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Abstract

We introduce the notion of a restricted exchangeable partition of N and study natural
classes of such partitions. We obtain integral representations, study associated coalescents
and fragmentations, embeddings into continuum random trees and convergence to such limit
trees. As an application, we deduce from the general theory developed here a particular
limit result conjectured previously for Ford’s alpha model and its non-binary extension, the
alpha-gamma model, where restricted exchangeability arises naturally.
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1 Introduction

Following de Finetti and Kingman, we call a measure on the space Pp of partitions of B C N
exchangeable, if it is invariant under the natural action on Pp of the symmetric group on B;
and a random partition is called exchangeable if its distribution is exchangeable. For a partition
m = {m;,i € N}, each non-empty m; C B is called a block of 7. When 7 has only finitely many
blocks, we often omit @ from w. We arrange the blocks of 7 in the order of least element, i.e.
min7; < minm; for every ¢ < j, followed by @ with the convention min @ = oo to be definite.
For finite 7;, we consider the block size #m;. For n € N, we set [n] = {1,...,n}. Then a measure
p on P = Py is exchangeable if and only if the discrete measures p,, on Py, = P, given by

pn({m}) = p(P™), =€ Py, where PP ={T' € P:T|,=n}and I'|, ={;N[n],i > 1}, (1)

are exchangeable for all n > 1. Furthermore, a measure u,, on P, is exchangeable if u,({7}) =
pn({7'}) for all =, 7" € P, with the same multiset of block sizes.

Several weaker forms of exchangeability have been studied in the literature, notably Pitman’s
partial exchangeability [28] and Gnedin’s constrained exchangeability [I5]. See Section Bl We
introduce here a new weak form of exchangeability. We first call a measure g on a subset
Sp C Pp of partitions of a finite B C N exchangeable on Sp if u({w}) = p({x'}) for all
m, 7 € Sp with the same multiset of block sizes. Now consider the infinite case.

Definition 1 Let S C P. Consider S,, = {m € P,, : P™ C S}, n > 1. We call a measure p on S
exchangeable on S if the restrictions to S, of the measure p,, given by (1) are exchangeable on
Sp,n>1,andif {' € S: T, €S, for all n > 1} is a p-null set.

A measure p on P is called restricted exchangeable if P can be decomposed into disjoint
measurable P7, j > 0, so that the restrictions of s to P7 are finite and exchangeable on P7.
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Remark 2 (i) Alternatively, we might include in S,, all partitions 7 of P, whose associated
cylinder sets P7 intersect S. When this makes a difference, some of the P}, 7 > 0, in the
definition of restricted exchangeability would not be disjoint, giving a different notion that
seems less natural to us and that we do not propose to investigate further in this paper.

(ii) If we dropped the requirement that the parts of S missed by all y,, n > 1, form a p-null
set, then all (finite) measures on P would be restricted exchangeable; we could choose
Pi ={Iy},j>1, P" =P\ {l},j > 1} for a countable subset {I';,j > 1} C P, that is
dense for the metric d(I',I") = 2~ nf{n21TH#T I} hecause then P) = @ for all n > 1.

It will be useful to consider Kingman’s branching graph (I, E) with I = |J,,~ Px rooted at
the unique element {@} € Py, equipped with the directed edge relation (7/,7) € E if 7’ € P,
7 € Ppy1 with 7’ = wN[n] for somen > 0, cf. [23]. Then b : P — KN given by b(I') = (I'|,,, n > 0)
is an injection onto the set G C KN of infinite chains starting at {@}. We write 7/ < wif 7/ € P,
and 7 = 7w N [n]. For 7 € K, we denote by K™ = {n’ € K : # < 7’} the cylinder set of 7 in
K. We consider subgraphs & C K of (K, E) that, without further mentioning, are connected and
contain {@}. For a subgraph &£ all connected components of K\ £ are of the form K™ for some
7w € K, indeed they are {K™ : 7 € C¢}, where Ce = {mr € K\ & : (7', 7) € E for some «’ € £}.

Let S' ={s=(s;,i>1):5 >85> ...> 0,> ;518 <1}. Fors € St Kingman’s paintbox
[24] is the exchangeable distribution ks on P of the value partition induced by independent
random variables (&, > 1) with respective distributions

P& =1i)=s;, i>1, P& = —1) =s0:=1-3 5 si.

For m € K we introduce here modified paintboxes by conditioning on the cylinder set P™ = {I" €
P :T|, =} of m in P, but note that this conditioning is degenerate in some cases; specifically,
for s € St let m > 0 such that s, > s,,41 = 0 (or m = oo if s; > 0 for all i > 1), suppose
that m € K has k non-empty blocks, of which £ are of size at least 2, then we call admissible for
(m, 7', s), #' = m, any collection (iy,...,4x ) of indices that are

e distinct with i; > 1 except that we allow i; = 0 for any (also multiple) j with #77;» =1;
this applies if sy > 0 and m > ¢, or s9 = 0 and m > k, (non-degenerate case);

o distinct with i; > 1 except that we allow i; = 0 for any j with 77 = 1 or #7} = #m; <r
and also for ¢ — m of the j with #7?; = mj = r, where (g, 7) is such that < m blocks of 7w
have size > r + 1 and ¢ > m have size > r; this applies otherwise (degenerate case).

The modified paintboxes are now given as measures on P™ C P, for ©’ € K™, by
1 - g —OV (o — + #7r/.
T '\ _ #{1<j<k":i;=0}—(k—m) J
Ks (7’ > == > S0 I s
S (1,...,%s) admissible for (7,7’,s) 1<j<k’:i;7#0

where Z7 is the normalisation constant; we can drop (k —m)* = (k — m)lg~,,) unless s = 0.
For m = {{1}}, this is a well-known formula for Kingman’s paintbox kg = 7, with Z7 = 1.

Theorem 3 Let p be a measure on P. Then p is restricted exchangeable if and only if there
are a subgraph € C IC and for each m € Cg a finite measure vy on S such that

p=>y_ /Sl KT (ds).

meCe

Note that restricted exchangeable measures p can be infinite, if £ is infinite. In this case, we
can consider the pre-image P of the set of the infinite chains in £ under the bijection b: P — G
introduced above. Then ;(P%) = 0 and p is finite on all compact subsets of P\ P°, in the sense
induced by the metric topology on P described in Remark 2{ii), in particular x is then o-finite.
Indeed, such measures are locally finite in the sense of Vershik and Kerov [34].



Examples 4 (i) A natural class of restricted exchangeable measures can be obtained by
conditioning an exchangeable random partition IT on {IIN[n] = 7} for some 7 € P,,. More
generally, for & = | J;_, Pk, we can use total masses of v, to specify P(IIN[n] = ) = v (S!)
and given {II N [n] = 7}, specify asymptotic frequencies according to vy /v (S}), ™ € P,.
We can use this idea to approximate any distribution p on P by restricted exchangeable
distributions using v (S) = u(P™), ™ € Py, and any asymptotic frequencies, n > 1.

(ii) For B C N, let 15 be the trivial partition of a single block B. Dislocation measures are
measures on P\ {1y}, finite on compact subsets. See Section We set & = {1;,j > 1}
and note that the connected components of K \ £ are K/ = I+ > 1, so that
Pi = P U+ j > 1, is a natural decomposition of P\ {1y}. Bertoin’s [6] (possibly
infinite) exchangeable dislocation measures are clearly exchangeable on P/, j > 1; also the
finiteness condition on P7 holds since P? is compact for all j > 1.

(iii) Ford’s alpha model [14] and the alpha-gamma Markov branching model [11] are restricted
exchangeable, but not exchangeable. See Section [@] for the definition of these natural
examples of restricted exchangeable dislocation measures as well as conclusions.

(iv) For B C N, let Op be the partition of B into singleton blocks {j}, 7 € B. Coalescent
L-measures (allowing simultaneous multiple collisions) are measures on P \ {Oy}, finite on
compact subsets. See Section Set & = {0p,,n > 1}, =D (E=2)/24i — fcmir where
ik = (Ope—1] \ {{i}}) U{{i, k}}, and P=D(k=2)/2+i — Pmir for 1 < i < k. Schweinsberg’s
[32] (possibly infinite) exchangeable L-measures are finite and exchangeable on P7, j > 1.

From Theorem [3l we deduce an integral representation for restricted exchangeable dislocation
measures. For simplicity we only allow as decomposition of P in Definition [l the most relevant
and natural P° = {1y} and P7 = pULU+A} 5> 1.

Corollary 5 Let k be a restricted exchangeable measure with subgraph € = {1[]-},3' > 1}. Then
for each j > 1, there are constants ¢c; > 0 and k; > 0, and a measure v; on SY with

v;({(0,0,..)}) = v;({(1,0,...)}) =0 and /Sl solgjziy + Y sl(1—s1) | vj(ds) < oo,

i>1

such, that, for e9) = {{7},N\ {j}} and oV = {[j],{j +1}.{j +2},...}, i = 1,

k= c10,0) + Z <Cj(5€(j+1) + ko, +/

j>1 st

HS(’ N 'Pj)yj(ds)> , where PJ = pllil{i+1}}

Bertoin [6] iterated random partitions from an exchangeable dislocation measure v to create
exchangeable P-valued fragmentation processes (F*(t),t¢ > 0). Furthermore, the associated
closed exchangeable hierarchies H* = {F*(t),i > 1, > 0}! of blocks visited by such a process
are naturally interpreted as trees, see e.g. [26], and are often naturally embedded in a-self-similar
continuum random trees (CRTs) [19], say (7(q4,,, i), via samples ¥} € 7, ,), i > 1, conditionally
independent given (7(,,,), i), each with distribution u, as H* = {L*(7"),v € T(a,,,)}d, where
L(T?) ={i € N: X7 € T} and T" is the subtree of 7, ,) rooted at v. See Sections and
41l Vice versa, such exchangeable hierarchies derived from fragmentation processes (or Markov
branching trees) can be used to construct CRTSs as scaling limits [20]. In the second part of this
paper we carry out a similar programme for the restricted exchangeable case, starting from a
restricted exchangeable dislocation measure of the form identified in Corollary Bl

One of our main results is a general embedding result. This generalises [30, Theorem 4],
which treated Ford’s alpha model and a binary two-parameter extension that, apart from the
alpha model, is not restricted exchangeable in the sense of Corollary [l



Theorem 6 Let H be the hierarchy of a restricted exchangeable fragmentation such that

v(ds) = | Y sl(1—s) | vi(ds)

>1 \i>1

satisfies [¢, (1 —s1)v(ds) < co and v(sq > 0) = 0, and such that ¢; = k;j =0 for all j > 1. Then
H can be embedded as H = {L(T"),v € 7’(a7u)}CI in an a-self-similar CRT 1, ,,) with dislocation
measure v, where L(TV) = {i € N: %; € TV} for some (dependent) ¥; € Ty, i > 1.

There is an integral representation for coalescent L-measures analogous to Corollary [l see
Propositions 13 in Section B3l We leave open the question whether associated restricted ex-
changeable coalescents can be embedded in the A-coalescent measure trees (and analogous trees
for Z-coalescents) in the sense of Greven et al. [17].

Let us turn to the convergence to CRTs. Just like partitions, hierarchies of N are uniquely
determined by their restrictions 7;, = H|, = {BN[n|, B € H} that form here a consistent family
(T,,,n > 1) of random trees with T}, as vertex set and implicit edge set given by the parent-child
relation that assigns to each non-singleton B € T, as children the maximal strict subsets in
T, that, by construction, form a partition of B. We can delabel these trees and add a root
vertex to obtain rooted combinatorial trees T, i.e. connected acyclic graphs with no degree-2
vertex, but some degree-1 vertices, one of which is the distinguised root. We can regard T, as
a path-connected metric space with unit distance between vertices and connected by unit line
segments. Notation 75 /a is then understood as scaling all distances by a factor a € (0, c0).

In the exchangeable case, [20] obtain CRT convergence under a regular variation condition

v(s<1l—g)=¢e “1/e) as € | 0; for some « € (0,1) and slowly varying ¢ (2)

and a log-moment condition
/ ZSZ’ log(s;)|%v(ds) < oo for some o > 0. (3)
Sti>2

Theorem 7 If in the setting of Theorem @, the dislocation measure v satisfies (3) and (3), and
if vj = Uy, for some m > 1 and all j > m, then
Ty
n(n)I'(1 — «)

— Tl in probability, in the Gromov-Hausdorff sense.

In addition to the proofs of the main results formulated in the Introduction, the content
of this paper is as follows. Section 2 mainly proves Theorem [3] and Corollary Bl Section 3 in-
cludes a discussion of the relationship between restricted exchangeability, partial exchangeability
and constrained exchangeability, a more detailed introduction to restricted exchangeable coales-
cents and fragmentations and associated hierarchies, and an integral representation analogous
to Corollary [ for restricted exchangeable coalescents.

Sections 4 and 5 deal with the proofs of Theorems [l and [7, but we also develop a general
method to sample leaves in non-binary self-similar CRTs in Section 4, while Section 5 studies
in some detail the embedding used to prove Theorem [0l in order to obtain individual estimates
for each leaf ¥;, i > 1, where in the proof in [20] for the exchangeable case, consideration of a
single leaf ¥* in (7(,,,), #) sampled from p gives direct estimates for all 37, i > 1. This includes
here estimates for a pth moment renewal theorem in Lemma 23] and an application to Gnedin’s
constrained paintboxes in Lemma 24] both of which may be of independent interest. While we
build on [20], we do not repeat the content of [20], we rather focus on the new developments here



and then provide only a half-page sketch when the arguments of [20] can be applied to complete
the proof of Theorem [1l with the exception of Lemma 27, which deals with large deviations of
block numbers of partitions associated with subordinators and may be of independent interest.
Its proof is completely analogous but more general than in [20] and references therein, so we
have rewritten it for the present context and included it in an appendix. Significant intermediate
results for the proof of Theorem [7 include almost sure convergences of rescaled subtrees of T,
spanned by k leaves as first n — oo in Proposition 2§ and then also £ — oo in Formula (23)).
Section 6 demonstrates how the main results obtained in this paper can be applied to the
alpha model, the alpha-gamma model and more general skewed Poisson-Dirichlet models that
we introduce here as a natural three-parameter family of restricted exchangeable fragmentation
models. We show in these examples that Theorems [6] and [7] typically refer to Markov branching
trees T,. that are not sampling consistent, so that the theory developed in [20] does not even yield
convergence in distribution for these trees, where we here establish convergence in probability.

2 Integral representations, proof of Theorem [3] and Corollary

Our first aim is to understand exchangeability on subsets of the form P™ C P for some 7 € P,,.
It is easy to show that the modified paintboxes kT are exchangeable on P™.

Proposition 8 The modified paintbox kI can be expressed in terms of any I' € P™ with asymp-
totic frequencies s, provided that any blocks of I' with zero asymptotic frequency are either subsets
of [n] or singletons, as
fT(P7) = tim 2T EP i Tl
S r— 00 #{ﬂ.// c fP;r sl ~ F’r}

where ' ~ 7" if ©' and 7" have the same multiset of block sizes.

Proof. This proof is a refinement of the relevant part of the proof of [23) Theorem 3.1], Kerov’s
proof of Kingman’s paintbox representation of exchangeable partitions in P, where we need to
take into account the distortions due to restriction to P™. We evaluate the right-hand side.
Numerator and denominator are easily calculated as

, r—n' 1
# 7T//6737r :7T//N1—w — < >7’
{ " |T} Z #Fil |r - #7’1’3, cee >#Fik/ |r - 77-;6/, #Fothers|r H]Oil pj!

where } is over indices (i1,...,ix) such that #T' |, — #713- > 0 for all j € [K'], Tothers|r is the
vector of all ., i > 1, except Ty |r,...,T%,, |- and p; is the number of blocks of I'|, with j
elements, j > 1. Now first assume sp = 1 — ) .o, s; = 0, then we deduce that the limit exists
and is given by Z;m//Z;m, where

Z ( r—n )Td

’ ’ /
w1 #Fil|T'_#W17~~~7#Fik"F_#ﬂklv#r‘otherslf' o #Wj
Z3" = lim = g | | Si;

T

r—00 (#Fl'r,#F2|T7~~~) (41,--siys) admissible for (m,7',s) j:8:;>0
where d is the minimal sum over all those block sizes that have to be mapped to zero-limiting-
frequency blocks (if any; d > 0 only in the degenerate case); in fact this power d is such that
terms with higher than the minimal sum actually become negligible, and we identify H;T(PW/).

If sg > 0, blocks of zero limiting frequency need to be treated differently, because their union
Iy now has a limiting frequency, and a union 7, of blocks of 7’ can indeed be associated with
To. Specifically, we calculate a first factor as

rT—n g
SN (s~ uw ~ ' - 7
. (#FO_W(,)v#Fil ‘T_#W17~~~7#Fi~, |7‘_#7T{E,7#Fothcrs"r) #ﬁ/ #%/
lim k — E | | s T

=
r—00 ~ ~ ~
(#I olrs#T 1|7, #1 2|7‘7~~~) (i1,.--,3/) admissible for (7,7 ,s) j=1




but then need to also count the further partitions of the block of size #fo. This yields for
Ty = m; U+ U, a positive limit factor if d = #7, — b is minimal, which we then calculate as

#To|-—#7) d
i 2 (#Fil|r—#7r;-1,...,#Fib\r—#w;b,l,...,l)r L
1m e~ =S ;
roe (#T))! °

note that the number of available indices is asymptotically equivalent to #f0’r ~ Sor, so that
the sum contains ~ (#Ig|,.)® terms, and this contributes significantly to the asymptotics of the
numerator. Finally we sum over the different choices of 7y with #7 —b = d to identify xT(P™).

d

With these representations of the modified paintboxes, we now obtain the integral represen-
tation of general measures that are exchangeable on P™ for some 7 € P,,.

Proposition 9 Let u be a finite measure, exchangeable on P™ for some m € P,,. Then there is
a finite measure v on St such that p = [g kTv(ds).

Proof. This proof uses a combination of the martingale method due to Vershik and Kerov [34]
Theorem 2| and the de Finetti method used by Aldous [1]. W.l.o.g., p is a probability measure.
Let II ~ y for an exchangeable probability measure on P™. Consider the process

I s Pl ~ T}

X, = ;
#{r" € PT 7" ~ 1}

!
rzmn,

in the decreasing filtration F,. generated by the block sizes of I|,/, 7’ > r. By exchangeability,
X, only depends on its block sizes B, and is hence F,-measurable and E[X,|F, ;1] only depends
on X,41. For a multiset b of block sizes, denote by m(b) (resp. m/(b)) the number of chains in
K™ from 7 (resp. in K™ from «' ) to block sizes b. By exchangeability, each of these chains is
equally likely. For block sizes B,41 = by41, we denote by m(b,, b,41) the number of chains from a
specific partition with block sizes b, to any partition with block sizes b,11, then m(b,)m(b,, b,1)
chains from 7 to block sizes b.y1 pass via block sizes b.. With this notation, we have X, =
m/(B,)/m(B,). Then

m(b.)m(by, by11) m'(by) _ 1
m(br+1) m(by) m(br+1

E[X,|Brs1 =braa] = Y

b'r m(bT"‘l‘l)

m'(br41)
S oty = 2
by
for all admissible b,11 shows that (X,,r > n) is a bounded martingale and hence converges a.s.
On the other hand, de Finetti’s theorem yields that asymptotic frequencies exist u-a.s.
Specifically, consider a partition II with distribution p and, independently a sequence U;, i > 1,
of auxiliary independent uniform random variables. Then the random variables

X]:UZ if j € I;, j=zn+1,

are exchangeable. By de Finetti’s theorem, they are conditionally i.i.d. and the atom sizes .5;
of the random limiting distribution in size-biased order satisfy
#{je{n+1,...,n+r}:Xj:U,-}_ #Hlﬁ[r]

S; = lim = lim ———.
r—00 r r—00 r

Clearly, the latter limit does not depend on the auxiliary variables (U;,7 > 1), so asymptotic
frequencies exist p-a.s. Furthermore, p-a.e. partition is such that blocks with zero asymptotic
frequency either only involve elements of [n] or are singletons. Denote by v the distribution on
St of the asymptotic frequencies (S;,i > 1) rearranged into decreasing order of II.



This means that p is concentrated on those partitions for which Proposition 8 yields modified
paintbox representations, and we see that X, — R’ST(PWI) a.s., where S ~ v; but (X,.,r > n’) is
a bounded martingale, so exchangeability on P™ yields

[, P wlds) = ELg(P] =Bl = 30 (P 1 = u(P™).

%E’PW,Z%NW/ #{ﬂ.” € P;?,T/ : 7T” ~ %}
n

O

This proof raises the question whether we could have done without the martingale method
or without the de Finetti argument, as can be done in the exchangeable case. In fact, to avoid
de Finetti, we would have to generalise Proposition B to ensure that all T' for which the limits
in Proposition B exist converge to modified paintboxes, which seems more difficult given the
exceptional non-singleton sets of zero limiting frequency. On the other hand, our de Finetti
argument only identifies the distribution of II restricted to {n + 1,n + 2,...} and gives little
information about the conditional distribution of how the blocks of 7 attach themselves to such
paintboxes. We have not found a simple and direct argument to see why the modified paintboxes
describe the only way to attach 7 in an exchangeable way.

Now recall that Theorem [3] states that restricted exchangeable measures on P are precisely

those of the form p =} .. riv:(ds).

Proof of Theorem Bl First consider p = Zwecg kTvg(ds). Take as PY the pre-image under
the bijection b : P — G of the set of infinite chains in €. Then u(P") = 0 because none of the
measures [q| K5 Vx(ds) have mass in PY. Indeed, the decomposition

P=P'u | JP"
meCe
is into disjoint measurable sets, and the restrictions of p are finite and exchangeable on P™.
Conversely, let 1 be any restricted exchangeable measure on P and P7, j > 0, a measurable
decomposition so that the restrictions of u to P7 are finite and exchangeable on P7. We first

show that each of these restrictions of u to PJ is of the form required. Fix j > 0 and consider
P} ={m € P, :P™ C P’}. Then we can define inductively

ol=p, C,=cqu|P\UJK|, nx1, =[]0d,
rec n>1

and obtain, by construction, disjoint P”, 7 € €/, and exchangeable restrictions to these cylinder
sets, which, by Proposition [0, can be represented as |, g1 K& Vr(ds). Since furthermore p({I' €

PI T, & PJ for all n > 1}) = 0, we have

pn P = S [ wva(as)
weCi st
Now set C = ;>0 C/and & = Unso{mNn] : 7 € CNPpia}. If we now set £ to be the connected
subgraph generated by £¢ and @, then £ differs from & only by some 7/ < 7 € & that do not
contribute to Cg¢ = C. This completes the proof. O

The proof of the Corollary [l is now straightforward. The v; are not simply the v, for
7 ={[j], {7 +1}}, 7 > 1, but almost. On the one hand, we have moved atoms of v, in (0,0,...)
to a constant k; > 0 and in (1,0,...) to a constant ¢; > 0. The corresponding modified
paintboxes are 0 (i+1},{j+2},..} and ogri113,m(j+1}}> respectively, except for j = 1, where the
modified paintbox is %(5{{1}71\]\{1}} +dgg23,m¢231)- On the other hand, we have incorporated the
normalisation constants Z7 of the modified paintboxes as densities into v; and can and do here
use restricted Kingman paintboxes k(- N P7) rather than normalised modified paintboxes x7.



3 Basic results on restricted exchangeability and related notions

3.1 Partially exchangeable and constrained exchangeable partitions

Let us explore the connections between the restricted exchangeable partitions introduced in this
paper and other generalisations of exchangeability studied in the literature, notably partial ex-
changeability and constrained exchangeability. Partially exchangeable partitions were introduced
by Pitman [28]. A measure u,, on P, is partially exchangeable if ui,,(7) = pn, (') for all 7,7’ € P,
with the same wvector of block sizes in the order of least element. Partially exchangeable mea-
sures are not restricted exchangeable, in general, nor vice versa. Specifically, 7 = ({1, 2}, {3,4})
and 7 = ({1,3},{2,4}) have the same mass for partially exchangeable measures but not nec-
essarily for restricted exchangeable measures. Vice versa, consider 7 = ({1,2,3},{4,5}) and
' = ({1,2},{3,4,5}). In fact, “the intersection” of the two concepts is exchangeability:

Proposition 10 A measure j, of Py, is exchangeable if and only if it is both partially exchange-
able and restricted exchangeable with decomposition P! = pihizy p2 — pll2}

Proof. The “only if” part follows straight from the definitions. For the “if” part, suppose that
7, € P\ {1} have the same multiset of block sizes. Let 7 be such that, for blocks in order
of least element, 7 = (m; U {minms}) \ {2} and mp = (72 \ {minm}) U {2}, 7, = 7;, j > 3.
Similarly construct 7’ from 7’. By partial exchangeability 1, (7) = p,(7) and p,(7') = pn (7).
But 7/, 7 € PHH{2 | 50 by restricted exchangeability, we have i, (%) = in (7). O

Constrained exchangeable partitions were introduced by Gnedin [I5]. Let ¢ = (¢, k > 1) be
a fixed sequence of integers ¢, > 1. Consider the set P~ of partitions I' € P that are
constrained with respect to ¢ in the sense that each block I'y, contains the ¢ least elements
of szk I'; for every k > 1 with I'y, # @. A measure p on P is constrained exchangeable if
(P \ Ps—eomstty — ( for some ¢, and if p,(7) = p, (') for all m, 7" € {T|, : T € Pps-constr}
with the same multiset of block sizes and all n > 1. For ¢ = (1,2,1,...), under a constrained
exchangeable measure, 7 = {{1,3},{2,4},{5}} and 7' = {{1,2},{3,4},{5}} have the same
mass, but not necessarily under a restricted exchangeable measure. Vice versa, restrictions
to PULIHY of a restricted exchangeable measure p are constrained exchangeable if we take
¢ = (j,1,1,...), but as soon as p gives positive mass to more than one P{U]v{j*l}}, 7 > 1,
constrained exchangeability in Gnedin’s sense fails.

3.2 Hierarchies, ordered hierarchies, fragmentations and coalescents

Following [31 B3l 22], we call hierarchy of B C N any subset Hp of the power set of B such
that B € Hp and {k} € Hp for all k € B, and so that for every A, A’ € Hp, either A C A’
or A/ C A. To avoid trivialities, we also require & € Hpg. We say that a hierarchy is closed if
for all sequences (A,,n > 1) in H that are increasing for the inclusion partial order, we have
U A, € Hp, and if for all decreasing sequences [ A,, € Hp. We say that a strict subset A C A’
is maximal in Hp if for all A” € Hp with A C A" C A’ either A = A" or A” = A’. For finite
B C N, the maximal subsets A1,..., Ax of B in Hp form a partition of B and the restrictions
Ha, =HpNA; ={ANA;: Ac Hp} are hierarchies of A;, ¢ € [k]. This is not always true for
infinite B C N and so it will be useful to note that a closed hierarchy H g is uniquely determined
by its restrictions Hp N [n],n > 1,as Hp = {AC B: AN[n] € HpN[n] for all n > 1}.

We say that a family (Q,,n > 2) of distributions on the set of hierarchies of [n], n > 2, is
consistent if for Ty, 11 ~ Qp+1 we have T, 1N[n] ~ Q. Let T), ~ Q. We introduce the partition
I1,, into maximal strict subsets of [n] and refer to its distribution P, on P,, as splitting rule. We
say that (Qn,n > 2) is a labelled Markov branching model if conditionally given II,, = , the



hierarchies 75, N m;, ¢ > 1, have as their distribution )4, pushed forward under the natural
bijection on the set of hierarchies induced by the increasing bijection from [#m;] to ;.

Let P7 = Pz} 5 > 1. We say that a splitting rule P, is restricted exzchangeable if
forall 1 <j <n—1and m,7" € P}, we have P, ({n}) = B,({r'}). Clearly, if  is a restricted
exchangeable dislocation measure as in Corollary Bl then

Po({m}) = 6(P™)/w(P \ P10, ™€ Pu\ {1}, n =2, (4)

defines restricted exchangeable splitting rules and hence inductively a consistent Markov branch-
ing model (Q,,n > 2). The converse also holds:

Proposition 11 All consistent labelled Markov branching models (Qn,n > 2) with restricted
exchangeable splitting rules (P,,n > 2) are of the form ({J]) for some restricted exchangeable
measure K as in Corollary [3.

Proof. In Pitman’s [29] formalism of exchangeable partition probability functions (EPPFs)

ph(#my, . #m) = Po({n})  weP) =Pt 1<j<n—1,
consistency in the restricted exchangeable case (extending [20, Formula (16)]) is equivalent to

k+1
pz@(nly e ,'I’Lk;) = pZ—l—l(n? 1)%(”17 e ank:) + Zp‘171+1(n17 e, Ny—1, My + 17ni+17 O 7nk‘)'
i=1

For any Ay € (0,00) and (1 —plt,1(n,1)) g1 = An, 0 > 2, we see that x(P™) = A, P, ({7}),
m € IC, defines a restricted exchangeable measure that has the properties required. O

By Kolmogorov’s consistency theorem, we can consider a consistent family (7},,n > 1) of trees
T, ~ Qn with T,, 11N [n] =T,, n > 1, and associate H = {A C N: AN[n| € T, for all n > 2} as
random hierarchy of N. In the setting of Corollary [, we can consistently embed into continuous
time the blocks of T;,, n > 2, using exponential holding times 7, of rate A, for state [n] and then
recursively, 1., at rate Ay, for any maximal strict subset m; that is created when [n] splits, to
construct consistent homogeneous fragmentation processes (F|,(t),t > 0) in P,, n > 2. We can
also generalise Bertoin’s [8] Poissonian construction to directly obtain restricted exchangeable
homogeneous fragmentation processes (F'(t),t > 0) in P, that provide an alternative construction
of the same random hierarchy H = {F;(t),i > 0,¢ > 0}, but we do not need this alternative
construction and leave the details to the reader. We do note, however that this construction
also provides an ordered hierarchy H°™d = {F(t),t > 0}! € P of N. For any such construction,
based on &, say, to be meaningful, we require \,, = k(P \ 771[”]) < oo for all n > 2.

For B C N, we call ordered hierarchy of B any subset H°"d C Pp with 15 € H" and
0p € H°", such that for all I', TV € H°™, we have I' < I or I" < T, where I' < I means that
for every block I'; of T there is a block I‘;- of IV with I; C F;.

We say that a family (Qn,n > 2) of distributions on the set of ordered hierarchies of [n],
n > 2, is consistent if for H?L‘fl ~ Qni1, we have Hfffl N[n] ~ Qn. Let HYY ~ Q,. We
introduce the partition IT,, € Ho™\ {0y, } that is minimal for the partial order < and refer to its
distribution P, on P, as merging rule. We say that (Q,,n > 2) is a discrete coalescent model if
conditionally given IT, = 7 = (71, ..., m), the ordered hierarchy H9' N {minn;,i € [k]} has as
its distribution Qi pushed forward under the natural bijection on the set of ordered hierarchies
induced by the increasing bijection from [k] to {minm;,i € [k]}.

For j = (k —1)(k — 2)/2 + i, let PJ = PO \EDUHIkE "1 < < k. A merging rule P, is
restricted exchangeable if for all 1 <i < k < n and 7,7’ € P, we have P,({r}) = P,({r'}).



Proposition 12 All consistent discrete coalescent models (Qn,n > 2) with restricted exchange-
able merging rules (P,,n > 2) are of the form

Py({r}) = L(P)/L(P\PO), 7€ P\ {0}, n =2, (5)
where L is a restricted exchangeable measure on P with decomposition P° = {On} and P7, j > 1.
Generalising Schweinsberg [32], we call such measures L on P coalescent L-measures.

Proof. The proof is similar to Proposition [[Il In obvious notation, consistency is equivalent

n /+1
, il . .
pizk(nlw"anf): Zng—?——li_ (177172) pznk(nlv"'anf)+Zplnk+l(n17""nj+17"'7n€)7
j=1 j=1
and we need (1 - Z;LZI pzlﬁfl(l, oo 1 2)) Ant1 = A, n > 2, to conclude. O

In fact, an analogous characterisation result also holds for any other decomposition of P into
any zero-mass PY and cylinder sets P/, j > 1, or unions of cylinder sets.

To consistent H, n > 2, we associate H™ = {T' € P : ' N [n] € H for all n > 2} as
random ordered hierarchy of N and also processes (F|,(t),t > 0) and (F(t),t > 0) by embedding
into continuous time using rates \,, n > 2, as well as Schweinsberg’s [32] Poissonian construction.

3.3 Integral representation for restricted exchangeable coalescent L-measures

As a direct consequence of Theorem [B] mimicking Corollary B, we obtain

Proposition 13 Let L be a restricted exchangeable coalescent L-measure. Then there are con-
stants c;; > 0, k;jj; > 0 and a measure v;; on St satisfying

j—2
/l Z s?o H Si, | vij(ds) < oo, 1 <4<y,
S m=1

105505 —2
where the sum is over indices that are distinct or zero except that ig # 0, such that
L= ) (Ciﬁw{i,j} + kijOclinin +/ rs(- N Pij)’/z‘j(ds)> ;
1<i<j<oo St

where kg 1s Kingman’s paintboz.

4 Embedding in self-similar CRT's, proof of Theorem

4.1 Self-similar CRTSs, fragmentation processes and spinal decomposition

Aldous [2] called a pair (7, u) a continuum tree if T is an R-tree, p a finite measure on 7, with
1. the measure p supported by the set Lf(7") of leaves of T,
2. the measure p atomless,

3. for every x € T\L{(7), positive mass u(7,) > 0 in the subtree 7, rooted at x.

10



In the sequel, we will often specify a root vertex p € 7 and the distance function d. For
technical simplicity, we follow Aldous [3] and use CRTs in ¢; = ¢;(N). We endow the set of
compact subsets of £; with the Hausdorff metric, and the set of finite measures on 1 with any
metric inducing the topology of weak convergence, so that the set H of pairs (T, ) where T is
a rooted R-tree embedded as a subset of /1 and p is a finite measure on 7', is endowed with the
product Borel o-algebra.

A Continuum Random Tree (CRT) is a random variable with values in the set of continuum
trees. To be specific, we call distribution of a CRT (7T, p,p,d) the distribution on H of the
particular random isometric embedding in /; obtained from a random sample 7, ¢ > 1, of
independent leaves with distribution p/u(7), using 0 € ¢1 as the root and the ith coordinate
direction in ¢; to embed the branch leading to leaf X7, finally passing to the ¢;-closure and the
weak limit of the p(7")-multiples of empirical measures of the embedded X7,...,37, i > 1.

For z € [0,1] and s € S!, we denote by Q2 the distribution of the a-scaled tree (7', z, p, z%d)
and by Qg the distribution of a bush of independent trees with distributions Qg , ¢« > 1, all
grafted to the same root. For every u > 0, consider the bush B*(u) obtained by grafting the
connected components 7;%(u), ¢ € I, of the open set {z € 7 : d(z,p) > u} to the same root.
A CRT is called a-self-similar in the sense of [19], if for all v > 0 and conditionally given
((T;%(w)),i € I)} = s # 0, we have BY(u) ~ Q%

For a € R, a P-valued process (II(t),t > 0) is an exchangeable a-self-similar fragmentation
process if given II(t) = 7, the partition II(¢ 4 s) has the same law as the random partition whose
blocks are those of m; N II® (|m;|*s),i > 1, where (IIV,i > 1) is a sequence of i.i.d. copies of
(I1(¢),t > 0). The process X® = (|II(¢)|!,t > 0) is an S'-valued a-self-similar fragmentation.
Bertoin proved in [5] that the distribution of an exchangeable P-valued self-similar fragmentation
is determined by a triple («,c,v), where v is a dislocation measure on St ie. v(sg=1)=0
and [ (1 — s1)v(ds) < co. For this paper, we are only interested in the case ¢ = 0 and when v
is conservative, i.e. v(sg > 0) =0, where so =1 — .. s;. We call (a,v) characteristic pair.

Haas and Miermont in [I9] have shown that there exists a self-similar continuum random
tree characterized by such a pair (a,v), provided also that v is infinite. Specifically, Y =
((u(T2(t)),i € I)*,t > 0) has the same distribution as X°.

Consider s € St and s € S, ¢ > 1. We call fragmentation of s by s) the mass partition
Frag(s,s(")) given by the decreasing rearrangement of (sisg-l), i,7 € N). Bertoin showed that the
process (X(t),t > 0) is Markovian and its semigroup can be described as follows. For every
t,t' > 0, the conditional distribution of X (¢t 4+ t') given X®(t) = s is the law of Frag(s, S()),
where each S() independently is distributed as X (#'s;®), see [8, Proposition 3.7].

Given a CRT (7, u,p,d) and v € T, we denote by v®(u) the point on the spine [[p,v]] with
d(p,v*(u)) = u and obtain a parameterisation by distance [[p,v]] = {v*(u),0 < u < d(p,v)}.
We consider the subtree T(‘fj) (u) ={w € T :d(p,w Av) > u} of T containing v rooted at v*(u),
and its mass X() (u) = ,u(T(?j) (u)). Let 0, be the self-similar time change with

u d(p,v)
wi=intfuzo0: (g earse, o< = [T g ©

Then v2(t) = v¥(n,(t)), ’Z'(?)) (t) = 14 (no(t)) and X (t) = u(’f(?)) (t)) are the associated quan-
tities in homogeneous time. Note, in particular, the parameterisation of the spine in homoge-
neous time [[p,v[[= {v°(t),0 < t < ¢ }. Denote by S¥(t) = (S¥(t),i > 1) € S’ the sequence
such that X(,)(t—)S"(t) is the decreasing sequence of y-masses of the connected components of
{we T :0(t) € [[p,w][}, also Fy(t) = X(,)(t)/X()(t—) the member of S”(t) corresponding to
the subtree containing v. Moreover, we denote by

1o () dlgo (@)
0 @) 0 @) 0 (1) — 70 (4_ 0
(B(v) (t)v X(v) (t—) y U (t)7 (X(v) (t—))a ) where B(v) (t) lT(v) (t ) \ lT(v) (t)
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the associated rescaled spinal bush, of mass 1 — F,(t), at homogeneous time ¢ > 0.
The following lemma is a description in the CRT framework of Bertoin’s tagged particle
process that is a bit richer than often stated, but follows from the same arguments.

Lemma 14 Let (T, u, p,d) be an a-self-similar CRT with characteristic pair (a,v) and X* ~ p.
Then (S*", Fx+) is a Poisson point process on S+ x (0,1) with intensity measure U* given by

*(ds @ dx) = Zsa (dz)v(ds).

Proof. Let X“ be the self-similar mass-fragmentation process corresponding to the CRT (7, u)
and X the homogeneous mass-fragmentation process of X¢ through the self-similar time-change.
Extending the probability space, if necessary, denote by II a homogeneous exchangeable P-
valued fragmentation process associated with X. Without loss of generality, we can consider
X(s+)(t) = [H1(t)| by exchangeability. Let 1M (#) be the partition of N such that IIj(t) =
Frag(II; (t—),IIM (¢)), then S () = |II(V(¢)|*. By the Poissonian construction of exchangeable
fragmentation processes, M is a Poisson point process with intensity measure kK = f Sl ksv(ds).
Hence, S* is a Poisson point process on S with intensity measure v.

As ¥* is chosen according to i, it is not hard to show that (S*", Fx) relates to S*" via the
size-biased marking kernel K*(s,-) = 3,5, 505, and so (S¥", Fx+) is a Poisson point process
with intensity K*(s, dz)v(ds) = v*(ds ® dz). O

By the stopping line argument of [21, Proposition 4], this yields the following joint description
of the ordered coarse and unordered fine spinal decompositions along the spine to %* ~ p.

Proposition 15 (Spinal decomposition [9, 21]) Let (7,pu,p,d) be an a-self-similar CRT
with characteristic pair (a,v) and X* ~ p. Then the process (S*, Fx, B(E )) is a Poisson point
process with intensity measure

Ijl:ush(ds ®dr ® dT) = Z siési (dx)Q(Sl,---78i—175i+17---)(dT)V(dS)'
i>1

Conversely, (T, u, p,d) is a measurable function of (SE*,Fg*,B(OE*))

4.2 A generic procedure to sample a leaf from a self-similar CRT

Our aim is to generalise Lemma [[4] and Proposition I3 to leaves other than the p-sampled leaf
3* where we are effectively marking a Poisson point process with intensity measure v using the
size-biased marking kernel K*(s,-) = > .o, sids, from St to (0,1). We will now consider other
marking kernels. It will be convenient to adopt an idea from Pitman’s EPPF formalism and
specify the probability that a specific part of size x is chosen with probability P(s,z) so that
the probability of choosing a mass x is K (s, {z}) = m,P(s,z) where m, is the number of i > 1
with s; =z in s = (s;,4 > 1) € St

Definition 16 A measurable function P : S' x (0,1) — [0,1] that fulfils the two conditions
o P(s,z) =0if x & {s4,1 > 1};
° 2221 P(S7 Si) = 1.

is called a selection probability function (SPF).

Example 17 The SPF associated with a leaf chosen according to p is P(s, s;) = s;.

12



Let us now explain a generic procedure to sample a single special leaf ¥ based on an SPF P
from a self-similar CRT (7, u, p,d) with dislocation measure v.

Procedure 1 Let P be an SPF as in Definition [If] fulfilling

i(l — si)P(s, s;)v(ds) < oo. (7)
st
i=1

0. We start from (71, p1, p1,d1) :== (7, p, p,d) and i = 1.
1. Conditionally given (7;, i, pi, d;), let By ~ pi.

2. Conditionally given (7;, % ;)), we consider the parameterisation in homogenous time of the
spine [[p;, ¥ [[= {Z ().t = 0} and pick as 7;1; a subtree S above E?Z.) (t) with probability

. i (S)
P (T =S|T, %) = P | 550 (1), ——L HP(S O(t'), Fs, . (t ))
w (18,,09)) ) v v

3. Let 75 = inf{t > 0: Z;41 N ’TZO“_) (t) = @}. We turn 7,41 into a CRT with rescaled mass
measure, root and rescaled distance function as follows:

/Li|7§+1 0 di|7—i+1 xTiq1
Pit1 = ———, Pit1 = 2 (T0),  dit1 = o
T w(Ti) #=0(70) T (T

4. Repeat within the subtree (Z;4+1, i1, pi+1,di+1) by increasing ¢ by 1 and proceeding to 1.

5. As i — 0o, we obtain a sequence (E?Z.) (7ty),4 > 1) in T that increases in the sense that

E(()Z.) (7)) € llp; E?iJrl)(T(iH))]] and hence converges. Let ¥ = lim; oo E?Z.) ().

Roughly speaking, this sampling procedure is that we travel along the spine [[p, Y]] and
keep selecting subtrees until the first time we choose a subtree not containing ;) and then
repeat inductively in the subtree until we reach a leaf ¥ in the limit. We show in the following
proposition that there is a spinal subordinator associated with .

Proposition 18 Let X be sampled according to Procedure [1.

(i) Then the process (SE,Fg,B(OZ)) 18 a Poisson point process with intensity measure

ﬁ]ilsh(ds ®dxr®dT) = Z P(s, s;)ds, (da:)Q(sl7.“,82.7178“17.“) (dT)v(ds).
i>1

Specifically, <<SE( ), Fx (1), (02 (t)) ,0<t < 7'(1)> 1s a killed Poisson point process with
killing rate [o > 721 (1 — s;)P(s, s;)v(ds) and (accordingly thinned) intensity measure

ﬁg)bush(ds ® dr @ dT") Z 8P (8,8:)0s,(dT)Q sy .5, 1,5041,...) (dT)v(ds).

(i) Let & = —log X)(t), t > 0. Then €% is a pure jump subordinator with Laplace exponent
®yx and Lévy measure Ay, given by

= /sl Z(l — sHP(s,s;)v(ds) and Ay = ZP(& $:)0_ 1og s, v/(ds). ®)
=1 i=1
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Proof. (i) This proof relies heavily on Poisson point process techniques. We use the terminology
of Kingman [25]. By Proposition [I5], the process (SE(U s Fx s B?E(l))) is a Poisson point process
with intensity measure 77 . Step 2. of Procedure [l can be read and analysed as follows. We
mark some points of this Poisson point process with a selected subtree 7—(52?21)) (t) using the kernel

K(s,x,B';dT") = P(s,2)d{0y)(dT") + > P(s, 1/(S))ds(dT"),

S connected component of B/\{p'}

where B’ is short for (B’, 1/, p/,d’) and T" is short for (T, u”, p”,d"), also S for (S, i/|s, p',d’|sxs)
and {0} for ({0},0,0,0). By standard marking and mapping, we get a new Poisson point process

(S¥w), s, Bgﬁ)), ’Z'(SZC:U)), where Big?l))(t) = B?Z(l))(t) \7'(52011))(15) with intensity measure

> 5i0s,(dz) | P(s, ) Qa0 (dB)o10y(dT") + > P(s, 57)Qguii) (dB")Qs, (dT") | v(ds),

i>1 j#i

where () = (S$1,.++,8i—1,Si+1,.-.) is the sequence s with s; removed and similarly 3(9) is the
sequence s with s; and s; removed.

In Step 3., we set 7(;) = inf{t > 0: ’Z'(Szeil))(t) # {0}}, exponentially distributed with rate

/ ZsiZP(s,sj)V(ds) = / Z(l —sj)P(s,s;)v(ds) < oo,

St i St

note (7). Standard thinning and projecting yields that ((S™(t), Fx (t),B(OZ)(t)), 0<t<T1y))=
((S*W (1), Fy,, (1), Bgezz))(t)), 0 <t < 7(y)) is an independently killed Poisson point process with
intensity measure -, s;P(s, 5;)ds, (dz)Qg) (dB')v(ds), as required for the second assertion.
The rescaled tree 75 = 7252?11))(7(1)) ~ (1 is independent of this killed Poisson point process and

rem

also jointly independent of the pair formed by the bush o) and the rescaled tree 7'(02(1))(7'(1))

that has distribution @), for s; = Fg(l) (T(l)), using the converse statement in Proposition [I5
In Step 4., the induction proceeds on 7; ~ @1, ¢ > 2, all independent of the past, so
this Poisson point process extends indefinitely, but ignores points at 7y + ... + 7, @ >
1. These are exponentially spaced and i.i.d., hence form an independent Poisson point pro-
cess. The independence and distributional properties that we noted identify the distribution of

(5% (m(1y), Fe (1)), B(OE)(T(I))) = (§¥m (T1y), usel(’f(gl))(nl))), B1), and so the intensity measure

Z S ZP(S, 57)0s; (dw)Q(8i7§(i,J‘))(dB/)V(dS) = Z(l — 55)P(s, )0, (dx)Qg(s) (dB")v(ds),
i>1 A j=1
because EZ is obtained by grafting to the same root BE%T))(T(,-)) ~ Qg5 and the rescaled
’Z'(OE(_))(T(Z-)) with distribution @)s,. Standard superposition completes the proof of (i).

(ii) By (i) and standard mapping, (A&”,t > 0) is a Poisson point process with intensity
measure Ay, hence ftz = Afsz is a pure jump subordinator with Laplace exponent ®x. [

Remark 19 In fact, Proposition [I8 (ii) shows that for any Lévy measure A with the form in

[®), we can find a leaf ¥ from this generic sampling procedure with some selection probability
P such that the Lévy measure of its spinal subordinator coincides with A.
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4.3 A procedure to sample a sequence of leaves from a self-similar CRT

In this section, we formulate a special inductive procedure to sample k leaves X1, ..., X from a
self-similar CRT (7, ) with characteristic pair («,v), where

v(ds) = | Y sl(1—s) | vi(ds)

>1 \i>1

for some finite measures v;, j > 1, representing a restricted exchangeable dislocation measure as
in Corollary Bl Clearly, the measures v;, j > 1, are absolutely continuous with respect to v. We
denote their Radon-Nikodym derivatives by f; = dv;/dv, j > 1, and define selection functions

old (g ¢} — A R old Z£>k+1 z( = 5i) fe(s)
P ( ’ z) —; 1(1 z)f@( )7 Pk—i—l( )— ZZZk Z( Si)fz(S)

new . g.) = Sijfk(S)
P (s, 84,85) = Zézk sf(l — 5i)fo(s)

Procedure 2 (0) To sample ¥; in the whole CRT (71, 11,0, p1,2,d1,2) = (T, 1, p, d) we use
step (k,2) for k = 1.

(k,@) Sample leaf ¥, in 7}, & according to Procedure [I] using the SPF PP old " Then increase k by
1, set B = [k — 1] and 7 p = 7, and proceed to step (k,B).

(k,B) 1. We are provided with ¥;, i € B # &, embedded in 7}, g, and denote the branch point
that separates the labels in B into several subtrees by v p, given by

Lok 5, vk.8]) = [ )[[ox.5, i)
icB

2. Conditionally given (7, p;3;,7 € B), we consider the spine [[p; 5, vk g[[= {v,g’B(t), 0<

t < v, 5} and pick as Ty pr either a new subtree S above some vg’ p(t) with probability

P (Tip = S|TipiTisi € B)

new v Iu S O v
S| 57 (), Fuy (1), ’“j” 11 P25 (572 (), Fue s ()
[k, B <T(Uk B)(t—)) <t

or a new or old subtree & above v g with probability

P (7%,]3/ = 5‘77@,13; Y1 € B) = b5 (S H P (S (t), Fyy (1))
[k, B <7(?,k B)( —)) V<Ck,p
where B’ = {i € B : ¥; € §} and new/old means with/without any %;, i € B.
3. Let g =inf{t >0:Tp p NT. (t) = @}. We turn 73 p' into a CRT with rescaled

Vk,B
mass measure, root and rescaled distance function as follows:

dk),B |7;<:,B’ X,Z;c,B’
(e,5(Te5))"

1k, BT,

o) P = k() e =

KE,B =
4. Repeat within the subtree (7 g, pik, 5/, P, 5'> i, B’) by proceeding to step (k,B’).
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From Proposition [I8 we obtain the following by straightforward arguments.

Corollary 20 Sample (X, k > 1) following Procedure [4. Let vy, be the branch point in T that
separates [k] into different subtrees, k > 1. Then ((Szk( ), Fx, (1), B?E )( )) 0<t< <Uk) is a

Poisson point process with killing rate A\ = [¢ > 524 ZZ | 85(1—s;)v(ds) and intensity measure

Vlgu)sh(ds ®dr @ dT) Z‘Ssz dz)Q(sy,....55 1,5111,..) (AT ZS 1 — si)ve(ds). 9)
i=1 l=k

Note that Ay = 0, so in this case, the Poisson point process is not killed and Corollary
describes the whole tree 7 jointly with ¥;, decomposed along its spine [[p, £1[[. For k& > 2,
Corollary 20l describes a spinal decomposition along [[p, vk[[, except that the subtrees above vy
are not described. We will do this in Lemma 2] below, using more refined arguments.

Proof. The case k = 1 follows straight from step (1,2) of Procedure [2 and Proposition I8 We
then proceed by induction in k. Assuming that the statement is true for k, step (k + 1,[k]) 2.
and standard thinning with probabilities P,‘gfl(s, s;) yields

o

~(k

}(Ju—si_hl)(d8®dx®dT E : /g-lsl S Sl S5 dw)Q(517___,5i7175i+1, E S 1 — 8 Vf dS)
{=k

as claimed, and an extra rate [g > ;5;(1 — P (s,80)) D002, sb(1 — si)ve(ds) is added to the
killing rate A, from the induction hypothesis. This completes the induction step. O

To identify the distribution Q[lk] of (7T;%;,i € [k]) constructed according to Procedure 2l run
up to some k > 2, we study its branching structure recursively by specifying the first branch
point vy that separates [k| into several subtrees denoted by ’Tg[k] with label partition IT*¥l and
a remaining bush B of unlabelled subtrees, with joint relative subtree sizes S Kl e S, For
x € (0,1] and B = {by,...,bp} C N with 1 < by < ... < by, it will be convenient to denote
by QF the distribution of a rescaled and relabelled version of (7;%;,i € [k]), where the mass
measure has been multiplied by z, the distance function by %, and ¥; is renamed to Xy, i € [k].

Lemma 21 The first branching of (T;%;,1 € [k]) separating [k] and associated subtrees described
in CP* = (S[M,H[M,TM,BW) are independent of C;™¢ = ((SV(t), Fy, (), B(U )(£)),0 <t < Gy,
with distribution given by

P(SH e ds, T = 7, (T¥; 25,0 € m) € dT, ..., (TW; 54,6 € m,) € dT;, By € dB')

T

1 T Ay
=5 Y Qstrn @B [[s7™QT (dTy) | vin(ds),

i1,...,ip distinct /=1

where T = (m1,...,7) € P and m = minme — 1, also 8Uir) s s with sq,...,s; removed.

T

The kernel #is 7 (dT1 ®@---®@dT, @dB') = 37, i gistinet @ati1mim) (AB') [Tj=y S#MQ” (dTy) is
a fancy paintbox that equips each block under kg with a tree and embeds the labels for me k.

Proof. For k = 1, this is trivial since v;1 = X7 is a leaf. Now suppose that the result holds for
all [j] C [k], and consider k + 1. In our use of standard Poisson point process arguments as well
as in extracting from Procedure[2 as from Procedure[I] we build on the proof of Proposition [I8l

For m € Pry1 \ {141}, let Ap = {11l-+1 = 7} be the event that vy splits [k 4 1] into .
The simplest case is for 7 = {[k], {k + 1}}. By Corollary 20, the decomposition of 7 along the
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trunk [[p, vg[[ is given by the Poisson point process ((Szk( ), Fx, (1), B?Ek)(t)> 0<t< Cvk) with

intensity measure (@), killed at rate A, = [ > o) ]Z 11 s¢(1 — s;)vg(ds). By comparison with

the statement of Corollary 20l for k+1, we see P(A ) (k+1}}) = 1= A/ Aky1. Conditionally given
A{[k],{k—i—l}}y the distribution of (Szk (Tk—i-l,[k})y ng (Tk-i-l,[k])y BE%I:) (Tk—i-l,[k})a 77:—?-11,[19] (Tk-i-l,[k])) is

ZZ (s, 84, 8)0s, (dx)Qgi) (AB) Qs; (d (aT") Zs (1 — s;)ve(ds)
=k

)\k+1 2>1 j#

ZZ(SSZ dz) Qg (dB")Qs, (dT" )s¥ s (ds), (10)

DY
ktl ™ 1=1 j#i

independently of the rescaled (’Z'(%k)(TkHM); ¥, 1 € [k]) that has Q[lk] as conditional distribution

given Ay (x+1}}- Note also, that the embedding of ¥y in the rescaled ’Z;H_l (k] (Thg1,[x]) Yields
1}

conditional distribution Qilﬁ given A (k4+1}}, and that by standard thinning arguments

these are conditionally independent of ((Szkﬂ(t),ngH( )s B(Ek )( )) ,0<t< Cle) given
A{[k],{k—i—l}} Multiplying by P(A{[k},{k-‘rl}})v this yields the result for 7 = {[k‘], {k‘ + 1}}

Now consider any other 7 = {m1,..., 7} € Pry1\{1jp41]} and write m = minme—1 € [k—1].
Note that also m = minmy N [k] — 1. By the induction hypothesis, the collections CprC describing
the spine to the branch point separating [k], and C describing the branching and rescaled
subtrees, are independent. We read and analyse Step 2. of Procedure 2] by marking C}zm as we
marked the Poisson point process in the proof of Proposition [I8 and similarly and independently
selecting a new or old subtree S above v, with probability

1,8 (S) .
Ik, B ('7(?% B)(t—))

iy (Tsel - S‘Tka; i € B> -

pre -

Then A is an intersection of two independent events A, = A} N AP given by

AP = {731 = {0} for all 0 < ¢ < (, } and AY = {Lx(T*) = m(y1) N [K]},

where L (S) = {i € [k] : ¥; € S} and 7(;41) is the block of 7 containing k + 1. By construction,
(CP°, AP™) and (CPr, APr) are also independent and, since the random variables used to embed
Ykt1 in 75 are conditionally independent of (C}jre,Apre) given 7%, also C}¥ ", is independent
of (CP*, APY), hence of C}* "1, since on AP we have CP* = = CP'. The distribution of C* 'L, now
follows from the conditional distribution of 75¢ given CP e the recursive nature of Procedure
and the stability of the procedure under increasing bijections from [j] to other sets B C N with
#B = j that allows us to apply the induction hypothesis to obtain that the embedding of ¥4

in the rescaled 75 ~ Q yields a tree with rescaled distribution QBU{kH} as required. O

Corollary 22 (Subtree decomposition along a reduced tree) The discrete tree shapes T,
k > 1, of the reduced trees R(T;%1,...,%k), k > 1, are labelled Markov branching trees with

L / ks(P™ )vm(ds), where m = minmy — 1. (11)
5l

P = m) = 5
k

Conditionally given Ty, the processes ((SP(t), Fp(t),B%(t)),0 < t < (g), B € T, where we
parametrise {v € T : Li(T,) = B} = {vp(t),0 < t < (g} in homogenous time, are independent
with distributions as in Corollary [20, pushed forward under increasing bijections [#B] — B.
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Conditionally given Ty, in particular TIP = 78 = (zf,...,78) with mP = min78 — 1, the
variables (SB,FW1B7 .. 7FnP7BB)7 B € Ty, are independent of everything else with distribution
! S Quern(dB) ]L[s#’ffa (dzg) | v,,5(ds)
AgpP(I1F =) i1, distinet st =1 (R
The tree (T;X%1,...,%) with k leaves embedded via Procedure[d is a measureable function of the

random variables (Ty; (Fg, S, Bg), (SB(t), Fp(t), B%(t),0 <t < (p)), B € Ty) specified.

Proof of Theorem [6l We will show that Procedure 2 provides an embedding for a restricted
exchangeable hierarchy as in Corollary [, provided that [ (1 — s1)v(ds) < co and v(sy > 0) =
Cj:k?j:(),jZL

A restricted exchangeable hierarchy is uniquely determined by its restrictions to [k], k > 1.
But the formula for x in Corollary [l is identical to (III), hence the hierarchy constructed via
Procedure [ is a restricted exchangeable hierarchy associated with (vj,j > 1) embedded in a
CRT with characteristic pair (a, V), as required. O

5 Scaling limits, proof of Theorem [7|

5.1 Asymptotics of block numbers in Gnedin’s constrained partitions

Before we describe Gnedin’s framework and provide a slight extension of his asymptotic study,
let us establish the renewal theory result that we need for this.

Lemma 23 Let Ny = #{n > 1: Xj + ...+ X, < t} be the renewal process associated with
independent and identically distributed X; > 0. Then for allp € N

NP
limsup E ( ) < 00.

ot
t—o0 tP

This is not a deep result, but we have been unable to find it in the literature and hence provide
a proof here. This can no doubt be strengthened to a pth moment renewal theorem extending
the first moment Elementary Renewal Theorem, but we will not need such a stronger statement.

Proof. The case p = 1 follows directly from the well-known Elementary Renewal Theorem for
E(N;). To prove the general case inductively, we define ¢;(t) = E(N/) and consider the strong
induction hypothesis: for all t > 0,

J
g;(t) < Zajk(ql(t))k for all 1 < j <p—1 and some a; > 0. (12)
k=1

This is trivially true for p = 1 and p = 2. Let F be the distribution function of X; and U be

the renewal function i.e.
1 t t>0
Ut = +aqi(t) t>0,
0 t<O0.

To show the induction step, we condition on the first renewal time X; and obtain the renewal
equation
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where * denotes convolution, i.e. V x W(t fo (t — s)dW(s), in the sense of Stieltjes
integration. Let F*(M) be the distribution functlon of T, = X1+ ...+ X,, m > 1. Note that
p

E[N/] = E Z Lir,.<t) =E Z Z 1{Tmaxlsi§pmi§t}
m>1 mi=1 mp=1
< S P = 33wk + P ) < 3 k((n + DR )
m=1 n=0 j=1 n=0
< S k(R (PO (t))", for all k> 1,

where the last step used the monotonicity of G = F*) in a simple estimate of the form

(G @)t /G*v D(t — 5)dG(s) < /Ot(G(t—s))’“‘ldG(s)S(G(t))’”, (13)

using induction in 7, but which is also probabilistically obvious in its interpretation in terms of
random variables. Choose k large enough such that F**)(t) < 1, then we deduce t — qp(t) is
locally bounded. Therefore the renewal equation has as its unique locally bounded solution

qp_F*U+Z<j>q]*F*U

7=1

and particularly ¢ = F *« U. Then using the induction hypothesis and we obtain

p—1 — p—1
<F*U+Z< ) (Z%kql *F*U) <q1+z Z< )a]kql*ql

j=1 k=1 \j=k

Applying an argument like (I3]) to G = ¢; and r = k + 1, we see that the induction proceeds.
As the Elementary Renewal Theorem guarantees p = lim sup,_, .. q1(t)/t < 0o, this completes

the proof, since now

(q1(8)"

t
qP( ) < lim supZapk 10) = appp’ < o00.
t—o0 t—o0 b1 tP 0

NP
limsup E <t—;> = lim sup —=

t—o0

Gnedin [15] introduced a constrained paintbox based on a strictly decreasing random sequence
(Gk,k > 0) in [0,1] with Gy = 1 and limg_,, Gx = 0. Specifically, he considers a sequence
(In,n > 1) of independent uniform random variables on [0,1] independent of (Gi), but then
associates a modified sequence (Tf,n > 1) that is constrained so that its lower records follow
(Gk, k > 1) with multiplicities given by a sequence ¢ = (¢, k > 1):

e set Tf =...= 751 = (31, then we have n = 1 modified variables, KY = 1 record has
attained its multiplicity according to ¥ and the next record has been attained RY =0
times;

e given (Tif, e ,7:), KY=k>land R\ =r¢c {0,...,%K11 — 1}, proceed as follows

— if Inyy € [Gro 1), let Ty = Ly, KnH_K and RY, | = RY;

)and r < Ypiq —2, letInH Gk+1,K+1—K ananH—R%—l—l'

n

—if In+1 c [0 Gk
— if Tyq € [0,Gy) and r = yq — 1, let To = Gryr, KYyy = K + 1 and RY, | =
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Eventually each Gy, will appear 1 times as lower record in (72, n>1). Let Jff = K}f +1 (RY>0}
be the number of records attained by the n first terms of the sequence. Gnedin obtains the
asymptotics of JY when Gr =Y1 .Yy, where for k > 1 the Yy, £ > 1, are independent and
identically distributed in (0,1) with finite logarithmic moments E[—log Y]] and Var(—logY7).

Here we drop the requirement of the finite logarithmic moments.

Lemma 24 Let G =Yy --- Yy, where the Yy, k > 1 are independent and identically distributed
n (0,1). If ¢ = (Y, k > 1) is such that Y, € N, k > 1 and

log Zq/}j = o(k), as k — oo,

then
JY 1

li =
oo logn  E[—log Y]

in the sense that this limit vanishes when E[—log Y] = co. Furthermore, for everyp > 1,

( . >p]
< 0.
logn

Proof. The case Var(—logY;) < oo, and implicitly also E[—1logY;] < oo, has been shown
in the proof of [15, Proposition 8]. We only need to handle the case when E[—logYi] = oc.
Following Gnedin, we define J), = #{k > 1: Gy, > 1/n} = #{k > 1: Zle(—log Y:) < logn}.
According to the Renewal Theorem [13, Theorem 4.1, Chapter 3|, J;/logn — 0 a.s. when
E[—logY;] = oco. Let I, < --- < I, be the order statistics of Ii,...,I,. Define ¢, by
Ieon < 1/n < I¢,  n. According to Gnedin’s discussion, J; and ¢, are independent, ¢, is

binomial(n, 1/n) and JY < J] + (n. By Markov’s inequality, we have for all € > 0,

E 20n /€ 1 2/6_1 n
]P’(Cn>elogn):]P’<eQC”/E>n2)S%:E 1+ 2 - .

limsup E

n—oo

Thus, we have 7, P((, > elogn) < co. The Borel-Cantelli Lemma now implies that

lim ¢,/logn =0 a.s.

This gives us limsup,,_, Jff/ logn = 0 when E[—log Y] = oc.
For every p > 1, note that

[(Z) ] <2 (B <o (e ()] o2 () )

The first term is bounded due to Lemma 23] and the second term converges to 0 because the
moments of of (, are bounded. O

5.2 Special branch points and their asymptotics

We consider the setting of Theorem [, where for some fixed m > 1, we have v; = vy, for all
j > m. In this setting, the selection probabilities of Section [£3] for k¥ > m + 1 become

PM(s,si)=s; and PP(s,s;,s;) = s;.

It is now easy to see that the sampling procedure in (7, ) can be simplified in this setting so
as to combine for each k > m the steps until #B’ < m into a single selection according to u.
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Procedure 3 Use the steps of Procedure 2] but replace for & > m steps (k,[k — 1])1.-2. by
1’. We are provided with (7;%; € [k]) and sample X} | ~ p.

2'. We consider the spine [[p, ¥5,; [[= {£;%,(t),t > 0} in homogeneous time and set
T = T&ZH)(T,’;), where 7 = inf{t > 0 : #Ek(’T&ZH)(t)) <m}, B' = ﬁk(’l’(%z+l)(7',:)),
where Li(S) = {i € [k] : ¥; € S8} is the number of labels in S C 7.

Theorem [7] describes the convergence of unlabelled trees. In fact, more is true and it will be
instructive to study approximations of the spines [[p, ¥;[[, 7 > 1, in (7;3;,7 € N) by discrete
spines {B € T, : j € B}, n > j > 1. In the proof of Theorem [7] we will need to control these
uniformly in j > 1. In the exchangeable case of [20], these spines can be regarded as independent
uniform samples from a strongly sampling consistent regenerative interval partition. In the
restricted exchangeable case here, the analogous partitions are no longer regenerative (except
for j =1, and for j = 2 if m = 2) and the sampling is not uniform. However, both features are
still present on parts of the spine and we will cut the spines at certain special branch points.

Fix j > 1. A branch point v € [[p, ;][ is called special in (T;%;,i € N) for [[p, £;[[ if some
or all of the m smallest labels £(7") in the bush 7Y above v are not included in the subtree
’Z'(%j)(d(p, v)) above v containing ;. Note that a branch point is special if the m smallest labels
split or if j splits from the m smallest labels. Therefore, a branch point that is special for [[p, ;][
and an element of [[p, ¥ /([ for some j' < j may not be special for [[p,X;/[[. For the analogous
notion in (7;%;,7 € [n]), for n > j, we write

NT(LJ') = #{v € [[p, &;][[: v is a special for [[p,X;[[in (T;%;,7 € [n])}

for the number of special branch points, and 7 = inf{t > 0 : #ﬁn(’f&j)(t)) < m} for the
homogeneous time when the label set first has fewer than m elements. The significance of this
time is that up to this time, all branch points that are special in (77;%;,7 € N) will also be special

in (7;%;,7 € [n]), but this fails afterwards. We introduce v = inf{t >0:%, ¢ ’T(Ozj)(t)}, the
homogeneous time when X, leaves the spine [[p, %;[[. Recall A" (z) = 7*(S* x (0,e~*)) and also
set Ap(z) = ﬁéi)sh(Sl x (0,e7%) x H), k > 1, in the notation of Lemma [I4] and Corollary 20l

Proposition 25 Let (vj,j > 1) and v be as in Theorem [@ and (T;%;,i € N) an embedding
according to Procedure [2. Suppose furthermore that there is m > 1 with vj = vp,, j > m, and
that vy (s1 <1 —€) = e *(1/€). Then,

(i) for all j > 1, we have Néj)/(no‘é(n)) S

n—oo

(ii) for every p > 1, we have limsup E [(N,S")/log n)p] < 00;

n—oo
(iii) for every p > 1, there exists a constant Cp*°° such that for all 1 < j <mn and z >0

spec
Cp

$pno¢p—l :

P <N,(Lj) > 2z max {Kl(n_l),K*(n_l)}> <

Proof. (i) Let us consider N,(LD first. We will study the asymptotics by relating this to the
setting of Lemma [24] and will use the notation there once we have identified (G, k > 1) and .

Recall that X(El)(Vi(l)), 1 > 2, are the residual masses of the subtrees containing 3; when ¥;
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has left the spine [[p, ¥1[[. Let Y%, k > 1, be independent copies of X(x, (7 T(n)) the residual mass

of the subtree containing ¥; at the branch point separating [m], and Gy =Yy -+ Yy, k > 1.
We introduce the filtration

FO@#) = o ((521(8),le(s),zs(ozl)(s),.cn(zs&l))), s < t) . >0,

of the spinal Poisson point process (Szl,Fgl,B?E )) studied in Proposition [I8 augmented by

label sets Of spinal bushes derived from embedded leaves 3q,...,3,.
Let H{' #{ ,m < i <mn}. Then HYY =1 is the initial state, we will also consider

(T,g%),X( ( ) HL ( (21)( (1)))). Now let n > m + 1 and write V(j) = min{T(j) V,gj)},
n > 1. Conditionally given f( ) L (7, (v ), in particular (X(gl)(v(l)) X(gl)(V( ) 1)s H(l) =k

Th-1
and #En—l(T(Ozl)(Tr(Ll—)l)) = (, the argument to establish Procedure [3] can be used to simplify
Procedure 2 to only combine the steps until 1 ¢ B’ or #B’ < m; so sample a leaf ¥ ~ u, define
Vi =inf{t > 0:1¢ L, 1(T, (1))} and

—if VTE}*) ( ) set T —-1,B’ = TO

Tn=1 (Zl)(vrg’l*))’ note HT(Ll) = k) TT(LI) = 151_)17 #ﬁn(gzgl)(Tr(Ll))) = E;

—if V,g}*) > T,Sl_)l and £ < m, set T, 1 p = 7-((]21)(7'7(11—)1)7 note H,(Ll) = k, Tr(Ll) = 7'7(11_)1,
HL(TY () = €+ 1;

—if V,El*) > 7',&1_)1 and ¢ = m, then sampling of ¥, in the rescaled subtree ’Z'(% )( 7V ) is

n—1

independent of f,gl_)l(Tr(Ll_)l) and by the same procedure as Y, is sampled in 7, therefore

—(1), d —(1 d
X(El)(viz )) = X(El)(V;—)ﬁYkH = Grt1,

note HY = k+1, T D 7(1)1 LA independent of .7-",21_)1(7'( ) 1), and #L,, ( )( (1))) < m.

The third case suggests to consider (Vy,k > 1) 4 (m — #EWHI(T(O )(TI%L ),k > 1), where

Wi =inf{n > 1: aY = = k}, independent of (Gg, k > 1). As (G, k> 1) = (X(gl)(V(Wl) kE>1),
it is now straightforward to show that the dynamics of HT(L ) and J;LI’ m41 are the same, hence
there exists a sequence (I;,7 > 1) of independent uniform random variables on [0, 1] and an

independent random sequence ¥, each member taking values in [m] such that for all n > m
<H7(n)7 H(l)) i (qulv Jr\? m—l—l) (14)

Now note that n € N with Wy, < n < Wy can only yield a new special branch point if
V,g}*) > 7'7(11_)1, i.e. in the middle case of the procedure above, but after at most m — 1 such steps,

1)

the third case will apply and HT(L will increase. Therefore,

N < muH®D. (15)

Lemma [24] ensures H,gl)/logn — 1/E[—log Y1], therefore N,Sl)/(no‘ﬁ(n)) — 0 a.s. as n — 0.
Now consider N,(lj ). For Jj =2 letv; = Eg()\?) be the spinal branch point at homogeneous

time )\? = inf{t > 0: L, (’Z'(% )( )) = {j}}, when j becomes the smallest label of its block;

note that ¥,...,%;_1 are in spinal bushes of [[p, ¥;]] below or at v;. Clearly #L, ( )()\j)) <
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D

n—j+1, so the number of special branch points on ]Jv;, 3;]] will be no larger than N(

(N,gl), k>1)= (N,gl), k >1). The number of special branch points [[p, v;]] is N(J) Therefore

41 where

NG < N9 4§ <+ KO

n—j+1° (16)

Hence the convergence for NY )/ (n*¢(n)) follows.

(ii) To study N,(Ln), we will identify new families (G, k > 1) and ¢ different from the ones
in (i) and again apply Lemma 24l Let b(j ) = EO(ng )) be the first special branch point in the
spine [[p, ¥;]]. By Procedure 3] X(g (X3 (g )) X(g*)(xg )) for all j > m+ 1. Also, note that ng)

is determined by (7:%;,1 € [m]; X7). AS X7 is sampled according to p in 7, we have

X5, (") = Xz (67 o) = X, 60 (17)

Let Yy, k > 1, be independent copies of Xy, +1(Xgmﬂ)) and consider a constrained painbox

associated with G =Yy --- Yy, k> 1, also ¢ = 1, k > 1. We claim that for all n > m + 1, and
every x > 0,
PN —m +1>z) < P(J;Lp_m > x). (18)

This formula holds for n = m + 1 as N,(nnﬁl) —m+1<JV =1 Suppose (I8) holds for all
n < j—1. For n = j, the first spec1al branch point bgj) on the spine [[p, ¥;]] is located on
the spine [[p, bgl)]]. Fori=m+41,...,5—1, let T(% )(Vi(l) A Xgl)) be the spinal subtree of T
containing Y; rooted on a branch point on the spine [[p, bgl)]], possibly at bgl) itself. By Procedure
B X e T(OZ_)(V(D (1)). We can express the number Ml(j) of leaves in {,,41,...,%;-1}
(@) g

belonging to the subtree containing 3; above branch point b;
MY = (i€ {mr1,. -1 % € T8 (W)} = #{i € {mt1,...j-1}: SF e T8 (7))

As ¥} 44,...,X]_; are sampled according to p and X(Ej)(xgj)) 4 X(Zmﬂ)(xgmﬂ)) 4 Y1, by

E [(j - 7: - 1> (X(zj)(xgj))> <1 - X(zj)(xg )))j e 1}
_ E [(j N 7: N 1) YFQ - Yl)j—m—k—l] =P (M;?’_m = k:)

forall0 < k < j—m—1, where Mw m 1S the number of Tf, N J ., hitting the interval (0, G1).

Let N}j)(xgj),oo) N(J) — 1 be the number of special branch points in Hbg ),Zj]], and
Jf_m(O,Yl) = J;P_m 1. Given Ml( 7) = k, we have #EJ(T(OEJ_)( g ))) § E+m<j—1. Hence, we
obtain by the induction hypothesis applied to the rescaled (’T(Ozj)(xg])); i, 1 € #L; (’T(Ozj)(xg]))))

)

P (M) =)

P <N](j)(xgj) o0) —m+1> :E‘Ml(j) = k‘,)

< P(NE —ma1>a) <P () >a) =P (), 00) > @ M, = k),
and then
P(ND —m+1>2) = ER(NVO00)=m+1>0—1|M?)]

E[P(7),,0,1)>2-1 (Mj’_mﬂ —P (I, >2).

IA
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Now (I8)) is clear and we deduce that E [(N,(Ln) —m+ 1)”] <E [(J:f_m)p] for every p > 1.

The result in (ii) now follows from Lemma
(iii) Formula (I8]) implies that for every p > 1 and z > 0 and z, = rmax{A;(n~!), A*(n™1)}

P(ND >25) < P(NY >2)+P (N, > 2)
E [(N](j))p] E |:(j\77(11—)j+1)p] - Cp(logn)P

p + p p

< <
Zn Zn Zn

The last line is obtained by Markov’s inequality. Lemma [24] and the result in (ii) gives the upper
bound for the first probability, while (I3]) together with Lemma [24] gives the upper bound of the
second one. As Aj(y) ~ y~*0(y) and A (y) ~ y~*¢(y) as y | 0, the result in (iii) follows. O

Procedure Bl and the notion of special branch points are also useful to show that the embed-
ding uses the whole CRT (7,u) and does not leave any subtrees of positive mass unlabelled.
One way of making this precise is to say that the reduced trees converge to the CRT:

Proposition 26 In the setting of Procedure [3, we have
R(T;%;i€[k]) - T a.s. in the Gromov-Hausdorff sense as k — oo.

Proof. Let ¢ > 0. Consider [[p, X1][ and the associated spinal mass partition [2I]. Here we
denote by P the distribution on S' of the masses of spinal subtrees that are greater than e.
Let o) = inf{t >0: ,u(’T(OZl)(t)) < e}. Note that Wy := inf{n > 1: M > aél)} < o0 a.s., by
the previous proof. By Procedure[3] leaves X7 and ¥, are in the same subtree of [[p, ¥{(0.)]] for
each n > W1, in particular each subtree of mass greater than ¢ is selected with an asymptotic
frequency greater than €. Inductively, we use Corollary and leaves selected according to
Procedure [ to further split according to scaled 1P each subtree of mass greater than e.

After a finite number of steps, all subtrees have mass less than ¢, e.g. because a homogeneous
mass fragmentation process (Fy, ¢ > 0) in St with finite dislocation measure V2P satisfies F; — 0
as t — 00, see e.g. [, Equation (4)], and so only has finitely many splits before |Fy(t)| <e. O

Using arguments of [30, Corollary 23], we can also show joint a.s. convergence in the Gromov-
Prohorov sense of weighted trees (R(7;%;,i € [n]),n 1> d%,) — (T, p).

5.3 Convergence of reduced trees and large deviation estimates for spines

By Corollary 22 reduced trees R(7;%;,i € [k]) of self-similar CRTs with labelled leaves em-
bedded according to Procedure Bl can be assigned subtree masses on edges (parts of spines) in
terms of Poisson point processes and associated spinal subordinators, and away from existing
leaves, sampling of new leaves is according to subtree masses. To study the asymptotics of the
number of spinal branchpoints, we will need the following refinement of results in [16], 20].

Lemma 27 Let £ = (&,t > 0) be a pure jump subordinator with Lévy measure A satisfying
A([z,0)) = 2=%(1/x), © | 0. Let (¢,7,7") be any random variables on [0,00)? x [0, o] with
7 < 7. Let (V;,i > 1) be any random variables conditionally independent given (£,e,7) with

P(Vi<t|é&er)=1—eF and P(Vi>71+v|€e1)=e %, ©v>0,

and K, (e,7,7") = #{V; : 1 <i<n,7 <V; < 7'}. Then

/ e
Kn(gvTvT ) ) — / eXp(—Oé(€ + Ev))d’u a.s. asn — oQ.
0

I
0o n(n)I'(1l -«
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If furthermore A([zy,0)) < Cay 2A([x,0)) for ally > 1 and 0 < x < 1, and some o > 0, then
there is a constant C,, for all p > 1/, such that for allx > 1, n > 1 and all (¢,7,7") as above,
but with the additional property that v/ = 7+ 71" for a stopping time 7" for a filtration, in which
& 1s a subordinator,

> (1+x)Y(e, T, T/)> < —X (19)

K,(e,7,7")
F <n°‘€(n)F(1 —a)

[7_/_7_} o0 .
1)V
where Y (g,7,7') =1+ (1 + Ay)Cx Z exp(—o(e +¢&;)) with Aq =2 Z (j(j+)1)
j=0 J=1

This lemma is an extension of [20, Lemmas 8 and 12], which we recover as the special case
7 =¢ =0 and/or 7 = oco. The proof is also essentially the same, but since this result is more
general, we reproduce the proof rewritten in the present generality in the appendix.

Proposition 28 Let vy,..., v, be conservative with v(sy < 1—¢) = e *4(1/€), where v is as in
Theorem [8 with vj = Vp,, j > m. Let R(T,%1,...,5,) be an R-tree sampled from a self-similar
CRT (T, p) with index o and dislocation measure v by Procedure[3, let (T),)n>1 be the associated
labelled discrete restricted exchangeable Markov branching trees with unit edge lengths. Then

R(Tm [k]) a.s.

YT T R f— R(T,%q,...,%) in the sense that all edge lengths converge.

In particular, the delabelled trees (R(Ty, [k]))°, n > k, converge in the Gromov-Hausdorff sense.

Proof. Consider k£ =1 and denote by D'V the length of R(T,,{1}).

Ifrn=---=vyu_1 =0, then X4,...,%,, are always in the same subtree in 7, then 7'1(1
cee = 7'7%) = o0o. Conditionally on the subordinator ¢! associated with leaf ¥;, the leaves
Y41, .-, 2p are sampled according to p along the spine [[p, ¥1[[. Hence applying Lemma 27]
the convergence result is straightforward.

Now suppose that at least one of v1,..., v, _1 is non-zero. By Procedure[3], each X; is either

placed in the same subtree of [[p, ¥;[[ as ¥} ~ p or contributes a special branch point. Now

) =

D — #{Vi(l),l <i gn} <1+ N +#{Vifi),2 <i Sn}, (20)

with Vl(i) =inf{t >0:1¢ En_l(’f(%*)(t))}, where Lemma [27] yields the asymptotics of
K,gl_)l(0,0,oo) = #{Vifi)ﬂ < i < n}. Together with the asymptotics of N,(Ll) obtained in

Proposition 25 this yields

. Dy’
lim sup

oo 5
n—oo n(n)L(1 — ) S/0 exp(—agi)dt  as. (21)

On the other hand, no special branch points are created for n >[4+ 1 > m + 2 below Tl(l), S0

pW z#{vi(” 0 < v §Tl(1),l—|—1§i§n} :#{Vif?:o<vifi) §Tl(1),l+1§i§n}.

(1)

At least one of v; #0, j <m — 1, so T’ < 00. By the proof of Proposition 25 Tl(l) — 00, SO

it 25 o e P Vi Su0 1< i<n) [ expt-agiy
1m 1n su 1m 1n ’ ’ = exp(—« .
n—oo nU(n)l'(1 —a) — lZmlE)i-l n—oo n(n)I'(1 — «) 0 P ¢

Combining this with (21I), the convergence for DS) follows and establishes the result for £ = 1.
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Next, consider k > 2 assuming the result for 1,...,k — 1. For the branch point v; adjacent to p
in R(T,%1,..., %), set DIl = d(p,vy), with homogeneous time ¢, given by

Cu
DI :/ ’ exp(—ag ™ )dt.
0

Let D,[Lk} be the height of the branch point adjacent to the root in R(7),, [k]), then D,[Lk} —1is the
number of distinct branch points of R(7,34,...,%,) belonging to [[p, vk[], i.e.

DM =142V 0<vW <, k+1<i<n}
If2<k<m,then1l< D,[,]?L} < m — 1 and, by the same argument as for &k = 1,
E100,0,6,) = #VD VD < gom+1<i<n} < DF <m+ K, (0,0,¢,).  (22)

If k> m+ 1, then DM -1+ #{Vl(i) : Vl(i) < Gy, k+1 <i<n}. Inall cases, by Lemma 27]

D
naé(n)l“(l — a) n—oo

Co
/ ’ exp(—ag>t)ds = DIFL,
0

So the renormalized length of the root edge of R(T),,[k]) converges as required.
Now argue conditionally given that [k] is first separated into II¥! = (71,...,m,). For all

n>k+1and 1< j<r, denote by Bj(n) = En(’Z}W) D 7 the jth block of the partition at vy,

in (7;%;,i € [n]), and by T, ik; the corresponding subtree of T,,. By Lemma 21| Procedure [3] and
the Strong Law of Large Numbers,

—#le'(") (M, 1<i<n

and the Induction Hypothesis yields convergence of the remaining edge lengths, for 1 < j <r

(K] (]

R(T, ;,m5) _ (#Bi(n)U#B;(n)) R(T, 5, ;)
n*(n)I'(1 - a) n®l(n) (#B;(n))*t(#B;(n))L(1 — a)
S (W) R S € ),

in the sense that all edge lengths converge, which implies Gromov-Hausdorff convergence. [

While the arguments of the analogous but much more specific [30, Proposition 22] do not
apply here in cases where the densities f; = dvy/dv are degenerate, we can now deduce from our
Proposition that in the setting of Proposition here, delabelled trees converge a.s. when
taking double limits

o (R(T[RD)
kh_}n;O nh_)ngo nU(n)L(1 —a) T

in the Gromov-Hausdorff sense a.s. (23)

Theorem [T}, instead of restricting to [k], then letting n — oo and then & — oo, considers n — oo
directly, at the cost of weakening the mode of convergence to convergence in probability. To
prepare the proof of this otherwise stronger Theorem [7] we study the spines [[p, ¥;[[, j > 1.

Recall that we denote by A; and A* the Lévy measures of the subordinators ¢>' and &>
generated, respectively, by the first embedded leaf 1 and by a leaf ¥* sampled according to pu.
For k > 1 and n > k, denote by D the length of R(T,,{k}).
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Lemma 29 For all p > 0, there is a constant C';,’, > 0 such that for allk>1,n>k and x > 1

G

rPnor—1 ’

P (D) > 2(1 +2)(2 + Zy) max{Ka(n ™), K (n7)}) <

where Zy, = m + (1 + Ay) max{Ch,, Ca~} <m + Z (X(Ek)(z'))9> has all moments finite.
=0

Proof. For k = 1, we use (20)) to write DY < 2(D(1) 1) < 2N, +2K( )1(0 0,00) and deduce
from Proposition and Lemma that forallp>0and alln>1,z > 1,

P (DY > 201 +2)2+ Z)K(n 7))
Cspec C(l)

rPnop— 1

<P (N,QU > (1+2)2R; (n_1)> +P (Kff_’l(o, 0,00) > (1+ $)21K1(n_1)> <

Next, consider 2 < k < m. Recall that we denote by Li(S) = {i € [k] : £; € S} the set of
labels in a subtree S C 7. We set ’y,(gk) = 0 and split the spine [[p, [[ at homogeneous times
’yj(-k) =inf{t >0: #ﬁk(’f(ozk)(t)) < j}for k—1>j>1, some of which may coincide. Repeated
application of Corollary 20, Lemma 2] and arguing as for (20) yields that

DI < 2D ~ 1) < 2N + 265D (4 0f), 1Y, >+Z2 9 (16,40 4,)

where K 7(119_%) <§ Xk (’yj( )) ’yj(k) , ’yj(-k)1> is as in Lemma[27] but here associated with the subordinator

glnd) — ézkj(W(k) - 521”( (k )) that has Lévy measure A7) = A; and with random variables
‘/i(k’] mf{t >0: Ek—l—z ¢ (Ek,j)( )}7 @ > 1, where Ekvj = Y if £ = min £k(7—(% )(Wj(k)))
[y (k)l]

Distribute most of Z; onto Z®)(~ (k),’yj(k)l) =1+ (14 Ay)Ch, Z exp(—g@zk). Then
i=ly ]

P (Dg’ﬂ >2(1+2)(2+ Zo)hy (n—l)) <P (N,(L’“) > 201+ ;L«)Kl(n—l))
k
k.j k k k k _
2B (KD ) A0 > (14 2206 AP)A )
j=1

and conclude again by Proposition 25 and Lemma 27| with constant CpP* + C(l).

Now consider k > m + 1. We set ’ygfzrl =0 and ’y(()k) = 00. We spht [[ps Ek[[ at homogeneous

times yr(r]f) =inf{t > 0: 3} ¢ T(Ozk)(t)} and WJ(k) = inf{t > 7m #ﬁk( )( )) < j} for
m — 1> j > 1. Note that, by Procedure 3] #Ek(’]'(ozk)( (k))) < m. Again

DY <2(D —1) <2NM + Z2Kﬁk” (579,98, ) + 2K570(0,0,90),

7j=1
where E fzk( ) other notation as for £ < m, and K(k *) m (0, O, ’yT(,]f)) is as in LemmalZZL here
based on the subordmator €k with Lévy measure A*, and VZ-( =inf{t>0:37 &7, (E* ( )}

the homogeneous time when ¥ and X7 are first in different subtrees. We get
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P (D) > 201 +2)(2 + Zy) max{Ky(n ™), K (n7)) <P (N > 201 + )R (n 7))

k
k,j) k k k —
+2P (KENE )27 > 14 22067, 4 P)Me™)

[y

J
+P (KE0,0,98) > (14 2)20(0,9 )X (n 7))

and conclude again by Proposition 25 and Lemma 27 with constant C; = Cp**° +mCj (4 Cy.
Let HZ be the height of the g-self-similar CRT (79, u?) obtained from (7, i) by o-self-similar
time-change. By [I8, Proposition 14], the height H§ has exponential moments and so does Zj:

supZ;, < m—+ (14 Ay) max{Chp,,Cx~} <m+sup/ (X(Ek)(t))gdt>
k>1 k>1.J0

< m+ (14 Ay) max{Cy,,Cr-} (m + HZ). 0

5.4 Proof of Theorem [Tl

The previous sections contain the new developments that we need to apply the techniques
developed in [20] for the exchangeable case in the higher generality of Theorem [ We only
briefly retrace this argument here so as to identify the places where a result in the previous
sections here replaces a more specific result of [20].

Lemma 30 (Lemma 10 and Corollary 11 of [20]) Let H, = maxj<<p D D be the height
of T,,. Then there is a constant Cp, o for all a >0, p > 2/a, such that for allz > 1 andn > 1

< H, > Cpa
P — — >ax | < —+.
max{A;(n=1),A (n=1)} xP

The proof is based on Lemma 29 replacing [20, Lemma 12].
Lemma 31 (Proposition 9 of [20]) Under the hypotheses of Theorem[7, let for n > k

AWM—gdeGMn%m

d,, being the metric associated with T,,. Then for each n > 0,

A(n, k) B
S )

The proof is based on Proposition 26l or (23] replacing “clearly”, Corollary replacing [20)],
reference [10] there, Lemma 3.14], and Lemma B0 replacing [20, Corollary 11].

lim limsupP < —
k—oo n—co maX{Al(n

Proof of Theorem [7l This proof is now based on (23]) replacing [20] reference [29]], Lemma
BTl replacing [20], Proposition 9], Proposition 28] replacing [20, Proposition 7]. O
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6 Examples: skewed Poisson-Dirichlet models

6.1 The alpha-gamma model as restricted exchangeable hierarchies

The alpha-gamma model [I1] is a consistent family (7,,,n > 1) of random hierarchies of [n],
n > 2, whose distributions (@, n > 2) are such that the conditional distributions of 7}, +; given
T,, are particularly simple. To describe these, recall (see e.g. [26]) that consistency t,, = t,+1M0[n]
for two hierarchies t,, of [n] and t,,11 of [n + 1] means that there is a unique B € t,, such that
either B splits into two vertices B and BU{n+1}, {n+ 1} is added and some vertices renamed

tp =tPed —fAU{n+1}:A€t,, BCAJU{A:Act,: BZ A} U{B,{n+1}}
and we then say that n + 1 is inserted into the edge below vertex B € t,,, or
tpp =toVe™ — (AU {n+1}:Aet, BCAU{A:Act,: BZ AU {{n+1}}

and we then say that n + 1 is inserted into the internal vertex B € t,, \ Op)-
For parameters 0 < a < 1 and 0 < v < «, we specify T1 = {{1}}, T2 = Opgj U 1[5 and for
n > 2

P(T,4 = tBedeei, = ¢,) = 1za for all B € t,, with #B = 1
P(Th41 = t5°%T, =¢,) = L for all B € t,, with #B > 2
P(T, .y = tBvertex|, = ¢,) = Gwta=y for all B € t,, with #B > 2,

where k2 4 1 is the degree of vertex B € t,,, or equivalently k = k2 the number of blocks of the
partition of B into maximal subsets Aq,..., A, of B in t,. Let Q5" be the distribution of Tj,.

subtrees

Figure 1: Alpha-gamma growth rule: displayed is one vertex B of T, with degree k + 1, hence
vertex weight (k—1)a—~y, with k —r leaves L,41,..., L € [n] and r bigger subtrees St,...,S;;
all edges also carry weights, weight 1 — « and ~y are displayed here for the leaf edge below {Lyj}
and the inner edge below B only; the three associated possibilities for 7,41 are displayed.

Proposition 32 The alpha-gamma model for o € [0,1] and v € [0, ] is a restricted exchange-
able Markov branching model with dislocation measures of the form identified in Corollary[d with
r=(1-a)PD; _,_, andv; =~PD; _, ., j > 2.

Here, the Poisson-Dirichlet measure PDy, 4(ds) as o-finite measure on S ! was given by [27,21]

E[a?;aflAJ[m} € ds|, 0> —2a,a € (0,1),
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on the interior of the parameter range, where (o4, > 0) is a stable subordinator with Laplace
transform E[e=*7t] = ¢7*" and Aoyg,) is the decreasing rearrangements of the jumps Aoy =
or — o, t € [0,1]. A separate, but compatible definition on the boundary of the parameter
a € {0,1} can be given. More 1mportantly, the binary case PDj, _5,(ds) is the ranked beta
measure on {(z,1 — z,0,...),z € (1/2,1)} C S* with density 227%(1 — 2)"“1(1/9,1)(2); the

associated Markov branching model is Aldous’s [4] beta-splitting model.

Proof. We claim that the distribution of the partition II,, of T}, ~ Qn"7 at [n] is given by

p;(nly N 7nk) _ (1 a) r'2—a) o 2r(k—1—v/a) Hk I'(ni—a) . /P}L _ Pgm

P(II, = ) = Tl 027 — i T .
pa(n, ... ,ng) = ’Yr(rn(il 21) 1%];,}0{;/ ) Hf:1 II“((f—a))’ ™ e P2 ="P,"

and that (Qn7,n > 2) has the labelled Markov branching property

k
P(Il, = 7, S} =s1,...,Sf =s) = pl (#m, ... #m) [[Q2({si}),  mePy,
=1

where Q77 is the push-forward of Q%" Wn, under the natural bijection on the set of hierarchies
induced by the increasing bijection from [#m;] to m;.
We show this by induction on n. Specifically, for n = 2, this is trivial, for n = 3 we have e.g.

(07

P(H3 = {{173}7 {2}}) = P(H3 = {{1}7 {273}}) = ;:a7 P(Hi’» = {{172}7 {3}}) =5

If the claim holds for n, we can apply the growth rules and the induction hypothesis to see
P(Iys1 = {[n), {n + 1}}, 57" =81, 85" = {{n + 1}}) = —Qn({51})Q{n+1}({n +1}),

and for 7 = (m1,...,m) € Ph, j = 1,2, and hierarchies s; of m;, i # ¢, and sy of my U {n + 1},

P(Hn-i-l = (7717"'77Tk7{n+ 1})75?4_1 =8S1,..- 7S]2L+1 = Skasgj_—ll - {{Tl+ 1}})

k—Doa—7v ;
= %pﬁl(#ﬂ-la vy #ﬂ—k)Q{n-i-l}({{n + 1}}) H Qﬂ-z({sl})
=1
]P)(Hn'f‘l = (7T17 sy TG U {n + 1}, . ,7Tk) Sn+1 =S1,... Sn+1 — Sk)
= L pl L #T) Qe (80 [T @n (i)

1#£i!
as conditionally given that the insertion of n 4 1 is in subtree S}, it is just as an insertion of
#my + 1 into Ty ,, pushed forward from [#my + 1] to my U{n+1}. The induction proceeds. [J
6.2 The skewed Poisson-Dirichlet model extending the alpha-gamma model

Proposition [32] suggests to introduce a three-parameter family of restricted exchangeable frag-
mentation trees that we call the skewed Poisson-Dirichlet model, by setting

vy = APDZ,@? I/j = (1 — A)PDZ’Q, j 2 2,

fora € [0,1], 8 > —2a and A € [0,1]. When A = (1—a)/(1—0—2«a) and § = —a — 1, this is the
alpha-gamma model; when A\ = 1/2, this is the exchangeable Poisson-Dirichlet model studied
in [26] 21]. We will use parameterisations by (a, 6, ) and («, 7, \), where v = —a — 6. We can
apply Theorem [7] to obtain a strong convergence result:
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Corollary 33 Let (T,,,n > 1) be a consistent family of skewed Poisson-Dirichlet trees for pa-
rameters 0 < a<1,0<y=—-a—-0<aand 0 < A <1. Then
TO

—Z —T in probability, in the Gromov-Hausdorff sense,
n

where T is a y-self-similar CRT with dislocation measure
v(ds) = <)\ +(1-20)) s$> PD;, 4(ds).
i=1

Regarding the alpha model, a € (0,1), § = —2a, A = 1 —a, this confirms in part a conjecture
formulated in [30]. Another interesting feature of the skewed Poisson-Dirichlet model relates
to sampling consistency. Here we say that a family of unlabelled random trees (7)7,n > 1) is
sampling consistent if the tree T, with a uniformly chosen leaf removed is distributed as 7),_;.
For consistent trees with exchangeable labels such as the exchangeable Poisson-Dirichlet model
this is trivially so, but also for the alpha-gamma model that includes non-exchangeable trees.

Proposition 34 The skewed Poisson-Dirichlet model is sampling consistent only for parameters
that reduce it to the exchangeable Poisson-Dirichlet model or to the alpha-gamma model.

Proof. By Corollary [B the skewed Poisson-Dirichlet model has dislocation measure
K= / (Aks (- NP2%2) + (1 — ) ks (- N P21)) PDY, o(ds).
Sl
From this, we can calculate splitting rules. Specifically, we can calculate the distribution of

the ranked sequence S, = (#Il, 1, .. .,#I'ImKn)l of block sizes of II,, = (I, 1,...,1I, k,) by
summing (4)) over partitions of equal ranked sequence of block sizes and obtain

P(Sy = (1,1) =1, P(Ss=(1,1,1)) = w, P(Ss = (2,1)) = W
3 3
P(S, = (L1.1.1)) = A(Ba —i—%)4(204 +9)7 P(S) = (2,1,1)) = (1 +4A)(2ol;j 0)(1 - a)
P(S) = (2,2)) = (1+MN)(1—)? P(S, = (3.1)) = 2(1 —a)(2 - a)

Dy ’

where D3 and D, are normalisation constants of the form asA + b3 and a4\ + bs. Using the
criterion of [20], sampling consistency requires, in particular, that

P(Ss = (1,1,1)) = P(Sy = (1,1,1,1)) + %1@(54 — (2, 1,1)) 4+ %1@(54 — (3, 1))P(Ss = (1,1, 1)),

which upon multiplication by DsD, is a quadratic equation in A. Common coefficients of all
terms include (1 — «) and (0 + 2a). For @ < 1 and 6§ > —2a, the quadratic equation has
the two solutions A = 1/2 and A = (1 — «)/(1 — 6 — 2a) corresponding, respectively, to the
Poisson-Dirichlet and alpha-gamma models, so no other models can be sampling consistent.
The exchangeable Poisson-Dirichlet is trivially sampling consistent. The alpha-gamma model
was shown in [I1] to be sampling consistent. In the excluded case e = 1 models for all 6 collapse
to the same deterministic model where all leaves are connected directly to a single branch point
[26]. For the binary case § = —2«, which we also had to exclude, we need to consider S giving
similar quadratic equations, but also lead to the required conclusion that only the alpha model
A =1 — « and the beta-splitting model A = 1/2 are sampling consistent. We leave the details
to the reader. d
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A Proof of Lemma

The first part of Lemma 27 is a straightforward consequence of [16], see also [20, Lemma 8§].
The second part generalises |20, Lemma 12]. For the convenience of the reader, we reproduce
the proof here, rewritten for our higher generality.

Let Ny(t1,t2) denote the number of jumps of £ of size at least y in the time interval [ti, 2],
N:7(t1, ) denote the number of jumps of exp(—e)(1 — exp(—¢)) of size at least ¥ in the same
time interval.

Step 1. Large deviations for N;7(0,7").

Lemma 35 Forallz >0 and 0 <y <1,

[7"]
P | No7(0,7") > (1+2)Ch Y exp(—ole + &))A(y) | < exp(—a-A(y)),
=0
where a, = (1 +x)In(l +x) — 2z > 0.

Proof. Let F;"" denote the o-field generated by (g,7,7” A t) and £ until time ¢, and F5 the
one generated by (g,7,7") and &, and observe that

[7"]

NET(0,7") < D ONGT(ii+1) < Nyexp(eren) (10 + 1).
=0 7

7_//]

I\
o

Conditional on F, "7, Ny exp(e+¢,) (4,44 1) is a Poisson random variable with mean Ay exp(e+
&i)). But for any Poisson random variables P with mean A, one has

E [exp(yP — (1 + 2)yA\)] = exp ((exp(t) = 1 — (1 + 2)y)N), Vy € R.

In particular, when v = In(1+x), exp(y) —1—(14+x)y = —a, < 0 and the expectation is smaller
than 1. Hence, for all n € N, using the tail bounds of A for the first inequality, we obtain, for
all y <1,

[T"]An [T"]An
P Z yexp(e+&;) Z i+ 1) > (1 + ‘T)CA Z eXp(_Q(E + fl))K(y)
=0
[7"]An [T”]/\TL_
< P Z yexpleten) (i +1) > (1+2) Y Ayexple +&))
=0

e B

< E |exp v Z (Nyexp(a-l-fi)(iai + 1) - (1 + :E)A(y exp(s + gl)))
1=0

[T"]A(n—1)

< Elexp|~ Z e E[exp(Y1{jr>n} (Ny exp(et¢a) (71 + 1)
=0
—(1+2)Ay exp(e + &) F7]

< o <exp(—arA(y)),

the last line being obtained by induction: at each step but the last we use the upper bound
1 for the conditional expectation and for the last step, we use the upper bound exp(—a,A(y))
for the expectation E [exp (7(Ny(0,1) — (14 2)A(y)))] . It remains to let n — oo in the first
probability involved in the above sequence of inequalities and to use Fatou’s lemma. O

32



Step 2. Large deviations for E[K, (e, 7,7')|F./].

Lemma 36 Let By := ) ;o eXp(—4_1a1k‘a/2) with ap =2In2 — 1. Then for all x > 1 and all
integers n large enough,

P (E [Kn(e, 7,7) ‘ff,’,’r] >(1+z2)(Y(e,7,7)— 1)K(n_1)) < (14 By)exp(—47tarzA(n™1)).

Proof. According to formula (4) of [16],

1

~ 1/n _
E [Kn(z—:,T, ) ‘fff] = n/ (1— y)"_lNg’T(O,T”)dy < Nle/T 0,7 + / N;T(O,T”)dy.
0 0

Hence, setting S := Cy ZZQ exp(—o(e +&)),

P (E [Kn(e,7,7') |F2T] > (14 2)(1+ Aa)SA(n™))

1/n _
< P (Nf/;(O > (1 +a;)SK(n_1)) +P (n/o N;7(0,7")dy > (1 +a:)AaSK(n_1)> .

The first probability in the right-hand side is smaller than exp(—a K( ~1)) by Lemma To

bound the second probability, we use n 1/kn NE (0,7 dy < N 0, T”)k( which

) 1/(k+1)n 1/(n (k+l))( k+1)°
gives

P <n /1/n ]sz’T(O,T”)dy > An(1+ x)SK(n_l)>
0
< Z]P’(N” ey (07" > 2(/<:+1)\/a(1+a;)SK(n_1)).

Since A is regularly varying at 0 with index —a, we have, provided n is large enough, that
A=Y (k+1)22 < 2K(((n(k +1))™) and A(((k + Dn)~Y) < 28(n~Y)(k + 1)V for all k > 1
(to see this, use, e.g. Potter’s theorem, Theorem 1.5.6, [I0]. Combined with Lemma B3] this
implies that the above sum of probabilities is smaller than

Zexp —azA((n(k +1)) i —27 Y, A(n Y (k + 1)¥/?).
k=1

Last, the exponential in the latter sum can be split in two, using (k + 1)‘3‘/2 > 2_1(l<:0‘/2 +1), to
get the upper bound

exp(—4"ta, A Zexp —a 47 A (nHEY?),
k=1
which is smaller than exp(—ajzA(n~1))B, for all x > 1 (a; > aix for z > 1) and n large enough.
U
Step 3. Proof of inequality (I9]). To start with, fix x > 1, n € N, and note that
P(Ky(e,7,7") > (1 +2)Y (e, 7,7 )A(n” 1))
(e,7,7) = 1) A(n~ )) (24)

< P(E[Knle,r,7)|FT] > 1+w)
)|

(Y'(
+P (Kn(e,7,7') =B [Ku(e, 7, 7) | FoT] > 1+ 2)A(n ).
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Lemma [36] gives an upper bound for the first probability provided n is large enough. To get an
upper bound for the second probability, we use a result on urn models (Devroye [12], Section 6)
which ensures that

y2

NFST] + 2y/3>

for all y > 0, n € N. This implies that for all m > 1, there exists some deterministic constant
B, depending only on m such that

P (Kn(gyTv 7_/) —E [Kn(eaT, T/) |fi;7] >y ‘fi;;r) < exp <_2E [K (E
T, T

P (Kn(s,T, ™y —-E [Kn(e,T, ) |.7'—f,’7
< B, (E [KH(E,T, ) ‘.7:;:}7] +(

(1+2)A(n ") | 7o)
+2) A\

< 2mlp,

< 2mlp,

the last line being obtained by Jensen’s inequality. We then take expectations on both sides of the
resulting inequality. Theorem 6.3 of [16] ensures that E[(K, (e, 7,7"))™|e, 7] < E[(K,(0,0,00)™] ~
(A(n=1))™ (up to a constant). Therefore, we have

P(K,(e,7,7") — E[K,(e, T, T/)|ff;7] > (1+ x)K(n_l)) < B ((1 + x)K(n_l))_m, (25)

where B,,, o depends only on m and A.

Next, recall the upper bound given by Lemma for the first probability involved in the
right-hand side of (24]). Together with the upper bound (25]), it leads to the existence of B;n, A
such that

P (Kn(E,T, V> (1 +x)Y(e,T, T')K(n_l)) < B;,LAx_p (K(n_l))_m

for all x > 1 and n large enough, say n > ng. Since A(n™!) ~ n®(n) when n — oo, this upper
bound is in turn bounded from above by ~™n!~%™ up to some constant, which is the required

result (19).

Finally, inequality (I9) is also true when n < ng (for all z > 1), since K, (¢,7,7) <n <n
and Y (g,7,7') > 1, and therefore the probability P (K, (e,7,7') > (1 + 2)Y (¢, T )K( )) is
null whenever 1+ z > ng (K(n_l))_l.

This completes the proof of Lemma, O
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