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k-Nearest Neighbours

� Nearest neighbours are simple and essentially model-free methods for
classification.

� These methods are not very useful for understanding relationships
between attributes and class predictions.

� Makes weaker modelling assumptions than e.g. LDA, Naïve Bayes and
logistic regression.

� As black box classification methods however, they are often reasonable
performers on real life problems (at least in lower-dimensional data) and
provide a good benchmark as they are trivial to set up.



Example: Spam dataset in 2 dimensions. Using first 2 principal components
of the predictor variables X for illustration. Plotted are 50 emails (red: spam,
black: no spam).
Task: predict category spam/no-spam for 3 new emails at the green crosses.
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True categories.

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

−1.5 −1.0 −0.5 0.0 0.5

−3
−2

−1
0

1
2

1ST PRINCIPAL COMPONENT

2N
D

 P
R

IN
C

IP
AL

 C
O

M
PO

N
EN

T

x
x

x



Suppose again that the training data are (Xi, Yi) for i = 1, . . . , n, where as
usual Xi ∈ Rp and Yi ∈ {1, . . . ,K}.
Assuming X ∈ Rp, Euclidean distance is often used to measure distance
d(X,X�) = �X − X��2. The nearest neighbours of a point X is the set
nek(X) ⊂ {1, . . . , n} such that

max
j∈nek(X)

d(X,Xj) ≤ min
i∈{1,...,n}\nek(X)

d(X,Xi).

Given a new X, we find the k observations in the training data ‘closest’ to X
and then classify using a majority vote amongst the k neighbours (ties are
broken at random – choose k odd preferably).

Ŷ(X) = argmaxl |{j ∈ nek(X) : Yj = l}|.



Application to Handwritten Character Recognition
Objective: recognizing isolated (i.e., non-overlapping) digits, as in ZIP or
postal codes.

Training and Test Data: The MNIST15 dataset contains 60,000 training
images and 10,000 test images of the digits 0 to 9, as written by various
people.
Details: Images are 28×28 and have grayscale values in the range 0:255.



Application to Handwritten Character Recognition
Results: 1-NN obtains a misclassification rate of only 3.09% on the test data
using the Hamming distance!
This problem might look easy to you but remember that we do not use any
spatial information. The K-NN classifier would obtain exactly the same results
if the training and test data were permuted as it is invariant to the order of the
features.



Asymptotic Performance of 1 NN

Let (Xi, Yi)
n
i=1 be some training data where Xi ∈ Rp and Yi ∈ {1, 2, ...,K}.

We define
�yBayes (x) = arg max

l∈{1,...,K}
πlfl (x)

and
�y1NN (x) = y (nearest neigbour of x) .

Define

RBayes = E [I (y �= �yBayes (x))] ,
R1NN = E [I (y �= �y1NN (x))] ,

then, as n → ∞, we have the following powerful result

RBayes ≤ R1NN ≤ 2RBayes −
K

K − 1
R2

Bayes.



� Despite its simplicity, k-NN is often a very good classifiers to use in a
wide range of classification problems. At the very least, it is a good
‘baseline’ against which classifiers can be compared.

� This method allows for extremely flexible (nonparametric) decision
boundaries.

� Due to the importance of distance to k-NN, it is important to standardise
the data before use and find a suitable metric.

� It is also important to determine an appropriate k.



Influence of k on Decision Boundaries
� k determines the complexity of the decision boundary.
� For k = 1, we have no training error but are exposed to overfitting.
� Increasing k yields smoother predictions, since we average over more

data.
� For k = n, we predict the same output whatever being X.
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Figure 1.53: (a) Some synthetic 3 class training data in 2d. (b) Predicted labels for 1-NN. (c) Predicted labels for 5-NN. Figure generated by
knnClassifyDemo.

1.7.1.2 Overfitting in classification

The overfitting problem is not restricted to regression. If we use polynomials to represent the decision boundary, it is clear that
we will overfit if the decision boundaries become “too wiggly”.

Figure 1.53 illustrates overfitting using a K-nearest neighbor classifier. On the left, we plot some training data for a 3-class
problem. In the middle, we plot the predicted label for each location in a 2d grid using K = 1. We see that the prediction
“surface” is quite “jagged”. We can get “smoother” predictions by taking multiple neighbors into account, and computing the
majority vote of their labels. On the right, we plot predictions using K = 5. We see that the decision regions are indeed much
smoother. We see that that K = 1 has overfit the training data, whereas K = 5 seems “just right”. But we can also oversmooth,
or underfit, the data. For example, if K = N , then we just compute the majority vote of all the training data. Thus we always
predict the same label, no matter what the test point.

In Figure 1.52(b) we plot the training and test error vs K, and we see the usual U-shaped curve for the test error. Note
that the horizontal axes in Figure 1.52(a) and Figure 1.52(b) have opposite intepretations: for (a), as we move to the right, the
polynomial degree d (and hence model complexity) increases, whereas in (b), as we move to the right, the number of neighbors
K that we average over increases, so the models become smoother and smoother. It is therefore quite common to plot the errors
versus a model complexity parameter, known as the degrees of freedom. The precise definition is somewhat complex, but this
quantity basically refers to the effective number of free parameters in a model. In a linear model with D parameters fit using
maximum likelihood, we have dof = D. In a KNN, we have dof ≈ N/K, since increasing N and/or decreasing K increases
the model complexity.

1.7.1.3 Overfitting in unsupervised learning

Overfitting can also arise in unsupervised learning settings. For example, we may use too many clusters, some of which might
be used to model outliers or noise. Or we may pick a low dimensional subspace that is too high dimensional, thus capturing the
noise as well as the signal. We will discuss these issues later.

1.7.2 The benefits of more data
One way to avoid overfitting it to use lots of data. Indeed, it should be intuitively obvious that the more training data we have,
the better we will able to learn. (This assumes the training data is randomly sampled, and we don’t just get repetitions of the
same examples. Having informatively sampled data can help even more; this is the motivation for an approach known as active
learning, where you get to choose your training data.) Thus the test set error should decrease to some plateau as N increases.

This is illustrated in Figure 1.54, where we plot the mean squared error incurred on the test set achieved by polynomial
regression models of different degrees vs N (a plot of error vs training set size is known as a learning curve). The level of the
plateau for the test error consists of two terms: an irreducible component that all models incur, due to the intrinsic variability of
the generating process (this is called the noise floor); and a component that depends on the discrepancy between the generating
process (the “truth”) and the model: this is called structural error.

In Figure 1.54, the truth is a degree 2 polynomial, and we try fitting polynomials of degrees 1, 2 and 25 to this data. Call the
3 models M1, M2 and M25. We see that the structural error for models M2 and M25 is zero, since both are able to capture
the true generating process. However, the structural error for M1 is substantial, which is evident from the fact that the plateau
occurs high above the noise floor.

For any model that is expressive enough to capture the truth (i.e., one with small structural error), the test error will go to
the noise floor as N → ∞. However, it will typically go to zero faster for simpler models, since there are fewer parameters to
estimate. In particular, for finite training sets, there will be some discrepancy between the parameters that we estimate and the

Machine Learning: a Probabilistic Approach, draft of December 29, 2010

Figure: Training data (left), 1-NN (center) and 5-NN (right)



Using the SPAM dataset properly (without PC). Writing the code from scratch.

X <- scale(X)
knn <- 3

predicted <- numeric(length(test))
for (k in 1:length(test)){

DIFF <- X[train,] -
outer(rep(1,length(train)),X[test[k],],FUN="*")

distance <- apply(DIFF^2,1,mean)
nearestneighbors <- order(distance)[1:knn]
predicted[k] <- mean(Y[train[nearestneighbors]])

}



Predict on the test set.

predicted_knn <- as.numeric(predicted > 0.5)
> table(predicted_knn, Y[test])

actual 0 1
predicted 0 1343 131

1 110 818

Using k = 9 nearest neighbours.

predicted_knn <- as.numeric(predicted > 0.5)
> table(predicted_knn, Y[test])

actual 0 1
predicted 0 1349 156

1 104 793

Misclassification rate is thus about 10.8% for k = 9.



Compute misclassification rate as a function of k.
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K-means clustering

� A disadvantage of k-nn is the high memory requirement as each new
observations has to be matched against all observations to find the
nearest neighbour(s).

� As discussed before, K-means is a method for finding clusters and cluster
centres in a set of unlabeled data. Considering each class in isolation, we
can apply the K-means algorithm (each with R clusters) to characterise
observations from each class.

� These K × R labeled prototypes can be used to summarise the
distribution of class data over X . For a new observations X, we predict to
the class with the nearest prototype. An advantage over k-NN is thus that
much fewer observations/prototypes have to be kept in memory.



Plot Spam data in the space of the first 4 Principal Components.

library(kernlab)
data(spam)
n <- nrow(spam)
p <- ncol(spam)-1

Y <- as.numeric(spam[, p+1])-1
X <- predict(princomp(spam[,-(p+1)] ,cor=TRUE))[,1:4]

pairs(X,col=Y+1,cex=1.5,pch=20)



Red: spam
Black: not spam.
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Now replace each class by 30 cluster centers.

nk <- 30
KMX <- kmeans(X[Y==0,], nk)
KMY <- kmeans(X[Y==1,], nk)

pairs( rbind(KMX$centers,KMY$centers),
col= rep(1:2,each=nk), cex=1.5, pch=20)



And then use these as prototypes for k-NN classification.
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