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Data:

n The number of data items.
x The data items x1, . . . , xn.
X =

∑n
i=1 xi.

C =
∑n
i=1 x

2
i .

Parameters:

µ Mean of data.
ρ Precision of data.

Likelihood of data:

p(x |µ, ρ) = (2π)−n/2ρn/2 exp

(
−1

2

[
ρ

(
n∑
i=1

(µ− xi)2
)])

(1)

= (2π)−n/2ρn/2 exp

(
−1

2

[
ρ
(
nµ2 − 2µX + C

)])
(2)

Hyperparameters:

r Relative precision of µ versus data. The precision of µ is rρ.
ν Degrees of freedom of precision of ρ.
m Mean of µ is m.
s Mean of ρ is ν/s.

Prior:

Gamma: p(ρ) = 2−ν/2
sν/2

Γ(ν/2)
ρν/2−1 exp

(
−1

2
sρ

)
(3)

Gaussian: p(µ | ρ) = (2π)−1/2(rρ)1/2 exp

(
−1

2

[
rρ(µ−m)2

])
(4)

p(µ, ρ) =
1

Z(r, ν, s)
ρ(ν−1)/2 exp

(
−1

2

[
ρ
(
r(µ−m)2 + s

)])
(5)

=
1

Z(r, ν, s)
ρ(ν−1)/2 exp

(
−1

2

[
ρ
(
rµ2 − 2rµm+ rm2 + s

)])
(6)

where Z(r, ν, s) = 2(ν+1)/2π1/2r−1/2s−ν/2Γ (ν/2) (7)

Joint likelihood:

p(x, µ, ρ) =
(2π)−n/2

Z(r, ν, s)
ρ(ν+n−1)/2 exp

(
−1

2

[
ρ
(
(r + n)µ2 − 2µ(rm+X) + rm2 + C + s

)])
(8)

=
(2π)−n/2

Z(r, ν, s)
ρ(ν+n−1)/2 exp

(
−1

2

[
ρ

(
(r + n)

(
µ− rm+X

r+n

)2
− (rm+X)2

r+n + rm2 + C + s

)])
(9)
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Posterior hyperparameters:

r′ = r + n

ν′ = ν + n

m′ =
rm+X

r + n
(10)

s′ = s+ C + rm2 − r′m′2

Marginal likelihood:

p(x) = (2π)−n/2
Z(r′, ν′, s′)

Z(r, ν, s)
= π−n/2

r′−1/2s′−ν
′/2

r−1/2s−ν/2
Γ(ν′/2)

Γ(ν/2)
(11)

Posterior:

p(µ, ρ |x) =
1

Z(r′, ν′, s′)
ρ(ν

′−1)/2 exp

(
−1

2

[
ρ
(
r′(µ−m′)2 + s′

)])
(12)

Predictive:

p(y|x) =
p(y,x)

p(x)
= (2π)−1/2

Z(r′′, ν′′, s′′)

Z(r′, ν′, s′)
r′′ = r + n+ 1

ν′′ = ν + n+ 1

m′′ =
rm+X + y

r + n+ 1
(13)

s′′ = s+ C + y2 + rm2 − r′′m′′2

Derivatives of hyperparameters:

∂ log p(x)

∂ log r
=

1

2
− r

2r′
− ν′r(m−m′)2

2s′
(14)

∂ log p(x)

∂ log ν
=
ν

2

(
log s− log s′ + Ψ

(
ν′

2

)
−Ψ

(ν
2

))
(15)

∂ log p(x)

∂m
= −ν

′r(m−m′)
s′

(16)

∂ log p(x)

∂ log s
=
ν

2
− ν′s

2s′
(17)
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