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Abstract

We introduce the notion of a hereditary property for rootedl trees and we also consider reduction of
trees by a given hereditary property. Leaf-length erasalss called trimming, is included as a special case of
hereditary reduction. We only consider the metric struetfrtrees, and our framework is the spatef pointed
isometry classes of locally compact rooted real trees @gaipvith the Gromov-Hausdorff distance. Some of
the main results of the paper are a general tightness ontémniT and limit theorems for growing families of
trees. We apply these results to Galton-Watson trees wjghresntially distributed edge lengths. This class is
preserved by hereditary reduction. Then we consider famibf such Galton-Watson trees that are consistent
under hereditary reduction and that we call growth proces#ée prove that the associated families of offspring
distributions are completely characterised by the brargchiechanism of a continuous-state branching process.
We also prove that such growth processes converge to Léegtior As a by-product of this convergence, we
obtain a characterisation of the laws of Lévy forests in teohleaf-length erasure and we obtain invariance
principles for discrete Galton-Watson trees, including shiper-critical cases.
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1 Introduction

This paper concerns general results on continuum treesanei@ence of random trees. Here we view trees as
certain metric spaces called real trees and we are usingemedbping a framework initiated by Aldous [2, 3] and
Evans, Pitman and Winter [14] who first considered in our philistic context the space of compact real trees
equipped with the Gromov-Hausdorff distance. The conuargeesults of our paper are applied to a large class
of growth processes of Galton-Watson forests. This clag®efgrowth processes contains the important example
of forests consistent under leaf-length erasure (see N&4g¢uand Le Jan [32] in the context of super-processes),
and it is also closely related to two specific models considéy Geiger and Kauffmann [17] and by the present
authors in[[12]. We prove that in some sense, any way of grgWalton-Watson trees yields, in the limit, Lévy
trees, which are continuum random trees introduced by Léadadl Le Jan[[31] that have been further studied in
[10] and also by Abraham, Delmas [1] and WEeill [40].

Let us briefly review in this introduction the main resultsloé paper. First we recall a few definitions on real
trees and the space of trees we consider. A real tree is acpatfected metric spagé’, d) with the following
property: any two points, o’ € T are connected by a unique injective path denotefbby’], which furthermore
is isometric to the interval0, d(o, 0’)] of the real line. Informally, real trees are obtained by giutogether,
without creating loops, intervals & equipped with the usual metric. However, note that realstreay have
a complicated local structure, like Aldous’s (Brownian)rfiouum Random Tree, which is a compact real tree
whose set of leaves is uncountable and dense. In each reéltré), we distinguish a poing € T that is viewed
as the root. So we speak @, d, p) as a rooted real tree.

We shall focus on complete locally compact rooted real t(€2<CR real trees for short). We then say that
two CLCR real trees are equivalent if there exists a roos@mang isometry from one tree onto the other. We
simply denote byI" the pointed isometry class of a given CLCR real t(@ed, p). We denote byl the set of
pointed isometry classes of CLCR real trees. We efuigth the pointed Gromov-Hausdorff distance denoted by
4 (see Section 211 for a definition). Théf, d) is a Polish space. This result is due to Groniov [20] for corhpac
metric spaces and to Evans Pitman and Winter [14] for commpattrees (see also [12] for the standard adaptation
to pointed CLCR real trees). The main results of this papghtftess criterion, limit theorems and invariance
principles) take place in the spafg, d).
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Let us briefly explain the notion of a hereditary propertyhistcontext. Let(T' d, p) be a CLCR real tree.
Then we define for every € T thesubtree above asd,T = {0’ € T: o € [p,c’]}. Note that(0,T,d, o) is
also a CLCR real tree. We denoteﬁyT its pointed isometry class ifi. A hereditary propertyis a Borel subset
A C T such that for every CLCR real tré&", d, p) and for everyw € T, if 0,T € A, thenT € A. In order to
rephrase this definition informally, let us viéivas a continuum of individuals whose progenitor is the goatan
individualo € T “has the hereditary property”, namely if 0, T € A, then the progenitgr also “has the property
A”; implicitly, a hereditary property may be lost on the artcadineage between the progenitor and an individual,
and an individual can only inherit a hereditary propertylihés ancestors had it.

We then define thel-reduced subtree df asR4(T") where

RA(T) is the closure ifl” of the subsefp} U {o € T: 6,T € A}.

Then, (RA(T),d, p) is a CLCR real tree and its pointed isometry class only depemdthe isometry class of
T. Hence, there is an induced function frairto T that we simply denote byz 4. Hereditary properties can be
composedn the following sense: letl, A’ C T be two hereditary properties, we then géto A = {T € T:
RA(T) € A’} and Lemm&a3.11 asserts théto A is hereditary and moreovét .4 = R o Ry4.

The most important example of hereditary reduction isléa-length erasurdalso called trimming) that is
defined as follows. For any CLCR real trég, d, p), denote byI'(T") = sup,cr d(p, o) its total height(that is
possibly infinite). Since it only depends an it induces a function off, that is also denoted bl and that is
d-continuous. Then for ang € [0,00), we setd;, = {T' € T: I'(T) > h}, which is clearly hereditary. We
shall simply writeR4, as Ry, and refer toR), as theh-leaf-length erasure. Note that for ahyh’ € [0, o),
Ap o Ap, = Apyp and thusRy o Ry, = Rprip.

Leaf-length erasure was first considered by Kesteh [26] ikmrdte trees. Then it was studied by Neveld [34],
by Neveu and Pitman [35] to approximate the Brownian treeasd by Le Gall[[30]; later Le Jan [32] used it
to construct superprocesses with a stable branching mischam the context of compact real trees, leaf-length
erasure was more systematically used by Evans, Pitman angMWi4]. They proved in particular thdt,, is
d-continuous.

One important fact to note is that for any CLCR real tfleeR,, (T") is areal tree with edge lengthshat is
R, (T) has a discrete branching structure: the set of branch pbagso accumulation points and all branch
points have finite degree. For evere [0, c0) and everyh € (0, c0), we set

ZM(T) = # {0 € Ry(T): d(p,0) = a}.

SinceRy,(T) is a real tree with edge lengths,— Zflh)(T) is anN-valued function that is left-continuous with
right limits. We call the process — Z,gh)(T) the h-erased profile Sincerlh)(T) only depends on the pointed
isometry class of’, it induces a function offf that is denoted in the same way.

As proved in Lemma 217, the erased profiles allow to contreldbvering numbers of balls of CLCR real
trees, which is the key argument in the following generditiigss criterion i{T, d): let (T)Jez be a family of

T-valued randomtrees Their laws ar¢ight if and only if for every fixedh, a € (0, 00), the laws of theN-valued
random varlable$Z (T))jeJ are tight. This is Theorein 2.9, which is one of the main resoftthis paper.
This tightness criterion is used to obtain, among otherltgsavariance principles for Galton-Watson trees (see
Theoreni 4.5 in Sectidn 4.3). More generally, it is well{atga to any model of random trees that allows a certain
control on the erased profiles.

In this paper we consider tree-valued processes that groesnple way to understand the growth is to view
the trees in a certain ambient metric space and to say thae®grow with respect to the inclusion partial order.
However, we only consider the metric structure and we wambtwsider neither the ambient metric spaces that
allow such constructions nor the details concerning theymeays the tree-growth process can be embedded in
a given ambient space. This is why we introduce the followmgnsic definition of growth: IetF T' € T; we
say thatT’ can be “embedded” iff”", which is denoted by’ < 7", if we can find representatlveéﬁ” d, p) and
(T',d', p') of T andT”, and an isometrical embeddirfg 7 < 7" such thatf (p) = .

Note that= is a partial order off. Moreover, for any hereditary properd if T< T’ thenRA(T ) =Ry (T’)
and in particular for any. > 0, Ry, (T') < Ry (T"), which implies for anyu € [0, ), Z. zh )( T)< Z,Sh)(T’). This
yields the following convergence criterion stated in ThesnZ. 15: Ie(ﬁ)neN be aT-valued sequence of random
trees such that for alt € N, 7,, < 7,1 almost surely, furthermore assume that for every fixgld € (0, oo) the
family of laws of theN-valued random variableg!" (T,.), n€N, is tight; then, there exists a random tfEen T
such thalim,, o & (7;, T) =0a.s.

This result is used to prove that, when convergent, any grg¥amily of Galton-Watson forests tends to either
a Galton-Watson forest or to a Lévy forest. Before explajrtis result, let us informally discuss the model of
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Galton-Watson real forests that are considered here (tteejnoduced precisely in Sectign B.1). Their laws are
characterised by the following three parameters: the offgistributioné = (£(k))ken, the lifetime parameter
¢ € (0,00), and the initial distribution: = ((k))ren. We view a Galton-Watson real forest with parametgrs
andp (a GWE, ¢; u)-real forestfor short) as the forest of genealogical trees of a popuidtiat evolves as follows:
at generatiord, the population ha®v independent progenitors, whehé has lawy; the lifetimes of individuals
are independent and exponentially distributed with migan when they die, individuals independently give birth
to a random number of children distributed according.tblere, we shall assume th@ats proper and non-trivial,
namely that¢(1) = 0 and{(0) < 1. Moreover we also assume that the associated continumeNivalued
branching process is conservative ($€é (28) in SectidoroBrhdére details).

Theorem§ 3.13 arld 312 assert that the class of GW-lawssenwel by hereditary reduction. More precisely,
let 7 be a GW(, c; u)-real forest, letA C T be a hereditary property and denote dythe probability that
the A-reduced tree of a single G\/(c)-real tree is just a point. Assume thate (0,1). ThenR4(F) is a
GW(¢/, ¢'; u')-real forest, whereg(, ¢’; ') is given in terms otx and €, ¢; i) as follows: if we denote by, the
generating function of a probability measwenN, then

w(r)=r+“"5(“?1(1;?(){“);?(;%_“)’1 ¢=(1-pla)e and pu(r)=pu(a+1-a)). (@)

This important property of hereditary reduction naturadigds us to consider families of GW-real forests that
are consistent under hereditary reduction. Namely, weackmily (F)e[o,-0) Of Galton-Watson real forests a
growth procesé#f for all A’ > X there exist hereditaryl, »» C T, such that almost surely

VA, X\ € [0,00) such that\” > A, ]T'AzRAM, (Fa) -

Letus say thaF, is a GWE,, cx; uy)-real forest and assume that tends to the Dirac mass at infinity, as— oc.
This assumption implies that each offspring distribugrappears as @duced lavwas in [1) for alla sufficiently
close to 1 (such offspring distributions are called infilyiextensible[[12]). Then Theorem 4.6 shows that they are
quite specific. Namely, the laws§)(, cx, 1)) are entirely governed by a triplet (3, o) defined as follows.

e ¢: [0,00) — R is thebranching mechanisraf a continuous-state branching process. Namglis the
Laplace exponent of a spectrally positive Lévy process tisdherefore of the Lévy-Khintchine form

PY(A) =al+ %b)\Q + / (e —1+ Aelypcry) w(dx)
(0,00)
wherea € R, b € [0, 00) andr is a Borel measure ai), co) such thatf(0 Oo)(1/\:zc2)7r(d:c) < oo. Moreover,

1 has to satisfy two additional conditions: it takes positredues eventually angﬂU+ dr/|Y(r)| = oo (the
latter assumption is equivalent to assuming that the coatis-state branching process governed)hig
conservative).

e 3:[0,00) — [0, 00) is non-decreasing and such thiat y ., S(A) = oo.
e pis a probability measure df, co) that is distinct from the Dirac mass at zero.

Then, for any\ € [0, 00), (€x, ¢, pa) is derived from ¢, 3, o) as follows:

P(( =r)B(N)
BA)P(BN))

These offspring distributions already appeared in the mpeeific context of [10, 12]. Of particular interest are
cases where the offspring distributiofis are all equal to a certaifi not depending oA > 0. We easily see
that this exactly corresponds to the stable cases whékg = A7, for a certainy € (1,2] and thuspe(r) =
T+ %(1 — r)7. We call these laws the-stable offspring distributions. The Brownian case cqrogsls to the
critical binary offspring distribution{ = 2). They appear in previous work [32,134] (and in a slightlyfeliént
formin [10,(39/24]).

Observe thah — I'(F)) is non-decreasing almost surely, since the growth prosession-decreasing. Then
limy_,o I'(F) exists in[0, o] and standard branching process arguments givétfiat,_, oo I'(Fy) < 00) > 0
iff satisﬁesfoo dr/v¥(r) < oco. This is a necessary and sufficient condition for the growttess to converge

in (T, 8), almost surely. Namely, Theordm#.9 asserts that theresexisndom CLCR real treE such that

pe(r) =7+ = V(B0 and g ()= [ e 0T giay)

(0,00)

lim 5(]7},]7') =0 almost surely
A—00
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The limiting treeF is ay-Lévy forest. Moreover, the branching processes assaciatg, A > 0, also converge
almost surely. Namely, for any € [0, c0), we get

—ﬂ(l)\) #l{o € Fa:d(p,o) =a} ——— Z,  almostsurely,

where(Z,)qe0,00) IS @ continuous-state branching process with branchindarésn and whose initial value
Zy has lawp (see Sectioh 412 for more details). As an application oféhresults, Theorein 4.1L.0 provides a nice
characterisation of Lévy forests via leaf-length erasuites result is used in the proof of the invariance principles
for discrete Galton-Watson trees that follow in Secfion 4T®ese limit theorems are general and they notably
include the super-critical cases. Invariance principtesfitical and sub-critical trees were obtained.in|[10}hgsi
different arguments and a different formalism.

This paper is organised as follows. In Section 2.1, we rdzic definitions concerning real trees and the
Gromov-Hausdorff metric. In Sectidn 2.2, we discuss vaioperations on real trees. The technical details
concerning the measurability of such operations are pastpdo an appendix. Sectign P.3 is devoted to the
statement and the proof of the main general tightness sesnitt convergence theorems for real trees. Section 3.1
discusses an intrinsic definition of Galton-Watson reagrend hereditary reduction is studied in Sedtioh 3.2. In
Sectiori 4.1, we define and study growth processes of Galtaisaf forests, whose limits are discussed in Section
[4.2. Sectiofi 413 is devoted to invariance principles focated discrete Galton-Watson trees with unit edge lengths.

2 Preliminary results.

2.1 Realtrees.

Real trees form a class of loop-free length spaces, whictoirto be limits of many discrete trees. More precisely,
we say that a metric spa¢®, d) is a real treeif it satisfies the following conditions:

e for all 0,0’ € T, there exists a unique isometyy , : [0,d(c,0’)] — T such thatf,,(0) = ¢ and
fo,or(d(o,0")) = o'; we set]o, 0’| := f,([0,d(o,0")]), which is the geodesic joining to ¢’;

e if g: [0,1] — T is continuous injective, we havg|0, 1]) = [¢(0), ¢(1)].

Let p be a distinguished point @f, which is viewed as theot of T. Then(T', d, p) is called aooted real tree
We also denote bjo, o'], [o, o'[ and]e, o’[ the respective images @, d(o, o)}, [0,d(o,0’)) and(0, d(o, "))
underf, ... We view the tred" as the family tree of a population whose progenitgs.isor anyo, o’ € T, their
most recent common ancestor is then the unique point debgted\ o’ such thaflp, o] N [p,o’] = [p, 0 A o'].
Thus,

Yo.0' €T, d(p.o No') =4 (d(p.o) +d(p,0) — d(o,0")) . @

There is a nice characterization of real trees in terms ofdhepoints conditiona connected metric spac&’, d)
is a real tree iff for all1, 02, 03,04 € X,

d(o1,092) + d(03,04) < (d(o1,03) + d(02,04)) V (d(03,02) + d(01,04)). 3)

We refer to [8]/ 7| B] for general results concerning realdree [36,37] for applications of real trees to group
theory and to[[10, 11, 183, 14, 15] and [21] for probabilistiewf real trees.

Gromov-Hausdorff distance on the space of complete locallpompact real trees. We say that two pointed
metric space$X,d1, p1) and (Xs, da, p2) areequivalentff there exists gpointed isometryi.e. an isometryf
from X; onto X, such thatf(p1) = p2. The Gromov-Hausdorff distance of tvpminted compacmetric spaces
(X1,d1, p1) and(Xs, da, p2) is given by the following.

depet (X1, X2) = inf { duaus(f1(X1), f2(X2)) V d(f1(p1), f2(p2)) } - 4)

Here the infimum is taken over dlf1, f2, (E, d)), where(E, d) is a metric space, wherg: X; — E,i = 1,2,
are isometric embeddings and whégg, s stands for the Hausdorff distance on the set of compact sIbEE.
Observe thab.,.; only depends on the isometry classes of fie It induces a metric on the set of isometry
classes of all pointed compact metric spaces (s€e [20]).

We then denote b¥.,.: the set of pointed isometry classes of compact rooted reas trEvans, Pitman and
Winter [14] showed thal.,.; equipped with the Gromov-Hausdorff distantg,.; is a complete and separable
metric space.



We then denote b{' the set of pointed isometry classes of complete locally estmpoted real trees The
Gromov-Haudorff distance is extendedltan the following standard way. L&f7, d;, p1) and(Ts, do, p2) be two
complete locally compact rooted real trees. Recall thaHihyef-Rinow theorem (seé [20, Chapter 1]) implies that
the closed balls of} andT» are compact sets (note that this entails thaandT, are separable). We then set

8(T1,Ts) = Y 2 *8cpes(Br (p1, k), Bry (p2, k),
k>1

where for anyi € {1, 2}, B, (p;, k) stands for the closed (compact) ball with centeand radius: in the locally
compact rooted real tred;, d;, p;). Clearly,d only depends on the isometry classes/pfand7s. It defines a
metric onT and(T, ) is Polish (se€[12, Proposition 3.4]).

Notation and conventionWe shorterComplete Locally Compact Rooteshl tree taCLCR real tree Let (T, d, p)

be a CLCR real tree. We denote ﬁye T its pointed isometry class. We shall denotelbyhe pointed isometry
class of a point tre€{p}, d, p).

Isometrical embeddings of CLCR real trees in pointed Polishspaces. In this paper, we deal with growing
families of real trees that may be embedded into a given sfpa¢echnical reasons. More precisely, (€, d, p)
be a pointed Polish space. We introduce the following set.

Tg={T CE:peTand(T,d,p)isaCLCR real trep . (5)

Let us denote byly.,s the Hausdorff distance on compact subset& o hen, for anyl’, 7’ € T g, we define

dE(Tv T/) = Z 2ideaUS (FT(pa k)ng/(pv k)) .
k>1

Clearly,dg is a distance off g and we have

Note that(E, d) may be “small” and that the s¢f"; T € T} may be strictly included iff. However, following
Aldous’s idea (se€ [2]), it is possible to embed all CLCR sr@ethe vector spacé, of summable real-valued
sequences equipped with the|;-norm and wher@ is the distinguished point[ [12, Proposition 3.7] shows tha
every element ofl' has a representative f,,. NamelyT = {T;T € Ty, }. Moreover, [12, Proposition 3.6]
asserts thafTe, , de, ) is a Polish space. The arguments of the proof can be dired#igtad to the more general
case to prove thdfl z, d g) is a Polish space.

Approximation by real trees with edge lengths. Let (7', d, p) be a rooted real tree. For atl € 7" we denote
by n(o, T') the degreeof o, namely the (possibly infinite) number of connected comptsefT \ {c}. We also
introduce the following

Li(T)={ceT\{p}:n(o,T) =1} and Br(T)={ceT\{p}: n(o,T) >3}

that are respectively the set of theavesof T and the set obranch pointsof 7. Note that the root is neither
considered as a leaf nor as a branch point. Recall froin [B2]tlie set of branch points of a CLCR real tree is at
most countable.

Definition 2.1 A rooted real tre€T’, d, p) is called areal tree with edge lengthit is complete and if

VR € (0,00), n(p,T)+» n(o,T) < o0, 7)
where the sum is over all the branch poiats Br(7") such thatl(p, o) < R. O
An equivalent definition is the following: a complete re&@e(T, d, p) is real tree with edge lengths iff

(a) the degree of branch points is bounded in every ball akfigidius;

(b) every ball contains a finite number of branch points anditefnumber of leaves.



Indeed, the only non-trivial point to check is thit (7) ingslithat every ball contains a finite number of leaves.
We argue by contradiction: fi® € (0,00) and suppose that there exists a sequénge,cn Of distinct leaves
such thaid(p, o) < R. Let B be the set of points such thaty = o, A o; for infinitely many pairs of integers

i < j. Clearly, B C Br(T) N Br(p, R) and [I) implies that3 is finite and non-empty. Lef € B be such
thatd(p, 8) = maxyep d(p,v). By (@), 8 has finite degree (say + 1); let T3, ..., T;, be the open connected
components of"\ {3} that do not contain the root. One of these connected comp®fighas to contain infinitely
many terms of the sequenge, ),.cn. Thenthereigy’ € T;N B such thati(p, 5') > d(p, 3), which is not possible.

Let (T, d, p) be a real tree with edge lengths. Denote the connected canpoofT \ (Br(7T) U {p}) by C;,
i € I. The component€;, i € I, are called thedgesof 7. They all are isometric to intervals of the real line.
Note that their endpoints are leaves, branch points or toe By (a) and (b), for allR € (0, c0), only finitely
many of such edges have points at distance less&himom the root. This implies that the closed ball with center
p and radiusR is compact. Thus(T\ d, p) is locally compact. Let us denote B4, the set of pointed isometry
classes of the real trees with edge lengths. Then, we get

Tedge cT.

We next introducéeaf-length erasuréalso called trimming) that is used throughout the papetrrile (0, 0o)
and let(T, d, p) be a CLCR real tree. We set

Ry(T) ={p}uU{o € T: 30’ € T such that € [p,o’'] andd(c,0") > h}. (8)

Clearly, R, (T) is path-connected and it is easy to prove that it is a closedetwfT. Then, the four points
condition implies that Ry, (T'), d, p) is a CLCR real tree. We call it thie-leaf-length erased tree associated with
T'. Note that its isometry class only depends on thal @b R;, can be defined frorfi to T.

Leaf-length erasure was first introduced by Kesten [26] fecrtte trees and further studied and applied by
many others[[34, 35, 30, B2,114]. In the following lemma we symthe various properties of the leaf-length
erasure operatdg;, that we shall use in this paper; it is a straightforward esitmmof the same result for compact
trees that is due to Evans, Pitman and Wirtef [14, Lemma 2.6].

Lemma 2.2 (i) Foreveryh € (0,00) and every CLCR real tre€l’, d, p), (Rr(T), d, p) is areal tree with edge
lengths.

(ii) Foreveryh € [0,00), Ry, is d-continuous.
(iii) Rptn = Rp o Ry, h, B €0, 00).
(iv) Foreveryh € [0,00) and for every CLCR real tre€T’, d, p), we haved (R, (T),T) < h.

Proof. SinceT is locally compact, we immediately get thato, R, (T)) < oo, for everyo € R, (T'). To prove

(i), itremains to prove th@r (R (T)) has no limit points. Suppose that there exists a sequengdgc of distinct
branching points of?;, (T") converging tar € Ry, (T). Then it is easy to see that the closed dai(o, 2h) is not
locally compact, which is a contradiction. Poilftg) and(iv) are easy consequences[ofl[14, Lemma 2.6]. Let us
briefly explain(ii): for every CLCR real tre€T’, d, p) and for everyr > 0, we setl'(h,r) = Ry (Br(p,r + 2h)).
Then observe thaBr(;, . (p,r) = Rn(T) N Br(p,r). This entails(ii) by [14, Lemma 2.6 (i)], which asserts that
Ry, is dcpee-continuous ol cp.ct.- |

2.2 Specific functions on real trees.

We introduce functions of real trees such as the total heibbtprofile and various procedures that allow to split
or to paste trees. Continuity or measurability of such fiomst is quite expected, however some of the proofs are
technical. Thus, to ease the reading, we postpone them ten&ixA.

The total height. Let (7', d, p) be a CLCR real tree. The total heightBfis given by

IN(T) = SlelIT) d(p,o) €[0,00] .

Note thatl’(T') only depends on the pointed isometry cl@ssf (T, d, p): it induces a function offf that is denoted
in the same way. It is easy to check thais §-continuous and note that

Vh e [0,00), ToR,=(T—h),. 9)
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The h-erased profile. For everya € [0, 00) and everyh € (0, 00), we set
ZM(T) =# {0 € Ru(T): d(p,0) = a}. (10)

Since R, (T) is a real tree with edge lengths, it is easy to check that Zflh)(T) is anN-valued function that
is left-continuous with right limits. We call the process— Zéh)(T) the h-erased profile. We shall denote by
Zg]r) (T) its right limit ata. Note thath — zM (T") is non-increasing. Sincﬁéh)(T) only depends on the pointed
isometry class of’, it induces a function offf that is denoted in the same way.

Splitting measures. Let us recall that a point measure @ris a measure of the forf,_; 67 . We introduce
the following set of point measures

A (T) = {Ziel 67, pointmeasure off: VA € (0,00), #{i € I: I(T;) > h} < oo} .

Note that# (T) contains the null measure (for whidhs taken empty). We use the following standard notation
on point measures: for evety = >, 67 in .#(T) and for every functiortz: T — [0, 00), we set(M,G) =

D ier G(T;). We shall also denote bi\1) the total mass of/: we then check thaM) = (M, 17) = #1.
Since(T, ) is not locally compact, the vague topology o#(T) is not useful. We rather equip? (T) with
the sigma-field , () generated by the functiond < .#(T) — (M, G), for G: T — [0, c0) Borel-measurable.
We also define therees above level as follows. Let(T', d, p) be a CLCR real tree. Denote BY (a), i € I(a),
the connected components of the (possibly empty) opef'sBt-(p, a); for everyi € I(a), denote byl (a) the
closure ofT?(a) in T and denote by;(a) the unique vertex such tha@l{(a) = 77 (a) U {o;(a)}. Observe that
d(p,0i(a)) = a. Clearly, the treeéT;(a), d, o;(a)), i € I(a), are CLCR real trees whose pointed isometry classes
are denoted b{f}(a), i € I(a). We then set

Ma(T) = " 65y €A(T) and ZH(T) = (Ma(T)) = #I(a) € NU{o0} . (11)

i€l(a)

The fact thatM,(T') € .#(T) is an easy consequence of the local compactne$s dthe measuré\,(T) is
called thesplitting measure of at levela andZ} (T') is called theright profile of 7. Note that these functions
only depend on; they induce functions offf that are denoted in the same way. It is easy to check that éyev
a € [0,00) and everyh € (0, 00),

ZM = Z¥oR), and ZF = Jim zM (12)

Grafting real trees. Let us explain how to graft real trees on the vertices of agmothal tree. Le{T', d, p) be a
rooted real tree, |7, d;, p;), i € I, be a family of real trees and let € T, i € I, be a collection of vertices of

T. We then set
T =T Ul [T\ {p} .
el
wherelJ stands for the disjoint union. We next define a meifion 7’ x T" as follows:d’ coincides withd on
T x T;assumethat € T; \ {p;}; if o’ € T, thenwe setl’(c,0’) = d;(o, p;) + d(0s,0"); if ¢’ € T; \ {p;} with
j # i, thenwe setl’ (0,0") = d;(0, p;) +d(0i,05)+d; (0, p;); if o’ € T;\{p;}, thenwe setl’ (o, 0") = d;(0,0).
Itis easy to prove thatl”, d’, p’ := p) is arooted real tree and we use the notation

(T/7 d/7p/) =T ®i€] (Ui; T’z) . (13)

We shall extensively use the following special case: werassthatT reduces to its rodl’ = {p}: in this case
o; = p and we use the specific notation

®iEITi = {p} ®i61 (p7 Tl) P

with the convention tha®,c;T; = {p} if I is empty. In words®;<;T; is a tree obtained by pasting the trégs
i € I, attheir roots.

We now assume that for eveiye I, (T3, d;, p;) is a CLCR real tree and we assume that for every (0, o),
#{i € I:T(T;) > h} < co. This implies thatf{i € I: T; # {p;}} is countable. It is easy to check first that
®;crT; is a CLCR real tree. Note that its pointed isometry class delyends on the pointed isometry classes of
T;,i € 1. We denote by, ;T; the pointed isometry class of;c;T;.
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This induces a functiofaste : .#(T) — T, that is defined as follows: for evety = 3°, ;7 € #(T),
we set N
Paste (M) = ®;¢1T; , (14)

with the convention thaPaste (M) = Y if M is the null measure. Itis easy to check that

VT €T, Paste(Mo(T)) =T and VM =Y oz €.#(T), Mo(Paste(M)) = > dz. (15)
i€l iel: T;#Y

The tree above a given level. Let (7, d, p) be a CLCR real tree and let € [0,00). Recall the definition
(Ti(a),d,0:(a)), i € I(a), of the subtrees df’ abovea. We then set

Abv (a, T) = ®'L€I(a)Ti(a) . (16)

The treeAbv (a, T) is called thetree above level. By definition, the pointed isometry class Abv (a,T) is

®;c1(a)Ti(a) and it only depends off. This induces a function frorfi to T that is denoted in the same way and
we check that
Mg o Abv (a,-) =M, and Abv(a,-) = Paste o M, . a7

We also denote blw (a, T') the tree( Br(p, a), d, p), that is thetree below the level. Its pointed isometry class
only depends ofi’: this induces a function frorfi to T that is denoted in the same way.

Lemma 2.3 The map(a, T) € [0,00) X T — Abv (a, f‘) is jointly continuous. The same holds true Rirw .

Proof. See Appendik’/All. [ |

Lemma 2.4 Fix a € [0,00) andh € (0, 00). The following assertions hold true.

() M,: T — #(T) is measurable and so at& : T — NU {cc} andZ{": T - N.
(i) Paste: .#(T) — T is measurable.

Proof. See AppendikAJR. [

The functions D, ¢ and k. Let (T, d, p) be a CLCR real tree. Recall that¢ Br(T') U Lf(T'), by convention.
We next set

D(T) =inf{d(p,0) ; o € Br(T) UL{(T) } (18)
with the convention thainf ) = oo. Namely, it is important to note thdd(7") = oo iff either T' is reduced to

a point orT is equivalent to a finite number of half lines pasted at thaitefiendpoint. Recall fron{(11) the
definition of Z;F and from [16) that oAbv (a, -). If D(T") < oo, we set

9T := Abv (D(T),T) and k(T) = Zf (IT) . (19)

If D(T) = oo, we setdT = {p} andk(7) = 0. Observe thaD(T'), k(T') and the pointed isometry class @1’
only depend on the pointed isometry clasgbfSo they can be viewed as functionsBnWith a slight abuse of
language D(T) is viewed as the distance from the first branch paffit,as the tree above the first branch point
andk(T) + 1 as the degree of the first branch point.

Lemma 2.5 We haveD = lim;_,o D o R,. Moreover, the function®: T — [0,00], k: T — N U {co} and
¥: T — T are measurable.

Proof. See Appendik’Al3. [
The functionsD, ¥ andk are useful only when applied to real trees with edge lengitslzey allow to characterise

Teage. More precisely, for every € N, we recursively defind,, andD,, by settingd,,.1 = 9 o ¥,, (wheredy is
taken as the identity map @i andD,, = D o ¥,,. Thus,D = Dy andd = 9;.

Lemma 2.6 We have thaTeqg. = {T eT: > en D, (T) = oo} is a Borel subset dF.

Proof. See AppendikAH. [



2.3 Convergence criteria

This section is devoted to new general convergence thedmroamplete locally compact rooted real trees (CLCR
real trees): we first state a general tightness criterioalitig the h-erased profiles and we also state an almost
sure convergence criterion for sequences of trees thatv’groa broad sense that we will make precise later.

We use the following notation. L€, d, p) be a rooted real tree, not necessarily locally compact. ;Tteen
everyh € (0, co) the definition[(B) ofi-leaf-erased tre€R (T), d, p) makes sense and it defines a path-connected
subset off". It is therefore a rooted real tree. For everg [0, o), we defineZ,Sh)(T) as in [10). Note that this
quantity may be infinite if” is not locally compact. We denote B (h, ) the (possibly infinite) minimal number
of open balls with radiug that are necessary to covBr- (p, r).

Lemma 2.7 Let (T, d, p) be a complete rooted real tree (not necessarily locally cact)p Then,
Va,h € (0,00), Vr € (a4 h,00), ZM(T) < Np(h,r) .

Moreover, letD C (0, co) be a dense subset. Then, for eviery € (0, c0), there is a finite subs&;, . C DNI0, 7]
such that
Nr(h,r) <1+ > ZM3(T) (20)
a€Dy
Consequently(T', d, p) is locally compact iff there exists a dense sutBeC (0,c0) and a sequencéhy,),cn
decreasing t® such that
VaeD,VpeN, ZM)(T)< co. (21)

Proof. Leta,h € (0,00) andr > a + h. We fix L = {oc € Ry(T): d(p,0) = a} SO thatZéh)(T) = #L. Note
that Ny (h,r) > 1. Thus, [2D) holds if#L < 1. Now assume that L > 2. With everys € L, we can associate
((0) € T such thati(p,((c)) = a + hando € [p,((0)]. Note that((c) € Br(p,r). Suppose that ando’
are two distinct points of.. Recall the notatiom A ¢’ for the most recent common ancestowofndo’. Then,
d(¢(0),¢(0")) > 2h becausé& (o) A {(c') = o A o’ is below levela in T. Thus,Zéh)(T) = #L < Np(h,r).

Leth € (0,00) and letD C (0, cc) be dense. We can find an increasing sequefkgc D, k € N, such that
a(0) < h/2andh < a(k+1)—a(k) < 3h/2. Foreveryk € N,wethenselL, = {o € R,(T): d(p,0) = a(k)}.
Leto € T be such thati(p, o) > 2h. There exists: € N such thata(k + 1) < d(p,0) < a(k + 2). Thus,
[p,01 N Ly, = {0'} andd(c, 0’) < a(k +2) — a(k) < 3h. This impliesNr(3h,7) <1+ Yo i n) Zi(0 (1),
where|r/h | stands for the integer part of h. This easily entaild(20).

If T'is locally compact, we already noticed tkﬁih)(T) < oo, for everya,h € (0,00). Conversely, sup-
pose that[(21) holds true. Note that— Z,Sh)(T) is non-increasing. Then[ (P0) applies and for everand
(Br(p,r),d) is a uniformly bounded complete metric space. It is theeeémmpact. This implies that is locally
compact. u

Note thatN(h, ) only depends on the isometry claBof T, which justifies the notatioz(h,r). LetC C T.
As a consequence of a general result on compactness withctedspthe pointed Gromov-Hausdorff metéig,
(see([20] or[[6, Theorem 8.1.10]), we have the following fesu

Thed-closure ofC is compact<=- Vh,r € (0,00), sup Nz(h,r) < co. (22)
Tec

Thus, Lemma2]7 immediately entails the following theorem.

Theorem 2.8 LetC C T. Then, thej-closure ofC is compact iff there exists a sequerigg),cn decreasing td
and a countable dense subgetC (0, oo) such that

VpeN,VYaeD, sup Z)(T) <o . (23)
TeC

The same statement holds true W}iégﬁip) is replaced b)Z,gif).

The following tightness criterion for random trees is a @mngence of Theoren 2.8.

Theorem 2.9 Let(7;) ;<. be family ofT-valued random trees. Their laws adetight if and only if for every fixed
h,a € (0,00), the laws of theN-valued random variableszéh)(ﬁ))je] are tight. The same result holds true
when(Z{"(T;)) e is replaced by Z" (T})) je..



Proof. Suppose that for every fixdd a € (0, c0) the laws of(Z, (h)(T))JeJ are tight. LetD = {a4;¢ € N} be
some dense subset @, co) and let(h,),en be a sequence decreasin@td.ete € (0,1). For allp, ¢ € N, there
existsK, 4 € (0, 00) such that

supP(Z(hP)(T) > K,,) <e27P7172,
jedJ

We thense€ = {T € T: Vp,q € N, Z(h )(f) < K, 4}. Theoreni 28 implies that i&-closureC is compact and
we easily prove that for everye J

P(T; ¢C) <P(3p,q e N: ZI(T) > K, ) < > P2 )/(T)) > K, ) <,

p,qEN

which entails the tightness~of the Iaws:q'»f,j € J. Conversely, let € (0,1). There exists @-compact subset
K C T such thatinf;c; P(7; € K) > 1 —¢. Fixa,h € (0,00), 7 > a + h, and setk’ = supz_, Nz(h,r).
By (22), K < oo and Lemma2]7 implies thahpTe,C Z(h)(T) < K. Thus,inf ¢ s P(Z(h)(T) <K)>1-g¢,
which implies the tightness of the Iawsﬁf, ), j € J, foreacha, h € (0, 00). [ |

Corollary 2.10 Let (ﬁ)neN be a sequence df-valued random variables. We suppose that for every suffigie
smallh € (0,00), the laws ofR;, (7, ), n € N, converge weakly ifiT, §) asn — oco. Then, the laws of thg,,

n € N, converge weakly ifT, ) asn — oo.

Proof. Fix a,h € (0,00). Since the laws oRh/2(7~') n € N, converge weakly, Theorelm 2.9 implies that the
laws ofzgh/Q)(Rh/g(ﬁ)) = leh)(T ), n € N, are tight. Theorefi 219 then entails that the lawg,afn € N, are
4-tight. Denote byA; and A two limit laws of (Tn)neN. Then, the laws oR?;, underA; andA, coincide, since

Ry, is §-continuous and since we assume that the law8,df7, ), n € N, converge weakly. Thugy; = A, since
Ry, converges uniformly to the identity di, ash decreases to. |

We now discuss a stronger convergence for sequences of CéélRrees that grow in a the following weak
sense.

Definition 2.11 Let f, T' € T. We say thafl" can be embedded i, which is denoted bf =< T if we can
find representativefl’, d, p) and(T”,d’, p’) of T'andT’, and an isometrical embeddirfg T' — T’ such that

flp)=7r". O

We easily check that is a partial order off' (anti-symmetry property is the only non-trivial point toetk). Note
that if T < T”, then for alla € [0, o) and for allh € (0, o),

ZHT) < 25T, Rp(T) 2 Rp(T') and  Z{(T) < 2{(T") . (24)
We first prove the following convergence criterion for a giogvsequence of trees.

Theorem 2.12 Let (T, ),en be aT-valued sequence such tHBt < T;,.1, n € N. LetD C (0, o) be dense and
let (h,)pen be a sequence decreasingltoWe assume the following:

VpeN,VaeD, supZ)N(T,) < . (25)

n>0
Then, there exist& € T such thatim,, J(Tn, T) =0.

The proof of the theorem is in several steps. We first statéoflmving representation lemma.

Lemma 2.13 Let (fn)neN be aT-valued sequence such thﬁ,’; = fnﬂ, n € N. Then, there exists a pointed
Polish spacéE, d, p) and a sequencg, C E such that for alln € N

pel,, T,CT,11 and (T,,d,p)isarepresentative o(ﬁ1 .

Proof. We first prove recursively that for all € N, there is a representatiVé)’, d,,, p) of T, and an isometrical
embeddingf,: T,y — T, such thatf,(p,) = pn+1. INndeed, assume th(ﬂ}),do,po) L (Tr,dy,, pn) and

fo,---, fn_1 exist and satisfy the above meNntloneQ conditions. Sifge< Tn+1, there are(T’ dl,,pr,) and
(T4 1,dnt1, pny1) that are representatives 6f and7),, 1, respectively, and there is an isometrical embedding
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[ Ty, — Ty, such thatf) (p;,) = pns1. There also exists an isometgy 7, — T, such thatp(p,) = p,.
Then, we seff,, = f! o ¢ that satisfies the desired property, which completes therece.
We next construct the desired spaces in a projective wayhdatend, we first set

VneN, S,:= {a = (0k)ken € H Tyip: Okgr = fn+k(ak)} and So = |_| S,

keN neN

whereL! stands for the disjoint union. For all € T;*, we also define the sequenggo) = (ok)ren Such that
0o = o andoyy1 = foti(ok), k € N. Note thaty, is one-to-one fronTf onto S,,. Letn,n’ € N. Observe that
forall o = (Uk)keN € S, andalle’ = (O';Q)keN € Sy,

Vi > |n' —n|, dpsi(or, 00 _pir) = dp i (On —ntk, 0f) = d(o,0") .

This induces a pseudo-metrion S., and we see thal(o, o’) = 0 iff a certain shift of the sequeneeis equal
to a certain shift of the sequenaé. We now introduce the usual equivalence relatiohy specifying that = o’
iff d(o,0’) = 0. We denote by, = S../= the quotient space and we denotedyS., — F., the canonical
projection that associates with a poénits equivalence class. Thedjnduces a true metric of, that is denoted
in the same way (to simplify notation). We next set:

p=m(jo(po)) and T,=n(S,), neN.

First note thaty,,(pn) = Jo(po). Thus,p € T,. We next check thaf,, C T,.,. Indeed, letc € T* and
setyn(0) = (ok)ren. Then,or € Ty ) andj,i1(01) = (Ok+1)ken € Sn1; thusy, (o) = jnqi(o1) and
7(Jn(0)) € Thy1, Which entailsT,, C T),4;.

For alln € N, we then setp,, = mo 3,: T — E. Itis easy to check thap,(p,) = p and thate,
is an isometry fronil* ontoT,,. Therefore(T,,d, p) is a CLCR real tree whose pointed isometry clas#,js
Observe thatr,, = |J,,cy T, Which proves thatE., d..) is separable. We get the desired result by takings
a completion of £, d) such thatF,, C E. |

Recall from Sectiofh 211 the definition @fz. We next prove the following criterion for convergencdlip.

Lemma 2.14 Let(FE, d, p) be a pointed Polish space. Lg, ) ey be aT g-valued sequence such thgt C 7,,41.
LetD C (0, c0) be dense and léf,),.cn be a sequence decreasingitowe assume the following.

VpeN,VaeD, supZ)(T,) < oco. (26)
n>0

LetT be the closure ot ), .y T» in (E, d). Then,

TeTg and lim dg(T,,T)=0.
n—oo

Proof. We first setl’, = UJ,,cy T, SO thatT' is the closure of is E. The restriction of/ to T, satisfies the
four points condition. We check that the same holds truelferéstriction ofl to 7. Moreover, every point of
belongs to a certaiff;, and is connected tp by a geodesic. This easily implies th@t, d) is a connected space.
Thus,(T, d, p) is a Polish rooted real tree.

We fix h,a € (0,00) and we setl, = {o € Rop(T): d(p,0) = a}. Thus,#L, = zZM (T). Leto € L,.
There exists € T such thatr € [p, s] andd(o, s) > 2h. SinceT is the closure of ., there existsi(c) € N
andy € T, such thatd(s,y) < h. This impliesc € [p,7] andd(c,v) > h. Namely, this implies that
o € Rp(Ty () and thusy € Ry, (T),), foralln > n(o). We then get

ZPM(T) =sup #{o € Ly: n(o) <n} <sup Z\M(T,) .
n>0 n>0

Note that this inequality holds true for @l a € (0, ). By (28), Lemma&Z2l7 applies ar{’, d, p) is a CLCR real
tree, which shows thaf € Tg.

Let us fixr, e € (0,00). SinceBr(p,r) is compact and sinc&,, is dense irl’, we easily see that there exist
n. € Nandoy,...,0, € By, (p,r) such that for alb € Br(p,r), d({o1,...,0p},0) < e. Foralln > n.,
sinceBr,_(p,r) € Br,(p,7) € Br(p,r), We getduaus(Br, (p,7), Br(p,r)) < €, which easily completes the
proof of the lemma. |

11



Proof of Theorem[Z12.Let (T},),cn be aT-valued sequence that satisfis < 7,,,; and the assumptiof.{(R5).
By Lemma2.1B, there exist a pointed Polish sp@Eed, p) andT;,, € Tg, n € N, that satisfyT,, C T;,11, (28)
and such thatT,, d, p) is a representative df,. Then, Lemma2.14 applies and there exi&ts Ty such that
limy, 00 (T, T') = 0, which implieslim,, . 6(T},,T) = 0, by (8). [

Theoreni Z.IR entails the following criterion for growingysences of random trees.
Theorem 2.15 Let (ﬁ)neN be aT-valued sequence of random trees such that fonadl N,
P-a.s. ﬁ < 7~;1+1 .

We assume that for every fixedh € (0, ), the family of laws oN-valued random variableg " (T) n €N,
is tight. Then, there exists a random trgan T such that

P-as. lim 6(7,,7)=0.

n—o0

Proof. We fix a, h € (0, 00). By (24), a.sZ,gh)(T) <z )(7’ 1), foralln € N. Then for allK € (0, 00),

P (supZ(h)(T) > K) =supP (Z(h)(T) > K) .
neN neN

Since the family of laws oZ,Sh)(T) neN, is tight, we geP (sup,, oy z" )(7’)<oo)_1 foreachu, h € (0, ),
and Theorem 2.12 easily completes the proof. [

LemmaZ.1# also entails the following almost sure convesgeniterion for random trees ifiz. The proof,
quite similar to that of Theorem 215, is left to the reader.

Theorem 2.16 Let (E, d, p) be a pointed Polish space. L€T,),en be aTg-valued sequence of random trees
such that a.s7,, C T,+1, n € N. We assume that for each fixedh € (0, c0), the family of laws oN-valued

random variablesZ{" (7,,), n € N, is tight. LetT be the closure df),,cn 7n in E. Then,

P-as. T e€Tg and 1i_>m dg(T.,T)=0.

3 Galton-Watson trees and reduction by hereditary propertes

3.1 Galton-Watson trees as random real trees.

In this section, we give an intrinsic definition of Galton-sfn trees a¥-valued random variables. Informally,
given¢ = (¢£(k))ren, a probability measure d§, ande € (0, c), a Galton-Watson tree with offspring distribution
¢ and lifetime parameter is the genealogical tree of a population that has a singlggmitor and evolves as
follows: the lifetimes of the individuals are independendl@xponentially distributed with medr¢; when they
die, individuals independently give birth to a random nundfechildren distributed according to We denote by
¢ the generating function @f. Namely,

Vre0,1]: Y rke(k) = pe(r) . (27)

k>0
We make the following assumptions on the offspring distidoug:

1—
non-trivial: £(0) +&(1) <1,  proper: £(1) = 0, conservative./ S
(pe(r) —7r)-
where( - ) stands for the negative part. We assumeglisproper because we are only interested in the underlying
geometrical tree. The conservativity assumption comen fistandard criterion that asserts that the right profile
of a Galton-Watson tree is a&&Markov process that is conservative iff the last condindi28) is satisfied (see
[4l, Section 111.3] for more details).
Recall from Section 212 that for ah, T2 € T, T) ® T stands for the pointed isometry class of the tree obtained
by pasting two representatlvesﬁj‘ and75 at their roots. We let the reader check t(iE{ Tg ) — T'®Thisa
continuous, symmetric and associative operatiofTorror all Borel probability measureg; and@, on T, we

= 00, (28)
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define@; ® Q- as the image measure of the product measired Q> under®. Namely, for all measurable
G: T — [0,00),

/ (Q1 ® Q2)(dT) G(T) = / / Q1(dT1)Q2(dTs) G(Ty ® T)
T TJT

We easily check thai), Q2) — Q1 ® Q2 is a weakly continuous, symmetric and associative operafor all
Borel probability measure§ on T, and alln € N, we recursively defin€®" by settingQ®"+t1) = Q ® Q®"
whereQ®? is the Dirac mass at the point tréfe Recall from Sectioh 212 the definition &f, ¥ andk.

Definition 3.1 Let¢ be a proper and conservative offspring distribution. ¢.et(0, co).

(a) A Galton-Watson real tree with offspring distributigmnd edge parameter(a GW(, ¢)-real treefor short)
is aT-valued random variable whose distributiQrsatisfies the following. For all € N, for all measurable
functionsg: [0, 00) — [0,00) andG: T — [0, c0),

Q [1=nyG(9)g(D)] = £(n)Q®"[G] /OOO g(t)ce™ctdt . (29)

(b) A Galton-Watson real forest with offspring distributign edge parametet and initial distribution i (a
GW(¢, c; p)-real forestfor short) is &T-valued random variable whose distributiorAs= >~ -, 1(n)Q®",
where( stands for the distribution of a G\/(c)-real tree. B O

Lemma 3.2 For each proper conservative offspring distributigrand eache € (0, c0), there exists a unique
distribution Q¢ . on T that satisfieq29) in Definition[3.1(a). Moreover,Q¢ (Teage) = 1 and (&, c) — Q. is
injective.

Proof. See AppendikB]1. [

Notation. For all proper and conservative distributighdor all ¢ € (0, co) and for all probability measurgson
N,wesetP: ., => .- M(H)Q?Z as the law of a GW c; u)-real forest. O

In the non-conservative cagk . does not exist as a distribution @h In fact, explosive GW-real trees would
not be locally compact. Intuitively, the trees would be wethaved up to and including the first explosion height,
but there would be infinitely many subtrees above this hedgistroying local compactness. We do not intend to
develop this more formally here.

GW:-real trees are characterized by thegenerative branching properés proved by Weill [40] in the compact
case. More precisely, for eveaye [0, o), we denote by3, the sigma-field ofT generated bBlw (a, ). Note
that (B.)aeo,0) IS @ filtration onT. We denote by B, )qc[o,) the associated right-continuous filtration. Recall
from (11) the definition of the right profile at heightthat is denoted by’ . We easily check thaZ} is B, -
measurable.

Lemma 3.3 Let Q be a Borel probability measure dfi. We first assume th&(0 < D < oo) > 0. We also
assume thaf)-a.s. the process — 7. is N-valued and cadlag. Then, the following assertions are\ejait.

(i) Foreverya € [0, ), the conditional distribution give;~ of Abv (a, -) under@ is Q®Z. .
(i) For everya € [0, c0), the conditional distribution giveB, . of Abv (a, -) under@ is Q®Z. .

(iii) @ is the distribution of aGW(¢, ¢)-real tree, for a certainc € (0,00) and a certain proper conservative
offspring distributiont.

Proof. In the compact case, this statement is close tb [40, Theor2im\ie briefly prove Lemmia3.3 in Appendix
using different arguments. We also mention that theagpaésumption can be dropped, as we show in Theorem

4.11. [

Let us recall basic results on the branching processesiassbavith GW-trees. Let € (0, c0) and let be a non-
trivial proper conservative offspring distribution. Thegenerative branching property entails thaf"),co,o)
underQ¢ . is anN-valued Markov process whose matrix-generaor,); jen IS given byg; ; = cié(j —i+ 1),
if j>iorj=14i—1,¢,; =—ciandg ; =0if j <i— 1. Letus set

w(a,0) = Qe.c [e*f’za* } . a,0€0,00). (30)
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The definition of GW-real trees implies that for dlle [0, c0), a — w(a, #) is the unique nonnegative solution
of the differential equatiodw(a, 0)/da = ¢ (p¢(w(a,d)) — w(a,d)), with w(0,0) = e~?. A simple change of
variables allows to rewrite the previous equation in théofeing form:

w(a,b) dr
—o e(r) —r

whereg, is the smallest solution of the equatipp(r) = r and where we agree onlog(ge) = oo if ¢¢ = 0 (see
e.g. [2, Section I11.3] for more details). Note that .-a.s.I' = inf{a € [0, 0): Z} = 0}. Thus,

V8 € (0,00)\{—logge} , Ya € [0,00) , / = ca , (31)

w(a)
w(a) = QeI <a)= 91i_>n;10 1 w(a, ) satisfies /0 % = ca. (32)

r)—r
Let u be a probability measure dN that is distinct fromd,. We easily derive from Lemmia=3.3 that for all
a € [0,00),
n
the conditional distribution give&," of Abv (a, -) underP . , is ijfa : (33)

Then, under .. ., (Z;).c0,) iS also a Markovian branching process with offspring disttion&, with lifetime
parameter: and with initial distributiony.. Let ¢, be the generating function pf We thus get

Va,0 € [0,00), Precp [e_ez;} = ¢, (w(a,0)) . (34)

Lemma 3.4 Let(¢,,),>0, be a sequence of proper conservative offspring distriimstthat converges weakly to the
proper conservative offspring distributign, . Let(c,)»>0 be a sequence of positive real numbers that converges
t0 coo € (0, 00). Let(ur,)n>0 be a sequence of probability measuresothat converges weakly to the probability
measurea.., onN. Then, the following convergences hold weaklyTon
lim Qc¢,.c, = Qeccreo and  lm Pe o, = Pe oo e -
n—oo

n—oo

Moreover, for alla € [0, 00), asn — oo, the law ofZ; underQ,, ., (resp. unde®, ., ,..) converges weakly to
the law ofZ underQ¢__ .. (resp.undetP: _ . ,...).

Proof. See AppendikBI3. |

3.2 Hereditary properties and their reduction procedures.

Here, we generalisk-erasureR;, (T') of a CLCR real tre€T’, d, p) to reduction for more general hereditary prop-
erties as explained in the introduction. More preciselyTe d, p) be a CLCR real tree and lete T'. Recall that
the subtree above is given by

0, T ={c" €T:0€[p, ]} . (35)
Note that(0, 7T, d, o) is a CLCR real tree. We simply denote 53/T its pointed isometry class. Observe that
Vo' € [p,o], 0,7 =0,0,T). (36)

Definition 3.5 (a) LetA C T be a Borel subset df such thafl’ ¢ A. The setd is hereditaryif it satisfies the
following: for every CLCR real tre€T’, d, p) and for everysr € T, if ,T € A, thenT € A.

(b) Let(T,d, p) be a CLCR real tree and let C T be hereditary. We denote by (7T') the closure irl” of the
subset B
{p}U {a eT:0,T ¢ A} . (37)

Then,(Ra(T),d, p) is a CLCR real tree that we call thé-reduced tree of . O

Let us briefly explain why(R4(T'),d, p) is a CLCR real tree. Sinc4(T') is a closed subset df, we only
need to prove that it is connected. DenoteSthe set given by(37). Let € R4(T)\{p} (if any). Then, there

exists a sequence, € S converging tar and such thal, T € A. Leto’ € [p,o[. For all sufficiently larger,
o' € [p,on], and [36) implies thad,,. T' € A. This proves thafp, o] C Ra(T), forallo € R4(T).

Clearly, the pointed isometry class(@(T), d, p) only depends off’ andA. This then induces a function on
T that is denoted in the same way By, : T — T. Note thatR4(Y) = T and that

VI €T, Ra(T)=T. (38)
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Lemma 3.6 Let A C T be a hereditary property. TheR4: T — T is Borel-measurable.
Proof. See AppendikBl4. [

Lemma 3.7 Let(T, d, p) be a CLCR real tree and let C T be hereditary. Then, the following holds true:
Vo € Ra(T), 0,RA(T) = Ra(0,T) . (39)

Proof. SetS = {¢’ € 6,T: 0,,T € A}. Then,R4(6,T) is the closure of o} U S. Note that ifc € R4 (T), then
RA(T)NO,T =0,RA(T). Thus,{c} US C 6,RA(T), which implies thatR 4 (0,T) C 6,RA(T). Conversely,
lete’ € Ra(T) N 6O, T be distinct fromo (if any). By definition of R4 (T'), there exists a sequeneg converging
to ¢’ such thaﬁgnT € A. Sinceos € [p,o’[, then for all sufficiently large: we geto,, € 6,7, and thuss,, € S.
This proves thak 4 (T') N 6, T is contained in the closure §&} U .S, which completes the proof df(39). N

Let us now discuss how the tree reduction behaves with respéue functionsM,,, Abv (a, ) andZ;}. To that
end, for every hereditary property C T we introduce

A*:{Teﬂl‘: RA(f)yéT} , (40)
that can be viewed as a regular versiordof

Example 3.8 For all » € [0, 00), consider the hereditary propettyy, = {T" > h}. Note thatR,, is theh-leaf
length erasure function as defined by (8). Nam@ly, = R,. Thus,A, = {I" > h}. O

Lemma 3.9 Let A C T be hereditary. Then, the following holds true.

(i) A=~ C Aand A~ is hereditary. MoreoverR,-(T') = Ra(T), for every CLCR real treéT’,d, p). This
implies that(A—)~ = A~.

(i) Leta € [0,00) and letT € T. If My (T) = > ier 07, then we get

Mo(Ra(D) = D> gy and ZF(Ra(T)) = (Mo(T),14-) . (41)
i€l: T,€A—
Moreover, B _ N
& RA(T}) = Abv (a, Ra(T)) = Ra(Abv (a,T)) . (42)
Ti€1‘4’

Proof. We first prove(i). By Lemmd3.6,A is a Borel subset df. We next prove thatl~ C A: indeed, let
(T, d, p) be a CLCR real tree such that € A~; then, there isr € T'\{p}, such tha#, T € A, which implies
T € A. Letus prove thatl~ is hereditary. Assume that T € A, then there exists’ € 6,T\{c} such that
0,.T € A, which implies thatRA(f) +£ 7T, andT € A~, which entails thatd~ is hereditary.

Let us prove thaR 4 (T)) = Ra(T). SinceA~ C A, Ro-(T) € Ra(T). Denote byS the set defined in
(31) and taker € S\{p} (if any). Then, for allo’ € [p, o[, 0 € Ra(6,-T), which implies thatl,,T € A~ and
therefores’ € R4- (T'). Thus,S isin R4- (T'), which implies the desired result.

We next proveii). Let (T, d, p) be a CLCR real tree. We denote §y, i € I, the connected components of
the opensefo € T: d(p,o) > a}. For everyi € I, denote by; the unique point of such thati(p, ;) = a and
such thatl;; := {o;} U T} is the closure of ?. Recall that the CLCR real tre€%;, d, o;) are the subtrees above
a, namely: M, (T) = >, 5i' Leti € I be such thafl;, € A~. Thus, R 4(T;) does not reduce to;} and
RA(T;)\{o;} is connected and non-empty. Namely, it is a connected compa@i{c € R4(T): d(p,o) > a}.
Conversely, every connected componenfefc R4(T): d(p,o) > a} is of this form. This easily completes the
proof of (ii). [

Recall that for leaf-length erasuf®, ., = Ry o Ry,. We extend these relations by introducing the composition
of hereditary properties.

Definition 3.10 Let A, A’ C T be two hereditary properties. Tlemposition ofA by A" is defined as the set
Ao A:={T €T: Ry(T) € A'}. O

15



Lemma 3.11 Let A, A’ C T be hereditary. Therd’ o A is hereditary and for every CLCR real tré&, d, p), we
getRa/ (RA(T)) = Raroa(T).

Proof. Lemmd3.6 implies thatl’ o A is a Borel subset df. Let (T, d, p) be a CLCR real tree and lete T'. By
Lemmd3y, _ _
0, T€c A oA < ocRAT) and 6,Rs(T) < A . (43)

Note that ifg, R4 (T) € A/, thenR(T) € A’, namelyT € A’ o A. Then, ‘=" in (&3) implies that4’ o A is
hereditary. Moreover (43) immediately impli&sy (RA(T)) = Raroa(T). |

The following theorem, which is the main result of this sectishows that the class of GW-laws is stable
under reduction by a hereditary property. Recall that. stands for the law of a GVg(c)-real tree, thap is the
generating function of and that, is the smallest root ap (r) = .

Theorem 3.12 Let¢ be a non-trivial proper conservative offspring distritriiand letc € (0, 00). LetA C T be
hereditary. We assume that

o= Q&C(RA =7T) € (0, 1) . (44)
Then£(0) > 0, a € (0, g¢| and thuspg () € (0,1). Moreover,R4 under the conditioned laW¢ (- | R4 # T)
is distributed as BW(E(@), ¢(@))-real tree where

pela+(l—a)r)—a—(1—a)r
(1 —a)(1—¢i(a)) ’

Proof. Firstrecall from[(4D) thafR4 # T} = A~ and thusy = Q¢ .(T\ A™). Recall from[[I8) and(19) the def-
inition of the functionsD, ¥ andk. SinceA™ is hereditary, we getr\ 4~ < 1o} + Le>13 1 {mp ()1, )=0}-
We take the expectation und@e .: sinceMp = M, o 9, (29) in the definition of), . entails that

A =c(1- ee(a)) and Qe (r) =7+ rel0,1].  (45)

0<a<E0)+ > EmQET ((Mo,14-)=0) =D &(n)a"™ = pe(a),

n>1 n>0

which entails thatv € (0, ¢¢] and thatp; (o) € (0, 1).
We denote by) the law of R 4 underQ¢ .( - | A~) and we want to apply Lemnia3.3€ To that end, we first
note thats — Z; is N-valued and cadlag-a.s. and we then claim that also

QO<D<00)=Qec(0<DoRjy<oo|A7)>0. (46)
Indeed, letl’ € Tedge be such thaZJ(T) = 1andD(T) € (0,00). If we have(M ;7 (T),1,4-) > 2, then
D(RA(T)) = D(T) and sinced™ is hereditary, we also g&t € A~. Consequently,
2= Qe ((Mp,14-) >2) < Qe (A" N{DoRs€(0,00)}) =(1-a)QO <D <o0). (47)
Now by (29) in the definition 0€)¢ ., we get

T = 3 EmQEr (Mo, 1a-) >2) = S €(n) (1- QE2 (Mo, 14-)=0) — QE% (Mo, 14-)=1))

n>2 n>2

= Zg(n) (1 —a" —n(l- a)a"_l) =1—e(a) — (1 - a)go'&(a) >0,

sinceys is strictly convex (becausgis proper and non-trivial). Ther, {47) impliés {46).
Recall that unde®), . and conditionally giver¥ ", Abv (a, -) has Ian?fj. Recall [41) and(42) and observe

that for all T’ € Teq,e and for alla € [0, 00), Z; (Ra(T)) > 1, impliesT € A~. Thus, for alln > 1, and for all
measurable functions: T — [0, o), we get

By i= Q (L7t 2y GADY (0,)) = Qe (1 zzomumn GADY (0, Ra())))

= Q. (]—{(Mg(Abv (@)1, )=n} G(Ra(AbV (a, '))))

- Qg,c(Z;r:]W/

N>n {Zlgigzv 1A*(fi):n}
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1 N —n n n( gt T = =g
= 1—OéNZ>nQ£76(Z:N)<n)aN (1—0&) TnQ® (dTldTn)G(T1®®Tn)
1 + _ N N—n n\®&n
-1 Z Qe¢.c(Z, N)(n)a (1—-a)"Q®"[G] . (48)
N>n

This proves that undef), the law of Abv (a,-) conditionally givenZ; is Q®Za+. By Lemmal[3.8,Q is the
law of a GWE,, c.)-real tree wheré, is a proper conservative offspring distribution. We nesttsg(a, ) =
Qlexp(—0Z})) andw(a, 6) = Q¢ Jexp(—0Z;)]. By summing[[@B) oven with G = 1 — e~%Z:", we get

1—w(a,—logla+ (1—a)e™?) .

«(a,0)=1-—
w.(a,6) l-a

(49)

and by differentiating(31) with respect toand tof, we get

_ Oaws(a,0)
Opwy(a, 0)

On the other hand_(#9) implies that

= c,e’ (e. (e7?) — 676) .

wila « —a)e? Ldw(a,—log(a —a)e? ce? _ _
7&1 ( 79) _ +(1 ) 0 ( 1g( +(1 ) )) _ _a(ng(OéﬁL(l*Oé)e 0)70&7(170[)6 9)'

dpw.(a, ) (1—a)e=? dpw(a,—log(a+(I1—a)e=?) 1
Thus, we get
_ c _ _
o (pe(e7) —e?) = T-a (pela+(1—a)e™®) —a—(1—a)e™). (50)
Sinceg.. is properg. (1) = ¢, (0) = 0. Thus, by differentiating (80) and by lettirfggo tooo, we findc, = (o),
as defined in[(45). This, combindd50), implgs= ¢(®). [ |

The previous result and(#2) in Leminal3.9 applied te 0, immediately implies the following statement for
forests. Recall thal .., = >,y () Q<

Theorem 3.13 Let ¢ be a proper non-trivial conservative offspring distrilnii, letc € (0,00) and lety be a
probability distribution onN such thatu(0) < 1. Let A C T be hereditary. We set = Q¢ (R4 = T) and we
assume that € (0,1). Then,R4 underPs ., has lawPy () o) a1, Where¢(®) andc(® are given by@5) and
pledis given by

Putar (1) =gula+ (1 —a)r), rel0,1]. (51)

4 Growth Processes.

4.1 Definition and characterisation.
4.1.1 Infinitely extensible offspring distributions.

We first briefly study the transform on offspring distributgothat appears if_(#5) in Theorém 3.12. KLdie a
proper offspring distribution, let € (0, 00) and lety be another probability ofY. Recall thaty, stands for its
generating function and tha¢ is the smallest root ap¢ (r) = r. We introduce the following subset
De={ae[0,1): a<pe(a)}. (52)
We easily check that for all € De, ¢, (a) < 1, and we defing¢(*), c(*), utod) by setting for all- € [0, 1],
pe(a+(l—a)r)—a—(1—a)r
(1—a)(1—¢e()) ’

Note that¢(®) is proper. Theré, ¢, 1) can be recovered frorg(®), c(®), u{e}) anda as follows. First note that
¢ can be analytically extended {g=% , 1). Observe that the right limits @f (. andgoé(a) at —= exist and

are finite. Since is proper we easily géu-wé(a))*l = 1—<pé(a)(%) > 1. We therefore getforall € [0, 1],

o =c(l = pi()), wew(r) =1+ Puter (1) =gula+ (1 —a)r). (53)

1— o (T=2) — (r—
( 06)1(‘06(90)/((1)—(04;;74 04)7 SDH(T) = (p#{a}(%)_ (54)
)\ l—a
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Next note that if3 € D), then
«gwwq@mmm%mwﬂm):@m%gmﬂhh withy € De andl —v = (1 —a)(1 — B).  (55)
We now introduce the definition of infinitely extensible gffsng distributions.

Definition 4.1 An offspring distribution¢ is said to beanfinitely extensibléf there exists a sequence of proper
offspring distributions¢,, ).y andey, € Dy, , n € N, such that = g,(f‘") foralln € N, andlim,,_, o, a, = 1. O

For instance, it = ¢(®), foralla € (0,1), then, we easily prove thatis a stable offspring distribution, namely,
there existsy € (1, 2] such thatpe(r) = r + %(1 — r)Y. Observe that stable offspring distributions are critical
(i.e. their mean is equal tb), but their variance is infinite except in the binary case= 2. Stable offspring
distributions occur in many contexts: see for instance Ire[32] and Neveu [34] for leaf-length erasure. See also
[10], Vatutin [39] and Jakymivi[24] for reduced trees. Notattthere are offspring distributiorgsthat are not
stable but such thgt= £(®) holds true for certaim € (0, 1).

More generally, infinitely extensible offspring distrillarts are characterised by a branching mechanism, that
is, by a functiony: [0,00) — R that is of the following Lévy-Khintchine form

PY(A) =a\+ %b)\Q + / (eiM — 1+ Aelypery) w(dx) | (56)
(0,00)

wherea € R, b € [0,00) and is a Borel measure of, co) such thatf(0 Oo)(l A z¥)m(dr) < oo. A result
similar to the theorem below was proved lin][12, Theorem hZhe context of Bernoulli leaf percolation. The

proof in the present framework is very similar, but sincedtrtbnstrates the crucial appearance of the branching
mechanismp, we include a brief account of it here.

Theorem 4.2 Let¢ be an infinitely extensible offspring distribution. Therere exists a functiofh: [0,00) — R
of the form(&8) such that)’'(1) = 1 and

pe(ry=r+¢(1—-r), rel0,1].

Conversely, suppose thatis of the Lévy-Khintchine forrfbd) and suppose that there exists € (0, c0) such
that(\o) > 0. Then, the function
Yo —1))

Ao?’ (Ao)

is the generating function of an infinitely extensible affsgpdistribution.

rel0,1] — r+

Proof. We first assume that is an infinitely extensible offspring distribution. Lé¢,, o), n € N, be as in

Definition[4.1. This implies thap: can be extended analytically to the interyal= (=%, 1). Moreover for all

re I,,and allk > 2,

By L)
r)=_———""—<¢ an + (1 —ap)r

) = T Gy P (e + (L= au)

is positive. Sincdim,_, @, = 1, it make sense to set(\) = (1 — A) — (1 — ), for all A € [0, c0).

Then, 1) is C* on (0,00) and (—1)**) (X) > 0, for all A € (0,00) and allk > 2. We then apply ta)(®

Bernstein’s theorem on completely monotone functions &sgeFeller([16, Theorem XII1.7.2]): there exists a

Radon measure on (0, cc) andb > 0 such that)®(\) = b + [, e~ **v(dz). Observe that(0) = 0 and

w’(.l) = }—%(0.) = 1—.5(1) = 1. Then, we set(dr) = 2~ 2v(dr) anda = 1—.b+f(qyoo)(e‘$—1{1<1})x7r(dm)._

This easily entails that is of the form[[56). The proof of the converse resultis strgfigrward: we leave the details

to the reader. |

4.1.2 Definition of growth processes. Characterization oftteir laws.

Definition 4.3 (Growth processgd et (2, G, P) be a probability space. For all € [0, ), let Fr: Q — Tbe
a GW(3, cy; 13)-real forest as in Definition 3.1. We say tha) c[0,o0) iS @ growth process if for all’ > A,
there exists a hereditary property, - C T such thatP-a.s. for all\’ > A, ]?A =Ra, ,, (]T‘X). ]
Remark 4.4 Note that if(fA)ke[O,m) is a growth process, then Hy {24);a.s. for any\’ > X, Fx =< Fy. O
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Remark 4.5 Suppose that the familyfA)Ae[oyoo) satisfies the weaker consistency property that fonal> A,

P-a.s.fy= Ra, (]T‘X), then by [3B), we easily construct a modification of the pssdBat is a growth process
according to Definition 413. O

We next introduce specific one-parameter families of irdigiextensible offspring distributions that play a key
réle. To that end, we fix the following setting:

— abranching mechanisi: [0, c0) — R of the form [56), where we furthermore assume the following:

allow deaths: 3y € (0,00): 1(Ng) > 0, conservative: / _dr =00 (57)
o+ (¥(r))-
— a probability measurg on [0, co) that is distinct fromy,.

The fact thaty is a convex function and that(0) = 0 has several consequences. First, observeithiaas
either one or two roots: we denote hythe largest one, and singetakes positive values eventually, we obtain
(g,00) ={A € [0,00): ¥(A\) > 0}. Moreovery’(0+) exists in[—oo, 00).

— If ¢'(0+) < 0, we say thai is super-critical(andg > 0, necessarily).
— If ¢¥'(0+) = 0, we say that) is critical (andg = 0, necessarily).
— If ¢¥/'(0+) > 0, we say that) is sub-critical(andg = 0, necessarily).

Next, for all A € [¢, 00), we introduce two probability measures Nrthat are denoted by, andu, and we also
definecy € (0, 0), as follows:

o B Y ((1=7)N) _ “Ay(1—r)
Cx = 1/] ()‘)7 Péa (T) =7+ )\?//(A) and (,Du)\ (’I") - /[Oyoo) € Y Q(dy) ’ re [Oa 1] (58)
More explicitly, we get,(0) = % & (1) =0, and for allk > 2,
I i O | P k—Az
S =00y Ty (PHen /@,oo) L ©9

Recall [28): we easily check thgf is conservative iff the second assumption[in] (57) holds.tittee following
theorem provides a useful classification of growth processe

Theorem 4.6 Let (ﬁ/\))\e[o,oo) be a growth process as in Definition 4.3. @4), P-a.s.\ — ZOJF(]T‘A) is non-
decreasing and we sét = lim) _, Zgr (]T'A). Then, only the two following cases occur.

(I) If P(Z < o0) = 1, there exists a proper and conservative offspring distitoug, there exists: € (0, c0)
and there exists a probability measuyralistinct fromd,, such that

VkeN, lim &((k)=¢&(Kk), lim wpy(k)=w(k) and lim ¢} =c. (60)
A—00 A—00 A—00
Moreover, there exists a unique non-increasing functiori0, co) — D, such that

/\Hm ax=0 and VAe[0,00), & =& ef=c@) and  pi = plond
— 00

where for alla € Dy, (£, (@) ulot) is defined byE3).
(II) If P(Z = o0) > 0, there exists a triplety, o, 5) that satisfies the following.

(i) ¢ is a function of the Lévy-Khintchine for&8) that satisfie{s1).
(ii) o is a probability measur), co) distinct fromdy,

(iii) B: [0,00) — [g,00) is a non-decreasing function such that ., S(\) = co. Here,q stands for the
largest root ofy.

(iv) Forall A € [0, 00),
=80, Aa=csry and 3= ppe
where for allA € [g, 00), (€x, ex, pa) is defined byEs]).

Moreover, if another triplet(y)*, o*, 5*) satisfies(i)—(iv), there exists a constant € (0,00) such that
0*(dz) = o(dz/k), and for all\ € [0, 00), *(\) = ¥(kA)/k and B*(X) = B(N)/k.
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Proof. Let7, be a GWE;, ¢;)-real tree: its law is the; ;. We keep the same notation as in Definifiod 4.3.
Forall\" > A, we recall from[(4D) the definition of the hereditary progett, ,, and we set

oy =P (To € 45,0 ) = Qes,ver, (TVATL ) -

By Theoreni3.I3((¢3,) (>, (¢5,) ), (w3 )13 ) = (€5, ¢}, p3). This first implies thath — cj is non-
decreasing. Recall from the definition of growth procesbkas;t;(0) < 1. This entails thag(0) < 1, for all
A € [0,00), because,.: (0) < ¢,z (a0,2) = @us (0) = 115(0) < 1. Next, [53) easily entails

c T—Qy Az T—Qy y/
per, (r) =7+ C;\ . ((1—04,\,,\/)(,03 (ﬁ) - (r—a,\7,\/)) and s, (1) = @uz (ﬁ) . (61)
Y ' ’

Moreover, by [(Bb),(1 — axx)(1 — ax ) = 1 —ayv, foral X > X > A. This implies thato, y is
non-decreasing in’ and non-increasing iA. Then, for allA € [0, 00), we setoy = limy o0 i x -
e We first assume thd?(Z < oco) = 1. We denote by the law of Z. Sincey} is the law onO’L(]T}), by
definition, we getimy_, o (k) = wu(k), forall k € N.
We next claim that for alk € [0, ), o) < 1. We argue by contradiction: let us suppose that= 1. Then,
forall \ > X > X and allr € [0, 1], we get

g (1) = @z, (o (L =7) +7) > pus, (aan (1 —7) +7) .

Butlimy/ o0 ¢y, (axn(I=7)+7) = pularx(1—r)+r) andlimy o @, (v (1=7) + 1) = ¢, (1) =1,
since we have supposed = 1. This implies thaf. (0) = 1, which is impossible as already proved. Note that
this argument also entails thaf0) < 1.

An elementary compactness argument shows that thersus-@robabilitymeasure on N and a sequence
An € [, 00), n € N, increasing too, such thatim,, . £ (k) = {(k), for all k£ € N. This convergence entails
limy o0 g5 (1) = e(r), forallr € [0,1). Next observe that since, < 1, (61) implies thatpe; can be
extended analytically to the interv@{%, 1). Thus, for all0 < r < 1, in (1), we can let — oo (along the
sequence\,,) and there are two cases to consider: siNces cj, is non-decreasing, if := limy o ¢}, < 00,
then we get

eet) =+ S (- aneg (22 ~-an). (62)

c 1—an

and iflimy o ¢}, = oo, then we getp¢ (r) = r. However, the last possibility would imply th&tl) = 1, which

is impossible becausgis the limit of proper offspring distributions. Thus {62)ltis true. Note tha{({62) entails
thatye (1) = 1 and that is a proper offspring distribution. Moreoverjs completely determined by (62). This
implies [60). Also note thal(62) easily entails that € D, and that thaf¢(@»), (x| pleady = (&5, ¢, pd).

The function\ € [0,00) — ax € D¢ is clearly non-increasing. Let us prove uniqueness: sugtioat
uz (1) = pulan + (1 —ax)r) = gu(ya + (1 —y)r). Sinceu(0) < 1, ¢, is strictly increasing, and we get
ax = 7a- We nextsety = limy o ax. Recall thatp,,: (0) = g, (an) > ¢, (), which impliesy,,(0) > ¢, (a)
as\ — oo. Thus,a = 0, sinceyp,, is strictly increasing. This completes the proof of Case (1)

o We now assume th&(Z = co) > 0. We claim thaty; = limy_, . aq,» = 1. We argue by contradiction: let
us suppose that; < 1. We fixr < 1. Sinceu; = (u3)i*12} forall A € (1, 00), we get

@us () =E | (a1 + (17041797”)23@»} <E [(al + (17041)7’)20*(@} — E[(a1 + (1—a1)r)?1{z<00y] -

A—00
We now letr go to1 and we getl = ¢,,: (1) < P(Z < o0), which contradicts the assumpti#{Z = oo) > 0.

Sincelimy_,o 1,5 = 1 and since;] = (g;)(am), &3 is infinitely extensible. Theorem 4.2 implies that there
existsy; of the form [56) that satisfieg; (1) = 1 andye: (r) = r + 1 (1 — ), 7 € [0,1]. We denote by, the
largest root of);. Sincey, (1) = £5(0) > 0, we getg < 1. Then, observe that sing¢ is conservativey, satisfies
Jou du/(@1(u)) - = oo. Thus,y, satisfies[(8l7).

We next prove thatij is a mixture of Poisson distributions: we sgtr) = ¢,: (1 — r) and observe that
9(r) = pu; (1 = (1 — agz)r), forall A € [1,00). Sincelimy—,o, a1,x = 1, g can be analytically extended to
(0, 00), and we easily see thatis completely monotone. Bernstein’s theorem entails thexiet exists a probability
measure on [0, co) such thatp,,: (r) = [ e=¥(1=")g(dy), for all + € [0, 1]. Note thato({0}) = x;(0) < 1. Thus
o is distinct fromdy.

We now set) = ¢j+; and we defingd: [0, c0) — [¢, c0) by setting

BV =1-any, HA€01), AN =1, and SO =1 L ifre(, o)

— QA
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Recall notation(éy, cx, iux) from (B88). Then, for all\ € [0,00), we check thaty = £g(n) , ¢} = ca(n) and
wy = p(x) by applying(88) tox = a1 and(§, ¢, u) = (&7, ¢i, ui) if X < 1, and by applying(54) tor = ;5
and(¢, c, ) = (&%, ¢k, 1), if A > 1. We have proved thdt, o, §) satisfies (i)—(iv). The last point of the theorem
is not difficult to check: we leave it to the reader. |

4.2 Convergence to Lévy forests.

In this section we prove under a necessary and sufficientibomdhat every growth process converges almost
surely to a Lévy forest represented dB-aalued random variable. To that end, we first consider thhwexgence
in law of the branching processes to apply the general imitén Theorenh 2.15.

Continuous-state branching process. Continuous-state branching processes (CSBPs for shertheicontinu-
ous analogue, in time and space, of Galton-Watson branghowgsses. They were introduced by Jirlng [25] and
Lamperti [28] 27, 29]. We first recall standard results on €SB/hose proof can be found in Silverstein/[38] and
Bingham [5].

We fix a branching mechanisgn: [0, 00) — R of the form [58) and we assume thasatisfies[(57). We also
fix a probability measurg on [0, o) that is distinct fromjy. A [0, co)-valued Feller processes’ = (Z¢)ac(0,0)
defined on the probability spa¢€, G, P) is a continuous-state branching process with branchindharésmy
and initial distributiono (a CSBP{), p) for short) if its transition kernels are characterisedHuy following:

E [e_esz

Zlf} =exp (—Zfu(a,0)) , a,b,0e0,00),

where for alld € [0, ), the functiona — u(a,#) is the solution of the differential equatidh:(a, 8)/0a =
—¢(u(a,0)), with u(0,6) = 6. Under our assumptions ah, the differential equation satisfied k-, #) has a
unigue nonnegative solution that is defined@rso) for all § € [0, co). In particular, note that the null function is
the unigque solution fof = 0.

Let us rewrite the equation characterisingh a more convenient way. Recall thastands for the largest root
of ¢. If 8 € {0,q}, thenu(a,d) = 6 for all a € [0,00). Observe thatif > ¢ (resp.0 < q) thena — u(a,6)
is a decreasing (resp. increasing) function convergingasa tends to infinity. An easy change of variables then

entails .
d
Vae o), Voe oo\l [ —T—al (63)
u(a,0) 1/1(74)
We derive from the equation governimgand from basic properties of Laplace transforms that fos all [0, o),
Z2 is integrable iff bothy)’ (0+) andf[o_oo) yo(dy) are finite quantities. In this case we get

E[Z¢] = 6_“’/(“”/[ )ye(dy) : (64)
0,00

We next easily derive froni(63) that

a—r o0 a—r o0

P(hm Z§=0)+P(hm Zgzoo) =1 and P(lim Zgzoo) :1—/ e o(dz) .
a— 00 [0,00)

Thus, P (lim, -, Z2 = 00) > 0iff ¢ > 0. Namely, this happens only in the super-critical casess #asy to
derive from [63) that

T

P(r) '
Condition [65) is called thénite time extinction assumptioNow observe that for alt € (0, c0), 6 — u(a, ) is
an increasing function and undgr{65),

P(hngzo)zp(aazozzgzm = / (65)

a—r o0

v(a) := lim u(a,0) exists and satisfies A a, a€(0,00). (66)
=00 v(a) w(r)

Observe that the function: (0,00) — (g, 00) is decreasing and one-to-one. We next define the extindtrendf
72 by

E(Z°) =inf{a € (0,00): Z¢ =0} , (67)

with the conventionnf § = co. We then easily get
P(£(2%)<a)= /[ oldy) exp (o)) . 0 (0,00) (68)
0,00

We refer to[[5] for more details on CSBPs.
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Convergence in law to Lévy forests. Let us fix a branching mechanisinis of the form [56) that furthermore
satisfies[(5l7). We also fig, a probability measure o[, co) that is distinct fromy,. Recall thaiy stands for the
largest root ofiy. For all\ € [¢, 00), recall from [58) the definition of¢y, c, 1)

We denote byﬂ: Q — T a GWE,, ci; n)-real forestWe do not need to assume that it is a growth process
here, we are only interested in the convergence in law okthasdom trees whel goes to infinity. We also
denote byTy: Q@ — T, a GWE), cy)-real tree. Namely the law of, is Q¢, ., and the law ofF), is P, ., .., as
in Definition[3.].

We first consider the corresponding branching processesanfesasy consequence bf(31) ahdl (63), for all
a,d € [0,00), we get

u (a, A\(1—e™%))

wA(,0) = B |exp(~0Z; (T3))] = Qes.ex [exp(~02})] =1 :

(69)
and [34) also implies

E exp(—@Zj(}N’,\))} = Pty cn i [exp(—02])] = /[0 )exp (—yu(a,)\(l—e_e))) o(dy). (70)

This easily implies that for alt € [0, ), + 2, (F») — Z¢ in distribution on[0, o). We next use a result due to
Helland [22, Theorem 6.1] that shows that the following engence actually holds in distribution in the space of
cadlag function®([0, c0), R) equipped with Skorohod’s metric:

o
(Xza (B))ae[o,o@ 5 (Z8)acpoe)  BSA . (71)

In the following lemma, we compute the law of thedeaf-length erased foret, (F»).

Lemma 4.7 Let ) be a function of the fornfg8) that satisfies[(37). Let be a probability measure off), o),
distinct fromdy. Let 7, be as above. Then, the following holds true.

(i) Forall h € (0,00), all a € [0,00) and all X € [g, 00),

Qerer (' < h) = 1—@ and Ry (Fy) 2 Fuon) - (72)
Moreover,
E [eXp(—ezéh) @))} = /[O ) o(dy) exp (~yu (a,u(h, \)(1-e™%))) . (73)

(ii) The lawsP, ., ., of the GW-real forestd, are tight onT as\ — oo if and only ify) satisfies

> dr

— < 0.
»(r)
(iif) Assume thaf ™ dr/v(r) < oo and recall from(68) the definition of. Then,
(Zéh)(fA); Rh(ﬁA)) — (Z;(fv(h)); fv(h))

weakly orN x T as\ — oo. Consequently,

lim E [exp(~02{") (F)| = /[Om) o(dy) exp (—yu (a,v(h)(1—e™?))). (74)

Proof. Recall thatd, = {T" > h} is a hereditary property off. Thus,Rh(ﬁ) = Ry, (73). We then see that
a = Q¢ e (T\A, ) = Q¢, e, (I' < k). Then, recall tha@¢, ., (I' < h) = limg_,oc wr(h, ). Thus, [69) entails
the equality in[(7R). Then, Theordm3]13 entails tRaf, (]7}) isa GW@&O‘), c(;‘); uio‘})—real forest, and we easily
see that

( §a),0§°‘),u§°‘}) = (gu(h.,/\)vCu(h,)\)vﬂu(h,)\)) )

which proves the poin).
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We next prove(ii). TheoreniZ9 asserts that the laws of figare are tight ofil' asA — oo iff for each
a, h € (0, 00) the laws of therzh)(]T}), \ € [g,00), are tight onN as\ — oco. If [ dr/+(r) = oo, (€3) entails
thatlimy_, . u(h,\) = oo, and sincep # 4§y, (73) implies that the laws of thé’éh)(]f‘k) are nottight onN as
A — oo, If [ dr/y(r) < oo, thenlimy_,oo u(h, \) = v(h) < oo, and [7B) implies[(74), which proves that the
laws of theZ,Sh)(]T}) are tight onlN, and the proof ofii) is complete.

We next o0bservlimy oo (§u(h,2)» Cu(h,))s Hu(hn)) = (uth)s Co(h)s Ho(n))- Then, Lemma3]4 applies, which
entails(iii). [

Theorem 4.8 Let ¢ be a Borel probability measure df, oco) distinct fromdy. Lety: [0, 00) — R be a branching
mechanism of Lévy-Khintchine foifg). We assume that satisfieg(57) and (65). We denote by is largest root.
Let (02, G, P) be a probability space. For alk € [¢, ), let F): Q@ — T be aGW &y, ca; 12 )-real forest where
(&x, ca, 112 ) is given by(B8). Then the following joint convergence holds true in disttibn inD([0, o), R) x T:

( (%Z‘j(ﬁk))ae[om) ; ]?A) — ((Zé’)ae[o,oo) ; ]?) , (75)

A—00
where the limit is as follows.

(i) The limiting forestZ is a (1, o)-Lévy forest. We denote by, , its distribution onT which only depends
on andyp. Furthermore, we have,- ,- = P, , iff there exists: € (0, c0) such thawy*(\) = (k) /k
ando*(dy) = o(dy/k).

(i) Ru(F)is @GW(Ey(n), Co(ny; Hu(ny)-real forest.

(i) The proces% ¢ is aCSBP(, o).

(iv) limp_o ﬁzﬁh)(]f‘) = Z2, in probability, for alla € [0, c0).

Proof. By LemmaZ.y(iii) and Corollary ZII0lim_,. F» = F weakly inT and(ii) holds true. Moreover, the
last point of(i) is then a consequence of Theoren 4.6.

We next prove the joint convergence. To simplify notatiom, sety* = ($Z; (]T}))ae[o_yoo). Recall from
(71) thatY* converges weakly if)([0, c0), R) to a CSBP{, g). Thus, the joint laws of theY*,]T‘A) are tight
in D([0,00),R) x T asA — oo. We want to prove that there is a unique limiting distribatioy proving(iv)
for a possible limit. To that end, let us assume that alongo@esace(\,, ),ecn increasing toco, the following
convergence holds in distribution ([0, c0), R) x T.

(Y/\";f)\n) — (Y;]?). (76)
n—oo

By a slight abuse of notation, we assume ffiand 7 are defined o2, G, P). We fixa € [0, o) andh € (0, c0).

We know from Lemm&4]7 that " (F»,) converges in law of¥. Then the laws otzéh)(]?An); YA Fy,) are
tight onN x D([0,00),R) x T. There is a increasing sequence of integers:))rcn such that the following
convergence holds in distribution M x D([0, 00), R) x T.

(Zéh)(j.:A ) yrno }N‘/\n(k) ) — (X; Y’ ]_~_,) (77)

(k) k— o0

Again, to simplify notation, we assume th&t Y’ and ' are defined or€2, G, P). CIearIy(Y’,j") and(Y, F)
have the same law. Th®&continuity of R;, implies thatlimkﬁoo(Rh(]-}n(k));]-‘An(k)) = (Rp(F"), F’) weakly
onT?. Moreover, 7' is a (¢, 0)-Lévy forest and by(ii), R, (F') has the same law a5, ;). Lemmd4Y asserts
that, weakly onN x T, limy—,oc (ZS (Fr, ) ); B (Fany)) = (Z& (Funy); Fony), Which has the same law as

(ZF(Rn(F")); Ru(F')). Thus(X; Ry (F)) has the same law &€, (R, (F')); Ry (F)), which implies that
P-as. X = Z(Ry(F)) = Z\"(F), (78)

the last equality being the definition &, We next recall from[(@2) tha@e, ., (T > h) = X 'u(h,N).
We recall from [(3B) that conditionally gived (]T‘A), Abv (a, ]T‘A) is distributed according t@?&i(h). Since

Z,Sh)(]f}) = (Mo(Abv (a, Fy)), 1¢r>4}), we know that conditionally give#,” (F»), the variabl@,gh)(f}) has
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a binomial law with parameters~tu(h, \) and Z; (Fy). Thus, for allg € [0, c0) and all continuous bounded
functionsf, we easily get

—0ZM (Fr. ) pin—l i w(hy Ay » 235 (Fx i) .
B [ " f()‘n(k)Za (]:Anm))} =E |1- )\7@) (1-e7%) f()\n(k)Za (]'—Anm))

We then pass to the limit ds— oo to get

E [exp(—0X) f(Y))] = B [exp (—o(h)Y] (1 — =) F(¥])] -

This entails that conditionally giveF,, X is a Poisson random variable with parametgr)Y,. By (78), for all
K,e € (0,00), we get
> 5) =P (

P
This entails that for alt € [0, 00), limy, 0 ﬁZ,ﬁh) (F) = Y, in probability. Thus, we get the uniqueness of the
limit for the joint laws, which completes the proof of the them. |

Z{(F) ~Ya Z{M(F) - Y,

K
>5) < +P(Y, > K).

v(h) v(h) = e2o(h)

Almost sure convergence of growth processes.We turn now to the main result of this section, which asserts
almost sure convergence for growth processes and theichirapprocesses. We only consider the most interesting
case when the limiting tree is not a GW-tree.

Theorem 4.9 Let (92, G, P) be a probability space and &y : Q> T, A€ [0, 0), be a growth process such that
P(Z§ (Fy) — o0) > 0. Let(v, o, 8) be the triplet governing the growth process as specified BofnT4H1I).
We furthermore assumg™ dr/+(r) < oo. Then there exists a random CLCR real tige 2 — T such that

Pas.  lim & (]—‘A,]-") ~0. (79)

A—00

The random tre€F is a (1, o)-Lévy forest as defined in Theoreml4.8 and there exists ag&8BHR, o) denoted
by (Z¢)ac[o,00) SUch that for alla € [0, 00)

- — - — _— ()
P-as.  Zf= lim 0 )Z+(f)\)*h1i>%1+ v(h)Z (F) . (80)

Moreover, the same limits hold ib' if v/(0+) and f[o ~) Ye(dy) are both finite.

Proof. We keep the notation of TheorémMU 5; is a GWEs(»), ca(n); 1a(n))-Teal forest, where for all € [¢, o),

(&x, ea, ) is given by [BB). Lemm@a4l7 asserts that foraalt [0, o) and allh € (0, 00), zM (]T}) converges in
law as\ goes toco. By RemarK4.4, Theorem 2115 applies and there exisssich that[(79) holds. By Theorem
43, Fis a (v, g)—Lévy forest and there exists a cadlag CSBRY) denoted by(Z¢).c0,-) Such that for all

€ [0,00), limp 04+ (h) (]—}) = Z2 in probability and such that the following convergence solkakly
onD([0,00),R) x T

((ﬁz‘j@))ae[om) ; fx) — ((Z8)actooer T ) (81)

A—00

We fix a € [0,00) and we turn now to the a.s. convergence of the branching gsese We use the following
martingale argument. For all € [0, o), we denote by, the sigma-field generated by the variab#&s(Fy/),
A € [\ 00). We then claim tha(ﬂm (]:A))/\e[o ~) IS @ nonnegative backward martingale with respect to

(HA)re0,00)-

Proof of the claimWe first fix \, ' € [0, c0), such that\’ > ), and we denote b a GWEs(xy, caay)-real
tree. We use the notation of Definitibn #.3 and we denotelpy, C T the family of hereditary properties under
which the growth process is consistent. We then set

N = Qegianyeain (T\A;)") = Qesony eaoy (T\A;A/) '
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(axx)

The A, -reduced offspring distribution i§, sy = SB0N and a brief computation involving_(45) and {58)
entails B
r=1- . 2
ax 500 (82)

LetG: T — [0, 00) be measurable and let > n. We next compute
B =BG (Abv (0. 5) 1z o2 y=m)

We recall from [3B) that conditionally given the eveift.H (F/) = n'}, Abv (a, Fy) is distributed as a forest of
n' independent GW{s (1), ca(n)-real trees. BY[(42) in Lemma 3.8, ,, (Abv (a, Fx)) = Abv (a, Fy). Then,
by Theoreni3.13, conditionally given the evéit! (Fy) = n'}, Abv (a, Fy) is @ GWEs(r), ca(n); p1)-real forest
wherey stands for the binomial distribution with parametetsind1l — « .. This implies the following:

B=P (Z;r (Fa) = ”I) Pesinycan {I{ZJZH}G}
li

n _
n) (1 —ayy)"ax, o QEB(A) s [G]

I
Y
roun
N
et
2
Il
3\
N~——~
7N

)(1 — )l B [G (AbV (a’fk)) 1{Z;(fx):”}} :

We next fix the real numbers, > --- > Xy > 0, and the integers, > --- > n; > 0, and for all
ng € {0,...,n1}, we set
u(ng) =P (Z;(]—t,\p)znp; L ZHF) = Z;(}z,\o):no) .
We now apply the previous computation@{Abv (a,]f}pfl)) =L F ymny 1o 2 (Fan)=no}” N =),
S (Fay ) =np 133 28 (Fag)=
n' =ny,, A = A\p_1 andn = n,_; to get
P(ZH(FE)=m) [
ulno) = F ( i )“ —an, )AL
P (ZJ(}'A,H) - np—l) Np1
P(ZH(Fa) = mprs i ZH(Fr) = o) -
This entailsu(ng) = P(Z} (F»,) = ny) [lickey (0F) (1= ay, 2 )™ e " Thus we get
=(")a- a1 (ZH(Fy ) =nps s ZE (Fay) = 83
U(no) no ( a/\g,)\l) QoA a ( Ap) Nps w5 4g ( )\1) nyf . ( )

We now fix\" > X and we denote b, the set of events of the form
(ZF(F)2np5 o5 ZE(Fa) >}, Myeey Ap € [V, 00), i, .oy €N, p e N

Clearly P,/ contains(, it is stable under intersection and it generakgs. Moreover, [88) withA = )\ and
A1 = X, easily entails that for alt € N, and allA € Py,

ZH(Fa) Fa)—n
E {I{Z;(fx):n}lA} =E < n (1 —ay ) ay )\’( M7

A monotone class argument entails that the same equalitigfiof all A € H,.. Thus, for allA € H

E{Z;r(j':)\)lA} = Y E ( f”)(l%’w aMgfw n A]

n>0
- E [(1 — ou,x)Z;r(f)")lA} - Bﬂ((;’))

by (82), which immediately implies the claim. O

E {Z;r(]?/\/)lA} ;
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The theorem of almost sure convergence of nonnegative lmdkwartingale implies that for every sequence
(An)nen thatincreases teo, P-a.s.limy, o B(A (]-'A ) exists. Then, the joint convergengel(81) also implies
that the limiting r.v. is necessarily-a.s. equal taZ¢.

By (©4), if both+’(0+) and f[o,oo) yo(dy) are finite, thenZ? is integrable. Standard results on backward

30 Z}(Fy) is integrable and that
z¢|] =o.

Since may have jumps, additional arguments are required to ge‘irEheequaIity in [80), which is proved
so far only along a subsequence. To simplify notation, we $esX ), = ﬂ(k) Z+(]-‘A) Then, we fixe € (0, c0)
and\* € (0,00) such that3(\*) > 0. We recursively define an increasing sequeficg),cn that tends tax
by fixing Ao > A* and by setting\,,+1 = inf{\A > A,: logB(A) > ¢ + log 8(An+)}. Then observe that for
all \, N € (M, Ang1), e7 < B(N)/B(N) < ef. Since the growth process is-non-decreasing, (24) entails that
P-a.s.foralln € N, forall \, \', ' € (A, A\n41) such that” < A < )N,

martingales then entail that for all€ [0, o),

lim E Hﬂm H(Fy) —

A—00

€_EX/\N < X/\ < eaX,\/.

For all A € (0,00) we also define the sigma-fiel,_ = (), ., #a and we also denote b}, the sigma-
field generated by J,, , Hx. We next fix a sequencé,),cn that decreases to. By standard arguments for
nonnegative martingales and for nonnegative backwardmgates, we get the followind?-a.s. for alln € N,

E[Xo- [Hy-] = lim Xy, = X5- and E[Xy-[Hy] = lm X5 n, = X

Now observe thatX ), - )nen and (X, + )nen are positive backward martingales with respect to the bactw
filtrations (Hy,, — )neny and(Hx, + )nen- SO, they both converde-a.s. By Theore@@'x—h,} converge®-a.s.,
asp — oo. We denote the limit bfk_. By Lemmd 3.4, observe th(aXA_hp,]T}_hp) converges in distribution to
a GW(s(x—), ca(r—), Hp(r—))-Teal forest ap — oo. Moreover, Theorein 4.8 applies to such laws, which implies
a joint weak convergence that is similar [o](81) with the-liftit process instead of the normal one. This easily
entails thatP-a.s.lim,,_,., X, = Z¢. A similar argument also implies th&-a.s.lim,, o, X+ = Z2.

This proves that for alt € (0, 00), there exists an evefit. € F of probability one on which the following
holds true:X,,, X, + andX, _ tend toZ¢ asn — oo, and

Vn eN, VA e [)\n; )\n+1], e * min(X,\n_,_,XAn,X,\ <X, < e® maX(X,\ X/\n,X/\

n+1) nH = n,+1)'

Thus, onQ),, e ¢Z¢ < liminfy_ o X < limsup,_, . X < efZ¢. This easily entails the first equality in_(80).
It remains to prove the assertions concernﬂﬁﬁ)(}‘). To that end, recall froni(66) the definition of the
functionv that is continuous decreasing frgi o) to (¢, oo). We denote by ! its inverse and for alk € [0, co),

we setF] = Ry-1(g4142) (]7‘). It clearly defines a growth process tldatonverges toF. This process is governed
by a triplet of the form(¢), o, 5’) with 8’(A\) = ¢ + 1 + A. Now observe that for alt € [0, o) and allh such that
v (14+q) > h >0,

= 1
0 2 = Gam =2 (F-asa)

We now apply the first equality ifi.(80) to that specific growthqess to obtain the second equalitylinl (80). B

As an application of the previous results on growth procgsse first state a simple characterisation of Lévy
forests that is used to derive limit theorems of GW-forestsévy forests.

Theorem 4.10 Let (92, G, P) be a probability space. LeF: Q — T be arandom CLCR real tree. We assume that

P(F # Y) > 0 and that for all sufficiently smak € (0,c), Ry,(F) is a GW-real forest. Then, the following
holds true.

(a) EitherP(Z; (F) < o0) = 1 and F is a GW-real forest .
(b) Or P(Z; (F) = 00) > 0 and F is a Lévy forest as in Theordm4.8.

Proof. First note thatP (R, (F) # Y) > 0, for all sufficiently smallh. Let ho be such that for alk € (0, ho),
R,(F) is a GW-real forest such th&(R;,(F) # T) > 0. Then, for all\ € [0, c0), we setFy = Rhueﬂ(]-‘)
Clearly, (]:)\)/\6[0,00) is a growth process. We then apply Theofenh 4.6. Namely, ﬂg‘c{eﬂ ) — Z*(]-‘), either
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P(Zf (]7') < 00) = 1 and the growth process is as in Theofem 4.6 (1): by LefmaB,&onverges in law to a
GW-forest as\ — oo, which implies thatF is a GW-real forest. OP(Z (F) = o0) > 0, and the growth process
is as in Theorem 416 (ll): the growth process is then govehyeal triplet (1), o, 3). Since the laws of théF, are
tightin T asA — oo, LemmaZJ(ii) implies that[~ dr/+(r) < oo, and Theorer 419 implies that is a Lévy
forest. [

Theoren{4.10 allows us to strengthen Lenima 3.3, as follovesaRfrom Sectiofi 3]1 the definition of the
sigma-fieldB, .

Theorem 4.11 Let @ be a Borel probability measure dh. We first assume th&@(0 < D < co) > 0. We also
assume that for alk € [0, 00), Q(Z; < oco) = 1. Then, the following assertions are equivalent.

(i) Foreverya € [0, 00), the conditional distribution gives;” of Abv (a, -) under@ is Q®%« .
(i) For everya € [0, 00), the conditional distribution give,. of Abv (a, -) under@ is Q®%a .

(iii) @ is the distribution of aGW(¢, ¢)-real tree, for a certainc € (0, 00) and a certain proper conservative
offspring distributiont.

Proof. If we assume (iii), them — Z; is cadlagQ-a.s., hence Lemnia=3.3 applies and we get (ii) and (i). It
remains to provéi) = (iii) without assuming, as in LemriaB.3, that+ Z is cadlagQ-a.s. To this end, first
note that (i) impliesQ(Z; = 1) = 1, as in the proof of Lemm@a3.3 in AppendixB.2. Next, obsenatth> D
onT\ {Y}, and recall from Lemmi@a2.5 thétn,_,o D o R;, = D. Thus, there exists, € (0, co) such that for all
h e (0,ho), Q0 < Do Ry < o0) >0andg, :== QI > h) > 0. Then it makes sense to defi@e, as the law of
Ry, underQ(-|T" > h) and we have proved thél, (0 < D < oo) > 0. Next, observe that — Z; o Rj, = Z((l}]r)
is cadlag®-a.s., which implies that — Z is cadlag@,-a.s.

Let us show thaf);, satisfies (i). Let us fix. € [0,0), n € N\ {0} and a measurable functieh: T — [0, o).
The property (i) forQ, (42) and arguments similar to those used in the proof of TdmaEB.12 imply the following

Qn |1+, G(AbY (a,.))} ~ ¢ 'Q [1{Z$0Rh:n}G(Abv (a,Rh))}

= q;?l Z Q {I{ZJ:N;zjoRh:n}G(Rh(AbV (a, ')))}

N>n

5" Y Q1@ [Vt oy G(RA)]|

N>n

it Y @z =) (V) - w61 - @z = et 6,

N>n

This implies that); satisfies (i). Then Lemnia_3.3 implies th@}, is the law of a GW-real tree. Thus, for any
h € (0, ho), Ry, underQ is the law of a GW-real forest and sin€€ Z; = 1) = 1, Theoreni 4,10 entails thét is
the law of a GW-real tree, which completes the proof. |

4.3 Invariance principles for GW-trees.

In this section we apply the tightness results of Sediioha?@ the previous results on Lévy forests to obtain
limit theorems for discrete GW-real trees. We consider tayngptotic regimes: we first discuss convergence in
distribution to GW-real trees and we next discuss convergémLévy forests.

Notation. Unless the contrary is explicitly mentioned, all the ramdeariables are defined on the same probability
spacg (2, G, P). Forallp € N,

— &P = (&P (k))ren is an offspring distribution such thak (1) < 1,
— VP = (VP(k))kez is given byv? (k) = P(k+ 1) if k > —1landv?(k) = 0if k£ < —1,
— P = (uP(k))ken is a probability distribution ofN such tha?(0) < 1,

— (Y)ren is a discrete-time GW-Markov chain with initial distribati ” and offspring distributio?.
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Discrete GW-real trees and forestéle modify the lifetime part of Definition 311 and say thal'evalued random
variable7, is called a discrete GV§{)-real tree if its distributiorf) satisfies

Q [Li=nyGW)g(D)] = €7 (n)Q*"[Gg(1) -

This is just a way to view graph trees as metric spaces byrjgithie vertices by intervals of unit length. Now
let 7,(n), n > 1, be independent copies §f,. Let N, be anN-valued variable with law:?, independent of
(Tp(n))n>1. We then set

Fp = ®1<nen, Tp(n)
with the convention thaf‘p =Tif N, =0. Then,fp is a random forest aV,, independent discrete G\4X)-real
trees.
Tree-scaling.The main purpose of this section is to obtain convergen(m/imlf]f‘p when suitably rescaled. More
precisely, letl' € T andc € (0,0); let (T, d, p) be a representative af. Then, (T, cd, p) is a CLCR real tree
and its pointed isometry class only dependibsmdc: we denote it by:f. Note that the functiofc, T) — cTis
continuous.
Notation. The symbok stands for the convolution product of measuresRori-or every measuma onR, we set
m*! = m and for alln > 1, we setm*(**1) = m % m*". Also, |-| stands for the integer-part function.

Convergence to Galton-Watson trees. We first state a convergence result for GW-Markov chains #nat
rescaled in timebut not in space This result is quite close to Grimvall's [19, Theorem 3.Aat is actually a
limit-theorem for GW-chains that are rescaled in tiar&lspace. Since it is not explicitly written in [19], we state
it here as a lemma: its proof can be adapted in a straightfdrway from that of[[19, Theorem 3.4] that strongly
relies on[[18, Theorem.2’] (whose proof also extends to our setting).

Lemma 4.12 Let(v,),en be a positive sequence convergingto Then, the following statements are equivalent.

(i) There exist a probability measureon Z with »(0) < 1 and a probability measurg on N with (0) < 1,
such that the following two limits hold in law as— oco.

WP)y*rl — v and P — p

ii) The one-dimensional marginal distributions (&f” wcl0.00) CONverge to those of aN-valued process
g lypa)/a€l0,00) 9 p
P
that is not constant.

(iii) The process(YL’;paJ)ae[om) converges weakly ofd(]0,00),R) to a continuous-timéN-valued Galton-
Watson branching process that is not constant.

Remark 4.13 Assume thati), (ii) and(iii) hold true. Note that has to be an infinitely divisible distribution on
Z. Thenv # &g is the law ofX, where(X;) (o, IS @ compound Poisson process with holding-time parameter
and jump lawr, a probability measure df\{0}. Denote by(X})ren @ random walk with jump law?, and initial
stateX} = 0. Standard arguments imply th(aXprtJ)te[O,oo) converges weakly ob([0, c0), R) 10 (X¢):e0,00)-
Since we deal with integer-valued processes, the joint fathefirst jump time and the size of the jump &
converges to that oK. The assumptions ow? first imply that the support of is included in{-1,1,2,...}. If

we seté(k) = m(k — 1), k € N, then it is easy to see thétis the (proper and conservative) offspring distribution
of the continuous-tim&-valued GW-branching process mentionediii) and that is its lifetime parameter. The
previous joint convergence then entails that forkadt N,

lim €(k) = ¢(k),  lim p(k) = (k). lim 51— €7(1) =c, (84)
wheregl, (k) = (k) /(1 — €P(1)) if k # 1 andgl, (1) = 0. O

The previous result is used to derive the following limitdhem. Recall thaﬂf‘p stands for a random forest of
N, independent discrete G\4H)-real trees and thaV,, has lawu?.

Theorem 4.14 Let(v,),en be a positive sequence convergingtoWe assume that the one-dimensional marginal
distributions of(Zj(wi]-'p))ae[Om) converge to those of aN-valued process that is not constant. Then, there
P

exists aGW(E, c; p)-real forest, as in Definitio 3.1 withs(0) < 1, such that

+(17F 1T (law +(T . T
((Za ('yp}—p))ae[opo) ! ’Yp]:p) p—00 <<Za (]:))ae[O,oo) 7]:) ’
weakly onD([0, o0), R) x T. Moreover,([84) holds true.
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Proof. First observe that}? := Z,j%(w—i]f‘p), k € N, is a GWEP)-Markov chain with initial distribution.?.
Thus, Lemma4.12i), (ii) and(iii) hold true.

We first prove convergence for single GWI -discrete tree§ This corresponds to the case whefé¢l) = 1,
to which Lemma4.72 also applies. Thl(|§+( T))ae[o ) converges weakly ob([0, cc), R) asp — oo to a
continuous-time GW ¢)-branching process Whose initial valuelisMoreover£ is proper and conservative and
(84) holds true. Since continuous-time GW-branching psees have no fixed-time discontinuity, convergence
of finite-dimensional marginals holds true. This entails tightness of the laws O%T, p € N, since for all

a,h €0,00), Z (h)( T) < Zf (5 7~‘) and by Theorem 219.
We next want to prove that the real treéST converge weakly to a GV§(c)-real tree by showing that every

weak limit satisfies the branchlng property of Theofem 4.T. that end, observe first that the joint laws of
(ZJF(%T)),IE[O_,OO and ~Tp, are tight orD([0, 00), R) x T. Let (Ya)ae[0,00) and7 be such that

<<Z‘;r (7p1<k>7~;(k)))ae[o,oo) ; Tlmﬁ(k)) e ((Ya)“e[o"’o) ; %) (85)

weakly onD([0, c0), R) x T along the increasing sequence of positive inte¢efs)),cn. Without loss of gener-
ality, by the Skorohod representation theorem (and by &tstiuse of notation), we can assume that (85) holds
almost surely. To simplify notation we s&Y, = #)@)7},(@. Thus, we assume that

((ZI(Tk))ae[o_oo) ;Tk) — ((V)uetoey s T) @ inD([0,00),R) x T. (86)
We first claim that B B
p (ZO*(T) - 1) =1 and P (0 <D(T) < oo) —1. 87)

Proof of [87).We first use the following standard result on Skorohod cayerece forN-valued cadlag functions:
by (88), the first jump time and the value at the first jump tirhéhe processeg(T},) converge a.s. to the first
jump time and the value at the first jump time of the prodés©bserve that sincg; (Tx) = 1, we get

D(Ty) = inf{a € [0,00): ZH(Tx) #1} and k(Ty) =27 - (T).

D(Tk)(
Then, if we setD’ = inf{a € [0,00): Y, # 1} andk’ = Yy, the previous arguments and the continuity\dfv
entail that B B B
= lim D(T%), kK = lim k(T}) and Abv(D’,7) = é=lim 9(T}). (88)
k—o0 k—o0 k—o0
SinceY is a GWE, c)-branching procesd)’ andk’ are independent)’ is exponentially distributed with mean
1/c andk’ has law¢ that is proper and conservative. Thas; D' <oo andk’ # 1 a.s.

Let (T, dx, pr) be any representative af, and let(7, d, p) be any representative gf. Then,P-a.s. for any
fixedr € (0, D), for all sufficiently largek the closed balBr, (pi,r) rooted atp;, is equivalent to the interval
[0, 7] rooted at) and since5(Tx,7) — 0, the closed balBr(p, ) rooted atp is also equivalent to the interval
[0, r] rooted at), which implies thatZ (7) = 1 andD(T) > r. This proves that

P-as. D(T)>D' >0 and Zf(T)=1. (89)

It remains to prove thab (7)) < cc a.s., and by[{89), this boils down to proving thais not the pointed isometry
class of a half-line rooted at its finite end. Kf = 0, then for anyr > D’, (88) implies that for all sufficiently
largek, k(T},) = 0, which impliesd(T;) = T and thusAbv (D', T) = Y. Consequently, ik’ = 0, 7T is not the
pointed isometry class of a half-line rooted at its finite ;e thereforé)(T) < 00.

Sincek’ # 1 a.s., it only remains to consider the case whéere 2. To that end, we first prove that

P-ass.on{k’ > 2}, limsup D(YT}) > 0. (90)

k—o0

Indeed, first-note thet for any € (0, 00), Ltim supy_, o0 DOT)<e k>2) S Hminfrooo 1y p o)< k(Fr)>2)-
This inequality combined with Fatou lemma entails

P(hmsupD(ﬂTk) <e; k' > 2) < hrnlan( (ﬂ’i‘k) <eg; k(’i‘k) > 2) .

k—o0
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Now observe thaP (D(0T},) <e; k(Tx)>2) =E[P(D(Ty) < a)k(ik)l{k(,—fk)»}] , by the branching property
for discrete Galton-Watson trees. This, combined vith €3&ils that -

Jim P(DWTy) <e; k(Tp) >2) =Y (1—e7*)"¢(n) — 0,

e—0
n>2

which implies [90). _

Then, denote by7”, d’, p’) a representative okbv (D’, 7). By (@0), a.s. ifk’ > 2, there exists: > 0 such
thatD(ﬁ’Tk) > r for infinitely manyk, and [88) implies that the closed ball- (o', r) is equivalent td’ copies
of [0, 7] glued at. Itimplies that7 is not a half-line and thus)(7") < co. This completes the proof of the claim
(82). O

We next denote by) the law of7. Then, [8Y) can be rephrased as
Q(Zf =1)=1 and Q(0<D<o0)=1. (91)
Let us also denote b, the law of T\, We fixa € [0, 00) and for allk € N, we seta, := Ype) @l /Yoy — @
ask — oo. LetG1,G2: T — [0, 00) be continuous and bounded. First observe that
= = = ®7;, (Tx)
B[ (Biw (00, 0)) Gz (Abv (0 20)| = B 61 (Biw (00, ) @y ™ 2]

by the branching property for discrete Galton-Watson tréas: — oo, (88) and the continuity dBlw andAbv
stated in Lemm@a2]3 imply that

Q[G1(Blw (a,-))G2(Abv (a,-))] =E [Gl (Blw (a, %)) Go (Abv (a, %))] —E [Gl(Blw (a,T))Q®Y [GQ]} . (92)

This equality extends to all nonnegative measurable fanstiz; andG,. SinceQ(Z; = 1) = 1, (@2) with
G1 = 1andGq(-) = f(ZF () firstimpliesQ[f(Z})] = E[f(Y.)]. This first proves thaQ(Z;} < o) = 1 for
anya € [0,00), and it also entails for any measurable functiGhsT — [0, 00) andf : N — [0, co) that

Q/(Z)G(AbY (a, )] =B [f()Q® [6]] = Q [£(Z)Q°% [G]] .

Therefore, the conditional distribution givefy of Abv (a, - ) under@Q is Q®Z$.

We thus have proved that TheorEm 4.11 applieQ tihat is therefore the law of a G\W/( ¢’)-real tree. Since
Y, underP has the same law & under@, we easily get¢’, ') = (£, ¢).

SinceT is a GWE, c)-real tree,a Z+(7’) is cadlag and it has no fixed discontinuity. Thus, for any

€ (0,0), this process is left-continuous at timea.s., andZ;(7) is equal a.s. to a measurable functio6al

of Blw (a, 7). The previous arguments arid{92) entail that for angy [0, o0), Z;"(F) = Y, a.s., and since both
processes are cadlag, we g?e*t(7~’) =Y a.s. This proves the uniqueness of the limit in the joint ewgence and
it actually proves the theorem in the case of single treesghawhenu? = §;,p € N.

Let us prove the general case. Denotethythe law of -~ ! 7~;,. Let F': D([0,00),R)xT — R be bounded

and continuous for the product topology. We proved that( ZJr ) )Qp(dT — [F(ZX(T ) )QE c(dT)
Now observe that for any € N,

/ F(ZH(T); T) Qg*(aT) = / F(ZHT) + -+ ZF @) Tro - @ 1) QEF(dTh ... dT})
T Tk
Sincek independent continuous-time GW-branching processesdiatiect jump times a.s., we easily get

lim [ F (Z?L(ﬁ)+~~+fo(fk); T, ®~~-®Tk) Q*(dTy ...dTy,) =

pP—0 JTk

:/ F(fo(ﬁ)+~~+Z,+(Tk);T1®-~~®Tk) QF¥(dTy ... dTy)
Tk

— [ F (2D T) QgD
T
This implies the following:

lm B[P (27 (5F) 5 F)] = lm 3k / (2+(T); T) Qg*(aT)

keN

= Souw) [ F (200 T) Qgial).

keN
which completes the proof of the theorem. |
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Convergence to Lévy forests. We consider now the convergence of GW-trees to Lévy fordatthese cases,

the profiles of the trees are rescaled in tiamelspace. More precisely, we make the two following assumption

(A1) There is a positive sequen¢eg,),cn converging toco, such that the proce$%YL’;paJ)a€[Om) converges
weakly onD([0, 00), R) to a CSBP{, g), wherep({0}) < 1 andf0+ T)) = 00.

(A2) set&, = inf{k € N: Ykp = 0} and denote by the extinction time of a CSBRY, o). We assume that
> Je < oo and that -, — €, weakly on[0, oc], asp — co.
Grimvall [19, Theorem 3.4] asserts that (A1) is equivalerttie following weak convergence @
*p[p
Vp(;)p7 — v and ;Lp(;) — 0,

p—00 p—o0

wherev is an infinitely divisible spectrally positive law such thate=%*v(dz) = ¢*(?). Analytic necessary and
sufficient conditions equivalent to such a convergence edioiind for instance in [23, Theorem 11.3.2].
If we assume (A1) an9f°° d’”) < oo, then we can show that (A2) is equivalent to the following

° p
lim inf (S%ij (0)) >0,
whereypyg;' stands for theu-th iterate ofipe». We leave the details to the reader (see also the commeluifog
[10, Theorem 2.3.1]). Let us mention that (A1) implies (A2hem¢P = &, for all p € N. In this casey) is
necessarily &-stable branching mechanism, namelA) = \7, v € (1, 2] (seel[10, Theorem 2.3.2]).

We now state the main result of the section. To that end, Irércah (63) and [66) the notation(a, #) and
v(a), recall from Theorern 418 the definition of Lévy forests ancbltbthatfp stands for a random forest of,
independent discrete G\§H)-real trees, wheré/,, has lawy?.

Theorem 4.15 Assume(A1) and (A2). Then, there exists &b, p)-Lévy forestF and aCSBR, p) denoted
by (Z¢)ae0,00) SUch that for alla € [0,00), P-a.s.limp 04 U(lh)Z(h) (F) = z¢, and such that weakly on

D([0, ), R) x T,
(( Zd (%‘7: ))ae[o,oo) ; 7_117]?”) p(l—a>v<v>o ((Zé’)ae[o,oo) ; ]?) ’ (93)

Remark 4.16 We first mention that a closely related result has been proyegluite different methods in_[10,
Theorem 2.3.1 and Corollary 2.5.1]: this result only dealthwritical or sub-critical GW-trees, however the
convergence holds for the contour process, which is a sérocmnvergence. Note that in the super-critical cases,
the contour process is not a well-suited approach. O

Remark 4.17 As noticed in [10], (A1) and (A2) are in some sense the miniagdumptions under which the
convergencd(93) holds. Indeed, (A1) ahd 2 207 < %0 do not necessarily imply (A2): sele |10, pp. 60-61] for a

counterexample. Note thép, o)-Lévy forests can only be defined as locally compact reatifef™ wd’”) < 00.

Moreover, if we assume (AL)[™ wd(;) < oo and 7p]—‘p — F, then, by thes-continuity of I, the total heights
converge too, which implies (A2). O

Proof. Recall thatf, stands for a single discrete G¥¥}-real tree and observe thﬂgp (%7;), is a discrete-time
GW(£P)-Markov chain whose initial state is equalttoFor alla, 8, h € [0, 00) and allp € N, we set

up(a,0) = —plog Blexp(—20ZF (L7,)] and v,(h) = —plogP(T(LT,) <h).

Next, observe that? := ZJr (%]—‘ ), k € N, is a discrete-time GVW{f)-Markov chain with initial distribution
1P, to which (A1) and (A2) apply Then, by (A1),

v (exp(—Lup(a,0))) = E |exp(— Loy ?

ol ):| SN f[() o(dy) e —yu(a,d)

p—00
and by (A2) and[(G8), we get
e (exp(—Lvp () = P(L&, <h)  — [y oldy)e ™).

p—o0

We next use the following basic result (known as the secoadrdém of Dini).
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(R) Letf,: [0,00) — [0,00), p € N, be a sequence of monotonic functions converging pointteisecontinu-
ous functionf. Then the convergence is uniform on every compact interfvil, o).

We first note that the functiong,(9) = ¢,»(e~%/?) and f(0) = f[o 00) o(dy)e~?% are strictly monotonic and
continuous, so that the inversgs' converge tof ~* pointwise on the intervalo({0}) , 1]. Hence, for alla, 6 €
[0,00) and for allh € (0, 00), we getuy,(a, 8) — u(a, ) andv,(h) — v(h). Next observe that, is monotone in
each component and thaj is non-increasing. Thus, by (R),
(ap, Op, hp) - (a,0,h)€[0,00)? % (0, 00) = wuy(ay,d,) - u(a,0) and wvp(hp) — v(h). (94)
p—oo p—00

p—00
We next fixh € (0,00) and we setf[} = Ry n (fp). It is easy to see thaﬁ’} is a forest of discrete GW-real
trees as defined at the beginning of the section. We want ty ameoren{ 4.4 tof;‘. To that end, first denote
by &7, its offspring distribution and by}, the law of the number of trees in this forest. We do not neediopute
them explicitly to see thag) (1) < 1 andyu} (0) < 1. Next fixa € [0,00) and observe that conditionally given
YP o =2, . (Fp) =n, thelaw of Z [ (F}') is binomial with parameters andP(I'(7,) > [y,h)). To
simplify notation, we sek, = |,k |/, Which tends td: asp — oo, and we define, (h,0) € [0, c0) by

exp(—26,(h,0)) = P(D(T,) < [ph)) + e "P(D(T;) > [3,h]) = 1—(1—e~%) (1 —exp(—Lv,(1,))).

By @4), ¢p(h,0) — v(h)(1 —e?) andE[exp(fQZj(%fg))] — Jio.00) o(dy)e~vu(@r(M1=e""))  Theorem
[4.12 applies and the following convergence holds weaklpgn, oo), R) x T:

(2 EFDacncoi 2F2) =2 ((ZEFacpo0i F") -
Here, it is easy to see that" is a GWE,(n), Co(n); Hu(ny)-real forest, where we recall that the one-parameter
family of laws (&x, ea, ) is derived fromy ando by (58).

Now observe thaﬁ(Rh(Wi]?p), %]7‘;‘) < % Moreover, for each fixed, there exists a random variable
p P P

A,: Q — N such thath, > Zj(w—lpfg)—zéh)(w—i]?p) >0, and such that conditionally givefi! , (7)) =n,
the law ofA,, is binomial with parameters andP (h,, < F(W—lpﬁ) <hy+ %) which tends td) asp — oo, by

(@4). Since the laws of the random variabléfsj.maJ

all h € (0,00) and alla € [0, ), (Zéh)(vipfp);Rh(%]f‘p)) converges tdZ; (F"); 7") weakly onN x T, as
P — OO.~ _ _

Let F be a(¢, o)-Lévy forest. Theorerh 4.8ii) asserts thaR,(F) and 7" have the same law for all €
(0,00). Then, by Corollarm%fp — F weakly onT asp — oo. Thus, we have proved

(%]7‘5) are tight, we gef\,, — 0, in probability. Thus, for

~  (aw) ~ ~ ~ (law) ~ ~
1F, —% Fand  (ZP(LF)iRa(LF)) —= (28(F); Ru(F)) - (95)
p p—r00 p p p—r00

Then, note that the laws ¢{2 Z; (-2 F,))acpo.00) ; = F), p € N, are tight onD([0, 00), R) x T. Let (p(k))ken
be an increasing sequence of integers such that

((ﬁzf (ﬁﬁp(k)))be[oﬂm) ; #(k)fp(k)> =, ((Wb)be[o,oo) ; ]?) (96)

k—o0

where(W})pe0,00) i @ CSBPY, o). By Theoreni 4.9, the proof of the joint convergence will lnenplete if we

show that for each € [0, c0), Zéh)(f) — W, in probability ash — 0. To that end, first note that by (95), there
exists an increasing sequence of intedér$,c such that the following limit holds true weakly 0¥ x T

1 ~ 1 1 ~ 1~ _
zZ <—f . >;—Z: (—f . ) L E > s (xweF). (@)
( Vp(ke) pke) p(ke) Vp(ke) plke) Vo(ke) p(ke) £—00 ( )

Thed-continuity of R, and [@5) imply that X, Ry, (F)) and(Z,Sh)(]T‘), Ry (F)) have the same law, which implies
thatX = Z\"(F) a.s.
Next, observe that the conditional law Bﬁh)(%fp) given Zj(%fp) = n, is binomial with parameters

andP(I'(7,) > vph+7pa— [vpa]). Previous computations arid {97) imply that foréalt [0, c0) and all bounded
continuous functiong,

_ozM (F W e?
E [ 02" (W)| = B [e W™= p ().
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Thus, the conditional law tolh)(]f‘) given W, is a Poisson distribution with parametgih)W,. This implies
that for alla € [0, 00) and allh, K, e € (0, c0),

.
P(|[W, — 5352 (F)| > €) < =855 + P(Wa > K),

which implies the desired result. |

A Proofs of preliminary results on real trees.

Let us first recall basic results on the Gromov-Hausdorffriméin the context of real trees). L&t d, p) and
(T",d', p") be two CLCR real trees and lete (0, ). Afunctionf: T — T is apointede-isometryif it satisfies
the following conditions.

@ f(p) =0
(b) dig(f) :=sup{|d(o,s) —d'(f(o), f(s))]; 0,8 € T} < e. This quantity is called thdistortionof f.
(c) f(T)is as-net of T'. Namely, every point of” is at distance at mostof f(T').

The following lemma is a translation into our tree contexi@fCorollary 7.3.28].

LemmaA.1l If d.pc (T, 1) < €, then there exists a pointed-isometry fronil" to T”. If there exists a pointed
e-isometry fronl" to 7”7, thendcpet (1, T7) < 4e.

Recall [2) that gives the height of the branch point of twonpeds, s € T'. If f: T — T’ is a pointect-isometry
then, [2) implies that
Vo,s €T, |d(p,oAs)—d(p,f(o)A f(s)] < 3e. (98)

A.1 Proof of LemmalZ.3.

Observe that for every CLCR real tré€E, d, p), Blw (a, T') is compact and that the ball of cenprevith radiusr of
Abv (a,T) is equal toAbv (a, Br(p, a + r)). Thus, without loss of generality, we only need to consiaenpact
real trees.

For alla,b € (0,00), we easily see thalc,c; (Blw (a,T),Blw (b,T)) < |a — b|. Assume tha{T’,d’, p’)
is a compact rooted real tree. The definitibh (4)def.. easily entails thabdpc(Blw (a,T'), Blw (a,T")) <
30cpet(T,T") forall a € (0, 00). Thus,

dcpet (Blw (a, T), Blw (b, ")) < |a — b| + 38cpet(T,T") ,

which entails the joint continuity foBlw .
Next, define the following pseudo-metelg onT x T by

do(o,8) =aVd(p,o)+aVd(p,s)—2(aVdp,oAs)) (99)

and say that = s iff d,(o0,s) = 0. Let p, be the equivalence class pf Then,(T'/ =,,, d., p.) IS iSometric to
Abv (a,T). Note thatd < d(o,s) — d,(0,s) < 2a, which easily implies that the canonical projection fr@hto
T/ =4, is a2a-pointed isometry and by Lemrha A.1, we @ef..(T', Abv (a,T)) < 8a. SinceAbv (a1 +a2,T) =
Abv (a1, Abv (aq,T)), we easily get

Va,b € [0,00), dcpet (Abv(a,T),Abv (b,T)) < 8la—1]. (100)
Let (T,d', p') be a compact rooted real tree anddet> dcpee(7,77). LemmalAl implies that there exists a
4e-pointed isometryf from 7" to 7" and [99) and(98) entditl, (o, s) — d.,(f(o), f(s))| < 20¢, forall o,s € T.

An easy argument shows thAtinduces a pointed8z-isometry fromAbv (a, T') to Abv (a,T”). By LemmdAl
and [100) we get

Va,b € [0,00), dcpet (Abv (a,T),Abv (b, T")) < 112 cpet (T, T") + 8Ja — b],

which completes the proof of LemrhaP.3 [
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A.2 Proof of LemmalZ.4.

Proof of Lemmal2.4(i). First note that for alk, i € [0, 00) and every CLCR real tre€, ZH (T) = (M (T))
anng_f(T) = (My(Rn(T))). Next, observe that,(T') = My(Abv (a,T)). So we only need to prove that
M, is measurable. The definition dfentails that we only need to prove that the restrictioMf to (Tcpet, dcpet)

is measurable. To that end, we first prove the following claim

Claim 1.For all bounded Lipschitz function8: T, — [0, 00) andé: [0, 00) — [0, 00), with ¢ vanishing in a
neighbourhood of,, and for all sufficiently smalk € (0, c0),

(Moo Rp)(-), F-¢ol): Tepet — [0,00) is Borel-measurable. Claim 1)

We first prove thaClaim 1 implies the desired result. For &l € T.p., setG(T) = F(T)$(I'(T)) and say that
G is C-Lipschitz. Lethy € (0, 00), be such thap(y) = 0, forall y € (0, ho). Observe that for alk € (0, ho/2),

VT € Tepets  |(Mo(Ri(T)), G) — (Mo(T),G)| < Ch#2"™'(T) — 0 ash — 0.

By Claim 1, (M,(-), G) is measurable and a monotone class argument shows that(Mq(T), F - ¢ o ') is
measurable for all bounded measurableT.,.. — [0,c0) and for all bounded Lipschitz: [0,00) — [0, 00)
vanishing in a neighbourhood 6f Let ¢, : [0,00) — [0,00), n € N, be a sequence of such functions such that
bn < dnr1 @Ndsup,,cy dn = 1(0,00)- By monotone convergenceM( - ), F') = limy, oo (Mo(-), F' - ¢y o '),
that is therefore measurable. Thild,, is measurable an@laim 1 entails LemmaZl4i). O

To proveClaim 1, we proveClaim 2 that is stated as follows. Fik, > h > 0. Fix ¢: [0,00) — [0,00) &
bounded Lipschitz function such thaty) = 0, for all y € [0, ho]. Fix F': Tcpet — [0, 00), a bounded Lipschitz
function. Let(7T', d, p) be a compact rooted real tree. Then, foralt [0, 1), we set

U,(T) = (M, (Ri(T)),F - ¢oT) .

Denote by(T;,d,0;), j € J, the subtrees aoR,(T") above levelu. Then¥,, (T’ T) = djed F(T )(b(F(T]—)). We
then set
A(T) :={d(p,0) ; 0 € Br(Ry(T)) ULf(RL(T)) } .

Note thatA(T') is a finite set. Then, we claim that
VT € Teper, Yu € (0, A\A(T), W, (T") = U (T)  aSéepet(T7,T) — 0. (Claim 2)

Let us first prove thaClaim 2 implies Claim 1 To simplify notation, we write7 = F - ¢ o I" and note thatz
is C-Lipschitz. Suppose that, v] C [0,h)\A(T'). To each subtre&; above level in R, (T") corresponds a
unique subtree oRh( ) above leveb that is simply the tred; shortened at its root by a line of length— w.
Thus|\Bu(f) U, (T)| < Cv—u)#{j € J: T(T}) > ho}. This proves that — ¥ (T) is right-continuous on
[0, R)\A(T). Forall K € (0, 00) and for allu € (0, h) we setd,, k( fo (K A Wy (T))dv. SinceA(T) is a
finite set, it is Lebesgue negligible. Hencdaim 2 and dominated convergence imply tdef i : Teper — [0, oo)
is d.pet-continuous. Dominated convergence also implies thatlfdr & Tepet, limy, o @, K(T) KA \IJO(T)
This entails thatly = (Mg o Ry)(-), G) is Borel-measurable, which prov&aim 1 O

It remains to proveClaim 2 We use the previous notatidgi We fix u € (0, h)\A(T'). SinceA(T) is finite,
we fix e € (0,u/4) that can be chosen arbitrarily small and such fhat 2¢, u + 2¢] C (0, h)\A(T'). Note that
e < ho/4. Let(T",d’, p’) be a compact rooted real tree such #gl..(Rx(T'), Rn(1")) < ¢/4. By LemmdA.l
there exists a pointedisometry f: R, (T") — Rn(1"). We next denote byT},d’,o},), k € J’, the subtrees of
Ry, (T") above level, so that¥,(T") = >, ., G(T}). Recall that(T},d, 0;), j € J, stand for the subtrees of
Ry (T) above levek:. We nextset/. = {j € J: T'(T ) > 2¢} and we construct aimjectivefunctionr: J. — J’
such that

Vi€ e, beper (TjsThiy)) < T6e . (101)

Construction ofr: for eachj € J., we fix+y; € T} such thati(c;,v;) = 2¢. Sinced(p,c;) = uando; € [p, ],
we getd(p,v;) = u+ 2 andd'(¢', f(v;)) > u + €, and there existé € J’ such thatf(vy,) € T]. We set
w(j) = k.

n is injective: leti € J.\{j}. Theny; Av; = o; A o; and [98) implies that! (o', f(vi) A f(v5)) <
d(p,0: N oj) + 3¢/2. Sinceu — 2e,u + 2¢] C (0, h)\A(T), we getd(p,0; A 0;) < u— 2¢. Consequently,
&(p', F(3) A F(33)) < wandn() # m(j).
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We next prove that

Vj € Je, Yy € T; suchthad(o;,v) >2¢, f(v) € Ty - (102)

Indeed, sincgu — 2¢,u + 2¢] C (0, R)\A(T), d(p,y A ;) > u+ 2¢ and [98) entailg (o', f(v) A () > u,
which implies [Z0PR).
Next observe that for alf € J.,
d'(0ny, f(07)) < d' oy, () +d'(f(), flog) < d' (o, f(3)) —u+doj, ;) + €
< d(p,v)+e—u+2e+e=u+2e+e—u+2+¢e=0e. (103)

We next definef;: T; — Ry (1") by settingf;(c) = f(o) if d(o;,0) > 2¢,andf(c) = o’ ., if d(0;,0) < 2e.
Next observe that ifi (0, o) < 2¢, then [10B) implies

w(4)
We deduce froni(102) thatt (7)) € 77, ;-

d'(f;(0), f(0)) = d' (075, f(0)) < d' 07y, f(0)) + d'(f(0), f(0)) < 6¢ + d(0,05) +& < 9e.
Henced'(f;(o), f(o)) < 9, for all o € T;. Consequentlylis(f;) < dis(f) + 18 < 19¢. We next prove that
f;(T;) is ade-net OfT,’r(j)i leto’ € T;r(j) such thatd' (o7 ), 0") > 4e. Sincef is ane-isometry, there exists
o € Ry(T) such thatd’(f(o),0’) < e. Thus,d(p,o) > d'(p/, f(o)) —e > d'(p/,0') — 2¢ > u + 2¢, and
(102) implies that € T} and f;(0) = f (o), which proves thaf;(T;) is ade-net OfT,’r(j)- Thus, f; is a pointed
19e-isometry from(7}, d, o;) to (17, ;. d’, o7 ), which entails[(T01) by LemmaA.1.

We next prove that
{keJ:T(T}) > ho} Cm({j € J: T(T}) > ho/2}) Cm(Je) . (104)
Leto’ € T} such thatl’(o},, 0’) = hy. There exists € R, (T") such thadd’(f(o),¢’) < . We then get
d(p,o) —u>d(p,f(o)—e—u>d(p,0')— 2 —u>ho/2 > 2.

Thuse € T; for a certainj € J. andf(o) € Tj’r(j) by (I02). Moreover[{?2) easily entails thé{p’, f(c) A d’) >
d'(p',0') — e > u. This implies thatf (o) € T}, andn(j) = k, which completes the proof df (1D4).
Now recall thatG = F-¢oI' and thatp(y) = 0, if y € [0, ho]. Thus, [104) implies thab,(T) = >_,. ; G(Tj)

andV, (") = > el G(T:’r(j)). Recall that7 is C-Lipschitz. Then,[(Z01) and{104) imply

U, (T) — W, (T")| < 76Ce #{j € J: T(T}) > ho/2}. (105)

To summarise, we have fixell € Teper, w € (0,h)\A(T") and we have proved thdf (105) holds true for all
sufficiently smalle € (0,00) and for allT” € Tepee such thatepe Ry (1), Ry (T7)) < /4, SinCeRy, is dcpet-
continuous, this entail€laim 2 and the proof of Lemmia2.4) is complete. |

Proof of Lemmal[2.4(ii). Since(T, §) is a Polish space, the Borel Isomorphism Theorem impligdtieae exists
a one-to-one Borel-measurable functionT — R such that its~invers¢*1: R — T is also Borel-measurable.
Let M = 3>, ;<, 07, be inZ(T), whereg(T1) < --- < ¢(T;,). Then, forallk € N, we defineA, (M) as
follows: B

Ak(M):T,ikaOOI'ifk>n and Ak(M):Tk,lflgkgn

We next set#;(T) = {M < . (T): (M) < oo} that is clearly an element of the sigma-fi€lg, ).

LemmaA.2 Forall k € N, Ay #(T) — T is measurable.

Proof. We only need to prove thato A, is measurable. We set, ;. := {M € .#;(T): ¢(Ax(M)) < z} for all
x € R. Now, we observe that, o = 0 if ¢(T) > x, thatA, o = .#;(T), if p(T) < z, and that for alk > 1,

Av = {o(0) <a}n{(M) <k})U{M € s(T): (M, 1oozop) >k} € Gur),
which implies the desired result |

Recall from [I#) the definition dPaste . It is easy to check thafl’, 7") € T2 — T @ 1" € T is continuous. Thus,
this implies that

M e #;(T) — Paste (M) = ®renAr(M) is measurable. (106)
Leth € (0,00). ForallM = 7, 67, we set=,(M) = > ., Op, (i) Clearly (En(M)) < oo and for all
measurablé’: T — [0,00), (E,(M), F) = (M, FoRy,). ThisimpliesthaE,,: .#(T) — .#;(T) is measurable.
This result combined with (106) implies thBhste o Z;, is measurable. Now, observe that for/ale (0, c0) and
all M € .#(T), § (Paste (M), Paste (E,(M))) < h, which implies Lemm&2]4ii). |
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A.3 Proof of LemmalZ.5.

By (19), LemmaZB and Lemria®(®, we only need to prove thdd is measurable. L&', d, p) be a CLCR real
tree. We first claim the following.
}llin% D(R,(T)) = D(T) . (107)
—

Recall thatD(T') = oo iff T has no leaf and no branch point, namelyfTiffs either a point tree or a finite number
of half-lines pasted at their finite endpoint. In these cafi&si) obviously holds true. Let us assume thaf’) is
finite. First note that it € Br(T'), theno € Br(Ry(T)) for all sufficiently smallh € (0, 00). Leto € Lf(T') be
such thaflp, o] N Br(T") = (). Then for allh € (0,d(p, 7)), there existy’ € [p, o] such thad(c’, o) = h. Thus,
o' € LE(R,(T)) andd(p, o) = d(p,0’) + h. Thus, for allo € Br(T') ULE(T), d(p, o) > limsup,,_,o D(Rn(T)),
which implies thatD(T") > limsup,_,o D(Rx(T)).

Conversely, observe th&r (R, (T)) C Br(T). Next, if o’ € Lf(Rx(T)), then there exists € L{f(T) such
thato’ € [p, o] andd(p, ') = d(p, o) —h. Therefore, foralb’ € Br(Ry,(T'))ULL(R(T)), d(p,0’') > D(T)—h.
Thus,liminf;, 0 D(R,(T")) > D(T), which completes the proof df (ID7).

Forallh € (0,00), we next set/,(T) = inf{a € [0,00): Z(()h)(T) # Z,Sh)(T)}, with the convention that
inf @ = co. By Lemmd2Z.}(i), 7" is measurable and sinae— Z") is caglad, the functiod), : T — [0, 0] is
measurable. Now observe thai(T") > D(R,(T')) > 0. If J,(T) > D(Ry(T)) then, the lowest leaves &, (T")
are at the same distance from the root as the lowest branokspoid there exists € (0, c0), such that for all
e (h, h + E), D(Rh/ (T)) = Jp (T) = D(Rh(T>> — h/ + h. This |mp||es thatim infhe@ﬁ(o,oo)—m Jh(T) =
lim inf, c g (0,00)—0 D(Rr(T')), which implies the measurability @b by (107). [ |

A.4 Proof of LemmalZ.6.

Recall thatforalln € N, 9,,: T — T andD,,: T — [0, o] are defined a8,,11 = ¥ o ¥, andD,, = D o ¥,,. We
setA = {T e T: Y neN D,(T) = oo}, which is a Borel set of' by LemmdZ.b.

Let (T,d,p) be a CLCR real tree. Suppose thate Teage. If 17" has no leaf and no branch point, then
D,(T) = o, foralln € N, and it belongs tod. Next assume that thereds € Br(7") U Lf(T"). Then, there
existsng € Nsuchthay .., Dr(T) = d(p,0). If d(p,0) = T'(T), then for alln. > ng, D, (T) = oo. Let
us assume that(7') = oc: forallr € (0,0), setn(r) = #(Br(p,7) N (Br(T) U Lf(T))), which is finite since
T € Teqge; the previous arguments imply that o< < (ry Dk(T) > 7, which implies thafy, . Dn(T') = oo.
This proves thalcgge € A.

Conversely, assume thate A. If D(T) = 0, thend,, T = T andD,,(T) = 0, foralln € N, which contradicts
the assumption. ID(T") = oo, thenT € Teqge (and recall thak(f) = 0, by convention). Let us assume that
D(T) € (0,00), thenBlw (T, D(T)) is equivalent to a finite number of copies of the inteff@alD (T")] pasted ab.

If kK(T) = oo, 9T has infinitely many trees pasted at its root and the local emimess implies that there are leaves
arbitrarily close to its root, which implies th&, (T") = 0; thereforeD,,(T") = 0, for all n > 1, which contradicts
the assumption. Thus, P(T') € (0, c0), thenk(T") < co. These arguments and a simple recursion imply first that
foralln € N, 9,7 € A andk(d,T) < oo, and that for all € N such thatR,, := Do(T) + ... + Dy, (T) < oo,
we get

{d(p,0); 0 € Br(T)ULL(T): d(p,0) < Ry} ={Ro < Ry < --- < Rp},

Thus, if R,, < oo, we get
n(p,T)+ > n(0,T) <n(p,T) + (1 + k(T)) + (1 + k(1)) + - + (1 + k(9,T)) < o0,

where the first sum is over the branch points Br(T") such thatl(p, o) < R,,. This easily entails thalT’, d, p)
satisfies[{I7) in the definition of real trees with edge lengths |

B Proofs of the preliminary results on GW-trees.

To prove the lemmas of Sectibh 3 about GW-real trees, it ifulisebe able to push forward distributions between
a space of discrete combinatorial trees &g

Discrete trees with marks. The discrete combinatorial trees that we consider are doatalered and locally
finite. We use Ulam’s coding (see Neveu][33]) that allows ewsuch trees as subsets of the set of finite integer

words
U=Jw),

n>0
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whereN* is the set of positive integers. Hef®*)" stands fo{ @}, wherea is the empty word. Before recalling
the formal definition of discrete trees in this context, Istset some notation: the concatenation of the two words
u = (ai,...,am,) andv = (b1,...,b,) in Uis denoted byw = u xv = (a1,...,am,b1,...,b,). Note that
@ xu =u = uxd. Asingle-symbol word shall be denoted bj), wherej € N*. The length ofu € (N*)™ is
denoted byu| = n, with the conventionz| = 0.

For allu € U\{@}, there exists € U such thatu = v * (j) for a certainj € N*. Note thatjv| = |u| — 1.
We then callv the parentof « and we denote it by. We can viewU as a graph whose set of verticeslis
and whose set of edges{i$%, u} ; u € U\{@}}, then we denote bju, v] the shortest path (with respect to the
graph distance) betweenandv. We also seju, v] := [u,v]\{u} and we define similariju, v[ and]w, v[. For
u,v € U, the last common ancestor ofandv is denoted by A v: we recall thaf@, v A u] = [@, u] N [, v].

Definition B.1 A non-empty subsdt C U is called a tree iff it satisfies the following conditions fdf v € t.
(a) Ifu € tis different fromg, then'w € t.

(b) There existsi, (t) € N, such thatfv € t: o = u} = {u* (1),...,u* (k,(t))} if k,(t) > 1 and
{fvet: T =u} =0if k,(t) =0.

Note that (a) entail&y € t. We viewa as the progenitor of the population whose family tree.ighen,k,, (t)
stands for the number of children ofc t. We denote by'iisc* the set of all ordered rooted discrete trees [J

We view [0, oo] as the compactification d6, co) and we denote byA a metric that generates this topology. We
call T = (t;x) amarked tredf t € T4 and ifx = (x,,u € t), with z,, € [0, 0], for allu € t. We then
denote byI'{(°ch = | | cpaice ({t} % [0,00]*) the set of marked trees. We eqai*; with theo-algebragy o
generated by the subsets

Ay = {(t;x) G’IF?Oiifé]: uet,z, >y}, uelU, yel0,o0]. (108)

Connection with real trees. A discrete tree witHinite marks clearly corresponds to a real tree. For technical
reason, we associate a real tre¢0tax]-marked discrete trees with an obvious restriction due &sibdy infinite

lifetime marks. More precisely, |&F = (t;x) € ’E‘Foisgor]. For allu € t, we introduce the following notation:

Cu= Y T, uct (109)
We can think of¢,, as thedeath-time of: and of(s; asthe birth-time ofu, with the conventios; = 0. For an
obvious reason, we have to assume the following:
Yuet, Yoe[a,u], (¢ <oo. (110)
We associate witd" a rooted real tree denoted brREE(T) = (T, d, p) as follows. We first set
p=(2,0) and T ={p}U{(u,s);s€ (0,2,]N(0,00), u € t}.

We then define a distandeon 7" x 7" as follows: for allo = (u, s) € T'\ {p}, we setd(p,0) = s+ 3, [ u[ Tv»
which is finite by [IID). Let’ = (u/,s’) € T'\ {p}. We then set

d(O’ O'/) — d(paa) +d(p7 OJ) _2ZU€|IIZ,u/\u’]] Ty if uA ¢ {u,u/},
0 U ld(p o) = d(p, )], otherwise.

Itis easy to check thatREE(T) := (T, d, p) is a rooted real tree. However, note tiamay neither be a real tree
with edge lengths nor locally compact. We then introduce

TosT = {T = (t;x) € T, : T satisfies[(I1T0) anda € [0,00), #{u € t: {, <a} < oo} . (111)

It is easy to check that i € Tayer, then TREE(T) is a real tree with edge lengths as in Definition 2.1. Next

observe tha’ﬂ‘gjﬁgg belongs to the sigma-field, ;. Then, forallT ngﬁgg, we denote byTREE(T) the pointed
isometry class of the real tree with edge lengtiREE(T).

LemmaB.2 TREE: TeY — Teqq. is measurable.

37



Proof. Lett e T9* be finite and set/;y = {x € [0,00]* : (t;x) € Tas }, which is an open subset of
[0, 00]t equipped with the product topology. First note that Uy — TREE(t;x) is §-continuous. For any
n € N, setE,, = || ({t} x[0,]*), where the disjoint union is taken over the set of discregest such that

|u| < nforallu € t. Clearly,E, is a Polish space when it is equipped with the distaf)cthat is defined for any

T = (t;x), TV = (t/;x) in E, by

do(T,T)=1 if t#t and d,(T,T)= > 27" '1AA(2y,,2,)) if t=t,
0<m<#t

whereup =@ <u; <---<ug—1 IS the sequence of vertices ofisted in the lexicographical order. Next, for all
T = (t;x) € Tdifgg} and alln € N, we sett),, = {u € t: [u| <n}andT), = (tj,;x, = (Tu,u € t},)) € Ey.

[0
We then define a metrié on 11‘?(;5;] by settingd(T, T") = >_,,5,2 "dn(T},, T|,). By standard arguments,

In
(']I‘foifgor],d) is a Polish space. The previous arguments entail that iofixmqn e~N, T € Ty — TREE(T),)
is §-continuous. Moreover, for any fixéll € ngﬁg, we easily ged ( TREE(T), TREE(T),)) — 0 asn — oc.
This implies thatTREE : ']I‘gjﬁgg — Teage IS Measurable with respect to teBorel sigma-field oﬁl‘fgsgg], which

turns out to be&jjy ). |

In the following lemma we prove thal REE has a measurable section. This result is used in the proof of

Lemmd3.2.

Lemma B.3 There isS: Teqge — TS measurable such thalRee(S(T)) = T, for all T € Teqge.

Proof. Recall Lemmd AR and its notatiah,. First note that for alll’ € Tedge: (Mo(T)) = Z()*(f) < 0.
LemmdA.2 and Lemma 2.4 (i) allow to define for Ak N* a measurable functioBy, : Teqge — Tedge DY Setting

®5(T) = Ap(Mo(T)). Then, for all words: € U we recursively defin@, : Teqze — Teage by setting for all
k€ N*, ¢ (T) = Bp(T), andg iy = Ak (Mo(9(u(T))))-

If Z5(T)=0, thenT =7 and we seti(1") = {(,0)} that is the progenitor with zero lifetime and no children.
Let us assume that := Z; (7) > 1. Then, forallk € {1,...,n}, we sett;, = {u € U: ¢()..,(T) # Y} and
for all u € ty,, we setw, (k) = D((ywu(T)). Itis easy to check thaly, := (tx;x(k)) € TIr. Then, we set

~ ) 2 edge -
S(T) = {((k) *xu,zy(k));u € ti, k € {1,...,n}} € T;‘éﬁg and we easily check tha&REE(S(T')) = T'. Also,
S is clearly measurable sinegg, and D are measurable. |

B.1 Proof of Lemmal3.2.

Lemmd3.2 looks obvious, but it is not. Since it is the poinénfrance of GW-laws into the spaewe proceed
with care in several steps.

Step 1: existenceHere we use a construction ngﬁgg) For allu € U, we define the:-shift,,, by setting for all
w = ux* v, f,w = v. For every subsel C U, we also defind, A as the (possibly empty) set of wordse U
such thatu x v € A. Forallu € t, we set),, T = (0,t; 0,x), wheref, x = (., v € 0,t), and we slightly abuse
notation by writingu € T instead ofu € t andk, (T) instead ofk,, (t).

Let us fix an offspring distributiog andc € (0,0). Let (2,G,P) be a probability on which is defined a
family (N (u), xy)uev Of i.i.d. Nx [0, co)-valued r.v. with lawg @ ce~“*dz. We then set

T={g}uU U {u=(a1,...,an)e(N")": Vke{1,...,n}, ax<Na,, .ap 1)} >

n>1

with the convention thaay, ..., ax—1) = if k=1. We setx=(z,,, u € 7) andT = (7;x). Clearly, T € T({{°Z,.
Recall from [(10B) the definition of the elementary sdts,. We immediately see thdtT” € A, ,} € G, which
entail that7: Q — ngfgg] is (G, Gjo,oc])-Measurable. Moreover, we easily check tifasatisfies the following
two properties.

(@) Thelaw ofkz(T) is &, the law ofxg is n(dz) = ce™“*dz, andky (7) andx g are independent.

(b) For allk € N* such thatt(k) > 0, the subtree$6;)(7);1 < j < k) underP(-|ky(T) = k) are i.i.d.
copies of7 underP, and they are independentxf;.
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Furthermore, ifT’ also satisfies (a) and (b), we checkthat foral 1, alluy,...,u, € U allyy,...,y, € [0, 0],
P(T € Auyyy N N Ay, 4 )=P(T" € Ay, N---NA,, ,.) and a monotone class argument entails fhat
and7” have the same law, which we call the GgM() -distribution on?l‘?‘scr and which is therefore characterised

by (a) and (b). We refer to Neveu [33], for more details.

For anya € [0,00), we then setZ (T) = #{u € 7 : {§ <a < (.} € NU {oo}, that is the number of
individuals that are alive at time. Properties (a) and (b) imply that up to a possible explogidinite time, the
processu — Z; (T) is a continuous-tim&-valued Markov chain whose matrix-generatoy;); jcn is given
by g = —ci,qi; =0if j <i—1,¢.,-1 = cif(0)andg; ; = ci&(j — i+ 1) if j > 4. Standard analytical
computations imply that a.s. explosion does not occl iffconservative as defined [n_{28): sek [4, Section 111.3]
for more details. Then, i is conservativeg € [0, 00) — Z} (7 is N-valued and cadlag a.s. Thus,

¢ conservative = P-as. T € Tors . (112)
Let us furthermore assume th@ats proper. Then, the law dfi of '|~'REE(7') satisfies (a) in Definition 3l1. Note
that this law is concentrated dhqge. This proves that for every proper conservative offspriisfridbution£ and
everyc € (0, 00), there exists at least one probability measur&an. that satisfied(29) in Definitidn 3.1. O

Step 2.Let @ be as in Definitiofi 3]1. We claim thgt(Teqge) = 1.
Proof.On the auxiliary probability spadél, G, P), we consider ai¥-valued Markov procesg = (Z;)c|o,c) With
initial stateZy =1 and with matrix-generatdy; ; ): jen as defined above. We then skt=inf{t >0: Z, # Zy}
and for alln € N, J, 11 =inf{t > J,,: Z; # Z;,}, with the convention thainf ) = co. Then,(J,),cn are the
jump times ofZ and if Z is absorbed at timé,,, J, = oo, for all p > n. Since¢ is assumed to be conservative,
J, = oo a.s. an — oc.

Let Q be a law orT as in Definitior[-3.1L. It is easy to prove recursively tiaf + - - - + D,, underQ has the
same law ag/,, underP. This implies tha)-a.s.>", ., D, = oo, which implies the claim by Lemnia2.6. O

Step 3.Let @ be as in Definitio 311 and suppose thasatisfies[(2P) witl{¢, ¢c) and(¢’, ¢'). Then(¢, c) = (&, )
follows straight from[(2D). O

Step 4. Conversely: let be proper and conservative, lete (0,00). Suppose thaf) and Q’ satisfy [29) in
Definition[3.1. Then, we claim th@) = Q’.

Proof. Recall the functiors from LemmdB.38. In the definition of, the vertices have been ordered in a way that
causes a lack of exchangeability. This is why we introdudeudfling kernel as follows. LeT € Tdiscr, Denote

edge *

by K (T, dT’) the law of the discrete marked tree obtained by permutingpeddently and unlformly the siblings
(with their corresponding lifetime marks). It is easy to ckéhat K is a measurable kernel. Then by LermalB.3,
it is easy to check that the two law® := [ Q(dT)K (S(T),dT) andP’ := [ Q'(dT)K(S(T),dT) satisfy (a)
and (b) of the definition of a discrete Galton- Watson disttidn. As already mentloned there is a unique GWJ
law on"]I“fOi_Sgé]. Therefore,P = P’. But now observe thad is the law of TREE underP and that?’ is the law of

TREE underP’. Thus,Q = Q', which entails the desired result. This finishes the prodfeshmd3.2. [ |

B.2 Proof of Lemmal3.3.

Basic computations. Before proving LemmB3l3, let us prove some basic facts. &éitkua proper conservative
offspring distribution¢ andc € (0,00). Recall thatT4se* stands for the set of (ordered rooted) discrete trees
with no mark as in Definitioh Bl1. We then s&f** = {t € TU: #t < oo}. Lett € T Recall that

for all u € t, k,(t) stands for the number of children of We denote byLf(t) = {u € t: k,(t) = 0} the set

of leaves oft. For each subsef C Lf(t), we define the following weightg (t, S) = [[,cq s & (ku(t)). Let

X = (zu)uet € [0,00)% sothall = (t;x) is a[0, co)-marked tree. Recall frord(ID9) notatignand(:. for resp.
the death time and the birth time ofc t. We also sel.(x) = > ., x.. Foralla € (0, c0), we define

Dt s = {X = (2 )uet € [0,00)%: (, < aif u € t\Sandx, = a — (e ifuce S} )
We also introduce the following finite measure[onco)*:

Mtc,S.,a(dX) = lDt,s,a(X)c#t_#Se_CL(X) H 5a*€e (dmu) H dz, ,
u€S u€t\S

whered, (dy) stands for the Dirac masst [0, o).

Let T = (7;x) have the GWY, ¢)-distribution on?l‘foifgg], as defined in the Sectiédn B.1 (and recall tifat
satisfies (a) and (b)). We then s¢t= {u € 7: (< <a < (,}. We listS in the lexicographical order and write
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S ={u1 <--- <wugs}. The forest of discrete trees above lexek then given byF* = (7),.,.,g, Where
Te=(0y,71;x'=(z,,vEl,,T)) With 2, =(,, —a andx, = x,,,, for anyv € 6, T distinct froma. Here, we
use the convention tha“ is a cemetery poin® if S=(). The tree below levet is then given byT, = (7,; x%),
wherer, ={u€ 7: (< <a}, and wherec;, =x,, if u € 7,\S andx{ = a—(. if u€S. We nextdenote bil,, (dF)
the law of a finite sequence (namely, a forestﬁoﬁdependent GW;‘Q c)- -discrete trees (with the convention that
I1, is the Dirac mass on the cemetery paifit For all measurable functions; : {0} U |_|n>1("]I‘fO‘b;§])" [0, 00)
andGs: T — [0, 00), we easily get for att € T, forall S C Lf(t) and for alla € (0, 00),

E [Gl(]:a)GQ(T )l{fa_t S— S}] = ’wg( S) H#S[Gl]/ E,S,a(dx) Gg(t;X) . (113)
D¢ s.a
We also set
PE(t) =Bl —gl= D we(t,S)(Mg,), (114)
SCLE(t)

where(M¢ ¢ ) stands for the (finite) mass of the meas§ ¢ ,. Recall from [11P) that sincg is proper and
conservativeJ” € T4 a5, and thus,

edge

> opt.t)=1. (115)

disc
teTfl:.cr

Now set] = TREE(T) thatis a GWE, c)-real tree, whose law Gfiis Q¢ .. Note thatAby (a, 7) = TREE(F*),

thatBlw (a,7) = TREE(T ), and thatZ} (T) = #S. Thus, [TIB) implies that for all measurable functions
F,G: T — R4, foralln € Nand alla € (0, 00),

Qc.c |F (Abv (a,-) G (Blw (a, ) 1{z;:n}} = Qc.c [Q?Z[F]G(Blw(a,-)) Lyl (116)

Note that for any: € [0, cc), there is nou € 7, such tha =¢,,, a.s. Thush — (Z,(T); Blw (b, TREE(T))) is
continuous at time, a.s. Namely,

Va € [0,00), Q¢ c-a.s. b (Z,Blw (b, -)) is continuous at time. (117)

This implies in particular thaf{116) holds true with= 0.

Proof of Lemmal3.3. Note that[(116) and(117) prove th@ii) => (ii). The implication(ii) = (i) is obvious.
It only remains to prov¢i) = (iii). So, we assume th&} is a probability measure dfi that satisfiegi), and
that is such thaf(0 < D < oo) > 0 and such thafZ * is Q-a.s. cadlag.

We first prove that)(Z;” = 1) = 1. Indeed, by(i) with a = 0, Q(Z; = n) = Q(Z; = n)Q®"(Z; = n),
forall n > 1. Suppose that there exists> 2 such thatQ(Z = n) > 0, thenQ®"(Z; = n) = 1, which
implies thatQ®"™(Z; = k) = 0if k # n. ButQ®"(Z; = n?) > Q(Z; = n)" > 0, which is impossible. Thus,
Q(ZF =0)+Q(Z =1) = 1. SinceQ(D = x) < 1,Q(Z; = 0) < 1, which implies tha)(Z; = 1) > 0.
Now observe thati) entailsQ(Z; = 1) = Q(Z4 =1)?, sowe geQQ(Z; =1) = 1.

This implies that for alu € [0, D), Z = 1 # Z,. Namely,D = inf{a € [0,00): Z} # Z;}. We next fix
b€ (0,0),p €N,andG: T — R, bounded and measurable. By with a = 277b, we get

Q [G(Abv (b, .))lmlﬁkgzp{z;jz*m:l}} - Q(Z;lpb - 1) Q [G(Abv (bib27p’ .))lmlﬁkSQP—l{ZZZ*Pb:1}:| ’

An easy inductive argument implies that

Q[G(Aby (v,))

1 +
m1gk§2P{Zk2fpb:

W] =iz = >2p=Q[GlQ< M {2 vb—l})-

1<k<2P

Sincea — Z} is Q-a.s. cadlaglim,_, lﬂl<k<2p{ 13 = Lp>ny and a simple argument and the assump-

k2™ T)b

tion Q(0 < D < o0) > 0 imply that there is: € (0, 00) such thatQ(D > b) = e~®. Namely,D underQ has an
exponential law with meaih/c and we get

Q [G(AbV (b, ))1{p>py] = QG Q(D > b) . (118)

Recall that[-] stands for the ceiling function and sBt, = 277[2PD] that decreases t® asp — oo. Fix
n € N\{1}, F: T — Randf: [0,00) — R, bounded and continuous. We then set

Aep=QUF(ADY (277, NI "M,y iz o)
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and

p = ZAkp = AbV( ))f(DP)l{ng:n}]'

keN

Then,lim, o0 A, = @ [F(ﬂ)f(D)l{k:n}}, by Lemmd 2B and sincB™ is assumed to b&-a.s. cadlag. We
next apply [(ZIB) withh = (k — 1)277, and then(i) with a = 277 to get

App = Q®H[F]Q (Z;—p = n) efc(kfl)rpf(kgfp)_

By taking F' and f equal tol, we getQ(D,, = 27 Pk; ng =n) = Q(Zf

., =n)e k=27 Summing over
k> 1lentailsQ (7, =n) = (1 — e~ ")Q(Z], =n). Thus

App = Q®n [F]Q(ng = n)(l _02713)e_c(k_l)rpf(k?—p)
= Q®"[F]Q(Z}, =n)Q (Dp = k277) f(k27P).

Summing overk > 1 entails 4, = Q®"[F]Q( Bp = n)Q[f(Dy)], which impliesQ[F(9) f(D)1{x=n}] =
Q®"[F fO x)ce~*dx, where(n) = Q(Z;, = n), foralln € N. Namely,Q is the law of a GW§, c)-real
tree. [

B.3 Proof of Lemmal3.4.

The statement for GW-forests is easily derived from the@g@ls result for single GW-real trees. We only need
to prove that for alb > b > 0, all p € N and all bounded measurable functiadnsT — R:

1i_>m Qe, cn [F (Blw (a, - )] = Qe e [F (Blw (a, - )] . (119)
Recall [11%) and(115). Thus, for allc NU {cc}, we have

Bpi= Qe [FBw(a, )] = S 3 we,(t /D My ,(dx) F (TRe(6:x)) -
t,S,a

teTdier SCLE(t)

Observe that for alt € T¢*" and allS C Lf(t), lim, 00 we, (t,5) = we (¢, 5),

n— oo

lim [ M, (dx) F (TREE(t;X)) - /M;ga(dx)F (TREE(t;X)) (120)
andlim, oo p¢, . (t) = p¢_ . _(t). Thus, for allfinite subsetsA C T, we get

limsup [By — Boo| < |Fl| pE, oo (TF*\A) + | F]| lim pg . (TF*\A) = 2[|F|| (1-pE, o (4)) .

n—oo

which implies [11D) becaugg . is a probability function on the countable ﬂ“r. |

B.4 Proof of Lemmal3.6.

Let A C T be hereditary and lét € (0,00). We set4;,, = AN {T" > h}. Note that4,, is hereditary. Let stand
for a Borel isomorphism frorfl ontoR. Namely,¢: T — R is one-to-one and as well asp~ 'R — T are
Borel-measurable. For ali € N*, let L,: T — T be defined as follows. For &ll € T, setM,, (T ) > ier 07,

andn = (M,(T), 14, ); then, for allk > n, Li(T) = T and ifn > 1,

Yo 1a (Mo = > 0y g with @(Li(T)) <+ < ¢(Ln(T)) -

iel 1<k<n

Li(Y) =Y. We argue as in LemniaA.2 to prove tHat is measurable.
Then for every word: € U, we define a measurable functidy : T — T such thatl4 is the identity map on
T, Ly = Ly, forallk € N*and L, o L, = Ly, forallu,v € U.
We next fix a CLCR real tre€T’, d, p) and we define &, oo)-marked discrete tre@; x) ']I‘fo‘bgg by setting
t:{@}u{uew\{@}: Lo(T) ¢T} and Vuet, wzo=h.
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We then se{T”,d’, p’) = TREE(t;x). Recall that each edge @f has lengthh and corresponds to one vertex

in t. Recall that formallyp’ = (@,0) andT’ = {p’} U {(u,s);s € (0,h], u € t}. We denote byp,(T) the
pointed isometry class @. Recall from LemmaB]2 thal REE is measurable. Since the functiobs, u € U,
are measurabl&@;,: T — T is then measurable.

We now prove thal” andR 4 (T') are close with respect i To that end, for alf € N, we set

Se={p}uU {0 €T:d(p,o)=Ch and (M(0,T),14,) > 1} and S := U Sy .
LeN

It is easy to see thaf is a (2h)-net of R4(T'). Indeed, letr € RA(T). There existd € N such thatth <
d(p,0) < ({4 1)h. If £ =0, thend(p, o) < h, which entailsi(o, S) < h. Assume that > 1 and leto’ € [p, o]
be such thatl(p,c’) = (¢ — 1)h. Then,d(o,0’) € [h,2h). Denote byI'? the connected component@f T\ {o’'}
that containss and setl’, = T° U {¢’}. Note thatT, is an atom ofM,(6,,T) and thatl'(T,) > h. Since
o € T2 N Ra(T), there existg” € T2 such that),. T € A. Sincef, T = 0,.T., we then ge’rf* € A. This
implies thato’ € S,_;. Thus,d(o, S) < 2h, which proves that is a(2h)-net of R4 (T).

From the definition of the functions, and of the tree, we easily check that there is a functipnt — S that
satisfies the following property:is surjective (@) = p, and for allu € t\{}, Lu(f) is an atom of/\/lo@(u)T)
andd(p, j(u)) = |ulh. We now definef: T" — S by settingf((u, s)) = 3(u), for all (u, s) € T'. We easily see
that

V(u,s), (u',s) €T, |d'((u,5), (v, 5)) = d(5(u), g(u))| < 2,
which implies that the distortion of is less thar2h. Sincef(T”) = S is a(2h)-netof R4(T), f is a pointed
(2h)-isometry and Lemmia’Al1 implies that7’, R4 (T)) < 8h. This proves that for alb € (0, 00), there exists
a measurable functiof,,: T — T, such that

VT eT, & (cbh(f),RA(T)) <8h,

which completes the proof of LemrhaB.6.
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