation

2(DS − S)z − 2Ua+ 2λz = 0

which can be written as
(DS − S + λI)z = Ua (4.33)

Using the fact thatzT z = l, (4.33) becomes

(Ua)T (DS − S + λI)−2(Ua) = l (4.34)

which we solve forλ. We refer the reader to [8] for a more detailed analysis of eigenvalue
solutions to such quadratically constrained optimizationproblems. Finally, the solution to
the minimization problem formulated in (4.31) is given by

z∗ = (DS − S + λI)−1(Ua) (4.35)
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For simplicity, we choose to solve the nonlinear matrix equality (4.34) in MATLAB using
the lsqnonlin command, whose success in findingλ is contingent upon a good initializa-
tion. To that end, we consider the eigendecomposition of thesymmetric positive definite
matrix

DS − S =

l∑

i=1

λiφiφ
T
i ,

where(D − S)φi = λiφi, for i = 1, . . . , l, and expand the vectorsUa andz in the form
Ua =

∑l
i=1 βiφi andz =

∑l
i=1 αiφi. Rewriting equation (4.33),(DS − S)z + λz = Ua,

in terms of the above expansion yields

l∑

i=1

λiαiφi + λ
l∑

i=1

αiφi =
l∑

i=1

βiφi. (4.36)

Thus, for everyi = 1, . . . , l it must hold true that

λiαi + λαi = βi, (4.37)

i.e. αi =
βi

λ+λi
. SincezT z = l and

∑l
i=1 α

2
i = l, the Lagrange multiplierλ must satisfy

l∑

i=1

β2
i

(λ+ λi)2
= l (4.38)

The condition thatλ + λi > 0 ensures that the solution search forλ lies outside the set of
singularities of (4.38). Thusλ > −λ0, whereλ0 is the smallest eigenvalue of the matrix
DS − S. Note that the row sums ofDS − S are non-negative since the diagonal entries in
DS are the degree of the sensor nodes in the entire graph, takinginto account the sensor-
anchor edges as well, not just the sensor-sensor edges. Furthermore,DS − S is a positive
semidefinite matrix (thusλ0 ≥ 0), as it can be seen from the following identity

xT (DS − S)x =

l∑

i=1

x2
i di −

∑

(i,j)∈ESS

2xixjSij ≥
∑

(i,j)∈ESS ,Sij=±1

(xi − Sijxj)
2 ≥ 0

whereESS denotes the set of sensor-sensor edges.
We also consider the following formulation similar to (4.31), but we replace the con-

straint zT z = l with zTDSz = ∆, where∆ =
∑l

i=1 di is the sum of the degrees of
all sensor nodes. Note that the following change of variablez̄ = D

1/2
S z brings the new

optimization problem to a form similar to (4.31)

minimize
z̄

z̄TD
−1/2
S (DS − S)D

−1/2
S z̄ − 2z̄TD

−1/2
S Ua

subject to z̄T z̄ = ∆
(4.39)

with the corresponding Lagrangian̄λ satisfyingλ̄ > −λ̄0, whereλ̄0 is the smallest eigen-
value of the matrixD−1/2

S (DS − S)D
−1/2
S .
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4.4.2 Synchronization by SDP

An alternative approach to solving SYNC(Z2) is by using semidefinite programming. The
objective function in (4.26) can be written as

N∑

i,j=1

xiZijxj = Trace(ZΥ) (4.40)

whereΥ is theN ×N symmetric rank-one matrix with±1 entries

Υij =






xix
−1
j if i, j ∈ S

xia
−1
j if i ∈ S, j ∈ A

aia
−1
j if i, j ∈ A

(4.41)

Note thatΥ has ones on its diagonalΥii = 1, ∀i = 1, . . . , N , and the anchor information
gives another layer of hard constraints. The SDP relaxationof (4.26) in the presence of
anchors becomes

maximize
Υ∈RN×N

Trace(ZΥ)

subject to Υii = 1, i = 1, . . . , N

Υij = aia
−1
j , if i, j ∈ A

Υ � 0

(4.42)

where the maximization is taken over all semidefinite positive real-valued matricesΥ � 0.
While Υ as defined in (4.42) has rank one, the solution of the SDP is notnecessarily of
rank one. We therefore compute the top eigenvector of that matrix, and estimatex1, . . . , xs

based on the sign of its firsts entries.
Alternatively, to reduce the number of unknowns in (4.42) from N = l + k to l, one

may consider the following relaxation

maximize
Υ∈Rl×l;x∈Rl

Trace(SΥ) + 2xTUa

subject to Υii = 1, ∀i = 1, . . . , l
[

Υ x
xT 1

]
� 0

(4.43)

Ideally, we would like to enforce the constraintΥ = xxT , which guarantees thatΥ is in-
deed a rank-one solution. However, since rank constrains donot lead to convex optimiza-
tion problems, we relax this constraint via Schur’s lemma toΥ � xxT . This last matrix
inequality is equivalent [20] to the last constraint in the SDP formulation in (4.43). Finally,
we obtain estimatorŝz1, . . . , ẑl for the sensors by settinĝzi = sign(xi), ∀i = 1, . . . , l.

4.4.3 Comparison of algorithms for SYNC(Z2)

Figure 4.2 compares the performance of the algorithms we proposed for synchronization in
the presence of molecular fragment information. The adjacency graph of available pairwise
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measurements is an Erdős-Rényi graphG(N, p) with N = 75 andp = 0.2 (i.e., a graph
with N nodes, where each edge is present with probabilityp, independent of the other
edges). We show numerical experiments for four scenarios, where we vary the number of
anchorsk = {5, 15, 30, 50} chosen uniformly at random from theN nodes. As the number
of anchors increases, compared to the number of sensorss = N − k, the performance
of the four algorithms is essentially similar. Only when thenumber of anchor nodes is
small (k = 5), the SDP-Y formulation shows superior results, together with SDP-XY and
QCQP with constraintzTDz = ∆, while the QCQP with constraintzT z = s performs less
well. In practice, one would choose the QCQP formulation with constraintzTDz = ∆,
since the SDP based methods are computationally expensive as the size of the problem
increases. This was also our method of choice for computing the reflection of the patches
in the localization of the ubiqutin (PDG 1d3z), when molecular fragment information was
available and the reflection of many of the patches was known apriori .
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Figure 4.2: Comparison, in terms of robustness to noise, of the four algorithms we proposed
for SYNC(Z2): the two QCQP formulations using the two different constraints: zT z = s
and zTDz = ∆ as they appear in equations (4.31) and (4.39), the two SDP-based for-
mulations SDP-Y and SDP-XY as formulated in (4.42) and (4.43). The adjacency graph
of available pairwise measurements is an Erdős-Rényi graph G(N, p) with N = 75 and
p = 0.2. Also, k denotes the number of anchors, chosen uniformly at random from theN
nodes. Results are averaged over 50 runs.
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Chapter 5

Low-rank matrix completion

Can the missing entries of an incomplete real valued matrix be recovered? Clearly, a matrix
can be completed in an infinite number of ways by replacing themissing entries with arbi-
trary values. In order for the completion question to be of any value we must restrict the
matrix to belong to a certain class of matrices. A popular class of matrices are the matrices
of limited rank and the problem of completing a low-rank matrix from a subset of its entries
has received a great deal of attention lately. The completion problem comes up naturally in
a variety of settings. One of these is theNetflixproblem [78], where users submit rankings
for only a small subset of movies, and one would like to infer their preference of unrated
movies. The data matrix of all user-ratings may be approximately low-rank because it is
believed that only a few factors contribute to an individual’s preferences. The comple-
tion problem also arises in computer vision, in the problem of inferring three-dimensional
structure from motion [102], as well as in many other data analysis, machine learning [97],
control [76] and other problems that are modeled by a factor model. Numerous completion
algorithms have been proposed over the years, see e.g., [22,37, 38, 62, 98, and references
therein]. Many of the algorithms relax the non-convex rank constraint by the convex set of
positive semidefinite matrices and solve a convex optimization problem using semidefinite
programming (SDP) [105]. Recently, using techniques from compressed sensing [24, 35],
Candès and Recht [23] proved that if the pattern of missing entries is random then the
minimization of the convex nuclear norm (the`1 norm of the singular values vector) finds
(with high probability) the exact completion of mostnα × n matrices of rankd as long
as the number of observed entriesm satisfiesm ≥ C(α)dn1.2 log n, whereC(α) is some
function. Even more recently, Keshavan, Oh, and Montanari [68, 69] improved the bound
toC(α)dn logn and also provided an efficient completion algorithm.

These fascinating recent results do not provide, however, asolution to the more prac-
tical case in which the pattern of missing entries is non-random. Given a specific pattern
of missing entries, it would be extremely desirable to have an algorithm that can determine
the uniqueness of a rank-d matrix completion. Prior to running any of the numerous ex-
isting completion algorithms such as SDP it is important forthe analyst to know if such a
completion is indeed unique.
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Building on ideas from rigidity theory (see, e.g., [83]) we propose an efficient ran-
domized algorithm that determines whether or not it is possible to uniquely complete an
incomplete matrix to a matrix of specified rankd. Our proposed algorithm does not at-
tempt to complete the matrix but only determines if a unique completion is possible. We
introduce a new matrix, which we callthe completion matrixthat serves as the analogue
of the rigidity matrix in rigidity theory. The rank of the completion matrix determines a
property which we call infinitesimal completion. Whenever the completion matrix is large
and sparse its rank can be efficiently determined using iterative methods such as LSQR
[79]. As in rigidity theory, we will also make the distinction betweenlocal completion and
global completion. The analogy between rigidity and completion isquite striking, and we
believe that many of the results in rigidity theory can be usefully translated to the comple-
tion setup. Our randomized algorithm for testing local completion is based on a similar
randomized algorithm for testing local rigidity that was suggested by Hendrickson [55].

While the local rigidity theory translates smoothly into the local completion setup, we
find the global theory to be more subtle. A full characterization of globally rigid frame-
works exists due to Connelly [27] who proved sufficient conditions for global rigidity and
conjectured necessary conditions that were recently proved by Gortler, Healy, and Thurston
[44]. Here we conjecture sufficient conditions for global completion, but we were not able
to come up with suitable necessary conditions. Based on our conjectured sufficient con-
ditions, we propose a randomized algorithm that tests for sufficient conditions but not for
necessary conditions for global completion. As a result, applying our algorithms for test-
ing local and global completion in conjunction classifies missing entry patterns into three
classes. The first class contains matrices that did not pass the local completion test and
are clearly not globally completable. The second class contains matrices that passed both
the local completion and global completion tests, and are therefore guaranteed to be glob-
ally completable. The third class contains matrices that passed the local completion test
but did not pass the global completion test, and since the latter only checks for sufficient
conditions, we cannot determine if such matrices are globally completable or not.

The organization of this chapter is as follows.

1. In Section 5.1 we analyze the low-rank matrix completion problem for the particular
case of positive semidefinite Gram matrices and present algorithms for testing local
and global completion of such matrices.

2. In Section 5.2 the analysis is generalized to the more common completion problem
of general low-rank rectangular matrices and corresponding algorithms are provided.

3. Section 5.3 is concerned with the combinatorial characterization of entry patterns
that can be either locally completable or globally completable. In particular, we
present a simple combinatorial characterization for rank-1 matrices and comment on
the rank-2 and rank-d (d ≥ 3) cases.

4. In Section 5.4 we detail the results of extensive numerical simulations in which we
tested the performance of our algorithms while verifying the theoretical bounds of
[23, 68, 69] for matrices with random missing patterns.

5. Finally, Section 5.5 is a summary and discussion.
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5.1 Gram matrices

We start by analyzing the completion problem of low-rank positive semidefinite Gram ma-
trices with missing entries. We make extensive use of the terminology and results summa-
rized in Chapter 1 which the reader is advised to consult whenever felt needed.

For a collection ofn vectorsp1, p2, . . . , pn ∈ Rd there corresponds ann × n Gram
matrixJ of rank (at most)d whose entries are given by the inner products

Jij = pTi pj , i, j = 1, . . . , n. (5.1)

An alternative way of writingJ is through its Cholesky decompositionJ = P TP , whereP
is ad×nmatrix given byP =

[
p1 p2 · · · pn

]
, from which it is clear thatrank(J) ≤ d.

If J is fully observed (no missing entries) then the Cholesky decomposition ofJ reveals
P up to ad × d orthogonal matrixO (OOT = I), asJ = P TP = (OP )T (OP ). Now,
suppose that only a few of the entries ofJ are observed by the analyst. The symmetry of the
matrix J implies that the set of observed entries defines an undirected graphG = (V,E)
with n vertices where(i, j) ∈ E is an edge iff the entryJij is observed. The graph may
include self loop edges of the form(i, i) corresponding to observed diagonal elementsJii.
For an incomplete Gram matrixJ with an observed pattern that is given by the graphG,
we would like to know if it is possible touniquelycomplete the missing entries ofJ so that
the resulting completed matrix is of rankd.

For example, consider the three planar points

p1 =

(
0
1

)
, p2 =

(
1
2

)
, p3 =

(
2
3

)
: P =

(
0 1 2
1 2 3

)
, (5.2)

whose corresponding 3-by-3 Gram matrixJ is of rank 2

J = P TP =




1 2 3
2 5 8
3 8 13


 . (5.3)

The following three different missing entry patterns demonstrate that a matrix may either
have a unique completion, a finite number of possible completions, or an infinite number
of possible completions:




1 2 3
2 5 8
3 8 ?


 ,




1 2 ?
2 5 8
? 8 13


 ,




1 2 3
2 ? 8
3 8 ?


 . (5.4)

For the left matrix, the missing diagonal element is uniquely determined by the fact that
det J = 0. For the middle matrix, the vanishing determinant constraint is a quadratic
equation in the missing entry and there aretwo different possible completions (the reader
may check thatJ13 = J31 = 3.4 is a valid completion). For the right matrix, the vanishing
determinant constraint is a single equation for the two unknown diagonal elements, and so
there is an infinite number of possible completions. We want to go beyond 3-by-3 matrices
and develop techniques for the analysis of much larger matrices with arbitrary patterns of
missing entries.

116



5.1.1 The completion matrix and local completion

We now adapt some of the the rigidity theory tools introducedin Chapter 1 to the matrix
completion problem. We start by considering motionspi(t) that preserve the inner products
Jij = pTi pj for all (i, j) ∈ E. Differentiating (5.1) with respect tot yields the set of
m = |E| linear equations for the unknown velocities

pTi ṗj + pTj ṗi = 0, for all (i, j) ∈ E. (5.5)

This linear system can be brought together asCG(p)ṗ = 0, whereCG(p) is anm × dn
coefficient matrix which we call thecompletion matrix. The completion matrix is sparse as
it has only2d non-zero elements per row. The locations of the non-zero entries are solely
determined by the graphG, while their values are determined by the particular realization
p. The solution space of (5.5) is at leastd(d − 1)/2 dimensional, due to orthogonal trans-
formations that preserve inner products. Indeed, substituting into (5.5) the ansatżpi = Api
(for all i = 1, . . . , n) with A being a constantd×d matrix yieldspTi (A+AT )pj = 0. There-
fore, any choice of a skew-symmetric matrixA = −AT leads to a possible solution. We
refer to these as the trivial infinitesimal motions. The number of trivial degrees of freedom
in the completion problem isd(d− 1)/2 which differs from its rigidity theory counterpart,
because translations preserve distances but not inner products.

The rank of the completion matrix will help us determine if a unique completion of the
Gram matrixJ is possible. Indeed, if

dimnull(CG(p)) > d(d− 1)/2, (5.6)

that is, if the dimensionality of the null space ofCG(p) is greater thand(d − 1)/2, then
there exist non-trivial solutions to (5.5). In other words,there are non-trivial infinitesimal
motions that preserve the inner products. The rank of the completion matrix thus deter-
mines if the framework isinfinitesimally completable. The counterpart of Asimow-Roth
theorem would imply that there exists a non-trivial transformation that preserves the inner
products and that the matrix is notgenerically locally completable. The rank of the com-
pletion matrix equals the size of its maximal non-zero minor. The minors are polynomials
with integer coefficients of the coordinates of the configuration p. Such polynomials are
either zero for all reals or they define an algebraic variety of singular configurations for
which they are zero and are non-zero on the complement, whichis an open dense subset
of Rdn. For that reason, almost all completion matrices for a givengraph have the same
rank and generic local completion is a property of the graph itself, and we do not need any
advance knowledge of the realization of the matrix that we are trying to complete. Instead,
we can simply construct a completion matrix from a randomly chosen realization. With
probability one, the dimensionality of the null space of therandomized completion matrix
will be the same as that of the completion matrix of the true realization, and this rank will
determine if the Gram matrix is generically locally completable or not. The resulting ran-
domized algorithm for testing local completion is along thesame lines of the randomized
algorithms for testing local rigidity [44, 55]:

In order for Algorithm 2 to be feasible for large-scale problems, the approach sketched
above requires a fast method to determine the existence of a non-trivial infinitesimal mo-
tion, which is equivalent to checking that the rank of the completion matrix satisfiesrank(CG(p)) <
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Algorithm 2 Local completion ofn× n rank-d Gram matrices

Require: GraphG = (V,E) with n vertices andm edges corresponding to known matrix
entries (self loops are possible).

1: Randomize a realizationp1, . . . , pn in Rd.
2: Construct the sparse completion matrixCG(p) of sizem× dn.
3: Check if there is a non-trivial infinitesimal motioṅp satisfyingCG(p)ṗ = 0.
4: If a non-trivial infinitesimal motion exists thenG cannot be locally completable, oth-

erwiseG is locally completable.

dn−d(d−1)/2. This is not a straightforward check from the numerical linear algebra point
of view. Note that the rank of a matrix can be determined only up to some numerical tol-
erance (like machine precision), because the matrix may have arbitrarily small non-zero
singular values. The full singular value decomposition (SVD) is the most reliable way to
compute the rank of the completion matrix (e.g., using MATLAB’s rank function), but is
also the most time consuming and is computationally prohibitive for large matrices. The
completion matrix is often sparse, in which case, sparse LU,sparse QR and rank-revealing
factorizations [47, 33, and references within] are much more efficient. However, due to
non-zero fill-ins, such methods quickly run out of memory forlarge scale problems. Our
numerical experimentation with Gotsman and Toledo’s sparse LU MATLAB function nulls
[47] and Davis’ SuiteSparseQR MATLAB library andspqr function [33] encountered some
memory issues forn ≥ 6000. Therefore, for large-scale sparse completion matrices weuse
iterative methods that converge fast and do not have specialstorage requirements. The
iterative procedure has several steps:

1. Use different choices of skew-symmetricd × d matricesA to constructd(d − 1)/2
linearly independent trivial infinitesimal motions (recall that trivial motions are given
by ṗi = Api, i = 1, . . . , n), and store the trivial motions in adn× d(d− 1)/2 matrix
T .

2. Compute the QR factorization ofT = QR (see, e.g., [43]) such that the columns of
thedn × d(d − 1)/2 matrixQ form an orthogonal basis for the subspace of trivial
motions, i.e., the two column spaces are the samecol(Q) = col(T ) andQTQ =
Id(d−1)/2.

3. Randomize a unit size vectorb ∈ Rdn in the orthogonal subspace of trivial motions,
b ∈ col(Q)⊥. This is performed by randomizing a vectorv ∈ R

dn with i.i.d standard
Gaussian entries (vi ∼ N (0, 1)), projectingv onto the orthogonal subspace using
w = (I − QQT )v (the matrixQQT is never formed), and normalizingb = w/‖w‖.
It is easy to check thatQT b = 0 and thatb has the desired normal distribution.

4. Attempt solving the linear systemCG(p)
Tx = b for the unknownx using an iterative

method such as LSQR [79] that minimizes the sum of squares residual. The linear
system may or may not have a solution. Numerically, a tolerance parametertol must
be supplied to the LSQR procedure. Set the tolerance parameter to betol = εn−1/2,
with a smallε, e.g.,ε = 10−4. If the residual cannot be made smaller thentol then
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conclude that the linear system has no solution. In such a case b 6∈ col(CG(p)
T )

and by the fundamental theorem of linear algebra it follows that the projection ofb
ontonull(CG(p)) is non-zero. Sinceb is orthogonal to all trivial motions, it follows
that null(CG(p)) contains a non-trivial infinitesimal motion and the matrix is not
locally completable. On the other hand, if the linear systemCG(p)x = b has a
solution in the sense that the residual is smaller thanεn−1/2 then the projection ofb
onnull(CG(p)) is smaller thanεn−1/2. If a non-trivial infinitesimal motionṗ exists,
then the projection ofb onto it is normally distributed with zero mean and variance

n−1, that isbT ṗ/‖ṗ‖ ∼ N (0, n−1). Therefore, with probability at least1 − 2ε√
2π

all

infinitesimal motions are trivial.

The LSQR procedure consists of applying the sparse completion matrixCG and its trans-
poseCT

G to vectors with no special need for storage. The number of non-zero entries in the
completion matrix is2dm which is also the computational cost of applying it to vectors.
The number of LSQR iterations depends on the non-zero singular values and in particular
the ratio of the largest singular value and the smallest non-zero singular value (condition
number). Arbitrarily small singular values may cause our iterative algorithm with its pre-
set tolerance to fail. In practice, however, at least for moderate values ofn, the full SVD
revealed that such small singular values are rare.

We conclude this section by general remarks on the iterativeprocedure described above.
First, note that the same iterative procedure can be used to determine local rigidity of bar
and joint frameworks, and perhaps it can also be useful in other applications where exis-
tence of non-trivial null space vector is sought to be determined. Second, iterative methods
can be often accelerated by a proper choice of a preconditioner matrix. This leads to the
interesting question of designing a suitable preconditioner for completion and rigidity ma-
trices, which we defer for future investigation.

5.1.2 Global completion and stress matrices

Generically local completion of a framework means that the realization cannot be contin-
uously deformed while satisfying the inner product constraints. However, as the middle
matrix in example (5.4) shows, local completion does not exclude the possibility of having
a non-trivial discontinuous deformation that satisfies theinner product constraints, where
by non-trivial we mean that the deformation is not an orthogonal transformation. We say
that the framework isglobally completableif the only deformations that preserve the in-
ner products are the trivial orthogonal transformations (rotations and reflections). While
local completion allows for a finite number of different completions, global completion is
a stronger property that certifies that completion is unique.

A completion stressω for a framework is an assignment of weightsωij on the edges of
the graph such that for every vertexi ∈ V

∑

j: (i,j)∈E

ωijpj = 0. (5.7)
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Equivalently, a completion stressω is a vector in the left null space of the completion matrix
CG(p), i.e.,CG(p)

Tω = 0. A stress matrixΩ is a symmetricn × n matrix obtained by the
following rearrangement of the completion stress vector entries:Ωij = wij for (i, j) ∈ E,
andΩij = 0 for (i, j) 6∈ E.

It follows from (5.7) that ifω is a stress for the framework ofp1, . . . , pn then it is also
a stress for the framework ofAp1, . . . , Apn, whereA is anyd× d linear transformation. In
other words, thed coordinate vectors and their linear combinations are in thenull space of
the stress matrixΩ anddimnull(Ω) ≥ d.

In the rigidity case, Theorem 1.2.2 by Connelly gives a sufficient condition for generic
global rigidity, while the recently proved Theorem 1.2.3 byGortler, Healy, and Thurston
provides the necessary condition. Based on Theorems 1.2.2 and 1.2.3 a randomized algo-
rithm for testing global rigidity was suggested in [44].

However, unlike the local rigidity theory that goes throughwithout too much difficulty
to the completion case, the global theory turns out to be moresubtle. Perhaps the main
difference between the two cases is that while prescribing the inner product between two
points does not prevent them from getting arbitrarily far apart, it is obviously not the case
when fixing the distance between the points. Despite this difference, it seems that the
Theorem 1.2.2 by Connelly can be naturally translated to give sufficient conditions for
global completion. Since the proof of this claim is outside the scope of this paper, it will
not be given here, and the reader may want to consider the laststatement as a conjecture. As
for necessity, we did not find an obvious counterpart of Theorem 1.2.3 by Gortler, Healy
and Thurston that would give necessary conditions for global completion. In fact, it is
possible to come up with examples of generically globally completable frameworks with
stresses whose null space is of dimension greater thand. For example, the first missing
entry pattern in (5.4) (the3 × 3 matrix with a single missing diagonal entry) was noted to
be globally completable ford = 2 (by the vanishing determinant consideration), but it has
no non-trivial stresses (the stress must satisfyw3,3 = 0 due to the location of the missing
entry, and from linear independence ofp1 andp2 in R2 it follows thatw3,1 = w3,2 = 0, and
by similar considerations all the other entries of the stress must vanish). The dimension of
the null space of the zero stress matrix is 3, which is strictly greater thand = 2.

Having these considerations in mind, we propose Algorithm 3, which is a randomized
algorithm for testing sufficiency conditions for global completion. That is, the output of
Algorithm 3 is one of two possibilities: 1)G is generically globally completable, or 2)
global completion ofG is undecided. Algorithm 3 cannot be used to conclude that a matrix
is not globally completable.

Algorithm 3 also uses iterative methods in order to insure its scalability to large scale
matrices. In stage (4) of Algorithm 3 we use LSQR, which when initialized with a random
starting vector converges to a random left null space solution, rather than to the zero vector.
Here we use LSQR with a very small tolerance as we are guaranteed the existence of a
non-trivial stress.

In stage (6) we again apply LSQR, this time similarly to the way it is applied in the
local completion case (Algorithm 2). Specifically, we first find a random vectorb which is
perpendicular to the subspace of coordinate vectors and then we try to solveΩx = b. Here
Ω is symmetric (compared toCG). For moderate scale problems (e.g.,n ≤ 5000) we use
sparse QR (SPQR) to compute the rank ofΩ as it runs faster than LSQR, but cannot handle
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Algorithm 3 Global completion ofn× n rank-d Gram matrices

Require: GraphG = (V,E) with n vertices andm edges corresponding to known matrix
entries (self loops are possible).

1: Check local completion using Algorithm 2. Proceed only if framework is locally com-
pletable.

2: Randomize a realizationp1, . . . , pn in Rd.
3: Construct the sparse completion matrixCG(p) of sizem× dn.
4: Compute a random completion stress vectorω in the left null space ofCG(p) satisfying

CG(p)
Tω = 0.

5: Rearrangeω into a completion stress matrixΩ.
6: Check if the null space ofΩ contains vectors which are not linear combinations of the

d coordinate vectors.
7: If no such other null space vectors exist (i.e., ifdimnull(Ω) = d) thenG is globally

completable; otherwise global completion ofG is undecided.

much larger values ofn due to memory problems (fill-ins).
Before moving to the completion problem of general rectangular matrices, we comment

on two other aspects of the Gram matrix case. First, note thatnot every partially observed
matrix can be completed into a positive semidefinite matrix.For example, if all diagonal
entries are given and are set to be negative (e.g.,Jii = −1 for i = 1, . . . , n) then the
matrix cannot be completed to a semidefinite positive matrix, because its trace is negative
so at least one of its eigenvalues must be negative. If the matrix can be completed to some
positive semidefinite matrix and the number of observed entriesm ≤

(
r+2
2

)
− 1, then from

[9, Theorem 1.1] it follows that the matrix can be completed to a matrix of rankr (or
lower). Second, when the diagonal entries of the Gram matrixare known, then both local
and global completion problems are equivalent to the standard rigidity and global rigidity
problem. The graph is essentially the cone on the graph [28] determined by the off-diagonal
entries, since the diagonal elements give the distances of the vertices from the origin (the
extra vertex), while the off-diagonal inner products are translated into distances using the
diagonal entries. The generic rigidity and generic global rigidity of a graph in dimensiond
is equivalent to the generic rigidity and generic global rigidity of the cone on the graph in
dimensiond+ 1.

5.2 General rectangular low rank matrices

A generaln1 × n2 rank-d matrixX can be written asX = UV T whereU is n1 × d andV
is n2 × d given byU =

[
u1 u2 · · · un1

]T
andV =

[
v1 v2 · · · vn2

]T
, where the

n1 + n2 vectorsu1, . . . , un1
, v1, . . . , vn2

are inRd. Entries ofX are inner products of these
vectors

Xij = uT
i vj . (5.8)

The observed entriesXij define a bipartite graphG = (V,E) with n1 + n2 vertices as
we never observe inner products of the formuT

i ui′ or vTj vj′. Differentiation of (5.8) with

121



respect tot yields the set of linear equations

uT
i v̇j + vTj u̇i = 0, (i, j) ∈ E (5.9)

for the unknown velocitieṡui andv̇j. The corresponding completion matrixCG(u, v) has
m rows andd(n1 + n2) columns, but only2d non-zero elements per row.

The decompositionX = UV T is not unique: ifW is an invertibled × d matrix then
X = UWV T

W with UW = UW andVW = V (W−1)T . It follows that there ared2 degrees
of freedom in choosingW , because the general linear groupGL(d,R) of d × d invertible
matrices is a Lie group overR of dimensiond2. Indeed, substituting in (5.9) the ansatz
u̇i = Aui (for i = 1, . . . , n1) andv̇j = Bvj (for j = 1, . . . , n2) givesuT

i (B + AT )vj = 0,
which is trivially satisfied wheneverB = −AT . These are the trivial infinitesimal motions
and they span a subspace of dimensiond2.

Similarly to local rigidity and local completion of Gram matrices, a condition for local
completion for general rectangular matrices isdimnull(CG(u, v)) = d2. If the dimension
of the null space of the completion matrix is greater thand2 then there are non-trivial
deformations that preserve all observed elements of the matrix, where a trivial deformation
is any invertible linear transformation ofRd. The local completion testing algorithm for
general rectangular matrices is given in Algorithm 4.

Algorithm 4 Local completion ofn1 × n2 rank-d matrices

Require: Bipartite graphG = (V,E) with n1 +n2 vertices andm edges corresponding to
known matrix entries.

1: Randomize a realizationu1, . . . , un1
andv1, . . . , vn2

in Rd.
2: Construct the sparse completion matrixCG(u, v) of sizem× d(n1 + n2).
3: Check if there is a non-trivial infinitesimal motioṅp satisfyingCG(p)ṗ = 0, where

there ared2 trivial motions.
4: If a non-trivial infinitesimal motion exists thenG cannot be locally completable, oth-

erwiseG is locally completable.

The implementation of the steps in Algorithm 4 is very similar to the implementation
of the steps in Algorithm 2 for testing local completion of Gram matrices.

As in the Gram case, local completion does not imply global completion. A stressω
for the general rectangular matrix case is an assignment of weightsωij on the edges of the
bipartite graph that satisfy

∑

j: (i,j)∈E

ωijvj = 0, for all i = 1, . . . , n1, (5.10)

and ∑

i: (i,j)∈E

ωijui = 0, for all j = 1, . . . , n2. (5.11)

The stressω is in the left null space of the completion matrix, i.e.,CG(u, v)
Tω = 0.

The stress weights can be viewed as the entries of ann1 × n2 matrix Ω̃ that satisfies
Ω̃V = 0 andΩ̃TU = 0, therefore

rank Ω̃ = rank Ω̃T ≤ min(n1, n2)− d. (5.12)
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The stress matrix is the(n1 + n2)× (n1 + n2) symmetric matrixΩ defined via

Ω =

(
0 Ω̃

Ω̃T 0

)
, (5.13)

and from (5.12) it follows thatrankΩ ≤ 2min(n1, n2)− 2d, or equivalently

dimnull(Ω) ≥ n1 + n2 − (2min(n1, n2)− 2d) = 2d+ |n1 − n2|. (5.14)

The notion of a shared stress kernel was recently defined in [44, Section 4] as the
intersection of all stress kernels, and it was used to prove astronger version of Connelly’s
sufficient condition for global rigidity (Theorem 1.2.2). Shared stress kernels seem to play
a crucial role in the theory of global completion of rectangular matrices. In particular,
it is conjectured that a sufficient condition for global completion of rectangular matrices
is that the dimension of the shared stress kernel is2d, which is in general smaller than
2d + |n1 − n2| that appears in (5.14). As with the Gram matrix case, we have not been
able to conjecture necessary conditions for global completion of rectangular matrices. In
particular, having a shared stress kernel of dimension2d is not a necessary condition, as
there exist counterexamples of globally completable rectangular matrices with a shared
stress kernel of dimension strictly greater than2d. As an example1, consider a4×4 general
matrix with the following pattern of missing entries (marked by ?)

X =




∗ ? ∗ ∗
? ∗ ∗ ∗
? ∗ ∗ ∗
∗ ∗ ∗ ∗


 . (5.15)

This matrix is globally completable as a rank-2 matrix (the three missing entries can be
completed using the vanishing determinant consideration:the minorM2,1 gives the missing
valueX1,2, M3,2 givesX2,1, andM2,2 givesX3,1). The matrixΩ̃ must be a rank-1 matrix
of the form

Ω̃ =




0 0 0 0
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗


 = abT , (5.16)

with a = (0, a2, a3, a4)
T andb = (0, b2, b3, b4)

T . Indeed, the missing entriesX2,1 andX3,1

imply thatw2,1 = w3,1 = 0, and then the linear independence ofu1 andu4 in R
2 yields

w1,1 = w4,1 = 0; similarly w1,2 = 0 due to the missing entryX1,2, andw1,3 = w1,4 = 0
follows from the linear independence ofv3 andv4. The vectorsa andb are determined
uniquely, up to scale, by the linear dependencies of the vectors u2, u3, u4 andv2, v3, v4,
such thatbTV = 0 andaTU = 0. From rank(Ω) = 1 it follows that rank(Ω̃) = 2 and
dimnull(Ω) = 6 > 4 = 2d.

Following the randomized algorithms for global completionof Gram matrices, Algo-
rithm 5 is a randomized algorithm for testing sufficient conditions for global completion of
rectangular matrices. The shared stress kernel check is made by pickingl different random
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Algorithm 5 Global completion ofn1 × n2 rank-d matrices

Require: Bipartite graphG = (V,E) with n1 +n2 vertices andm edges corresponding to
known matrix entries.

1: Check local completion using Algorithm 4. Proceed only if framework is locally com-
pletable.

2: Randomize a realizationu1, . . . , un1
andv1, . . . , vn2

in Rd.
3: Construct the sparse completion matrixCG(u, v) of sizem× d(n1 + n2).
4: Computel ≥ 1 random completion stress vectorsω1, . . . , ωl in the left null space of

CG(u, v) satisfyingCG(u, v)
Tωi = 0 (i = 1, . . . , l).

5: Rearrangeω1, . . . , ωl into (n1+n2)× (n1 +n2) symmetric completion stress matrices
Ω1, . . . ,Ωl and stack them into a single matrixΩ of sizel(n1 + n2)× (n1 + n2) given
by Ω = (Ω1Ω2 · · ·Ωl)

T .

6: Check if the null space ofΩ contains a vector outside the column space of

(
U 0
0 V

)

(equivalently, check if the null space ofΩ contains more than2d linearly independent
vectors).

7: If dimnull(Ω) = 2d thenG is globally completable, otherwise (dimnull(Ω) > 2d)
global completion ofG is undecided.

stresses (the parameterl should be set by the user) and stacking the different stress matrices
in one matrix whose kernel is evaluated.

We remark that Bolker and Roth [18] derived stress matrices of the same form as the
stress matrices in (5.13) in their characterization of rigid (complete) bipartite graphs.

5.3 Combinatorial approach for local and global comple-

tion

In the previous sections we observed that the rank of the completion matrices can determine
generically local rank-d completion properties of a given graph. These observationsled to
practical algorithms for property testing, but perhaps there is a simple combinatorial char-
acterization of locally and/or globally completable graphs? In rigidity theory, locally and
globally rigid graphs have a simple combinatorial characterization in one and two dimen-
sions (see Theorems 1.1.2 and 1.2.1 by Laman and Hendrickson). In higher dimensions,
however, such combinatorial characterizations are still missing, and only necessary condi-
tions are available. We therefore believe that exact combinatorial characterization of local
and global completion of rank-d matrices ford ≥ 3 is currently out of reach, and focus our
attention to rank-1 and rank-2 matrices and to finding only necessary conditions ford ≥ 3.
We begin by observing some properties of locally completable graphs.

1The example is due to Dylan Thurston

124



Proposition 5.3.1. In any Gram locally completable rank-d matrix J of sizen × n with

n ≥ d, one can delete entries until the resulting matrix is locally completable and has

exactlydn− d(d−1)
2

entries.

Proof. The completion matrix of the system of equations (5.5)pTi ṗj + pTj ṗi = 0 for all

(i, j) ∈ E must have rankdn− d(d−1)
2

, and thus one can drop linearly dependent equations

until only dn− d(d−1)
2

equations remain.

Proposition 5.3.2.Any Gram locally completable rank-d matrixJ with |E(GJ)| = dn −
d(d−1)

2
has the property that for anyn′ × n′ submatrixJ ′ of J , whered ≤ n′ ≤ n, it holds

true that|E(GJ ′)| ≤ dn′ − d(d−1)
2

.

Proof. For every(i, j) ∈ E(GJ) there corresponds an equationpTi ṗj + pTj ṗi = 0. Given

our interpretation of local completion and Proposition 5.3.1, these equations are linearly

independent. If for somen′ × n′ submatrixJ ′ of J , with n′ ≥ d + 1 we would have

that the number of edges|E(GJ ′)| > dn′ − d(d−1)
2

, then by the same Proposition 5.3.1

there would be dependence among the correspondingdn′ − d(d−1)
2

equations, which is a

contradiction.

The result above implies that every locally completable Gram matrix contains an un-
derlying graph that spans all vertices which is(d, d(d−1)

2
)-tight sparse. It is natural to ask

whether any(d, d(d−1)
2

)-tight sparse graph is Gram locally completable. The answerto this
question turns out to be false even in one dimension, that is,not every(1, 0)-tight sparse
graph is Gram locally completable ford = 1.

Proposition 5.3.3.A graphG is minimally Gram locally completable in one dimension if

and only if each connected component ofG is a tree plus one edge that contains an odd

cycle.

Proof. First, supposeG = (V,E) is minimally Gram locally completable ford = 1. Propo-

sition 5.3.1 implies thatG has no redundant edges so|E(G)| = |V (G)|. Moreover, Propo-

sition 5.3.2 implies that each connected componentH of G satisfies|E(H)| = |V (H)|,

from which it follows that each connected component is a treeplus one edge. We show

125



that the cycle formed by the extra edge must be of odd length. LetL be the length of the

cycle and w.l.o.g let its vertices be{1, . . . , L} with the corresponding framework points

p1, . . . , pL. The linear system (5.5) attached to the cycle edges is givenby

piṗi+1 + pi+1ṗi = 0, i = 1, . . . , L, (5.17)

(with the convention thatL+ 1 is 1). The system (5.17) results in the coefficient matrix

CL =




p2 p1 0 0 0 0

0 p3 p2 0 0 0

0 0
. . . . . . 0 0

0 0 0 pL−1 pL−2 0

0 0 0 0 pL pL−1

pL 0 0 0 0 p1




Expanding by the first column, we get that

detCL = p2
∏

i 6=2

pi + (−1)L+1pL
∏

i 6=L

pi =
[
1 + (−1)L+1

] L∏

i=1

pi.

For L even the determinant vanishes, from which it follows that there is a linear depen-

dence (redundancy) among the equations andG cannot be minimally locally completable.

Therefore, the length of the cycle must be odd.

Conversely, if each connected component ofG is a tree plus one edge that forms an

odd cycle, then fromdetCL 6= 0 it follows that the only solution to (5.17) is the trivial

one: ṗ1 = ṗ2 = . . . = ṗL = 0. From the connectivity of the connected component we

get that all velocities must vanish, that is, the only solution toCG(p)ṗ = 0 is ṗ = 0 andG

is locally completable. Since each connected component is atree plus one edge it follows

that|E(G)| = |V (G)| which means thatG is also minimally locally completable.

We remark that Propositions 5.3.1 and 5.3.2 implicitly define a matroid on the complete
graph ofn vertices with a loop at each vertex. The independent sets of the matroid cor-
respond to sets of linearly independent rows of the completion matrix, and the rank of the
matroid isdn− d(d−1)

2
. As a quick illustration of Proposition 5.3.3, consider thecomplete
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graph on two vertices. Here the (matroid) bases are either two loops (two diagonal entries),
or one loop and the edge between the vertices (one diagonal entry and the off diagonal
entry). Either way, the cycle is of odd length.

We now turn to the combinatorial characterization of globalcompletion for Gram ma-
trices in one dimension. Note that the inner products accessible to the analyst are simply
products of the formpipj = Jij for (i, j) ∈ E. Taking the logarithm of the modulus gives
the linear system

qi + qj = log |Jij|, (i, j) ∈ E, (5.18)

whereqi = log |pi|. This linear system has much resemblance with the linear system (5.5)
of CG(p)ṗ = 0. Indeed, by substitutingp1 = p2 = . . . = pn = 1 in CG(p) the two
coefficient matrices of (5.5) and (5.18) are the same. The only difference between to the
systems is that (5.18) is non-homogenous. Therefore, by following the steps of the proof
of Proposition 5.3.3 it follows that ifG is minimally locally completable then the system
(5.18) has a unique solution. That is, if each connected component ofG is a tree plus one
edge that forms an odd cycle, then all the|pi|’s are uniquely determined. This leaves only
the signs of thep′is undetermined. Clearly, ifG has more than one connected component
then the relative sign between coordinates of different components cannot be determined.
Therefore, a globally completable graph must be connected.On the other hand, ifG is a
single tree plus an edge that forms an odd cycle then by similar considerations all bit signs
bi = (1 − sign pi)/2 ∈ {0, 1} are determined up to overall negation (reflection), because
they satisfy a similar linear system overZ2

bi ⊕ bj = (1− sign(Jij))/2, (i, j) ∈ E. (5.19)

This is summarized in the following proposition:

Proposition 5.3.4. A graph is minimally Gram globally completable in one dimension if

and only if it is a tree plus an edge that forms an odd cycle.

We now give the combinatorial characterization of local andglobal completion for the
case of a general rectangular rank-1 matrices. The proofs are very similar to the Gram case
and are therefore omitted. The only differences being the number of degrees of freedom
(d2 instead ofd(d − 1)/2, which ford = 1 are 1 and 0, respectively) and the fact that the
underlying graph is bipartite.

Proposition 5.3.5.A rectangular graph is minimally locally completable in onedimension

if and only if it is a forest (a disjoint union of trees, or equivalently, a(1, 1)-tight sparse

bipartite graph).

Proposition 5.3.6.A rectangular graph is minimally globally completable in one dimen-

sion if and only if it is a tree.
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We note that the conditions for local and global completion in one dimension are much
weaker than the condition for local and global rigidity in one dimension, which are con-
nectedness and 2-connectedness, respectively. Laman theorem for two-dimensional rigidity
leads us to speculate that the combinatorial characterization of Gram and rectangular rank-2
matrices will perhaps involve(2, 1)-sparse graphs and bipartite(2, 4)-sparse graphs. How-
ever, we currently postpone the investigation of this interesting question.

5.4 Numerical Simulations

To illustrate the applicability of the above algorithms fortesting low rank matrix comple-
tion in practice, we present the outcomes of several numerical experiments for both Gram
and general rectangular rank-d matrices. Let us first investigate the case whenJ is a Gram
matrix of sizen×n. We apply the local completion Algorithm 2 to test the local completion
property of random graphs where each edge (including self loops) is chosen independently
with probabilityβ, such that the expected number of edges isE[m] =

(
n+1
2

)
β. The condi-

tional probabilityf(n, d, β) for ann× n rank-d Gram matrix to be locally completable

f(n, d, β) = Pr{G is Gramn× n rank-d locally completable| β} (5.20)

is a monotonic function ofβ. We define the threshold valueβ∗(n, d) as the value ofβ
for which f(n, d, β∗) = 1/2. The theoretical bound of Candès and Recht [23] implies
β∗(n, d) ∼ C(d)n−0.8 log n (CR), while that of Keshavan, Oh, and Montanari [69, 68]
givesβ∗(n, d) ∼ C(d)n−1 log n (KOM) for largen.

We now describe the numerical simulation and estimation procedure for the threshold
values. The goal is to infer the asymptotic behavior ofβ∗(n, d) for large values ofn. For
small values ofn the running time of the completion Algorithm 2 is not an issueand it is
possible to perform an exhaustive search for the threshold value. However, for large values
of n (e.g.,n = 20000) an exhaustive search is too time consuming.

The way we choose to accelerate the search is by using logistic regression. Suppose that
after the(i − 1)’th iteration we were able to estimate the threshold value for ni−1 × ni−1

matrices, and now we want to find the threshold for larger matrices of sizeni×ni with ni >
ni−1. From the previous threshold estimateβ∗(ni−1, d) we can easily guess a reasonable
upper boundβu

i such that with probability oneβ∗(ni, d) ≤ βu
i (e.g.,βu

i = β∗(ni−1, d),
becauseβ∗ is decreasing withn). Starting from the upper boundβ = βu

i we decreaseβ in
small steps until we encounter enough matrices that are not completable anymore (say until
we observe 20 consecutive non-completable matrices). Thisgives us a rough confidence
interval for β∗. We then sub-sample this interval to get a more accurate estimation of
the threshold value by collecting moreβ’s and their corresponding binary responsesy ∈
{0, 1}, wherey = 1 if the matrix is completable, andy = 0 otherwise. We perform a
binomial logistic regression in order to estimate numerically the approximate value ofβ∗.
Logistic regression is a model frequently used in statistics for prediction of the probability
of occurrence of an event, by fitting data to a logistic curve.The logistic functionf(β)
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Figure 5.1: Local and global completion of rank-d Gram matrices (left) and rectangular
matrices (right): the thresholdβ∗ as a function ofd andn for d = 2, 3, 4.

models the conditional probability (5.20) by

Pr{y = 1|β} ≈ f(β) =
1

1 + e−α∗(β−β∗)
,

whereβ∗ andα∗ are parameters to be estimated from the set of samples of the explanatory
variableβ and the corresponding binary responsesy. We typically used a total of about
120(β, y) sample pairs for the logistic regression (80 samples to find the lower bound, and
another 40 samples to improve the confidence intervals for the estimate). We performed
similar searches and logistic regressions to find the threshold value for the sufficient condi-
tion for global completion of Gram matrices, as well as localand sufficient conditions for
global completion of rectangular matrices.

Figure 5.1 is a log-log plot of the thresholdβ∗ againstn, for rank-d Gram matrices
(left) and rectangular matrices (right), withd = 2, 3, 4. For “rectangular” matrices we
chose for simplicityn1 = n2 = n and run Algorithm 5 withl = 1. The dotted curves that
appear in green are the CR bounds, the blue dashed curves represent global completion,
while the remaining three curves denote local completion. It is interesting to note that both
in the Gram case and in the rectangular case, the global completion curves for dimension
d coincide with the local completion curves for dimensiond + 1. This can perhaps be
explained by the following theorem of Gortler, Healy, and Thurston [44, Theorem 1.17]: If
a graph is generically locally rigid but not generically globally rigid inRd, then any generic
framework can be connected to an incongruent framework by a path of frameworks inRd+1

with constant edge lengths. For example, the graph on 4 vertices with all possible edges
except for one (K4 minus an edge) is locally rigid inR2 but is not globally rigid inR2. This
graph can be realized as two triangles with a common side and has two possible realizations
in the plane. Though it is impossible to continuously deformthe framework in the plane, it
is possible to continuously deform it by leaving the plane into the three dimensional space
by folding one triangle on top of the other. We may expect a similar phenomenon in the
matrix completion problem: if a graph is not globally rank-d completable, then it is not
locally rank-(d+ 1) completable.
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Both the CR and the KOM bounds can be written asβ∗ ∼ C(d)nα log n or upon tak-
ing the logarithm aslog β∗ ∼ α log n + log log n + logC(d). We therefore performed a
simple linear regression in the Gram case withd = 2 of the formlog β∗(n) = a1 log n +
a2 log logn + a3 to estimatea1, a2, a3 (see Table 5.1). For local completion, the sampled
n take values up to 100000 while for global completion up to 15000, in a geometric pro-
gression of rate1.08. The coefficienta2 may be expected to be 1 (the coupon collector
problem) and Theorem 1.2.4 for planar rigidity [61] may evenshed light on the higher or-
der corrections. The results for different rank valuesd = 2, 3, 4 are summarized in Table
5.2. These results may be considered as a numerical evidencefor the success of the KOM
theoretical boundC(d)n logn. The slight deviation ofa1 + 2 from unity can be explained
by the small bias introduced by the smalln values.

Local Completion Global Completion
Value 95% -conf. interval Value 95% conf. interval

a1 + 2 1.022 [0.99842, 1.0456] 0.99066 [0.94206 1.0393]
a2 0.63052 [0.43626, 0.8247] 0.79519 [0.43446 1.1559]
a3 0.90663 [0.69405, 1.1192] 0.99899 [0.6394 1.3586]
a1 + 2 0.9773 [0.9748 0.9797] 0.9631 [0.95959 0.96668]
a2 = 1 - - - -
a3 0.5039 [0.48295 0.5250] 0.7954 [0.76823 0.82258]

Table 5.1: Linear regression for local (left column) and global (right column) rank-2 Gram
completion:log β∗ = a1 log n+ a2 log logn + a3.

d (a1 + 2,a2,a3) (a1 + 2,1,a3)

2 (1.022, 0.63052 , 0.90663)(0.9773, 1, 0.5039)
3 (1.0423, 0.40053 , 1.394) (0.9636, 1, 0.78538)
4 (1.0382, 0.35039 , 1.6725)(0.95289, 1, 1.013)

Table 5.2: Linear regression for local Gram completion ford = 2, 3, 4.

The asymptotic behaviorβ∗ ∼ C(d)dn−1 logn implies that β∗n
d logn

tends to a constant as

n → ∞. Figure 5.2 showsβ∗n
d logn

againstlog n for different values ofd in the Gram case
(left) and in the rectangular matrix case (right) from whichthe asymptotic behavior is clear.

Finally, in Tables 5.3 and 5.4 we list the running times in seconds for several of the
numerical simulations. All computations were performed ona PC machine equipped with
an Intel(R) Core(TM)2 Duo CPU 3.16GHz with4 GB RAM. The matrices we considered
were general “rectangular”n-by-n matrices of rank2. We list the running times for differ-
ent values ofβ = m

n2 as a function ofβ∗, wherem denotes the number of given entries in
the matrix. The algorithm often runs faster asm (alternatively,β) increases, because the
iterative LSQR method converges after a fewer number of iterations. Note that the values
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Figure 5.2: A plot of β∗n
d logn

vs. logn for Gram matrices (left) and rectangular matrices

(right). For large values ofn we expect β∗n
d logn

to go to the constantC(d) of the KOM
bound.

β = 0.75β∗ in the first column in Table 5.3 produce matrices that are not locally com-
pletable. Similarly, in Table 5.4, all values in the first column were chosen such that the
matrix is locally completable, but not globally completable. In both tables, all the values
β = 2β∗ produce matrices that are locally (and globally) completable. We do this to better
illustrate the time difference between the case when the LSQR method converges after a
certain relatively small number of iterations, as opposed to when the residual cannot be
made smaller than the threshold.

n β m T β m T β m T

101 0.75β∗ 598 0.07 β∗ 796 0.05 2β∗ 1592 0.06
498 0.75β∗ 3596 0.24 β∗ 4795 0.32 2β∗ 9590 0.25
1002 0.75β∗ 7792 0.75 β∗ 10390 0.85 2β∗ 20781 0.72
2533 0.75β∗ 21591 2.6 β∗ 28788 2.3 2β∗ 57575 2
5068 0.75β∗ 45982 10.9 β∗ 61309 7.3 2β∗ 122620 10.7
10133 0.75β∗ 99140 28.6 β∗ 132190 12 2β∗ 264370 18.2

Table 5.3: Running timeT (in seconds) in the case oflocal completion of generaln-by-n
rectangular matrices of rankd = 2, for various values ofm (number of entries revealed).
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n β m T β m T β m T

101 0.8β∗ 800 0.17 β∗ 999 0.14 2β∗ 1998 0.14
498 0.8β∗ 4638 1.3 β∗ 5797 0.9 2β∗ 11595 0.88
1002 0.9β∗ 11539 2.2 β∗ 12821 3.1 2β∗ 25642 2.3
2533 0.9β∗ 31078 12 β∗ 34531 10.1 2β∗ 69063 16.1
5068 0.91β∗ 69020 45.2 β∗ 75847 43 2β∗ 151690 59.4
10133 0.92β∗ 143790 179 β∗ 156280 180 2β∗ 312590 288

Table 5.4: Running timeT (in seconds) in the case ofglobalcompletion of generaln-by-n
rectangular matrices of rankd = 2, for various values ofm (number of entries revealed).

5.5 Summary and Discussion

In this chapter we made the observation that the rank-d matrix completion problem is
tightly related to rigidity theory inRd, with inner products replacing the role of distances.
Many of the results in rigidity theory, both classical and recent, give new insights into the
completion problem. In particular, we introduced the completion matrix that enables fast
determination of the generic local completion property of apartially viewed matrix into
a rank-d matrix. We used stresses to conjecture sufficient conditions for generic global
completion. Our algorithms help to determine if a unique completion is possible without
attempting to complete the entries of the matrix.

Most of the results in rigidity theory translate nicely intothe completion setup. How-
ever, occasional differences between completion and rigidity lead to interesting difficulties
and questions, such as what is the generalization of Laman’stheorem to the completion
case and what are the necessary conditions for global completion. Finally, we note that
beyond its mathematical importance, rigidity theory is much useful in diverse applications
such as scene analysis and localization of sensor networks,and some of the recent local-
ization algorithms based on rigidity [91, 113] can be easilyadjusted to the inner products
completion setup.
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