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Course Structure

Lectures

I Wednesdays 1100-1200, Weeks 1-8.
I Thursdays 1100-1200, Weeks 1,3,5,7.

Problem Sheets

I 7 problem sheets: due Mondays at noon, Weeks 2-8.

Part C students
I Practical classes: Thursdays 1100-1200, Weeks 2,4,6,8.
I Problem classes: Wednesdays time to be decided, Weeks 2-8.

MSc students

I Miniproject: over Easter break.
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Syllabus I
Part I: Dimensionality Reduction

I Principal Components Analysis
I Multidimensional Scaling
I Isomap

Part II: Clustering
I Hierarchical clustering
I K-means
I Vector Quantization
I Mixture Models
I Probabilistic Latent Variable Models and EM algorithm

Part III: Classification and Regression
I Empirical Risk Minimization
I Nearest Neighbours, Prototype Based Methods
I Classification and Regression Trees
I Linear Regression
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Syllabus II

I Linear Discriminant Analysis
I Quadratic Discriminant Analysis
I Naive Bayes
I Bayesian Methods
I Logistic Regression
I Neural Networks

Part IV: Ensemble Methods
I Bootstrap, Bagging
I Random Forests
I Boosting

R
I Learning how to use R for Data Mining
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What is Data Mining?

Traditional Problems in Applied Statistics
Well formulated question that we would like to answer.
Expensive to gathering data and/or expensive to do computation.
Create specially designed experiments to collect high quality data.

Current Situation
Information Revolution

- improvements in data storage devices (both larger and cheaper).
- powerful data capturing devices (bioassays, microphones, cameras,

satellites).

→ lots of data with potentially valuable information available.
→ Big Data....
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What is Data Mining?

I To gain insight from data.
I Often working with huge datasets.

I Typically many variables (up to thousands or millions).
I Often, but not always many observations (dozens to millions).

I Secondary data sources possibly collected for other purposes.
I Uncurated data, missing data, unstructured data, multi-aspect data.
I Gain understanding without specific goals.
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Applications of Data Mining

I Pattern Recognition

- Sorting Cheques
- Reading License Plates
- Sorting Envelopes
- Eye/ Face/ Fingerprint Recognition
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Applications of Data Mining

I Business applications
- Help companies intelligently find information
- Credit scoring
- Predict which products people are going to buy
- Recommender systems
- Autonomous trading
I Scientific applications
- Predict cancer occurence/type and health of patients/personalized health
- Make sense of complex physical, biological, ecological, sociological

models

...It is just a nice name for multivariate statistics (‘minus model checking’).
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NY Times: Data Mining in Walmart (URL)
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NY Times: Career in Statistics (URL)
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NY Times: R (URL)
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Types of Data Mining

Unsupervised Learning
‘Unclassified’ data from which we would like to uncover hidden ‘structure’ or
groupings

- Given detailed phone usage from many people, find interesting groups of
people with similar behaviour.

- Shopping habits for people using loyalty cards: find groups of ‘similar’
shoppers.

- Given expression measurements of 1000s of genes for 100s of patients,
find groups of functionally similar genes.

Goal: Hypothesis generation, visualization.
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Types of Data Mining

Supervised Learning
A database of ‘classified’ examples with predefined groupings

- Given detailed phone usage of many users along with their historic churn,
predict when/if people are going to change contracts again.

- Given expression measurements of 1000s of genes for 100s of patients
along with a binary variable indicating absence or presence of a specific
cancer, predict if the cancer is present for a new patient.

- Given expression measurements of 1000s of genes for 100s of patients
along with survival length, predict survival time.

Goal: Prediction.
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Further Readings

I Leo Breiman: Statistical Modeling: The Two Cultures (URL)
I NY Times: Big Data’s Impact In the World (URL)
I Economist: Data, Data Everywhere (URL)
I McKinsey: Big data: The Next Frontier for Competition (URL)

Other recent news on Big Data, Data Mining, Machine Learning:

I New York Times: Sure, Big Data Is Great. But So Is Intuition (URL)
I New York Times: How Many Computers to Identify a Cat? 16,000 (URL)
I New York Times: Scientists See Promise in Deep-Learning Programs

(URL)
I New Yorker: Is “Deep Learning” a Revolution in Artificial Intelligence?

(URL)
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http://www.nytimes.com/2012/11/24/science/scientists-see-advances-in-deep-learning-a-part-of-artificial-intelligence.html
http://www.newyorker.com/online/blogs/newsdesk/2012/11/is-deep-learning-a-revolution-in-artificial-intelligence.html
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Notation

I Data consists of p measurements (variables/attributes) on n examples
(observations/cases)

I X is a n× p-matrix with Xij := the j-th measurement for the i-th example

X =




X11 X12 . . . X1j . . . X1p

X21 X22 . . . X2j . . . X2p
...

...
. . .

...
. . .

...
Xi1 Xi2 . . . Xij . . . Xip
...

...
. . .

...
. . .

...
Xn1 Xn2 . . . Xnj . . . Xnp
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Crabs Data (n = 200, p = 5)

Campbell (1974) studied rock crabs of the genus leptograpsus. One species,
L. variegatus, had been split into two new species, previously grouped by
colour, orange and blue. Preserved specimens lose their colour, so it was
hoped that morphological differences would enable museum material to be
classified.

Data are available on 50 specimens of each sex of each species, collected on
sight at Fremantle, Western Australia. Each specimen has measurements on
the width of the frontal lip FL, the rear width RW, and length along the midline
CL and the maximum width CW of the carapace, and the body depth BD in mm.
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Crabs Data
Looking at the crabs dataset, n = 200 measurements on p = 5 morphological
features of crabs

I ’FL’ frontal lip size (mm)
I ’RW’ rear width (mm)
I ’CL’ carapace length (mm)
I ’CW’ carapace width (mm)
I ’BD’ body depth (mm)

Also available, the colour (’B’ or ’O’) and sex (’M’ or ’F’).

## load package MASS containing the data
library(MASS)
## look at data
crabs

sp sex index FL RW CL CW BD
1 B M 1 8.1 6.7 16.1 19.0 7.0
2 B M 2 8.8 7.7 18.1 20.8 7.4
...
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R code

## assign predictor and class variables
Crabs <- crabs[,4:8]
Crabs.class <- factor(paste(crabs[,1],crabs[,2],sep=""))

## plot data using pair plots
plot(Crabs,col=unclass(Crabs.class))

##boxplots
boxplot(Crabs)

## parallel coordinates
parcoord(Crabs)
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Simple Pairwise Scatterplots
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Univariate Boxplots
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Univariate Histograms
Histogram of Frontal Lobe Size
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Parallel Coordinate Plots

FL RW CL CW BD
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These summary plots are helpful, but do not really help very much if the
dimensionality of the data is high (a few dozen or thousands).
Possible approaches for higher-dimensional problems.

I We are constrained to view data in 2 or 3 dimensions
I Look for ‘interesting’ projections of X into lower dimensions
I Hope that for large p, considering only k� p dimensions is just as

informative
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Principal Components Analysis (PCA)

I Seek to rotate data to a new basis that represents the data in a more
‘interesting’ way.

I PCA considers interesting to be directions with greatest variance.
I Builds up an orthogonal basis where new basis vectors are chosen to

explain the greatest variance in data, the first few PCs should represent
most of the variance-covariance structure in the data, i.e. the subspace
spanned by first k PCs represents the ‘best’ k-dimensional view of the
data.
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Principal Components Analysis (PCA)

I Consider a set of real-valued variables X = (X1 . . .Xp)
T .

I For the 1st PC, we seek a derived variable of the form

Z1 = a11X1 + a21X2 + · · ·+ ap1Xp = XTa1

where a1i ∈ R are chosen to maximise var(Z1).
I To get a well defined problem, we fix aT

1 a1 = 1.
I The 1st PC attempts to capture the common variation in all variables

using a single derived variable.
I The 2nd PC Z2 is chosen to be orthogonal with the 1st and is computed in

a similar way. It will have the largest variance in the remaining p− 1
dimensions, etc.
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Principal Components Analysis (PCA)
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Principal Components Analysis (PCA)
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How to Obtain the Coefficients?
To find the 1st PC given by Z1 = XTa1

I Maximise var(Z1) = var(Xa1) = aT
1 cov(X)a1 ≈ aT

1 Sa1 subject to aT
1 a1 = 1

where S = n−1XTX is a p× p sample covariance matrix of the centred
n× p data matrix X.

I Rewriting this as a constrained maximisation problem,

Maximise F (a1) = aT
1 Sa1 − λ1

(
aT

1 a1 − 1
)

w.r.t. a1.

I The corresponding vector of partial derivatives yields

∂F
∂a1

= 2Sa1 − 2λ1a1.

I Setting this to zero reveals the eigenvector equation, i.e. a1 must be an
eigenvector of S and λ1 the corresponding eigenvector.

I Since aT
1 Sa1 = λ1aT

1 a1 = λ1, the 1st PC must be the eigenvector
associated with the largest eigenvalue of S.
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How to Obtain the Coefficients?

How about the 2nd PC?

I Proceed as before but include the additional constraint that the 2nd PC
must be orthogonal to the 1st PC

Maximise F (a2) = aT
2 Sa2 − λ2

(
aT

2 a2 − 1
)
− µ

(
aT

1 a2
)

w.r.t. a2

I Solving this shows that a2 must be the eigenvector of S associated with
the 2nd largest eigenvalue, and so on

I The eigenvalue decomposition of S is given by S = AΛAT where Λ is a
diagonal matrix with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 and A is a p× p
orthogonal matrix whose columns are the p eigenvectors of S.
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Properties of the Principal Components

I PCs are uncorrelated

cov(XTai,XTaj) ≈ aT
i Saj = 0 for i 6= j.

I The total sample variance is given by

Total sample variance =

p∑

i=1

sii = λ1 + . . .+ λp,

so the proportion of total variance explained by the kth PC is

λk

λ1 + λ2 + . . .+ λp
k = 1, 2, . . . , p
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R code

This is what we have had before:

library(MASS)
Crabs <- crabs[,4:8]
Crabs.class <- factor(paste(crabs[,1],crabs[,2],sep=""))
plot(Crabs,col=unclass(Crabs.class))

Now perform PCA analysis with function princomp.
Alternatively, use eigen or svd instead (later).

Crabs.pca <- princomp(Crabs,cor=FALSE)
plot(Crabs.pca)
pairs(predict(Crabs.pca),col=unclass(Crabs.class))
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PCA Example 1: Original crabs data
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PCA Example 1: Rotated crabs data
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PCA Example 1: Crabs Data (n = 200, p = 5)
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PCA Example 2: Yeast Cell Cycle Data (n = 384,
p = 17)

Cho et al (1998) present gene expression data on the cell cycle of yeast. They
identify a subset of genes that can be categorised into five different phases of
the cell-cycle. Changes in expression for the genes are measured over two
cell cycles (17 time points).

The data were normalised so that the expression values for each gene has
mean zero and unit variance across the cell cycles.

We visualise the 384 genes in the space of the first two prinicipal components.
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PCA Example 2: Yeast Cell Cycle Data (n = 384,
p = 17)
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Comments on the use of PCA

I PCA commonly used to project data X onto the first k PCs giving the
‘best’ k-dimensional view of the data.

I PCA commonly used for lossy compression of high dimensional data.
I Emphasis on variance is where the weaknesses of PCA stem from:

I The PCs depend heavily on the units measurement. Where the data matrix
contains measurements of vastly differing orders of magnitude, the PC will
be greatly biased in the direction of larger measurement. It is therefore
recommended to calculate PCs from cor(X) instead of cov(X).

I Robustness to outliers is also an issue. Variance is affected by outliers
therefore so are PCs.

I Although PCs are uncorrelated, scatterplots sometimes reveal structures
in the data other than linear correlation.

45 / 157



Biplots

I When viewing projections of data matrix X into its PC space, it is
instructive to view the contribution from the original variables to the PCs
that are plot.

I Biplots overlay projection of unit vectors of the original variables into the
PC space

I As PCs are linear combinations of the original variables, it is
straightforward to invert this relationship to yield the contributions of the
original variables to the PCs

46 / 157



Biplots

Biplots show us an image of the data and unit vectors of the original axes into
the projected space.

I The distance of projected points away from the projected original axes tell
us its original location.

I Unit vectors of the original variables give us a common denominator to
compare how much weighting each PC gives to the original variables.

I It can be shown that cos θ (where θ is the angle that subtends two
projected original axes) approximates the correlation between these
variables.

However, the quality of this image depends on the proportion of variance
explained by the PCs used.
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Biplot Example 1: Fisher’s Iris Data

50 sample from 3 species of iris: iris setosa,
versicolor, and virginica

Each measuring the length and widths of
both sepal and petals

Collected by E. Anderson (1935) and
analysed by R.A. Fisher (1936)

Using again function princomp and biplot.

iris1 <- iris
iris1 <- iris1[,-5]
biplot(princomp(iris1,cor=T))
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Biplot Example 2: US Arrests

This data set contains statistics, in arrests per 100,000 residents for assault,
murder, and rape in each of the 50 US states in 1973. Also given is the
percent of the population living in urban areas.

pairs(USArrests)
usarrests.pca <- princomp(USArrests,cor=T)
plot(usarrests.pca)

pairs(predict(usarrests.pca))
biplot(usarrests.pca)
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Pairs Plot: US Arrests
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Biplot Example 2: US Arrests
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Biplot Example 3: US State data
This data set contains statistics like illiteracy and life expectancy on 50 US
states.

data(state) ## load state data
state <- state.x77[, 2:7] ## extract useful info
row.names(state)<-state.abb
state[1:5,] ## lets have a look

Income Illiteracy Life Exp Murder HS Grad Frost
AL 3624 2.1 69.05 15.1 41.3 20
AK 6315 1.5 69.31 11.3 66.7 152
AZ 4530 1.8 70.55 7.8 58.1 15
AR 3378 1.9 70.66 10.1 39.9 65
CA 5114 1.1 71.71 10.3 62.6 20

## calculate the pc’s of the data and show biplot
state.pca <- princomp(state,cor=TRUE)
biplot(state.pca,pc.biplot=TRUE,cex=0.8,font=2,expand=0.9)
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Biplot: US States
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Eigenvalue Decomposition (EVD)

Eigenvalue decomposition places significant role in PCA. PCs are
eigenvectors of X>X and PCA properties are derived from those of
eigenvectors and eigenvalues.

I For any p× p symmetric matrix S (think for example X>X), there exists p
eigenvectors v1, . . . , vp that are pairwise orthogonal and p associated
eigenvalues λ1, . . . , λp which satisfy the eigenvalue equation Svi = λivi ∀i.

I S can be written as S = VΛV> where
I V = [v1, . . . , vp] is a p× p orthogonal matrix
I Λ = diag {λ1, . . . , λp}
I and if Sij ∈ R ∀i, j, λi ∈ R ∀i

I The relevant R-command is eigen. Look at ?eigen to get help on the
command.
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Singular Value Decomposition (SVD)

The SVD of a matrix X is an equally useful matrix factorisation that is related
to the EVD.

I Though the EVD does not exist for Rn×p matrices if p 6= n, SVDs always
exists.

I X can be written as X = UDV> where
I U is an n× n matrix with orthogonal columns.
I D is a n× p matrix with decreasing non-negative elements on the diagonal

(the singular values) and zero off-diagonal elements.
I V is a p× p matrix with orthogonal columns.

The relevant R-command is svd.
I SVD can be computed using very fast and numerically stable algorithms.
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Some Properties of the SVD
I Let X = UDV> be again the SVD of the n× p matrix X.
I Note that

X>X = (UDV>)>(UDV>) = VD>U>UDV> = VD>DV>,

using orthogonality (U>U = In) of U.
I The eigenvalues of S = X>X are thus the squares of the singular values

of X and the columns of the orthogonal matrix V are the eigenvectors of S.
I We also have

XX> = (UDV>)(UDV>)> = UDV>VD>U> = UDD>U>,

using orthogonality (V>V = Ip) of V.
I Consider the following optimization problem:

min
X̃
‖X̃ − X‖2 s.t. X̃ has maximum rank r < n, p.

This problem can be solved by keeping only the r largest singular values
of X, zeroing out the smaller singular values in the SVD.
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Multidimensional Scaling (MDS)

MDS is a class of methods based on representing high-dimensional data in a
lower dimensional space so that inter-point distances are preserved as “best”
as possible. MDS effectively “squeezes” a high-dimensional cloud of points
into a smaller number of dimensions, generally 2 or 3.
Given x1, . . . , xn ∈ Rp, we can obtain a matrix of pairwise distances D with
entries dij = d(xi, xj) using some measure of dissimilarity d. For example
Euclidean distance dij = ‖xi − xj‖2. In most applications, only D is available.
MDS finds representations z1, . . . , zn ∈ Rk such that

d(xi, xj) ≈ d̃(zi, zj),

where d represents dissimilarity in the original p-dimensional space and d̃
represents dissimilarity in the reduced k-dimensional space. The ‘best’ values
of zi are chosen to minimise some stress function.
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Metric vs Non-Metric Stress Functions

Metric
Where closeness is considered geometrically, Euclidean distance
dij = ‖xi − xj‖2 is commonly measured with the classical stress function

Smetric(dij, d̃ij) =
∑

i 6=j

(
dij − d̃ij

)2

Non-Metric
Sometimes it is more important to retain the ordering of dij as good as
possible rather than the actual values assigned. Non-metric stress functions
have been developed for ordered distances
Snon-metric(dij, d̃ij) = ming monotone

1∑
i 6=j d̃2

ij

∑
i6=j

(
g(dij)− d̃ij

)2
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Solving the Metric MDS Problem

Suppose we only have an n× n matrix of Euclidean distances D = (dij) but not
the points X themselves. The Classical MDS problem is to find a configuration
of n points in p-dimensional space that yields the same Euclidean distance
matrix as X.
Infinitely many solutions exist as the distance matrix is invariant to rigid
motions (rotations, reflections and translations).
As distances are Euclidean, can write dij = ‖xi − xj‖2 for some points
x1, . . . , xn ∈ Rp, where

d2
ij = ‖xi − xj‖2

2

= (xi − xj)(xi − xj)
>

= xix>i + xjx>j − 2xix>j (1)
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Solving the Metric MDS Problem

We define matrix B with entries bij = xix>j , we can compute D from B but also
B from D. From this, it is possible to recover a configuration which solves this
problem.
Writing (1) in terms of bij, we have

d2
ij = bii + bjj − 2bij (2)

⇒ If two configurations of n objects in p-dimensional space have identical
matrix B = XX>, then they also share the same distance matrix D.

We can also compute bij in terms of dij assuming
∑

i xi = 0 (problem sheet).
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Solving the Metric MDS Problem

If two configurations of n objects in p-dimensional space have identical matrix
B = XX>, then they also share the same distance matrix D.
Considering the eigendecomposition of B, we see that B = XX> = ULU> for
some orthogonal matrix U with columns U = (u1, . . . , un) and diagonal matrix
L with entries λ1, . . . , λn. 1

So if n > p we can write

X̃ = [
√
λ1U1, . . . ,

√
λpUp]

i.e. we have found a p-dimensional configuration of n points X̃ with the same
distance matrix D as X.

1If X = UDV> is again the SVD of X, then XX> = UDD>U>. The matrix U is thus the same in
the EVD of XX> and the n× n-matrix L = DD> has the same diagonal entries as the p× p-matrix
Λ = D>D in the SVD of X>X.
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MDS Example: US City Flight Distances

We present a table of flying mileages between 10 American cities, distances
calculated from our 2-dimensional world. Using D as the starting point, metric
MDS finds a configuration with the same distance matrix.

ATLA CHIG DENV HOUS LA MIAM NY SF SEAT DC
0 587 1212 701 1936 604 748 2139 2182 543
587 0 920 940 1745 1188 713 1858 1737 597
1212 920 0 879 831 1726 1631 949 1021 1494
701 940 879 0 1374 968 1420 1645 1891 1220
1936 1745 831 1374 0 2339 2451 347 959 2300
604 1188 1726 968 2339 0 1092 2594 2734 923
748 713 1631 1420 2451 1092 0 2571 2408 205
2139 1858 949 1645 347 2594 2571 0 678 2442
2182 1737 1021 1891 959 2734 2408 678 0 2329
543 597 1494 1220 2300 923 205 2442 2329 0
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MDS Example: US City Flight Distances

library(MASS)

us <- read.csv("http://www.stats.ox.ac.uk/
~teh/teaching/datamining/data/uscities.csv")

## use the classical stress function
## to find lower dimensional views of the data
## recover X in 2 dimensions

us.classical <- cmdscale(d=us,k=2)

plot(us.classical)
text(us.classical,labels=names(us))
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MDS Example: US City Flight Distances
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Lower-dimensional Reconstructions
Having managed to reconstruct a set of p-dimensional points with the same
distance matrix D, we would like to find lower dimensional representations
which minimise the stress function Smetric.
If the SVD of X is given by X = UDV>, then

B = XX> = UDD>U = ULU>

Generally the representation of X̃ (chosen so that X̃ and X have the same
distance matrix) can be written as

X̃ = [
√
λ1U1, . . . ,

√
λrUr]

where r is the rank of B.
Setting the smallest eigenvalues to zero reveals the ‘best’ k-dimensional view
of the data (where k is the number of non-zero eigenvalues), minimizing the
stress function (proof not given).
This is analogous to PCA, where the smallest eigenvalues of X>X are
effectively suppressed. Indeed, both PCA and MDS under Euclidean distance
are dual and yield effectively the same result (yet MDS can also be applied to
distance matrices not generated under Euclidean distance measure).
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MDS Example: Virus Data

A data set on 39 viruses with rod-shaped particles affecting various crops
(tobacco, tomato, cucumber and others), described by Fauquet et al. (1988).
These are Tobamoviruses with monopartite genomes spread by contact.

There are 18 measurements on each virus, the number of amino acid
residues per molecule of coat protein; the data come from a total of 26
sources.

We want to investigate whether there are subgroups within this group of
viruses.
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MDS Example: Virus Data
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MDS Example: Virus Data

MDS reveals some clear subgroups within the Tobamoviruses.

Viruses 7 (cucumber green mottle mosaic virus) and 21 (pepper mild mottle
virus) have been clearly separated from the other viruses in the non-metric
MDS plot, which is not the case in the metric version.

Ripley (1996) states that the non-metric MDS plot shows interpretable
groupings. The upper right is the cucumber green mottle virus, the upper left
is the ribgrass mosaic virus. The one group of viruses at the bottom, namely
8,9,19,20,23,24, are the tobacco mild green mosaic and odontoglossum
ringspot viruses.
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Example: Crabs data

library(MASS)
Crabs <- crabs[,4:8]
Crabs.class <- factor(paste(crabs[,1],crabs[,2],sep=""))

crabsmds <- cmdscale(d= dist(Crabs),k=2)
plot(crabsmds, pch=20, cex=2)
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Example: Crabs data
First two MDS components.
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Example: Crabs data
With grouping information.
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Example: Crabs data
Compare with previous PCA analysis.
MDS solution corresponds to the first 2 PCs as metric scaling was used.
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Example: Crabs data
Use Kruskals non-metric multi-dimensional scaling instead.

crabsmds <- isoMDS(d= dist(Crabs),k=2)
plot(crabsmds$points, pch=20, cex=2)
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Example: Crabs data

With grouping information.
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Example: Language data
Presence or absence of 2867 homologous traits in 87 Indo-European
languages.

> X[1:15,1:16]
V1 V2 V3 V4 V5 V6 V7 V8 V9 V10 V11 V12 V13 V14 V15 V16

Irish_A 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
Irish_B 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
Welsh_N 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
Welsh_C 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
Breton_List 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
Breton_SE 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
Breton_ST 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
Romanian_List 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Vlach 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Italian 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Ladin 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Provencal 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
French 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Walloon 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
French_Creole_C 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Example: Language data
Using MDS with non-metric scaling.

MDS (i.e. cmdscale) which minimizes (d2
ij − d̃2

ij)
2. Sammon thereby puts

more weight on reproducing the separation of points which are close by
forcing them apart. Projection by MDS(Jaccard/sammon) with cluster dis-
covery by k-means (Jaccard): There is an obvious east to west (top-left to
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Danish

Riksmal

Icelandic_ST

Faroese

English_ST
Takitaki

Lithuanian_O

Lithuanian_ST
Latvian

Slovenian

Lusatian_L

Lusatian_U

Czech

Slovak

Czech_E

Ukrainian

Byelorussian

Polish
Russian

MacedonianBulgarian

Serbocroatian

Gypsy_Gk

Singhalese

Kashmiri

Marathi

Gujarati

Panjabi_ST

Lahnda

Hindi

Bengali

Nepali_List

Khaskura

Greek_ML

Greek_MD

Greek_Mod

Greek_D

Greek_K

Armenian_Mod

Armenian_List

Ossetic

Afghan

WaziriPersian_List
Tadzik

Baluchi

Wakhi

Albanian_T

Albanian_Top

Albanian_G

Albanian_K

Albanian_C

HITTITE

TOCHARIAN_A

TOCHARIAN_B

bottom-right) separation of languages in the MDS and the clusters in the
MDS grouping agree with the clusters discovered by agglomerative clus-
tering and k-means. The two clustering methods group languages slightly
differently with k-means splitting the Germanic languages.

## (alternative/MDS) make a field to display the clusters

## use MDS - sammon does this nicely

di.sam <- sammon(D,magic=0.20000002,niter=1000,tol=1e-8)

eqscplot(di.sam$points,pch=km$cluster,col=km$cluster)

text(di.sam$points,labels=row.names(X),pos=4,col=km$cluster)

5
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Isomap
Isomap is useful for non-linear dimension reduction

1. Calculate distances dij for i, j = 1, . . . , n between all data points, using the
Euclidean distance.

2. Form a graph G with the n samples as nodes, and edges between the
respective K nearest neighbors (in Euclidean metric).

3. Replace distances dij by ‘shortest-path’ distance dG
ij

2 and perform
classical MDS, using these distances.

converts distances to inner products (17 ),
which uniquely characterize the geometry of
the data in a form that supports efficient
optimization. The global minimum of Eq. 1 is
achieved by setting the coordinates yi to the
top d eigenvectors of the matrix !(DG) (13).

As with PCA or MDS, the true dimen-
sionality of the data can be estimated from
the decrease in error as the dimensionality of
Y is increased. For the Swiss roll, where
classical methods fail, the residual variance
of Isomap correctly bottoms out at d " 2
(Fig. 2B).

Just as PCA and MDS are guaranteed,
given sufficient data, to recover the true
structure of linear manifolds, Isomap is guar-
anteed asymptotically to recover the true di-
mensionality and geometric structure of a
strictly larger class of nonlinear manifolds.
Like the Swiss roll, these are manifolds

whose intrinsic geometry is that of a convex
region of Euclidean space, but whose ambi-
ent geometry in the high-dimensional input
space may be highly folded, twisted, or
curved. For non-Euclidean manifolds, such as
a hemisphere or the surface of a doughnut,
Isomap still produces a globally optimal low-
dimensional Euclidean representation, as
measured by Eq. 1.

These guarantees of asymptotic conver-
gence rest on a proof that as the number of
data points increases, the graph distances
dG(i, j) provide increasingly better approxi-
mations to the intrinsic geodesic distances
dM(i, j), becoming arbitrarily accurate in the
limit of infinite data (18, 19). How quickly
dG(i, j) converges to dM(i, j) depends on cer-
tain parameters of the manifold as it lies
within the high-dimensional space (radius of
curvature and branch separation) and on the

density of points. To the extent that a data set
presents extreme values of these parameters
or deviates from a uniform density, asymp-
totic convergence still holds in general, but
the sample size required to estimate geodes-
ic distance accurately may be impractically
large.

Isomap’s global coordinates provide a
simple way to analyze and manipulate high-
dimensional observations in terms of their
intrinsic nonlinear degrees of freedom. For a
set of synthetic face images, known to have
three degrees of freedom, Isomap correctly
detects the dimensionality (Fig. 2A) and sep-
arates out the true underlying factors (Fig.
1A). The algorithm also recovers the known
low-dimensional structure of a set of noisy
real images, generated by a human hand vary-
ing in finger extension and wrist rotation
(Fig. 2C) (20). Given a more complex data
set of handwritten digits, which does not have
a clear manifold geometry, Isomap still finds
globally meaningful coordinates (Fig. 1B)
and nonlinear structure that PCA or MDS do
not detect (Fig. 2D). For all three data sets,
the natural appearance of linear interpolations
between distant points in the low-dimension-
al coordinate space confirms that Isomap has
captured the data’s perceptually relevant
structure (Fig. 4).

Previous attempts to extend PCA and
MDS to nonlinear data sets fall into two
broad classes, each of which suffers from
limitations overcome by our approach. Local
linear techniques (21–23) are not designed to
represent the global structure of a data set
within a single coordinate system, as we do in
Fig. 1. Nonlinear techniques based on greedy
optimization procedures (24–30) attempt to
discover global structure, but lack the crucial
algorithmic features that Isomap inherits
from PCA and MDS: a noniterative, polyno-
mial time procedure with a guarantee of glob-
al optimality; for intrinsically Euclidean man-

Fig. 2. The residual
variance of PCA (open
triangles), MDS [open
triangles in (A) through
(C); open circles in (D)],
and Isomap (filled cir-
cles) on four data sets
(42). (A) Face images
varying in pose and il-
lumination (Fig. 1A).
(B) Swiss roll data (Fig.
3). (C) Hand images
varying in finger exten-
sion and wrist rotation
(20). (D) Handwritten
“2”s (Fig. 1B). In all cas-
es, residual variance de-
creases as the dimen-
sionality d is increased.
The intrinsic dimen-
sionality of the data
can be estimated by
looking for the “elbow”
at which this curve ceases to decrease significantly with added dimensions. Arrows mark the true or
approximate dimensionality, when known. Note the tendency of PCA and MDS to overestimate the
dimensionality, in contrast to Isomap.

Fig. 3. The “Swiss roll” data set, illustrating how Isomap exploits geodesic
paths for nonlinear dimensionality reduction. (A) For two arbitrary points
(circled) on a nonlinear manifold, their Euclidean distance in the high-
dimensional input space (length of dashed line) may not accurately
reflect their intrinsic similarity, as measured by geodesic distance along
the low-dimensional manifold (length of solid curve). (B) The neighbor-
hood graph G constructed in step one of Isomap (with K " 7 and N "

1000 data points) allows an approximation (red segments) to the true
geodesic path to be computed efficiently in step two, as the shortest
path in G. (C) The two-dimensional embedding recovered by Isomap in
step three, which best preserves the shortest path distances in the
neighborhood graph (overlaid). Straight lines in the embedding (blue)
now represent simpler and cleaner approximations to the true geodesic
paths than do the corresponding graph paths (red).
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Examples from Tenenbaum et al. (2000)
2The path-distance in the graph is, for a given path i1 → i2 → ...→ im between two nodes i1

and im that follows the edges of the graph, the sum of the original distances
∑m−1

k=1 dik ik+1 . The
shortest path distance between two points i and j is the minimal path distance along all paths
starting in i and ending in j.
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Embedding Handwritten Characters

tion to geodesic distance. For faraway points,
geodesic distance can be approximated by
adding up a sequence of “short hops” be-
tween neighboring points. These approxima-
tions are computed efficiently by finding
shortest paths in a graph with edges connect-
ing neighboring data points.

The complete isometric feature mapping,
or Isomap, algorithm has three steps, which
are detailed in Table 1. The first step deter-
mines which points are neighbors on the
manifold M, based on the distances dX (i, j)
between pairs of points i, j in the input space

X. Two simple methods are to connect each
point to all points within some fixed radius !,
or to all of its K nearest neighbors (15). These
neighborhood relations are represented as a
weighted graph G over the data points, with
edges of weight dX(i, j) between neighboring
points (Fig. 3B).

In its second step, Isomap estimates the
geodesic distances dM (i, j) between all pairs
of points on the manifold M by computing
their shortest path distances dG(i, j) in the
graph G. One simple algorithm (16 ) for find-
ing shortest paths is given in Table 1.

The final step applies classical MDS to
the matrix of graph distances DG " {dG(i, j)},
constructing an embedding of the data in a
d-dimensional Euclidean space Y that best
preserves the manifold’s estimated intrinsic
geometry (Fig. 3C). The coordinate vectors yi

for points in Y are chosen to minimize the
cost function

E ! !#$DG% " #$DY%!L2 (1)

where DY denotes the matrix of Euclidean
distances {dY(i, j) " !yi & yj!} and !A!L2

the L2 matrix norm '(i, j Ai j
2 . The # operator

Fig. 1. (A) A canonical dimensionality reduction
problem from visual perception. The input consists
of a sequence of 4096-dimensional vectors, rep-
resenting the brightness values of 64 pixel by 64
pixel images of a face rendered with different
poses and lighting directions. Applied to N " 698
raw images, Isomap (K" 6) learns a three-dimen-
sional embedding of the data’s intrinsic geometric
structure. A two-dimensional projection is shown,
with a sample of the original input images (red
circles) superimposed on all the data points (blue)
and horizontal sliders (under the images) repre-
senting the third dimension. Each coordinate axis
of the embedding correlates highly with one de-
gree of freedom underlying the original data: left-
right pose (x axis, R " 0.99), up-down pose ( y
axis, R " 0.90), and lighting direction (slider posi-
tion, R " 0.92). The input-space distances dX(i, j )
given to Isomap were Euclidean distances be-
tween the 4096-dimensional image vectors. (B)
Isomap applied to N " 1000 handwritten “2”s
from the MNIST database (40). The two most
significant dimensions in the Isomap embedding,
shown here, articulate the major features of the
“2”: bottom loop (x axis) and top arch ( y axis).
Input-space distances dX(i, j ) were measured by
tangent distance, a metric designed to capture the
invariances relevant in handwriting recognition
(41). Here we used !-Isomap (with ! " 4.2) be-
cause we did not expect a constant dimensionality
to hold over the whole data set; consistent with
this, Isomap finds several tendrils projecting from
the higher dimensional mass of data and repre-
senting successive exaggerations of an extra
stroke or ornament in the digit.
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Embedding Faces

tion to geodesic distance. For faraway points,
geodesic distance can be approximated by
adding up a sequence of “short hops” be-
tween neighboring points. These approxima-
tions are computed efficiently by finding
shortest paths in a graph with edges connect-
ing neighboring data points.

The complete isometric feature mapping,
or Isomap, algorithm has three steps, which
are detailed in Table 1. The first step deter-
mines which points are neighbors on the
manifold M, based on the distances dX (i, j)
between pairs of points i, j in the input space

X. Two simple methods are to connect each
point to all points within some fixed radius !,
or to all of its K nearest neighbors (15). These
neighborhood relations are represented as a
weighted graph G over the data points, with
edges of weight dX(i, j) between neighboring
points (Fig. 3B).

In its second step, Isomap estimates the
geodesic distances dM (i, j) between all pairs
of points on the manifold M by computing
their shortest path distances dG(i, j) in the
graph G. One simple algorithm (16 ) for find-
ing shortest paths is given in Table 1.

The final step applies classical MDS to
the matrix of graph distances DG " {dG(i, j)},
constructing an embedding of the data in a
d-dimensional Euclidean space Y that best
preserves the manifold’s estimated intrinsic
geometry (Fig. 3C). The coordinate vectors yi

for points in Y are chosen to minimize the
cost function

E ! !#$DG% " #$DY%!L2 (1)

where DY denotes the matrix of Euclidean
distances {dY(i, j) " !yi & yj!} and !A!L2

the L2 matrix norm '(i, j Ai j
2 . The # operator

Fig. 1. (A) A canonical dimensionality reduction
problem from visual perception. The input consists
of a sequence of 4096-dimensional vectors, rep-
resenting the brightness values of 64 pixel by 64
pixel images of a face rendered with different
poses and lighting directions. Applied to N " 698
raw images, Isomap (K" 6) learns a three-dimen-
sional embedding of the data’s intrinsic geometric
structure. A two-dimensional projection is shown,
with a sample of the original input images (red
circles) superimposed on all the data points (blue)
and horizontal sliders (under the images) repre-
senting the third dimension. Each coordinate axis
of the embedding correlates highly with one de-
gree of freedom underlying the original data: left-
right pose (x axis, R " 0.99), up-down pose ( y
axis, R " 0.90), and lighting direction (slider posi-
tion, R " 0.92). The input-space distances dX(i, j )
given to Isomap were Euclidean distances be-
tween the 4096-dimensional image vectors. (B)
Isomap applied to N " 1000 handwritten “2”s
from the MNIST database (40). The two most
significant dimensions in the Isomap embedding,
shown here, articulate the major features of the
“2”: bottom loop (x axis) and top arch ( y axis).
Input-space distances dX(i, j ) were measured by
tangent distance, a metric designed to capture the
invariances relevant in handwriting recognition
(41). Here we used !-Isomap (with ! " 4.2) be-
cause we did not expect a constant dimensionality
to hold over the whole data set; consistent with
this, Isomap finds several tendrils projecting from
the higher dimensional mass of data and repre-
senting successive exaggerations of an extra
stroke or ornament in the digit.

R E P O R T S

22 DECEMBER 2000 VOL 290 SCIENCE www.sciencemag.org2320

 o
n
 D

e
c
e
m

b
e
r 

5
, 
2
0
0
8
 

w
w

w
.s

c
ie

n
c
e
m

a
g
.o

rg
D

o
w

n
lo

a
d
e
d
 f
ro

m
 

83 / 157



Outline

Administrivia and Introduction
Course Structure
Syllabus
Introduction to Data Mining

Dimensionality Reduction
Introduction
Principal Components Analysis
Singular Value Decomposition
Multidimensional Scaling
Isomap

Clustering
Introduction
Hierarchical Clustering
K-means
Vector Quantisation
Probabilistic Methods

84 / 157



Outline

Administrivia and Introduction
Course Structure
Syllabus
Introduction to Data Mining

Dimensionality Reduction
Introduction
Principal Components Analysis
Singular Value Decomposition
Multidimensional Scaling
Isomap

Clustering
Introduction
Hierarchical Clustering
K-means
Vector Quantisation
Probabilistic Methods

85 / 157



Clustering

I Cluster analysis is a range of methods that reveal structural information
about high-dimensional data directly.

I Given a set of unclassified points X, cluster analysis seeks to arrange
them into clusters based on some notion of between cluster and within
cluster distance/dissimilarity.

I Partition based methods:
I Allocate points into K clusters.
I The number of cluster is usually fixed beforehand or investigated for various

values of K as part of the analysis.
I Hierarchical clustering methods:

I Allocate points into clusters and clusters into super-clusters forming a
hierarchy.

I Typically the hierarchy forms a binary tree (a dendrogram) where each
cluster has two “children”.
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Hierarchical Clustering Methods

I Hierarchically structured data can be found everywhere (measurements
of different species and different individuals within species), hierarchical
methods attempt to understand data by looking for clusters.

I There are two general strategies for generating hierarchical clusters.
Both proceed by seeking to minimize some measure of dissimilarity.

I Agglomerative / Bottom-Up / Merging
I Divisive / Top-Down / Splitting

Hierarchical clusters are generated where at each level, clusters are
created by merging clusters at lower levels. This process can easily be
viewed by a dendogram/tree.
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Agglomerative Strategies

I The essence of agglomerative strategies is very simple: starting with
each observation as a separate cluster, recursively merge the two most
similar clusters (with the smallest dissimilarity) until we are left with a
single cluster.

I The way in which we measure dissimilarity between clusters affects the
resulting dendograms in a predictable way. If clusters exist however, it is
clear by inspecting the dendograms using whatever way we measure
dissimilarity between clusters.
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Measuring Dissimilarity
To find hierarchical clusters, we need some way to measure the dissimilarity
between clusters

I Given two points xi and xj, it is straightforward to measure their
dissimilarity, say d(xi, xj) = ‖xi − xj‖2.

I It is unclear however how to extend this to measure dissimilarity between
clusters, D(Ci,Cj) for clusters Ci and Cj.

Many such proposals though no concensus as to which is best.
(a) Single-Link Clustering

D(Ci,Cj) = min
x,y

(d(x, y)|x ∈ Ci, y ∈ Cj)

(b) Complete-Link Clustering

D(Ci,Cj) = max
x,y

(d(x, y)|x ∈ Ci, y ∈ Cj)

(c) Group-Average Clustering

D(Ci,Cj) = avgx,y (d(x, y)|x ∈ Ci, y ∈ Cj)
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Hierarchical Clustering Example: Artificial Dataset
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Hierarchical Clustering Example: Artificial Dataset
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R Code

#start afresh
dat=xclara #3000 x 2
library(cluster)

#plot the data
plot(dat,type="n")
text(dat,labels=row.names(dat))

plot(agnes(dat,method="single"))
plot(agnes(dat,method="complete"))
plot(agnes(dat,method="average"))
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Divisive Strategies

I Divisive strategies work in the opposite direction: starting with a single
cluster which holds every observation, we recursively proceed as follows.
For all clusters, partition the one that results in the greatest increase in
dissimilarity that can arise when it is split in two. This recurses until each
observation is a cluster on its own.

I If there are s observations in any cluster, there are 2s−1 − 1 possible ways
of partitioning it into two non-empty sets, a computationally infeasible
task. Approximate methods are employed to tackle this problem which
search though a subset of these possibilities.

I Divisive approaches are better than agglomerative approaches at
showing structure near the top of the tree and so are preferred when
interest is focused on partitioning data into a relatively small numbers of
clusters.

I Divisive approaches are less known and so are much less used than
agglomerative strategies.
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Using Dendograms

I Different ways of measuring dissimilarity result in different trees.
I Dendograms are useful for getting a feel for the structure of

high-dimensional data though they don’t represent distances between
observations well.

I Dendograms show hierarchical clusters with respect to increasing values
of dissimilarity between clusters, cutting a dendogram horizontally at a
particular height partitions the data into disjoint clusters which are
represented by the vertical lines it intersects. Cutting horizontally
effectively reveals the state of the clustering algorithm when the
dissimilarity value between clusters is no more than the value cut at.

I Despite the simplicity of this idea and the above drawbacks, hierarchical
clustering methods provide users with interpretable dendograms that
allow clusters in high-dimensional data to be better understood.
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Example: Lymphoma Gene Expression Data
Gene expression values taken of 4026 genes of 62 patients in a lymphoma
cancer study. Color coded expression values for 500 randomly chosen genes
look as follows.
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Example: Lymphoma Gene Expression Data

Figure was generated by R code:

load(file="lymphoma.rda")
library(fields)

X <- lymphoma.x
X <- scale(X)
X <- X[,sample(1:ncol(X),400)]
for (k in 1:nrow(X)) X[k,] <- pmin(2,pmax(-2,X[k,]))

indn <- sample(1:nrow(X),nrow(X))

image.plot(1:ncol(X),1:nrow(X),t(X[indn,]),
col=tim.colors(200),
xlab="GENES", ylab="PATIENTS", cex.lab=1.4)
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Example: Lymphoma Gene Expression Data

Now lets do hierarchical clustering with function hclust.

dd <- dist(t(X))
hh <- hclust(dd,method="average")

ddn <- dist(X)
hhn <- hclust(ddn,method="average")

plot(hh)
plot(hhn)

...or a bit more fancy

plot(hh,cex.lab=1.3,xlab="",ylab="HEIGHT",sub="")
plot(hhn,cex.lab=1.3,xlab="",ylab="HEIGHT",sub="")
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Example: Lymphoma Gene Expression Data
Using hierarchical clustering with average linkage for the 62 patients yields:
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Example: Lymphoma Gene Expression Data
Using hierarchical clustering on the genes (instead of patients):

24
4

13
2

38
7

36
3

12
9

18
5

26
7

26
0

38
5

25
2

33
9

96 14
2

70
36

9
78 36

7
11

4
35

2
12

5
25

5
33

5
34

5
35

0
15

8
16

1
79 10

9
95

94 32
3

18 19
2

27
0

28
0

81
13

0
39

9
6

13
6

46 36
4

29
3

40
37

6
11

2
12

7
33

8
16 14

6 24
3

18
3

31
5

39
5

87 29 32
5

27
8

30
2

37 19
1

28
7

21
1

65
35

9
9

24
6

37
0

37
3

45 22
8

23
6

25
7 2

3
32 36

0
16

7
39

33
1

77 20
5

10
8

25
1

20
6

20
0

39
7

23
3

34
2

24
2

35
3 10

2
13

5
34

8 1
23

7
34

6
17

20
2

34
0

38
6

49 24
7

19
3

30
3

14
0

26 38
0

28
4 4

11
0

30
5

63
28

3
31

4
30

8
61 32
8

22
9

62 39
8

42
20 35

8
14

4
37

9
35

30 26
1

26
3

55 90
89

15
1

19
6

25
4

16
5

35
6

51 17
6

66 53
11

7
29

1
14

22
3

60 15
5

18
4

50 23
1

83 10
4

15
9

37
8 3

49
86 16

6
68 33
0

17
2

3
12

0
13

4
30

0
17

9
20

7
16

8
33

7
22

1
37

2
10

5
59

32
6

36
8

84
16

2
28

1 1
11 21

3
13

8
71 37

7 3
16

91 27
1

17
8

24
9

40
0

14
7

19
7

18
2

25
0

34
1

73 22
2

36
18

0
25

8
29

8
13

3
22

0
10

7
13

7 10 36
2

34
3

57 11
3

27
6

26
4

32
2 38 21
9

21
5

8
22

7
30

7
29

7
33 23

5
21

0
36

5
18

7
25

6
85 32

4 2
59

76 18
6

27 31
1

14
9

18
1

27
2

47 39
2 2

39 35
1

20
4

38
3

22 17
4 28

5
14

8
38

9 1
31 29

5
52 37

5
12

2
21

6
54 17

7
39

6
11 14

5
10

1
80 11
5

26
5

29
6

43
88 15

4
19

0
21

4
12

4
24

0
34

4
20

8
31

8
19

5
67 23

0
21

72
15

2
30

6
74 37

1
27

3
39

0
19

9
32

9
29

2
20

3
32

1
13 37

4
28

8
35

7
31

9
32

7
24

8
30

1
39

3
14

1
34 44 4

1
39

1
35

5
28

6
33

4
33

6 1
50 22

5 3
66

14
3

15
7

16
3

11
9

17
1

20
1

17
0

21
2

31
2

16
4

36
1 69 24
1

12
1

29
4 12 19

23
4

33
3

22
6

10
3

64 10
0

5
98 19

4
28

9
38

2
24

5
26

8
11

6
12

3
97 26
9

2
25

17
3

33
2

15
6

27
9

38
1

35
4

13
9

21
7

21
8

31
7

56
38

4
38

8
30

9
31

0
48

18
9

26
2

92 11
8

7 75
18

8
29

9
58 17

5
93 12

6 16
0

31 99
29

0
19

8
27

4
16

9
10

6
27

5
15

3
27

7
28

2
15 24

23
2

32
0

22
4

30
4

26
6

39
4

28 12
8

34
7

82
20

9
25

3
23

8
31

3

0
2

4
6

8
10

Cluster Dendrogram
H

E
IG

H
T

103 / 157



Example: Lymphoma Gene Expression Data
Can order the patients according to the ordering implied by hclust.

ord <- hh$order
ordn <- hhn$order

image.plot(1:ncol(X),1:nrow(X),t(X[ordn,]),
col=tim.colors(200),cex.lab=1.4,
xlab="GENES",ylab="PATIENTS")

image.plot(1:ncol(X),1:nrow(X),t(X[ordn,ord]),
col=tim.colors(200),cex.lab=1.4,
xlab="GENES",ylab="PATIENTS")

for (k in 1:nrow(X))
text( ncol(X)-200, k, labels= "",cex=0)

for (k in 1:nrow(X))
mtext((lymphoma.y[ordn])[k],side=4,at=k,cex=1.1)
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Example: Lymphoma Gene Expression Data
Using the ordering of patients implied by hierarchical clustering yields the
following expression matrix.
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Example: Lymphoma Gene Expression Data
Using the ordering of patients and genes implied by hierarchical clustering
yields the following expression matrix.
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Example: Lymphoma Gene Expression Data
Or simply use command heatmap(X).
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K-means

Partition methods seek to divide examples into a pre-assigned number of
clusters C1, . . . ,CK where for all k, k′ ∈ {1, . . . ,K},

I Ck ⊂ {x1, . . . , xn}
I Ck ∩ Ck′ = ∅ ∀k 6= k′

I ∪K
k=1Ck = {x1, . . . , xn}

For Euclidean space, we can assign a centre rk to each cluster in order to
measure within-cluster deviance

WCk (rk) =
∑

i:xi∈Ck

‖xi − rk‖2
2.
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K-means

The overall objective is to choose both the cluster centres and allocation of
points to minimize total within-cluster deviance given by

W =

K∑

k=1

WCk (rk).

Given the contents of a cluster, simple differentiation of WCk (rk) with respect to
rk shows that within-cluster deviance is least when

rk =
1
|Ck|

∑

i:xi∈Ck

xi,

where |Ck| = #{i : xi ∈ Ck} is the number of members of cluster k.
The hard part is the combinatorial task of allocating points to clusters.
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K-means

The K-means algorithm is a well-known method that heuristically minimizes W
to partition x1, . . . , xn into K clusters for some K.

1. Randomly fix K cluster centres r1, . . . , rK .
2. For each i = 1, . . . , n, assign each xi to the cluster with the nearest centre,

xi ∈ Ck ⇔ ‖xi − rk‖ ≤ ‖xi − r′k‖ ∀k′ 6= k.

3. Move cluster centres r1, . . . , rK to the average of the new clusters.
4. Repeat 2 and 3 until there is no change.
5. Return the partitions C1, . . . ,CK at the end.
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Some Properties

Some notes about the K-means algorithm.

I The algorithm stops in a finite number of iterations. Between steps 2
and 3, W either stays constant -in which case we stop- or it decreases,
this implies that we never revisit the same partition. As there are only
finitely many partitions, the number of iterations cannot exceed this.

I The K-means algorithm need not converge to a globally optimal
assignment. K-means is a heuristic search algorithm so it can get stuck
at suboptimal configurations. The result depends on the starting
configuration.

I Other partition based methods. There are many other partition based
methods that employ related ideas for example K-medoids differs from
K-means in requiring cluster centres ri to be an observation xi.
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Example: Crabs

Looking at the Crabs data again.

library(MASS)
library(lattice)
data(crabs)

splom(~log(crabs[,4:8]),
col=as.numeric(crabs[,1]),
pch=as.numeric(crabs[,2]),
main="circle/triangle is gender, black/red is species")
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Example: Crabs
circle/triangle is gender, black/red is species

Scatter Plot Matrix
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Example: Crabs

Apply kmeans with 2 clusters and plot results.

cl <- kmeans( log(crabs[,4:8]), 2, nstart=1, iter.max=10)

splom(~log(crabs[,4:8]),
col=cl$cluster+2,
main="blue/green is cluster finds big/small")
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Example: Crabs
blue/green is cluster finds big/small
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Example: Crabs

Sphere the data.

pcp <- princomp( log(crabs[,4:8]) )
spc <- pcp$scores %*% diag(1/pcp$sdev)
splom( ~spc[,1:3],

col=as.numeric(crabs[,1]),
pch=as.numeric(crabs[,2]),
main="circle/triangle is gender, black/red is species")

117 / 157



Example: Crabs
circle/triangle is gender, black/red is species
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Example: Crabs

And apply K-means again.

cl <- kmeans(spc, 2, nstart=1, iter.max=20)
splom( ~spc[,1:3],

col=cl$cluster+2, main="blue/green is cluster")
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Example: Crabs
blue/green is cluster

Scatter Plot Matrix
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Example: Crabs

circle/triangle is gender, black/red is species
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blue/green is cluster
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Discovers gender difference...
Results depends crucially on sphering the data first.
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Example: Crabs
Using 4 cluster centers.

colors are clusters

Scatter Plot Matrix

V1
1

2

3 1 2 3

−2

−1

0

−2 −1 0

●

●
●

●●

●
●● ●

●
●●● ● ●●● ● ●

●
●●● ● ● ●●

● ●●
● ●●● ●●●●●

●●●●

●
● ●

●● ●

●

●

●●●●
● ●● ●
● ●

●
●● ●●

●
●●

●● ●●●● ●● ●
●● ●
● ●

●● ●
● ●●

● ●
●●

● ●●
●
●●

●

●

●
●

●
●●

●
●●

●
●● ● ●● ●

●●●
●●●

●●●

●●
● ●● ● ●●●● ●●

● ●●●
● ●

●●
●

● ●
●●

●●

●
●●

●
●●
●●●

● ●●●●● ●
●●

●●
●● ●
●
●●●●

●
● ●●●

●● ●● ●●
●●

●

●
●●●●

●

●

●
●

●●

●
●●●

●
● ●●● ● ●●● ●

●
● ●●●● ●●

● ●●
●●●●● ●●● ●

●● ●●

●
●●
●● ●

●

●

● ●● ●
●● ●●

●●
●

● ● ●●
●

●●
● ●●●●● ●●●
●●●

●●
●●●

●● ●
●●

● ●
●● ●

●
●●
●

●

●
●

●
●●

●
● ●

●
● ●●●● ●

●● ●
●●●

●● ●

●●
●●●● ●● ●● ●●

● ●●●
●●

●●
●

● ●
●●

●●

●
●●

●
● ●
●● ●

●● ●●●●●
●●

● ●
●●●

●
●●●●

●
●● ●●

●●●● ●●
●●

●

●
●●●●

●

●

●

●

●●●

●

●

●

●

●●

●

●

●●

●

●
●

●●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●●

●●

●●
●
●

●

●

●

●

●
●

●

●

●

●●
●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●●

●
●
●●

●

●●
●

●●

●

●

●●
●●

●

●

●

●

●●

●●

●

●●
●
●

●●

●
●●
●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●
●
●

●
●●

●●

●

●

●

●●
●●

●

●●

●

●
●

●●

●

●
●

●

●
●

●

●
●

●●
●

●

V20

1

2 0 1 2

−2

−1

0

−2 −1 0

●

●

●

●●●

●

●

●

●

● ●

●

●

● ●

●

●
●

●●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●●

● ●

●●
●

●

●

●

●

●

●
●

●

●

●

●●
●

●

● ●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

● ●

●

●

●

●

●●

●
●

●●

●

●●
●
●●

●

●

● ●
●●

●

●

●

●

●●

●●

●

●●
●

●

●●

●
●●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●
●
●

●
●●

● ●

●

●

●

● ●
●●

●

● ●

●

●
●

●●

●

●
●

●

●
●

●

●
●

●●
●

●

●

●

●
●
●

●
●●●

●

●

●

●
●

●

●

●
●

●
●

●

●●
●●

●

●

●

●●
●

●●●

●

●●
●

●

●
●

●
●

●

●●
●
●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●
●●

●●

●

●

●
●●

●●
●
●●

●●
●

●

●

●

●
●●●

●

●
●

●

●

●

●

●

●
●

●

●
●
●
●

●
●

●

●●

●
●

●●

●

●●

●
●

●

●

●

●

●●

●●

●

●

●●
●●

●
●

●

●

●
●

●

●
●

●●
●●

●

●

●
●

●

●

●

●
●

●●●
●●

●

●●●●

●

●●

●
●

●

●

●

●
●

●●

●
●

●

●

●

●●
●

●●●●

● ●

●

●
●
●
●

●● ●

●

●

●

●
●

●

●

●
●

●
●

●

●●
● ●

●

●

●

●●
●

●●●

●

●●
●

●

●
●

●
●

●

● ●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●
● ●

●●

●

●

●
●●

●●
●

●●

● ●
●

●

●

●

●
●●●

●

●
●

●

●

●

●

●

●
●
●

●
●

●
●

●
●

●

●●

●
●

●●

●

●●

●
●

●

●

●

●

●●

●●

●

●

●●● ●
●
●

●

●

●
●

●

●
●

● ●
●●

●

●

●
●

●

●

●

●
●

●● ●
●●

●

● ●● ●

●

●●

●
●

●

●

●

●
●

●●

●
●

●

●

●

●●
●

●●
●●

●

V30

1

2 0 1 2

−2

−1

0

−2 −1 0

122 / 157



Example: Crabs

circle/triangle is gender, black/red is species
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colors are clusters
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Vector Quantisation

I Originally developed by the signal processing community for data
compression (audio, image and video compression), the VQ idea has
been picked up the statistics community and extended to tackle a variety
of tasks (including clustering and classification).

I VQ is a simple idea for summarising data by use of codewords.
I The algorithm is very closely related to the K-means algorithm, yet works

sequentially through the data when updating cluster centers.
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Vector Quantisation

I Given p-dimensional data, a finite set of vectors Y = {y1, . . . , yK} of the
same dimensionality must be found. Vectors yk are called codewords and
Y the codebook.

I All n observations are mapped to the indices of the code book using the
following rule,

xi → yk ⇔ |xi − yk| ≤ |xi − yk′ | ∀k′.

I Such a mapping induces a partition of Rp into Voronoi regions defined as

Vk = {x ∈ Rp : |x− yk| ≤ |x− yk′ |∀k′}

where ∪K
k=1Vk = Rp and Vk’s are disjoint except for boundaries.
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Voronoi Regions
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Finding a Useful Codebook

I As with K-means, a predefined number of K codewords must be found.
They should be chosen to give the greatest compression in the data with
minimal loss in data quality.

I Where we have more codewords than clusters, it is easy to see that we
should simply place codewords at the center of areas of high density, i.e.
good codebooks find cluster centers.
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Vector Quantisation

The following iterative algorithm finds a good approximate solutions to this
problem.

1. Randomly choose K observations to initialise the codebook.
2. Sample an observation x and let Vc be the Voronoi region where it falls.
3. Update the codebook

yc = yc + α(t) [x− yc]

yk = yk ∀k 6= c.

α(t) quantifies the amount by which yc moves towards of the x and
decays over time to 0.

4. Repeat 2-3 until there is no change.
5. Return the codebook Y = {y1, . . . , yK}
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Compression

I For compression purposes, any observation x ∈ Rp is now just mapped to
the set {1, . . . ,K} of codewords, according to which Voronoi region the
observation falls into.

I If a large number of observations x1, . . . , xn needs to be transferred,
alternatively the vector of corresponding codewords in {1, . . . ,K}n can be
transferred to achieve a compression (with a certain loss of information).
Some audio and video codecs use this method.

I As with K-means, K must be specified. Increasing K ‘improves the quality
of the compressed image’ but worsens the ‘data compression rate’, so
there is a clear tradeoff. (For clustering, the choice of K is harder and
does not have an entirely satisfactory answer).

130 / 157



Example: Image Compression

3× 3 block VQ: View each block of 3× 3 pixels as single observation
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Example: Image Compression

Original image (24 bits/pixel, uncompressed size 1,402 kB)
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Example: Image Compression

Codebook length 1024 (1.11 bits/pixel, total size 88kB)
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Example: Image Compression

Codebook length 128 (0.78 bits/pixel, total size 50kB)
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Example: Image Compression

Codebook length 16 (0.44 bits/pixel, total size 27kB)
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Probabilistic Methods

I So far, we have found clusters in high-dimensional data by posing
sensible partition based problems and hierarchical clustering problems
which were tackled with heuristic approaches.

I Probabilistic methods attempt to find clusters in high-dimensional data
using a model based approach by fitting mixture models to data.

I Though well founded in probabilistic arguments, such an approach
comes at the expense of greater computation.

I Such methods can work well if good models are proposed (or if the
distribution of the data is close to the proposed model in a suitable
sense).

I We again need to specify/estimate the number of clusters K.
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Mixture Models

I Probabilistic methods for clustering work by seeking to model the
distribution of points in Rp using mixture models. In doing so, areas of
high density (i.e. clusters) can be accurately described.

I Mixture models have densities of the form

f (x|θ) =

K∑

k=1

πkf (x|φk)

for some densities fk(x|φk) and priors over these densities π1, . . . , πK

which satisfy πk ≥ 0 ∀k and
∑K

k=1 πk = 1.
I We want to estimate the unknown parameters θ = {πk, φk}K

k=1 given x1:n.
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Mixture Models

I To make things easier, let f (x|θk) = f (x|µk,Σk) ∼ Np(µk,Σk) where

f (x|µk,Σk) =
1√

(2π)p · |Σk|
exp

{
−1

2
(x− µk)

TΣ−1
k (x− µk)

}
.

I Posing a Gaussian Mixture Model corresponds to assuming that each of
the K clusters that we intend to model...

I is Gaussian with different means µk and covariance structures Σk.
I and each observation x comes from cluster k with probability πk.

I Allowing each cluster to have its own mean and covariance structure
allows greater flexibility in the model.
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Gaussian Mixture Models: Examples

Different covariances

Identical covariances

Different, but diagonal covariances

Identical and spherical covariances
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Fitting Gaussian Mixture Models
I To fit such a model, we need to estimate the parameters

θ = {πk,µk,Σk}K
k=1

from the data.
I We can do this by maximum likelihood choosing θ to maximise

L(θ) =
∏n

i=1 f (xi|θ) or equivalently `(θ) =
∑n

i=1 log f (xi|θ) where

`(θ) =

n∑

i=1

log
(
π1fµ1,Σ1(xi) + . . .+ πK fµK ,ΣK (xi)

)
.

I Differentiating to maximise such a log-likelihood analytically or even
numerically is difficult as there are too many unknowns to handle
simultaneously.

I The Expectation-Maximisation (EM) Algorithm is a very popular method
to help find maximum likelihood estimates in the presence of unobserved
variables.
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Likelihood Surface for a Simple Example
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Figure 11.6: Left: N = 200 data points sampled from a mixture of 2 Gaussians in 1d, with πk = 0.5, σk = 5, µ1 = −10 and µ2 = 10.
Right: Likelihood surface p(D|µ1, µ2), with all other parameters set to their true values. We see the two symmetric modes, reflecting the
unidentifiability of the parameters. Produced by mixGaussLikSurfaceDemo.

11.4.2.5 Unidentifiability

Note that mixture models are not identifiable, which means there are many settings of the parameters which have the same
likelihood. Specifically, in a mixture model withK components, there areK! equivalent parameter settings, which differ merely
by permuting the labels of the hidden states. See Figure 11.6 for an illustration. The existence of equivalent global modes does
not matter when computing a single point estimate, such as the ML or MAP estimate, but it does complicate Bayesian inference,
as we will in Section 12.5.6.3. Unfortunately, even finding just one of these global modes is computationally difficult. The EM
algorithm is only guaranteed to find a local mode. A variety of methods can be used to increase the chance of finding a good
local optimum. The simplest, and most widely used, is to perform multiple random restarts.

11.4.2.6 K-means algorithm

There is a variant of the EM algorithm for GMMs known as the K-means algorithm, which we now discuss.
Consider a GMM in which we make the following assumptions: Σk = σ2ID is fixed, and πk = 1/K is fixed, so only the

cluster centers, µk ∈ RD, have to be estimated. Now consider an approximation to EM in which we make the approximation

p(zi = k|xi,θ) ≈ I(k = z∗i ) (11.61)

where zi∗ = arg maxk p(zi = k|xi,θ). This is sometimes called hard EM, since we are making a hard assignment of points
to clusters. Since we assumed an equal spherical covariance matrix for each cluster, the most probable cluster for xi can be
computed by finding the nearest prototype:

z∗i = arg min
k
||xi − µk||2 (11.62)

Hence in each E step, we must find the Euclidean distance betweenN data points andK cluster centers, which takesO(NKD)
time. However, this can be sped up using various techniques, such as applying the triangle inequality to avoid some redundant
computations [Elk03]. Given the hard cluster assignments, the M step updates each cluster center by computing the mean of all
points assigned to it:

µk =
1

Nk

∑

i:zi=k

xi (11.63)

The resulting method is equivalent to the K-means algorithm. See Algorithm 5 for the pseudo-code.

Algorithm 3: K-means algorithm

initialize mk, k ← 1 to K1

repeat2

Assign each data point to its closest cluster center: zi = arg mink ||xi − µk||23

Update each cluster center by computing the mean of all points assigned to it: µk = 1
Nk

∑
i:zi=k

xi4

until converged5

Since K-means is not a proper EM algorithm, it is not maximizing likelihood. Instead, it can be interpreted as a greedy
algorithm for approximately minimizing the reconstruction error created by using vector quantization, as discussed in Sec-
tion 8.5.3.3. (See also Section 20.2.1.)

c© Kevin P. Murphy. Draft — not for circulation.

(left) n = 200 data points from a mixture of two 1D Gaussians with
π1 = π2 = 0.5, σ1 = σ2 = 5 and µ1 = −µ2 = 10. (right) Log-Likelihood surface
` (µ1, µ2) , all the other parameters being assumed known.
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The EM Algorithm

I EM is a very popular approach to maximize ` (θ) in this missing data
context.

I The key idea is to introduce explicitly the unobserved cluster labels zi

which indicate from which cluster data xi is coming from.
I If the cluster labels where known then we would estimate θ by

maximizing the so-called complete likelihood

`c (θ) =

n∑

i=1

log p (xi, zi| θ)

=

n∑

i=1

log πzi f (xi|φzi)
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Maximization of Complete Likelihood

I We have

`c (θ) =

K∑

k=1

(∑

i:zi=k

log πzi f (xi|φzi)

)

=

K∑

k=1

nk log (πk) +
∑

i:zi=k

log f (xi|φk)

where nk =
∑

i:zi=k 1 is the number of observations assigned to cluster k.
I We would obtain the MLE for the complete likelihood

π̂k =
nk

n
,

φ̂k =arg max
φk

n∑

i=1:zi=k

log f (xi|φk)
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Finite Mixture of Scalar Gaussians
I In this case, φ =

(
µ, σ2

)

f (x|φ) =
1√

2πσ2
exp

(
− (x− µ)

2

2σ2

)

and θ =
{
πk, µk, σ

2
}K

k=1.
I The resulting MLE estimate of the complete likelihood is

π̂k =
nk

n
,

µ̂k =
1
nk

n∑

i=1:zi=k

xi,

σ̂2
k =

1
nk

n∑

i=1:zi=k

(xi − µ̂k)
2

I Problem: We don’t have access to the cluster labels!
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Expectation-Maximization
EM is an iterative algorithm which generates a sequence of estimates

{
θ(t)
}

such that
`
(
θ(t)
)
≥ `

(
θ(t−1)

)
.

At iteration t, we compute

F
(
θ, θ(t−1)

)

=E
[
`c (θ)| x1:n, θ

(t−1)
]

=
∑

z1:n∈{1,2,...,K}n

p
(

z1:n| x1:n, θ
(t−1)

)( n∑

i=1

log p (xi, zi| θ)
)

=

n∑

i=1

K∑

k=1

p
(

zi = k| xi, θ
(t−1)

)
log p (xi, zi = k| θ)

and set

θ(t) = arg max
θ

F
(
θ, θ(t−1)

)
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Expectation-Maximization
We have

F
(
θ, θ(t−1)

)
=

n∑

i=1

K∑

k=1

p
(

zi = k| xi|θ(t−1)
)

log p (xi, zi = k| θ)

=

n∑

i=1

K∑

k=1

p
(

zi = k| xi, θ
(t−1)

)
{log πk + log f (xi|φk)}

=

K∑

k=1

(
n∑

i=1

p
(

zi = k| xi, θ
(t−1)

))
{logπk + log f (xi|φk)}

We obtain

π̂
(t)
k =

∑n
i=1 p

(
zi = k| xi, θ

(t−1)
)

n
,

φ
(t)
k = arg max

φk

n∑

i=1

p
(

zi = k| xi, θ
(t−1)

)
log f (xi|φk)

147 / 157



Finite mixture of scalar Gaussians

In this case, the EM algorithm iterates

π̂
(t)
k =

∑n
i=1 p

(
zi = k| xi, θ

(t−1)
)

n

µ̂
(t)
k =

∑n
i=1 xip

(
zi = k| xi, θ

(t−1)
)

∑n
i=1 p

(
zi = k| xi, θ(t−1)

) ,

σ̂
2 (t)
k =

∑n
i=1 p

(
zi = k| xi, θ

(t−1)
) (

xi − µ̂(t)
k

)2

∑n
i=1 p

(
zi = k| xi, θ(t−1)

) .

with

p (zi = k|xi, θ) =
πkf (xi|φk)∑
` π`f (xi|φ`)
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Proof of Convergence for EM Algorithm

Proposition: `
(
θ(t+1)

)
≥ `

(
θ(t)
)

for θ(t+1) = arg max
θ

F
(
θ, θ(t)

)
.

Proof: We have

p ( z1:n| θ, x1:n) =
p (x1:n,z1:n| θ)

p (x1:n| θ)
⇔ p (x1:n| θ) =

p (x1:n,z1:n| θ)
p ( z1:n| θ, x1:n)

thus
` (θ) = log p (x1:n| θ) = log p (x1:n,z1:n| θ)− log p ( z1:n| θ, x1:n)

and for any value θ(t)

` (θ) =
∑

z1:n

p
(

z1:n| θ(t), x1:n

)
log p (x1:n,z1:n| θ)

︸ ︷︷ ︸
=F(θ,θ(t))

−
∑

z1:n

p
(

z1:n| θ(t), x1:n

)
log p ( z1:n| θ, x1:n) .
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Proof of Convergence for EM Algorithm

We want to show that `
(
θ(t+1)

)
≥ `

(
θ(t)
)

for the EM, so if we prove that

∑

z1:n

p
(

z1:n| θ(t), x1:n

)
log p

(
z1:n| θ(t+1), x1:n

)

≤
∑

z1:n

p
(

z1:n| θ(t), x1:n

)
log p

(
z1:n| θ(t), x1:n

)

then we are done. We have

∑

z1:n

p
(

z1:n| θ(t), x1:n

)
log

p
(

z1:n| θ(t+1), x1:n
)

p
(

z1:n| θ(t), x1:n
)

≤ log
∑

z1:n

p
(

z1:n| θ(t), x1:n

) p
(

z1:n| θ(t+1), x1:n
)

p
(

z1:n| θ(t), x1:n
) (Jensen)

= log 1 = 0.
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Example: Mixture of 3 Gaussians
An example with 3 clusters.
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Example: Mixture of 3 Gaussians
After 1st E and M step.

−5 0 5 10

−5
0

5

data[,1]

da
ta
[,2
]

Iteration 1
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Example: Mixture of 3 Gaussians
After 2nd E and M step.

−5 0 5 10

−5
0

5

data[,1]

da
ta
[,2
]

Iteration 2
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Example: Mixture of 3 Gaussians
After 3rd E and M step.
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data[,1]

da
ta
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]
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Example: Mixture of 3 Gaussians
After 4th E and M step.
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Example: Mixture of 3 Gaussians
After 5th E and M step.
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Pros and Cons of the EM Algorithm

Some good things about EM

I no learning rate (step-size) parameter
I automatically enforces parameter constraints
I very fast for low dimensions
I each iteration guaranteed to improve likelihood

Some bad things about EM

I can get stuck in local minima so multiple starts are recommended
I can be slower than conjugate gradient (especially near convergence)
I requires expensive inference step
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