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A.2 Estimation of lifetime distributions

1. The survival times (in days after transplant) for the original n = 69 members of the
Stanford Heart Transplant Program were as follows:

Survival time after heart transplant (days)

15 3 624 46 127 64 1350 280 23 10
1024 39 730 136 1775 1 836 60 1536 1549

54 47 51 1367 1264 44 994 51 1106 897
253 147 51 875 322 838 65 815 551 66
228 65 660 25 589 592 63 12 499 305
29 456 439 48 297 389 50 339 68 26
30 237 161 14 167 110 13 1 1

The aim of this exercise is to construct the associated lifetable.

(a) Complete the following table of counts dx of associated curtate residual lifetimes (in
years=365 days), counts ℓx of subjects alive exactly x years after their transplant,
total time ℓ̃x spent alive between x and x + 1 years after their transplant, by all
subjects:

x 0 1 2 3 4

dx 8 4 3

ℓx

ℓ̃x 19.148 10.203 4.937 1.315

(b) Calculate the maximum likelihood estimators q̂
(0)
x and q̂x for qx, x = 0, . . . , 4, based

on the discrete and continuous method, respectively.

(c) Calculate the maximum likelihood estimates. Comment on the differences.

(d) Estimate the probability to survive for 3 months

i. assuming fractional and integer parts of lifetimes are independent, and the frac-
tional part is uniform;

ii. assuming the force of mortality is constant over the first year;

iii. directly from the data (the total time spent alive until three months after the
transplant is 12.584 years). Hint: You may, of course, guess formulas to test
your intuition, but you should then state your assumptions and apply the dis-
crete and/or continuous method to justify your estimates as maximum likelihood
estimates.

2. In a certain population, the force of mortality of lifetimes T is believed to be constant
over ages xj−1 ≤ x < xj , j ≥ 1, where x0 = 0. Denote these unknown constants by γj ,
j ≥ 1. You observe n full lifetimes T (1), . . . , T (n) ∼ T sampled from this population.

(a) Determine the likelihood function of the sample, in terms of the parameters γj , j ≥ 1.

(b) Let Lj be the total time spent alive between ages xj−1 and xj . Express Lj explicitly
in terms of T (1), . . . , T (n).
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(c) Show that a maximum likelihood estimator for γj ∈ [0,∞], j ≥ 1, is given by

γ̂j =
Dj

Lj

if Lj > 0.

where Dj is the number of deaths between ages xj−1 and xj .

(d) Determine the maximal age under the lifetime distribution determined by such a
maximum likelihood estimate. Discuss briefly possible modifications.

(e) Denote hj = P(T ≤ xj |T > xj−1), j ≥ 1. Express hj , j ≥ 1, in terms of γj , j ≥ 1
and deduce maximum likelihood estimators for the new parameters.

(f) Discretise K = sup{xj : j ≥ 0, xj ≤ T} and express the probability mass function
pK of K in terms of hj , j ≥ 1.

(g) Derive maximum likelihood estimators for hj based on the discrete likelihood func-
tion.

3. Erickson et al. analysed 22 skeletons of A. sarcophagus. The observed (curtate) ages at
death in years were 2,4,6,8,9,11,12,13,14,14,15,15,16, 17,17,18,19,19,20,21,23,28.

(a) Estimate directly the life expectancy of this population.

(b) Construct an approximate 95% confidence interval for the life expectancy.

(c) We estimated survival probabilities by q̂d
x = dx/ℓx. Show that the life expectancy

predicted from this estimated distribution must be the same as that computed di-
rectly from the observed lifetimes.

(d) Estimate survival probabilities (q̂c
x) for this population, using the continuous method,

grouping the lifetime by periods of five years. Based on this estimated life-table,
estimate the life expectancy for the population. Why is it different from the life
expectancy estimated above?

(e) As we explained in the lecture notes, it is reasonable to add 1/2 year to the life
expectancy estimated from averaging curtate lifetime observations to estimate the
full life expectancy e̊x, on the assumption that individuals who died between age x
and x + 1 probably lived on average an extra half year. We have estimated a hazard
rate (“force of mortality”) of 0.333 for ages 20 and above. Supposing this is true,
what is the true expected length of life of an individual whose curtate lifetime is
reported as 25 years? What does this suggest about the validity of the +1/2 rule
when the mortality is high.

(f) Suppose a population has Gompertz hazard rate given by h(x) = Beθx at age x,
for x ≥ 0, where B and θ are assumed nonnegative. We observe n individuals, with
deaths at ages x1, . . . , xn. Define Q(θ) := 1

n

∑
eθxi , x̄ := 1

n

∑
xi. The equation

Q′(θ̂)

Q(θ̂) − 1
−

1

θ̂
= x̄

has a unique solution (optional extra: Find conditions under which such a solution
must exist). Show that θ̂ and B̂ := θ̂/(Q(θ̂) − 1) are the maximum-likelihood esti-
mator for (θ, B). Compute the maximum likelihood estimate for fitting Gompertz
parameters to the dinosaur population. Use the asymptotic theory to compute a
95% confidence interval for B, assuming the Gompertz model. (As an extra optional
challenge: Use the bivariate distribution to compute a 95% confidence interval for
the mortality rate at age 20.)


	Glossary
	Introduction: Survival Models
	Early life tables
	Basic statistical methods for lifetime distributions
	Plot the data
	Fit a model
	Significance test

	Overview of the course

	Lifetime distributions
	Survival function and hazard rate (force of mortality)
	Residual lifetimes
	Force of mortality
	Defining mortality laws from hazards
	Curtate lifespan
	Single decrement model
	Mortality laws: Simple or Complex? Parametric or Nonparametric?

	Life Tables
	Notation for life tables
	Continuous and discrete models
	General considerations
	Are life tables continuous or discrete?

	Interpolation for non-integer ages
	Crude estimation of life tables -- discrete method
	Crude life table estimation -- continuous method
	Comparing continuous and discrete methods
	An example: Fractional lifetimes can matter

	Cohorts and Period Life Tables
	Types of life tables
	Life Expectancy
	What is life expectancy?
	Example
	Life expectancy and mortality

	An example of life-table computations

	Central exposed to risk and the census approximation
	Censoring
	Insurance data
	Census approximation
	Lexis diagrams

	Comparing life tables
	The binomial model
	The Poisson model
	Testing hypotheses for qx and x+12
	The tests
	An example

	Graduation
	Parametric models
	Reference to a standard table
	Nonparametric smoothing
	Methods of fitting
	Examples


	Multiple decrements model
	The Poisson model
	Rates in the single decrement model
	Multiple decrement models
	An introductory example
	Basic theory
	Multiple decrements -- time-homogeneous rates


	Multiple Decrements: Theory and Examples
	Estimation for general multiple decrements
	Example: Workforce model

	Multiple decrements: The distribution of the endpoint
	Which state do we end up in?
	Cohabitation dissolution model

	Continuous-time Markov chains
	General Markov chains
	Discrete time, estimation of -matrix
	Estimation of the Q-matrix

	The induced Poisson process
	Parametric and time-dependent models
	Example: Marital status model
	The general simple birth-and-death process
	Lower-dimensional parametric models of simple birth-and-death processes

	Time-varying transition rates
	Maximum likelihood estimation
	Example
	Construction of the stochastic process (Xt)t0

	Occupation times
	The multiple decrements model
	The illness model


	Survival analysis: Introduction
	Censoring and truncation
	Likelihood and Censoring
	Data
	Non-parametric survial estimation
	Review of basic concepts
	Kaplan-Meier estimator
	Nelson-Aalen estimator and new estimator of S
	Invented data set


	Confidence intervals and left truncation
	Greenwood's formula
	Reminder of the  method
	Derivation of Greenwood's formula for var(S"0362S(t))

	Left truncation
	Example: The AML study
	Actuarial estimator

	Semiparametric models: accelerated life, proportional hazards
	Introduction to semiparametric modeling
	Accelerated Life models
	Medians and Quantiles

	Proportional Hazards models
	Plots

	AL parametric models
	Plots for parametric models
	Regression in parametric AL models (assuming right censoring only)
	Linear regression in parametric AL models


	Cox regression, Part I
	What is Cox Regression?
	Relative Risk
	Baseline hazard

	Cox regression, Part II
	Dealing with ties
	Plot for PH assumption with continuous covariate
	The AML example

	Testing Hypotheses
	Tests in the regression setting
	Non-parametric testing of survival between groups
	General principles
	Standard tests

	The AML example

	Assignments
	Revision, lifetime distributions
	Estimation of lifetime distributions
	Sampling theory for Life Table estimation; Census approximation
	Multiple decrements and general Markov models
	Censoring and truncation, Kaplan-Meier estimator
	Model testing; Proportional-hazards and accelerated lifetimes

	Solutions
	Revision, lifetime distributions
	Estimation of lifetime distributions
	Sampling theory for Life Table estimation; Census approximation
	Multiple decrements and general Markov models
	Censoring and truncation, Kaplan-Meier estimator
	Model testing; Proportional-hazards and accelerated lifetimes


