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Abstract

Some, but not all processes of the form M; = exp(—¢&;) for a pure-jump subordinator £
with Laplace exponent ® arise as residual mass processes of particle 1 (tagged particle) in an
exchangeable fragmentation processes. We introduce the notion of a Markovian embedding
of M in an exchangeable fragmentation process and show that for each ®, there is a unique
binary dislocation measure v such that M has a Markovian embedding in an associated
exchangeable fragmentation process. The identification of the Laplace exponent ®* of its
tagged particle process M™* gives rise to a symmetrisation operation ® — ®*, which we
investigate in a general study of pairs (M, M*) that coincide up to a junction time and then
evolve independently. We call M a fragmenter and (M, M*) a bifurcator.

For all ® and o > 0, we can represent a fragmenter M as an interval Ry = [0, fooo M dt)
equipped with a purely atomic probability measure 1 capturing the jump sizes of M; after
an a-self-similar time-change. We call (R, 1) an (a, ®)-string of beads. We study binary
tree growth processes that in the nth step sample a bead from pu,, and build (R,+1, tinr1) by
splitting the bead into a new string of beads, a rescaled independent copy of (Ri, 1) that
we tie to the position of the sampled bead. We show that all such bead splitting processes
converge almost surely to an a-self-similar CRT, in the Gromov-Hausdorfl-Prohorov sense.
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1 Introduction

We call a process M := (M, t > 0) a multiplicative subordinator or fragmenter for short if
My = exp(—&;), t>0,

for some subordinator (&,t > 0). As shown by Pitman [25] and Bertoin [5], such processes arise
naturally in the theory of continuous-time processes of coagulation and fragmentation. The
process (1 — M;,t > 0) is the random cumulative distribution function of a random discrete
probability measure on (0,00). These random measures have been studied in the theory of
Bayesian non-parametric statistics [12] [13] 22], not just for subordinators £, but more generally
for increasing processes with independent increments which are not necessarily stationary.

We will use terminology based on the fragmentation interpretation of M; as the residual
mass containing a particle at time ¢. Bertoin [5] showed that the mass containing particle 1 in
an exchangeable homogeneous fragmentation process is a fragmenter. Let us recall the definition
of a homogeneous fragmentation process (HFP). We denote by P = Py the set of partitions of
N. An exchangeable HFP is a Markov process IT = (II(¢),¢ > 0) in P such that

e given II(t) = {B;,i > 1} € P, the distribution of TI(t 4 s) is as for the collection of blocks
of B; N H(i)(s), i > 1, for a family IV, > 1, of independent copies of II, and

e the distribution of II is exchangeable, i.e. invariant under all permutations of N.

*This research was supported by the National Science Foundation Awards 0405779 and 0806118,
"University of California at Berkeley; email pitman@stat.berkeley.edu
HUniversity of Oxford; email winkel@stats.ox.ac.uk


http://arxiv.org/abs/1304.0802v1

It is a well-known consequence of de Finetti’s theorem that exchangeable partitions have asymp-
totic frequencies, so |I1; ()] = lim, 0o n ' #(I1;(t) N {1,...,n}) exists a.s., in fact jointly for all
i > 1and t > 0, see [5]. Referring to an asymptotic frequency as mass, M, := |II1(¢)| is
the residual mass of the block IIy(¢), which contains particle 1. Bertoin showed that for every
exchangeable HFP II, this process M* is a fragmenter. We will call M* := |II;| the canonical
fragmenter of II. As Haas [I8] demonstrated, there are exchangeable HFPs with different dis-
tributions whose canonical fragmenters have the same distribution. On the other hand, in the
subclass of binary models, where every infinitesimal split is into two parts (see Section 2.3]), we
show this cannot happen.

The starting point for this paper is the observation that not all fragmenters arise as canonical
fragmenters in an exchangeable HFP. Furthermore, we have encountered a number of natural
non-exchangeable models [15], 10, 28] 111, 27], in which masses of blocks can be defined as asymp-
totic frequencies, and the mass containing particle 1 is also a fragmenter. Via embedding into
an exchangeable model or via limit considerations, we have found an associated exchangeable
model in all those cases. The purpose of this paper is to address the following converse questions,
for a suitably general notion of “embedding”:

1. Can every fragmenter M be embedded as a residual mass process in an exchangeable HFP?
2. For any fragmenter M embeddable in a binary HFP, is the distribution of the HFP unique?
3. How does an embedded fragmenter M relate to the canonical fragmenter M*?

To address these questions for strictly decreasing pure-jump fragmenters M in a binary HFP
I1, Section 2] offers a study of pairs of fragmenters (M, M ) that coincide up to a junction
time, after which M and M evolve independently. We call such pairs bifurcators. We study
pairs where M is obtained from M via certain switching probabilities p(u), 0 < u < 1, that
we also used for the alpha-theta model in [28]. We show that M can then be recovered from
M by dual switching probabilities (Proposition [) and that all bifurcators are of this form
(Proposition []). In Section we identify a special case of size-biased switching which induces
an idempotent transformation from distributions of M to M*. This transformation is the key to
finding the exchangeable binary fragmentation model associated with M. In Section 23] we recall
known facts about exchangeable fragmentations II. In Section 2.4] we introduce the notion of a
Markovian embedding of M in 11, which allows us to embed every fragmenter M into a binary
exchangeable HFP II in Theorem [[4] answering Question 1. Theorem [I4] also claims that the
distribution of II is unique, hence answering Question 2, but we have to postpone the proof to
Section The embedding is explicit, and the proof of the first part of Theorem [I4] identifies
the bifurcator (M, M*) from Section [Z2] hence answering Question 3. In Section we study
the three-way mass split into the parts before and after the junction time, and in Section
associated lengths induced by a bifurcator.

To complete the proof of Theorem [[4] we use Haas and Miermont’s [19] a-self-similar CRT's
(T, 1), which are certain random rooted compact metric space trees (7, d,0) equipped with a
probability measure p. Specifically, a random element X] € 7 with distribution p yields a path

T =10,%27]] in 7. For (T,u) associated with II (and some « > 0), it is well-known that the
process of p-masses in subtrees above points in R is related to a copy of M™* by a-self-similar
time change. Furthermore, R} = [Ji_,[[0,X}]] increases to 7 for a sample X7, n > 1, from p.
See Section 23] for details.

We project p onto R}, to equip R;, with a random discrete distribution p. In particular,
(RY, 13) is a string of beads, i.e. an interval equipped with a purely atomic measure, and (R, 1})
can easily be completely expressed in terms of M*, see Section B.Il Note that R, is a tree
with one more branch than R}, and py, is the projection of y ; onto R};. Since ¥, is selected
according to pu, we have an instance of the following general notion of a bead splitting process:



e Let (Ry,p1) be a string of beads.

e Given that R, has been defined with a purely atomic probability measure u,, pick a
bead J,, according to j,,. Given that u,({J,}) = m, remove the bead from .J,,, split it into
smaller beads and tie to J,, a string with these beads of total mass m to form (Rp+1, fin+t1)-

Figure 1: A tree equipped with strings of beads; splitting a bead into a new string of beads.

See Figure[llfor an illustration. A similar bead splitting process, but with different bead selection
rules, was obtained for the alpha-theta model of [28] by exploiting properties of the Chinese
Restaurant process. In Section Bl we address the following general questions:

4. Can we give an autonomous description of the evolution of ((R},u’),n > 1) that is
meaningful outside a CRT?

5. Can we generalise this to start from a string of beads associated with an arbitrary frag-
menter M rather than a canonical fragmenter M*?

6. Does this lead to CRT convergence for every fragmenter M?
7. What more can we say in special cases such as the Brownian CRT?

In Theorem 2I] we show that by using rescaled independent copies of (R1, u1) associated with
M at each growth step, the bead splitting process converges almost surely for the Gromov-
Hausdorff-Prohorov metric to a CRT (7, u) associated with a HFP whose canonical fragmenter
is M* as identified earlier, answering Questions 4, 5 and 6. As tools, we develop a general
spinal decomposition of exchangeable HFPs along a Markovian path (Lemma 22)) and show a
CRT convergence result based on any Markovian path A (Lemma [23]), which we then also use to
complete the proof of Theorem [l The transition kernel from (R,,, ) to (Rp41, fint1) is simple
for all fragmenters and gives an inductive description of the distribution of (R, u,) for every
n > 1. Section addresses Question 7, providing direct descriptions of the distribution of
(R, uk) in the special case of the Brownian CRT, exploiting relations to Aldous’s line-breaking
construction [2], Brownian path transformations [4] and Poisson-Dirichlet distributions [14] 26].

2 Fragmenters and their embedding in fragmentation processes

This section studies a natural class of models for tracking two residual mass processes (My,t > 0)
and (M, t > 0) that we can think of as parts in a fragmentation process. It is instructive to
consider these models in their own right without their reference to a fragmentation process.



2.1 Fragmenters, switching transformations and bifurcators

It will be assumed throughout this section that all fragmenters M; = exp(—¢&;), t > 0, are derived
from subordinators £ with zero drift and no killing. Furthermore, for most of our discussion,
we will also assume an absolutely continuous Lévy density. The Lévy-Ito representation of £ is
then
&= > AL, t>0,
0<s<t

where {(s,A&s) : s > 0, A& > 0} is the set of points of a Poisson random measure on (0, 00) X
(0,00) with intensity measure ds A\(x)dz where X is the Lévy density of the subordinator, so

E(e ") = ¢t where ®(p) = / (1 —e ") N(x)dz, p>0, (1)
0

is the Laplace exponent. Let Fs := exp(—A&). Then the corresponding formulas for the
fragmenter M are
M, = [[F; t>0,
0<s<t

where {(s, Fs) : s > 0, F5 < 1} is the set of points of a Poisson random measure on (0, 00) x (0, 1)
with intensity measure dsuf(u)du on (0,00)x (0, 1), where u f(u)du is the push-forward of A(z)dx
via the transformation u = e~*. So for all nonnegative Borel functions g,

(e’ 1
/ g(e~ ")\ (z)dx = / g(uyuf (u)du. (2)
0 0

We introduce the size-biasing factor w in the definition ([2) of f(u) to simplify applications to
fragmenters associated with (binary) homogeneous fragmentations [7], which we define more
formally in Section and explain briefly in the next paragraph. We call f the splitting density
of the fragmenter, which is related to A by

fu) =u2\(—logu), 0<u<l. (3)

By @) for g(u) =1 — w”, the Laplace exponent of ¢ is then

1
B(p) = /0 (- w)uf(u)du,  p>0. (4)

Note that f is subject to the integrability condition that ®(p) < oo for some (hence all) p > 0,
that is

1
(1) = / w(l — u) f(u)du < oo, (5)
0
The Lévy-Khintchine formula ([{l) now provides a Mellin transform for the fragmenter:
E(M?) =e 10 ¢ >0.

If (M, t > 0) is the mass of a randomly tagged fragment in a binary homogeneous fragmentation
process with a dislocation measure Vaned concentrated on decreasing non-negative sequences
s = (s1, 82,...) with s1 + so = 1, then M admits the above descriptions, assuming the existence
of a density Z?:l Vianked (8; € du) = f(u)du. The size-biasing factor u then arises because f
is necessarily symmetric, meaning f(u) = f(1 — ), and given a mass split s = (u, 1 — u) with
u > 1 —u from Vpankeq(ds), the randomly tagged fragment will be found in component u with
probability 4 and in component 1 — u with probability 1 — u, mapping a Poisson point process
of mass splits Vranked(ds) to a Poisson point process with intensity wf(u)du.

To further study fragmenters embedded in a homogeneous fragmentation process, we consider
the following switching transformation of one fragmenter M into another fragmenter M. Let p
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be a non-negative measurable function from (0,1) to [0,1]. If M is a fragmenter with Lévy-Ito
representation M; =[], ., Fs, consider the process

M= ] F (6)
0<s<t

where conditionally given M the factors F, are defined by E, = F, with probability 1 — p(F),
and F, = 1— F, with probability p(Fs). Here the construction of the point process ((s, F, ),s >0)
from the point process ((s, Fs),s > 0) with intensity dsuf(u)du is made rigorous in the usual
way by some arbitrary indexing of these points by positive integers, and making independent
choices for each of the countable number of F with Fy < 1. Here and below it is always assumed
that all processes are defined on a rich enough probability space to admit all necessary auxiliary
randomizations, as are involved in passing from ((s,F,),s > 0) to ((s, Fy),s > 0). Standard
transformation results for Poisson point processes imply that ((s, F s),s > 0) is a Poisson point
process with intensity dsuf(u)du for f determined by the formula

uf(u) = (1= p(w)uf(u) +p(1—u)(l —uw)f(1-u), 0<u<l. (7)
In particular, provided fO (1- u)f( )du < oo, that is
1
/0 w?p(u) f (u)du < oo, (8)

the function f serves as a Sphttlng density, and (@) is the Lévy-It6 representation of a fragmenter
M with splitting density f Call M the fragmenter derived from M by switching according to p.
The following proposition provides a summary:

Proposition 1 If M is a fragmenter with splitting density f, and p is subject to @) then M
derived from M by switching according to p is a fragmenter with splitting density f as in ().
Moreover, M is then derived from M by switching according to D, where

) = PEZWA—wfl=w) (9)

uf(u)
This generalises [28, Lemma 19(b)], which treats the case of size-biased switching probabili-
ties p(u) = 1 — w.

Observe that two fragmenters M and M as above are by construction such that M; = ]\/4\15
for 0 <t < 7 where
= inf{s: Fs # F,}

is the time of the first switch. It is clear from the Poisson construction that 7 is exponential
with rate

1
o= [ pustin= [ Pt e 0.
0
where we will usually exclude the trivial cases ¢ = 0, i.e. 7 = 00, and ¢ = 00, i.e. 7 =0. The
conditional distribution of 7 given M is made explicit by the formula
P(r>t|M)= [] (1-p(F)), (10)
0<s<t
where Fy = My/M,_. Assuming further that 0 < ¢ < oo, so P(0 < 7 < o0) = 1, it is clear by
construction that M and M satisfy the identification rule

M,=M, for0<t<r, (11)

hence M,_ = ]\/4\7_, and the binary splitting condition that the decrement of each fragmenter at
time 7 equals the value of the other fragmenter at time 7:

e~~~

M, —M,=DM, and M, — M, =M, (12)



Call ([I) and ([I2)) together the binary junction conditions. After time 7 the random factors
governing the evolution of M and M are further coupled. We now modify this construction so
that the two fragmenters continue independently after time 7:

Definition 2 (Bifurcator) We call a pair of fragmenters (M, M) a bifurcator with switch-
mg tzme 7' if there are a splitting density f and a switching probability function p so that
fo u)du < oo and (M, M, 7) has the following joint distribution:

e M is a fragmenter with splitting density f,

e 7 is the first switching time of an auxiliary fragmenter M derived from M by switching
according to p,

° Mt M, t<T, M =M,_—M,; and ( T+t/MT, t>0) is a copy of M independent of (M, 7).

See Propositions [ and [l for characterisations that may serve as alternative definitions.

Note that in our construction, M M on [0, 7], so the binary junction conditions (IIJ) and
([I2) hold just as well for M as for M. But after time 7 the evolutions of M and M are decoupled.
Dually, (M;4¢/M;,t > 0) is a copy of M which is independent of (M, 7).

Henceforth we will no longer be concerned with any M that is further coupled with M after
7, and we will instead use the generic notation (M, M ) for a bifurcator. Then for some splitting
time 7, whose joint law with M is determined by the switching probability function p,

My = Milgragy + (M- — Mp)M{_ 1<y (13)

where M’ % M with M’ independent of (M, 7). Note the subtlety that M is determined pathwise
by M up to and including the splitting time 7, but thereafter the jumps of M and M are
decoupled: the distribution of how M evolves after time 7 is implicitly determined by M and p,
but there is no pathwise coupling between M and M after time 7. Rather, (M, M) satisfies

Definition 3 (Asymmetric Markov branching property) We say that (M, M ) has the
asymmetric Markov branching property relative to the splitting time 7 if

e conditionally given 7 > ¢ the process ((M4, /M, ]\ZJFU/]\Z),U > 0) is a copy of (M, M),
independent of ((Mjg, Ms),0 < s <t),

e conditionally given 7 <t the two processes (Myyy/M,v > 0) and (Mt+v/Mt) > 0) are
independent copies of M and M respectively, independent of ((Mj, M ),0 < s <t).

The following variation of Proposition [ follows easily from that proposition, standard facts
about Poisson point processes, and the above definition:

Proposition 4 The joint distribution of the bifurcator (M, M) 18 uniquely determined by the
splitting density f of M and a switching probability function p subject to

0<¢:= / u)du < 0o (14)

or dually by the splitting density f of M and the dual switching probability function D, subject
to 0 < ¢ < oo, as specified in ([{) and @). Then ¢ = ¢ is the rate of the exponentially
distributed junction time 7. Such a bifurcator (M, M) can also be constructed as follows from five
independent ingredients: three fragmenters M, M’ and M’ with splitting densities (1—p(uw)) f(u),
f(u) and ]?(u) respectively, an exponential time T with rate ¢, and a random variable U € (0,1)
with distribution

P(U € du) = ¢ 'p(u)uf(u)du 0<u<l. (15)
Now define (M, M) by My = M, = MY fort <, and let
M,y = UMM, and My = (1—U)MOM!  forv>0. (16)



We assumed for ease of exposition that M has a splitting density f. However, the operation
of switching according to p and the notion of an associated bifurcator are meaningful when we
replace uf(u)du by a more general measure A(du) satisfying f(o 1 —u)A(du) < oo, leading to

dual A(du) and p(u) that are uniquely identified (in the case of A, and for A-ac. u € (0,1) in
the case of p(u)) by generalisations of (7)) and (@)):

Adu) = (1 — p(u))A(du) + p(1 — u)K(du) and  p(u)A(du) = p(1 — w)A(du), (17)

where A is the image measure of A under the switching operation u — 1 —u. With this
generalisation, note that 7 = inf{s > 0: Fy # F,} can fail when p(1/2)A({1/2}) > 0, and that
T =inf{s > 0: M, # M, } can still fail for a bifurcator (M, M ) but only when furthermore A
is finite. One way to include those cases is to slightly re-model the switching transformation
by marking ((Fs),s > 0) by a marking kernel K: (0,1) — {0,1}, where K(u,1) = p(u) and
K(u,0) = 1 — p(u), with associated marked point process ((F,ms),s > 0) mapping to Fy =
(1 —mg)Fs+ms(1 — Fy), and with 7 = inf{s > 0: mg = 1}. In the following characterisation of
bifurcators, it is more natural to exclude the cases when 7 # inf{s > 0: M, # M, s}. Note that
for those cases the analogue of (I2) at inf{s > 0: M # ]\73} fails since this is the first of the
jump times after 7, and the respective first jump times of M and M after 7 will be different a.s.

Proposition 5 Consider a pair of positive non-increasing pure jump processes (M, M ) and
suppose that T = inf{t > 0: M; # ]\/Zt} € (0,00) a.s.. Then (M, ]\/Z) is a bifurcator with splitting
time 7 if and only if the asymmetric Markov branching property of Definition[3 holds relative to
T, together with the binary junction conditions (1) and (I2).

Proof. The if part is straightforward. For the only if part suppose that (M, M ) satisfies the
asymmetric Markov branching property. Then Definition B] implies that (Mt,]\z, 1{7’>t}) is a
Markov process in its natural filtration. Furthermore, each component is Markovian in its own
right with respect to this filtration. More specifically, we see that M and M are fragmenters
with some Lévy measures A and K, and that 7 is exponentially distributed with some rate ¢.
From (I2)), we have that 7 is a common jump time of all three components, so we can consider
7 as a marking time for each of the Poisson point processes ((s, F;),s > 0) and ((s,ﬁs), s >0),
with mark 1 at 7, say. By Lemma [f] below, this yields marking kernels K, K: (0,1) — {0,1},
from which we define p(u) = K(u,{1}) and p(u) = K(u,{1}). By standard results for marking
and thinning Poisson point processes, we find

P(F, € du) = ¢ 'p(w)A(du)  and  P(F, € du) = ¢ 'plu)A(du),

and the points before 7, which by (II]) are common to both processes, have equal thinned
intensity measures

(1 = p(u))A(du) = (1 = plu))A(du).

Together with (I2), these equations are equivalent to (I7]), and we easily deduce that (M, M ) is
indeed a bifurcator with splitting time 7 in the sense of Definition 21 O

Lemma 6 Consider a filtration F, an F-Poisson point process (Fy,t > 0) with intensity measure
A on (0,1) and cemetery 1, an F-stopping time 7 such that F; # 1 a.s. and such that condi-
tionally given T > t, we have (T —t, (Fi1s,8 > 0)) < (7, (Fs,5s > 0)), for allt > 0. Then there
exists a marking kernel K : (0,1) — {0, 1} such that for a Poisson point process ((Fy,my),t > 0)
with intensity measure A+ (du,dm) = K(u,dm)A(du) and for 7 = inf{t > 0: m; = 1}, we have
((Fist 2 0),7) £ ((Fit 2 0),7).

We prove Lemma [6] in Appendix [Al



Remark 7 While a splitting density f and a switching probability function p together uniquely
identify the distribution of a bifurcator, for two given splitting densities f and f, there may not
be an associated bifurcator (M, M). Looking ahead at Theorem [I4] this will, in fact, be the
typical case. On the other hand, for fragmenters M and M that can be coupled to form a
bifurcator, there are typically many other couplings as different bifurcators. This can be seen
from (7)), which for each u leaves some choice of p(u) and p(1 — u). We will see in Remark
that for any choice with both p(u) and p(1 —u) in [0, 1], the equation (7)) for 1 — u instead of u,
which appears to give a second equation relating p(u) and p(1 — ), will automatically hold if
(and only if) the two fragmenters can be embedded in the same fragmentation process.

Example 8 An extreme example of a switching probability function is p(u) = 1 for u < 1/2
and p(u) = 0 for u > 1/2, in words: switch if the other block is bigger. We then obtain from

~

@ that uf(u) = uf(u) + (1 —u)f(1 —u) for w > 1/2 and uf(u) = 0 for u < 1/2. Note that
in the context of Remark [, there is only one bifurcator (M, M) which has a given f and this
associated f as splitting densities.

2.2 Size-biased branching
The instance of the bifurcator construction of the previous section with
p(u) =1—u, O<u<l,

is of special interest. We then say that the bifurcator (M, M ) is derived from M by size-biased
branching, and use the notation (M, M*) instead of (M, M ) to indicate this special construction.
Note that the "size” involved in the size-biasing is the size of the residual factor 1 —u associated
with decrements of M by a factor of u, that is the size relative to the current value of M of the
fragment that splits.

We note the following corollaries to the results obtained in the previous section.

Corollary 9 If M is a fragmenter with splitting density f and Laplace exponent

1
Bp) = [ (1= w)uf(u)du
0

then M* derived from M by size-biased branching is a fragmenter with splitting density

frlw) =uf(u) + (1 -u)f(l-u), 0<u<l, (18)
and Laplace exponent

1

*(p) = / (1= w)uf* (wydu = D(p+1) = d(p+1p+1),  p>0 (19)
0

where ®(p+1,p+ 1) is given by

1
Bp+1,p+1) = / (1 — )P L f (u)du.
0
Moreover, M is then derived from M™* by switching according to p*, where

p*(u) = (1=w) /(1= u)’ 0<u<l. (20)

f*(u)




Corollary 10 In the setting of the previous corollary, the following conditions are equivalent:

(i) f is symmetric: f(u) = f(1 —u) for all0 <u < 1;

)
(i) f=f*
(iii) ® = d*;
) p

(iv) p*(u) =1—wu for all 0 <u < 1;

(v) M <
(vi) (M, M*) L (M, M).

Observe from (I8) that whatever the splitting density f of M, the splitting density f* of M*
is symmetric. Thus the operation of passing from the law of M to the law of M™* by size-biased
branching is a kind of symmetrisation of laws of fragmenters corresponding to the elementary
symmetrisation of density functions defined by formula (I8). The operation is idempotent:

M 2 M*. So we make the following definition:

Definition 11 (Symmetrised fragmenter) For a fragmenter M with splitting density f call
the fragmenter M* with splitting density f* as in (I8 the symmetrisation of M.

This notion of size-biased branching and symmetrisation can clearly be extended to frag-
menters whose splitting measures do not have a density, as is achieved by the formula (I9)
for Laplace exponents. Note however that the probabilistic meaning in terms of size-biased
branching, and even the analytic fact that ®** = ®&* is very much obscured by the Laplace
exponents.

As can be seen in the symmetry discussion leading up to (2I)) below, this operation of sym-
metrisation of M projects the collection of laws of all fragmenters M onto the collection of laws
of fragmenters M™* which are canonically associated with a binary homogeneous fragmentation
processes via the mass of a uniformly randomly tagged fragment. This raises the question:
exactly how is a fragmenter M with splitting density f related to the binary homogeneous
fragmentation process with splitting density f*? We answer this question in Section 4] after
development of the necessary framework in Section [2.3]

2.3 Exchangeable fragmentation processes and self-similar CRTs

In our context, we can express Bertoin’s [5] [6] definitions of homogeneous and self-similar frag-
mentations as follows. For a € R, we say that a family IT, = (II,(¢),t > 0) of refining partitions
in P = Py is an exchangeable a-self-similar fragmentation process if both

e II, is exchangeable in that the distribution of II,, is invariant under permutations of N,

e II,, is a right-continuous strong Markov process whose transition kernel satisfies the branch-
ing property: for all t > 0, s > 0, conditionally given I, (¢) = {B;,i > 1}, the partition

I1,(t + s) has the same distribution as the partition of N with blocks B; N 1y (|Bi]=“s),
1 > 1, where the H((x), 1 > 1, are independent copies of II,,.

Usually we consider II,(0) = {N}, and we exclude the trivial case II,(t) = {N} for all ¢ > 0.
Then I1,(c0) = {{1},{2},...}. In the case a = 0, the linear time-changes of 1 by asymp-
totic frequencies |T';|* disappear; this case is called an exchangeable homogeneous fragmentation
process. Bertoin [5] showed that the distribution of IT = IIy can be expressed in terms of an
exchangeable o-finite intensity measure x(dl') on P\ {{N}} via a Lévy-Ito-type decomposition
into elementary splits of blocks B into BN I'. The measure x admits an integral representation
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k(dl) = Cz 5{N\{Z}7{Z}}(d1“) —|—/ ks (D) Vranked (dS),

n>1 st

for an erosion coefficient ¢ > 0 and a ranked dislocation measure Viankea on S*\ {(1,0,...)}
satisfying [q, (1 — s1)v(ds) < oo, and where kg is Kingman’s paintbox governing exchangeable
partitions with asymptotic frequencies s € S¥ := {(s;)i>1: 81 > 82 > -+ > 0,> 518 < 1}
In the binary case x(I' € P\ {N}: I'y UT'y # N) = 0, this representation can be written as

1
R(dT) = ¢ S iy gy (D) + 3 / K(s,1-s) (dD)v(ds),
n>1 0.1)

for a symmetric dislocation measure v on (0, 1) satisfying f(o 1 s(1 —s)v(ds) < oo and v =7,
where 7 is the push-forward of v under u +— 1 —wu, s0 v(du) = Vianked (S1 € du) + Vianked (S2 € du)
and vanked (s1 € +) = v(- N (3,1) + 5v(- N{3}) =(- N (5, 1)) + 37(- N {3}).

We denote by |AZ%(t)| the asymptotic frequency of the block A7 (t) of II,(t) containing n.
For a = 0, the process |Af(t)| is a fragmenter, and &, (t) = —log |Af(¢)| has Laplace exponent

D(p)=c+cp+ / (1 — u”)uv(du), (21)
(0,1)

see [5]. Self-similar and homogeneous fragmentation processes are pathwise related by non-linear

time-change [6]. Specifically,

|A” ()] = exp (=& (nn(t))), where 1, () = inf {u >0 /Ou e~ n (@) gy > t} . (22)

is a self-similar Markov process, and for o > 0, we have |A%(¢)] =0 for ¢ > [ e~ (W) oy,

It was shown by Haas and Miermont [19] that for every exchangeable self-similar fragmenta-
tion process 11, with index a > 0, zero erosion ¢ = 0 and infinite dislocation measure vy nkeq ON
51i = {s € §*: 3 .o, s = 1}, there is an associated compact continuum random tree (7, d, 0, ).
Vice versa, such a continuum random tree (CRT) allows an embedding of a self-similar frag-
mentation process. Specifically, a CRT is a random weighted and rooted R-tree. A weighted
and rooted R-tree (7', d, 0, ;1) is a complete, separable metric space (T, d) with a root 0 € T and
a probability measure p on the Borel sets of (T, d), such that the following tree property holds:

e Any two points 0,0’ € T are connected by a unique injective path [[o,0']]. Further-
more, this path can be parametrised [[¢,0’]] = {go,0/ (t),0 < t < d(0,0")} by an isometry
oo+ [0,d(0,0)] = T with g, (0) = ¢ and g, 0 (d(0,0")) =0’

When there is no ambiguity about d, 0 or even u, we simply write (7, ) or even 7 to refer
to a CRT (7T,d,0,u). For the purpose of convergence of compact weighted and rooted R-trees,
we will identify (T,d,0, ) and (T7,d’,0/, i) if there is an isometry between (7', d) and (T”,d")
that maps 0 to 0 and pushes p forward to p/. The set T of such isometry classes can then be
equipped with the so-called Gromov-Hausdorff-Prohorov distance dggp. Then (T,dgnp) is a
Polish metric space.

For an R-tree (7T',d,0,p), let T' := {o € T: d(0,0 > t}, t > 0, and define fringe subtrees
Ty,:={c'€T: 0€]0,0']]}, 0 €T. An a-self-similar CRT is a random weighted and rooted R-tree
(T,d,0,p), or its isometry class with distribution on the Borel space of (T, dgnp), such that

e 4 is non-atomic with dense support a.s., u(7,) > 0 for all ¢ € T with 7, # {o}, while
w([[0,0]]) =0 for all o € T, and

e for all ¢ > 0, the connected components (7;',7 > 1) of T*, completed by a root vertex 0;,
are such that given (u(7;),i > 1) = (my,i > 1), for some m3 > mgy > --- > 0, the trees

(777mz‘_ad’7'it70ivmz‘_lﬂ‘7’it)7 i1
are independent and identically distributed isometric copies of (7,d,0, u).
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Recently, Stephenson [29] extended this class by relaxing the first bullet point to allow a support
that is not dense, atoms of u, and/or positive weights on branches, so as to include all dislocation
measures Vpanked and erosion ¢ > 0. The CRT (7, ) constructed in [19] 29] is such that

LW ={{j=1: 2 eT'}hi>1}U{{j},j > 1: 37 ¢T'}, >0, (23)

has the same distribution as (II,(¢),¢ > 0), where conditionally given (7, u) the sequence ¥,
n > 1, is independent and identically distributed according to p. It was shown in [19]29] that the
subtrees R} = U;?:l[[O, ¥3]] € T converge a.s. in the Hausdorff sense for embeddings in ¢;(N),
and this easily entails dgup (R}, 1), (T, 1)) — 0 a.s., as k — oo, where pj is the push-forward
of 1 under the projection map 7% : T — R}, u + go,(sup{t > 0: go,(t) € RL}). Also, u
is then recovered in accordance with Aldous’s theory of consistent leaf-exchangeable families of
trees (R}, k > 1) as the weak limit of the uniform distribution v} on X7,... X}, as kK — oo.

2.4 Embedding fragmenters in homogeneous binary fragmentation processes

Let IT = (II(¢),t > 0) be a binary homogeneous fragmentation process starting from I1(0) = {N},
with dislocation measure v(du) = f*(u)du for some symmetric splitting density f* on (0, 1), so
IT takes values in the set of partitions of N. Let A = (A, t > 0) be a process with values in
subsets of N. Call A a path in II if

o A, €Il(t) for all t > 0;

e A, is decreasing as t increases.

Definition 12 (Markovian path) We call a path A a Markovian path in II if

e (At > 0) is adapted to some filtration (F3, ¢ > 0) with respect to which (II(¢),¢ > 0) is
Markovian, in such a way that for each s > 0 the process ((A¢, II(t) N Ag),t > s) and the
restriction of (II(¢),t > s) to N — A are conditionally independent given Fy.

To explain the terminology, think of II as embedded by suitable time change in the a-self-
similar continuum random tree (CRT) associated with II for a > 0 by Haas and Miermont [19],
or by Stephenson [29] when v is finite. Then A; represents the set of leaf labels above some
internal vertex v; of the CRT in some path leading from the root to a leaf vertex v, of the tree.

Let M be a fragmenter. Say that M admits a Markovian embedding in 11 if it is possible to
construct Il jointly with a Markovian path A such that

(Mt > 0) L (|4, ¢ > 0)

where |A;| is the asymptotic frequency of A;, which is known to exist almost surely, simulta-
neously for all ¢ > 0 and all sets A; € II(¢). In terms of an associated CRT construction, the
jumps of |A| would then describe the spinal partition of mass in the CRT along a spine leading
from the root to some random leaf of the CRT. The most basic example is provided by the next
proposition:

Proposition 13 For each positive integer n let A} be the block of 11(t) containing n. Then

(i) (Bertoin [B]) A™ is a Markovian path in I such that |A"| is a fragmenter with splitting
density f*.

(ii) For each pair of positive integers m and n, the pair (|A™|,|A™]) is a symmetric bifurcator,
each derived by size-biased branching from the other.

Proof. Part (ii) follows easily from the (strong) homogeneous branching property of II and
Corollary [ O
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Due to the natural embeddings provided by this proposition, we call the fragmenter M* with
splitting density f* the canonical fragmenter associated with II. In terms of the corresponding
mass fragmentation (|II(¢)[*,# > 0) of asymptotic frequencies |II;(¢)|, 4 > 1, ranked into de-
creasing order |TI(¢)|* € ¥, the process M* describes the evolution of the mass of the fragment
containing a randomly tagged particle.

Theorem 14 A fragmenter M with splitting density f admits a Markovian embedding in a
binary homogeneous fragmentation process 11 if and only if the splitting density of 11 is the
symmetrisation f* of the splitting density f of M, as in [I8)). The canonical fragmenter of 11 is
then the symmetrisation of M.

Remark 15 Consider any bifurcator (M, M ). By adding equation () and the equation we
obtain by substituting u by 1 — u in (7)), we see that f and f have the same symmetrisation f*.
By Theorem[I4], M and M can each be embedded in the same binary homogeneous fragmentation
process II. In fact, the argument used to prove this theorem, can be adapted to prove that the
bifurcator admits an embedding in II. We leave the details of this to the reader.

To prepare for the proof of the theorem, we start with some remarks about paths A in II.
For ¢t > 0 let Ny := min A;. Clearly, N9 = 1. The fact that A; decreases as t increases implies
that (N, t > 0), is some increasing process. Furthermore, A; € T1(¢) implies that

A =AM t>0. (24)
Assuming for simplicity that N; tends to co as t — 0o, let 0 = 79 < 74 < 70 < --- be the
successive times of jumps of (N, ¢t > 0), and set N(n) = N;,, n > 0. Then A; = Aiv(") for
t € [Tn,Th+1). Note that given the random sequence 1 = N(0) < N(1) < N(2) < ---, the times
T, can be recovered without further reference to A, from the family of paths A™ associated with
I, as 7, = inf{t > 0: Aiv (n=1) # Aiv (n)} for each n > 1. Thus there is a natural correspondence
between paths A in IT and increasing random sequences (N(n),n > 1) subject to the constraint
that N(n) = min Aiff"), where in general, the possibility of a finite increasing sequence of
random length must also be allowed.

In connection with the a-self-similar CRT 7 derived from II, notice that the random times
7, are defined in a way which allows corresponding random times

Tn,o ::/ |Az{/V(n_1)|adt
0

to be defined, and that in 7 there is a junction vertex V,, at height 7, o, at which the paths to
leaves labelled N(n —1) and N(n) diverge. Here it is assumed that the CRT is equipped with a
random sample X7, 33, ... of its leaves according to its mass measure, and that the homogeneous
fragmentation II = Il has been constructed by time changing the a-self-similar fragmentation
associated with the tree and the leaf sample. The path from the root 0 to V,, in the CRT then
passes through Vi,...,V,_1. Since the CRT is compact, we find a convergent subsequence of
(Vi,n > 1) with limit X, say. Because (V;,,n > 1) is increasing for the genealogical partial order
< that puts o < o’ iff o € [[0,0'[[, the sequence converges to the same limit. Note that ¥ must
be a leaf almost surely, because if ¥ is not a leaf, then the fringe subtree 7x. at ¥ will have
positive mass, but then Ay, =)~ A4 will have positive limiting frequency, which contradicts
(co) = {{1},{2},...}. The path from 0 to ¥ in T starts by following the path to 1, then
branches off in the direction of ¥y, then branches again in the direction of Xy (), etc. This
could be formalised to give a one-to-one correspondence between paths in IT and paths in 7.

Proof of the if part of Theorem [I4l Suppose that M with splitting density f has as its
symmetrisation the canonical fragmenter M of I, constructed from the blocks (A}, > 0) of
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II containing 1. Construct a bifurcator (M*', M) by switching from M' according to p* in (20),
as needed to create M up to some branching time 7. For 0 < t < 7y let A; = A%, and let
A; = AL _\ AL, that is the block that splits off from the block containing 1 at time 7. To
continue the construction of A after time 71, apply the strong Markov property of II at 71 and
let N(1) = min(A,). Set 4; = Aiv(l) for 71 < t < 79 where 79 — 71 is the branching time
between M) := (\Ai\lfﬂ

M created conditionally given M and M) by the same rule. It is clear that continuing like
this creates time segments 7; — 7,1 which are independent and identically distributed, and fresh

copies of M! as needed. The process A with the desired feature that |A| 2 M can be created
for all times ¢t > 0. Moreover, by construction this process A is a Markovian path in II. O

|/|A+ ], s > 0), which is another copy of M?!, and some further copy of

The only if part of the proof will be given in Section Bl

2.5 DMass distributions

The bifurcator (M, M*) with M* derived from M by size-biased branching plays a key role in
following discussions. This section collects together some basic formulae for the joint distribution
of the branching time 7 := inf{t > 0: M; # M;} and the decrements

M,_ —M;,=M' and M,=M" — M

where M,_ = M*_. The triple of non-negative variables (1 — M,_, M+, M,) with sum 1 is of
special interest. In a suitably defined random R-tree Ry s+ spanned by a root 0 and two leaves
> and X, this triple represents the masses of three connected components of the tree formed
by removal of a particular random junction vertex of the tree. As indicated in the previous
section, this subtree Ry x+ may be naturally embedded in a self-similar CRT T associated with
a fragmentation process, whose canonical fragmenter is M*. The joint distribution of this triple
is determined by a formula for its joint moments provided by Gnedin and Pitman [I6, page
477] where this triple is denoted (G, H, D), with the following more elementary interpretation:
(G,1—D) is the interval component covering U in the complement of the range of (M, ¢ > 0), for
U a uniform(0, 1) variable independent of M, and H =1 — D — G is the length of this interval
component. The following formulae can be read either from the discussion of the previous
sections, or from [16, page 477].

Recall first that for M with Lévy exponent ®, Lévy measure \(z)dz and splitting density f,
the branching time 7 has exponential distribution with rate

P(1) = /0 u(l —u)f(u)du = /000(1 —e )A(x)dx.

The process (M, 0 < t < 7) is then the negative exponential of a killed subordinator with Lévy
measure e~ “A(z)dz and killing at rate ®(1).
Thus
E[M{ |7 >t =E[M!_ |7 =t] = e~

where .

Balp) = [ (1)l u)du = 0(p + 1) — (1)

0
and hence by conditioning on 7
o(1) o(1)
E[MF_] = = . 25
Mo = S+ a0 ~ B0 1 1) 25)

This is [16, formula (57) or (59)]. From [16], formula (28)], or from (IH),

P (]\]ZT_ € du> = (1)1 (1 — w)uf(u)du, (26)
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hence

o[(de)] - et

Moreover, M,_ and M, /M, _ are independent, so the last two formulae combine to give

2(p+1) —2(p)

B(Mf) = g,

(28)

which is a simplification of [I6l formula (60)]. Next, M’ := M,_ — M, is a size-biased pick from
the decrements of M, whence

P(p+1,p+1)

B0 = =

1
, where ®(p+1,p+1) = / (1 —w)P M uf(u)du. (29)
0
Note that for positive integers p = n say, this is a linear combination of evaluations of ®(k)
at integers k < n + 1, as indicated in [I6] formula (25)]. In principle, these Mellin transforms
determine the distributions of M, and M, but there do not seem to be simple formulas for the
densities of these variables except in special cases.
Observe that the expected masses of the three components in the junction split are

E(M7) = (20(1) — ©(2))/2(2) (30)

E(l—M;_) = E(M:) = (2(2) - 2(1))/®(2) (31)

It does not seem obvious intuitively why the expectations of (1 —M,_) and M, are always equal.

Recall from ([[3) that ®*(p) := ®(p+1)—P(p+1, p+1) is the Laplace exponent corresponding
to M* with splitting density f*(u) = uf(u)+(1—u)f(1—u). So we obtain the following extension
of Corollary

Corollary 16 Two further conditions, equivalent to each other and to the conditions of Corol-
lary 1A including symmetry of f, to f = f*, and to ® = O*, are

(vil) M, /M,_ 2L M*/M,_

(viii) and M, g M?:.

2.6 Edge lengths and exponential functionals

Continuing to suppose that (M, M*) is the bifurcator derived from M by size-biased branching,
as well as the basic triple of masses (1 — M,_, M}, M,) with sum 1, for each p > 0 we may
consider the triple of exponential functionals

T 0o 0o
Lo = / Mtpdt, Ly = / Mtpdt and L, = / (M])Pdt,
0 T T

which can be interpreted as the lengths of branches in a suitably defined random p-self-similar
R-tree with three branches meeting at a junction point, these branches being labelled by 0 for
the root, and ¥ and * for the two leaves associated with M and M™ respectively. Note that
the definition of the L; depends on the parameter p, which is suppressed in the notation. In
particular, if the Lévy measure satisfies the regular variation condition fxoo MNz)dr = z=0(1/x)
as x | 0, for some a € (0,1), these functionals for p = « are of special interest [I7], as they
govern the asympotics of how numbers of new branch points grow along the three branches as
new branch points are selected by size-biased sampling from the mass distribution on the R-tree
Ry s+, which assigns the decrements of M except M,_ — M, = M} to the branch from the root
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0 to leaf ¥*, and the remaining decrements of M* to the branch from the junction point to leaf
¥, Let

Loy := Lo+ Ly, :/ Mfdt = / e PEdt
0 0

Low = Lo+ Ly = / (M})Pdt = / e P dt
0 0

where £ and £* are the two subordinators associated with M and M*. According to a known
formula for subordinators [9]
n!
E(L) = g0 g0
7 0(p) - B(np)
where ® is the Laplace exponent of £, and the same holds for Lg, instead of Losx, with the Laplace
exponent ®* of £* instead of ®. Now

T o0
Lo = / e PStdt = / e Pt
0 0

where 7y = {1754 + 00l{;<4 is another subordinator, whose Lévy measure is e™*\(z)dz +
® (1) (dz) for A(z)dz the Lévy measure of £. It follows that the Laplace exponent of n at p is
just ®(p + 1), and hence that

for all n € N, (32)

n!
E(L]) = for all .
(L) SR CT orallneN (33)

Moments of Ly, and L, can now be found using the distributional identities Ly, 4 MP Eoz and
L, < (M )pio* where Eog is independent of M, with Eog 4 Loy, and Eo* is independent of
M* with Eo* < Lg«. Thus

O(pn+1) — ®(pn) n!
E(LY) = E(MPME(LY) = 4
O(pn+1,pn+1) n!
E(L™) =E(MHPME(LY,) = .
Note the two identities in distribution
Los £ Lo+ MPLos  and Lo, £ Lo+ (M?)?Lo, (36)

where Lox, 4 Eog with Eoz independent of (Lo, M;), and Lo, 4 Eo* with Eo* independent of
(Lo, MZ). As checks, the two equalities of means implied by (36 are easily seen to be consistent
with previous formulae. The equalities of higher moments in (B6]) provide identies involving joint
moments such as E(LéMf ?) for positive integers j and k. In particular, E(LoM?) is determined
by the second moment formula. But the third moment formula only gives access to a linear
combination of E(LyM?’) and E(L2M?), which is not so useful,

3 Bead splitting processes and continuum random trees

Recall from Section 2.3 that every self-similar CRT (7, u) gives rise to a growing family (R}, )
of weighted R-trees that converges to (7,u). As we will demonstrate more formally below,
picking ¥ | from p means that a junction point J; € Ry is picked from py and that 37 is
then picked within a subtree rooted at J}!, which is a rescaled copy of (7, x), by self-similarity.
Then
Ri1 = RpUIE, X 4]l and tr = e — BR({TE 100z + B et

where ([[Ji, 35 1]l 17 x41) Is a rescaled copy of (R, u7). Since Ji is picked from pj, we say
that (R}, uy), k > 1) develops by size-biased branching, generalising the case k = 1 that relates
to Proposition [[3] via the self-similar time change (22I).
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3.1 Size-biased bead selection and strongly sampling consistent compositions

The basic building block for the tree growth process ((Rj, ptz.), k > 1) is a family of independent
copies of (R}, uj), or equivalently, a family of independent copies of a fragmenter M*, related
by the following general construction.

Definition 17 (String of beads) Given a decreasing pure jump process M and two positive
real parameters a and m, we construct a string of beads of mass m by placing a random discrete
measure fif,q.m on the interval (0, Y/ q.m] of random length

[e.9]
YM,a,m = mo‘/ Mgds
0

according to the formula

t [e%e)
WM,am (mo‘/ Mds, ma/ Mf‘ds) = mM;.
0 0

If M is a fragmenter with Laplace exponent ®, we call ([0, Yrs,a,m], brr,0,m) an (o, @)-string of
beads of mass m.

Note that for each ¢ that is a jump time of M, the measure pps o, m puts mass m(M;_ — M)
at the location m® fg Mg&ds. Now, by repeated application of this scheme, we construct an
increasing sequence of R-trees (R,,n > 1), where each R, is equipped with a random discrete
distribution fi,.

Definition 18 (Bead splitting process) Let o > 0 and M,,, n > 1 a sequence of decreasing
pure jump processes starting from 1.

e Let (R, u1) be the string of beads of mass 1 associated with M; and a. More specifically,
let Ry = [0,%4] := [0, Y, 1] equipped with the usual distance, with root vertex 0 and
with the random discrete distribution p1 = s a1

e Given that R, has been defined as an R-tree with root vertex 0 and n leaves Y1,...,%,,
and equipped with a mass measure u, with total mass 1, let R,,+1 be defined as follows.
Pick a junction point J,, from R,, according to pu,. Given that u,({J,}) = m, remove the
mass m from point J,, distribute this mass according to a copy ([[Jn, Xn+1]], tinnt1) of the
string of beads ([0, Yar,,1,a,m]s #Mys1,0,m), and then attach this segment to (R,,, jt,, —mdy,,)
at Jp, to form (Ry41, fint1)-

We refer to the projective sequence ((Ry,pn),n > 1) of weighted R-trees as a bead splitting
process that develops by size-biased branching.

We think of (R, un) as n pieces of string [0, Yoz, a,1]5 [0, Yars,au(qn ) -5 [0s Yoz an(f,—1 1)
tied at the junction points Ji, ..., J,_1, with beads according to u,,. The nth growth step selects
bead J,, of size pu,({J,}) and splits it into smaller beads that are placed onto a new piece of
string tied to J,.

The growth process ((Ry, itn),n > 1) gives rise to an ordered spinal partition of N\ {1} in
the terminology of [2I], which we can represent by a point process

o4 = {n e N\ {1}: Ji, = gos,(s)},  s>0, (37)
where Jj ,, is the branch point that has 3 and %, in two different subtrees, where [[0, J; ,,]] =

[0, 21]] N [[0, £,]], and go,5, : [0,d(0,%1)] — [[0,%1]] is the unique isometry with gox;, (0) = 0.

16



Proposition 19 Given any bead splitting process ((Rp, jin),n > 1) that develops by size-biased
branching, the ordered spinal partition TI°'Y defined in B7) is exchangeable. In particular, if
we choose My to be a fragmenter, then the spinal partition gives rise to a strongly sampling
consistent regenerative composition structure (Cp,n > 1), which records for each n > 1 the
vector C,, of non-zero block sizes #(I19"N[n+1]), s > 0, of 1" N [n+1], arranged in the spinal
order of blocks given by the order of positions s > 0 on the spine.

Proof. The first statement holds since pq is the projection of u, to Ry for all n > 1, so the
picks of J, projected to R; are exchangeable picks from g1 by the use of size-biased branching.
The second statement now follows directly from Gnedin and Pitman [I6, Theorem 5.2]. O

Remark 20 Gnedin, Pitman and Yor [I7] established limit theorems for the number of blocks
#C,, of strongly sampling consistent regenerative composition structures, #C,/n® — Yarq 1 a.s.,
under a regular variation condition. We exploited this in [20, Proposition 7] for exchangeably
labelled trees to see that reduced trees T}, ;, obtained from the discrete tree shape T), of R,
with unit edge lengths, converge to Ry when rescaling all edge lengths by n®. This result can
be generalised to the present setup, when (M,,n > 1) is a family of independent fragmenters,
which includes non-exchangeable cases. See also [28, Proposition 14] for the alpha-theta model,
which adds projected uniform measures that converge to the limiting strings of beads. The bead
splitting process we identified for the alpha-theta model develops by size-biased branching only
for 6 = . For the other cases, we found different bead selection rules in connection with ordered
Chinese restaurant processes.

3.2 Convergence of bead splitting processes to self-similar CRT's

The next theorem establishes CRT convergence of bead splitting processes ((Ry, fin),n > 1)
in the sense of Definition [I8], not just for the case of symmetric splitting rules f* that relate
directly to the growth process ((R}, k), n > 1) obtained by sampling from the measure p of
a CRT (T, u), but also for fragmenters (M,,n > 1) with non-symmetric splitting rules f, with
convergence to a CRT associated with the symmetrised splitting rule f* associated with f.

Theorem 21 If the M, are independent fragmenters with splitting density f, then for each
a > 0 the sequence of weighted random R-trees (Ry,, j1n) converges almost surely in the Gromov-
Hausdorff-Prohorov metric to a limit tree (T, ), which is a copy of the a-self-similar tree that
is canonically associated with a binary fragmentation process with splitting density f*(u) =
uf(u) + (1 —u)f(1 —w). In addition, we also have (Ry,,v,) — (T,p) almost surely in the
Gromov-Hausdorff-Prohorov metric, where v, is the uniform measure on the n leaves of R,,.

If f(u) = \/%u_?’/ 2(1—u)~3/2 it follows easily from the work of Haas and Miermont [I9] that
the sequence (R,,n > 1) has the same distribution as the increasing sequence of trees provided
by Aldous’s [2] line-breaking construction of the Brownian CRT. Therefore, Theorem 2] can be
seen as a generalisation of Aldous’s line-breaking construction. We discuss this example of a
bead splitting process ((Ry,, itn),n > 1) in Section B.3]

To prove this theorem, we will embed (R, 1) in a CRT (7', 1), as has (essentially) been
done for (Ry, u1) in Theorem [[4l A key tool will be the following spinal decomposition result.

Lemma 22 (Spinal decomposition) Let A = (A, t > 0) be a Markovian path in a homoge-
neous fragmentation process 11 = (II(t),t > 0). For each n > 1, denote by I (t) the block of
II(t) containing n, t > 0, consider o, = inf{t > 0: n & Ay} and the associated spinal partition
14(0) = {TI™(,,),n > 1}. Then conditionally given TT*(0) and (o, n > 1), the process

I (t) = {1 (0 + 1),n > 1} = | (00 ma) + 1) NT0), £ >0,
i>1

is a fragmentation process starting from HA(O), with the same transition kernel as 11.
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Proof. We extend the proof of [21] Proposition 4] to the higher generality here of decomposing
along a Markovian path. The family of times (o,,,n > 1) is a stopping line for the filtration
F = (F,t > 0), with respect to which A is a Markovian path in II. Here, we use the terminology
of Bertoin [7, Definition 3.4] and seek to obtain from [7, Lemma 3.14] that the extended branching
property holds, which yields precisely the result we need. Since Bertoin uses natural filtrations,
and to demonstrate where the Markovian assumption on the path enters the argument, let us
briefly retrace Bertoin’s steps and sketch relevant parts of the proof of the extended branching
property. Without loss of generality, F is the filtration generated by (II, A). Also denote by
F™) the filtrations generated by (I, A . ,,, ), for each n > 1. We consider approximations
o = inf{t € hN: n ¢ A}, o) = min(kh, o) and 7F) = inf{t € {h,2h,... . kh}: n & A}}
with inf @ := oo, of 0,. The branching property at the stopping line (a,gh’l), n > 1) is just the
branching property at ¢ = h. At h, or by induction hypothesis at (Jflh’k), n > 1), the assumption
on the path to be Markovian ensures that (II(kh + t) N Agp, Agnte,t > 0) is conditionally

independent of ({I1(™ (a,(Lh’k) +t),n & Agp},t > 0) given

F (0 51y defined as the sigma-algebra generated by F (",2 o1 2> 1
On =2 o’
To (ITgpte N Ak, Aghtt,t > 0), we can apply the branching property at t = h and trivially at
t = oo to complete the induction step from k to k + 1. This establishes the extended branching

property at (Jflh’k),n > 1) and (Egh’k),n > 1) for all h > 0 and k£ > 1. We omit the remainder
—k 92k
of the proof, which uses the standard approximation @, 2 b o, as k— oo. ]

The next lemma and its proof demonstrate that we can iterate the embedding of a Markovian
path in a homogeneous fragmentation process to embed a bead splitting process in an associated
self-similar CRT to which the bead splitting process converges almost surely.

Lemma 23 Let A = (A, t > 0) be a Markovian path in a homogeneous fragmentation process
IT = (II(t),t > 0) with symmetric dislocation measure v(ds) = f*(s)ds and My = |A¢|, t >
0 its residual mass process. If the M,, n > 1, are independent copies of M, then for each
a>0 the sequence of weighted random R-trees (R, p,) converges almost surely in the Gromov-
Hausdor{f-Prohorov metric to a limit tree (T, ), which is a copy of the a-self-similar CRT that
is canonically associated with 1. In addition, we also have (Ry,vy,) — (T, ) almost surely in
the Gromov-Hausdorff-Prohorov metric, where v, is the uniform measure on the n leaves of R,,.

Proof. We can consider the spinal partition IT4(0) of IT and use Lemma 22 to construct in a
measurable way (see e.g. [2I, Corollary 3]) a string of beads (R1, 1) = ([0, Y] 4),a,1]s #4],0,1) With
a collection (s;, T, (V) of spinal subtrees constructed from (TI(o;, ma) TN 14(0),t > 0),

g .
where s; = [, min 1) |A,|%dr, i > 1, such that the tree (7, ) obtained by grafting (T, ()
to (R1,0) at s; for all ¢ > 1, is a self-similar CRT with splitting density f*. This construction
gives rise to a family of regular conditional distributions of (Ry, u11; (s,-,T(i), u(i)),i > 1) given
(T, 1), and we can use these via the Tonescu-Tulcea theorem to obtain a probability space that
allows the following construction.

Suppose we have constructed (R, tin; (zi, T, ), € I,,) with R,, C T, p,, the projection
of u onto R, and, conditionally given (R, i), a collection (T, u®)) i € I,) of independent
copies of (7, ) subjected to a-self-similar scaling by u({z;}), which when grafted at z; € R,
for all i € I,, give (T, ). Now pick a junction point J, = x;, from R, according to pu,. Given
that u,({J,}) = m, remove J,, from pu, and remove i, from I,,. Use the regular conditional
distribution given the rescaled chosen subtree (T(i”),u(i”)) to obtain a string of beads with
grafted spinal subtrees distributed as (R, p1; (84, T, ,u(i)),z' > 1), without modifying the chosen
rescaled subtree. After a-self-similar scaling by m, graft the string of beads at .J,,, add the new
spinal subtrees to the collection to form (R,41, tin+1; (i, T(i),u(i)),z’ € I41). Then Ry C T,
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ln+1 is the projection of p onto R,y1 and, conditionally given (R,i1,tn+1), the collection
(T, D), i € I,,11) consists of scaled independent copies of (7, 1) that turn R, into (7, )
when grafted at z;, i € I,11.

By induction, this gives a sequence ((Ry, itn),n > 1) embedded in (7, i), which develops by
size-biased branching and is based on independent copies of the string of beads associated with
M = |A|. While constructed within a CRT, this sequence has the same (joint) distribution as
the sequence described in the statement of the lemma. It therefore suffices to prove almost sure
convergence for this embedded sequence.

First, consider the measures pi,,, n > 1. Denote by |u,|* € S* the decreasing rearrangement
of bead sizes u,({z}), © € R,. Since A is embedded in (T, u), the measure py cannot have an
atom of size 1, in particular there is A < 1 such that IP’(|,u1|% < A)>0. Now let e = 1/K > 0.
By selecting the K largest beads in turn, we see that IP’(|,un+KH < AsyVe||pnlt =s) > 0 for all
s € St. For m with \™ < ¢ this implies p = ]P’(]um]% < ¢g) >0, but then \,un]% will be less than e
after a time that is bounded above by m times a geometric random variable with parameter p.
In particular,

P(uy, has an atom of size greater than e for all n > 1) = 0. (38)

Now denote by R the completion of the increasing union |J,~; Ry in 7 and assume that
P(Roo # T) > 0. For z € T \ R, we find y € Ry such that ||y, z]] N Rew = &, but then
wu(Ty) > 0, since p assigns positive weight to all fringe subtrees. Since p, is the projection of
wuonto R, C R, this contradicts (B8]). Hence P(Ro, = 7) = 1. Similarly, assuming that R,
does not converge to 7 for the Hausdorff distance on 7, we can use compactness to find x € T
with d(x, R,) > e for all n > 1, so # ¢ R is a contradiction. Also, Hausdorff convergence
of R, C T to T with projected measures implies Gromov-Hausdorff-Prohorov convergence
daup(Rn, T) — 0 almost surely as n — oo (see e.g. [28] Lemma 17]).

Finally, the measure v, on the n leaves on R, is more and more closely coupled with the
measure v, on T associated with a sample X7,... 3} from p, which is well-known to converge
weakly almost surely to p. We can take as 37 an independent pick from p and include X7, , ; in
the construction of (R,41, ttnt+1). Specifically, we can obtain the pick from pu, for the junction
point J,, as the junction point of the subtree containing ¥ ;. Since R, — T almost surely in
the Hausdorff sense, there is ng such that all subtrees of 7 \ R,,, have height less than /2, but
then the distance between ¥y | and the (n + 1)st leaf of R, 1, which are in the same subtree
by construction, is at most ¢ for all n > ng, which entails the result by standard arguments. [

Proof of Theorem [2I1 Let M be a fragmenter with splitting density f. By the if part of
Theorem [I4], there is a Markovian embedding of M into II for a binary homogeneous fragmenta-
tion process with dislocation measure v(du) = f*(u)du, where f*(u) = uf(u)+ (1 —u)f(1 — u).
Hence, Lemmal[23]applies and gives (R, itn) — (T, 1) and (Ry,, v,) — (T, 1) almost surely in the
Gromov-Hausdorff-Prohorov sense, for an a-self-similar CRT (7, ) with dislocation measure

f*(u)du. O
We can now use Theorem 21] and Lemma 23] to complete the proof of Theorem [14]

Proof of the only if part of Theorem [I4l Let f be a splitting density. Consider the bead
splitting process ((Rp, itn),n > 1) based on a sequence M,,, n > 1, of fragmenters with splitting
density f. In Theorem 2] we showed that (R, u,) — (7, ) almost surely for a CRT (7, p)
with (symmetrised) splitting density f* associated with f.

Now assume that a fragmenter with splitting density f has a Markovian embedding A into
a binary homogeneous fragmentation process II with any symmetric splitting density f By
Lemma 23] (R,,, tn) — (7~’, i) almost surely for a CRT with (symmetrised) splitting density f.
By uniqueness of limits, (7~', i) = (T, p). Since the distributions of CRTs for different dislocation
measures are different, we find that f* = f almost everywhere. O
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Remark 24 With the usual names X1, ..., %, of leaves of R,,, n > 1, any bead splitting process
embedded in a CRT (7, i) gives rise to a, typically non-exchangeable, P-valued process

M) ={{i>1: ;e T}i>1}u{{j}, i >1:5;&T'}, t>0,

of the same form as the exchangeable special case IT}, in (23)). Furthermore, if (R,,, ptn) — (T, 1)
as in Lemma 23] we find equality of the decreasing rearrangements of asymptotic frequencies
L, (¥ = |(u(T}),i > 1)|¥ = [I5(¢)|* for all t > 0 a.s.. So it is natural to perform the inverse
of the self-similar time change ([22)) to construct a, typically non-exchangeable, homogeneous
process II = Il from the consistently time-changed evolution of its blocks containing n, n > 1.

Our proof of the only if part of Theorem [I4lused the size-biased bead splitting process and the
compactness of self-similar CRTs to show that the Markovian path A gives rise to an embedding
that exhausts a CRT. The embedding for the if part of Theorem [[4] was not carried out in a
CRT, but directly in an exchangeable homogeneous fragmentation process, and we can rephrase
our bead splitting argument for the only if part here to directly construct a non-exchangeable
process II based on A by embedding into an exchangeable homogeneous fragmentation process
IT*, as indicated below. However, this is harder to formulate, and we lose natural compactness,
so we do not attempt an alternative proof, but let us give the direct construction of II.

Let A be a Markovian path in IT*. Define branch times Ji,, = inf{t > 0: n € A}, n > 2,
between 1 and n. Given J;,, n > i+ 1, have been constructed for all i € [k], consider the time
Hj1 = max{J; y4+1,% € [k]} when k+1 separates from the last i € [k]. Relabel the restriction of
(IT*(Hg11+t),t > 0) to the block Byyq of IT*(Hj1) that contains k41 by the increasing bijection
By11 — N. Run a copy of A inside this process, relabel back N — By, to find a Markovian
path B*+1) that we specify to coincide with the canonical path A1 of IT* up to H, k11 and to
continue in (II*(Hy41+t)NByy1,t > 0), as constructed. Define Ji 1, = inf{t > 0: n ¢ Bt(k+1)},
n>k+2. Finally set Ji, = 00, Jin, = Jp i, for n < k and define the embedded P-valued process

I ={{n>1:J,; >t}i>1}, t>0. (39)

Corollary 25 Let A be a Markovian path in an exchangeable homogeneous fragmentation pro-
cess IT*, and let 11 be as in B9). Then |II|¥ = |[II*|¥. Moreover, if |A| is a fragmenter, then II is
a homogeneous fragmentation process with binary non-exchangeable k-measure [27] of the form

r{T e P: TN n] = (m1,m)}) = /(0 5 w1 = w)PRuf (w)du, L mey € Po\ {{In]}),

where P, is the set of partitions of [n], with k(I' € P\ {{N}}: I'; UT9 # N) = 0.

Proof. We leave the equivalence of the two constructions of Il to the reader and just point
out that the CRT construction of Remark 24] yields |II| = |II*|. For the second claim, we note
that the splitting rule of the fragmenter is f(u), so, by standard thinning properties of the
Poisson point process of jumps of the fragmenter M and size-biased branching, we identify the
dislocation measure. g

Remark 26 It may be observed from the form of the bead splitting process in the case of an
independent and identically distributed sequence (M,,,n > 1) that the size-biased bead selection
rule is not crucial for convergence to a CRT since it mainly affects the (random) time n at which
a particular bead is split. In the proof of Lemma 23] the main use of the size-biased selection
rule was to establish ([B8]). Indeed, as long as we split every bead eventually, we are quite free
to choose the order in which we split the beads and may even contemplate rules like splitting
all beads of u, at once at every stage of the bead splitting process.

The reader may also want to compare our bead splitting processes with Abraham’s [I]
construction of a version of the Brownian CRT. Let us rephrase Abraham’s construction in
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our present framework. Given a Brownian CRT, consider the spine from the root to the highest
leaf, then attach to each spinal vertex the spine to the highest leaf of the corresponding spinal
subtree, then recursively attach to each subtree of these spines their spines to the respective
highest leaf. Since the path to the highest leaf is not a Markovian path, and indeed the spinal
subtrees are not rescaled copies of the Brownian CRT, but copies constrained in height, this
falls outside the setting of Lemma 23]

Intuitively, the best we can do in our Markovian framework to end up high is to use the
switching probabilities of Example [ and always choose the bigger fragment. The homogeneous
Poissonian structure for relative masses (F;,1 — F}) on the spine to the embedded leaf easily
entails that this does not lead to the highest leaf a.s.

3.3 The Brownian CRT

Let (7,u) denote the Brownian Continuum Random Tree 7 equipped with its mass measure
i, which Aldous [3] constructed both as the tree embedded in (twice the standard) Brownian
excursion, with p corresponding to Lebesgue measure on [0, 1], and as a limit as n — oo of
an increasing sequence of binary subtrees with edge-lengths R, with n leaves labelled by [n],
in which case © may be interpreted as the almost sure weak limit as n — oo of the uniform
probability distribution v, on the n leaves of R,. The tree R,, may be constructed as the subtree
of 7 spanned by n leaves of T, which given T are picked independently according to the mass
measure p. We recover this second construction in Theorem 21 for f(u) = \/%u_?’/ 2(1—u)=3/2,
enriched by the string of beads structure given to the branches of R,, by measures p,,. According
to a basic result of Aldous [3], the increasing sequence of lengths (A(R1), A(Rz2),...) of these
subtrees can be constructed as A(R,) = /2T, where I';, = &1 + --- + &, for a sequence of
independent standard exponential variables €;. For n = 1 there is the identity in distribution

ARy) £ LY(B™) (40)

where BP" is a standard Brownian bridge, starting at 0 at time 0 and ending at 0 at time
1, and (LF(B™),0 < t < 1,7 € R) is the jointly continuous process of local times of B,
normalised so that L¥(BP")dz is the occupation measure of (B (s),0 < s < t). The common
distribution of both sides in ([@0) has the Rayleigh density xexp(—x%/2) at > 0. The work
of Aldous, Miermont and Pitman [4] yields a a deeper connection between the Brownian CRT
in a Brownian excursion on the one hand and Brownian bridge on the other. This establishes
a spinal decomposition result for the Brownian CRT via path transformations rather than via
Bertoin’s extended branching property as in [21] or Lemma[22 here. See also Bertoin and Pitman
[8, Theorem 3.2] for an expression in terms of paths rather than trees. To explore this spinal
decomposition, let (77,0 < ¢ < LY(B)) be the inverse local time process

70 :=inf{t > 0: LY(B") > ¢}
so that the collection of excursion intervals of B is exhausted by
{(re—, 1) : £ > 0,79— < 79},

and let P be the random discrete distribution obtained by ranking these intervals by length.
On the other hand, in the Brownian CRT (7, p), for 0 < ¢ < A(Ry) let p1([0,¢]) denote the
mass of all points © € 7 such that the path from root to x in 7 branches from the path from
root to leaf 31 of 7 at a junction point on Ry whose distance from the root of T is at most
¢. Then according to the spinal decomposition of the Brownian CRT implied by [4, Lemma 9
and Equation (12)], the equality in distribution (@0 extends to the equality in distribution of
processes

(11([0,4)),0 < € < A(Ry)) £ (4,0 < £ < LY(B™)). (41)
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Moreover, conditionally given the process on the left side of ({Il), the Brownian CRT (7, u)
decomposes into a countable collection of subtrees

{Te,0 < < X(Ry), p1({£}) > 0}

where 7; is a Brownian CRT equipped with a mass measure p, with total mass py(7;) =
p1({¢}) > 0, in a way which corresponds to the decomposition of the path of |B’*|, the ab-
solute value of B, into excursions of lengths {7y — 7,0 < £ < L}(B™), 7, < 7}. Indeed, the
entire Brownian CRT 7 can be constructed from B so that the equality in distribution (@I))
holds almost surely, and for each ¢ with uy({¢}) = 7 — 70— > 0, the subtree T; of T attached
to the spine Ry of T at distance ¢ from the root is constructed from the excursion of |BY"|
on (14—, 7¢) in the same way that the entire tree 7 is constructed from a standard Brownian
excursion. In particular, basic properties of Brownian excursions then imply the spinal decom-
position of T, that conditionally given the subtree masses (p1({¢}),0 < ¢ < A(Ry)), the subtrees
(Te, o) associated with ¢ such that pi({¢}) > 0 form a collection of independent random trees
distributed like (\/ 1 ({€}) 7T, u1({¢})1), meaning that all edge-lengths in 7 are scaled by a factor

of /p1({¢}), while all masses are scaled by a factor of ui({¢}).

The distribution of ranked masses of atoms of p; is the PD(%, %) distribution of ranked
lengths of excursions of Brownian bridge, and masses corresponding to these lengths are dis-
tributed along the spine of length A\(R;) in an exchangeable random order. Moreover, the length
A(Ry) is itself a measurable functional of the PD(3, 1) random discrete distribution of masses
along the spine, as discussed in [24] 26].

For n > 1, the bead splitting process ((R,, pn),n > 1) described in terms of decreasing mass

processes in Definition [I8 can be described in terms of Brownian bridges, as follows.

e Start from a segment
(R, 1) = (0, LY(B™)], dr) (42)

where dr denotes the Stietjes measure with cumulative distribution function given in (41]),
associated with the inverse local time 7 of a standard Brownian bridge B* of length 1.

e Given (R, itn), pick a junction point J,, from R, according to . Given that u,({J,}) =
m, remove the mass m from point J,, and attach as segment (]]Jy,, Xy41]], tnnt1) @ copy
of ([@2) derived from a Brownian bridge of length m.

Specifically, a Brownian bridge of length m may be constructed from the standard Brownian
bridge B as m'/2BP(t/m), 0 < t < m. That is to say, Rp+1 \ Rp =]]Jn, Zns1]] is such that

ARng1) = MRn) = (un({Ja ) LY(BR)
for some independent and identically distributed sequence of standard Brownian bridges

BED;) = (B})rf)(t%() St< 1)7
and given p,({J,}) = m, the mass m should be reallocated with a portion (7, — 7 )m placed
at distance ¢m'/2 from J, along the branch of length ARp+t1) — AM(Ry) from J, to X1, for
each ¢ € (0, L?(B}f’rf))) with 7 < 7.
The above prescription specifies the projective sequence of weighted R-trees ((Ry,, tn),n > 1)
as in Theorem [2I] which is associated with the Brownian CRT as in [I9] and as indicated at
the beginning of Section Bl We wish to point out some special properties of this Brownian tree

growth sequence:
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Proposition 27 Let ((Ry, pn),n > 1) be the bead splitting process derived from a sequence of
Brownian bridges, as above. Then we have the following description of the law of (R, tiy,).

(i) The sequence Py = (Pny1,Ppy2,...) of sizes of ranked atoms of yin, has PD(},(2n —1)/2)
distribution.

(ii) The total length A(R,,) can be represented as both A(Ry,) = /2T, where Ty, = e1+- - -+&,, for
a sequence of independent standard exponential variables €;, and as \(Ry,) = Sl/g(Pn)/\/i,
where Sy 2(P,) is the %—dz’versz’ty of Py, which may be recovered from P, as

51/2(Pn) = ﬁkli)n;o kpi/lf a.s.

where P, j, is the kth largest p-measure of the collection of all fringe subtrees of T attached
to R,, or again as
S1/2(Pp) = lim m_l/ZKmm

m—0o0

where Ky, , is the number of junction vertices J; with i < m such that J; € R,,.

(iii) Conditionally given \(R,,), the tree R, consists of 2n —1 segments, whose relative lengths,
when listed in order of depth-first search of R,,, passing first along [[0,%1]] = Ry, then along
171, 22]] = R2\R1, and so on, is independent of R, with the same Dirichlet distribution
with 2n—1 parameters equal to 1 as the sequence of 2n—1 spacings generated by a sequence
of 2n — 2 independent uniform variables on [0, 1].

(iv) Forn > 2 the combinatorial shape of Ry, is equally likely to be any of the 1x3x---x (2n—3)
possible shapes of binary trees with root 0 and leaves labeled by [n], independently of \(R,,)
and of the sequence of relative lengths of segments.

(v) Conditionally given A(Ry,) = {1, the combinatorial shape of R, and the sequence of relative
lengths of segments, let (0,0 < v < {1) be a path which traverses Ry, at unit speed, passing
first along [[0, L1]] = Ry, then along ||J1, La]] = Ro\R1, and so on, and let R,y be the
range of (0,0 < v < {), so that by construction AN(Ry ) = £ for all 0 < £ < A(R,,) = /1.
Then the cumulative mass process (pin(Rne),0 < £ < XRy)|A(Ry) = £1) has the same
distribution with exchangeable increments as the inverse of the local time process at 0 of a
Brownian bridge B conditionally on LY(B") = ¢;.

Proof. This can largely be read from the preceding discussion and known descriptions of
(Rn,n > 1) and properties of Poisson-Dirichlet distributions. Partial results appear in many
places, including [3| Section 4.3], [20, Proposition 18] and [28, Proposition 14].

Part (i) is a particular case of crushing a size-biased pick from of PD(«, #) with PD(a, 1 — )
into PD(«, 0 + 1), as established by [I4], which can also be read from Aldous’s sequential
description of the growth of (R,,n > 1). That description implies part (v) quite easily. To
deduce (ii) from (v), observe that P, is the sequence of ranked jumps of the cumulative mass
process (pn(Ryr),0 < € < A(Ry,)) which given A(R,,) = ¢ is distributed like the ranked lengths
of excursion intervals of a standard Brownian bridge. As n changes, the distribution of P, is
therefore obtained from that of P; by tilting the distribution by the density factor between
the exponential distribution of A\(R;)?/2 and the Gamma(n, 1) distribution of A(R,)?/2. But
this factor is just (A(R1)?/2)""!/T(n) where A(R1)?/2 = (S9(P1))?/4, which is precisely the
density factor between PD(3, (2n —1)/2) and PD(3, 1), see [26, Theorem 3.13].

As another check of the consistency of the two different descriptions of A(R,,), observe that
the description in terms of independent exponential variables gives

E(A(R.)?) = 27E(T5/?) = 2°/°T(n + p/2) /T (n) (43)
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whereas for S, ¢ the a-diversity of a PD(c, §) random discrete distribution it is known [26] that
F'@/a+p+1)I0O+1)

E(Se0) = T+ pa+ DT @/a + 1) (4
so in particular
T2n+p)T(n+3)  2T(n+p/2)
B s r-0/2) = 1 g2 DEOW ~ T 5)

where the second equality uses the Gamma duplication formula I'(22) = 22*~!T'(2)I'(z+ %) / I‘(%)

A Proof of Lemma

First note that the assumptions imply that 7 is exponentially distributed and, furthermore, that
for all nonnegative Borel functions g and all £ > 0

E(g(FT)1{7'>t}) = ]P(T > t)E(g(Ft-i-T—t)‘T > t) = ]P(T > t)E(g(FT))a

so that 7 is independent of F;. Since 7 is a stopping time, (Fr4s,s > 0) is independent of
F; and has the same distribution as (Fs,s > 0). Consider a sequence of independent copies
(an), 0<s<m,),n>1,of (Fs;,0 <s <) and splice them together as

(F7-1+"'+7—n71+57ﬁ/l7—1+"'+7_n71+5) - (FS(Z)7 1{8:7'7L})7 0<s < T, T 2> L.

Then ((F;,t > 0),7) = ((E,t > 0),7), by construction, where 7 = 7;. Also by construction,
F = (Fi,t > 0) and F’ = ((Fymy 4 (1 — i), t > 0) are F-Poisson point processes in their
joint natural filtration F. The intensity measure of F'® is the distribution of F; times the rate
of 7. Since F. # 1 a.s., this intensity measure is absolutely continuous with respect to A as
otherwise, we could find a Borel set A with P(F; € A) > 0 and A(A) = 0, so the restrictions
of F and F* would reveal points of F* that are not points of F a contradiction. We denote
the Radon-Nikodym derivative by K (u,dk) and set p(u) = K (u, {1}), so that F* is a Poisson
point process with intensity measure p(u)A(du). We note that p(u) < 1 for A-a.e. u € (0,1) as
otherwise restrictions to the Borel set A = {u € (0,1): p(u) > 1} would reveal points of F'® that
are not points of F, a contradiction. B B

The proof is not complete yet, because we have not yet shown that ((Fy,m),t > 0) is an F-
Poisson point process, or equivalently that the unmarked points F° = ((F;(1 —m) +my),t > 0)
form an F-Poisson point process. We can represent the point process F° as a random measure

NP(A) = #{s < t: F° € A}, t > 0 and A Borel subset of (0,1).

For A with A(A) < co and [, p(u A(du) > 0, we now show that (N2 (A),t > 0) is an F-Poisson

process. Consider Nt(A) #{s < t: F € A}, which we know is an F- Poisson process with
rate A(A). The time 74 = inf{t > 0: F® € A} is an F-stopping time, since F is an F-Poisson
point process. Denote by (T},,n > 1) the times of the points of N(A), also ]-"—stoppmg times.
Let A, = {74 = T,} and set ¢ = P(74 = T}). Then, by the strong Markov property of N(A) at
T, , we find that also for n > 2

P(A,) = P(r4 £ T)P(A, |74 > T1) = (1 — ¢)P(A,—1) = (1 — ¢)" 4. (46)

Hence, we find that TANZ T for a G geometric with parameter ¢, which is a stopping time in
the discrete filtration (Fr,,n > 1). By Wald’s equation

E(r?) = E(G)E(Ty) hence /A p(u)A(du) = gA(A).

24



From (@8] and the strong Markov property at 74, we deduce that (N®(A), N(A)) are such that
N*(A) is a g-thinning of N(A), so N°(A) = N(A) — N*(A) is also a Poisson process with rate

(1— q)A(du) = /A (1~ p(u))A(du).

By [23, Theorem 12.8], this suffices to identify N° as a Poisson random measure with intensity
measure (1 — p(u))A(du). O
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