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Abstract

We introduce the notion of a hereditary property for rooted real trees and we also consider reduction of
trees by a given hereditary property. Leaf-length erasure,also called trimming, is included as a special case of
hereditary reduction. We only consider the metric structure of trees, and our framework is the spaceT of pointed
isometry classes of locally compact rooted real trees equipped with the Gromov-Hausdorff distance. Some of
the main results of the paper are a general tightness criterion in T and limit theorems for growing families of
trees. We apply these results to Galton-Watson trees with exponentially distributed edge lengths. This class is
preserved by hereditary reduction. Then we consider families of such Galton-Watson trees that are consistent
under hereditary reduction and that we call growth processes. We prove that the associated families of offspring
distributions are completely characterised by the branching mechanism of a continuous-state branching process.
We also prove that such growth processes converge to Lévy forests. As a by-product of this convergence, we
obtain a characterisation of the laws of Lévy forests in terms of leaf-length erasure and we obtain invariance
principles for discrete Galton-Watson trees, including the super-critical cases.

AMS 2000 subject classifications: 60J80.
Keywords: Real tree, Gromov-Hausdorff distance, Galton-Watson tree, Lévy tree, leaf-length erasure, limit the-
orem, tightness, invariance principle, continuous-statebranching process.

1 Introduction

This paper concerns general results on continuum trees and convergence of random trees. Here we view trees as
certain metric spaces called real trees and we are using and developing a framework initiated by Aldous [2, 3] and
Evans, Pitman and Winter [14] who first considered in our probabilistic context the space of compact real trees
equipped with the Gromov-Hausdorff distance. The convergence results of our paper are applied to a large class
of growth processes of Galton-Watson forests. This class oftree-growth processes contains the important example
of forests consistent under leaf-length erasure (see Neveu[34], and Le Jan [32] in the context of super-processes),
and it is also closely related to two specific models considered by Geiger and Kauffmann [17] and by the present
authors in [12]. We prove that in some sense, any way of growing Galton-Watson trees yields, in the limit, Lévy
trees, which are continuum random trees introduced by Le Gall and Le Jan [31] that have been further studied in
[10] and also by Abraham, Delmas [1] and Weill [40].

Let us briefly review in this introduction the main results ofthe paper. First we recall a few definitions on real
trees and the space of trees we consider. A real tree is a path-connected metric space(T, d) with the following
property: any two pointsσ, σ′ ∈ T are connected by a unique injective path denoted by[[σ, σ′]], which furthermore
is isometric to the interval[0, d(σ, σ′)] of the real line. Informally, real trees are obtained by gluing together,
without creating loops, intervals ofR equipped with the usual metric. However, note that real trees may have
a complicated local structure, like Aldous’s (Brownian) Continuum Random Tree, which is a compact real tree
whose set of leaves is uncountable and dense. In each real tree (T, d), we distinguish a pointρ ∈ T that is viewed
as the root. So we speak of(T, d, ρ) as a rooted real tree.

We shall focus on complete locally compact rooted real trees(CLCR real trees for short). We then say that
two CLCR real trees are equivalent if there exists a root-preserving isometry from one tree onto the other. We
simply denote byT̃ the pointed isometry class of a given CLCR real tree(T, d, ρ). We denote byT the set of
pointed isometry classes of CLCR real trees. We equipT with the pointed Gromov-Hausdorff distance denoted by
δ (see Section 2.1 for a definition). Then(T, δ) is a Polish space. This result is due to Gromov [20] for compact
metric spaces and to Evans Pitman and Winter [14] for compactreal trees (see also [12] for the standard adaptation
to pointed CLCR real trees). The main results of this paper (tightness criterion, limit theorems and invariance
principles) take place in the space(T, δ).
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Let us briefly explain the notion of a hereditary property in this context. Let(T, d, ρ) be a CLCR real tree.
Then we define for everyσ ∈ T thesubtree aboveσ asθσT = {σ′ ∈ T : σ ∈ [[ρ, σ′]]}. Note that(θσT, d, σ) is
also a CLCR real tree. We denote byθ̃σT its pointed isometry class inT. A hereditary propertyis a Borel subset
A ⊂ T such that for every CLCR real tree(T, d, ρ) and for everyσ ∈ T , if θ̃σT ∈ A, thenT̃ ∈ A. In order to
rephrase this definition informally, let us viewT as a continuum of individuals whose progenitor is the rootρ: if an
individualσ ∈ T “has the hereditary propertyA”, namely if θ̃σT ∈ A, then the progenitorρ also “has the property
A”; implicitly, a hereditary property may be lost on the ancestral lineage between the progenitor and an individual,
and an individual can only inherit a hereditary property if all his ancestors had it.

We then define theA-reduced subtree ofT asRA(T ) where

RA(T ) is the closure inT of the subset{ρ} ∪ {σ ∈ T : θ̃σT ∈ A}.

Then,(RA(T ), d, ρ) is a CLCR real tree and its pointed isometry class only depends on the isometry class of
T . Hence, there is an induced function fromT to T that we simply denote byRA. Hereditary properties can be
composedin the following sense: letA,A′ ⊂ T be two hereditary properties, we then setA′ ◦ A = {T̃ ∈ T :

RA(T̃ ) ∈ A′} and Lemma 3.11 asserts thatA′ ◦A is hereditary and moreoverRA′◦A = RA′ ◦RA.
The most important example of hereditary reduction is theleaf-length erasure(also called trimming) that is

defined as follows. For any CLCR real tree(T, d, ρ), denote byΓ(T ) = supσ∈T d(ρ, σ) its total height(that is
possibly infinite). Since it only depends oñT , it induces a function onT, that is also denoted byΓ and that is
δ-continuous. Then for anyh ∈ [0,∞), we setAh = {T̃ ∈ T : Γ(T̃ ) ≥ h}, which is clearly hereditary. We
shall simply writeRAh

asRh and refer toRh as theh-leaf-length erasure. Note that for anyh, h′ ∈ [0,∞),
Ah′ ◦Ah = Ah+h′ and thus,Rh′ ◦Rh = Rh′+h.

Leaf-length erasure was first considered by Kesten [26] for discrete trees. Then it was studied by Neveu [34],
by Neveu and Pitman [35] to approximate the Brownian tree andalso by Le Gall [30]; later Le Jan [32] used it
to construct superprocesses with a stable branching mechanism. In the context of compact real trees, leaf-length
erasure was more systematically used by Evans, Pitman and Winter [14]. They proved in particular thatRh is
δ-continuous.

One important fact to note is that for any CLCR real treeT , Rh(T ) is a real tree with edge lengths, that is
Rh(T ) has a discrete branching structure: the set of branch pointshas no accumulation points and all branch
points have finite degree. For everya ∈ [0,∞) and everyh ∈ (0,∞), we set

Z(h)
a (T ) = # { σ ∈ Rh(T ) : d(ρ, σ) = a }.

SinceRh(T ) is a real tree with edge lengths,a 7→ Z
(h)
a (T ) is anN-valued function that is left-continuous with

right limits. We call the processa 7→ Z
(h)
a (T ) theh-erased profile. SinceZ(h)

a (T ) only depends on the pointed
isometry class ofT , it induces a function onT that is denoted in the same way.

As proved in Lemma 2.7, the erased profiles allow to control the covering numbers of balls of CLCR real
trees, which is the key argument in the following general tightness criterion in(T, δ): let (T̃j)j∈J be a family of
T-valued random trees. Their laws areδ-tight if and only if for every fixedh, a ∈ (0,∞), the laws of theN-valued

random variables(Z(h)
a (T̃j))j∈J are tight. This is Theorem 2.9, which is one of the main results of this paper.

This tightness criterion is used to obtain, among other results, invariance principles for Galton-Watson trees (see
Theorem 4.15 in Section 4.3). More generally, it is well-adapted to any model of random trees that allows a certain
control on the erased profiles.

In this paper we consider tree-valued processes that grow. One simple way to understand the growth is to view
the trees in a certain ambient metric space and to say that thetrees grow with respect to the inclusion partial order.
However, we only consider the metric structure and we want toconsider neither the ambient metric spaces that
allow such constructions nor the details concerning the many ways the tree-growth process can be embedded in
a given ambient space. This is why we introduce the followingintrinsic definition of growth: letT̃ , T̃ ′ ∈ T; we
say thatT̃ can be “embedded” iñT ′, which is denoted bỹT � T̃ ′, if we can find representatives(T, d, ρ) and
(T ′, d′, ρ′) of T̃ andT̃ ′, and an isometrical embeddingf : T →֒ T ′ such thatf(ρ) = ρ′.

Note that� is a partial order onT. Moreover, for any hereditary propertyA, if T̃ � T̃ ′ thenRA(T̃ )�RA(T̃ ′)
and in particular for anyh> 0, Rh(T̃ )�Rh(T̃ ′), which implies for anya ∈ [0,∞), Z(h)

a (T̃ )≤Z
(h)
a (T̃ ′). This

yields the following convergence criterion stated in Theorem 2.15: let(T̃n)n∈N be aT-valued sequence of random
trees such that for alln ∈ N, T̃n�T̃n+1 almost surely; furthermore assume that for every fixeda, h ∈ (0,∞), the

family of laws of theN-valued random variablesZ(h)
a (T̃n), n∈N, is tight; then, there exists a random treeT̃ in T

such thatlimn→∞ δ(T̃n, T̃ ) = 0 a.s.
This result is used to prove that, when convergent, any growing family of Galton-Watson forests tends to either

a Galton-Watson forest or to a Lévy forest. Before explaining this result, let us informally discuss the model of
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Galton-Watson real forests that are considered here (they are introduced precisely in Section 3.1). Their laws are
characterised by the following three parameters: the offspring distributionξ = (ξ(k))k∈N, the lifetime parameter
c ∈ (0,∞), and the initial distributionµ = (µ(k))k∈N. We view a Galton-Watson real forest with parametersξ, c
andµ (a GW(ξ, c;µ)-real forestfor short) as the forest of genealogical trees of a population that evolves as follows:
at generation0, the population hasN independent progenitors, whereN has lawµ; the lifetimes of individuals
are independent and exponentially distributed with mean1/c ; when they die, individuals independently give birth
to a random number of children distributed according toξ. Here, we shall assume thatξ is proper and non-trivial,
namely thatξ(1) = 0 andξ(0) < 1. Moreover we also assume that the associated continuous-timeN-valued
branching process is conservative (see (28) in Section 3.1 for more details).

Theorems 3.13 and 3.12 assert that the class of GW-laws is preserved by hereditary reduction. More precisely,
let F̃ be a GW(ξ, c;µ)-real forest, letA ⊂ T be a hereditary property and denote byα the probability that
theA-reduced tree of a single GW(ξ, c)-real tree is just a point. Assume thatα ∈ (0, 1). ThenRA(F̃) is a
GW(ξ′, c′;µ′)-real forest, where (ξ′, c′;µ′) is given in terms ofα and (ξ, c;µ) as follows: if we denote byϕν the
generating function of a probability measureν onN, then

ϕξ′(r) = r +
ϕξ(α+(1−α)r)−α−(1−α)r

(1−α)(1−ϕ′ξ(α))
, c′=(1−ϕ′ξ(α)) c and ϕµ′(r)=ϕµ(α+ (1 − α)r). (1)

This important property of hereditary reduction naturallyleads us to consider families of GW-real forests that
are consistent under hereditary reduction. Namely, we calla family (F̃λ)λ∈[0,∞) of Galton-Watson real forests a
growth processif for all λ′ ≥ λ there exist hereditaryAλ,λ′ ⊂ T, such that almost surely

∀λ′, λ ∈ [0,∞) such thatλ′ ≥ λ, F̃λ=RAλ,λ′
(F̃λ′) .

Let us say that̃Fλ is a GW(ξλ, cλ;µλ)-real forest and assume thatµλ tends to the Dirac mass at infinity, asλ→∞.
This assumption implies that each offspring distributionξλ appears as areduced lawas in (1) for allα sufficiently
close to 1 (such offspring distributions are called infinitely extensible [12]). Then Theorem 4.6 shows that they are
quite specific. Namely, the laws (ξλ, cλ, µλ) are entirely governed by a triplet (ψ, β, ̺) defined as follows.

• ψ : [0,∞) → R is thebranching mechanismof a continuous-state branching process. Namely,ψ is the
Laplace exponent of a spectrally positive Lévy process and it is therefore of the Lévy-Khintchine form

ψ(λ) = aλ+
1

2
bλ2 +

∫

(0,∞)

(
e−λx − 1 + λx1{x<1}

)
π(dx) ,

wherea ∈ R,b ∈ [0,∞) andπ is a Borel measure on(0,∞) such that
∫
(0,∞)(1∧x

2)π(dx) <∞. Moreover,

ψ has to satisfy two additional conditions: it takes positivevalues eventually and
∫
0+
dr/|ψ(r)| = ∞ (the

latter assumption is equivalent to assuming that the continuous-state branching process governed byψ is
conservative).

• β : [0,∞)→ [0,∞) is non-decreasing and such thatlimλ→∞ β(λ) = ∞.

• ̺ is a probability measure on[0,∞) that is distinct from the Dirac mass at zero.

Then, for anyλ ∈ [0,∞), (ξλ, cλ, µλ) is derived from (ψ, β, ̺) as follows:

ϕξλ(r) = r +
ψ((1− r)β(λ))

β(λ)ψ′(β(λ))
, cλ = ψ′(β(λ)) and ϕµλ

(r) =

∫

(0,∞)

e−(1−r)yβ(λ) ̺(dy).

These offspring distributions already appeared in the morespecific context of [10, 12]. Of particular interest are
cases where the offspring distributionsξλ are all equal to a certainξ not depending onλ ≥ 0. We easily see
that this exactly corresponds to the stable cases whereψ(λ) = λγ , for a certainγ ∈ (1, 2] and thusϕξ(r) =
r + 1

γ (1 − r)γ . We call these laws theγ-stable offspring distributions. The Brownian case corresponds to the
critical binary offspring distribution (γ = 2). They appear in previous work [32, 34] (and in a slightly different
form in [10, 39, 24]).

Observe thatλ 7→ Γ(F̃λ) is non-decreasing almost surely, since the growth process is�-non-decreasing. Then
limλ→∞ Γ(F̃λ) exists in[0,∞] and standard branching process arguments give thatP(limλ→∞ Γ(F̃λ) <∞) > 0
iff ψ satisfies

∫∞
dr/ψ(r) < ∞. This is a necessary and sufficient condition for the growth process to converge

in (T, δ), almost surely. Namely, Theorem 4.9 asserts that there exists a random CLCR real treẽF such that

lim
λ→∞

δ
(
F̃λ, F̃

)
= 0 almost surely.
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The limiting treeF̃ is aψ-Lévy forest. Moreover, the branching processes associated to F̃λ, λ ≥ 0, also converge
almost surely. Namely, for anya ∈ [0,∞), we get

1

β(λ)
# {σ ∈ Fλ : d(ρ, σ) = a} −−−−→

λ→∞
Za almost surely,

where(Za)a∈[0,∞) is a continuous-state branching process with branching mechanismψ and whose initial value
Z0 has law̺ (see Section 4.2 for more details). As an application of these results, Theorem 4.10 provides a nice
characterisation of Lévy forests via leaf-length erasure.This result is used in the proof of the invariance principles
for discrete Galton-Watson trees that follow in Section 4.3. These limit theorems are general and they notably
include the super-critical cases. Invariance principles for critical and sub-critical trees were obtained in [10] using
different arguments and a different formalism.

This paper is organised as follows. In Section 2.1, we recallbasic definitions concerning real trees and the
Gromov-Hausdorff metric. In Section 2.2, we discuss various operations on real trees. The technical details
concerning the measurability of such operations are postponed to an appendix. Section 2.3 is devoted to the
statement and the proof of the main general tightness results and convergence theorems for real trees. Section 3.1
discusses an intrinsic definition of Galton-Watson real trees, and hereditary reduction is studied in Section 3.2. In
Section 4.1, we define and study growth processes of Galton-Watson forests, whose limits are discussed in Section
4.2. Section 4.3 is devoted to invariance principles for rescaled discrete Galton-Watson trees with unit edge lengths.

2 Preliminary results.

2.1 Real trees.

Real trees form a class of loop-free length spaces, which turn out to be limits of many discrete trees. More precisely,
we say that a metric space(T, d) is a real treeif it satisfies the following conditions:

• for all σ, σ′ ∈ T , there exists a unique isometryfσ,σ′ : [0, d(σ, σ′)] → T such thatfσ,σ′(0) = σ and
fσ,σ′(d(σ, σ

′)) = σ′; we set[[σ, σ′]] := fσ,σ′([0, d(σ, σ
′)]), which is the geodesic joiningσ to σ′;

• if q : [0, 1]→ T is continuous injective, we haveq([0, 1]) = [[q(0), q(1)]].

Let ρ be a distinguished point ofT , which is viewed as theroot of T . Then(T, d, ρ) is called arooted real tree.
We also denote by]]σ, σ′]], [[σ, σ′[[ and]]σ, σ′[[ the respective images of(0, d(σ, σ′)], [0, d(σ, σ′)) and(0, d(σ, σ′))
underfσ,σ′ . We view the treeT as the family tree of a population whose progenitor isρ. For anyσ, σ′ ∈ T , their
most recent common ancestor is then the unique point denotedby σ ∧ σ′ such that[[ρ, σ]] ∩ [[ρ, σ′]] = [[ρ, σ ∧ σ′]].
Thus,

∀σ, σ′ ∈ T , d(ρ, σ ∧ σ′) = 1
2 (d(ρ, σ) + d(ρ, σ′)− d(σ, σ′)) . (2)

There is a nice characterization of real trees in terms of thefour points condition: a connected metric space(X, d)
is a real tree iff for allσ1, σ2, σ3, σ4 ∈ X ,

d(σ1, σ2) + d(σ3, σ4) ≤ (d(σ1, σ3) + d(σ2, σ4)) ∨ (d(σ3, σ2) + d(σ1, σ4)). (3)

We refer to [8, 7, 9] for general results concerning real trees, to [36, 37] for applications of real trees to group
theory and to [10, 11, 13, 14, 15] and [21] for probabilistic use of real trees.

Gromov-Hausdorff distance on the space of complete locallycompact real trees. We say that two pointed
metric spaces(X1, d1, ρ1) and(X2, d2, ρ2) areequivalentiff there exists apointed isometry, i.e. an isometryf
fromX1 ontoX2 such thatf(ρ1) = ρ2. The Gromov-Hausdorff distance of twopointed compactmetric spaces
(X1, d1, ρ1) and(X2, d2, ρ2) is given by the following.

δcpct(X1, X2) = inf { dHaus(f1(X1), f2(X2)) ∨ d(f1(ρ1), f2(ρ2)) } . (4)

Here the infimum is taken over all(f1, f2, (E, d)), where(E, d) is a metric space, wherefi : Xi → E, i = 1, 2,
are isometric embeddings and wheredHaus stands for the Hausdorff distance on the set of compact subsets ofE.
Observe thatδcpct only depends on the isometry classes of theXi. It induces a metric on the set of isometry
classes of all pointed compact metric spaces (see [20]).

We then denote byTcpct the set of pointed isometry classes of compact rooted real trees. Evans, Pitman and
Winter [14] showed thatTcpct equipped with the Gromov-Hausdorff distanceδcpct is a complete and separable
metric space.
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We then denote byT the set of pointed isometry classes of complete locally compact rooted real trees. The
Gromov-Haudorff distance is extended toT in the following standard way. Let(T1, d1, ρ1) and(T2, d2, ρ2) be two
complete locally compact rooted real trees. Recall that theHopf-Rinow theorem (see [20, Chapter 1]) implies that
the closed balls ofT1 andT2 are compact sets (note that this entails thatT1 andT2 are separable). We then set

δ(T1, T2) =
∑

k≥1

2−kδcpct(BT1(ρ1, k), BT2(ρ2, k)),

where for anyi ∈ {1, 2},BTi
(ρi, k) stands for the closed (compact) ball with centerρi and radiusk in the locally

compact rooted real tree(Ti, di, ρi). Clearly,δ only depends on the isometry classes ofT1 andT2. It defines a
metric onT and(T, δ) is Polish (see [12, Proposition 3.4]).

Notation and convention.We shortenComplete Locally Compact Rootedreal tree toCLCR real tree. Let (T, d, ρ)
be a CLCR real tree. We denote bỹT ∈ T its pointed isometry class. We shall denote byΥ the pointed isometry
class of a point tree({ρ}, d, ρ).

Isometrical embeddings of CLCR real trees in pointed Polishspaces. In this paper, we deal with growing
families of real trees that may be embedded into a given spacefor technical reasons. More precisely, let(E, d, ρ)
be a pointed Polish space. We introduce the following set.

TE = {T ⊆ E : ρ ∈ T and(T, d, ρ) is a CLCR real tree} . (5)

Let us denote bydHaus the Hausdorff distance on compact subsets ofE. Then, for anyT, T ′ ∈ TE , we define

dE(T, T
′) =

∑

k≥1

2−kdHaus

(
BT (ρ, k), BT ′(ρ, k)

)
.

Clearly,dE is a distance onTE and we have

δ(T, T ′) ≤ dE(T, T
′) . (6)

Note that(E, d) may be “small” and that the set{T̃ ;T ∈ TE}may be strictly included inT. However, following
Aldous’s idea (see [2]), it is possible to embed all CLCR trees in the vector spaceℓ1 of summable real-valued
sequences equipped with the‖·‖1-norm and where0 is the distinguished point. [12, Proposition 3.7] shows that
every element ofT has a representative inTℓ1

. NamelyT = {T̃ ;T ∈ Tℓ1
}. Moreover, [12, Proposition 3.6]

asserts that(Tℓ1 ,dℓ1) is a Polish space. The arguments of the proof can be directly adapted to the more general
case to prove that(TE ,dE) is a Polish space.

Approximation by real trees with edge lengths. Let (T, d, ρ) be a rooted real tree. For allσ ∈ T we denote
by n(σ, T ) thedegreeof σ, namely the (possibly infinite) number of connected components ofT \ {σ}. We also
introduce the following

Lf(T ) = {σ ∈ T \ {ρ} : n(σ, T ) = 1} and Br(T ) = {σ ∈ T \ {ρ} : n(σ, T ) ≥ 3}

that are respectively the set of theleavesof T and the set ofbranch pointsof T . Note that the root is neither
considered as a leaf nor as a branch point. Recall from [12] that the set of branch points of a CLCR real tree is at
most countable.

Definition 2.1 A rooted real tree(T, d, ρ) is called areal tree with edge lengthsif it is complete and if

∀R ∈ (0,∞) , n(ρ, T ) +
∑

n(σ, T ) <∞ , (7)

where the sum is over all the branch pointsσ ∈ Br(T ) such thatd(ρ, σ) ≤ R. �

An equivalent definition is the following: a complete real tree(T, d, ρ) is real tree with edge lengths iff

(a) the degree of branch points is bounded in every ball of finite radius;

(b) every ball contains a finite number of branch points and a finite number of leaves.
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Indeed, the only non-trivial point to check is that (7) implies that every ball contains a finite number of leaves.
We argue by contradiction: fixR ∈ (0,∞) and suppose that there exists a sequence(σn)n∈N of distinct leaves
such thatd(ρ, σn) ≤ R. LetB be the set of pointsγ such thatγ = σi ∧ σj for infinitely many pairs of integers
i < j. Clearly,B ⊆ Br(T ) ∩ BT (ρ,R) and (7) implies thatB is finite and non-empty. Letβ ∈ B be such
that d(ρ, β) = maxγ∈B d(ρ, γ). By (7), β has finite degree (sayn + 1); let T1, . . . , Tn be the open connected
components ofT \{β} that do not contain the root. One of these connected componentsTi has to contain infinitely
many terms of the sequence(σn)n∈N. Then there isβ′ ∈ Ti∩B such thatd(ρ, β′) > d(ρ, β), which is not possible.

Let (T, d, ρ) be a real tree with edge lengths. Denote the connected components ofT \ (Br(T ) ∪ {ρ}) byCi,
i ∈ I. The componentsCi, i ∈ I, are called theedgesof T . They all are isometric to intervals of the real line.
Note that their endpoints are leaves, branch points or the root. By (a) and (b), for allR ∈ (0,∞), only finitely
many of such edges have points at distance less thanR from the root. This implies that the closed ball with center
ρ and radiusR is compact. Thus,(T, d, ρ) is locally compact. Let us denote byTedge the set of pointed isometry
classes of the real trees with edge lengths. Then, we get

Tedge ⊂ T .

We next introduceleaf-length erasure(also called trimming) that is used throughout the paper. Let h ∈ (0,∞)
and let(T, d, ρ) be a CLCR real tree. We set

Rh(T ) = {ρ} ∪ {σ ∈ T : ∃σ′ ∈ T such thatσ ∈ [[ρ, σ′]] andd(σ, σ′) ≥ h}. (8)

Clearly,Rh(T ) is path-connected and it is easy to prove that it is a closed subset ofT . Then, the four points
condition implies that(Rh(T ), d, ρ) is a CLCR real tree. We call it theh-leaf-length erased tree associated with
T . Note that its isometry class only depends on that ofT soRh can be defined fromT toT.

Leaf-length erasure was first introduced by Kesten [26] for discrete trees and further studied and applied by
many others [34, 35, 30, 32, 14]. In the following lemma we sumup the various properties of the leaf-length
erasure operatorRh that we shall use in this paper; it is a straightforward extension of the same result for compact
trees that is due to Evans, Pitman and Winter [14, Lemma 2.6].

Lemma 2.2 (i) For everyh ∈ (0,∞) and every CLCR real tree(T, d, ρ), (Rh(T ), d, ρ) is a real tree with edge
lengths.

(ii) For everyh ∈ [0,∞),Rh is δ-continuous.

(iii) Rh+h′ = Rh ◦Rh′ , h, h′ ∈ [0,∞).

(iv) For everyh ∈ [0,∞) and for every CLCR real tree(T, d, ρ), we haveδ(Rh(T ), T ) ≤ h.

Proof. SinceT is locally compact, we immediately get thatn(σ,Rh(T )) < ∞, for everyσ ∈ Rh(T ). To prove
(i), it remains to prove thatBr(Rh(T )) has no limit points. Suppose that there exists a sequence(σn)n∈N of distinct
branching points ofRh(T ) converging toσ ∈ Rh(T ). Then it is easy to see that the closed ballBT (σ, 2h) is not
locally compact, which is a contradiction. Points(iii) and(iv) are easy consequences of [14, Lemma 2.6]. Let us
briefly explain(ii): for every CLCR real tree(T, d, ρ) and for everyr > 0, we setT (h, r) = Rh(BT (ρ, r + 2h)).
Then observe thatBT (h,r)(ρ, r) = Rh(T ) ∩BT (ρ, r). This entails(ii) by [14, Lemma 2.6 (i)], which asserts that
Rh is δcpct-continuous onTcpct. �

2.2 Specific functions on real trees.

We introduce functions of real trees such as the total height, the profile and various procedures that allow to split
or to paste trees. Continuity or measurability of such functions is quite expected, however some of the proofs are
technical. Thus, to ease the reading, we postpone them to Appendix A.

The total height. Let (T, d, ρ) be a CLCR real tree. The total height ofT is given by

Γ(T ) = sup
σ∈T

d(ρ, σ) ∈ [0,∞] .

Note thatΓ(T ) only depends on the pointed isometry classT̃ of (T, d, ρ): it induces a function onT that is denoted
in the same way. It is easy to check thatΓ is δ-continuous and note that

∀h ∈ [0,∞) , Γ ◦Rh = (Γ− h)+ . (9)
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The h-erased profile. For everya ∈ [0,∞) and everyh ∈ (0,∞), we set

Z(h)
a (T ) = # { σ ∈ Rh(T ) : d(ρ, σ) = a }. (10)

SinceRh(T ) is a real tree with edge lengths, it is easy to check thata 7→ Z
(h)
a (T ) is anN-valued function that

is left-continuous with right limits. We call the processa 7→ Z
(h)
a (T ) theh-erased profile. We shall denote by

Z
(h)
a+ (T ) its right limit ata. Note thath 7→ Z

(h)
a (T ) is non-increasing. SinceZ(h)

a (T ) only depends on the pointed
isometry class ofT , it induces a function onT that is denoted in the same way.

Splitting measures. Let us recall that a point measure onT is a measure of the form
∑

i∈I δT̃i
. We introduce

the following set of point measures

M (T) =
{∑

i∈I δT̃i
point measure onT : ∀h ∈ (0,∞), #{i ∈ I : Γ(T̃i) > h} <∞

}
.

Note thatM (T) contains the null measure (for whichI is taken empty). We use the following standard notation
on point measures: for everyM =

∑
i∈I δT̃i

in M (T) and for every functionG : T → [0,∞), we set〈M,G〉 =
∑

i∈I G(T̃i). We shall also denote by〈M〉 the total mass ofM : we then check that〈M〉 = 〈M,1T〉 = #I.
Since(T, δ) is not locally compact, the vague topology onM (T) is not useful. We rather equipM (T) with

the sigma-fieldGM (T) generated by the functionsM ∈M (T) 7→ 〈M,G〉, forG : T→ [0,∞) Borel-measurable.
We also define thetrees above levela as follows. Let(T, d, ρ) be a CLCR real tree. Denote byT ◦i (a), i ∈ I(a),

the connected components of the (possibly empty) open setT \BT (ρ, a); for everyi ∈ I(a), denote byTi(a) the
closure ofT oi (a) in T and denote byσi(a) the unique vertex such thatTi(a) = T ◦i (a) ∪ {σi(a)}. Observe that
d(ρ, σi(a)) = a. Clearly, the trees(Ti(a), d, σi(a)), i ∈ I(a), are CLCR real trees whose pointed isometry classes
are denoted bỹTi(a), i ∈ I(a). We then set

Ma(T ) =
∑

i∈I(a)

δT̃i(a)
∈M (T) and Z+

a (T ) = 〈Ma(T )〉 = #I(a) ∈ N ∪ {∞} . (11)

The fact thatMa(T ) ∈ M (T) is an easy consequence of the local compactness ofT . The measureMa(T ) is
called thesplitting measure ofT at levela andZ+

a (T ) is called theright profile ofT . Note that these functions
only depend oñT : they induce functions onT that are denoted in the same way. It is easy to check that for every
a ∈ [0,∞) and everyh ∈ (0,∞),

Z
(h)
a+ = Z+

a ◦Rh and Z+
a = lim

h→0+
Z

(h)
a+ . (12)

Grafting real trees. Let us explain how to graft real trees on the vertices of another real tree. Let(T, d, ρ) be a
rooted real tree, let(Ti, di, ρi), i ∈ I, be a family of real trees and letσi ∈ T , i ∈ I, be a collection of vertices of
T . We then set

T ′ = T ⊔
⊔

i∈I

Ti \ {ρi} ,

where⊔ stands for the disjoint union. We next define a metricd′ on T ′ × T ′ as follows:d′ coincides withd on
T × T ; assume thatσ ∈ Ti \ {ρi}; if σ′ ∈ T , then we setd′(σ, σ′) = di(σ, ρi) + d(σi, σ

′); if σ′ ∈ Tj \ {ρj} with
j 6= i, then we setd′(σ, σ′) = di(σ, ρi)+d(σi, σj)+dj(σ

′, ρj); if σ′ ∈ Ti\{ρi}, then we setd′(σ, σ′) = di(σ, σ
′).

It is easy to prove that(T ′, d′, ρ′ := ρ) is a rooted real tree and we use the notation

(T ′, d′, ρ′) = T ⊛i∈I (σi, Ti) . (13)

We shall extensively use the following special case: we assume thatT reduces to its rootT = {ρ}: in this case
σi = ρ and we use the specific notation

⊛i∈ITi := {ρ}⊛i∈I (ρ, Ti) ,

with the convention that⊛i∈ITi = {ρ} if I is empty. In words,⊛i∈ITi is a tree obtained by pasting the treesTi,
i ∈ I, at their roots.

We now assume that for everyi ∈ I, (Ti, di, ρi) is a CLCR real tree and we assume that for everyh ∈ (0,∞),
#{i ∈ I : Γ(Ti) > h} < ∞. This implies that{i ∈ I : Ti 6= {ρi}} is countable. It is easy to check first that
⊛i∈ITi is a CLCR real tree. Note that its pointed isometry class onlydepends on the pointed isometry classes of
Ti, i ∈ I. We denote by⊛i∈I T̃i the pointed isometry class of⊛i∈ITi.
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This induces a functionPaste : M (T) → T, that is defined as follows: for everyM =
∑

i∈I δT̃i
∈ M (T),

we set
Paste (M) = ⊛i∈I T̃i , (14)

with the convention thatPaste (M) = Υ if M is the null measure. It is easy to check that

∀T̃ ∈ T , Paste (M0(T̃ )) = T̃ and ∀M =
∑

i∈I

δT̃i
∈M (T) , M0(Paste (M)) =

∑

i∈I : T̃i 6=Υ

δT̃i
. (15)

The tree above a given level. Let (T, d, ρ) be a CLCR real tree and leta ∈ [0,∞). Recall the definition
(Ti(a), d, σi(a)), i ∈ I(a), of the subtrees ofT abovea. We then set

Abv (a, T ) = ⊛i∈I(a)Ti(a) . (16)

The treeAbv (a, T ) is called thetree above levela. By definition, the pointed isometry class ofAbv (a, T ) is
⊛i∈I(a)T̃i(a) and it only depends oñT . This induces a function fromT to T that is denoted in the same way and
we check that

M0 ◦Abv (a, ·) =Ma and Abv (a, ·) = Paste ◦Ma . (17)

We also denote byBlw (a, T ) the tree(BT (ρ, a), d, ρ), that is thetree below the levela. Its pointed isometry class
only depends oñT : this induces a function fromT to T that is denoted in the same way.

Lemma 2.3 The map(a, T̃ ) ∈ [0,∞)× T 7−→ Abv (a, T̃ ) is jointly continuous. The same holds true forBlw .

Proof. See Appendix A.1. �

Lemma 2.4 Fix a ∈ [0,∞) andh ∈ (0,∞). The following assertions hold true.

(i) Ma : T→M (T) is measurable and so areZ+
a : T→ N ∪ {∞} andZ(h)

a : T→ N.

(ii) Paste : M (T)→ T is measurable.

Proof. See Appendix A.2. �

The functionsD, ϑ and k. Let (T, d, ρ) be a CLCR real tree. Recall thatρ /∈ Br(T ) ∪ Lf(T ), by convention.
We next set

D(T ) = inf {d(ρ, σ) ; σ ∈ Br(T ) ∪ Lf(T ) } (18)

with the convention thatinf ∅ = ∞. Namely, it is important to note thatD(T ) = ∞ iff either T is reduced to
a point orT is equivalent to a finite number of half lines pasted at their finite endpoint. Recall from (11) the
definition ofZ+

a and from (16) that ofAbv (a, ·). If D(T ) <∞, we set

ϑT := Abv (D(T ) , T ) and k(T ) = Z+
0 (ϑT ) . (19)

If D(T ) = ∞, we setϑT = {ρ} andk(T ) = 0. Observe thatD(T ), k(T ) and the pointed isometry class ofϑT
only depend on the pointed isometry class ofT . So they can be viewed as functions onT. With a slight abuse of
language,D(T ) is viewed as the distance from the first branch point,ϑT as the tree above the first branch point
andk(T ) + 1 as the degree of the first branch point.

Lemma 2.5 We haveD = limh→0D ◦ Rh. Moreover, the functionsD : T → [0,∞], k : T → N ∪ {∞} and
ϑ : T→ T are measurable.

Proof. See Appendix A.3. �

The functionsD, ϑ andk are useful only when applied to real trees with edge lengths and they allow to characterise
Tedge. More precisely, for everyn ∈ N, we recursively defineϑn andDn by settingϑn+1 = ϑ ◦ ϑn (whereϑ0 is
taken as the identity map onT) andDn = D ◦ ϑn. Thus,D = D0 andϑ = ϑ1.

Lemma 2.6 We have thatTedge =
{
T̃ ∈ T :

∑
n∈NDn(T̃ ) =∞

}
is a Borel subset ofT.

Proof. See Appendix A.4. �
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2.3 Convergence criteria

This section is devoted to new general convergence theoremsfor complete locally compact rooted real trees (CLCR
real trees): we first state a general tightness criterion involving theh-erased profiles and we also state an almost
sure convergence criterion for sequences of trees that “grow” in a broad sense that we will make precise later.

We use the following notation. Let(T, d, ρ) be a rooted real tree, not necessarily locally compact. Then, for
everyh ∈ (0,∞) the definition (8) ofh-leaf-erased tree(Rh(T ), d, ρ) makes sense and it defines a path-connected

subset ofT . It is therefore a rooted real tree. For everya ∈ [0,∞), we defineZ(h)
a (T ) as in (10). Note that this

quantity may be infinite ifT is not locally compact. We denote byNT (h, r) the (possibly infinite) minimal number
of open balls with radiush that are necessary to coverBT (ρ, r).

Lemma 2.7 Let (T, d, ρ) be a complete rooted real tree (not necessarily locally compact). Then,

∀a, h ∈ (0,∞) , ∀r ∈ (a+ h,∞) , Z(h)
a (T ) ≤ NT (h, r) .

Moreover, letD ⊆ (0,∞) be a dense subset. Then, for everyh, r ∈ (0,∞), there is a finite subsetDh,r ⊂ D∩[0, r]
such that

NT (h, r) ≤ 1 +
∑

a∈Dh,r

Z(h/3)
a (T ) . (20)

Consequently,(T, d, ρ) is locally compact iff there exists a dense subsetD ⊆ (0,∞) and a sequence(hp)p∈N
decreasing to0 such that

∀a ∈ D , ∀p ∈ N , Z(hp)
a (T ) <∞. (21)

Proof. Let a, h ∈ (0,∞) andr > a + h. We fixL = {σ ∈ Rh(T ) : d(ρ, σ) = a} so thatZ(h)
a (T ) = #L. Note

thatNT (h, r) ≥ 1. Thus, (20) holds if#L ≤ 1. Now assume that#L ≥ 2. With everyσ ∈ L, we can associate
ζ(σ) ∈ T such thatd(ρ, ζ(σ)) = a + h andσ ∈ [[ρ, ζ(σ)]]. Note thatζ(σ) ∈ BT (ρ, r). Suppose thatσ andσ′

are two distinct points ofL. Recall the notationσ ∧ σ′ for the most recent common ancestor ofσ andσ′. Then,
d(ζ(σ), ζ(σ′)) > 2h becauseζ(σ) ∧ ζ(σ′) = σ ∧ σ′ is below levela in T . Thus,Z(h)

a (T ) = #L ≤ NT (h, r).
Let h ∈ (0,∞) and letD ⊂ (0,∞) be dense. We can find an increasing sequencea(k) ∈ D, k ∈ N, such that

a(0) < h/2 andh ≤ a(k+1)−a(k) < 3h/2. For everyk ∈ N, we then setLk = {σ ∈ Rh(T ) : d(ρ, σ) = a(k)}.
Let σ ∈ T be such thatd(ρ, σ) ≥ 2h. There existsk ∈ N such thata(k + 1) ≤ d(ρ, σ) < a(k + 2). Thus,

[[ρ, σ]] ∩Lk = {σ′} andd(σ, σ′) < a(k+ 2)− a(k) < 3h. This impliesNT (3h, r) ≤ 1+
∑

0≤k≤⌊r/h⌋ Z
(h)
a(k)(T ),

where⌊r/h⌋ stands for the integer part ofr/h. This easily entails (20).

If T is locally compact, we already noticed thatZ(h)
a (T ) < ∞, for everya, h ∈ (0,∞). Conversely, sup-

pose that (21) holds true. Note thath 7→ Z
(h)
a (T ) is non-increasing. Then, (20) applies and for everyr, and

(BT (ρ, r), d) is a uniformly bounded complete metric space. It is therefore compact. This implies thatT is locally
compact. �

Note thatNT (h, r) only depends on the isometry classT̃ of T , which justifies the notationNT̃ (h, r). Let C ⊆ T.
As a consequence of a general result on compactness with respect to the pointed Gromov-Hausdorff metricδcpct

(see [20] or [6, Theorem 8.1.10]), we have the following result.

Theδ-closure ofC is compact⇐⇒ ∀h, r ∈ (0,∞) , sup
T̃∈C

NT̃ (h, r) <∞. (22)

Thus, Lemma 2.7 immediately entails the following theorem.

Theorem 2.8 Let C ⊆ T. Then, theδ-closure ofC is compact iff there exists a sequence(hp)p∈N decreasing to0
and a countable dense subsetD ⊂ (0,∞) such that

∀p ∈ N , ∀a ∈ D , sup
T̃∈C

Z(hp)
a (T̃ ) <∞ . (23)

The same statement holds true whenZ
(hp)
a is replaced byZ(hp)

a+ .

The following tightness criterion for random trees is a consequence of Theorem 2.8.

Theorem 2.9 Let (T̃j)j∈J be family ofT-valued random trees. Their laws areδ-tight if and only if for every fixed

h, a ∈ (0,∞), the laws of theN-valued random variables(Z(h)
a (T̃j))j∈J are tight. The same result holds true

when(Z(h)
a (T̃j))j∈J is replaced by(Z(h)

a+ (T̃j))j∈J .
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Proof. Suppose that for every fixedh, a ∈ (0,∞) the laws of(Z(h)
a (T̃j))j∈J are tight. LetD = {aq; q ∈ N} be

some dense subset of(0,∞) and let(hp)p∈N be a sequence decreasing to0. Let ε ∈ (0, 1). For allp, q ∈ N, there
existsKp,q ∈ (0,∞) such that

sup
j∈J

P(Z(hp)
aq (T̃j) > Kp,q) < ε2−p−q−2 .

We then setC = {T̃ ∈ T : ∀p, q ∈ N, Z
(hp)
aq (T̃ ) ≤ Kp,q}. Theorem 2.8 implies that itsδ-closureC is compact and

we easily prove that for everyj ∈ J

P(T̃j /∈ C) ≤ P(∃p, q ∈ N : Z(hp)
aq (T̃j) > Kp,q) ≤

∑

p,q∈N

P(Z(hp)
aq (T̃j) > Kp,q) < ε ,

which entails the tightness of the laws ofT̃j , j ∈ J . Conversely, letε ∈ (0, 1). There exists aδ-compact subset
K ⊂ T such thatinfj∈J P(T̃j ∈ K) ≥ 1 − ε. Fix a, h ∈ (0,∞), r > a + h, and setK = supT̃∈KNT̃ (h, r).

By (22),K < ∞ and Lemma 2.7 implies thatsupT̃∈K Z
(h)
a (T̃ ) ≤ K. Thus,infj∈J P(Z

(h)
a (T̃j) ≤ K) ≥ 1 − ε,

which implies the tightness of the laws ofZ(h)
a (T̃j), j ∈ J , for eacha, h ∈ (0,∞). �

Corollary 2.10 Let (T̃n)n∈N be a sequence ofT-valued random variables. We suppose that for every sufficiently
smallh ∈ (0,∞), the laws ofRh(T̃n), n ∈ N, converge weakly in(T, δ) asn → ∞. Then, the laws of thẽTn,
n ∈ N, converge weakly in(T, δ) asn→∞.

Proof. Fix a, h ∈ (0,∞). Since the laws ofRh/2(T̃n), n ∈ N, converge weakly, Theorem 2.9 implies that the

laws ofZ(h/2)
a (Rh/2(T̃n)) = Z

(h)
a (T̃n), n ∈ N, are tight. Theorem 2.9 then entails that the laws ofT̃n, n ∈ N, are

δ-tight. Denote byΛ1 andΛ2 two limit laws of (T̃n)n∈N. Then, the laws ofRh underΛ1 andΛ2 coincide, since
Rh is δ-continuous and since we assume that the laws ofRh(T̃n), n ∈ N, converge weakly. Thus,Λ1 = Λ2 since
Rh converges uniformly to the identity onT, ash decreases to0. �

We now discuss a stronger convergence for sequences of CLCR real trees that grow in a the following weak
sense.

Definition 2.11 Let T̃ , T̃ ′ ∈ T. We say that̃T can be embedded iñT ′, which is denoted bỹT � T̃ ′ if we can
find representatives(T, d, ρ) and(T ′, d′, ρ′) of T̃ and T̃ ′, and an isometrical embeddingf : T →֒ T ′ such that
f(ρ) = ρ′. �

We easily check that� is a partial order onT (anti-symmetry property is the only non-trivial point to check). Note
that if T̃ � T̃ ′, then for alla ∈ [0,∞) and for allh ∈ (0,∞),

Z+
a (T̃ ) ≤ Z

+
a (T̃

′) , Rh(T̃ ) � Rh(T̃
′) and Z(h)

a (T̃ ) ≤ Z(h)
a (T̃ ′) . (24)

We first prove the following convergence criterion for a growing sequence of trees.

Theorem 2.12 Let (T̃n)n∈N be aT-valued sequence such thatT̃n � T̃n+1, n ∈ N. LetD ⊆ (0,∞) be dense and
let (hp)p∈N be a sequence decreasing to0. We assume the following:

∀p ∈ N , ∀a ∈ D , sup
n≥0

Z(hp)
a (T̃n) < ∞ . (25)

Then, there exists̃T ∈ T such thatlimn→∞ δ(T̃n, T̃ ) = 0.

The proof of the theorem is in several steps. We first state thefollowing representation lemma.

Lemma 2.13 Let (T̃n)n∈N be aT-valued sequence such thatT̃n � T̃n+1, n ∈ N. Then, there exists a pointed
Polish space(E, d, ρ) and a sequenceTn ⊆ E such that for alln ∈ N

ρ ∈ Tn , Tn ⊆ Tn+1 and (Tn, d, ρ) is a representative of̃Tn .

Proof. We first prove recursively that for alln ∈ N, there is a representative(T ∗n , dn, ρn) of T̃n and an isometrical
embeddingfn : T ∗n →֒ T ∗n+1 such thatfn(ρn) = ρn+1. Indeed, assume that(T ∗0 , d0, ρ0), . . . , (T

∗
n , dn, ρn) and

f0, . . . , fn−1 exist and satisfy the above mentioned conditions. SinceT̃n � T̃n+1, there are(T ′n, d
′
n, ρ
′
n) and

(T ∗n+1, dn+1, ρn+1) that are representatives of̃Tn andT̃n+1, respectively, and there is an isometrical embedding
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f ′n : T
′
n →֒ T ∗n+1 such thatf ′n(ρ

′
n) = ρn+1. There also exists an isometryφ : T ∗n → T ′n such thatφ(ρn) = ρ′n.

Then, we setfn = f ′n ◦ φ that satisfies the desired property, which completes the recurrence.
We next construct the desired spaces in a projective way. To that end, we first set

∀n ∈ N , Sn :=

{
σ = (σk)k∈N ∈

∏

k∈N

T ∗n+k : σk+1 = fn+k(σk)

}
and S∞ =

⊔

n∈N

Sn ,

where⊔ stands for the disjoint union. For allσ ∈ T ∗n , we also define the sequencen(σ) = (σk)k∈N such that
σ0 = σ andσk+1 = fn+k(σk), k ∈ N. Note thatn is one-to-one fromT ∗n ontoSn. Letn, n′ ∈ N. Observe that
for all σ = (σk)k∈N ∈ Sn and allσ′ = (σ′k)k∈N ∈ Sn′ ,

∀k ≥ |n′ − n| , dn+k(σk, σ
′
n−n′+k) = dn′+k(σn′−n+k, σ

′
k) =: d(σ,σ′) .

This induces a pseudo-metricd onS∞ and we see thatd(σ,σ′) = 0 iff a certain shift of the sequenceσ is equal
to a certain shift of the sequenceσ′. We now introduce the usual equivalence relation≡ by specifying thatσ ≡ σ′

iff d(σ,σ′) = 0. We denote byE∞ = S∞/≡ the quotient space and we denote byπ : S∞ → E∞ the canonical
projection that associates with a pointσ its equivalence class. Then,d induces a true metric onE∞ that is denoted
in the same way (to simplify notation). We next set:

ρ = π(0(ρ0)) and Tn = π(Sn) , n ∈ N .

First note thatn(ρn) ≡ 0(ρ0). Thus,ρ ∈ Tn. We next check thatTn ⊆ Tn+1. Indeed, letσ ∈ T ∗n and
set n(σ) = (σk)k∈N. Then,σ1 ∈ T ∗n+1 and n+1(σ1) = (σk+1)k∈N ∈ Sn+1; thus n(σ) ≡ n+1(σ1) and
π(n(σ)) ∈ Tn+1, which entailsTn ⊆ Tn+1.

For all n ∈ N, we then setφn = π ◦ n : T ∗n → E∞. It is easy to check thatφn(ρn) = ρ and thatφn
is an isometry fromT ∗n ontoTn. Therefore(Tn, d, ρ) is a CLCR real tree whose pointed isometry class isT̃n.
Observe thatE∞ =

⋃
n∈N Tn, which proves that(E∞, d∞) is separable. We get the desired result by takingE as

a completion of(E∞, d) such thatE∞ ⊆ E. �

Recall from Section 2.1 the definition ofTE . We next prove the following criterion for convergence inTE .

Lemma 2.14 Let(E, d, ρ) be a pointed Polish space. Let(Tn)n∈N be aTE-valued sequence such thatTn ⊆ Tn+1.
LetD ⊆ (0,∞) be dense and let(hp)p∈N be a sequence decreasing to0. We assume the following.

∀p ∈ N , ∀a ∈ D , sup
n≥0

Z(hp)
a (Tn) <∞ . (26)

LetT be the closure of
⋃
n∈N Tn in (E, d). Then,

T ∈ TE and lim
n→∞

dE(Tn, T ) = 0 .

Proof. We first setT∞ =
⋃
n∈N Tn, so thatT is the closure ofT∞ isE. The restriction ofd to T∞ satisfies the

four points condition. We check that the same holds true for the restriction ofd to T . Moreover, every point ofT∞
belongs to a certainTn and is connected toρ by a geodesic. This easily implies that(T, d) is a connected space.
Thus,(T, d, ρ) is a Polish rooted real tree.

We fix h, a ∈ (0,∞) and we setLa = {σ ∈ R2h(T ) : d(ρ, σ) = a}. Thus,#La = Z
(2h)
a (T ). Let σ ∈ La.

There existss ∈ T such thatσ ∈ [[ρ, s]] andd(σ, s) ≥ 2h. SinceT is the closure ofT∞, there existsn(σ) ∈ N

andγ ∈ Tn(σ) such thatd(s, γ) < h. This impliesσ ∈ [[ρ, γ]] andd(σ, γ) > h. Namely, this implies that
σ ∈ Rh(Tn(σ)) and thusσ ∈ Rh(Tn), for all n ≥ n(σ). We then get

Z(2h)
a (T ) = sup

n≥0
#{σ ∈ La : n(σ) ≤ n} ≤ sup

n≥0
Z(h)
a (Tn) .

Note that this inequality holds true for allh, a ∈ (0,∞). By (26), Lemma 2.7 applies and(T, d, ρ) is a CLCR real
tree, which shows thatT ∈ TE .

Let us fixr, ε ∈ (0,∞). SinceBT (ρ, r) is compact and sinceT∞ is dense inT , we easily see that there exist
nε ∈ N andσ1, . . . , σp ∈ BTnε

(ρ, r) such that for allσ ∈ BT (ρ, r), d({σ1, . . . , σp}, σ) < ε. For alln ≥ nε,
sinceBTnε

(ρ, r) ⊆ BTn
(ρ, r) ⊆ BT (ρ, r), we getdHaus(BTn

(ρ, r), BT (ρ, r)) < ε, which easily completes the
proof of the lemma. �
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Proof of Theorem 2.12.Let (T̃n)n∈N be aT-valued sequence that satisfiesT̃n � T̃n+1 and the assumption (25).
By Lemma 2.13, there exist a pointed Polish space(E, d, ρ) andTn ∈ TE , n ∈ N, that satisfyTn ⊆ Tn+1, (26)
and such that(Tn, d, ρ) is a representative of̃Tn. Then, Lemma 2.14 applies and there existsT ∈ TE such that
limn→∞ dE(Tn, T ) = 0, which implieslimn→∞ δ(T̃n, T̃ ) = 0, by (6). �

Theorem 2.12 entails the following criterion for growing sequences of random trees.

Theorem 2.15 Let (T̃n)n∈N be aT-valued sequence of random trees such that for alln ∈ N,

P-a.s. T̃n � T̃n+1 .

We assume that for every fixeda, h ∈ (0,∞), the family of laws ofN-valued random variablesZ(h)
a (T̃n), n ∈ N,

is tight. Then, there exists a random treeT̃ in T such that

P-a.s. lim
n→∞

δ(T̃n, T̃ ) = 0 .

Proof. We fix a, h ∈ (0,∞). By (24), a.s.Z(h)
a (T̃n) ≤ Z

(h)
a (T̃n+1), for all n ∈ N. Then for allK ∈ (0,∞),

P

(
sup
n∈N

Z(h)
a (T̃n) > K

)
= sup

n∈N
P

(
Z(h)
a (T̃n) > K

)
.

Since the family of laws ofZ(h)
a (T̃n), n∈N, is tight, we getP(supn∈N Z

(h)
a (T̃n)<∞)=1, for eacha, h ∈ (0,∞),

and Theorem 2.12 easily completes the proof. �

Lemma 2.14 also entails the following almost sure convergence criterion for random trees inTE . The proof,
quite similar to that of Theorem 2.15, is left to the reader.

Theorem 2.16 Let (E, d, ρ) be a pointed Polish space. Let(Tn)n∈N be aTE-valued sequence of random trees
such that a.s.Tn ⊆ Tn+1, n ∈ N. We assume that for each fixeda, h ∈ (0,∞), the family of laws ofN-valued

random variablesZ(h)
a (Tn), n ∈ N, is tight. LetT be the closure of

⋃
n∈N Tn in E. Then,

P-a.s. T ∈ TE and lim
n→∞

dE(Tn, T ) = 0 .

3 Galton-Watson trees and reduction by hereditary properties

3.1 Galton-Watson trees as random real trees.

In this section, we give an intrinsic definition of Galton-Watson trees asT-valued random variables. Informally,
givenξ = (ξ(k))k∈N, a probability measure onN, andc ∈ (0,∞), a Galton-Watson tree with offspring distribution
ξ and lifetime parameterc is the genealogical tree of a population that has a single progenitor and evolves as
follows: the lifetimes of the individuals are independent and exponentially distributed with mean1/c ; when they
die, individuals independently give birth to a random number of children distributed according toξ. We denote by
ϕξ the generating function ofξ. Namely,

∀ r ∈ [0, 1] :
∑

k≥0

rkξ(k) = ϕξ(r) . (27)

We make the following assumptions on the offspring distribution ξ:

non-trivial: ξ(0) + ξ(1) < 1, proper: ξ(1) = 0, conservative:
∫ 1− dr

(ϕξ(r) − r)−
= ∞ , (28)

where( · )− stands for the negative part. We assume thatξ is proper because we are only interested in the underlying
geometrical tree. The conservativity assumption comes from a standard criterion that asserts that the right profile
of a Galton-Watson tree is anN-Markov process that is conservative iff the last conditionof (28) is satisfied (see
[4, Section III.3] for more details).

Recall from Section 2.2 that for all̃T1, T̃2 ∈ T, T̃1⊛T̃2 stands for the pointed isometry class of the tree obtained
by pasting two representatives ofT̃1 andT̃2 at their roots. We let the reader check that(T̃1, T̃2) 7→ T̃1 ⊛ T̃2 is a
continuous, symmetric and associative operation onT. For all Borel probability measuresQ1 andQ2 on T, we
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defineQ1 ⊛ Q2 as the image measure of the product measureQ1 ⊗ Q2 under⊛. Namely, for all measurable
G : T→ [0,∞), ∫

T

(Q1 ⊛Q2)(dT̃ )G(T̃ ) =

∫

T

∫

T

Q1(dT̃1)Q2(dT̃2)G(T̃1 ⊛ T̃2) .

We easily check that(Q1, Q2) 7→ Q1 ⊛Q2 is a weakly continuous, symmetric and associative operation. For all
Borel probability measuresQ onT, and alln ∈ N, we recursively defineQ⊛n by settingQ⊛(n+1) = Q ⊛ Q⊛n

whereQ⊛0 is the Dirac mass at the point treeΥ. Recall from Section 2.2 the definition ofD, ϑ andk.

Definition 3.1 Let ξ be a proper and conservative offspring distribution. Letc ∈ (0,∞).

(a) A Galton-Watson real tree with offspring distributionξ and edge parameterc (a GW(ξ, c)-real treefor short)
is aT-valued random variable whose distributionQ satisfies the following. For alln ∈ N, for all measurable
functionsg : [0,∞)→ [0,∞) andG : T→ [0,∞),

Q
[
1{k=n}G(ϑ)g(D)

]
= ξ(n)Q⊛n[G ]

∫ ∞

0

g(t)ce−ctdt . (29)

(b) A Galton-Watson real forest with offspring distributionξ, edge parameterc and initial distributionµ (a
GW(ξ, c;µ)-real forestfor short) is aT-valued random variable whose distribution isP =

∑
n≥0 µ(n)Q

⊛n,
whereQ stands for the distribution of a GW(ξ, c)-real tree. �

Lemma 3.2 For each proper conservative offspring distributionξ and eachc ∈ (0,∞), there exists a unique
distributionQξ,c onT that satisfies(29) in Definition 3.1(a). Moreover,Qξ,c(Tedge) = 1 and (ξ, c) 7→ Qξ,c is
injective.

Proof. See Appendix B.1. �

Notation. For all proper and conservative distributionsξ, for all c ∈ (0,∞) and for all probability measuresµ on
N, we setPξ,c,µ =

∑
n≥0 µ(n)Q

⊛n
ξ,c as the law of a GW(ξ, c;µ)-real forest. �

In the non-conservative caseQξ,c does not exist as a distribution onT. In fact, explosive GW-real trees would
not be locally compact. Intuitively, the trees would be well-behaved up to and including the first explosion height,
but there would be infinitely many subtrees above this heightdestroying local compactness. We do not intend to
develop this more formally here.

GW-real trees are characterized by theirregenerative branching propertyas proved by Weill [40] in the compact
case. More precisely, for everya ∈ [0,∞), we denote byBa the sigma-field onT generated byBlw (a, ·). Note
that(Ba)a∈[0,∞) is a filtration onT. We denote by(Ba+)a∈[0,∞) the associated right-continuous filtration. Recall
from (11) the definition of the right profile at heighta that is denoted byZ+

a . We easily check thatZ+
a is Ba+-

measurable.

Lemma 3.3 LetQ be a Borel probability measure onT. We first assume thatQ(0 < D < ∞) > 0. We also
assume thatQ-a.s. the processa 7→ Z+

a isN-valued and cadlag. Then, the following assertions are equivalent.

(i) For everya ∈ [0,∞), the conditional distribution givenZ+
a ofAbv (a, ·) underQ isQ⊛Z+

a .

(ii) For everya ∈ [0,∞), the conditional distribution givenBa+ ofAbv (a, ·) underQ isQ⊛Z+
a .

(iii) Q is the distribution of aGW(ξ, c)-real tree, for a certainc ∈ (0,∞) and a certain proper conservative
offspring distributionξ.

Proof. In the compact case, this statement is close to [40, Theorem 1.2]. We briefly prove Lemma 3.3 in Appendix
B.2 using different arguments. We also mention that the cadlag assumption can be dropped, as we show in Theorem
4.11. �

Let us recall basic results on the branching processes associated with GW-trees. Letc ∈ (0,∞) and letξ be a non-
trivial proper conservative offspring distribution. The regenerative branching property entails that(Z+

a )a∈[0,∞)

underQξ,c is anN-valued Markov process whose matrix-generator(qi,j)i,j∈N is given byqi,j = c i ξ(j − i + 1),
if j > i or j = i− 1, qi,i = −c i andqi,j = 0 if j < i− 1. Let us set

w(a, θ) := Qξ,c

[
e−θZ

+
a

]
, a, θ ∈ [0,∞). (30)
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The definition of GW-real trees implies that for allθ ∈ [0,∞), a 7→ w(a, θ) is the unique nonnegative solution
of the differential equation∂w(a, θ)/∂a = c (ϕξ(w(a, θ)) − w(a, θ)), with w(0, θ) = e−θ. A simple change of
variables allows to rewrite the previous equation in the following form:

∀θ ∈ (0,∞)\{− log qξ} , ∀a ∈ [0,∞) ,

∫ w(a,θ)

e−θ

dr

ϕξ(r) − r
= ca , (31)

whereqξ is the smallest solution of the equationϕξ(r) = r and where we agree on− log(qξ) =∞ if qξ = 0 (see
e.g. [4, Section III.3] for more details). Note thatQξ,c-a.s.Γ = inf{a ∈ [0,∞) : Z+

a = 0}. Thus,

w(a) := Qξ,c(Γ ≤ a) = lim
θ→∞

↓ w(a, θ) satisfies
∫ w(a)

0

dr

ϕξ(r)− r
= ca. (32)

Let µ be a probability measure onN that is distinct fromδ0. We easily derive from Lemma 3.3 that for all
a ∈ [0,∞),

the conditional distribution givenZ+
a of Abv (a, ·) underPξ,c,µ isQ⊛Z+

a

ξ,c . (33)

Then, underPξ,c,µ, (Z+
a )a∈[0,∞) is also a Markovian branching process with offspring distributionξ, with lifetime

parameterc and with initial distributionµ. Letϕµ be the generating function ofµ. We thus get

∀a, θ ∈ [0,∞) , Pξ,c,µ

[
e−θZ

+
a

]
= ϕµ (w(a, θ)) . (34)

Lemma 3.4 Let(ξn)n≥0, be a sequence of proper conservative offspring distributions that converges weakly to the
proper conservative offspring distributionξ∞. Let(cn)n≥0 be a sequence of positive real numbers that converges
to c∞ ∈ (0,∞). Let(µn)n≥0 be a sequence of probability measures onN that converges weakly to the probability
measureµ∞ onN. Then, the following convergences hold weakly onT:

lim
n→∞

Qξn,cn = Qξ∞,c∞ and lim
n→∞

Pξn,cn,µn
= Pξ∞,c∞,µ∞ .

Moreover, for alla ∈ [0,∞), asn→∞, the law ofZ+
a underQξn,cn (resp. underPξn,cn,µn

) converges weakly to
the law ofZ+

a underQξ∞,c∞ (resp. underPξ∞,c∞,µ∞ ).

Proof. See Appendix B.3. �

3.2 Hereditary properties and their reduction procedures.

Here, we generaliseh-erasureRh(T ) of a CLCR real tree(T, d, ρ) to reduction for more general hereditary prop-
erties as explained in the introduction. More precisely, let (T, d, ρ) be a CLCR real tree and letσ ∈ T . Recall that
the subtree aboveσ is given by

θσT = {σ′ ∈ T : σ ∈ [[ρ, σ′]]} . (35)

Note that(θσT, d, σ) is a CLCR real tree. We simply denote byθ̃σT its pointed isometry class. Observe that

∀σ′ ∈ [[ρ, σ]] , θσT = θσ(θσ′T ) . (36)

Definition 3.5 (a) LetA ⊂ T be a Borel subset ofT such thatΥ /∈ A. The setA is hereditaryif it satisfies the
following: for every CLCR real tree(T, d, ρ) and for everyσ ∈ T , if θ̃σT ∈ A, thenT̃ ∈ A.

(b) Let (T, d, ρ) be a CLCR real tree and letA ⊂ T be hereditary. We denote byRA(T ) the closure inT of the
subset

{ρ} ∪
{
σ ∈ T : θ̃σT ∈ A

}
. (37)

Then,(RA(T ), d, ρ) is a CLCR real tree that we call theA-reduced tree ofT . �

Let us briefly explain why(RA(T ), d, ρ) is a CLCR real tree. SinceRA(T ) is a closed subset ofT , we only
need to prove that it is connected. Denote byS the set given by (37). Letσ ∈ RA(T )\{ρ} (if any). Then, there
exists a sequenceσn ∈ S converging toσ and such that̃θσn

T ∈ A. Let σ′ ∈ [[ρ, σ[[ . For all sufficiently largen,
σ′ ∈ [[ρ, σn[[ , and (36) implies that̃θσ′T ∈ A. This proves that[[ρ, σ]] ⊆ RA(T ), for all σ ∈ RA(T ).

Clearly, the pointed isometry class of(RA(T ), d, ρ) only depends oñT andA. This then induces a function on
T that is denoted in the same way byRA : T→ T. Note thatRA(Υ) = Υ and that

∀T̃ ∈ T , RA(T̃ ) � T̃ . (38)
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Lemma 3.6 LetA ⊆ T be a hereditary property. ThenRA : T→ T is Borel-measurable.

Proof. See Appendix B.4. �

Lemma 3.7 Let (T, d, ρ) be a CLCR real tree and letA ⊆ T be hereditary. Then, the following holds true:

∀σ ∈ RA(T ) , θσRA(T ) = RA(θσT ) . (39)

Proof. SetS = {σ′ ∈ θσT : θ̃σ′T ∈ A}. Then,RA(θσT ) is the closure of{σ}∪S. Note that ifσ ∈ RA(T ), then
RA(T ) ∩ θσT = θσRA(T ). Thus,{σ} ∪ S ⊆ θσRA(T ), which implies thatRA(θσT ) ⊆ θσRA(T ). Conversely,
let σ′ ∈ RA(T ) ∩ θσT be distinct fromσ (if any). By definition ofRA(T ), there exists a sequenceσn converging
to σ′ such that̃θσn

T ∈ A. Sinceσ ∈ [[ρ, σ′[[ , then for all sufficiently largen we getσn ∈ θσT , and thusσn ∈ S.
This proves thatRA(T ) ∩ θσT is contained in the closure of{σ} ∪ S, which completes the proof of (39). �

Let us now discuss how the tree reduction behaves with respect to the functionsMa, Abv (a, ·) andZ+
a . To that

end, for every hereditary propertyA ⊆ T we introduce

A− =
{
T̃ ∈ T : RA(T̃ ) 6= Υ

}
, (40)

that can be viewed as a regular version ofA.

Example 3.8 For all h ∈ [0,∞), consider the hereditary propertyAh = {Γ ≥ h}. Note thatRAh
is theh-leaf

length erasure function as defined by (8). NamelyRAh
= Rh. Thus,A−h = {Γ > h}. �

Lemma 3.9 LetA ⊆ T be hereditary. Then, the following holds true.

(i) A− ⊆ A andA− is hereditary. Moreover,RA−(T ) = RA(T ), for every CLCR real tree(T, d, ρ). This
implies that(A−)− = A−.

(ii) Leta ∈ [0,∞) and letT̃ ∈ T. IfMa(T̃ ) =
∑

i∈I δT̃i
, then we get

Ma(RA(T̃ )) =
∑

i∈I : T̃i∈A−

δRA(T̃i)
and Z+

a (RA(T̃ )) = 〈Ma(T̃ ),1A−〉 . (41)

Moreover,
⊛
i∈I :
T̃i∈A

−

RA(T̃i) = Abv (a,RA(T̃ )) = RA(Abv (a, T̃ )) . (42)

Proof. We first prove(i). By Lemma 3.6,A− is a Borel subset ofT. We next prove thatA− ⊆ A: indeed, let
(T, d, ρ) be a CLCR real tree such that̃T ∈ A−; then, there isσ ∈ T \{ρ}, such that̃θσT ∈ A, which implies
T̃ ∈ A. Let us prove thatA− is hereditary. Assume that̃θσT ∈ A−, then there existsσ′ ∈ θσT \{σ} such that
θ̃σ′T ∈ A, which implies thatRA(T̃ ) 6= Υ, andT̃ ∈ A−, which entails thatA− is hereditary.

Let us prove thatRA−(T ) = RA(T ). SinceA− ⊆ A, RA−(T ) ⊆ RA(T ). Denote byS the set defined in
(37) and takeσ ∈ S\{ρ} (if any). Then, for allσ′ ∈ [[ρ, σ[[ , σ ∈ RA(θσ′T ), which implies that̃θσ′T ∈ A− and
thereforeσ′ ∈ RA−(T ). Thus,S is inRA−(T ), which implies the desired result.

We next prove(ii). Let (T, d, ρ) be a CLCR real tree. We denote byT ◦i , i ∈ I, the connected components of
the open set{σ ∈ T : d(ρ, σ) > a}. For everyi ∈ I, denote byσi the unique point ofT such thatd(ρ, σi) = a and
such thatTi := {σi} ∪ T ◦i is the closure ofT ◦i . Recall that the CLCR real trees(Ti, d, σi) are the subtrees above
a, namely:Ma(T ) =

∑
i∈I δT̃i

. Let i ∈ I be such that̃Ti ∈ A−. Thus,RA(Ti) does not reduce to{σi} and
RA(Ti)\{σi} is connected and non-empty. Namely, it is a connected component of{σ ∈ RA(T ) : d(ρ, σ) > a}.
Conversely, every connected component of{σ ∈ RA(T ) : d(ρ, σ) > a} is of this form. This easily completes the
proof of (ii). �

Recall that for leaf-length erasureRh+h′ = Rh◦Rh′ . We extend these relations by introducing the composition
of hereditary properties.

Definition 3.10 Let A,A′ ⊆ T be two hereditary properties. Thecomposition ofA byA′ is defined as the set
A′ ◦A := {T̃ ∈ T : RA(T̃ ) ∈ A′}. �

15



Lemma 3.11 LetA,A′ ⊆ T be hereditary. Then,A′ ◦ A is hereditary and for every CLCR real tree(T, d, ρ), we
getRA′(RA(T )) = RA′◦A(T ).

Proof. Lemma 3.6 implies thatA′ ◦A is a Borel subset ofT. Let (T, d, ρ) be a CLCR real tree and letσ ∈ T . By
Lemma 3.7,

θ̃σT ∈ A
′ ◦A ⇐⇒ σ ∈ RA(T ) and θ̃σRA(T ) ∈ A

′ . (43)

Note that if θ̃σRA(T ) ∈ A′, thenRA(T̃ ) ∈ A′, namelyT̃ ∈ A′ ◦ A. Then, “⇒” in (43) implies thatA′ ◦ A is
hereditary. Moreover, (43) immediately impliesRA′(RA(T )) = RA′◦A(T ). �

The following theorem, which is the main result of this section, shows that the class of GW-laws is stable
under reduction by a hereditary property. Recall thatQξ,c stands for the law of a GW(ξ, c)-real tree, thatϕξ is the
generating function ofξ and thatqξ is the smallest root ofϕξ(r) = r.

Theorem 3.12 Let ξ be a non-trivial proper conservative offspring distribution and letc ∈ (0,∞). LetA ⊆ T be
hereditary. We assume that

α := Qξ,c(RA = Υ) ∈ (0, 1) . (44)

Then,ξ(0) > 0, α ∈ (0, qξ] and thusϕ′ξ(α) ∈ (0, 1). Moreover,RA under the conditioned lawQξ,c( · |RA 6= Υ)

is distributed as aGW(ξ(α), c(α))-real tree where

c(α) = c (1− ϕ′ξ(α)) and ϕξ(α)(r) = r +
ϕξ(α+ (1− α)r) − α− (1− α)r

(1 − α)(1 − ϕ′ξ(α))
, r ∈ [0, 1] . (45)

Proof. First recall from (40) that{RA 6= Υ} = A− and thusα = Qξ,c(T\A−). Recall from (18) and (19) the def-
inition of the functionsD, ϑ andk. SinceA− is hereditary, we get1T\A− ≤ 1{k=0} + 1{k≥1}1{〈MD(·),1A−〉=0}.
We take the expectation underQξ,c: sinceMD =M0 ◦ ϑ, (29) in the definition ofQξ,c entails that

0 < α ≤ ξ(0) +
∑

n≥1

ξ(n)Q⊛n
ξ,c ( 〈M0,1A−〉=0 ) =

∑

n≥0

ξ(n)αn = ϕξ(α) ,

which entails thatα ∈ (0, qξ] and thatϕ′ξ(α) ∈ (0, 1).
We denote byQ the law ofRA underQξ,c( · |A−) and we want to apply Lemma 3.3 toQ. To that end, we first

note thata 7→ Z+
a isN-valued and cadlagQ-a.s. and we then claim that also

Q(0 < D <∞) = Qξ,c
(
0 < D ◦RA <∞| A

−
)
> 0 . (46)

Indeed, letT̃ ∈ Tedge be such thatZ+
0 (T̃ ) = 1 andD(T̃ ) ∈ (0,∞). If we have〈MD(T̃ )(T̃ ),1A−〉 ≥ 2, then

D(RA(T̃ )) = D(T̃ ) and sinceA− is hereditary, we also get̃T ∈ A−. Consequently,

x := Qξ,c (〈MD,1A−〉 ≥ 2) ≤ Qξ,c
(
A− ∩ {D ◦RA ∈ (0,∞)}

)
= (1− α)Q(0 < D <∞) . (47)

Now by (29) in the definition ofQξ,c, we get

x =
∑

n≥2

ξ(n)Q⊛n
ξ,c (〈M0,1A−〉 ≥ 2) =

∑

n≥2

ξ(n)
(
1−Q⊛n

ξ,c ( 〈M0,1A−〉=0 )−Q⊛n
ξ,c ( 〈M0,1A−〉=1 )

)

=
∑

n≥2

ξ(n)
(
1− αn − n(1− α)αn−1

)
= 1− ϕξ(α)− (1 − α)ϕ′ξ(α) > 0 ,

sinceϕξ is strictly convex (becauseξ is proper and non-trivial). Then, (47) implies (46).

Recall that underQξ,c and conditionally givenZ+
a ,Abv (a, ·) has lawQ⊛Z+

a

ξ,c . Recall (41) and (42) and observe

that for all T̃ ∈ Tedge and for alla ∈ [0,∞), Z+
a (RA(T̃ )) ≥ 1, impliesT̃ ∈ A−. Thus, for alln ≥ 1, and for all

measurable functionsG : T→ [0,∞), we get

Bn := Q
(
1{Z+

a =n}G(Abv (a, ·))
)
= 1

1−αQξ,c

(
1{Z+

a ◦RA=n}G(Abv (a,RA(·)))
)

= 1
1−αQξ,c

(
1{〈M0(Abv (a,·)),1

A−〉=n}
G(RA(Abv (a, ·)))

)

=
1

1− α

∑

N≥n

Qξ,c(Z
+
a =N)

∫

{
∑

1≤i≤N 1
A− (T̃i)=n}

Q⊗Nξ,c (dT̃1 . . . dT̃N) G

(
⊛

1≤i≤N : T̃i∈A−
RA(T̃i)

)
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=
1

1− α

∑

N≥n

Qξ,c(Z
+
a =N)

(
N

n

)
αN−n(1 − α)n

∫

Tn

Q⊗n(dT̃ ′1 . . . dT̃
′
n)G

(
T̃ ′1 ⊛ . . .⊛ T̃ ′n

)

=
1

1− α

∑

N≥n

Qξ,c(Z
+
a =N)

(
N

n

)
αN−n(1 − α)nQ⊛n [G] . (48)

This proves that underQ, the law ofAbv (a, ·) conditionally givenZ+
a is Q⊛Z+

a . By Lemma 3.3,Q is the
law of a GW(ξ∗, c∗)-real tree whereξ∗ is a proper conservative offspring distribution. We next set w∗(a, θ) =

Q[exp(−θZ+
a )] andw(a, θ) = Qξ,c[exp(−θZ+

a )]. By summing (48) overn with G = 1− e−θZ
+
a , we get

w∗(a, θ) = 1−
1− w

(
a ,− log(α+ (1− α)e−θ)

)

1− α
. (49)

and by differentiating (31) with respect toa and toθ, we get

−
∂aw∗(a, θ)

∂θw∗(a, θ)
= c∗e

θ
(
ϕξ∗(e

−θ)− e−θ
)
.

On the other hand, (49) implies that

−
∂aw∗(a, θ)

∂θw∗(a, θ)
= −

α+(1−α)e−θ

(1−α)e−θ
·
∂aw(a,−log(α+(1−α)e−θ))

∂θw(a,−log(α+(1−α)e−θ))
=

ceθ

1−α

(
ϕξ(α+(1−α)e−θ)−α−(1−α)e−θ

)
.

Thus, we get

c∗
(
ϕξ∗(e

−θ)− e−θ
)
=

c

1− α

(
ϕξ(α + (1−α)e−θ)− α−(1−α)e−θ

)
. (50)

Sinceξ∗ is proper,ξ∗(1) = ϕ′ξ∗(0) = 0. Thus, by differentiating (50) and by lettingθ go to∞, we findc∗ = c(α),

as defined in (45). This, combined (50), impliesξ∗ = ξ(α). �

The previous result and (42) in Lemma 3.9 applied toa = 0, immediately implies the following statement for
forests. Recall thatPξ,c,µ =

∑
n∈N µ(n)Q

⊛n
ξ,c .

Theorem 3.13 Let ξ be a proper non-trivial conservative offspring distribution, let c ∈ (0,∞) and letµ be a
probability distribution onN such thatµ(0) < 1. LetA ⊆ T be hereditary. We setα = Qξ,c(RA = Υ) and we
assume thatα ∈ (0, 1). Then,RA underPξ,c,µ has lawPξ(α),c(α),µ{α} , whereξ(α) andc(α) are given by(45) and
µ{α} is given by

ϕµ{α}(r) = ϕµ(α+ (1− α)r) , r ∈ [0, 1] . (51)

4 Growth Processes.

4.1 Definition and characterisation.

4.1.1 Infinitely extensible offspring distributions.

We first briefly study the transform on offspring distributions that appears in (45) in Theorem 3.12. Letξ be a
properoffspring distribution, letc ∈ (0,∞) and letµ be another probability onN. Recall thatϕξ stands for its
generating function and thatqξ is the smallest root ofϕξ(r) = r. We introduce the following subset

Dξ = {α ∈ [0, 1): α ≤ ϕξ(α)} . (52)

We easily check that for allα ∈ Dξ, ϕ′ξ(α) < 1, and we define(ξ(α), c(α), µ{α}) by setting for allr ∈ [0, 1],

c(α)=c(1− ϕ′ξ(α)), ϕξ(α)(r) = r +
ϕξ(α+(1−α)r)−α−(1−α)r

(1−α)(1−ϕ′ξ(α))
, ϕµ{α}(r)=ϕµ(α+ (1− α)r). (53)

Note thatξ(α) is proper. Then(ξ, c, µ) can be recovered from(ξ(α), c(α), µ{α}) andα as follows. First note that
ϕξ(α) can be analytically extended to( −α1−α , 1). Observe that the right limits ofϕξ(α) andϕ′

ξ(α) at −α1−α exist and

are finite. Sinceξ is proper we easily get(1−ϕ′ξ(α))
−1 = 1−ϕ′

ξ(α)(
−α
1−α ) > 1. We therefore get for allr ∈ [0 , 1],

c = c(α)(1− ϕ′
ξ(α)(

−α
1−α )), ϕξ(r) = r +

(1−α)ϕξ(α)( r−α1−α )− (r−α)

1− ϕ′
ξ(α)(

−α
1−α )

, ϕµ(r) = ϕµ{α}(
r−α
1−α ). (54)

17



Next note that ifβ ∈ Dξ(α) , then

(
(ξ(α))(β), (c(α))(β), (µ{α}){β}

)
= (ξ(γ), c(γ), µ{γ}) with γ ∈ Dξ and1− γ = (1− α)(1 − β). (55)

We now introduce the definition of infinitely extensible offspring distributions.

Definition 4.1 An offspring distributionξ is said to beinfinitely extensibleif there exists a sequence of proper
offspring distributions(ξn)n∈N andαn ∈ Dξn , n ∈ N, such thatξ = ξ

(αn)
n for all n ∈ N, andlimn→∞ αn = 1. �

For instance, ifξ = ξ(α), for all α ∈ (0, 1), then, we easily prove thatξ is a stable offspring distribution, namely,
there existsγ ∈ (1, 2] such thatϕξ(r) = r + 1

γ (1 − r)
γ . Observe that stable offspring distributions are critical

(i.e. their mean is equal to1), but their variance is infinite except in the binary caseγ = 2. Stable offspring
distributions occur in many contexts: see for instance Le Jan [32] and Neveu [34] for leaf-length erasure. See also
[10], Vatutin [39] and Jakymiv [24] for reduced trees. Note that there are offspring distributionsξ that are not
stable but such thatξ = ξ(α) holds true for certainα ∈ (0, 1).

More generally, infinitely extensible offspring distributions are characterised by a branching mechanism, that
is, by a functionψ : [0,∞)→ R that is of the following Lévy-Khintchine form

ψ(λ) = aλ+
1

2
bλ2 +

∫

(0,∞)

(
e−λx − 1 + λx1{x<1}

)
π(dx) , (56)

wherea ∈ R, b ∈ [0,∞) andπ is a Borel measure on(0,∞) such that
∫
(0,∞)(1 ∧ x

2)π(dx) < ∞. A result
similar to the theorem below was proved in [12, Theorem 4.2] in the context of Bernoulli leaf percolation. The
proof in the present framework is very similar, but since it demonstrates the crucial appearance of the branching
mechanismψ, we include a brief account of it here.

Theorem 4.2 Let ξ be an infinitely extensible offspring distribution. Then, there exists a functionψ : [0,∞)→ R

of the form(56)such thatψ′(1) = 1 and

ϕξ(r) = r + ψ(1 − r) , r ∈ [0, 1] .

Conversely, suppose thatψ is of the Lévy-Khintchine form(56) and suppose that there existsλ0 ∈ (0,∞) such
thatψ(λ0) > 0. Then, the function

r ∈ [0, 1] 7−→ r +
ψ(λ0(1− r))

λ0ψ′(λ0)

is the generating function of an infinitely extensible offspring distribution.

Proof. We first assume thatξ is an infinitely extensible offspring distribution. Let(ξn, αn), n ∈ N, be as in
Definition 4.1. This implies thatϕξ can be extended analytically to the intervalIn = ( −αn

1−αn
, 1). Moreover for all

r ∈ In, and allk ≥ 2,

ϕ
(k)
ξ (r) =

(1− αn)k−1

1− ϕ′ξn(αn)
ϕ
(k)
ξn

(αn + (1− αn)r)

is positive. Sincelimn→∞ αn = 1, it make sense to setψ(λ) = ϕξ(1 − λ) − (1 − λ), for all λ ∈ [0,∞).
Then,ψ is C∞ on (0,∞) and(−1)kψ(k)(λ) ≥ 0, for all λ ∈ (0,∞) and allk ≥ 2. We then apply toψ(2)

Bernstein’s theorem on completely monotone functions (seee.g. Feller [16, Theorem XIII.7.2]): there exists a
Radon measureν on (0,∞) andb ≥ 0 such thatψ(2)(λ) = b +

∫
(0,∞) e

−λxν(dx). Observe thatψ(0) = 0 and

ψ′(1) = 1−ϕ′ξ(0) = 1−ξ(1) = 1. Then, we setπ(dx) = x−2ν(dx) anda = 1−b+
∫
(0,∞)(e

−x−1{x<1})xπ(dx).
This easily entails thatψ is of the form (56). The proof of the converse result is straightforward: we leave the details
to the reader. �

4.1.2 Definition of growth processes. Characterization of their laws.

Definition 4.3 (Growth processes) Let (Ω,G,P) be a probability space. For allλ ∈ [0,∞), let F̃λ : Ω → T be
a GW(ξ∗λ, c

∗
λ;µ
∗
λ)-real forest as in Definition 3.1. We say that(F̃λ)λ∈[0,∞) is a growth process if for allλ′ ≥ λ,

there exists a hereditary propertyAλ,λ′ ⊂ T such thatP-a.s. for allλ′ ≥ λ, F̃λ=RAλ,λ′
(F̃λ′). �

Remark 4.4 Note that if(F̃λ)λ∈[0,∞) is a growth process, then by (24),P-a.s. for anyλ′ ≥ λ, F̃λ � F̃λ′ . �
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Remark 4.5 Suppose that the family(F̃λ)λ∈[0,∞) satisfies the weaker consistency property that for allλ′ ≥ λ,

P-a.s.F̃λ=RAλ,λ′
(F̃λ′), then by (38), we easily construct a modification of the process that is a growth process

according to Definition 4.3. �

We next introduce specific one-parameter families of infinitely extensible offspring distributions that play a key
rôle. To that end, we fix the following setting:

− a branching mechanismψ : [0,∞)→ R of the form (56), where we furthermore assume the following:

allow deaths: ∃λ0 ∈ (0,∞) : ψ(λ0) > 0, conservative:
∫

0+

dr

(ψ(r))−
=∞ ; (57)

− a probability measure̺ on [0,∞) that is distinct fromδ0.

The fact thatψ is a convex function and thatψ(0) = 0 has several consequences. First, observe thatψ has
either one or two roots: we denote byq the largest one, and sinceψ takes positive values eventually, we obtain
(q,∞) = {λ ∈ [0,∞) : ψ(λ) > 0}. Moreover,ψ′(0+) exists in[−∞,∞).

− If ψ′(0+) < 0, we say thatψ is super-critical(andq > 0, necessarily).

− If ψ′(0+) = 0, we say thatψ is critical (andq = 0, necessarily).

− If ψ′(0+) > 0, we say thatψ is sub-critical(andq = 0, necessarily).

Next, for allλ ∈ [q,∞), we introduce two probability measures onN that are denoted byξλ andµλ and we also
definecλ ∈ (0,∞), as follows:

cλ = ψ′(λ) , ϕξλ(r) = r +
ψ ((1− r)λ)

λψ′(λ)
and ϕµλ

(r) =

∫

[0,∞)

e−λy(1−r)̺(dy) , r ∈ [0, 1]. (58)

More explicitly, we getξλ(0) =
ψ(λ)
λψ′(λ) , ξλ(1) = 0, and for allk ≥ 2,

ξλ(k) =
λk−1

∣∣ψ(k)(λ)
∣∣

k!ψ′(λ)
=

λk−1

k!ψ′(λ)

(
b1{k=2} +

∫

(0,∞)

xke−λx π(dx)

)
. (59)

Recall (28): we easily check thatξλ is conservative iff the second assumption in (57) holds true. The following
theorem provides a useful classification of growth processes.

Theorem 4.6 Let (F̃λ)λ∈[0,∞) be a growth process as in Definition 4.3. By(24), P-a.s.λ 7→ Z+
0 (F̃λ) is non-

decreasing and we setZ = limλ→∞ Z+
0 (F̃λ). Then, only the two following cases occur.

(I) If P(Z < ∞) = 1, there exists a proper and conservative offspring distribution ξ, there existsc ∈ (0,∞)
and there exists a probability measureµ distinct fromδ0, such that

∀ k ∈ N , lim
λ→∞

ξ∗λ(k) = ξ(k) , lim
λ→∞

µ∗λ(k) = µ(k) and lim
λ→∞

c∗λ = c. (60)

Moreover, there exists a unique non-increasing functionα : [0,∞)→ Dξ such that

lim
λ→∞

αλ = 0 and ∀λ ∈ [0,∞) , ξ∗λ = ξ(αλ) , c∗λ = c(αλ) and µ∗λ = µ{αλ} ,

where for allα ∈ Dξ, (ξ(α), c(α), µ{α}) is defined by(53).

(II) If P(Z =∞) > 0, there exists a triplet(ψ, ̺, β) that satisfies the following.

(i) ψ is a function of the Lévy-Khintchine form(56) that satisfies(57).

(ii) ̺ is a probability measure[0,∞) distinct fromδ0,

(iii) β : [0,∞)→ [q,∞) is a non-decreasing function such thatlimλ→∞ β(λ) =∞. Here,q stands for the
largest root ofψ.

(iv) For all λ ∈ [0,∞),
ξ∗λ = ξβ(λ) , c∗λ = cβ(λ) and µ∗λ = µβ(λ)

where for allλ ∈ [q,∞), (ξλ, cλ, µλ) is defined by(58).

Moreover, if another triplet(ψ∗, ̺∗, β∗) satisfies(i)–(iv), there exists a constantκ ∈ (0,∞) such that
̺∗(dx) = ̺(dx/κ), and for allλ ∈ [0,∞), ψ∗(λ) = ψ(κλ)/κ andβ∗(λ) = β(λ)/κ.
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Proof. Let T̃λ be a GW(ξ∗λ, c
∗
λ)-real tree: its law is thenQξ∗

λ
,c∗

λ
. We keep the same notation as in Definition 4.3.

For allλ′ ≥ λ, we recall from (40) the definition of the hereditary propertyA−λ,λ′ and we set

αλ,λ′ := P

(
T̃λ′ /∈ A

−
λ,λ′

)
= Qξ∗

λ′
,c∗

λ′

(
T\A−λ,λ′

)
.

By Theorem 3.13,((ξ∗λ′ )
(αλ,λ′), (c∗λ′ )

(αλ,λ′), (µ∗λ′ )
{αλ,λ′}) = (ξ∗λ, c

∗
λ, µ
∗
λ). This first implies thatλ 7→ c∗λ is non-

decreasing. Recall from the definition of growth processes thatµ∗0(0) < 1. This entails thatµ∗λ(0) < 1, for all
λ ∈ [0,∞), becauseϕµ∗

λ
(0) ≤ ϕµ∗

λ
(α0,λ) = ϕµ∗0 (0) = µ∗0(0) < 1. Next, (54) easily entails

ϕξ∗
λ′
(r) = r +

c∗λ
c∗λ′
·
(
(1−αλ,λ′)ϕξ∗

λ

(
r−αλ,λ′

1−αλ,λ′

)
− (r−αλ,λ′)

)
and ϕµ∗

λ′
(r) = ϕµ∗

λ

(
r−αλ,λ′

1−αλ,λ′

)
. (61)

Moreover, by (55),(1 − αλ,λ′)(1 − αλ′,λ′′) = 1 − αλ,λ′′ , for all λ′′ ≥ λ′ ≥ λ. This implies thatαλ,λ′ is
non-decreasing inλ′ and non-increasing inλ. Then, for allλ ∈ [0,∞), we setαλ = limλ′→∞ αλ,λ′ .
• We first assume thatP(Z < ∞) = 1. We denote byµ the law ofZ. Sinceµ∗λ is the law ofZ+

0 (F̃λ), by
definition, we getlimλ→∞ µ∗λ(k) = µ(k), for all k ∈ N.

We next claim that for allλ ∈ [0,∞), αλ < 1. We argue by contradiction: let us suppose thatαλ = 1. Then,
for all λ′′ ≥ λ′ ≥ λ and allr ∈ [0, 1], we get

ϕµ∗
λ
(r) = ϕµ∗

λ′′
(αλ,λ′′(1− r) + r) ≥ ϕµ∗

λ′′
(αλ,λ′ (1− r) + r) .

But limλ′′→∞ ϕµ∗
λ′′

(αλ,λ′(1−r) + r) = ϕµ(αλ,λ′(1−r) + r) andlimλ′→∞ ϕµ (αλ,λ′(1−r) + r) = ϕµ(1) = 1,
since we have supposedαλ = 1. This implies thatµ∗λ(0) = 1, which is impossible as already proved. Note that
this argument also entails thatµ(0) < 1.

An elementary compactness argument shows that there is asub-probabilitymeasureξ on N and a sequence
λn ∈ [λ,∞), n ∈ N, increasing to∞, such thatlimn→∞ ξ

∗
λn

(k) = ξ(k), for all k ∈ N. This convergence entails
limn→∞ ϕξ∗

λn
(r) = ϕξ(r), for all r ∈ [0, 1). Next observe that sinceαλ < 1, (61) implies thatϕξ∗

λ
can be

extended analytically to the interval( −αλ

1−αλ
, 1). Thus, for all0 < r < 1, in (61), we can letλ′ → ∞ (along the

sequenceλn) and there are two cases to consider: sinceλ′ 7→ c∗λ′ is non-decreasing, ifc := limλ′→∞ c∗λ′ < ∞,
then we get

ϕξ(r) = r +
c∗λ
c
·

(
(1− αλ)ϕξ∗

λ

(
r − αλ
1− αλ

)
− (r − αλ)

)
, (62)

and if limλ′→∞ c∗λ′ =∞, then we getϕξ(r) = r. However, the last possibility would imply thatξ(1) = 1, which
is impossible becauseξ is the limit of proper offspring distributions. Thus (62) holds true. Note that (62) entails
thatϕξ(1) = 1 and thatξ is a proper offspring distribution. Moreover,ξ is completely determined by (62). This
implies (60). Also note that (62) easily entails thatαλ ∈ Dξ and that that(ξ(αλ), c(αλ), µ{αλ}) = (ξ∗λ, c

∗
λ, µ
∗
λ).

The functionλ ∈ [0,∞) 7→ αλ ∈ Dξ is clearly non-increasing. Let us prove uniqueness: suppose that
ϕµ∗

λ
(r) = ϕµ(αλ + (1 − αλ)r) = ϕµ(γλ + (1 − γλ)r). Sinceµ(0) < 1, ϕµ is strictly increasing, and we get

αλ = γλ. We next setα = limλ→∞ αλ. Recall thatϕµ∗
λ
(0) = ϕµ(αλ) ≥ ϕµ(α), which impliesϕµ(0) ≥ ϕµ(α)

asλ→∞. Thus,α = 0, sinceϕµ is strictly increasing. This completes the proof of Case (I).

• We now assume thatP(Z = ∞) > 0. We claim thatα1 = limλ→∞ α1,λ = 1. We argue by contradiction: let
us suppose thatα1 < 1. We fix r < 1. Sinceµ∗1 = (µ∗λ)

{α1,λ} for all λ ∈ (1,∞), we get

ϕµ∗1 (r)=E

[
(α1,λ + (1−α1,λ)r)

Z+
0 (F̃λ)

]
≤ E

[
(α1 + (1−α1)r)

Z+
0 (F̃λ)

]
−→
λ→∞

E
[
(α1 + (1−α1)r)

Z
1{Z<∞}

]
.

We now letr go to1 and we get1 = ϕµ∗1 (1) ≤ P(Z <∞), which contradicts the assumptionP(Z =∞) > 0.
Sincelimλ→∞ α1,λ = 1 and sinceξ∗1 = (ξ∗λ)

(α1,λ), ξ∗1 is infinitely extensible. Theorem 4.2 implies that there
existsψ1 of the form (56) that satisfiesψ′1(1) = 1 andϕξ∗1 (r) = r + ψ1(1 − r), r ∈ [0, 1]. We denote byq the
largest root ofψ1. Sinceψ1(1) = ξ∗1(0) ≥ 0, we getq ≤ 1. Then, observe that sinceξ∗1 is conservative,ψ1 satisfies∫
0+ du/(ψ1(u))− =∞. Thus,ψ1 satisfies (57).

We next prove thatµ∗1 is a mixture of Poisson distributions: we setg(r) = ϕµ∗1 (1 − r) and observe that
g(r) = ϕµ∗

λ
(1 − (1 − α1,λ)r), for all λ ∈ [1,∞). Sincelimλ→∞ α1,λ = 1, g can be analytically extended to

(0,∞), and we easily see thatg is completely monotone. Bernstein’s theorem entails that there exists a probability
measure̺ on [0,∞) such thatϕµ∗1 (r) =

∫
e−y(1−r)̺(dy), for all r ∈ [0, 1]. Note that̺ ({0}) = µ∗1(0) < 1. Thus

̺ is distinct fromδ0.
We now setψ = c∗1ψ1 and we defineβ : [0,∞)→ [q,∞) by setting

β(λ) = 1− αλ,1, if λ ∈ [0, 1), β(1) = 1, and β(λ) =
1

1− α1,λ
, if λ ∈ (1,∞).
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Recall notation(ξλ, cλ, µλ) from (58). Then, for allλ ∈ [0,∞), we check thatξ∗λ = ξβ(λ) , c∗λ = cβ(λ) and
µ∗λ = µβ(λ) by applying (53) toα = αλ,1 and(ξ, c, µ) = (ξ∗1 , c

∗
1, µ
∗
1) if λ < 1, and by applying (54) toα = α1,λ

and(ξ, c, µ) = (ξ∗λ, c
∗
λ, µ
∗
λ), if λ > 1. We have proved that(ψ, ̺, β) satisfies (i)–(iv). The last point of the theorem

is not difficult to check: we leave it to the reader. �

4.2 Convergence to Lévy forests.

In this section we prove under a necessary and sufficient condition that every growth process converges almost
surely to a Lévy forest represented as aT-valued random variable. To that end, we first consider the convergence
in law of the branching processes to apply the general criterion in Theorem 2.15.

Continuous-state branching process. Continuous-state branching processes (CSBPs for short) are the continu-
ous analogue, in time and space, of Galton-Watson branchingprocesses. They were introduced by Jirina [25] and
Lamperti [28, 27, 29]. We first recall standard results on CSBPs whose proof can be found in Silverstein [38] and
Bingham [5].

We fix a branching mechanismψ : [0,∞)→ R of the form (56) and we assume thatψ satisfies (57). We also
fix a probability measure̺ on [0,∞) that is distinct fromδ0. A [0,∞)-valued Feller processesZ̺ = (Z̺a)a∈[0,∞)

defined on the probability space(Ω,G,P) is a continuous-state branching process with branching mechanismψ
and initial distribution̺ (a CSBP(ψ, ̺) for short) if its transition kernels are characterised by the following:

E

[
e−θZ

̺

b+a

∣∣∣ Z̺b
]
= exp (−Z̺b u(a, θ)) , a, b, θ ∈ [0,∞) ,

where for allθ ∈ [0,∞), the functiona 7→ u(a, θ) is the solution of the differential equation∂u(a, θ)/∂a =
−ψ(u(a, θ)), with u(0, θ) = θ. Under our assumptions onψ, the differential equation satisfied byu(·, θ) has a
unique nonnegative solution that is defined on[0,∞) for all θ ∈ [0,∞). In particular, note that the null function is
the unique solution forθ = 0.

Let us rewrite the equation characterisingu in a more convenient way. Recall thatq stands for the largest root
of ψ. If θ ∈ {0, q}, thenu(a, θ) = θ for all a ∈ [0,∞). Observe that ifθ > q (resp.θ < q) thena 7→ u(a, θ)
is a decreasing (resp. increasing) function converging toq asa tends to infinity. An easy change of variables then
entails

∀ a ∈ [0,∞) , ∀ θ ∈ [0,∞)\{0, q} ,

∫ θ

u(a,θ)

dr

ψ(r)
= a . (63)

We derive from the equation governingu and from basic properties of Laplace transforms that for alla ∈ [0,∞),
Z̺a is integrable iff bothψ′(0+) and

∫
[0,∞)

y̺(dy) are finite quantities. In this case we get

E[Z̺a ] = e−ψ
′(0+)a

∫

[0,∞)

y̺(dy) . (64)

We next easily derive from (63) that

P

(
lim
a→∞

Z̺a = 0
)
+P

(
lim
a→∞

Z̺a =∞
)
= 1 and P

(
lim
a→∞

Z̺a =∞
)
= 1−

∫

[0,∞)

e−qx̺(dx) .

Thus,P (lima→∞ Z̺a =∞) > 0 iff q > 0. Namely, this happens only in the super-critical cases. It is easy to
derive from (63) that

P

(
lim
a→∞

Z̺a = 0
)
= P (∃a ≥ 0: Z̺a = 0) ⇐⇒

∫ ∞ dr

ψ(r)
<∞. (65)

Condition (65) is called thefinite time extinction assumption. Now observe that for alla ∈ (0,∞), θ 7→ u(a, θ) is
an increasing function and under (65),

v(a) := lim
θ→∞

u(a, θ) exists and satisfies
∫ ∞

v(a)

dr

ψ(r)
= a , a ∈ (0,∞) . (66)

Observe that the functionv : (0,∞)→ (q,∞) is decreasing and one-to-one. We next define the extinction time of
Z̺ by

E(Z̺) = inf {a ∈ (0,∞) : Z̺a = 0} , (67)

with the conventioninf ∅ =∞. We then easily get

P ( E(Z̺) ≤ a ) =

∫

[0,∞)

̺(dy) exp (−v(a)y) , a ∈ (0,∞) . (68)

We refer to [5] for more details on CSBPs.
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Convergence in law to Lévy forests. Let us fix a branching mechanismψ is of the form (56) that furthermore
satisfies (57). We also fix̺, a probability measure on[0,∞) that is distinct fromδ0. Recall thatq stands for the
largest root ofψ. For allλ ∈ [q,∞), recall from (58) the definition of(ξλ, cλ, µλ).

We denote byF̃λ : Ω→ T a GW(ξλ, cλ;µλ)-real forest.We do not need to assume that it is a growth process:
here, we are only interested in the convergence in law of these random trees whenλ goes to infinity. We also
denote byT̃λ : Ω→ T, a GW(ξλ, cλ)-real tree. Namely the law of̃Tλ isQξλ,cλ and the law ofF̃λ is Pξλ,cλ,µλ

, as
in Definition 3.1.

We first consider the corresponding branching processes. Asan easy consequence of (31) and (63), for all
a, θ ∈ [0,∞), we get

wλ(a, θ) := E

[
exp(−θZ+

a (T̃λ))
]
= Qξλ,cλ

[
exp(−θZ+

a )
]
= 1−

u
(
a, λ(1−e−θ)

)

λ
(69)

and (34) also implies

E

[
exp(−θZ+

a (F̃λ))
]
= Pξλ,cλ,µλ

[
exp(−θZ+

a )
]
=

∫

[0,∞)

exp
(
−y u(a, λ(1−e−θ))

)
̺(dy). (70)

This easily implies that for alla ∈ [0,∞), 1
λZ

+
a (F̃λ)→ Z̺a in distribution on[0,∞). We next use a result due to

Helland [22, Theorem 6.1] that shows that the following convergence actually holds in distribution in the space of
cadlag functionsD([0,∞),R) equipped with Skorohod’s metric:

(
1
λZ

+
a (F̃λ)

)

a∈[0,∞)
−→ (Z̺a )a∈[0,∞) asλ→∞. (71)

In the following lemma, we compute the law of theh-leaf-length erased forestRh(F̃λ).

Lemma 4.7 Let ψ be a function of the form(56) that satisfies (57). Let̺ be a probability measure on[0,∞),
distinct fromδ0. Let F̃λ be as above. Then, the following holds true.

(i) For all h ∈ (0,∞), all a ∈ [0,∞) and allλ ∈ [q,∞),

Qξλ,cλ(Γ ≤ h) = 1−
u(h, λ)

λ
and Rh(F̃λ)

(law)
= F̃u(h,λ) . (72)

Moreover,

E

[
exp(−θZ(h)

a (F̃λ))
]
=

∫

[0,∞)

̺(dy) exp
(
−y u

(
a, u(h, λ)(1−e−θ)

))
. (73)

(ii) The lawsPξλ,cλ,µλ
of the GW-real forests̃Fλ are tight onT asλ→∞ if and only ifψ satisfies

∫ ∞ dr

ψ(r)
<∞ .

(iii) Assume that
∫∞

dr/ψ(r) <∞ and recall from(66) the definition ofv. Then,

(
Z(h)
a (F̃λ) ; Rh(F̃λ)

)
−→

(
Z+
a (F̃v(h)) ; F̃v(h)

)

weakly onN× T asλ→∞. Consequently,

lim
λ→∞

E

[
exp(−θZ(h)

a (F̃λ))
]
=

∫

[0,∞)

̺(dy) exp
(
−y u

(
a, v(h)(1−e−θ)

))
. (74)

Proof. Recall thatAh = {Γ ≥ h} is a hereditary property onT. Thus,Rh(T̃λ) = RAh
(T̃λ). We then see that

α := Qξλ,cλ(T\A
−
h ) = Qξλ,cλ(Γ ≤ h). Then, recall thatQξλ,cλ(Γ ≤ h) = limθ→∞wλ(h, θ). Thus, (69) entails

the equality in (72). Then, Theorem 3.13 entails thatRAh
(F̃λ) is a GW(ξ(α)λ , c

(α)
λ ;µ

{α}
λ )-real forest, and we easily

see that
(ξ

(α)
λ , c

(α)
λ , µ

{α}
λ ) = (ξu(h,λ), cu(h,λ), µu(h,λ)) ,

which proves the point(i).
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We next prove(ii). Theorem 2.9 asserts that the laws of theF̃λ are are tight onT asλ → ∞ iff for each

a, h ∈ (0,∞) the laws of theZ(h)
a (F̃λ), λ ∈ [q,∞), are tight onN asλ→ ∞. If

∫∞
dr/ψ(r) = ∞, (63) entails

that limλ→∞ u(h, λ) = ∞, and since̺ 6= δ0, (73) implies that the laws of theZ(h)
a (F̃λ) are nottight onN as

λ → ∞. If
∫∞

dr/ψ(r) < ∞, thenlimλ→∞ u(h, λ) = v(h) < ∞, and (73) implies (74), which proves that the

laws of theZ(h)
a (F̃λ) are tight onN, and the proof of(ii) is complete.

We next observelimλ→∞(ξu(h,λ), cu(h,λ), µu(h,λ)) = (ξv(h), cv(h), µv(h)). Then, Lemma 3.4 applies, which
entails(iii). �

Theorem 4.8 Let̺ be a Borel probability measure on[0,∞) distinct fromδ0. Letψ : [0,∞)→ R be a branching
mechanism of Lévy-Khintchine form(56). We assume thatψ satisfies(57)and(65). We denote byq is largest root.
Let (Ω,G,P) be a probability space. For allλ ∈ [q,∞), let F̃λ : Ω → T be aGW(ξλ, cλ;µλ)-real forest where
(ξλ, cλ, µλ) is given by(58). Then the following joint convergence holds true in distribution inD([0,∞),R)× T:

( (
1
λZ

+
a (F̃λ)

)

a∈[0,∞)
; F̃λ

)
−→
λ→∞

(
(Z̺a)a∈[0,∞) ; F̃

)
, (75)

where the limit is as follows.

(i) The limiting forestF̃ is a (ψ, ̺)-Lévy forest. We denote byPψ,̺ its distribution onT which only depends
onψ and̺. Furthermore, we havePψ∗,̺∗ = Pψ,̺ iff there existsκ ∈ (0,∞) such thatψ∗(λ) = ψ(κλ)/κ
and̺∗(dy) = ̺(dy/κ).

(ii) Rh(F̃) is aGW(ξv(h), cv(h);µv(h))-real forest.

(iii) The processZ̺ is aCSBP(ψ, ̺).

(iv) limh→0
1

v(h)Z
(h)
a (F̃) = Z̺a , in probability, for alla ∈ [0,∞).

Proof. By Lemma 4.7(iii) and Corollary 2.10,limλ→∞ F̃λ = F̃ weakly inT and(ii) holds true. Moreover, the
last point of(i) is then a consequence of Theorem 4.6.

We next prove the joint convergence. To simplify notation, we setY λ = ( 1λZ
+
a (F̃λ))a∈[0,∞). Recall from

(71) thatY λ converges weakly inD([0,∞),R) to a CSBP(ψ, ̺). Thus, the joint laws of the(Y λ, F̃λ) are tight
in D([0,∞),R)×T asλ → ∞. We want to prove that there is a unique limiting distribution by proving(iv)
for a possible limit. To that end, let us assume that along a sequence(λn)n∈N increasing to∞, the following
convergence holds in distribution inD([0,∞),R)× T.

(
Y λn ; F̃λn

)
−→
n→∞

(
Y ; F̃

)
. (76)

By a slight abuse of notation, we assume thatY andF̃ are defined on(Ω,G,P). We fixa ∈ [0,∞) andh ∈ (0,∞).

We know from Lemma 4.7 thatZ(h)
a (F̃λn

) converges in law onN. Then the laws of(Z(h)
a (F̃λn

);Y λn ; F̃λn
) are

tight onN × D([0,∞),R) × T. There is a increasing sequence of integers(n(k))k∈N such that the following
convergence holds in distribution inN× D([0,∞),R)× T.

(
Z(h)
a (F̃λn(k)

) ; Y λn(k) ; F̃λn(k)

)
−→
k→∞

(
X ; Y ′ ; F̃ ′

)
. (77)

Again, to simplify notation, we assume thatX , Y ′ andF̃ ′ are defined on(Ω,G,P). Clearly(Y ′, F̃ ′) and(Y, F̃)
have the same law. Theδ-continuity ofRh implies thatlimk→∞(Rh(F̃λn(k)

); F̃λn(k)
) = (Rh(F̃

′), F̃ ′) weakly

onT
2. Moreover,F̃ ′ is a (ψ, ̺)-Lévy forest and by(ii), Rh(F̃ ′) has the same law as̃Fv(h). Lemma 4.7 asserts

that, weakly onN × T, limk→∞(Z
(h)
a (F̃λn(k)

);Rh(F̃λn(k)
)) = (Z+

a (F̃v(h)); F̃v(h)), which has the same law as

(Z+
a (Rh(F̃

′));Rh(F̃ ′)). Thus(X ;Rh(F̃ ′)) has the same law as(Z+
a (Rh(F̃

′));Rh(F̃ ′)), which implies that

P-a.s. X = Z+
a (Rh(F̃

′)) = Z(h)
a (F̃ ′) , (78)

the last equality being the definition ofZ(h)
a . We next recall from (72) thatQξλ,cλ(Γ > h) = λ−1u(h, λ).

We recall from (33) that conditionally givenZ+
a (F̃λ), Abv (a, F̃λ) is distributed according toQ⊛Z+

a (F̃λ)
ξλ,cλ

. Since

Z
(h)
a (F̃λ) = 〈M0(Abv (a, F̃λ)),1{Γ>h}〉, we know that conditionally givenZ+

a (F̃λ), the variableZ(h)
a (F̃λ) has

23



a binomial law with parametersλ−1u(h, λ) andZ+
a (F̃λ). Thus, for allθ ∈ [0,∞) and all continuous bounded

functionsf , we easily get

E

[
e
−θZ(h)

a (F̃λn(k)
)
f(λ−1n(k)Z

+
a (F̃λn(k)

))
]
= E




(
1−

u(h, λn(k))

λn(k)

(
1−e−θ

))Z
+
a (F̃λn(k)

)

f(λ−1n(k)Z
+
a (F̃λn(k)

))



 .

We then pass to the limit ask →∞ to get

E [exp(−θX) f(Y ′a)] = E
[
exp

(
−v(h)Y ′a

(
1− e−θ

))
f(Y ′a)

]
.

This entails that conditionally givenY ′a, X is a Poisson random variable with parameterv(h)Y ′a . By (78), for all
K, ε ∈ (0,∞), we get

P

( ∣∣∣∣
1

v(h)
Z(h)
a (F̃)− Ya

∣∣∣∣ > ε

)
= P

( ∣∣∣∣
1

v(h)
Z(h)
a (F̃ ′)− Y ′a

∣∣∣∣ > ε

)
≤

K

ε2v(h)
+P(Y ′a > K).

This entails that for alla ∈ [0,∞), limh→0
1

v(h)Z
(h)
a (F̃) = Ya in probability. Thus, we get the uniqueness of the

limit for the joint laws, which completes the proof of the theorem. �

Almost sure convergence of growth processes.We turn now to the main result of this section, which asserts
almost sure convergence for growth processes and their branching processes. We only consider the most interesting
case when the limiting tree is not a GW-tree.

Theorem 4.9 Let (Ω,G,P) be a probability space and let̃Fλ : Ω→ T, λ ∈ [0,∞), be a growth process such that
P(Z+

0 (F̃λ)→∞) > 0. Let(ψ, ̺, β) be the triplet governing the growth process as specified in Theorem 4.6(II).
We furthermore assume

∫∞
dr/ψ(r) <∞. Then there exists a random CLCR real treeF̃ : Ω→ T such that

P-a.s. lim
λ→∞

δ

(
F̃λ, F̃

)
= 0 . (79)

The random treẽF is a (ψ, ̺)-Lévy forest as defined in Theorem 4.8 and there exists a cadlag CSBP(ψ, ̺) denoted
by (Z̺a)a∈[0,∞) such that for alla ∈ [0,∞)

P-a.s. Z̺a = lim
λ→∞

1

β(λ)
Z+
a (F̃λ) = lim

h→0+

1

v(h)
Z(h)
a (F̃) . (80)

Moreover, the same limits hold inL1 if ψ′(0+) and
∫
[0,∞)

y̺(dy) are both finite.

Proof. We keep the notation of Theorem 4.6:F̃λ is a GW(ξβ(λ), cβ(λ);µβ(λ))-real forest, where for allλ ∈ [q,∞),

(ξλ, cλ, µλ) is given by (58). Lemma 4.7 asserts that for alla ∈ [0,∞) and allh ∈ (0,∞), Z(h)
a (F̃λ) converges in

law asλ goes to∞. By Remark 4.4, Theorem 2.15 applies and there existsF̃ such that (79) holds. By Theorem
4.8, F̃ is a (ψ, ̺)-Lévy forest and there exists a cadlag CSBP(ψ, ̺) denoted by(Z̺a)a∈[0,∞) such that for all

a ∈ [0,∞), limh→0+
1

v(h)Z
(h)
a (F̃λ) = Z̺a in probability and such that the following convergence holds weakly

onD([0,∞),R)× T

( (
1

β(λ)Z
+
a (F̃λ)

)

a∈[0,∞)
; F̃λ

)
−→
λ→∞

(
(Z̺a)a∈[0,∞) ; F̃

)
. (81)

We fix a ∈ [0,∞) and we turn now to the a.s. convergence of the branching processes. We use the following
martingale argument. For allλ ∈ [0,∞), we denote byHλ the sigma-field generated by the variablesZ+

a (F̃λ′),
λ′ ∈ [λ,∞). We then claim that( 1

β(λ)Z
+
a (F̃λ))λ∈[0,∞) is a nonnegative backward martingale with respect to

(Hλ)λ∈[0,∞).

Proof of the claim.We first fixλ, λ′ ∈ [0,∞), such thatλ′ > λ, and we denote bỹTλ′ a GW(ξβ(λ′), cβ(λ′))-real
tree. We use the notation of Definition 4.3 and we denote byAλ,λ′ ⊆ T the family of hereditary properties under
which the growth process is consistent. We then set

αλ,λ′ := Qξβ(λ′),cβ(λ′)

(
T\A−λ,λ′

)
= Qξβ(λ′),cβ(λ′)

(
T \A−λ,λ′

)
.
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TheAλ,λ′ -reduced offspring distribution isξ
(αλ,λ′)

β(λ′) = ξβ(λ), and a brief computation involving (45) and (58)
entails

αλ,λ′ = 1−
β(λ)

β(λ′)
. (82)

LetG : T→ [0,∞) be measurable and letn′ ≥ n. We next compute

B := E

[
G
(
Abv (a, F̃λ)

)
1{Z+

a (F̃λ′)=n
′ ;Z+

a (F̃λ)=n}

]
.

We recall from (33) that conditionally given the event{Z+
a (F̃λ′) = n′}, Abv (a, F̃λ′) is distributed as a forest of

n′ independent GW(ξβ(λ′), cβ(λ′))-real trees. By (42) in Lemma 3.9,RAλ,λ′
(Abv (a, F̃λ′)) = Abv (a, F̃λ). Then,

by Theorem 3.13, conditionally given the event{Z+
a (F̃λ′) = n′}, Abv (a, F̃λ) is a GW(ξβ(λ), cβ(λ);µ)-real forest

whereµ stands for the binomial distribution with parametersn′ and1− αλ,λ′ . This implies the following:

B = P

(
Z+
a (F̃λ′) = n′

)
Pξβ(λ),cβ(λ),µ

[
1{Z+

0 =n}G
]

= P

(
Z+
a (F̃λ′) = n′

)(n′
n

)
(1− αλ,λ′)

nαn
′−n
λ,λ′ Q

⊛n
ξβ(λ),cβ(λ)

[G]

=
P

(
Z+
a (F̃λ′) = n′

)

P

(
Z+
a (F̃λ) = n

)
(
n′

n

)
(1− αλ,λ′)

nαn
′−n
λ,λ′ E

[
G
(
Abv (a, F̃λ)

)
1{Z+

a (F̃λ)=n}

]
.

We next fix the real numbersλp > · · · > λ0 ≥ 0, and the integersnp ≥ · · · ≥ n1 ≥ 0, and for all
n0 ∈ {0, . . . , n1}, we set

u(n0) = P

(
Z+
a (F̃λp

)=np ; . . . ; Z
+
a (F̃λ1) = n1 ; Z

+
a (F̃λ0)=n0

)
.

We now apply the previous computation toG(Abv (a, F̃λp−1)) = 1{Z+
a (F̃λp−1

)=np−1 ; ... ;Z+
a (F̃λ0

)=n0}
, λ′ = λp,

n′ = np, λ = λp−1 andn = np−1 to get

u(n0) =
P

(
Z+
a (F̃λp

) = np

)

P

(
Z+
a (F̃λp−1) = np−1

)
(
np
np−1

)
(1 − αλp−1,λp

)np−1α
np−np−1

λp−1,λp
×

P

(
Z+
a (F̃λp−1) = np−1 ; . . . ; Z

+
a (F̃λ0) = n0

)
.

This entailsu(n0) = P(Z+
a (F̃λp

) = np)
∏

1≤k≤p

(
nk

nk−1

)
(1− αλk−1,λk

)nk−1α
nk−nk−1

λk−1,λk
. Thus we get

u(n0) =

(
n1

n0

)
(1 − αλ0,λ1

)n0αn1−n0

λ0,λ1
P

(
Z+
a (F̃λp

)=np ; . . . ; Z
+
a (F̃λ1) = n1

)
. (83)

We now fixλ′ > λ and we denote byPλ′ the set of events of the form

{Z+
a (F̃λp

)≥np ; . . . ; Z
+
a (F̃λ1) ≥ n1}, λ1, . . . , λp ∈ [λ′,∞) , n1, . . . , np ∈ N , p ∈ N

∗ .

ClearlyPλ′ containsΩ, it is stable under intersection and it generatesHλ1 . Moreover, (83) withλ = λ0 and
λ1 = λ′, easily entails that for alln ∈ N, and allA ∈ Pλ′ ,

E

[
1{Z+

a (F̃λ)=n}
1A

]
= E

[(
Z+
a (F̃λ′)

n

)
(1− αλ,λ′)

nα
Z+

a (F̃λ′)−n
λ,λ′ 1A

]
.

A monotone class argument entails that the same equality holds for allA ∈ Hλ′ . Thus, for allA ∈ Hλ′

E

[
Z+
a (F̃λ)1A

]
=

∑

n≥0

E

[
n

(
Z+
a (F̃λ′)

n

)
(1− αλ,λ′)

nα
Z+

a (F̃λ′)−n
λ,λ′ 1A

]

= E

[
(1− αλ,λ′)Z

+
a (F̃λ′)1A

]
=

β(λ)

β(λ′)
E

[
Z+
a (F̃λ′)1A

]
,

by (82), which immediately implies the claim. �
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The theorem of almost sure convergence of nonnegative backward martingale implies that for every sequence
(λn)n∈N that increases to∞, P-a.s.limn→∞

1
β(λn)

Z+
a (F̃λn

) exists. Then, the joint convergence (81) also implies
that the limiting r.v. is necessarilyP-a.s. equal toZ̺a .

By (64), if bothψ′(0+) and
∫
[0,∞) y̺(dy) are finite, thenZ̺a is integrable. Standard results on backward

martingales then entail that for allλ ∈ [0,∞), 1
β(λ)Z

+
a (F̃λ) is integrable and that

lim
λ→∞

E

[ ∣∣∣ 1

β(λ)
Z+
a (F̃λ)− Z

̺
a

∣∣∣
]
= 0 .

Sinceβ may have jumps, additional arguments are required to get thefirst equality in (80), which is proved
so far only along a subsequence. To simplify notation, we first setXλ = 1

β(λ)Z
+
a (F̃λ). Then, we fixε ∈ (0,∞)

andλ∗ ∈ (0,∞) such thatβ(λ∗) > 0. We recursively define an increasing sequence(λn)n∈N that tends to∞
by fixing λ0 > λ∗ and by settingλn+1 = inf{λ > λn : log β(λ) > ε + log β(λn+)}. Then observe that for
all λ, λ′ ∈ (λn, λn+1), e−ε ≤ β(λ′)/β(λ) ≤ eε. Since the growth process is�-non-decreasing, (24) entails that
P-a.s. for alln ∈ N, for all λ, λ′, λ′′ ∈ (λn, λn+1) such thatλ′′ ≤ λ ≤ λ′,

e−εXλ′′ ≤ Xλ ≤ e
εXλ′ .

For all λ ∈ (0,∞) we also define the sigma-fieldHλ− =
⋂
λ′<λHλ′ and we also denote byHλ+ the sigma-

field generated by
⋃
λ′>λHλ. We next fix a sequence(hp)p∈N that decreases to0. By standard arguments for

nonnegative martingales and for nonnegative backward martingales, we get the following:P-a.s. for alln ∈ N,

E[Xλ∗ | Hλn−] = lim
p→∞

Xλn−hp
=: Xλn− and E[Xλ∗ | Hλn+] = lim

p→∞
Xλn+hp

=: Xλn+ .

Now observe that(Xλn−)n∈N and(Xλn+)n∈N are positive backward martingales with respect to the backward
filtrations(Hλn−)n∈N and(Hλn+)n∈N. So, they both convergeP-a.s. By Theorem 2.15,̃Fλ−hp

convergesP-a.s.,

asp→∞. We denote the limit bỹFλ−. By Lemma 3.4, observe that(Xλ−hp
, F̃λ−hp

) converges in distribution to
a GW(ξβ(λ−), cβ(λ−), µβ(λ−))-real forest asp→ ∞. Moreover, Theorem 4.8 applies to such laws, which implies
a joint weak convergence that is similar to (81) with the left-limit process instead of the normal one. This easily
entails thatP-a.s.limn→∞Xλn− = Z̺a . A similar argument also implies thatP-a.s.limn→∞Xλn+ = Z̺a .

This proves that for allε ∈ (0,∞), there exists an eventΩε ∈ F of probability one on which the following
holds true:Xλn

,Xλn+ andXλn− tend toZ̺a asn→∞, and

∀n ∈ N, ∀λ ∈ [λn, λn+1], e−εmin(Xλn+, Xλn
, Xλn+1) ≤ Xλ ≤ e

εmax(Xλn+1−, Xλn
, Xλn+1).

Thus, onΩε, e−εZ̺a ≤ lim infλ→∞Xλ ≤ lim supλ→∞Xλ ≤ eεZ̺a . This easily entails the first equality in (80).

It remains to prove the assertions concerningZ
(h)
a (F̃). To that end, recall from (66) the definition of the

functionv that is continuous decreasing from(0,∞) to (q,∞). We denote byv−1 its inverse and for allλ ∈ [0,∞),
we setF̃ ′λ = Rv−1(q+1+λ)(F̃). It clearly defines a growth process thatδ-converges tõF . This process is governed
by a triplet of the form(ψ, ̺, β′) with β′(λ) = q + 1 + λ. Now observe that for alla ∈ [0,∞) and allh such that
v−1(1+q) > h > 0,

1

v(h)
Z(h)
a (F̃) =

1

β′(v(h)−1−q)
Z+
a

(
F̃ ′v(h)−1−q

)
.

We now apply the first equality in (80) to that specific growth process to obtain the second equality in (80). �

As an application of the previous results on growth processes, we first state a simple characterisation of Lévy
forests that is used to derive limit theorems of GW-forests to Lévy forests.

Theorem 4.10 Let(Ω,G,P) be a probability space. Let̃F : Ω→ T be a random CLCR real tree. We assume that
P(F̃ 6= Υ) > 0 and that for all sufficiently smallh ∈ (0,∞), Rh(F̃) is a GW-real forest. Then, the following
holds true.

(a) EitherP(Z+
0 (F̃) <∞) = 1 andF̃ is a GW-real forest .

(b) Or P(Z+
0 (F̃) =∞) > 0 andF̃ is a Lévy forest as in Theorem 4.8.

Proof. First note thatP(Rh(F̃) 6= Υ) > 0, for all sufficiently smallh. Let h0 be such that for allh ∈ (0, h0),
Rh(F̃) is a GW-real forest such thatP(Rh(F̃) 6= Υ) > 0. Then, for allλ ∈ [0,∞), we setF̃λ = Rh0e−λ(F̃).
Clearly,(F̃λ)λ∈[0,∞) is a growth process. We then apply Theorem 4.6. Namely, sinceZ+

0 (F̃λ)→ Z+
0 (F̃), either
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P(Z+
0 (F̃) < ∞) = 1 and the growth process is as in Theorem 4.6 (I): by Lemma 3.4,F̃λ converges in law to a

GW-forest asλ→∞, which implies thatF̃ is a GW-real forest. OrP(Z+
0 (F̃) =∞) > 0, and the growth process

is as in Theorem 4.6 (Il): the growth process is then governedby a triplet(ψ, ̺, β). Since the laws of thẽFλ are
tight in T asλ → ∞, Lemma 4.7(ii) implies that

∫∞
dr/ψ(r) < ∞, and Theorem 4.9 implies that̃F is a Lévy

forest. �

Theorem 4.10 allows us to strengthen Lemma 3.3, as follows. Recall from Section 3.1 the definition of the
sigma-fieldBa+.

Theorem 4.11 LetQ be a Borel probability measure onT. We first assume thatQ(0 < D < ∞) > 0. We also
assume that for alla ∈ [0,∞),Q(Z+

a <∞) = 1. Then, the following assertions are equivalent.

(i) For everya ∈ [0,∞), the conditional distribution givenZ+
a ofAbv (a, ·) underQ isQ⊛Z+

a .

(ii) For everya ∈ [0,∞), the conditional distribution givenBa+ ofAbv (a, ·) underQ isQ⊛Z+
a .

(iii) Q is the distribution of aGW(ξ, c)-real tree, for a certainc ∈ (0,∞) and a certain proper conservative
offspring distributionξ.

Proof. If we assume (iii), thena 7→ Z+
a is cadlagQ-a.s., hence Lemma 3.3 applies and we get (ii) and (i). It

remains to prove(i) ⇒ (iii) without assuming, as in Lemma 3.3, thata 7→ Z+
a is cadlagQ-a.s. To this end, first

note that (i) impliesQ(Z+
0 = 1) = 1, as in the proof of Lemma 3.3 in Appendix B.2. Next, observe thatΓ ≥ D

onT \ {Υ}, and recall from Lemma 2.5 thatlimh→0D ◦Rh = D. Thus, there existsh0 ∈ (0,∞) such that for all
h ∈ (0, h0),Q(0 < D ◦Rh <∞) > 0 andqh := Q(Γ > h) > 0. Then it makes sense to defineQh as the law of

Rh underQ( · |Γ > h) and we have proved thatQh(0 < D <∞) > 0. Next, observe thata 7→ Z+
a ◦ Rh = Z

(h)
a+

is cadlagQ-a.s., which implies thata 7→ Z+
a is cadlagQh-a.s.

Let us show thatQh satisfies (i). Let us fixa ∈ [0,∞), n ∈ N\{0} and a measurable functionG : T→ [0,∞).
The property (i) forQ, (42) and arguments similar to those used in the proof of Theorem 3.12 imply the following

Qh

[
1{Z+

a =n}G(Abv (a, ·))
]
= q−1h Q

[
1{Z+

a ◦Rh=n}
G(Abv (a,Rh))

]

= q−1h

∑

N≥n

Q
[
1{Z+

a =N ;Z+
a ◦Rh=n}

G (Rh(Abv (a, ·)))
]

= q−1h

∑

N≥n

Q
[
1{Z+

a =N}Q
⊛N
[
1{Z+

a ◦Rh=n}
G(Rh)

]]

= q−1h

∑

N≥n

Q(Z+
a = N)

(
N

n

)
(1 − qh)

N−nqnhQ
⊛n
h [G] = Qh(Z

+
a = n)Q⊛n

h [G] .

This implies thatQh satisfies (i). Then Lemma 3.3 implies thatQh is the law of a GW-real tree. Thus, for any
h ∈ (0, h0), Rh underQ is the law of a GW-real forest and sinceQ(Z+

0 = 1) = 1, Theorem 4.10 entails thatQ is
the law of a GW-real tree, which completes the proof. �

4.3 Invariance principles for GW-trees.

In this section we apply the tightness results of Section 2.3and the previous results on Lévy forests to obtain
limit theorems for discrete GW-real trees. We consider two asymptotic regimes: we first discuss convergence in
distribution to GW-real trees and we next discuss convergence to Lévy forests.

Notation. Unless the contrary is explicitly mentioned, all the random variables are defined on the same probability
space(Ω,G,P). For allp ∈ N,

– ξp = (ξp(k))k∈N is an offspring distribution such thatξp(1) < 1,

– νp = (νp(k))k∈Z is given byνp(k) = ξp(k + 1) if k ≥ −1 andνp(k) = 0 if k < −1,

– µp = (µp(k))k∈N is a probability distribution onN such thatµp(0) < 1,

– (Y pk )k∈N is a discrete-time GW-Markov chain with initial distributionµp and offspring distributionξp.
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Discrete GW-real trees and forests.We modify the lifetime part of Definition 3.1 and say that aT-valued random
variableT̃p is called a discrete GW(ξp)-real tree if its distributionQ satisfies

Q
[
1{k=n}G(ϑ)g(D)

]
= ξp(n)Q⊛n[G]g(1) .

This is just a way to view graph trees as metric spaces by joining the vertices by intervals of unit length. Now
let T̃p(n), n ≥ 1, be independent copies of̃Tp. Let Np be anN-valued variable with lawµp, independent of
(T̃p(n))n≥1. We then set

F̃p := ⊛1≤n≤Np
T̃p(n) ,

with the convention that̃Fp = Υ if Np = 0. Then,F̃p is a random forest ofNp independent discrete GW(ξp)-real
trees.

Tree-scaling.The main purpose of this section is to obtain convergence in law ofF̃p when suitably rescaled. More
precisely, letT̃ ∈ T andc ∈ (0,∞); let (T, d, ρ) be a representative of̃T . Then,(T, cd, ρ) is a CLCR real tree
and its pointed isometry class only depends onT̃ andc: we denote it bycT̃ . Note that the function(c, T̃ ) 7→ cT̃ is
continuous.

Notation.The symbol∗ stands for the convolution product of measures onR. For every measurem onR, we set
m∗1 = m and for alln ≥ 1, we setm∗(n+1) = m ∗m∗n. Also,⌊·⌋ stands for the integer-part function.

Convergence to Galton-Watson trees. We first state a convergence result for GW-Markov chains thatare
rescaled in timebut not in space. This result is quite close to Grimvall’s [19, Theorem 3.4] that is actually a
limit-theorem for GW-chains that are rescaled in timeandspace. Since it is not explicitly written in [19], we state
it here as a lemma: its proof can be adapted in a straightforward way from that of [19, Theorem 3.4] that strongly
relies on [18, Theorem2.2′] (whose proof also extends to our setting).

Lemma 4.12 Let(γp)p∈N be a positive sequence converging to∞. Then, the following statements are equivalent.

(i) There exist a probability measureν onZ with ν(0) < 1 and a probability measureµ onN with µ(0) < 1,
such that the following two limits hold in law asp→∞.

(νp)∗⌊γp⌋ −→ ν and µp −→ µ.

(ii) The one-dimensional marginal distributions of(Y p⌊γpa⌋)a∈[0,∞) converge to those of anN-valued process
that is not constant.

(iii) The process(Y p⌊γpa⌋)a∈[0,∞) converges weakly onD([0,∞),R) to a continuous-timeN-valued Galton-
Watson branching process that is not constant.

Remark 4.13 Assume that(i), (ii) and(iii) hold true. Note thatν has to be an infinitely divisible distribution on
Z. Thenν 6= δ0 is the law ofX1, where(Xt)t∈[0,∞) is a compound Poisson process with holding-time parameterc
and jump lawπ, a probability measure onZ\{0}. Denote by(Xp

k)k∈N a random walk with jump lawνp, and initial
stateXp

0 = 0. Standard arguments imply that(Xp
⌊γpt⌋

)t∈[0,∞) converges weakly onD([0,∞),R) to (Xt)t∈[0,∞).
Since we deal with integer-valued processes, the joint law of the first jump time and the size of the jump ofXp

converges to that ofX . The assumptions onνp first imply that the support ofπ is included in{−1, 1, 2, . . .}. If
we setξ(k) = π(k − 1), k ∈ N, then it is easy to see thatξ is the (proper and conservative) offspring distribution
of the continuous-timeN-valued GW-branching process mentioned in(iii) and thatc is its lifetime parameter. The
previous joint convergence then entails that for allk ∈ N,

lim
p→∞

ξp#(k) = ξ(k) , lim
p→∞

µp(k) = µ(k) , lim
p→∞

γp(1− ξ
p(1)) = c , (84)

whereξp#(k) = ξp(k)/(1− ξp(1)) if k 6= 1 andξp#(1) = 0. �

The previous result is used to derive the following limit theorem. Recall that̃Fp stands for a random forest of
Np independent discrete GW(ξp)-real trees and thatNp has lawµp.

Theorem 4.14 Let(γp)p∈N be a positive sequence converging to∞. We assume that the one-dimensional marginal
distributions of(Z+

a (
1
γp
F̃p))a∈[0,∞) converge to those of anN-valued process that is not constant. Then, there

exists aGW(ξ, c;µ)-real forestF̃ , as in Definition 3.1 withµ(0) < 1, such that
((

Z+
a

(
1
γp
F̃p
))

a∈[0,∞)
; 1
γp
F̃p

)
(law)
−→
p→∞

((
Z+
a (F̃)

)

a∈[0,∞)
; F̃

)
,

weakly onD([0,∞),R)× T. Moreover,(84) holds true.
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Proof. First observe thatY pk := Z+
kγp

( 1
γp
F̃p), k ∈ N, is a GW(ξp)-Markov chain with initial distributionµp.

Thus, Lemma 4.12(i), (ii) and(iii) hold true.
We first prove convergence for single GW(ξp)-discrete trees̃Tp. This corresponds to the case whereµp(1) = 1,

to which Lemma 4.12 also applies. Thus,(Z+
a (

1
γp
T̃p))a∈[0,∞) converges weakly onD([0,∞),R) asp → ∞ to a

continuous-time GW(ξ, c)-branching process whose initial value is1. Moreover,ξ is proper and conservative and
(84) holds true. Since continuous-time GW-branching processes have no fixed-time discontinuity, convergence
of finite-dimensional marginals holds true. This entails the tightness of the laws of1γp T̃p, p ∈ N, since for all

a, h ∈ [0,∞), Z(h)
a ( 1

γp
T̃p) ≤ Z+

a (
1
γp
T̃p), and by Theorem 2.9.

We next want to prove that the real trees1γp T̃p converge weakly to a GW(ξ, c)-real tree by showing that every
weak limit satisfies the branching property of Theorem 4.11.To that end, observe first that the joint laws of
(Z+

a (
1
γp
T̃p))a∈[0,∞) and 1

γp
T̃p, are tight onD([0,∞),R)× T. Let (Ya)a∈[0,∞) andT̃ be such that

((
Z+
a

(
1

γp(k)
T̃p(k)

))

a∈[0,∞)
; 1
γp(k)
T̃p(k)

)
−→
k→∞

(
(Ya)a∈[0,∞) ; T̃

)
(85)

weakly onD([0,∞),R)× T along the increasing sequence of positive integers(p(k))k∈N. Without loss of gener-
ality, by the Skorohod representation theorem (and by a slight abuse of notation), we can assume that (85) holds
almost surely. To simplify notation we setT̃k = 1

γp(k)
T̃p(k). Thus, we assume that

((
Z+
a (T̃k)

)

a∈[0,∞)
; T̃k

)
−→
k→∞

(
(Ya)a∈[0,∞) ; T̃

)
a.s. inD([0,∞),R)× T. (86)

We first claim that
P

(
Z+
0 (T̃ ) = 1

)
= 1 and P

(
0 < D(T̃ ) <∞

)
= 1 . (87)

Proof of (87).We first use the following standard result on Skorohod convergence forN-valued cadlag functions:
by (86), the first jump time and the value at the first jump time of the processesZ+

· (T̃k) converge a.s. to the first
jump time and the value at the first jump time of the processY . Observe that sinceZ+

0 (T̃k) = 1, we get

D(T̃k) = inf{a ∈ [0,∞) : Z+
a (T̃k) 6= 1} and k(T̃k) = Z+

D(T̃k)
(T̃k) .

Then, if we setD′ = inf{a ∈ [0,∞) : Ya 6= 1} andk′ = YD′ , the previous arguments and the continuity ofAbv
entail that

D′ = lim
k→∞

D(T̃k) , k
′ = lim

k→∞
k(T̃k) and Abv (D′, T̃ ) = δ– lim

k→∞
ϑ(T̃k). (88)

SinceY is a GW(ξ, c)-branching process,D′ andk′ are independent,D′ is exponentially distributed with mean
1/c andk′ has lawξ that is proper and conservative. Thus,0<D′<∞ andk′ 6= 1 a.s.

Let (Tk, dk, ρk) be any representative of̃Tk and let(T , d, ρ) be any representative of̃T . Then,P-a.s. for any
fixed r ∈ (0, D′), for all sufficiently largek the closed ballBTk

(ρk, r) rooted atρk is equivalent to the interval
[0, r] rooted at0 and sinceδ(Tk, T ) → 0, the closed ballBT (ρ, r) rooted atρ is also equivalent to the interval
[0, r] rooted at0, which implies thatZ+

0 (T ) = 1 andD(T ) ≥ r. This proves that

P-a.s. D(T̃ ) ≥ D′ > 0 and Z+
0 (T̃ ) = 1 . (89)

It remains to prove thatD(T̃ )<∞ a.s., and by (89), this boils down to proving thatT̃ is not the pointed isometry
class of a half-line rooted at its finite end. Ifk′ = 0, then for anyr > D′, (88) implies that for all sufficiently
largek, k(T̃k) = 0, which impliesϑ(T̃k) = Υ and thusAbv (D′, T̃ ) = Υ. Consequently, ifk′ = 0, T̃ is not the
pointed isometry class of a half-line rooted at its finite end, and thereforeD(T̃ ) <∞.

Sincek′ 6= 1 a.s., it only remains to consider the case wherek
′ ≥ 2. To that end, we first prove that

P-a.s. on{k′ ≥ 2}, lim sup
k→∞

D(ϑT̃k) > 0. (90)

Indeed, first note that for anyε ∈ (0,∞), 1{lim supk→∞D(ϑT̃k)<ε ;k′≥2}
≤ lim infk→∞ 1{D(ϑT̃k)≤ε ; k(T̃k)≥2}

.
This inequality combined with Fatou lemma entails

P
(
lim sup
k→∞

D(ϑT̃k) < ε ; k′ ≥ 2
)
≤ lim inf

k→∞
P
(
D(ϑT̃k) ≤ ε ; k(T̃k) ≥ 2

)
.
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Now observe thatP
(
D(ϑT̃k)≤ ε ; k(T̃k)≥ 2

)
=E

[
P(D(T̃k)≤ ε)k(T̃k)1{k(T̃k)≥2}

]
, by the branching property

for discrete Galton-Watson trees. This, combined with (88)entails that

lim
k→∞

P
(
D(ϑT̃k) ≤ ε ; k(T̃k) ≥ 2

)
=
∑

n≥2

(
1− e−cε

)n
ξ(n) −−−−→

ε→0
0 ,

which implies (90).
Then, denote by(T ′, d′, ρ′) a representative ofAbv (D′, T̃ ). By (90), a.s. ifk′ ≥ 2, there existsr > 0 such

thatD(ϑT̃k) > r for infinitely manyk, and (88) implies that the closed ballBT ′(ρ′, r) is equivalent tok′ copies
of [0, r] glued at0. It implies thatT̃ is not a half-line and thus,D(T̃ ) <∞. This completes the proof of the claim
(87). �

We next denote byQ the law ofT̃ . Then, (87) can be rephrased as

Q(Z+
0 = 1) = 1 and Q( 0<D<∞ ) = 1 . (91)

Let us also denote byQp(k) the law ofT̃k. We fixa ∈ [0,∞) and for allk ∈ N, we setak := ⌊γp(k)a⌋/γp(k) → a,
ask →∞. LetG1, G2 : T→ [0,∞) be continuous and bounded. First observe that

E

[
G1

(
Blw (ak, T̃k)

)
G2

(
Abv (ak, T̃k)

)]
= E

[
G1

(
Blw (ak, T̃k)

)
Q

⊛Z+
ak

(T̃k)

p(k) [G2]

]
,

by the branching property for discrete Galton-Watson trees. As k →∞, (86) and the continuity ofBlw andAbv
stated in Lemma 2.3 imply that

Q[G1(Blw (a, ·))G2(Abv (a, ·))]=E

[
G1

(
Blw (a, T̃ )

)
G2

(
Abv (a, T̃ )

)]
=E

[
G1(Blw (a, T̃ ))Q⊛Ya [G2]

]
. (92)

This equality extends to all nonnegative measurable functionsG1 andG2. SinceQ(Z+
0 = 1) = 1, (92) with

G1 ≡ 1 andG2(·) = f(Z+
0 (·)) first impliesQ[f(Z+

a )] = E[f(Ya)]. This first proves thatQ(Z+
a < ∞) = 1 for

anya ∈ [0,∞), and it also entails for any measurable functionsG : T→ [0,∞) andf : N→ [0,∞) that

Q
[
f(Z+

a )G(Abv (a , · ))
]
= E

[
f(Ya)Q

⊛Ya [G]
]
= Q

[
f(Z+

a )Q
⊛Z+

a [G]
]
.

Therefore, the conditional distribution givenZ+
a of Abv (a , · ) underQ isQ⊛Z+

a .
We thus have proved that Theorem 4.11 applies toQ that is therefore the law of a GW(ξ′, c′)-real tree. Since

Ya underP has the same law asZ+
a underQ, we easily get(ξ′, c′) = (ξ, c).

Since T̃ is a GW(ξ, c)-real tree,a 7→ Z+
a (T̃ ) is cadlag and it has no fixed discontinuity. Thus, for any

a ∈ (0,∞), this process is left-continuous at timea a.s., andZ+
a (T̃ ) is equal a.s. to a measurable functionalG1

of Blw (a, T̃ ). The previous arguments and (92) entail that for anya ∈ [0,∞), Z+
a (F̃) = Ya a.s., and since both

processes are cadlag, we getZ+
· (T̃ ) = Y a.s. This proves the uniqueness of the limit in the joint convergence and

it actually proves the theorem in the case of single trees, namely whenµp = δ1, p ∈ N.

Let us prove the general case. Denote byQp the law of 1
γp
T̃p. Let F : D([0,∞),R)×T → R be bounded

and continuous for the product topology. We proved that
∫
F (Z+

· (T̃ ); T̃ )Qp(dT̃ ) −→
∫
F (Z+

· (T̃ ); T̃ )Qξ,c(dT̃ ).
Now observe that for anyk ∈ N,

∫

T

F
(
Z+
· (T̃ ) ; T̃

)
Q⊛k
p (dT̃ ) =

∫

Tk

F
(
Z+
· (T̃1) + · · ·+ Z+

· (T̃k) ; T̃1 ⊛ · · ·⊛ T̃k

)
Q⊗kp (dT̃1 . . . dT̃k)

Sincek independent continuous-time GW-branching processes havedistinct jump times a.s., we easily get

lim
p→∞

∫

Tk

F
(
Z+
· (T̃1) + · · ·+ Z+

· (T̃k) ; T̃1 ⊛ · · ·⊛ T̃k

)
Q⊗kp (dT̃1 . . . dT̃k) =

=

∫

Tk

F
(
Z+
· (T̃1) + · · ·+ Z+

· (T̃k) ; T̃1 ⊛ · · ·⊛ T̃k

)
Q⊗kξ,c (dT̃1 . . . dT̃k)

=

∫

T

F
(
Z+
· (T̃ ) ; T̃

)
Q⊛k
ξ,c (dT̃ )

This implies the following:

lim
p→∞

E

[
F
(
Z+
·

(
1

γp
F̃p
)
;

1

γp
F̃p
)]

= lim
p→∞

∑

k∈N

µp(k)

∫

T

F
(
Z+
· (T̃ ) ; T̃

)
Q⊛k
p (dT̃ )

=
∑

k∈N

µ(k)

∫

T

F
(
Z+
· (T̃ ) ; T̃

)
Q⊛k
ξ,c (dT̃ ) ,

which completes the proof of the theorem. �
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Convergence to Lévy forests. We consider now the convergence of GW-trees to Lévy forests.In these cases,
the profiles of the trees are rescaled in timeandspace. More precisely, we make the two following assumptions.

(A1) There is a positive sequence(γp)p∈N converging to∞, such that the process( 1pY
p
⌊γpa⌋

)a∈[0,∞) converges

weakly onD([0,∞),R) to a CSBP(ψ, ̺), where̺({0}) < 1 and
∫
0+

dr
(ψ(r))−

=∞.

(A2) SetEp = inf{k ∈ N : Y
(p)
k = 0} and denote byE the extinction time of a CSBP(ψ, ̺). We assume that∫∞ dr

ψ(r) <∞ and that 1γp Ep −→ E , weakly on[0,∞], asp→∞.

Grimvall [19, Theorem 3.4] asserts that (A1) is equivalent to the following weak convergence onR:

νp
(
·
p

)∗p⌊γp⌋
−→
p→∞

ν and µp
(
·
p

)
−→
p→∞

̺ ,

whereν is an infinitely divisible spectrally positive law such that
∫
R
e−θxν(dx) = eψ(θ). Analytic necessary and

sufficient conditions equivalent to such a convergence can be found for instance in [23, Theorem II.3.2].
If we assume (A1) and

∫∞ dr
ψ(r) <∞, then we can show that (A2) is equivalent to the following

lim inf
p→∞

(
ϕ
◦⌊γp⌋
ξp (0)

)p
> 0 ,

whereϕ◦nξp stands for then-th iterate ofϕξp . We leave the details to the reader (see also the comments following
[10, Theorem 2.3.1]). Let us mention that (A1) implies (A2) whenξp = ξ, for all p ∈ N. In this case,ψ is
necessarily aγ-stable branching mechanism, namelyψ(λ) = λγ , γ ∈ (1, 2] (see [10, Theorem 2.3.2]).

We now state the main result of the section. To that end, recall from (63) and (66) the notationu(a, θ) and
v(a), recall from Theorem 4.8 the definition of Lévy forests and recall thatF̃p stands for a random forest ofNp
independent discrete GW(ξp)-real trees, whereNp has lawµp.

Theorem 4.15 Assume(A1) and (A2). Then, there exists a(ψ, ̺)-Lévy forestF̃ and a CSBP(ψ, ̺) denoted

by (Z̺a)a∈[0,∞) such that for alla ∈ [0,∞), P-a.s. limh→0+
1

v(h)Z
(h)
a (F̃) = Z̺a , and such that weakly on

D([0,∞),R)× T,
((

1
pZ

+
a

(
1
γp
F̃p
))

a∈[0,∞)
; 1
γp
F̃p

)
(law)
−→
p→∞

(
(Z̺a)a∈[0,∞) ; F̃

)
. (93)

Remark 4.16 We first mention that a closely related result has been provedby quite different methods in [10,
Theorem 2.3.1 and Corollary 2.5.1]: this result only deals with critical or sub-critical GW-trees, however the
convergence holds for the contour process, which is a stronger convergence. Note that in the super-critical cases,
the contour process is not a well-suited approach. �

Remark 4.17 As noticed in [10], (A1) and (A2) are in some sense the minimalassumptions under which the
convergence (93) holds. Indeed, (A1) and

∫∞ dr
ψ(r) <∞, do not necessarily imply (A2): see [10, pp. 60-61] for a

counterexample. Note that(ψ, ̺)-Lévy forests can only be defined as locally compact real trees if
∫∞ dr

ψ(r) <∞.

Moreover, if we assume (A1),
∫∞ dr

ψ(r) < ∞ and 1
γp
F̃p → F̃ , then, by theδ-continuity ofΓ, the total heights

converge too, which implies (A2). �

Proof. Recall thatT̃p stands for a single discrete GW(ξp)-real tree and observe thatZ+
kγp

( 1
γp
T̃p), is a discrete-time

GW(ξp)-Markov chain whose initial state is equal to1. For alla, θ, h ∈ [0,∞) and allp ∈ N, we set

up(a, θ) = −p logE[exp(− 1
pθZ

+
a (

1
γp
T̃p))] and vp(h) = −p logP( Γ( 1

γp
T̃p) < h ) .

Next, observe thatY pk := Z+
kγp

( 1
γp
F̃p), k ∈ N, is a discrete-time GW(ξp)-Markov chain with initial distribution

µp, to which (A1) and (A2) apply. Then, by (A1),

ϕµp(exp(− 1
pup(a, θ))) = E

[
exp(− 1

pθY
(p)
⌊γpa⌋

)
]
−→
p→∞

∫
[0,∞)

̺(dy) e−yu(a,θ)

and by (A2) and (68), we get

ϕµp(exp(− 1
pvp(h))) = P( 1

γp
Ep < h ) −→

p→∞

∫
[0,∞)

̺(dy) e−yv(h) .

We next use the following basic result (known as the second theorem of Dini).
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(R) Letfp : [0,∞)→ [0,∞), p ∈ N, be a sequence of monotonic functions converging pointwiseto a continu-
ous functionf . Then the convergence is uniform on every compact interval of [0,∞).

We first note that the functionsfp(θ) = ϕµp(e−θ/p) andf(θ) =
∫
[0,∞) ̺(dy)e

−θy are strictly monotonic and

continuous, so that the inversesf−1p converge tof−1 pointwise on the interval(̺({0}) , 1]. Hence, for alla, θ ∈
[0,∞) and for allh ∈ (0,∞), we getup(a, θ)→ u(a, θ) andvp(h)→ v(h). Next observe thatup is monotone in
each component and thatvp is non-increasing. Thus, by (R),

(ap, θp, hp) −→
p→∞

(a, θ, h)∈ [0,∞)2×(0,∞) =⇒ up(ap, θp) −→
p→∞

u(a, θ) and vp(hp) −→
p→∞

v(h). (94)

We next fixh ∈ (0,∞) and we setF̃hp := R⌊γph⌋(F̃p). It is easy to see that̃Fhp is a forest of discrete GW-real

trees as defined at the beginning of the section. We want to apply Theorem 4.14 toF̃hp . To that end, first denote
by ξph its offspring distribution and byµph the law of the number of trees in this forest. We do not need to compute
them explicitly to see thatξph(1) < 1 andµph(0) < 1. Next fix a ∈ [0,∞) and observe that conditionally given
Y p⌊γpa⌋ = Z+

⌊γpa⌋
(F̃p) = n, the law ofZ+

⌊γpa⌋
(F̃hp ) is binomial with parametersn andP(Γ(T̃p) ≥ ⌊γph⌋). To

simplify notation, we sethp = ⌊γph⌋/γp, which tends toh asp→∞, and we defineφp(h, θ) ∈ [0,∞) by

exp(− 1
pφp(h, θ)) = P

(
Γ(T̃p)<⌊γph⌋

)
+ e−θP

(
Γ(T̃p)≥⌊γph⌋

)
= 1−(1−e−θ)(1−exp(− 1

pvp(hp))).

By (94),φp(h, θ) → v(h)(1 − e−θ) andE[exp(−θZ+
a (

1
γp
F̃hp ))] −→

∫
[0,∞)

̺(dy)e−yu(a,v(h)(1−e
−θ) ). Theorem

4.14 applies and the following convergence holds weakly onD([0,∞),R)× T:
(
(Z+

a (
1
γp
F̃hp ))a∈[0,∞);

1
γp
F̃hp

)
−→
p→∞

(
(Z+

a (F̃
h))a∈[0,∞); F̃

h
)
.

Here, it is easy to see that̃Fh is a GW(ξv(h), cv(h);µv(h))-real forest, where we recall that the one-parameter
family of laws(ξλ, cλ, µλ) is derived fromψ and̺ by (58).

Now observe thatδ(Rh( 1
γp
F̃p),

1
γp
F̃hp ) ≤

1
γp

. Moreover, for each fixeda, there exists a random variable

∆p : Ω→ N such that∆p≥Z+
a (

1
γp
F̃hp )−Z

(h)
a ( 1

γp
F̃p)≥0, and such that conditionally givenZ+

⌊γpa⌋
( 1
γp
F̃hp ) = n,

the law of∆p is binomial with parametersn andP
(
hp <Γ( 1

γp
T̃p)≤ hp +

2
γp

)
, which tends to0 asp → ∞, by

(94). Since the laws of the random variablesZ+
⌊γpa⌋

( 1
γp
F̃hp ) are tight, we get∆p → 0, in probability. Thus, for

all h ∈ (0,∞) and alla ∈ [0,∞), (Z(h)
a ( 1

γp
F̃p) ;Rh(

1
γp
F̃p)) converges to(Z+

a (F̃
h) ; F̃h) weakly onN × T, as

p→∞.
Let F̃ be a(ψ, ̺)-Lévy forest. Theorem 4.8(ii) asserts thatRh(F̃) andF̃h have the same law for allh ∈

(0,∞). Then, by Corollary 2.10,1γp F̃p → F̃ weakly onT asp→∞. Thus, we have proved

1
γp
F̃p

(law)
−−−→
p→∞

F̃ and
(
Z

(h)
a ( 1

γp
F̃p) ;Rh

(
1
γp
F̃p
)) (law)
−−−→
p→∞

(
Z

(h)
a (F̃) ; Rh

(
F̃
))
. (95)

Then, note that the laws of( ( 1pZ
+
a (

1
γp
F̃p))a∈[0,∞) ;

1
γp
F̃p), p ∈ N, are tight onD([0,∞),R)× T. Let (p(k))k∈N

be an increasing sequence of integers such that
((

1
p(k)Z

+
a

(
1

γp(k)
F̃p(k)

))

b∈[0,∞)
; 1
γp(k)
F̃p(k)

)
(law)
−−−→
k→∞

(
(Wb)b∈[0,∞) ; F̃

)
(96)

where(Wb)b∈[0,∞) is a CSBP(ψ, ̺). By Theorem 4.9, the proof of the joint convergence will be complete if we

show that for eacha ∈ [0,∞), Z(h)
a (F̃) → Wa in probability ash → 0. To that end, first note that by (95), there

exists an increasing sequence of integers(kℓ)ℓ∈N such that the following limit holds true weakly onN2 × T

(
Z(h)
a

(
1

γp(kℓ)
F̃p(kℓ)

)
;

1

p(kℓ)
Z+
a

(
1

γp(kℓ)
F̃p(kℓ)

)
;

1

γp(kℓ)
F̃p(kℓ)

)
−→
ℓ→∞

(
X ;Wa ; F̃

)
. (97)

Theδ-continuity ofRh and (95) imply that(X,Rh(F̃)) and(Z(h)
a (F̃), Rh(F̃)) have the same law, which implies

thatX = Z
(h)
a (F̃) a.s.

Next, observe that the conditional law ofZ(h)
a ( 1

γp
F̃p) givenZ+

a (
1
γp
F̃p) = n, is binomial with parametersn

andP(Γ(T̃p) ≥ γph+γpa−⌊γpa⌋). Previous computations and (97) imply that for allθ ∈ [0,∞) and all bounded
continuous functionsf ,

E

[
e−θZ

(h)
a (F̃)f (Wa)

]
= E

[
e−Wav(h)(1−e

−θ)f (Wa)
]
.
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Thus, the conditional law ofZ(h)
a (F̃) givenWa is a Poisson distribution with parameterv(h)Wa. This implies

that for alla ∈ [0,∞) and allh,K, ε ∈ (0,∞),

P( |Wa −
1

v(h)Z
(h)
a (F̃)| > ε) ≤ K

ε2v(h) +P(Wa > K) ,

which implies the desired result. �

A Proofs of preliminary results on real trees.

Let us first recall basic results on the Gromov-Hausdorff metric (in the context of real trees). Let(T, d, ρ) and
(T ′, d′, ρ′) be two CLCR real trees and letε ∈ (0,∞). A functionf : T → T ′ is apointedε-isometryif it satisfies
the following conditions.

(a) f(ρ) = ρ′.

(b) dis(f) := sup {|d(σ, s) − d′(f(σ), f(s))| ; σ, s ∈ T } < ε. This quantity is called thedistortionof f .

(c) f(T ) is aε-net ofT ′. Namely, every point ofT ′ is at distance at mostε of f(T ).

The following lemma is a translation into our tree context of[6, Corollary 7.3.28].

Lemma A.1 If δcpct(T, T ′) < ε, then there exists a pointed4ε-isometry fromT to T ′. If there exists a pointed
ε-isometry fromT to T ′, thenδcpct(T, T ′) < 4ε.

Recall (2) that gives the height of the branch point of two pointsσ, s ∈ T . If f : T → T ′ is a pointedε-isometry
then, (2) implies that

∀σ, s ∈ T , |d(ρ, σ ∧ s)− d′(ρ′, f(σ) ∧ f(s))| < 3
2ε . (98)

A.1 Proof of Lemma 2.3.

Observe that for every CLCR real tree(T, d, ρ), Blw (a, T ) is compact and that the ball of centreρ with radiusr of
Abv (a, T ) is equal toAbv (a,BT (ρ, a+ r)). Thus, without loss of generality, we only need to consider compact
real trees.

For all a, b ∈ (0,∞), we easily see thatδcpct (Blw (a, T ),Blw (b, T )) ≤ |a − b|. Assume that(T ′, d′, ρ′)
is a compact rooted real tree. The definition (4) ofδcpct easily entails thatδcpct(Blw (a, T ),Blw (a, T ′)) ≤
3δcpct(T, T

′) for all a ∈ (0,∞). Thus,

δcpct (Blw (a, T ),Blw (b, T ′)) ≤ |a− b|+ 3δcpct(T, T
′) ,

which entails the joint continuity forBlw .
Next, define the following pseudo-metricda onT × T by

da(σ, s) = a ∨ d(ρ, σ) + a ∨ d(ρ, s)− 2 (a ∨ d(ρ, σ ∧ s)) (99)

and say thatσ ≡ s iff da(σ, s) = 0. Let ρa be the equivalence class ofρ. Then,(T/≡da, da, ρa) is isometric to
Abv (a, T ). Note that0 ≤ d(σ, s) − da(σ, s) ≤ 2a, which easily implies that the canonical projection fromT to
T/ ≡da is a2a-pointed isometry and by Lemma A.1, we getδcpct(T,Abv (a, T )) ≤ 8a. SinceAbv (a1+a2, T ) =
Abv (a1,Abv (a2, T )), we easily get

∀a, b ∈ [0,∞) , δcpct (Abv (a, T ),Abv (b, T )) ≤ 8|a− b| . (100)

Let (T ′, d′, ρ′) be a compact rooted real tree and letε > δcpct(T, T
′). Lemma A.1 implies that there exists a

4ε-pointed isometryf from T to T ′ and (99) and (98) entail|da(σ, s) − d′a(f(σ), f(s))| ≤ 20ε, for all σ, s ∈ T .
An easy argument shows thatf induces a pointed28ε-isometry fromAbv (a, T ) to Abv (a, T ′). By Lemma A.1
and (100) we get

∀a, b ∈ [0,∞) , δcpct (Abv (a, T ),Abv (b, T
′)) ≤ 112 δcpct(T, T

′) + 8|a− b|,

which completes the proof of Lemma 2.3 �
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A.2 Proof of Lemma 2.4.

Proof of Lemma 2.4(i). First note that for alla, h ∈ [0,∞) and every CLCR real treeT , Z+
a (T ) = 〈Ma(T )〉

andZ(h)
a+ (T ) = 〈Ma(Rh(T ))〉. Next, observe thatMa(T ) = M0(Abv (a, T )). So we only need to prove that

M0 is measurable. The definition ofδ entails that we only need to prove that the restriction ofM0 to (Tcpct, δcpct)
is measurable. To that end, we first prove the following claim.
Claim 1.For all bounded Lipschitz functionsF : Tcpct → [0,∞) andφ : [0,∞) → [0,∞), with φ vanishing in a
neighbourhood of0, and for all sufficiently smallh ∈ (0,∞),

〈(M0 ◦Rh)( · ) , F · φ ◦ Γ〉 : Tcpct −→ [0,∞) is Borel-measurable. (Claim 1)

We first prove thatClaim 1 implies the desired result. For all̃T ∈ Tcpct, setG(T̃ ) = F (T̃ )φ(Γ(T̃ )) and say that
G isC-Lipschitz. Leth0 ∈ (0,∞), be such thatφ(y) = 0, for all y ∈ (0, h0). Observe that for allh ∈ (0, h0/2),

∀T̃ ∈ Tcpct ,
∣∣∣〈M0(Rh(T̃ )), G〉 − 〈M0(T̃ ), G〉

∣∣∣ ≤ Ch#Z(h0/2)
0 (T̃ ) −→ 0 ash→ 0.

By Claim 1, 〈M0(·), G〉 is measurable and a monotone class argument shows thatT̃ 7→ 〈M0(T̃ ), F · φ ◦ Γ〉 is
measurable for all bounded measurableF : Tcpct → [0,∞) and for all bounded Lipschitzφ : [0,∞) → [0,∞)
vanishing in a neighbourhood of0. Let φn : [0,∞) → [0,∞), n ∈ N, be a sequence of such functions such that
φn ≤ φn+1 andsupn∈N φn = 1(0,∞). By monotone convergence,〈M0( · ), F 〉 = limn→∞〈M0( · ), F · φn ◦ Γ〉,
that is therefore measurable. Thus,M0 is measurable andClaim 1 entails Lemma 2.4(i). �

To proveClaim 1, we proveClaim 2 that is stated as follows. Fixh0 > h > 0. Fix φ : [0,∞) → [0,∞) a
bounded Lipschitz function such thatφ(y) = 0, for all y ∈ [0, h0]. Fix F : Tcpct → [0,∞), a bounded Lipschitz
function. Let(T, d, ρ) be a compact rooted real tree. Then, for allu ∈ [0, h), we set

Ψu(T̃ ) = 〈Mu (Rh(T )) , F · φ ◦ Γ〉 .

Denote by(Tj, d, σj), j ∈ J , the subtrees ofRh(T ) above levelu. ThenΨu(T̃ ) =
∑

j∈J F (T̃j)φ(Γ(T̃j)). We
then set

∆(T ) := { d(ρ, σ) ; σ ∈ Br(Rh(T )) ∪ Lf(Rh(T )) } .

Note that∆(T ) is a finite set. Then, we claim that

∀T̃ ∈ Tcpct , ∀u ∈ (0, h)\∆(T ) , Ψu(T̃
′)→ Ψu(T̃ ) asδcpct(T̃ ′, T̃ )→ 0. (Claim 2)

Let us first prove thatClaim 2 impliesClaim 1. To simplify notation, we writeG = F · φ ◦ Γ and note thatG
is C-Lipschitz. Suppose that[u, v] ⊆ [0, h)\∆(T ). To each subtreeTj above levelu in Rh(T ) corresponds a
unique subtree ofRh(T ) above levelv that is simply the treeTj shortened at its root by a line of lengthv − u.
Thus|Ψu(T̃ )−Ψv(T̃ )| ≤ C(v − u)#{j ∈ J : Γ(Tj) ≥ h0}. This proves thatu 7→ Ψu(T̃ ) is right-continuous on

[0, h)\∆(T ). For allK ∈ (0,∞) and for allu ∈ (0, h), we setΦu,K(T̃ ) =
∫ 1

0 (K ∧Ψuv(T̃ ))dv. Since∆(T ) is a
finite set, it is Lebesgue negligible. Hence,Claim 2 and dominated convergence imply thatΦu,K : Tcpct → [0,∞)

is δcpct-continuous. Dominated convergence also implies that for all T̃ ∈ Tcpct, limu→0 Φu,K(T̃ ) = K ∧Ψ0(T̃ ).
This entails thatΨ0 = 〈(M0 ◦Rh)( · ), G〉 is Borel-measurable, which provesClaim 1. �

It remains to proveClaim 2. We use the previous notationG. We fix u ∈ (0, h)\∆(T ). Since∆(T ) is finite,
we fix ε ∈ (0, u/4) that can be chosen arbitrarily small and such that[u − 2ε, u+ 2ε] ⊆ (0, h)\∆(T ). Note that
ε < h0/4. Let (T ′, d′, ρ′) be a compact rooted real tree such thatδcpct(Rh(T ), Rh(T

′)) < ε/4. By Lemma A.1
there exists a pointedε-isometryf : Rh(T ) → Rh(T

′). We next denote by(T ′k, d
′, σ′k), k ∈ J

′, the subtrees of
Rh(T

′) above levelu, so thatΨu(T̃ ′) =
∑

k∈J′ G(T̃
′
k). Recall that(Tj , d, σj), j ∈ J , stand for the subtrees of

Rh(T ) above levelu. We next setJε = {j ∈ J : Γ(Tj) > 2ε} and we construct aninjectivefunctionπ : Jε → J ′

such that
∀j ∈ Jε , δcpct

(
Tj , T

′
π(j)

)
< 76ε . (101)

Construction ofπ: for eachj ∈ Jε, we fix γj ∈ Tj such thatd(σj , γj) = 2ε. Sinced(ρ, σj) = u andσj ∈ [[ρ, γj ]],
we getd(ρ, γj) = u + 2ε andd′(ρ′, f(γj)) > u + ε, and there existsk ∈ J ′ such thatf(γj) ∈ T ′k. We set
π(j) = k.

π is injective: let i ∈ Jε\{j}. Thenγi ∧ γj = σi ∧ σj and (98) implies thatd′(ρ′, f(γi) ∧ f(γj)) <
d(ρ, σi ∧ σj) + 3ε/2. Since[u − 2ε, u + 2ε] ⊆ (0, h)\∆(T ), we getd(ρ, σi ∧ σj) < u − 2ε. Consequently,
d′(ρ′, f(γi) ∧ f(γj)) < u andπ(i) 6= π(j).
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We next prove that

∀j ∈ Jε , ∀γ ∈ Tj such thatd(σj , γ) ≥ 2ε , f(γ) ∈ T ′π(j) . (102)

Indeed, since[u − 2ε, u + 2ε] ⊆ (0, h)\∆(T ), d(ρ, γ ∧ γj) > u + 2ε and (98) entailsd′(ρ′, f(γ) ∧ f(γj)) > u,
which implies (102).

Next observe that for allj ∈ Jε,

d′(σ′π(j), f(σj)) ≤ d′(σ′π(j), f(γj)) + d′(f(γj), f(σj)) ≤ d
′(ρ′, f(γj))− u+ d(σj , γj) + ε

≤ d(ρ, γj) + ε− u+ 2ε+ ε = u+ 2ε+ ε− u+ 2ε+ ε = 6ε. (103)

We next definefj : Tj → Rh(T
′) by settingfj(σ) = f(σ) if d(σj , σ) ≥ 2ε, andf(σ) = σ′π(j) if d(σj , σ) < 2ε.

We deduce from (102) thatfj(Tj) ⊆ T ′π(j). Next observe that ifd(σ, σj) < 2ε, then (103) implies

d′(fj(σ), f(σ)) = d′(σ′π(j), f(σ)) ≤ d
′(σ′π(j), f(σj)) + d′(f(σj), f(σ)) ≤ 6ε+ d(σ, σj) + ε < 9ε.

Hence,d′(fj(σ), f(σ)) < 9ε, for all σ ∈ Tj. Consequently,dis(fj) ≤ dis(f) + 18ε < 19ε. We next prove that
fj(Tj) is a 4ε-net ofT ′π(j): let σ′ ∈ T ′π(j) such thatd′(σ′π(j), σ

′) > 4ε. Sincef is anε-isometry, there exists
σ ∈ Rh(T ) such thatd′(f(σ), σ′) < ε. Thus,d(ρ, σ) > d′(ρ′, f(σ)) − ε > d′(ρ′, σ′) − 2ε > u + 2ε, and
(102) implies thatσ ∈ Tj andfj(σ) = f(σ), which proves thatfj(Tj) is a4ε-net ofT ′π(j). Thus,fj is a pointed
19ε-isometry from(Tj , d, σj) to (T ′π(j), d

′, σ′π(j)), which entails (101) by Lemma A.1.
We next prove that

{k ∈ J ′ : Γ(T ′k) ≥ h0} ⊆ π ({j ∈ J : Γ(Tj) ≥ h0/2}) ⊆ π(Jε) . (104)

Let σ′ ∈ T ′k such thatd′(σ′k, σ
′) = h0. There existsσ ∈ Rh(T ) such thatd′(f(σ), σ′) < ε. We then get

d(ρ, σ)− u > d′(ρ′, f(σ))− ε− u > d′(ρ′, σ′)− 2ε− u > h0/2 > 2ε.

Thusσ ∈ Tj for a certainj ∈ Jε andf(σ) ∈ T ′π(j) by (102). Moreover, (2) easily entails thatd′(ρ′, f(σ) ∧ σ′) >
d′(ρ′, σ′)− ε > u. This implies thatf(σ) ∈ T ′k andπ(j) = k, which completes the proof of (104).

Now recall thatG = F ·φ◦Γ and thatφ(y) = 0, if y ∈ [0, h0]. Thus, (104) implies thatΨu(T̃ ) =
∑

j∈Jε
G(T̃j)

andΨu(T̃ ′) =
∑

j∈Jε
G(T̃ ′π(j)). Recall thatG isC-Lipschitz. Then, (101) and (104) imply

∣∣∣Ψu(T̃ )−Ψu(T̃
′)
∣∣∣ ≤ 76Cε#{j ∈ J : Γ(Tj) ≥ h0/2}. (105)

To summarise, we have fixed̃T ∈ Tcpct, u ∈ (0, h)\∆(T ) and we have proved that (105) holds true for all
sufficiently smallε ∈ (0,∞) and for all T̃ ′ ∈ Tcpct such thatδcpct(Rh(T̃ ), Rh(T̃

′)) < ε/4, SinceRh is δcpct-
continuous, this entailsClaim 2 and the proof of Lemma 2.4(i) is complete. �

Proof of Lemma 2.4(ii). Since(T, δ) is a Polish space, the Borel Isomorphism Theorem implies that there exists
a one-to-one Borel-measurable functionφ : T → R such that its inverseφ−1 : R → T is also Borel-measurable.
Let M =

∑
1≤k≤n δT̃k

be inM (T), whereφ(T̃1) ≤ · · · ≤ φ(T̃n). Then, for allk ∈ N, we defineΛk(M) as
follows:

Λk(M) = Υ, if k = 0 or if k > n and Λk(M) = T̃k, if 1 ≤ k ≤ n.

We next setMf (T) = {M ∈M (T) : 〈M〉 <∞} that is clearly an element of the sigma-fieldGM (T).

Lemma A.2 For all k ∈ N, Λk : Mf(T)→ T is measurable.

Proof. We only need to prove thatφ ◦Λk is measurable. We setAx,k := {M ∈Mf (T) : φ(Λk(M)) ≤ x} for all
x ∈ R. Now, we observe thatAx,0 = ∅ if φ(Υ) > x, thatAx,0 = Mf (T), if φ(Υ) ≤ x, and that for allk ≥ 1,

Ax,k = ({φ(Υ) ≤ x} ∩ {〈M〉 < k}) ∪
{
M ∈Mf (T) : 〈M , 1(−∞,x]◦φ 〉 ≥ k

}
∈ GM (T) ,

which implies the desired result �

Recall from (14) the definition ofPaste . It is easy to check that(T̃ , T̃ ′) ∈ T
2 7→ T̃ ⊛ T̃ ′ ∈ T is continuous. Thus,

this implies that
M ∈Mf (T) 7−→ Paste (M) = ⊛k∈NΛk(M) is measurable. (106)

Let h ∈ (0,∞). For allM =
∑
i∈I δT̃i

, we setΞh(M) =
∑

i∈I δRh(T̃i)
. Clearly 〈Ξh(M)〉 < ∞ and for all

measurableF : T→ [0,∞), 〈Ξh(M), F 〉 = 〈M,F ◦Rh〉. This implies thatΞh : M (T)→Mf (T) is measurable.
This result combined with (106) implies thatPaste ◦ Ξh is measurable. Now, observe that for allh ∈ (0,∞) and
all M ∈M (T), δ (Paste (M),Paste (Ξh(M))) ≤ h, which implies Lemma 2.4(ii). �
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A.3 Proof of Lemma 2.5.

By (19), Lemma 2.3 and Lemma 2.4(i), we only need to prove thatD is measurable. Let(T, d, ρ) be a CLCR real
tree. We first claim the following.

lim
h→0

D(Rh(T )) = D(T ) . (107)

Recall thatD(T ) =∞ iff T has no leaf and no branch point, namely iffT is either a point tree or a finite number
of half-lines pasted at their finite endpoint. In these cases, (107) obviously holds true. Let us assume thatD(T ) is
finite. First note that ifσ ∈ Br(T ), thenσ ∈ Br(Rh(T )) for all sufficiently smallh ∈ (0,∞). Let σ ∈ Lf(T ) be
such that[[ρ, σ]] ∩ Br(T ) = ∅. Then for allh ∈ (0, d(ρ, σ)), there existsσ′ ∈ [[ρ, σ]] such thatd(σ′, σ) = h. Thus,
σ′ ∈ Lf(Rh(T )) andd(ρ, σ) = d(ρ, σ′)+ h. Thus, for allσ ∈ Br(T )∪Lf(T ), d(ρ, σ) ≥ lim suph→0D(Rh(T )),
which implies thatD(T ) ≥ lim suph→0D(Rh(T )).

Conversely, observe thatBr(Rh(T )) ⊆ Br(T ). Next, if σ′ ∈ Lf(Rh(T )), then there existsσ ∈ Lf(T ) such
thatσ′ ∈ [[ρ, σ]] andd(ρ, σ′) = d(ρ, σ)−h. Therefore, for allσ′ ∈ Br(Rh(T ))∪Lf(Rh(T )), d(ρ, σ′) ≥ D(T )−h.
Thus,lim infh→0D(Rh(T )) ≥ D(T ), which completes the proof of (107).

For all h ∈ (0,∞), we next setJh(T ) = inf{a ∈ [0,∞) : Z
(h)
0 (T ) 6= Z

(h)
a (T )}, with the convention that

inf ∅ = ∞. By Lemma 2.4(i), Z(h)
a is measurable and sincea 7→ Z

(h)
a is caglad, the functionJh : T→ [0,∞] is

measurable. Now observe thatJh(T ) ≥ D(Rh(T )) > 0. If Jh(T ) > D(Rh(T )) then, the lowest leaves ofRh(T )
are at the same distance from the root as the lowest branch points and there existsε ∈ (0,∞), such that for all
h′ ∈ (h, h + ε), D(Rh′(T )) = Jh′(T ) = D(Rh(T )) − h′ + h. This implies thatlim infh∈Q∩(0,∞)→0 Jh(T ) =
lim infh∈Q∩(0,∞)→0D(Rh(T )), which implies the measurability ofD by (107). �

A.4 Proof of Lemma 2.6.

Recall that for alln ∈ N, ϑn : T→ T andDn : T→ [0,∞] are defined asϑn+1 = ϑ ◦ ϑn andDn = D ◦ ϑn. We
setA = {T̃ ∈ T :

∑
n∈NDn(T̃ ) =∞}, which is a Borel set ofT by Lemma 2.5.

Let (T, d, ρ) be a CLCR real tree. Suppose thatT̃ ∈ Tedge. If T has no leaf and no branch point, then
Dn(T ) = ∞, for all n ∈ N, and it belongs toA. Next assume that there isσ ∈ Br(T ) ∪ Lf(T ). Then, there
existsn0 ∈ N such that

∑
0≤k≤n0

Dk(T ) = d(ρ, σ). If d(ρ, σ) = Γ(T ), then for alln > n0, Dn(T ) = ∞. Let

us assume thatΓ(T ) = ∞: for all r ∈ (0,∞), setn(r) = #(BT (ρ, r) ∩ (Br(T ) ∪ Lf(T ))), which is finite since
T̃ ∈ Tedge; the previous arguments imply that

∑
0≤k≤n(r)Dk(T ) > r, which implies that

∑
n∈NDn(T ) = ∞.

This proves thatTedge ⊆ A.
Conversely, assume thatT̃ ∈ A. If D(T ) = 0, thenϑnT̃ = T̃ andDn(T ) = 0, for alln ∈ N, which contradicts

the assumption. IfD(T ) = ∞, thenT̃ ∈ Tedge (and recall thatk(T̃ ) = 0, by convention). Let us assume that
D(T ) ∈ (0,∞), thenBlw (T,D(T )) is equivalent to a finite number of copies of the interval[0, D(T )] pasted at0.
If k(T ) =∞, ϑT̃ has infinitely many trees pasted at its root and the local compactness implies that there are leaves
arbitrarily close to its root, which implies thatD1(T ) = 0; thereforeDn(T ) = 0, for all n ≥ 1, which contradicts
the assumption. Thus, ifD(T ) ∈ (0,∞), thenk(T ) <∞. These arguments and a simple recursion imply first that
for all n ∈ N, ϑnT̃ ∈ A andk(ϑnT̃ ) < ∞, and that for alln ∈ N such thatRn := D0(T ) + . . .+Dn(T ) < ∞,
we get

{d(ρ, σ) ; σ ∈ Br(T ) ∪ Lf(T ) : d(ρ, σ) ≤ Rn} = {R0 < R1 < · · · < Rn} ,

Thus, ifRn <∞, we get

n(ρ, T ) +
∑

n(σ, T ) ≤ n(ρ, T ) + (1 + k(T̃ )) + (1 + k(ϑ1T̃ )) + · · ·+ (1 + k(ϑnT̃ )) <∞ ,

where the first sum is over the branch pointsσ ∈ Br(T ) such thatd(ρ, σ) ≤ Rn. This easily entails that(T, d, ρ)
satisfies (7) in the definition of real trees with edge lengths. �

B Proofs of the preliminary results on GW-trees.

To prove the lemmas of Section 3 about GW-real trees, it is useful to be able to push forward distributions between
a space of discrete combinatorial trees andTedge.

Discrete trees with marks. The discrete combinatorial trees that we consider are rooted, ordered and locally
finite. We use Ulam’s coding (see Neveu [33]) that allows to view such trees as subsets of the set of finite integer
words

U =
⋃

n≥0

(N∗)n ,
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whereN∗ is the set of positive integers. Here(N∗)0 stands for{∅}, where∅ is the empty word. Before recalling
the formal definition of discrete trees in this context, let us set some notation: the concatenation of the two words
u = (a1, . . . , am) andv = (b1, . . . , bn) in U is denoted byw = u ∗ v = (a1, . . . , am, b1, . . . , bn). Note that
∅ ∗ u = u = u ∗ ∅. A single-symbol word shall be denoted by(j), wherej ∈ N

∗. The length ofu ∈ (N∗)n is
denoted by|u| = n, with the convention|∅| = 0.

For all u ∈ U\{∅}, there existsv ∈ U such thatu = v ∗ (j) for a certainj ∈ N
∗. Note that|v| = |u| − 1.

We then callv the parentof u and we denote it by←−u . We can viewU as a graph whose set of vertices isU

and whose set of edges is{{←−u , u} ; u ∈ U\{∅}}, then we denote by[[u, v]] the shortest path (with respect to the
graph distance) betweenu andv. We also set]]u, v]] := [[u, v]]\{u} and we define similarly[[u, v[[ and]]u, v[[. For
u, v ∈ U, the last common ancestor ofu andv is denoted byu ∧ v: we recall that[[∅, v ∧ u]] = [[∅, u]] ∩ [[∅, v]].

Definition B.1 A non-empty subsett ⊂ U is called a tree iff it satisfies the following conditions forall u ∈ t.

(a) If u ∈ t is different from∅, then←−u ∈ t.

(b) There existsku(t) ∈ N, such that{v ∈ t : ←−v = u} = {u ∗ (1), . . . , u ∗ ( ku(t) )} if ku(t) ≥ 1 and
{v ∈ t : ←−v = u} = ∅ if ku(t) = 0.

Note that (a) entails∅ ∈ t. We view∅ as the progenitor of the population whose family tree ist. Then,ku(t)
stands for the number of children ofu ∈ t. We denote byTdiscr the set of all ordered rooted discrete trees. �

We view [0,∞] as the compactification of[0,∞) and we denote by∆ a metric that generates this topology. We
call T = (t; x) a marked treeif t ∈ T

discr and if x = (xu, u ∈ t), with xu ∈ [0,∞], for all u ∈ t. We then
denote byTdiscr

[0,∞] :=
⊔

t∈Tdiscr

(
{t} × [0,∞]t

)
the set of marked trees. We equipTdiscr

[0,∞] with theσ-algebraG[0,∞]

generated by the subsets

Au,y := {(t; x) ∈ T
discr
[0,∞] : u ∈ t , xu > y} , u ∈ U , y ∈ [0,∞] . (108)

Connection with real trees. A discrete tree withfinite marks clearly corresponds to a real tree. For technical
reason, we associate a real tree to[0,∞]-marked discrete trees with an obvious restriction due to possibly infinite
lifetime marks. More precisely, letT = (t; x) ∈ T

discr
[0,∞]. For allu ∈ t, we introduce the following notation:

ζu =
∑

v∈[[∅,u]]

xv , u ∈ t. (109)

We can think ofζu as thedeath-time ofu and ofζ←−u asthe birth-time ofu, with the conventionζ←−
∅

= 0. For an
obvious reason, we have to assume the following:

∀u ∈ t , ∀v ∈ [[∅, u [[ , ζv <∞ . (110)

We associate withT a rooted real tree denoted by TREE(T) = (T, d, ρ) as follows. We first set

ρ = (∅, 0) and T = {ρ} ∪ {(u, s) ; s ∈ (0, xu] ∩ (0,∞), u ∈ t} .

We then define a distanced onT × T as follows: for allσ = (u, s) ∈ T \ {ρ}, we setd(ρ, σ) = s+
∑
v∈[[∅,u[[ xv,

which is finite by (110). Letσ′ = (u′, s′) ∈ T \ {ρ}. We then set

d(σ, σ′) =

{
d(ρ, σ) + d(ρ, σ′)− 2

∑
v∈[[∅,u∧u′]] xv , if u ∧ u′ /∈ {u, u′},

|d(ρ, σ)− d(ρ, σ′)| , otherwise.

It is easy to check that TREE(T) := (T, d, ρ) is a rooted real tree. However, note thatT may neither be a real tree
with edge lengths nor locally compact. We then introduce

T
discr
edge =

{
T = (t; x) ∈ T

discr
[0,∞] : T satisfies (110) and∀a ∈ [0,∞) , #{u ∈ t : ζu ≤ a} <∞

}
. (111)

It is easy to check that ifT ∈ T
discr
edge , then TREE(T) is a real tree with edge lengths as in Definition 2.1. Next

observe thatTdiscr
edge belongs to the sigma-fieldG[0,∞]. Then, for allT ∈ T

discr
edge , we denote bỹTREE(T) the pointed

isometry class of the real tree with edge lengths TREE(T).

Lemma B.2 T̃REE : Tdiscr
edge −→ Tedge is measurable.
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Proof. Let t ∈ T
discr be finite and setUt =

{
x ∈ [0,∞]t : (t; x) ∈ T

discr
edge

}
, which is an open subset of

[0,∞]t equipped with the product topology. First note thatx ∈ Ut 7→ T̃REE(t; x) is δ-continuous. For any
n ∈ N, setEn =

⊔
({t}× [0,∞]t), where the disjoint union is taken over the set of discrete treest such that

|u| ≤ n for all u ∈ t. Clearly,En is a Polish space when it is equipped with the distancedn that is defined for any
T = (t; x), T′ = (t′; x′) in En by

dn(T,T
′) = 1 if t 6= t

′ and dn(T,T
′) =

∑

0≤m<#t

2−m−1(1 ∧∆(xum
, x′um

)) if t = t
′,

whereu0=∅<u1< · · ·<u#t−1 is the sequence of vertices oft listed in the lexicographical order. Next, for all
T = (t; x) ∈ T

discr
[0,∞] and alln ∈ N, we sett|n = {u ∈ t : |u| ≤ n} andT|n = (t|n; x|n = (xu, u ∈ t|n)) ∈ En.

We then define a metricd on T
discr
[0,∞] by settingd(T,T′) =

∑
n≥0 2

−ndn(T|n,T
′
|n). By standard arguments,

(Tdiscr
[0,∞], d) is a Polish space. The previous arguments entail that for anyfixedn ∈ N, T ∈ T

discr
edge 7→ T̃REE(T|n)

is δ-continuous. Moreover, for any fixedT ∈ T
discr
edge , we easily getδ( T̃REE(T), T̃REE(T|n)) −→ 0 asn→ ∞.

This implies thatT̃REE : Tdiscr
edge −→ Tedge is measurable with respect to thed-Borel sigma-field onTdiscr

[0,∞], which
turns out to beG[0,∞]. �

In the following lemma we prove that̃TREE has a measurable section. This result is used in the proof of
Lemma 3.2.

Lemma B.3 There isS : Tedge → T
discr
edge measurable such that̃TREE(S(T̃ )) = T̃ , for all T̃ ∈ Tedge.

Proof. Recall Lemma A.2 and its notationΛk. First note that for allT̃ ∈ Tedge, 〈M0(T̃ )〉 = Z+
0 (T̃ ) < ∞.

Lemma A.2 and Lemma 2.4 (i) allow to define for allk∈N∗ a measurable functionΦk : Tedge → Tedge by setting
Φk(T̃ ) = Λk(M0(T̃ )). Then, for all wordsu ∈ U we recursively defineφu : Tedge → Tedge by setting for all
k ∈ N

∗, φ(k)(T̃ ) = Φk(T̃ ), andφu∗(k) = Λk(M0(ϑ(φu(T̃ )))).

If Z+
0 (T̃ )=0, thenT̃ =Υ and we setS(T̃ )={(∅, 0)} that is the progenitor with zero lifetime and no children.

Let us assume thatn := Z+
0 (T̃ ) ≥ 1. Then, for allk ∈ {1, . . . , n}, we settk = {u ∈ U : φ(k)∗u(T̃ ) 6= Υ} and

for all u ∈ tk, we setxu(k) = D(φ(k)∗u(T̃ )). It is easy to check thatTk := (tk; x(k)) ∈ T
discr
edge . Then, we set

S(T̃ ) = {((k) ∗ u, xu(k));u ∈ tk, k ∈ {1, . . . , n}} ∈ T
discr
edge and we easily check that̃TREE(S(T̃ )) = T̃ . Also,

S is clearly measurable sinceφu andD are measurable. �

B.1 Proof of Lemma 3.2.

Lemma 3.2 looks obvious, but it is not. Since it is the point ofentrance of GW-laws into the spaceT, we proceed
with care in several steps.

Step 1: existence.Here we use a construction inTdiscr
[0,∞). For allu ∈ U, we define theu-shiftθu, by setting for all

w = u ∗ v, θuw = v. For every subsetA ⊆ U, we also defineθuA as the (possibly empty) set of wordsv ∈ U

such thatu ∗ v ∈ A. For allu ∈ t, we setθuT = (θut; θux), whereθux = (xu∗v, v ∈ θut), and we slightly abuse
notation by writingu ∈ T instead ofu ∈ t andku(T) instead ofku(t).

Let us fix an offspring distributionξ andc ∈ (0,∞). Let (Ω,G,P) be a probability on which is defined a
family (N(u), xu)u∈U of i.i.d. N× [0,∞)-valued r.v. with lawξ ⊗ ce−cxdx. We then set

τ = {∅} ∪
⋃

n≥1

{
u=(a1, . . . , an)∈(N

∗)n : ∀k∈{1, . . . , n}, ak≤N(a1,...,ak−1)

}
,

with the convention that(a1, . . . , ak−1)=∅ if k=1. We setx=(xu, u ∈ τ ) andT =(τ ; x). Clearly,T ∈Tdiscr
[0,∞].

Recall from (108) the definition of the elementary setsAu,y. We immediately see that{T ∈ Au,y} ∈ G, which
entail thatT : Ω → T

discr
[0,∞] is (G,G[0,∞])-measurable. Moreover, we easily check thatT satisfies the following

two properties.

(a) The law ofk∅(τ ) is ξ, the law ofx∅ is η(dx) = ce−cxdx, andk∅(τ ) andx∅ are independent.

(b) For allk ∈ N
∗ such thatξ(k) > 0, the subtrees( θ(j)(T ); 1 ≤ j ≤ k ) underP( · | k∅(τ ) = k) are i.i.d.

copies ofT underP, and they are independent ofx∅.
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Furthermore, ifT ′ also satisfies (a) and (b), we check that for alln≥1, all u1, . . . , un ∈ U, all y1, . . . , yn ∈ [0,∞],
P(T ∈ Au1,y1 ∩ · · · ∩ Aun,yn)=P(T ′ ∈ Au1,y1 ∩ · · · ∩ Aun,yn) and a monotone class argument entails thatT

andT ′ have the same law, which we call the GW(ξ, c)-distribution onTdiscr
[0,∞] and which is therefore characterised

by (a) and (b). We refer to Neveu [33], for more details.
For anya ∈ [0,∞), we then setZ+

a (T ) = #{u ∈ τ : ζ←−u ≤ a < ζu} ∈ N ∪ {∞}, that is the number of
individuals that are alive at timea. Properties (a) and (b) imply that up to a possible explosionin finite time, the
processa 7→ Z+

a (T ) is a continuous-timeN-valued Markov chain whose matrix-generator(qi,j)i,j∈N is given
by qi,i = −ci, qi,j = 0 if j < i − 1, qi,i−1 = ciξ(0) andqi,j = ciξ(j − i + 1) if j > i. Standard analytical
computations imply that a.s. explosion does not occur iffξ is conservative as defined in (28): see [4, Section III.3]
for more details. Then, ifξ is conservative,a∈ [0,∞) 7→ Z+

a (T ) isN-valued and cadlag a.s. Thus,

ξ conservative =⇒ P-a.s. T ∈ T
discr
edge . (112)

Let us furthermore assume thatξ is proper. Then, the law onT of T̃REE(T ) satisfies (a) in Definition 3.1. Note
that this law is concentrated onTedge. This proves that for every proper conservative offspring distributionξ and
everyc ∈ (0,∞), there exists at least one probability measure onTedge that satisfies (29) in Definition 3.1. �

Step 2.LetQ be as in Definition 3.1. We claim thatQ(Tedge) = 1.

Proof.On the auxiliary probability space(Ω,G,P), we consider anN-valued Markov processZ=(Zt)t∈[0,∞) with
initial stateZ0=1 and with matrix-generator(qi,j)i,j∈N as defined above. We then setJ0= inf{t> 0: Zt 6=Z0}
and for alln ∈ N, Jn+1 = inf{t > Jn : Zt 6= ZJn

}, with the convention thatinf ∅ = ∞. Then,(Jn)n∈N are the
jump times ofZ and ifZ is absorbed at timeJn, Jp = ∞, for all p > n. Sinceξ is assumed to be conservative,
Jn →∞ a.s. asn→∞.

LetQ be a law onT as in Definition 3.1. It is easy to prove recursively thatD0 + · · · +Dn underQ has the
same law asJn underP. This implies thatQ-a.s.

∑
n≥0Dn =∞, which implies the claim by Lemma 2.6. �

Step 3.LetQ be as in Definition 3.1 and suppose thatQ satisfies (29) with(ξ, c) and(ξ′, c′). Then(ξ, c) = (ξ′, c′)
follows straight from (29). �

Step 4. Conversely: letξ be proper and conservative, letc ∈ (0,∞). Suppose thatQ andQ′ satisfy (29) in
Definition 3.1. Then, we claim thatQ = Q′.

Proof. Recall the functionS from Lemma B.3. In the definition ofS, the vertices have been ordered in a way that
causes a lack of exchangeability. This is why we introduce a shuffling kernel as follows. LetT ∈ T

discr
edge . Denote

byK(T, dT′) the law of the discrete marked tree obtained by permuting independently and uniformly the siblings
(with their corresponding lifetime marks). It is easy to check thatK is a measurable kernel. Then by Lemma B.3,
it is easy to check that the two lawsP :=

∫
Q(dT̃ )K(S(T̃ ), dT) andP ′ :=

∫
Q′(dT̃ )K(S(T̃ ), dT) satisfy (a)

and (b) of the definition of a discrete Galton-Watson distribution. As already mentioned there is a unique GW(ξ, c)
law onTdiscr

[0,∞]. Therefore,P = P ′. But now observe thatQ is the law of T̃REE underP and thatQ′ is the law of

T̃REE underP ′. Thus,Q = Q′, which entails the desired result. This finishes the proof ofLemma 3.2. �

B.2 Proof of Lemma 3.3.

Basic computations. Before proving Lemma 3.3, let us prove some basic facts. Let us fix a proper conservative
offspring distributionξ andc ∈ (0,∞). Recall thatTdiscr stands for the set of (ordered rooted) discrete trees
with no mark as in Definition B.1. We then setTdiscr

f = {t ∈ T
discr : #t < ∞}. Let t ∈ T

discr
f . Recall that

for all u ∈ t, ku(t) stands for the number of children ofu. We denote byLf(t) = {u ∈ t : ku(t) = 0} the set
of leaves oft. For each subsetS ⊆ Lf(t), we define the following weightwξ(t, S) =

∏
u∈t\S ξ (ku(t)). Let

x = (xu)u∈t ∈ [0,∞)t, so thatT = (t; x) is a[0,∞)-marked tree. Recall from (109) notationζu andζ←
u

for resp.
the death time and the birth time ofu ∈ t. We also setL(x) =

∑
u∈t xu. For alla ∈ (0,∞), we define

Dt,S,a =
{
x = (xu)u∈t ∈ [0,∞)t : ζu < a if u ∈ t\S andxu = a− ζ←

u
if u ∈ S

}
.

We also introduce the following finite measure on[0,∞)t:

M c
t,S,a(dx) := 1Dt,S,a

(x)c#t−#Se−cL(x)
∏

u∈S

δa−ζ←
u
(dxu)

∏

u∈t\S

dxu ,

whereδb(dy) stands for the Dirac mass atb ∈ [0,∞).

Let T = (τ ;x) have the GW(ξ, c)-distribution onTdiscr
[0,∞], as defined in the Section B.1 (and recall thatT

satisfies (a) and (b)). We then setS = {u ∈ τ : ζ←
u
< a ≤ ζu}. We list S in the lexicographical order and write
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S = {u1 < · · · < u#S}. The forest of discrete trees above levela is then given byFa = (T ℓ)1≤ℓ≤#S
, where

T ℓ = (θuℓ
τ ; x′=(x′v, v∈θuℓ

τ )) with x′∅=ζuℓ
−a andx′v = xuℓ∗v, for anyv ∈ θuℓ

τ distinct from∅. Here, we
use the convention thatFa is a cemetery point∂ if S=∅. The tree below levela is then given byT a=(τ a;x

a),
whereτ a={u∈ τ : ζ←

u
<a}, and wherexau=xu, if u∈τ a\S andxau=a−ζ←u if u∈S. We next denote byΠn(dF)

the law of a finite sequence (namely, a forest) ofn independent GW(ξ, c)-discrete trees (with the convention that
Π0 is the Dirac mass on the cemetery point∂). For all measurable functionsG1 : {∂}⊔

⊔
n≥1(T

discr
[0,∞])

n → [0,∞)

andG2 : T
discr
[0,∞] → [0,∞), we easily get for allt ∈ T

discr
f , for all S ⊆ Lf(t) and for alla ∈ (0,∞),

E
[
G1(F

a)G2(T a)1{τa=t;S=S}

]
= wξ(t, S)Π#S [G1]

∫

Dt,S,a

M c
t,S,a(dx)G2(t; x) . (113)

We also set
paξ,c(t) := E[1{τa=t}] =

∑

S⊆Lf(t)

wξ(t, S)〈M
c
t,S,a〉 , (114)

where〈M c
t,S,a〉 stands for the (finite) mass of the measureM c

t,S,a. Recall from (112) that sinceξ is proper and
conservative,T ∈ T

discr
edge a.s. and thus, ∑

t∈Tdiscr
f

paξ,c(t) = 1 . (115)

Now setT̃ = T̃REE(T ) that is a GW(ξ, c)-real tree, whose law onT isQξ,c. Note thatAbv (a, T̃ ) = T̃REE(Fa),
thatBlw (a, T̃ ) = T̃REE(T a), and thatZ+

a (T̃ ) = #S. Thus, (113) implies that for all measurable functions
F,G : T→ R+, for all n ∈ N and alla ∈ (0,∞),

Qξ,c

[
F (Abv (a, ·)) G (Blw (a, ·)) 1{Z+

a =n}

]
= Qξ,c

[
Q⊛n
ξ,c [F ]G (Blw (a, ·)) 1{Z+

a =n}

]
. (116)

Note that for anya∈ [0,∞), there is nou∈τ , such thata= ζu, a.s. Thus,b 7→ (Z+
b (T ); Blw (b, T̃REE(T ))) is

continuous at timea, a.s. Namely,

∀a ∈ [0,∞), Qξ,c-a.s. b 7→
(
Z+
b ,Blw (b, · )

)
is continuous at timea. (117)

This implies in particular that (116) holds true witha = 0.

Proof of Lemma 3.3. Note that (116) and (117) prove that(iii) =⇒ (ii). The implication(ii) =⇒ (i) is obvious.
It only remains to prove(i) =⇒ (iii). So, we assume thatQ is a probability measure onT that satisfies(i), and
that is such thatQ(0 < D <∞) > 0 and such thatZ+ isQ-a.s. cadlag.

We first prove thatQ(Z+
0 = 1) = 1. Indeed, by(i) with a = 0, Q(Z+

0 = n) = Q(Z+
0 = n)Q⊛n(Z+

0 = n),
for all n ≥ 1. Suppose that there existsn ≥ 2 such thatQ(Z+

0 = n) > 0, thenQ⊛n(Z+
0 = n) = 1, which

implies thatQ⊛n(Z+
0 = k) = 0 if k 6= n. ButQ⊛n(Z+

0 = n2) ≥ Q(Z+
0 = n)n > 0, which is impossible. Thus,

Q(Z+
0 = 0) +Q(Z+

0 = 1) = 1. SinceQ(D = ∞) < 1, Q(Z+
0 = 0) < 1, which implies thatQ(Z+

0 = 1) > 0.
Now observe that(i) entailsQ(Z+

0 = 1) = Q(Z+
0 = 1)2, so we getQ(Z+

0 = 1) = 1.
This implies that for alla ∈ [0, D), Z+

a = 1 6= Z+
D. Namely,D = inf{a ∈ [0,∞) : Z+

a 6= Z+
0 }. We next fix

b ∈ (0,∞), p ∈ N, andG : T→ R, bounded and measurable. By(i) with a = 2−pb, we get

Q
[
G(Abv (b, ·))1⋂

1≤k≤2p{Z
+

k2−pb
=1}

]
=Q

(
Z+
2−pb= 1

)
Q
[
G(Abv (b−b2−p, ·))1⋂

1≤k≤2p−1{Z
+

k2−pb
=1}

]
.

An easy inductive argument implies that

Q
[
G(Abv (b, ·))1⋂

1≤k≤2p{Z
+

k2−pb
=1}

]
=Q[G]Q

(
Z+
b2−p = 1

)2p
=Q[G]Q

(
⋂

1≤k≤2p

{Z+
k2−pb=1}

)
.

Sincea 7→ Z+
a isQ-a.s. cadlag,limp→∞ 1⋂

1≤k≤2p{Z
+

k2−pb
=1} = 1{D>b} and a simple argument and the assump-

tionQ(0<D<∞)> 0 imply that there isc ∈ (0,∞) such thatQ(D > b) = e−cb. Namely,D underQ has an
exponential law with mean1/c and we get

Q
[
G(Abv (b, ·))1{D>b}

]
= Q[G]Q(D > b) . (118)

Recall that⌈·⌉ stands for the ceiling function and setDp = 2−p⌈2pD⌉ that decreases toD asp → ∞. Fix
n ∈ N\{1}, F : T→ R andf : [0,∞)→ R, bounded and continuous. We then set

Ak,p=Q
[
F (Abv (k2−p, ·))f(k2−p)1{Dp=2−pk;Z+

Dp
=n}

]
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and
Ap =

∑

k∈N

Ak,p = Q
[
F (Abv (Dp, ·))f(Dp)1{Z+

Dp
=n}

]
.

Then,limp→∞ Ap = Q
[
F (ϑ)f(D)1{k=n}

]
, by Lemma 2.3 and sinceZ+ is assumed to beQ-a.s. cadlag. We

next apply (118) withb = (k − 1)2−p, and then(i) with a = 2−p to get

Ak,p = Q⊛n[F ]Q
(
Z+
2−p = n

)
e−c(k−1)2

−p

f(k2−p).

By takingF andf equal to1, we getQ(Dp = 2−pk;Z+
Dp

= n) = Q
(
Z+
2−p = n

)
e−c(k−1)2

−p

. Summing over

k ≥ 1 entailsQ
(
Z+
2−p = n

)
= (1− e−c2

−p

)Q(Z+
Dp

= n). Thus

Ak,p = Q⊛n
[
F
]
Q
(
Z+
Dp

= n
)
(1 − e−c2

−p

)e−c(k−1)2
−p

f(k2−p)

= Q⊛n
[
F
]
Q
(
Z+
Dp

= n
)
Q
(
Dp = k2−p

)
f(k2−p).

Summing overk ≥ 1 entailsAp = Q⊛n[F ]Q(Z+
Dp

= n)Q[f(Dp)], which impliesQ[F (ϑ)f(D)1{k=n}] =

Q⊛n[F ]ξ(n)
∫∞
0 f(x)ce−cxdx, whereξ(n) = Q(Z+

D = n), for alln ∈ N. Namely,Q is the law of a GW(ξ, c)-real
tree. �

B.3 Proof of Lemma 3.4.

The statement for GW-forests is easily derived from the analogous result for single GW-real trees. We only need
to prove that for alla ≥ b ≥ 0, all p ∈ N and all bounded measurable functionsF : T→ R:

lim
n→∞

Qξn,cn [F (Blw (a, · )] = Qξ∞,c∞ [F (Blw (a, · )] . (119)

Recall (114) and (115). Thus, for alln ∈ N ∪ {∞}, we have

Bn := Qξn,cn [F (Blw (a, · )] =
∑

t∈Tdiscr
f

∑

S⊆Lf(t)

wξn(t, S)

∫

Dt,S,a

M cn
t,S,a(dx)F

(
T̃REE(t; x)

)
.

Observe that for allt ∈ T
discr
f and allS ⊆ Lf(t), limn→∞ wξn(t, S) = wξ∞(t, S),

lim
n→∞

∫
M cn

t,S,a(dx)F
(

T̃REE(t; x)
)
=

∫
M c∞

t,S,a(dx)F
(

T̃REE(t; x)
)

(120)

andlimn→∞ p
a
ξn,cn

(t) = paξ∞,c∞(t). Thus, for allfinite subsetsA ⊂ T
discr
f , we get

lim sup
n→∞

|Bn −B∞| ≤ ‖F‖ p
a
ξ∞,c∞

(
T
discr
f \A

)
+ ‖F‖ lim

n→∞
paξn,cn

(
T
discr
f \A

)
= 2‖F‖

(
1−paξ∞,c∞(A)

)
,

which implies (119) becausepaξ∞,c∞ is a probability function on the countable setT
discr
f . �

B.4 Proof of Lemma 3.6.

LetA ⊆ T be hereditary and leth ∈ (0,∞). We setAh = A ∩ {Γ ≥ h}. Note thatAh is hereditary. Letφ stand
for a Borel isomorphism fromT ontoR. Namely,φ : T → R is one-to-one andφ as well asφ−1 : R → T are
Borel-measurable. For allk ∈ N

∗, letLk : T → T be defined as follows. For all̃T ∈ T, setMh(T̃ ) =
∑

i∈I δT̃i

andn = 〈Mh(T̃ ),1Ah
〉; then, for allk > n, Lk(T̃ ) = Υ and ifn ≥ 1,

∑

i∈I

1Ah
(T̃i)δT̃i

=
∑

1≤k≤n

δLk(T̃ ) with φ(L1(T̃ )) ≤ · · · ≤ φ(Ln(T̃ )) .

Lk(Υ) = Υ. We argue as in Lemma A.2 to prove thatLk is measurable.
Then for every wordu ∈ U, we define a measurable functionLu : T→ T such thatL∅ is the identity map on

T, L(k) = Lk, for all k ∈ N
∗ andLv ◦ Lu = Lu∗v, for all u, v ∈ U.

We next fix a CLCR real tree(T, d, ρ) and we define a[0,∞)-marked discrete tree(t; x) ∈ T
discr
[0,∞) by setting

t = {∅} ∪
{
u ∈ U\{∅} : Lu(T̃ ) 6= Υ

}
and ∀u ∈ t , xu = h .
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We then set(T ′, d′, ρ′) = TREE(t; x). Recall that each edge ofT ′ has lengthh and corresponds to one vertex
in t. Recall that formally,ρ′ = (∅, 0) andT ′ = {ρ′} ∪ {(u, s); s ∈ (0, h], u ∈ t}. We denote byΦh(T̃ ) the
pointed isometry class ofT ′. Recall from Lemma B.2 that̃TREE is measurable. Since the functionsLu, u ∈ U,
are measurable,Φh : T→ T is then measurable.

We now prove thatT ′ andRA(T ) are close with respect toδ. To that end, for allℓ ∈ N, we set

Sℓ = {ρ} ∪
{
σ ∈ T : d(ρ, σ) = ℓh and 〈M0(θ̃σT ),1Ah

〉 ≥ 1
}

and S :=
⋃

ℓ∈N

Sℓ .

It is easy to see thatS is a (2h)-net ofRA(T ). Indeed, letσ ∈ RA(T ). There existsℓ ∈ N such thatℓh ≤
d(ρ, σ) < (ℓ+ 1)h. If ℓ = 0, thend(ρ, σ) ≤ h, which entailsd(σ, S) ≤ h. Assume thatℓ ≥ 1 and letσ′ ∈ [[ρ, σ]]
be such thatd(ρ, σ′) = (ℓ− 1)h. Then,d(σ, σ′) ∈ [h, 2h). Denote byT ◦∗ the connected component ofθσ′T \{σ′}
that containsσ and setT∗ = T ◦∗ ∪ {σ

′}. Note thatT∗ is an atom ofM0(θ̃σ′T ) and thatΓ(T∗) ≥ h. Since
σ ∈ T ◦∗ ∩ RA(T ), there existsσ′′ ∈ T ◦∗ such that̃θσ′′T ∈ A. Sinceθσ′′T = θσ′′T∗, we then get̃T∗ ∈ A. This
implies thatσ′ ∈ Sℓ−1. Thus,d(σ, S) ≤ 2h, which proves thatS is a(2h)-net ofRA(T ).

From the definition of the functionsLu and of the treet, we easily check that there is a function : t→ S that
satisfies the following property: is surjective,(∅) = ρ, and for allu ∈ t\{∅},Lu(T̃ ) is an atom ofM0(θ̃(u)T )
andd(ρ, (u)) = |u|h. We now definef : T ′ → S by settingf((u, s)) = (u), for all (u, s) ∈ T ′. We easily see
that

∀ (u, s), (u′, s′) ∈ T ′ , |d′((u, s), (u′, s))− d((u), (u′))| ≤ 2h ,

which implies that the distortion off is less than2h. Sincef(T ′) = S is a (2h)-net ofRA(T ), f is a pointed
(2h)-isometry and Lemma A.1 implies thatδ(T ′, RA(T )) ≤ 8h. This proves that for allh ∈ (0,∞), there exists
a measurable functionΦh : T→ T, such that

∀ T̃ ∈ T , δ

(
Φh(T̃ ), RA(T̃ )

)
≤ 8h ,

which completes the proof of Lemma 3.6.
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