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Abstract

A social network will often be dynamic, with social connec-
tions changing over time. Incorporating temporal changes into
a model for a social network will not only make it more re-
alistic, but will allow us to capture mechanisms and uncover
insights that would otherwise be impossible. In this thesis, we
extend and improve the Siena methodology, proposed by Sni-
jders (2001), the most prominent and widely used framework
for modelling dynamic social networks.

In Part II, we propose a model for the diffusion of an innovation
as it propagates through the dynamic network. Our model will
synthesise the Siena network model with a proportional haz-
ards model that is standard in survival analysis, providing us
with easily interpretable parameters for the diffusion process.

Obtaining the maximum likelihood estimate given longitudi-
nal data and a Siena model is a computationally demanding
task, and in Part III, we consider improvements to the existing
method. We show that these improvements can reduce com-
putation times substantially.

In Part IV, we consider various uses of Monte Carlo simulation
in the Siena framework. We focus on efficiently performing
likelihood ratio tests, in order to perform model selection, and
improving the estimation of standard errors.
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Chapter 1

Introduction

Society is a ‘web or tissue of human interactions and interrelations’ (Gins-
berg, 1939); it is ‘the sum of formal relations in which associating individu-
als are bound together’ (Giddings, 1896); it ‘does not consist of individuals
but expresses the sum of interrelations, the relations within which these
individuals stand” (Marx, 1939). When defining society, the importance of
social relations is often emphasised, and so if we wish to further our un-
derstanding of a range of disciplines, such as sociology, anthropology or
politics, then it seems important to look to the connections between peo-
ple. Social network analysis provides us with a flexible and quantitative

way to do this.

In an early example of social network analysis, while studying Norwe-
gian fishermen, Barnes (1954) noted the similarities between the nets that
they used and the structure of the community in which they lived. Social

network analysis has since flourished as a framework for representing so-
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20 CHAPTER 1. INTRODUCTION

cial structures (Wasserman and Faust, 1994), accounting for patterns and
regularities, and depicting the social world as ‘an intertwined mesh of con-

nections through which individuals [are] bound together” (Scott, 1988).

Typically, a social network consists of a set of social actors and a finite
number of predefined relations between them; this framework allows us
to represent a huge variety of social structures. The social actor is very of-
ten an individual person, where examples of relations are friendship, trust,
advice, or collaboration (Wasserman and Faust, 1994). For example, the
widely used ‘Bank-wiring room” data (Roethlisberger and Dickson, 1939)
measures a variety of relations ranging from standard (such as ‘liking” and
‘antagonism’), to quite idiosyncratic (e.g. participation in ‘controversies
about windows’). However, the social actors need not be individual peo-
ple: social network analysis is used to study incredibly diverse scenarios,
ranging from countries connected by export relationships (Rhue and Sun-
dararajan, 2014) to birds related by pecking (Allee, 1958; Faust, 2014) (with
the latter research area reputedly giving rise to the phrase “pecking order’

(Perrin, 1955)).

Social network analysis is important because relationships can be as im-
portant, and in many applications, more important, than actor attributes,
when trying to understand observed behaviour (Knoke and Yang, 2008).
For example, many of a person’s attributes (such as gender and race) are
unchanged across the variety of social contexts in which they participate
(such as home or work), whereas structural relations may vary and be de-

fined in each place. An example given by Knoke and Yang (2008) suggests
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a scenario where a person has ‘little initiative” at work but is the ‘dynamic
leader of [their] neighbourhood association’. Such contrasting behaviours
may be difficult to reconcile with their unchanging attributes, but could be
captured were we to observe their positions in the distinct social networks

based at their work and neighbourhood.

Looking at the structure of a network can provide us with a lot of infor-
mation, but for many applications, it is desirable, and even necessary, to
also look at a network as a dynamic process, where the social relations
between social actors change over time (Doreian and Stokman, 2013). If
we consider the case where the social actors are people, and the relation
between them friendship, then it is an empirical fact that the social ties are
not constant: the relationship had to begin at some point, and can certainly

end.

If we know that the social network is not constant, and we wish to cre-
ate as realistic a model as possible, then one which incorporates the net-
work changes is highly desirable. Moreover, a model with a network
that is dynamic allows us to capture mechanisms and uncover insights
which would be impossible considering only a static network. One of the
most important, which we will discuss further in Chapter 2, is the idea
of ‘disentangling selection and influence” (Steglich et al., 2010). This can
be summarised colloquially as attempting to simultaneously answer the
two questions: Do friends become similar? Do similar people become friends?
We must look at social actors, and their network relations, and how both

change over time, to answer these questions.
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Dynamic network analysis has been described as “a Holy Grail for network
researchers’ (Carrington et al., 2005). This thesis will use the Siena model,
which was developed by Snijders (2001) to serve this purpose. This model
is popular and widely used; it is described by Veenstra and Steglich (2012)
as ‘the prominent tool for the analysis of longitudinal network data’. It is
referred to as a ‘stochastic actor-oriented” model (Snijders et al., 2010), be-
cause its formulation is such that it can be interpreted that changes to the
network are driven by the actors. In other words, each actor is in control
of their outgoing ties, and they may choose to change or maintain their re-
lationships according to certain tendencies and inclinations. These can be
based on the network, such as a preference for reciprocated relationships
or simply a desire for a higher number of connections; however, they can
also depend on actor attributes, such as a predilection towards homophily,
where actors prefer those with similar behaviours, beliefs or practices. In
Section 1.2 we will describe some basic social mechanisms that can be op-

erationalised to express tendencies such as these.

1.1 Notation and some definitions

A social network consisting of n actors is modelled as a directed graph,
with an edge (which we will often refer to as a tie) from one node to an-
other corresponding to a specific social relation between them, such as
friendship, trust or collaboration. The directed graph can be represented

by an n x n adjacency matrix x = (z;;), where z;; = 1 if and only if a tie
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exists from actor i to actor j; otherwise z;; = 0. The ties are assumed to be
directed (so that z;; = 1 does not imply z;, = 1) and non-reflexive (so that

zy; =0foralli € {1,...n}).

We refer to the ‘sender’ of a tie as the ego actor, and the ‘receiver” as the
alter; we will sometimes refer to the set of actors to whom an ego has ties

as their alters.

1.2 Social network mechanisms

In this thesis, we are primarily interested in local structures of the net-
work; although we model an entire network, our analysis is usually in-
terpreted in terms of the actors within. In this section we briefly describe
some mechanisms that may be observed at the micro-level of a social net-

work, and why they may be of interest.

1.2.1 Reciprocity

In this thesis, we consider directed networks, and in such networks there
is often a tendency towards reciprocity, or mutuality: a tie from one actor
to another will often be returned. This is one of the most basic mechanisms

and will usually be incorporated into a model.
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1.2.2 Triads

The triads of a network are the subgraphs on sets of three nodes. Much of
the local structure of the network can be described using the triads (Hol-
land and Leinhardt, 1977). One important configuration of the triads is
transitivity, which can be described as the tendency of a social actor to

become ‘friends’ with a ‘friend of a friend’.

Another configuration widely examined is known as a ‘three-cycle’, where
the ties between the three actors forms a cycle of length three. Often it is
found that there is a tendency against this type of configuration, which can

be interpreted as evidence of local hierarchy (Davis, 1970).

1.2.3 Interactions with actor attributes

Actor attributes, such as demographics, can interact with the network in
significant ways. Actors with different characteristics may prefer differ-
ent amount of network connections, or have differing levels of popularity:
for example, Pearson et al. (2006) found that girls preferred to have more

friends but were themselves less attractive as friends.

Researchers may often be interested in tendencies for actors to prefer to
maintain relationships with those with whom they share similarites, known
as homophily (McPherson et al., 2001). For example, in the same study
mentioned above, Pearson et al. (2006) found that tobacco and alcohol

users preferred other users as friends.
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1.2.4 Centrality

There are various ways to measure a social actor’s centrality in the net-
work. The most obvious are the number of incoming ties, known as inde-

gree, or the number of outgoing ties, known as outdegree.

Another centrality measure is betweenness; this measures how many times
an actor is connected to two unconnected actors, and can be interpreted as

a measure of their ‘brokerage’ (Marsden, 2002).

Centrality measures can be important in determining who is important
in the network, whether often we define ‘important” to mean influential
or an opinion leader (Valente, 1996). Considering the micro-level of the
network, social actors may take steps to obtain high centrality, in an at-
tempt to be popular and influence others, or they may prefer to connect
with others with high centrality, as this may manifest itself as an attractive

quality.

1.3 QOutline and motivations

In this thesis, our overall goal is to extend and improve the Siena method-
ology for analysing dynamic social networks. We therefore begin by de-

scribing the Siena model, in Chapter 2.

In Part I, we propose a model for the diffusion of an innovation as it prop-
agates through the dynamic network. Our model will synthesise the Siena

network model with a proportional hazards model that is standard in sur-
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vival analysis, providing us with easily interpretable parameters for the

diffusion process.

As will be discussed in Chapter 2, parameter estimation for Siena model is
usually achieved using method of moments (Bowman and Shenton, 1985),
mainly due to its computational efficiency. In Part III, we consider max-
imum likelihood estimation, which is already available in Siena, but is
computationally demanding (Snijders et al., 2010). We consider special
cases of the Siena model conditional on which substantial efficiency im-
provements can be made. The aim is to improve performance enough to

make maximum likelihood a practically viable method for estimation.

In Part IV, we continue with maximum likelihood estimation, and con-
sider various uses of Monte Carlo simulation for maximum likelihood es-
timation. We focus on efficiently performing likelihood ratio tests, in order
to perform model selection, and improving the estimation of standard er-

rors.



Chapter 2

The Siena model

Dyads in a social network are inherently interdependent: whether or not
there is a relationship between two social actors will depend on the actors’
other relationships, or lack thereof (Robins and Pattison, 2005) . There
are few models for dynamic social networks which account for these de-
pendencies, and, of them, the Siena model (Snijders, 2001), is the most

prominent and widely used (Veenstra and Steglich, 2012).

For a collection of social actors, the Siena model assumes that a dynamic
network process evolves as a continuous time Markov chain on the space
of all possible networks between the actors; the parametrisation of the
transition intensity is such that one can interpret that the process changes
as actors stochastically maximise an objective function which encapsu-
lates their relationship preferences; for example, the function may increase
when an ego has more reciprocated ties, or ties with alters similar to the

ego.

27



28 CHAPTER 2. THE SIENA MODEL

In this chapter we review the Siena model, firstly describing the model for
dynamic networks (Snijders, 2001), and then explaining how it is extended
to model the coevolution of dynamic networks and social actor attributes
(Snijders et al., 2007). After detailing these models, we describe the algo-

rithm used for parameter estimation in Section 2.3.

2.1 Model for a dynamic network

In this section, we consider the case where we wish to model a single dy-
namic network. In Section 2.1.1, we describe the some of the notation we
will use throughout the thesis. We give an overview of the model and its
assumptions in Section 2.1.2, before detailing the model specification in

Section 2.1.3.

2.1.1 Notation and data structure

Recall from Chapter 1 that we model a social network of n actors using a
direct graph which can be represented using an n x n adjacency matrix .
In general, the network varies in time, so that X = X(¢), fort € T C R,
where 7 is a closed and bounded interval of the real line; the upper case
notation is used to indicate that the process is modelled as stochastic. An

observation of the network at time ¢ is denoted by z(t).

We study longitudinal data: at a finite number (strictly larger than one) of

observation times ¢; < ... < tj;, the network is observed, giving data
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X(t1) = x(t1),..., X(tm) = x(tm). The fact that the variables are ob-
served only at finitely many time points will later be seen to pose spe-
cial requirements on the estimation procedure. Covariates, either indi-
vidual (recorded for each actor) or dyadic (recorded for each pair of ac-
tors), can also be measured at each observation; these are assumed to
be fixed between observation times and non-stochastic. Individual and
dyadic covariates are referred to as v = (v,..., v,) and w = (w;;)1<ij<n
respectively, with their possible dependence on the interval [t,,_1,%,,) for
m € {2,..., M} suppressed in the notation. Moreover, at times when it
is more convenient, we will refer to the process (X (t),v, w) as X (t), with
the covariates included only implicitly. An observation of the process at
time ¢ is denoted by z(t). We refer to the multi-dimensional parameter

governing this stochastic process as 0.

2.1.2 Overview and Assumptions

We assume that the observed networks are outcomes of an underlying
continuous time Markov chain, as has been suggested by Holland and
Leinhardt (1977); this means that, between two observation times ¢,,_; and
tm, the process { X (t) : t,,—1 <t < t,,}, is a continuous time Markov chain
with initial state given by the observation X (¢,,—1) = x(t,,—1). The state
space of the process is X', where X is the set of binary adjacency matrices,
and given two distinct states 7, # € X, we denote the transition intensity

for moving from z to Z at time ¢ by Qy(z, 2, 1).
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An important assumption of the model is that, at time ¢, given the current
state of the process X (), the times until the next changes by the mem-
bers of the set of network ties are conditionally independent random vari-
ables. This means that at any one time point, the probability of more than
one change to these random variables is zero (Billingsley, 1995); therefore,
there can be at most one tie change to the network at any one point in
time. We refer to such a change as a mini-step. This assumption excludes
scenarios such as a mutual decision by two social actors to extend ties to
one another simultaneously; instead, each must do so one at a time. This
formulation also means that there will be lots of inertia in the model, and
so it is appropriate only for a social network in which the ties are enduring
in nature; for example, friendship and trust would be suitable, but highly

transient ties such as email contact or meeting at events would not.

Given the current state of the process X () = = (we suppress the depen-
dence of z on ¢ to simplify the notation), only a single tie can change; in

other words, the network moves from x to a member of the set

Ale) = U L6~ 5} (21)
i ji
where z(i ~» j) € X is the adjacency matrix that is the same as x in all but

the (7, j)th entry, so that

1 — zp if (h7 k) = (i,j),
z(i ~ J)nk =
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If # € X is not a member of the set A(x) U {x} then the transition intensity

Qo(z, Z, 1) is zero.

2.1.3 Model specification

We consider the transition intensity of an actor changing an outgoing net-
work tie. Given the current state of the process X(t) = z, and given a
state (¢ ~» j) € A(x) that can be reached from x by a single mini-step, we

model the transition intensity using the following decomposition

Qo(x, z(i ~ 7),t) = Ni(x, t;0)pij(x; 0). (2.2)

This decomposition can be interpreted in the following way, proposed by
Snijders (2001): the process by which actor 7 changes one of their outgoing
ties {X;; : j € {1,...,n},j # i} has two stages; firstly, they must obtain
an opportunity to alter their ties, and secondly, they must choose which
of these to change. The time taken until a change opportunity arises for
actor i is modelled as being governed by the rate function \;(x,t;6), and
the subsequent choice of what change to make by the conditional choice

probabilities (p;1(z;0), ..., pin(z;0)).

Rate function

The time until actor ¢ has an opportunity to change their outgoing ties is

modelled as an exponential random variable, with rate parameter depend-
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ing on the time and current state of the process. The rate parameter need
not be the same for all actors; instead, covariates and some functions of
the network, such as the number of outgoing ties that an actor has, can be
incorporated into the rate function. However, in the simplest case (which
we consider in this thesis) it is modelled as the same for each actor, and not
dependent on the current state of the network, so that the rate function for

actor ¢ is defined as
i, t;0) = p(t). (2.3)

Between observations at times t,,_; and ¢,,, the number of opportunities
that each actor has to change their ties is distributed as a Poisson random

variable with mean
tm
pXl = / X (t)dt. (2.4)
tm—1

Conditional choice probabilities

Given the current state of the network X (¢) = z, and given that actor i
has an opportunity to change one of their outgoing ties, they must choose
whether to extend a new tie, dissolve an existing tie, or leave the network
unchanged. The choice is governed by the conditional choice probabil-
ities p;1(y;0),...,pin(y;0) (seen in equation (2.2) for j # i). We define
pii(z;0) =1 =3 pij(x;0). For j € {1,...,n} the network changes from

x to z(i ~ j) (Where we define z(i ~» i) = ) with probability p;;(xz; ). The
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inclusion of a potentially non-zero probability p;;(x; ¢) that the network re-
mains unchanged can be interpreted as accounting for the fact that actors
satisfied with the state of network will prefer to leave their ties unaltered.
We model the conditional choice probabilities in a multinomial logit form:
for j # i, given a change opportunity and the current state of the process

X (t) = x, actor i changes their tie to actor j € {1,...,n} with probability

) = exp(fi(z(i ~ j);0))
Puei0) = S i = RO @5

where f;(x; 0) is referred to as the objective function. This parametrisation is
a common choice in random utility modelling (see, for example, Maddala
(1983)); one interpretation of this is that actor ¢ prefers networks for which
fi(x; 0) is high; Maddala (1983) shows that this formulation is equivalent

to saying that, given the current state of the process X (¢) = z, and given

a change opportunity, actor ¢ chooses j € {1,...,n} to maximise the func-
tion

M(5) = fil(i ~ j);0) + €(4), (2.6)
where €(1),...,¢(n) are independent random variables drawn from the

type-1 extreme value distribution (also known as the standard Gumbel

distribution).

The objective function is modelled as a weighted linear combination of
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effects s;1(x), ..., s;x1x (), for some known KX], and has the form
[X)
filw:0) = B sulw). 2.7)
k=1
The weights B{X], cee BE‘;{[]X] are parameters to be estimated. Effects are func-

tions of the current state of the process which are intended to encapsu-
late the different reasons an actor considers when making their tie change.
There are many possible effects, and a number of them are detailed in the
Appendix of Snijders et al. (2010). Some common choices, which we in-

clude in examples throughout this thesis, are:

—_

. Outdegree effect, the number of actor ¢’s outgoing ties.
2. Reciprocity effect, the number of actor i’s reciprocated ties.

3. Transitive triplet effect, the number of transitive patterns in actor i’s

outgoing ties (for example, friends who are also a friend of a friend).

4. ‘Number of actors at distance 2’ effect, the number of actors to whom
actor i is not directly tied but who can be reached by a path of out-
going ties of length 2 (for example, a friend of a friend who is not

themselves a friend).
5. 3-cycles effect, the number of cyclical triangles that actor i appears in.

6. Betweenness effect, the number of pairs of actors (j, ) for whom A is
tied to actor 7 and i is tied to actor j, but h is not tied to j. This effect

represents the amount of ‘brokerage’ by actor i.
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7. Covariate ego effect, the outdegree of actor i multiplied by the value of

their covariate.
8. Covariate alter effect, the sum of the covariates of actor i’s ties.

9. Covariate similarity effect, the sum of the similarities between the co-
variate for actor i and the covariates for each of actor i’s. (This effect
includes a centering constant ¢ depending on the observed data is
included to reduce correlations with the outdegree effect. The value

of cis given by Ripley et al. (2011).)

Assuming that the weight parameter associated with one of these effects
is positive, we can interpret the maximisation of (2.6) as a preference for

tie changes which increases the number of relevant ties or patterns.

Tables 2.1 and 2.2 show the formulas and network diagrams for these ef-

fects (using a binary covariate in the diagrams, to simplify the illustration).

214 Summary of the model

In summary, we refer to the collection of all the unknown parameters as

0 = (p,), where p = <p[2X], o ,p%]) are those parameters associated
with the rate function, whilst § = < EX], o ,6?&]) are those associated

with the network effects. Then, between observations at ¢,,,_; and ¢,,,, the
continuous time Markov process {X (¢) : t,,-1 < t < t,,} on state space
X has initial state X (¢,,_1) = x(t;,_1), where z(t,,_1) is the observation

of the process at ¢,,_;, and then evolves according to transition intensity
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Table 2.1: Structural effects. A dashed line indicates that were that tie to

exist, then the effect measure s;(z) would increase.

Effect si(2)

Outdegree > ; Tij [i]------ ’@

Reciprocity > TijTji Ei‘—"'—"@
w3 -0

Transitive tr1plets Z jh=1TijTjnTin \ /

# actors at distance 2 > ) (1 — x;)1 e ——
3-cycles > het TijTinTin
Betweenness > i1 Tijhi(1 — Tpy)
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Table 2.2: Covariate effects for a binary actor covariate. A dashed line
indicates that were that tie to exist, then the effect measure s;(x, z) would
increase. A shaded node indicates thats the corresponding covariate is
one; otherwise it is zero.

Effect si(, 2)
B----- >
Covariate ego w; Z?:l Lij

Covariate similarity S Ty (1 o lwimw] C)

max; ;{Jw;—w;[}

®
®
Covariate alter S miw; g
®
®
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Qo(x,2,t) = Qy(x, 2) <p[X] (t)/,aiﬁ), for & # x, where

N pilpi(w:0), if & = (i~ j) € A(x),
Q(r,z) = (2.8)

0, otherwise,

where p;;(y; 0) is given by (2.5).

2.2 Coevolution of a dynamic network and indi-

vidual behaviours

So far, in this chapter, we have described how to model the evolution of a
dynamic network; however, often we would like to jointly model this pro-
cess with an actor variable, which we will refer to as a behaviour (Snijders
et al., 2007). This behaviour is modelled as a stochastic, continuous time

variable.

If, for a collection of social actors, we were interested in both a dynamic
social network connecting them, and a time varying individual level be-
haviour, it may often be the case that the network and behaviour will be
interdependent, and so it is desirable to model them jointly. If we do this,
as well as creating a model which is arguably more representative of the
unknown underlying process, it also enables us to disentangle the distinct
effects of influence and selection (Steglich et al., 2010). Influence refers to
the way that social actors may choose their behaviour depending on the

behaviours of those around them, perhaps due to a tendency to behave
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similarly to one’s peers, whilst homophilous selection can be described
as the preference for instigating and maintaining relationships with those
with whom they are similar with respect to some relevant behaviour. The
Siena co-evolution model accounts for both of these effects by making the
evolutions of the network and the behaviours dependent on one another;
it is formulated so that at each point in time, the transition intensity de-
termining the change to the network is dependent on the current state of
the behaviour variable, and vice versa. The contrasting ideas of influence
and selection (and the different implications to causality that they imply),
are acknowledged by sociologists to exist jointly in many scenarios (e.g.
Fisher and Bauman (1988), Pearson and Michell (2000), Kirke (2004)), and
so it is important that they are both accounted for. Neglecting one may
erroneously attribute too much importance to the other; for example, Bau-
man and Ennett (1996) argue that the impact of selection when studying
adolescent smoking has been often neglected, but is important, and may
partially confound the effect of influence, a widely accepted mechanism

in such a scenario.

In this section, we describe the model for the co-evolution of a network

and an individual-level variable formulated by Snijders et al. (2007).

2.2.1 Notation and data structure

We use the same notation for the network process X (¢), but now also

model a behaviour process over the same time period 7. An actor’s be-
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haviour is modelled as random process which can take values in B, a pre-
determined finite interval of integers. For actor 4, and at time ¢, it is de-
noted by Z;(t). Collectively, the vector Z(t) = (Z:(t), ..., Z,(t)) is referred

to as the behaviour variable or behaviour process.

At a finite number (strictly larger than one) of observation times ¢; <
... < tu, the network and behaviour variables are observed, giving data
(X (1), Z(t1)) = (2(tr), 2(t1)), - .-, (X(Em), Z(tm)) = (@(tar), 2(tnr))- As be-

fore, covariates can also be measured.

The network and behaviour variables, and any individual or dyadic co-
variates, are jointly modelled as one process Y (t) = (X (t), Z(t)) (with the
covariates included implicitly). An observation of the process at time ¢ is
denoted by y(t). As before, we refer to the multi-dimensional parameter

governing the stochastic process as 6.

2.2.2 Overview and assumptions

The network and behaviour processes are likely to be dependent on one
another, so we consider them as a joint process {Y () = (X (¢),Z(t)) : t €
T}. Modelling as a joint process allows us to incorporate explanatory
variables which account for the dependencies that the network and the
behaviours have on one another; examples of these explanatory variables
will be detailed later in this section. Note that this formulation means that
the homophily mechanisms are assumed to be dependent only on the pro-

cess Y (t) and any measured covariates; latent homophily is not considered
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here (Shalizi and Thomas, 2011).

The assumptions about this process following a continuous time Markov
chain continue for this model: we assume that between two observation
times ¢,,,_1 and t,,, the process {Y(t) : t,,-1 < t < t,}, is a continuous
time Markov chain with initial state given by the observation Y (¢,,_1) =
Y(tm—1). The state space of this process is X x B", where X is the set of
binary adjacency matrices and B" is the set of all n-tuples of the set B (i.e.
B™ is the set of all values that the vector of behaviours can take). Given
two distinct states y,y € X x B", we denote the transition intensity for

moving from y to y at time ¢ by Qy(y, 9, t).

As with the network model, we assume that there can be only one change
to the process, either to the network or the behaviour variable, at any one
point in time. We also assume that at any point in time, an actor’s be-

haviour can change by at most one, either by increasing or decreasing.

Given the current state of the process Y (t) = y = (z, z) (we suppress the
dependence of y on t to simplify the notation), the process can change in
either the network x or the behaviour variable z. If it is the network that
updates then a single tie can change; in other words, the network moves

from x to a member of the set A(z); see (2.1).

If it is the behaviour variable which changes, the only change that can
occur is that a single actor may increase or decrease their behaviour by 1;

in other words the behaviour variable changes from z to a member of the
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set

R(x)=| |J Grnyful |J {610},

1:z;<max(B) i:2; >min(B)

where z(i 1 1),2(i T 1) € B" and

_ zj+1 forj=r,
2(i11); =
Z; for j # 1,

and

. zj—1 forj=i,
2(i 1), =
Z; for j # 1.

Combining these two scenarios, given the current state Y () = y = (z, 2),

a mini-step can change the process to a member of the set

M(y) = {Alz) x {z}} U {{z} x R(2)}.

If § € X x B" is not a member of the set M(y) U {y} then the transition

intensity Qy(y, 9, 1) is zero.

2.2.3 Model specification

Given the current state Y (t) = y, the model for the transition intensity
Qo(y, y,t) where g € A(z) x {z} (i.e. where is the network that changes) is
the same as described earlier, in Section 2.1.3. In this section, we describe

the most common model used for the the transition intensity Qu(y, 7, t)
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where y € A(z) x {z}, i.e. where is the behaviour that changes (in Chapter
3 we will propose an alternative model for a special case of the behaviour

variable).

Similarly to the model for a network change, for a change in behaviours,

we model the transition intensity by considering the decompositions

Qo(y, (z,2(i 1 1)),t) = NNy, t:0)p 7 (y: 0), (2.9)

and

Qo(y, (z, 2 L 1)),1) = Ay, t:0)p7) 1 (y: 0). (2.10)

As with a network change, we can interpret a behaviour change as a two
stage process: firstly, an actor obtains an opportunity to alter their be-
haviour, and secondly, they choose, whether to increase or decrease their
behaviour, or to leave in unchanged. We might assume that the time taken
for the opportunity to arise is governed by the rate function /\EZ](y, t;0),

and the choice of what change (if any) to make, by the conditional choice

probabilities (p}”, (y;6), P4 (y; 0), p7 (4; 9))

Rate function

Often, the behaviour rate function is modelled as the same for all actors,

and not dependent on the current state of the network (although in Chap-
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ter 3 this will not be the case); assuming this implies that
My, 1:0) = (),

for some time dependent function pl#l(t).

When we model the network and behaviours jointly, the function pl?l(¢)
has an important restriction required for the computational tractability
of the estimation procedure: when we simulate from these processes, we
must know the relative frequencies with which to change the network and
the behaviours. To achieve this, we can restrict the function so that, be-
tween observations, the rate of change to the behaviours is proportional
to the rate of change of the network, with the constant of proportionality
being estimated from the data. Specifically, recall from Section 2.1.3 that
the rate function for a change to the network is denoted by pl*l(t); then

between observations at times ¢,,_; and t,,,, the ratio between the network

and behaviour rate functions must be constant: form =2,..., M,
pA1(t)
Cm,
pI(t)

for some constant ¢,,. As with the network variable, between observations
at times ¢,,_; and ¢,,, the number of opportunities that each actor has to
change their behaviour is distributed as a Poisson random variable with

mean

tm
plél = / P2 (t)dt. (2.11)
tm—1
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Conditional choice probabilities

Given the current state Y'(¢) = y, and given that actor ¢ has an opportu-
nity to change their behaviour, they must choose whether to increase or
decrease its value, or to leave it unchanged. The choice is governed by the
conditional choice probabilities (p!”!, (y; ), p\% (y; 6), p7 (y; 8)). We define
p%] (y;0) = 1 — pE’Z_]l(y; 0) — pgﬁ} (y;0). Similarly to the conditional choice
probabilities for network changes, the inclusion of a potentially non-zero
probability p%}(y; ¢) that the behaviour remains unchanged can be inter-
preted as accounting for the fact that actors satisfied with the state of be-

haviour will prefer to leave it unaltered.

We model the conditional choice probabilities in a multinomial logit form:
given a change opportunity and the current state of the process Y (t) = v,

actor ¢ decreases their behaviour with 1 with probability

exp{ f7[(z, 2(i 1 1)); 6]}
1+ exp{ £/ (2, 2(i | 1)); 0]} + exp{ f,7[(w, 2(i 1 1)); 6]}
(2.12)

P (y:0) =

9

and increases it with probability

exp{ fi7[(x, 2(i 1 1)); 0]}
1+ exp{ fi7](w, 2(i 4 1)); 0]} + exp{ fi7[(x, 2(i 1 1)): 6]}
(2.13)

P (y;0) =

Y

where fi[Z] (y;0) is referred to as the behaviour objective function. As with

the network objective function, one interpretation of this is that actor 7
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prefers behaviours for which fim (y;0) is high, and it is modelled as a
weighted linear combination of effects The objective function is modelled
as a weighted linear combination of effects sf}(y), ce sf{]m (y), for some

known K4, and has the form

K12
w00 =3 87K ). (214)
k=1
The weights BEZ}, ey fﬂz] are parameters to be estimated. Similarly to

network effects, behaviour effects are functions of the current state of the
process which are intended to encapsulate the different reasons an actor
considers when making their behaviour change. Some example behaviour

effects are (more are detailed in the Appendix of Snijders et al. (2010)):

1. Behaviour shape: the current value of the behaviour,

2. Quadratic shape: the square of the current value of the behaviour,

3. Average similarity: the average value of a measure of behaviour simi-

larity between the actor and those to whom they have a tie,

L N et |
2 =1 i (1 s (o5 1) C)
n )
D i1 Tij
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where a centering constant ¢ depending on the observed data (and
given by Ripley et al. (2011)) is included to reduce correlations with

the rate parameters.

Note that average similarity is an example of an effect which can be used
for account for influence, because the more similar an actor’s behaviour is

to its peers, the higher the value of this effect is.

Selection network effects

In Section 2.1.3 we saw examples of network effects; now that we have
a co-evolving behaviour variable, we may wish to incorporate network
effects that also depend on the current state of the behaviour; this can al-
low us to account for the effect of the behaviour on the network. Some

examples are:

1. Behaviour ego: the outdegree of actor : multiplied by the value of their

behaviour,

n
Zi E Lij-
Jj=1

2. Behaviour alter: the sum of the behaviours of actor ’s ties.
n
Z Lijzj.
j=1

3. Behaviour similarity: the sum of the similarities between the behaviour
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for actor ¢ and the behaviour for each of actor i’s ties,

n

|2 — il )
Z:z:-- 1 - —c
= ”( max; ;{|z; — 2]}

A centering constant ¢ depending on the observed data is included

to reduce correlations with the outdegree effect. The value of c is

given by Ripley et al. (2011).

Note that behaviour similarity can be used to account for homophilous se-
lection, because it is higher in value when an actor has more ties to others

with behaviour that is similar to theirs.

2.2.4 Discussion of the model

In summary, we refer to the collection of all the unknown parameters as

0 = (p,3), where p = <p[2X], o ,pg\)/f], p[QZ], . ,pﬁ) are those parameters as-
sociated with the rate functions, whilst 5 = <ﬁ¥q, ey ﬁg]x] , {Z], e Bf[}z])

are those associated with the network and behaviour effects. Then be-
tween observations at ¢,,_; and ¢,,, the continuous time Markov process
{Y(t) : ty1 <t < t,} on state space X x B" has initial state Y (¢,,,_1) =
y(tm—1), where y(t,,_1) is the observation of the process at ¢,,_1, and then

evolves according to transition intensity Qy(y, 9, t) = Qo (y, 7)) (p[x I(t)/plx ]> ,
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for i # y, where

i (y:0), i g = (i~ 5), 2) € Al) x {z},
21 2] ¢, . PN :
. pin Di—1(y;0), if§=(z,2(i1 1)) € {z} x R(2),
Qy,9) = ’ (2.15)
P ;) if g = (z,2(i 1)) € {x} x R(2),

0, otherwise,

where p;;(y;0), pyjl(y; 0) and pE,Zl} (y;0) are given by (2.5), (2.12) and (2.13),

respectively.

As is discussed in detail by Steglich et al. (2010), modelling the dynamics
of the network by assuming an explicit statistical model where the net-
work evolves with an actor-level variable (here, the behaviour variable)
gives a reasonably realistic model of the unobserved underlying continuous-
time process, given incomplete, longitudinal data (which for practical pur-
poses, is the most likely available kind). Assuming a static network may
wrongly attribute too much importance to social influence, while, as ex-
plained by Steglich et al. (2010), modelling a dynamic network but fail-
ing to control for the dependencies between network dyads by neglect-
ing mechanisms such as reciprocity and transitivity will lead to inaccurate
conclusions. After controlling for these important actor tendencies, we
can estimate the effects of selection and influence, which may both be of
interest. In our model, we simultaneously control for these distinct mech-
anisms by including a network effect which can account for homophilous

peer selection, such as the behaviour similarity effect, and also including
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behaviour effects which are interpretable as influence effects, such as the

average similarity effect.

2.3 Parameter estimation

We do not observe the times of ministeps, instead only observing the state
of the network and behaviour variables at a few time points ¢; < ... < ty.
As a result of this, the likelihood for this model cannot in general be writ-
ten in a closed form expression, which makes maximum likelihood esti-
mation of § complicated and often computationally very expensive. We
will consider maximum likelihood estimation in Parts III and IV, but the
fastest, and hence most commonly used, estimation technique is to em-
ploy the Method of Moments (reviewed by Bowman and Shenton (1985)).
This method involves choosing statistics of the process and finding the pa-
rameter value such that the expected values of these statistics is equal to
the observed values; this parameter value (which we hope both exists and

is unique) is then our method of moments estimate, which we denote by

éMoM

Form € {2,..., M}, we choose an appropriate vector statistic

G (Y (tm-1),Y (tm))

with the same dimension as the vector of parameters . We then estimate
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¢ by solving
Z ]EQ (Gm(Y(tmfl)a Y(tm))‘ymfl = ym71) = Z Gm(y<tmfl)> y(tm»

(2.16)

We choose the statistics so that the jth component is primarily associated

with estimating the jth component of ¢, for j € {1,...,dim(f)}.

Considering the components of § associated with the rate functions, for
m € {2,..., M}, weuse ), ;|v(tm) — xij(tn-1)| as the statistic associated

with pla’, and > i lzi(tm) — 2i(t—1)| as the statistic associated with P2,

For any component of # associated with an effect, form € {2,..., M}, we

simply use the value of that effect at time ¢,,, summed over all actors.

Given a parameter estimate 6, we can simulate data 7= (V1,02 ---,Um),
by setting §; = y(¢1), and form € {2,..., M}, starting at time ¢,,_;, and in
initial state g,,,_1, and simulating forward according the specified model
with parameter § = 0 until time t,,,, at which point we set g,,, as the current
state of the process. We denote that 3 is simulated using this method by

g~ 0.

2.3.1 Robbins-Monro stochastic approximation algorithm

We approximate the solution to (2.16) using a variation of the Robbins-
Monro algorithm (Robbins and Monro, 1951; Snijders, 2001). The algo-

rithm has three phases: Phase 1 is a short preliminary phase, used to gen-
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erate a matrix used in the iterative formula used in Phase 2; Phase 2 con-
tains the iterations used to actually estimate the solution; Phase 3 is used

to estimate standard errors and check convergence of the algorithm.

Phase 1

In this phase, we simulate from an initial guess for the parameter estimate

and use the simulations to construct an estimate D of

0
DéMoM = _E6 (G)

5 (2.17)

g—@GMoM’

where G = ZM G (f/m_l,f/ ), and Y ~ 6. We will use D in the next

m=2 —m

phase. We also use D to make one update to our parameter estimate,

which will then be used as our initial value in the next phase.

Phase 2

This phase contains several subphases, the default number of which is 4.

In Subphase L, we start with an initial parameter value 61V (obtained from
the previous subphase if L > 1, or Phase 1, otherwise), and update using

the iterative formula
M
L N
e(k—i-l) - Q(k) - aLD ! Z [Gm (yfn)—lv yg?) - Gm (y(tm—1)7y<tm)) )
m=2

where §¥) ~ %), for k = 1,..., K, for some integer K, and a;, decreases

with each subsequent subphase. We then use an average of the sequence
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oW, ..., 0%+D as our final parameter estimate for this subphase. If we are
not in the final subphase, this estimate is then the initial value in the next;

otherwise this is our final parameter estimate.

Phase 3

In Phase 3, we simulate using our final parameter estimate, in order to
estimate standard errors (as well as checking the convergence of the algo-
rithm). As described by Snijders (2001), we use the delta method (Bishop
et al., 1975) and the implicit function theorem to estimate the covariance
matrix by

cov <§M°M> ~ (D_l

éMoM

T
> ZéMoM D_l

éMoM ?

where Djuo is given by (2.17), and
EéMoM = (COVéMoM (G> )

where G = G (Vi 1, V), and Y ~ HMM

We construct Monte Carlo estimates of Djua and Yo by simulating evo-

lutions of the process according to MM,

The entire estimation procedure is implemented in the R package RSiena

(Ripley et al., 2011).
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Chapter 3

Diffusion of innovations in

dynamic networks

This Chapter is based on work by Greenan (2015).

3.1 Introduction

The spread of a new idea, belief or practice through a network of social
actors has long been a topic of interest in the social sciences. Examples
range from the initiation of recycling amongst Californian households to
the use of hybrid corn by Iowa farmers (Rogers, 1995). Early diffusion
models assume social actor homogeneity, where the chance of adopting
the innovation is the same for each individual in the network, and the
interest lies in how the proportion of those who have adopted the new be-

haviour varies over time (Bartholomew, 1967); however, these population

57
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models are inadequate for many research questions, ignoring the different
tendencies of and influences on the social actors, and so models specifying
individual rates of adoption are often required. This amounts to an event
history analysis (Allison, 1984), where the hazard of adopting the innova-

tion varies between actors, according to specified explanatory variables.

Sociologists and statisticians alike have asserted the importance of social
contagion in such analyses, regarding the time taken to adopt as depend-
ing not only on individual characteristics, such as age or gender, but also
on the social network to which an actor belongs, and their place within it
(Coleman et al. (1966), Valente (1995)). For example, those with many con-
nections in the network may be more likely to adopt the innovation than
those who are isolated, due to increased interactions with those who have
already adopted. Furthermore, once someone with many connections has
adopted, many others may quickly follow, guided by this popular indi-

vidual.

In existing diffusion studies (such as those by Strang and Tuma (1993),
Myers (2000) and Behrman et al. (2002)) it is assumed that the social net-
work in question is static, and does not change over time; however, this
is often unrealistic, especially given the time-scale of the process that will
usually be required to allow the innovation to diffuse adequately. Over
such a time, friendships form and dissolve, trust can be built and broken,
and those who were at one time popular and influential may not always
be so. For many applications, it is an empirical fact that networks are not

constant. In order to encapsulate network changes, we model the dynam-
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ics of the social network as evolving simultaneously with the diffusion of

the innovation.

In this chapter, we describe an modification of the model for the co-evolution
of a network and an individual-level variable described in Chapter 2. Our
model inherits the formulation that means that at every point in time the
network and adoption processes depend on one another, which allows us
to simultaneously account for influence and selection. The new paramet-
ric form proposed in this paper provides us with a proportional hazards
model for the adoption process. As will be described later in more de-
tail, this means that at any given point in time, conditional on the current
state of the dynamic network, the model for the adoption process follows
a standard and well-established survival analysis model. It also means

that we can easily quantitatively interpret the model parameters.

In Section 3.2, we describe the notation that will be employed, before ex-
plaining the model in detail in Section 3.3; we also detail possible ex-
planatory variables representing various forms of social contagion. The
method of parameter estimation is described in Section 3.4, along with a
theorem about its asymptotic performance. In Section 3.5, the method is
applied to a real dataset which documents the initiation of cannabis smok-
ing amongst adolescents in a Glaswegian school in the 1990s. The presence
of social contagion is shown in this case. In Section 3.6, the performance

of the estimator is examined with a simulation study.
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3.2 Notation and data structure

An adoption of an innovation is modelled as a time dependent binary ran-
dom variable for which {1} is an absorbing state indicating adoption: for
actor i, the adoption indicator is a random variable Z;(¢) defined so that if
T; is the time of adoption of the innovation, then Z;(¢t) = 1 if and only if
t > T;. This is a special case of a behaviour variable described in Chapter 2,
where Z;(t) can take on any predetermined finite number of integer values
and can both increase and decrease over time. Collectively, the vector of
adoption indicators Z(t) = (Zi(t),..., Z,(t)) is referred to as the adoption
variable or adoption process, and, as with the behaviour variable, its obser-

vation at time ¢ is denoted by z(¢).

3.3 Model for the simultaneous diffusion of an
innovation and evolution of a dynamic net-

work

In this section, we describe the model that we will use for the simultaneous
diffusion of an innovation and evolution of a dynamic network. After
describing the model in detail, we will explain the benefits of this model

for the diffusion process over that described in Chapter 2.

We make many of the same model assumptions as in Chapter 2; between

two observation times ¢,,,_; and t,,, the process {Y(¢) : t,,-1 <t <t,},isa
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continuous time Markov chain with initial state given by the observation
Y (tm-1) = y(tm—1). The state space of this process is X x {0,1}", where
X is the set of binary adjacency matrices and {0, 1}" is the set of binary n-
tuples. Given two distinct states y, y € X' x{0,1}", we denote the transition

intensity for moving from y to y at time ¢ by Qy(y, 9, t).

As in Chapter 2, given the current state Y () = y = (z, z), we assume that
the process updates via mini-steps, where the process can change only to

a member of the set

M(y) = {Alz) x {z}} U {{z} x R(2)},

where A(z) is defined in (2.1). Now the only change that can be made to
the adoption variable is that a single actor may adopt the innovations, and

SO NOW

R(z)= | {=(i1 D},

112, =

where z(i 1 1) € {0,1}" and

. 1 forj =1,
2(i11); =
z; forj #i.
As before, if §j € X x {0, 1}" is not a member of the set M(y) U {y} then the

transition intensity Qy(y, y, t) is zero.

Given the current state Y (¢) = y, the model for the transition intensity

Qo(y,y,t) where y € A(z) x {z} (i.e. where is the network that changes) is
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the same as described earlier, in Section 2.1.3. In Section 3.3.1, we describe
the model for the components of the transition intensity matrix where the

change is to the adoption process.

3.3.1 Adoption process

We consider modelling the transition intensity of a single actor adopting
the innovation. Examining diffusion where the risk of adopting the inno-
vation has actor heterogeneity is most easily done by assuming an event
history model; this is done, amongst others, by Strang (1991), Strang and
Tuma (1993), and Iyengar et al. (2011).

Denote by R(t) C {1,...,n} the risk set at time ¢ € 7T this is the set of
actors who are at risk of adopting the innovation. In other words, it is
those ¢ € {1,...,n} for which Z;(t) = 0. The hazard function for actor
i € R(t) is defined as the event rate at time ¢ conditional on survival until

time ¢:

Pyt < T, <t+ At|T, >t H(t
hi(t;0) = lim ot <Ti <t + AT > ¢, H(1))

ALL0 At ’ 3.1)

where T; is the time of adoption. The hazard is defined as zero for those
i ¢ R(t). The hazard is conditional upon H(t) = {Y(s) : t; < s < t},
the collection of all information about the process up until time ¢, which
is referred to as the history of the process until time ¢ (Andersen, 1993).
Our models use a Markov assumption and so the only relevant part of the

history is the state of the process at time ¢; to make this explicit, we add
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the current state of the process y = y(t) as an argument of the hazard, so

that it is defined as

Po(t < T, <t+At|T,>t,Y(t) =
hi(t;y,0) = lim ot <Ti<t+ | ®) y)

ALLO At (3.2)

The hazard function can equivalently be expressed in terms of the adop-
tion process as

Po(Zi(t + At) = 1] Zi(t) = 0,Y (1) = y)

ALLO At (3.3)

The hazard is the instantaneous transition intensity, and is a fundamen-
tal function in event history data analysis, since it measures the risk of
adopting the behaviour at each point in time. The hazard is related to our
Markov model in the following way: given the current state of the process
Y (t) = y, the process updates to y = (=, 2(i T 1)), where z(i T 1) € R(z), by

actor ¢ adopting the innovation, with transition intensity
Qo(y, (2,201 1)), 1) = hi(t;y,0). (34)

Model for the hazard

The most popular event history model is the Cox regression model (Cox,

1972), where the hazard function for actor : € R(t) is of the form

hi(t;y,0) = ho(t) exp {Z akaik(y)} ) (3.5)
k=1
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where a;1(y), . . ., a;x (y) are time-dependent explanatory variables (although
time is suppressed in the notation, as these variables depend only the cur-
rent state of the process y = y(t¢)), and the parameters (as, ..., ax) are to
be estimated. For our model the explanatory variables are functions of
the adoption process, the network, or any other measured actor attribute,
and we refer to them as effects. It is a semi-parametric model, because no
assumptions are made about the form of the baseline hazard ho(t). As
is explained in detail by Tuma and Hannan (1984), it is conventional to
assume that explanatory variables are incorporated in the hazard as an
exponentiated weighted linear combination, as in equation (3.5). As long
as the baseline hazard is non-negative, this ensures that the hazard is kept
non-negative for all possible values that the variables or parameters might
take. It also means that the model belongs to a class commonly referred
to as the proportional hazards models (O’Quigley, 2008). These models have
the property that if a covariate is increased by some predetermined unit,
then the effect on the hazard is multiplicative; for example, considering
equation (3.5), increasing a,;; by 1 causes the hazard to increase by a fac-
tor of exp(c;). This means that if two actors differ only by some time-
independent covariate, for example gender, then their two hazards will be
proportional, and the ratio of the two will be constant over time. This is
attractive because it allows us to easily compare the two actors” hazards,
consequently enabling us to evaluate the effect of a particular explanatory

variable, in this example gender.

We will employ the Cox regression model, and can estimate the param-
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eters associated with the explanatory variables whilst leaving the base-
line hazard unspecified, apart from in its relationship with the network
rate function, which we describe below. The use of an exponential hazard
model for event history analysis in the social sciences is well established;
Blossfeld (2002) describes it as “one of the most useful models for em-
pirical research.” Later, Blossfeld (2005) uses this model for a variety of
applications for event history analyses relating to youth behaviour, such

as transition into cohabitation or parenthood.

Moreover, proportional hazards models have previously been employed
to analyse diffusions through networks, in a very similar application to
ours (albeit with static networks): Strang and Tuma (1993) and Strang
(1991) examine actor heterogeneity in diffusion with the use of an individual-
level exponential model, where the baseline hazard is constant; the latter

refers to this as the epidemic model of diffusion.

Baseline hazard

We describe our hazard model as semi-parametric because the baseline
hazard hg(t) is an unspecified function of time; however, due to the method
of estimation we use, we require a restriction on the relationship between
this and the network rate function: between observations, the ratio be-
tween them must be constant: for m = 2,..., M, if we define p%] =
Lfti:fl ho(t)dt, and hon(t) = ho(t)/p'Z), then the network rate function is

given by

PE) = pia hom (1)
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An important special case is obtained if h¢,,(t) = 1/(t,, — tm—1) for all
m = 2,..., M, the rates of network changes and adoptions are constant be-
tween observations, and the adoption process follows the piecewise con-

stant exponential model (Blossfeld, 2002).

Adoption effects

We now present a description of possible adoption effects, which have
been inspired by those used in analyses by Strang and Tuma (1993), Myers
(2000) and Valente (2005). There are four types of effects that we will detail,
and apart from the first, intrinsic characteristics, they can all be described
as contagion effects, as they are intended to account for the impact of the
prior adoptions by actors in the network on an individual’s propensity to
adopt. All of the contagion effects we include are what Strang and Tuma
(1993) refer to as social proximity measures, which means they can be written

in the form
aik(y) = Z Zjdijk(y)v (3-6)
j=1

where d;;;(y) is a measure of closeness between actors i and j and the indi-
cators {1, ..., z,} mean that the effect sums only over those j which have
adopted the innovation. If we interpret this ‘closeness’ as “potential influ-
ence’, then the effect measures the total amount of potential influence from
current adopters that actor ¢ is subjected to. Strang and Soule (1998) give a

qualitative review of various mechanisms which potentially underlie the
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process of a diffusion in a social network; several more contagion effects
other than the ones we will now present could be constructed from these.

Note that we define 0/0 = 0.

1. Intrinsic characteristics: This type of effect can be described as an at-
tribute which affects an actor’s propensity to adopt the innovation,
irrespective of the adoptions of others in the network. These can be
covariates, such as age or gender, in which case the effect is simply

the value of the covariate; for example
ain(y) = wi, (3.7)

where w; is the value of the covariate for actor i. They could also
be statistics of the network, such as indegree or outdegree (the num-
ber of incoming or outgoing ties, respectively, that an actor has with

others in the network).

2. Infection: Myers (2000) describes this type of effect as a measure of
“how influential the individual actor’s adoption act is on everyone

else in the system”, and defines it formally as

n

> zsiy),

j=1

where s;(y) is a measure of the importance of actor j’s adoption (My-
ers refers to this as a measure of the adoption’s “severity”). In this

formulation, an adoption by an actor affects all others in the network
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equally, which for many networks may not be a reasonable assump-
tion. Moreover, at any given time, this effect has equal value for all
actors, which may lead to high correlation with the baseline hazard.
Another type of effect can be constructed so that an adoption by an
alter affects the ego actor only if there is tie from ego to alter. For
this effect, we sum only over those actors to whom actor ¢ has an

outgoing tie, giving the infection effect the formula
ain(y) = szxij5j<y)~ (3.8)
j=1

It is this effect that we consider later in our analysis of real data. Op-
tions for the importance measure s;(y) could be an actor’s indegree
or outdegree, or an actor covariate. Strang and Tuma (1993) choose
to measure importance by the adopter’s indegree (although, like My-
ers, they assume adoptions affect all actors in the network equally).
Using indegree as the measure of importance with the formula given
in equation (3.8), the infection effect measures the sum of the inde-
grees of the adopters to whom an actor is tied. A positive coefficient
associated with this effect implies that individuals with high inde-
grees influence their alters” behaviour more than those with low in-

degrees; in other words, their adoptions are more highly infectious.

. Exposure: According to Valente (2005), exposure “captures social in-

fluence conveyed through overt transmission of information, perusa-
sion, or direct pressure,” and can be measured either by the propor-

tion of contacts that have adopted, or the total number. We refer
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to the former definition as the average exposure effect, which has the
form
D i1 ZiTij

aiz(y) = Zn—7 (3.9)

j=1Lij

and to the latter as the fotal exposure effect, which can be written as
;4 (y) = Z ijij- (310)
j=1

A positive coefficient associated with these effects means that being

tied to adopters increases the chance of adopting.

4. Susceptibility: This type of effect conveys “how responsive an indi-

7

vidual actor is when an adoption act occurs,” according to Myers
(2000), and is intended to address the question of ‘whether some [ac-
tors] are more likely to react to the behavior of others, irrespective of
their inherent propensity to [adopt]’. For actor i, Myers (2000) oper-

ationalises this as a measure of ‘responsiveness’ p;(y) multiplied by

the total number of adopters currently in the network:

n

pi(y) sz.

J=1

However, as with the infection effect, we argue that often it may

be more reasonable to assume that adoptions only affect those from
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whom the adopter has a tie, and so propose instead the formula

n

J=1

This effect can be considered an interaction between the responsive-
ness measure p;(y) and the total exposure (see equation (3.10)); we
can then think of this effect as measuring an actor’s susceptibility to
total exposure. This suggests a further effect, susceptibility to average
exposure, which has the formula
D A

aig(y) = pi(y)m- (3.12)
Strang and Tuma (1993) choose to measure ‘responsiveness’ p;(y) by
an actor’s indegree, reasoning that an actor with a high indegree
“may be more susceptible to the adoptions of others, due to their
wide circle of contacts.” Alternatively, we may use outdegree (but
not for susceptibility to average exposure, as this just gives the total

exposure effect), or an actor covariate.

3.3.2 Discussion of the model

In summary, we refer to the collection of all the unknown parameters as
0 = (p,B,a), where p = <p[2X], . ,pg\)/f],p[f], . ,,055,]> are those parameters
associated with the baseline rates, whilst § = ( EX], e ,6?[;]) are those

associated with the network effects, and o« = («y,...,ak) are those re-
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lated to the adoption effects. Between observations at ¢,,_; and ¢,,, the
continuous time Markov process {Y (t) : t,,-1 < t < t,,} on state space
X x {0,1}" has initial state Y (t,,—1) = y(tm—1), where y(t,,—1) is the ob-
servation of the process at t,,_1, and then evolves according to transition

intensity Qq(y, 7, ) = hom(t)Qa(y, 9), for § # y, where

prn i (3 9), if § = (2(i ~ 5), ) € A() x {z},

Q. 9) = | pl explaTai(y)), if)=(z,2(i11)) € {z} x R(z), (B13)

0, otherwise,
\

where p;;(y; 0) is given by (2.5).

We have assumed that the diffusion follows a Cox regression model, and
have modelled the process by considering the hazard function. The model
by Snijders et al. (2007) described in Chapter 2 for the co-evolution of a
dynamic network with an actor integer-valued variable could be applied
to the network and adoption variables described in this chapter; however,
the model utilizing hazard functions proposed here is an improvement
for our application in two ways. Firstly, the use of Cox regression models
is well established in event history analysis, while the model proposed
by Snijders et al. (2007) (where the actor variable changes with transition
intensities modelled in a multinomial logit form) does not correspond to
any known survival model. Secondly, the use of a proportional hazards
model in this paper means that the parameters are easy to interpret; this is

more difficult using the model described in Chapter 2.
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3.4 Parameter estimation

In Section 2.3, we described how we estimate 6, the vector of parameters of
the model. Our method of moments estimation procedure requires choos-

ing vector valued moment statistics
Go(Y (1), Y (t2)), -, Gur(Y(tnr-1), Y (Tar)),

with dimension equal to the dimension of 6, such that each component is
primarily associated with a component of §. In Section 2.3, we describe
choices of the components associated with rate parameter and network
effect parameters. Now we have additional parameters o = (o, ..., ax),
and for k € {1,...,K},and m = {2,..., M}, we choose the component of

G (Y (tm-1),Y(t,,)) associated with «y to be

D ai(y(tm-))zi(tm). (3.14)

iGR(tm— 1)

3.4.1 Asymptotic behaviour of estimates of o

In this section, we consider the behaviour of the components of the mo-
ment statistics associated with estimating a. We assume that it is the first

K components of the moments statistics that are associated with o, and
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define (¢1(6;Y),..., gx(6;Y)) such that, fork =1,..., K,

M

g(6:Y) =D Gua(y(tm—), y(tm)) = Bo (Gn(Y (b)Y (t))[Yno1 = Yin-) -

m=2

(3.15)

Assessing the performance of the method of moments estimator suggested
by Snijders (2001) is difficult. However, conditional on the outcome of
the process, if we increase the frequency of the observations of the pro-
cess, then the method of moments estimate of o converges to the maxi-
mum likelihood estimate obtained by observing the process continuously
in time. To see this, consider a process Y = {Y(t) = (X(¢),Z(t)) : 0 <
t < 1}, which evolves according to the model described in Section 3.3.
Suppose that we can observe the process continuously in time, giving the
observation Y = y. Denote by « the vector of parameters associated with
the adoption effects. Then we may obtain a maximum likelihood esti-
mate &y, for o based on this complete data. Suppose we instead observe
the process only at M + 1 equally spaced timepoints {t¥ = (m — 1)/M :
m = 1,...,M + 1}, (the equal spacing is not necessary, but simplifies
notation; it is just necessary the intervals between observations are all
O(1/M)). We denote the observed data by y™ = (yi’, ...y}, ... ydi1),
where y2 = y(t}) is the observation of the state of the process at time ¢,
We may then obtain a method of moments estimate 447 ,, for a based on

the data y.

We compare the sequence of method of moments estimates {&47,,,}35_,
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of a with the maximum likelihood estimate &,,;, of a. We consider an

outcome Y = y for which

1. the baseline hazard hy(t) is a known function,with all derivatives

bounded for 0 < ¢ < 1;
2. the remaining parameters {0 \ a} are known;

3. the maximum likelihood estimate ¢, of o based on continuous ob-

servation Y = y is unique and finite.

Theorem 3.16. Given the outcome Y = vy, suppose that there is a increasing
integer sequence My, My, ... such that the subsequence of method of moments
estimates { Gy Ny, Y35, of v is bounded with each estimate in the subsequence the
unique method of moments estimate for the corresponding data y™. Then the
corresponding subsequence of distances between method of moments estimates

and &g, converges to zero: as N — oo,

|67y — arr||[—0.

Proof. At time t, the transition intensity matrix of the process is given
by Q(t) = ho(t)Q, where hy(t) is a scalar function and the matrix ) does
not vary with time (its entries are given in Section 3.3.2). The start and
end of the process at 0 and 1 respectively are chosen without loss of

generality.

Firstly, consider the score when the process is observed continuously,

giving data y. Denote the total number of changes to the process by C
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and the times of these changes by s1, s, ..., s¢. Define s¢4; = 1, denote
ye = y(sc) forc=1,...,C+1, and let y, be the initial state of the process.

Then the likelihood for « is given by

C Sec 1
Lo(a,y) = [H Q(Sc—l)ycfl,yc exXp {/ Q(t)ycq,ycfl dt}] exXp {/ Q(t)yc,yc dt'} :
c=1 Sc—1 sc

Therefore, for k = 1,. .., K, the kth component of the score is given by

C

1 aQ c—1,Yc &= 5 8@ c—1:Yc—1
Ur(a;y) = (Z = 5’% y) (Z/ ayak LT

c=1 Ye—1,Yc

For ¢ = 1,...,C, if the difference between y. and y._; is a network

change, then Q,, , ,. is independent of o and

aC?yc—l sYc

= 0. 17
D 0 (3.17)

If instead the difference is an adoption of the innovation, by actor i, then

Qe o< exp(a’ai(ye—1)) and

= = ain(y(se-1))- (3.18)

Q(t)ycflvycfl - Z Q@)ycflh@?
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and so

OQ()ye—1,yes o Z 0Q(t)y. .9

O semiey 0%
Z':Zc—l,i:O aak |
—— Y auly)ho)
1:2¢—1,;=0
== > any@®)h), (.19
1:2c-1,;=0

where h;(t) = ho(t) exp(a®a;(y(t))); for simplicity, we suppress the de-
pendence on « in the notation. Therefore, equations (3.17), (3.18) and

(3.19) imply that

noopl

Ur(azy) = Z a(y(13)) — Z/ (1= 2i(t))auw(y(t))hi(t) At (3.20)
i€l i=1 70

where I is the set of actors that adopt in (0, 1], and 7; is the adoption

time for actor <.

Next, we consider the moment statistic that we use to estimate «. Let
A be a compact set containing &, and the bounded subsequence of
method of moments estimates. Recall (Norris, 1997) that, for small At,

uniformly for o € A,
Po(Y(t+ At) = |V (t) =) = {i =y} + Q(t)y 5 + O(A?). (3.21)

This approximation is uniform on A as (t) is bounded and has
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bounded derivative with respect to each component of « (the latter is
true as each element of Q(t) is of the form Ae®*? for bounded constants

Aand B, fork=1,...,K).

Let RM = R(t}_,) be the set of actors at risk of adopting the innovation
at time t¥ . To simplify notation, let a} = ax(y¥ ), 22 = zi(y} )
and ZM = Z;(yM ). Recall that, for k£ = 1,..., K, the component of

the moment statistics used for method of moments associated with oy

is given by
M4+1
=30 > Al (M R (ZM YL =)
m=2 ;e RM
M4+1
:ZZQ%M{W ZPG :y’ mlzy%ﬁ}a
m=2ieR})! OIS
M+1
= Z Z zkm {Zmz IP)G = ym—l(i T 1)|YM 1= ym 1)}
m=2 jc RM
O(1/M),
M+1
= |3 N A M hi(t)/M Y| +O(1/M),  (322)
m=2 je RM

where )); is the set of states such that z; = 1, and where y (i 1 1) is the
same as y_ | but with actor i having adopted the innovation. Equation
(3.22) is obtained using the approximation given by (3.21). Then, by the

continuity and boundedness of the transition intensity matrix ) and its
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derivatives, uniformly on A4,

n 1
g (asy™) — Zaik(y(Ti))—Z/ (1=zi(t))aw (y(t)) hi(t) dt = Up(e,y).

icl i=1 70
Therefore, for all k = 1, ..., K, the difference |g) (o, y™) — Up(cv, y)| be-
tween the method of moments statistic and the score based on y con-

verges to zero uniformly on A, as M — oo. Therefore

as M — oo, uniformly on A.

Let € > 0 be sufficiently small that there exists & € A with ||a—dp || > e.
Then, by the uniqueness of the root of the score U and the compactness
of A, there exists §. > 0 such that if « € A and ||a — dp|| > € then
|U(cv, y)|| > d.. By the uniform convergence in (3.23), there exists N,
such that ||U (a3, v)|| < O for all N > N,. Therefore ||ayrYy; — darrll <

¢ forall N > N,. So [|a)\Yy, — Garrl| — 0as N — oo. O

Consequences of theorem

In practice, neither the network parameters nor the baseline hazard are
known; these (or in the case of the baseline hazard, its integrals between
observations times) must be estimated simultaneously to the adoption pa-
rameters. However, if we assume that we can estimate these unknown

quantities well, then the theorem indicates that taking frequent observa-
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tions of the process should give an estimate of the adoption parameters
that is close to the maximum likelihood estimate which could be obtained

if the process were observed continuously.

The convergence shown in the theorem is conditional upon the particu-
lar outcome of the process, and so we cannot infer that the method of
moments estimator is asymptotically optimal amongst those that could
be obtained using any method of moment equations (e.g. according to
the definition of optimality given by Godambe (1960)); however, the theo-
rem suggests that, for a real dataset that features frequent observations of
the process, the parameter estimate obtained using these estimating equa-
tions will be a good choice, by virtue of the properties of the maximum
likelihood estimator. In this way, the theorem supports the choice of the
moment statistics that are associated with the estimation of the adoption

effects.

3.5 Example: Glasgow school data

In this section, we apply our model to a real dataset. We analyse data col-
lected as part of the Teenage Friends and Lifestyle Study (West and Sweeting,
1996): the friendship ties between 129 pupils at a school in Glasgow are
recorded at three yearly observations, beginning when the students were
between 12 and 13 years old. The innovation of interest is cannabis smok-
ing, and so an actor becomes an adopter when they first smoke cannabis;

for simplicity, we often refer to ‘smoking’ and ‘smokers’, omitting the
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specification of cannabis, and also that someone may have only smoked
cannabis once, and are not current users. Initially there were 35 pupils
who had smoked cannabis; by the second observation this had risen to
47, and by the third, to 71. Covariates that are included in the analyses
are whether they are female (which is encoded as 1 if they are, and 0 oth-
erwise) and frequency of alcohol consumption (which was self-reported
each year on a scale from 1 to 5, where 1 corresponds to ‘never” and 5
to ‘more than once a week’). The network effects that are included were
described in Section 2.1.3 with the addition of a gender similarity effect
(which is defined like the smoking similarity effect); this selection has been
inspired by the choices made by Snijders et al. (2007) and Steglich et al.
(2010) in their analyses of the same dataset (where they model tobacco use,
and use a different model to that presented here). We experimented with
a variety of choices for the adoption process effects. Many of the conta-
gion effects described in Section 3.3 were highly correlated when included
jointly in the analysis; those that remain in the final model were chosen as

they were not.

Table 3.1 shows the results of estimating the parameters of this model. For
each of the adoption effects, the final column indicates which effect type
is included, by referencing the equations given in Section 3.3.1. For each
parameter estimate, we assess significance by approximately testing the
null hypothesis that it is zero (the form of this ¢-type test, and the assump-
tions required, are described by Snijders et al. (2010)). Table 3.1 reports a

guide to the p-values associated with this test for each parameter (except
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Table 3.1: Results for the Glasgow school dataset.

Estimate Std. error  Effect eq.

Network Rate Effects

Mean change opportunities (period 1) 11.29 (1.11)
Mean change opportunities (period 2)  8.75 (0.81)

Network Evaluation Effects

Outdegree -1.93**  (0.10)
Reciprocity 2.02**  (0.11)
Transitive triplets 0.24**  (0.03)
Number of actors at distance 2 -0.43"*  (0.04)
Gender similarity 0.89**  (0.10)
Smoking alter —0.08 (0.09)
Smoking ego -0.08 (0.10)
Smoking similarity 0.21* (0.09)
Adoption effects

Integrated baseline hazard (period 1) 0.07 (0.07)
Integrated baseline hazard (period 2) 0.14 (0.15)

Average exposure 3.42* (1.71) (3.9)
Female -1.12 (0.79) (3.7)
Infection by ‘female’ 0.51 (0.42) (3.8)
Alcohol intake 0.57**  (0.21) (3.7)

Tp<0.1;*p < 0.05 * p < 0.01; ** p < 0.001; all ¢ ratios < 0.06.
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for the parameters associated with the baseline rates, as these are known
to be strictly greater than zero, since there are changes in the data between
observations). Also given is a maximum of ¢ ratios which assess conver-
gence of the estimation algorithm for all parameter estimates (see Ripley

et al. (2011)): this is 0.06, which suggests that the convergence is good.

The smoking similarity effect is positive and significant; this suggests that
the students have a predilection for homophily with respect to smoking.
This mechanism could not have been discerned if a static network had
been assumed. The significance of the exposure effect implies that the
initiation of smoking is socially contagious: the higher the proportion of
smokers amongst a non-smoking student’s friends, the higher their hazard
of beginning to smoke. Due to the proportional hazards property of our
model, we can infer from our estimates that, for any actor, if their average
exposure increases by ¢ € [0, 1] then their hazard increases by a factor of
approximately 31° (since exp(3.42) ~ 30.57). Similarly, increasing alcohol
intake by ¢ € {1,2,3,4} increased an actor’s hazard by approximately 1.8°
(since exp(0.57) ~ 1.77). That these parameters can easily be interpreted

in this way is an important advantage of using this model.

3.6 Simulation study

In Section 3.4, we showed the theoretical advantage in collecting data fre-
quently; however, in many cases, a large number of observations will be

impractical; for example, if the network is large then surveying ties will be
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very time consuming. Therefore, in this section we conduct a simulation
study using generated data of just three observations, as a very limited
exploration of the performance of the method of moments estimator. We
generate data and conduct an analysis, and then repeat 1000 times, collat-
ing the results to obtain Monte Carlo estimates of some properties of the

estimator.

The data are generated to be similar to the real dataset considered in the
previous section; this is achieved by taking the initial states of the net-
work and adoption variable directly from the dataset, along with the val-
ues of the covariates for all three observations. Taking the covariates for
all observations does not violate the Markov assumption, since these are
assumed to be exogenous to the stochastic process. Two further observa-
tions of the network and the adoption variable are obtained by simulating
the network according to a model similar to that estimated in the previous
section: the effects and associated parameters are chosen to be similar to
those obtained by the analysis in the previous section. Fewer effects are in-
cluded than in the analysis in the previous section to reduce computation

time and to provide a simpler model to estimate.

Table 3.2 shows the mean parameter estimate and the root mean squared
error (RMSE) for the estimator. We also assess the estimator when used
in conjunction with the hypothesis test described in the previous section.
We assess the appropriateness of the test by calculating, for each analysis
and each parameter, the deviation of the parameter estimate from the true

value divided by the standard error estimate. Under our assumption re-
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Table 3.2: Results for the simulation study with 129 actors.

Hy Mean RMSE o 1-7
Network Rate Effects
Mean change opportunities (period 1) 11.0 10.86 0.92 005 -
Mean change opportunities (period 2) 9.0 910 0.85 003 -
Network Evaluation Effects
Outdegree -2.8 - - - -
Reciprocity 2.0 201 0.09 0.03 0.98
Transitive triplets 0.4 039 0.03 0.03 0.97
Gender similarity 0.9 091 0.10 0.03 0.96
Smoke similarity 0.2 0.21 0.10 0.02 0.38
Adoption effects
Integrated baseline hazard (period 1) 0.05 0.06 0.08 0.09 -
Integrated baseline hazard (period 2) 0.05 0.05 0.07 0.08 -
Average Exposure 3.8 3.86 1.63 0.08 0.48
Alcohol intake 0.6 0.68 0.27 0.06 0.68
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quired for the test, these test statistics should be approximately standard
normally distributed, and so we compute the proportion of these statis-
tics that exceed in absolute value the upper 97.5% quantile of the standard
normal distribution. If our assumption of normality is reasonable, then
we expect rejection rates (denoted by «) close to 5%. For the integrated
baseline hazards {p,[TZL] :m = 2,...,M}, we consider the logarithm of the
parameter, as by inspection of the simulation results, this is less skewed
and more normally distributed. We then estimate the power of the test
(denoted by 1 — 3) when applied to each of the parameter estimators, by
finding the proportion of simulations for which a incorrect null hypothesis

that each parameter coordinate is zero is rejected.

Recall that to reduce correlations the similarity effect has a centering term
which depends on each generated dataset. Note that each time this affects
the estimate of the outdegree parameter (by translating it by the centering
term) so the collated results for the outdegree effects are not meaningful
and are hence excluded; we may think of the outdegree effect like a control

variable.

Of the 1000 generated datasets, 834 are included in the analysis; the re-
mainder were removed due to inadequate convergence of the algorithm
(the ¢ ratio that can be calculated to assess convergence of the algorithm
is described by Ripley et al. (2011)); we shall discuss the excluded data
later. As can be seen in Table 3.2, the parameters associated with network
dynamics are estimated very well; the bias and root mean squared are

both low in all cases, and for parameters except the ‘smoke similarity,” the
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Eo(910(Y)) - 910(y)

Figure 3.1: Deviation between observed and expected value of the mo-
ment statistic associated with the average exposure effect.

power is very high. The parameters associated with the adoption process
also have quite small bias, and although the root mean squared error is
quite high, the power is reasonable. It is inevitable that the adoption pa-
rameters will be more difficult to estimate than those associated with the
network; the moment statistic associated with the latter are made up of a
sum of (M — 1)n(n — 1) statistics (Snijders, 2001), whilst the former has just
2%22 R,, < (M — 1)n components, where R,, is the number of actors at
risk of adoption at time ¢,,,_;. This means that there is less information that
can be used to estimate the adoption process parameters, and this is likely

to be why the results show higher RMSE, and a lower power, for these.

A considerable number of sets of results (16.6%) were excluded due to
unsatisfactory convergence of the algorithm; however, when this is inves-

tigated further, it does not appear to simply be due to limitations in the
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stochastic approximation estimation procedure (which potentially could
have been solved by running the algorithm for further iterations, to ob-
tain more accurate Monte Carlo estimates). Instead, it appears likely that
in these cases the method of moments equations do not have a solution.
This is illustrated for one set of unconverged results in Figure 3.1, which
shows the deviation between the observed and expected amounts for the
moment statistics associated with the average exposure parameter; for a
range of points around the true parameter (¢,o = 3.8) the deviation is not
zero (the other parameters are chosen so that the other components of the
method of moments equations are zero). This suggests that the method of
moments equation does not have a solution. The non-existence of a solu-
tion, and therefore the non-existence of the method of moments estimator,
for some data sets is no surprise, as for regular Cox regression this occurs
also for the maximum likelihood estimator; see Silvapulle and Burridge

(1986).

3.7 Discussion

We have presented a method for modelling the simultaneous evolution of
the diffusion of an innovation with a dynamic social network. Incorpo-
rating both of these processes allows us to create a more realistic model,
and to include as mechanisms of the process both social influence and
homophilous peer selection. The model has been constructed so that the

adoption times follow a proportional hazards model, whilst the dynamics
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of the network are assumed to follow the stochastic actor oriented model
developed by Snijders (2001). In many applications, this model may be
preferable to that which would be obtained using the model given by Sni-
jders et al. (2007), as the latter does not correspond to any known survival
model. The proportional hazards property of the model also enables easy

interpretation of the model parameters.

To estimate the parameters in the model, we have used the method of mo-
ments estimator suggested by Snijders et al. (2007), and shown that for a
given outcome, the estimate obtained is asympotically equivalent to the
maximum likelihood estimate, as the frequency of observations tends to
infinity. We have also examined its performance when applied to data
with only 3 observations, and shown that whilst the estimator appears
approximately unbiased, there is sometimes the problematic lack of a so-
lution to the method of moments equations. We suggest that as high a

number of observations as possible is desirable.

We have also demonstrated the use of the model on a real dataset, involv-
ing a Glaswegian school and the initiation of cannabis smoking amongst
its students, and using the model have identified both peer influence and

selection based on similarity of cannabis use.

The model could be extended and altered in a variety of ways. The most
obvious of these is the addition of a wider variety of adoption effects; the
implementation of the estimation of the model allows a variety of func-

tions of the network and the adoption variable to be added as effects.
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A possible extension of the model could be achieved by increasing the
size of the state space of the adoption variable: instead of being a binary
random variable, it could be defined to take three values; this could then
be used to construct a Knowledge Attitude Practice (KAP) model (Rogers
(1995), Valente et al. (1998)), where the actors must first gain knowledge of
the innovation before they can adopt it. The first state could correspond
to unawareness of the innovation, the second awareness but not practice,
and then finally, the third state adoption. The model could then include
interactions between the value of adoption variable and the contagion ef-
fects, in order to have different dynamics governing the rates of change
between the first and second states, and the second and third. Apart from
the social sciences, this model could be applied to medical statistics; for ex-
ample, we could formulate it as an SIR model (Kermack and McKendrick,

1927) with an endogenous dynamic network.

We could extend the state space even further to use the model to approxi-
mate an inhomogeneous Poisson process (Suhov and Kelbert, 2008). (Hav-
ing an infinite state-space would give this process exactly, but the current
implementation will not allow this; instead it can be made as large as is
computationally feasible). This could be used to model situations where
the behaviour of the actors does not consist of a single innovation, but a
number of events. For example, instead of being interested in the time at
which an actor first initiates a practice, the Poisson process models how

many times they actually perform it.
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Local network models
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Chapter 4

Local network models

4.1 Introduction

We often interpret that changes to the dynamic social network are driven
by the actors, with each actor in control of their own outgoing ties. It is
therefore natural to assume that the local properties of the ego in the net-
work will be important to this ‘driving” actor. In this part, we will consider
a class of models where the state of a subnetwork of which the ego actor

is the focal node is actually their only consideration.

When constructing a Siena network model, we select effects which we
hope encapsulate the tendencies of the ego for extending, maintaining
and breaking network ties; the ego can then stochastically maximise these
features of the network, by altering their outgoing ties. In this part, we

consider the situation where these tendencies depend only on the config-
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urations of ties to and from actors who are already local to the ego, where
‘local” is defined with respect to geodesic distance. This essentially will
just place a restriction on which network effects we may include in our
model; however, as we will see, doing this will have computational and

theoretical implications.

A sufficient condition for the plausibility of this model is that an actor has
knowledge of the ties only to and from actors that are ‘local” to them. For a
large network, it may be reasonable to assume that each actor has only par-
tial knowledge about the state of the network at any given point in time,
and it may be reasonable to further their knowledge will extend only to
those actors to whom they are closest, with respect to geodesic distance.
However, for a small network this may be quite a strong assumption, and
a relaxed alternative would be to say that although an actor may be aware
of further network connections, involving non-local actors, they are unim-

portant to them when they consider which network ties to extend or break.

As we will see, the size of the subgroup of actors deemed local can be
kept relatively small, irrespective of the size of the network, while still
enabling us to include many important mechanisms, such as transitivity,

in our model.

One consequence of presuming this class of model is that there is no place
for a global hierarchy; ego actors will not be aware of the global structure
of the network (or, at least, will not find it important), and so, since the
ego drives the mechanisms, they cannot be incorporated in the model.

Inevitably, this means that this type of model will be unsuitable for some



4.2. LOCAL NETWORK MODELS 95

research questions; but many, about local structures and hierarchies, can

still be answered.

4.2 Local network models

In this part, we define local network models, a class of Siena models where it
is only the structure of ties for actors that are geodesically ‘close’ to the ego
actor that is important when they make network tie changes. We require

some definitions:

Definition 4.2.1 (Outties). For a network = and an ego i, let 6(i|z) = {j €
{1,...,n} : z;; = 1} be the set of nodes which have an incoming tie from
i.

Definition 4.2.2 (Inties). For a network z and an ego i, let i(i|z) = {j €

{1,...,n}: xj; = 1} be the set of nodes which send an outgoing tie to i.

Definition 4.2.3 (Neighbourhood). Given a network z, and an ego 1, let
the neighbourhood of i, denoted by N (i|z), be the union of {i} and the set

of actors that are a(n undirected) geodesic distance of at most one from i:

N(i|z) = {3} U a(i]z) Ui(i|z).

Hanneman and Riddle (2011) refer to this as a one-step neighbourhood
(although they include in their definition not only the set of actors, but

the ties between them).
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For a matrix A of dimension n x n and a vector v such that each component
of v is in the set {1,...,n}, let A} be the matrix of dimension dim(v) x n
such that, foralli € {1,...,dim(v)}, the ith row is given by the v;th row of
A. This means that, for j = 1, ..., n, the (i, j)th component of Ay, is given

by

Definition 4.2.4 (Neighbourhood statistics). For a network = and an ego
i, the neighbourhood statistics are given by the p x n matrix, where p =
N (i|z)| < 2(1 4 x4 + x44), given by

TN (i
Nila) = | S

T
TN (i)

The neighbourhood statistics give the incoming and outgoing ties of both

i and ¢’s (incoming and outgoing) ties.

Definition 4.2.5 (Change contribution for an effect). For all i, €
{1,...,n}, given a network z, the change contribution for an effect is the

difference in the value of the effect evaluated at z(i ~» j) and x:
Aij(x) = si(x(i ~ 7)) — si(x).

This gives the increase in the effect were ego i to change their relationship

to alter j.
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Definition 4.2.6 (Local network effect). An effect is a local network effect
if, for all i € {1,...,n}, and for any two possible states of the network,

x, T, such that N(i|x) = N(i|z),

forall j € {1,...,n}.

Examples of local network effects include all transitive effects and almost
all covariate effects. Example of non-local network effects include popu-

larity and assortativity effects.

Definition 4.2.7 (Local network models). A local network model is a

Siena network model such that all the effects are local network effects.

Note that we can write the conditional choice probabilities (see (2.5)) in

terms of the change contributions; for a network z, and an ego i, for j €

{1,....,n},

gy = xP(BT Ay (;0))
pij(;0) ZZ:1 exp (BT A, (z;6))’

(4.1)

where 0 = (p, 3).

Looking at (4.1), it follows from the definition of a local network model
that, given an ego i and a parameter 6, if two networks have the same

neighbourhoods statistics, the set of choice probabilities for ¢ will be the
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same. Therefore, for a local network model, an actor’s decision of which
tie to extend or break only depends on the configuration of the ties in and
around their neighbourhood; they are unaffected by changes elsewhere in

the network.

We now derive an alternative, equivalent, definition of a local effect, which

will be useful in determining whether an effect is local or not.

Condition 4.2.1. Given a network z and an ego i, let (I,m) € {1,...,n}?

such that [ # m. Then
1. 1 #1;
2. m#1;

3. max{wy, Tim, Tii, Tmi} = 0.

Lemma 4.2. Given a network x and any ego i € {1,...,n}, let (I,m) be any

pairin {1,...,n}?* such that | # m. Then

N(ilz) = N(i|z(l ~ m))

if and only if Condition 4.2.1 holds.

Proof. If we change the network from z to (! ~» m), then the ith row
of x and the mth row of 27 are the only rows which change. Therefore,

by definition, the neighbourhood statistics change if and only if at least
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one of [ or m are in N (i|z). This occurs if and only if Condition 4.2.1

does not hold. O]

Theorem 4.3. Given a network x and any ego i € {1,...,n}, let (I,m) be any
pair in {1, ... ,n}? such that | # m. Suppose that Condition 4.2.1 implies that
Ajj(x;0) = Ayj(x(l ~ m);0) forall j = 1...,n. Then the effect is a local

effect.

Proof. Fixanegoi € {1,...,n}. Let z, 2’ be networks such that N (i|z) =
N (i|z"). Then there exists a sequence of networks zV). ... ), for some

P, such that 2V = 2, P) = ¢/, and forallp =2, ..., P,
7P — x(pfl)(l(p) ~ m(p))’

for some (I®®), m®) € {1,...,n}2. Furthermore, because none of incom-
ing or outgoing ties for actors in N (i|z) need to change, this can be

chosen so that, forallp =2,..., P,
N(i|z®P) = N(i|zP~Y).

Then Lemma 4.2 implies that, for all p = 2,..., P, Condition 4.2.1
holds for (I”,m®) and so, by the statement of the theorem, for all
7=1,...,n,

Aij (2P 0) = Ay (27D, 9),
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and so

Therefore the effect is a local effect. O

4.3 Categorising polynomial effects

Most network effects can be expressed as polynomials in the elements of
x, where, because the values are all binary, the highest power of any com-
ponent is one. In this section, we describe an algorithm for determining

whether or not a polynomial network effect is a local network effect.

Givenanegoi, let j,I,m € {1,...,n} such that i # j, | # m and Condition

4.2.1 applies to (I, m). Then a polynomial effect can be written in the form
82(.%') = xijxlmdlj (.T) + ZL‘Z‘jdgj (.T) + Z‘lmdgj (ZE) + d4j (ZE), (44)

where d,;, dy;, d3; and d,; are polynomials that are independent of z;; and
Zim (each polynomial has an implicit dependence on i, [ and m, but this is

not included in the notation for simplicity). Then
Aij(;0) = Dij (w1~ m); 0) = doy () (1 = 2245) (1 = 2m).

Then, by Theorem 4.3, the effect is a local effect if A;;(z;6) — Ay;(z(l ~
m);f) =0forall j € {1,...,n}, and so for a polynomial effect, if d;;(z) = 0

for all ;.
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Example 4.3.1 (Transitive triplets). s;(z) = > ko TikTinThk- Then the only

summand involving z;,,, is when h = [ and k£ = m, and so

dij(2) = 2 G =1,

0 otherwise,
\

and so d;(x) = 0 by Condition 4.2.1. Therefore it is a local effect.

Example 4.3.2 (Indegree popularity). s;(z) = >_,, x;;zp;. Then

L j=m,
dij(z) =
0 otherwise,

which is not zero for all j, and so this is not a local effect.
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Chapter 5

Maximum likelihood

5.1 Introduction

We review the algorithm described by Snijders et al. (2010) used for max-
imum likelihood estimation of a Siena model, and propose changes in or-
der to improve efficiency. Changes will attempt to either decrease compu-
tation times, or to improve mixing. In Section 5.2 we review the existing
Metropolis-Hastings algorithm that is employed in RSiena (Ripley et al.,
2011). In Section 5.3, we suggest a method for speeding the calculations
required by the algorithm. In Section 5.4, we suggest a method intended
to improve the proposal distribution required by the Metropolis-Hasting

algorithm.

Most changes in this chapter will apply only to local models, as described

in Chaper 4; however, in Section 5.6 we will see how the changes, where
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applicable, can be used to improve estimation for all models.

In this chapter, so that notation and descriptions can be easier to under-
stand and simpler, we restrict our attention to network models, and not
the co-evolution network and behaviour model;, however, the methods
can all be extended in natural ways for the latter case. We also only con-
sider network models with constant rate functions; the maximum likeli-
hood estimation algorithm for non-constant rates is detailed by Snijders
et al. (2010) but is not yet implemented in RSiena (Ripley et al., 2011). We
consider the case when there are only two observations of the network;
again, this is done for simplicity in explanations, but due to the Markov
properties of the assumed model, the methods extend easily to cases with
more observations. Finally, probabilities and expectations will often have

their dependence on ¢ supressed, to simplify notation.

5.2 Metropolis-Hasting algorithm

In this section we review the existing algorithm detailed by Snijders et al.

(2010) used to perform maximum likelihood estimation for Siena models.

As described earlier, we assume that the network process moves between
states via ministeps. We refer to a sequence of consecutive ministeps tak-
ing the process from one state to another as a chain. Then, given data
(X (to), X(t1)) = (x(to),z(t1)), to find the maximum likelihood estimate,

we want to find 6 such that the score function for the observed data is
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zero. This is the same (Gu and Kong, 1998) as choosing 6 to solve

Eo[Sxv (0; X, V)[(X(to), X(t1)) = (z(to), z(t1))] = 0, (5.1)

where Sy is the score function for the chain of ministeps V' that takes the
process from X (ty) to X(t1). We solve this equation using the Robbins-
Monro algorithm; to do this, we are required to draw samples of V, given

a value for 6. Before explaining how we do this, we require a definition:

Definition 5.2.1 (Toggling). For any ¢, j € {1,...,n}, we say that there is
a toggle to the dyad from one actor ¢ to another actor j to mean that there is
a change in the the relationship from i to j: if a tie currently exists, then
after toggling it no longer does, and vice versa. Note that we assume
the relationship is always non-reflexive, and so toggling a dyad from an

actor to themselves leaves the network unchanged.

To draw samples of the chain of ministeps V, we use the Metropolis-
Hastings algorithm. We create a chain v of ministeps to use as our initial
state, which is constructed so that the first and last states match what is
observed, so that zo = z(ty) and zr = z(t;), where z(ty) and x(¢;) are
our two observations of the network. Let A2 denote the pairs of all ac-
tors; then, given our data, we know, for all pairs of actors in /2, the parity
of the number of changes to their relationship: for some pair (i,j) € N?,
if z;;(ty) = z;j(t1), then there is an even number of toggles to the dyad,

and conversely, if z;;(ty) # x;;(t1), then the number is odd. We use this
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information to choose a suitable v.

We then propose a new chain ¢ using proposal distribution u(.|v); we ac-

cept the proposed change with probability

a=min {1,220 52)

5.2.1 Chain notation

We often denote a chain of ministeps by v. We denote by m; the ith min-

istep in the chain, and by R the number of ministeps in the chain, so that

U:{ml,...,mR}.

For r € {1,..., R}, we denote by (i,, j.) the tie that is toggled in minis-
tep m,. For the chain v, there is a corresponding sequence of R + 1 net-

works, which we denote z, ..., zr. Given z,_;, the netwok z, is equal to

x'r—l(ir e ]7)

5.2.2 Proposal distribution

The proposed chain v is obtained by making a small change to v, which
we refer to as an update. There are five different types of updates, and the
type is chosen randomly at each proposed update, using the update type

proposal distribution.



5.2. METROPOLIS-HASTING ALGORITHM 107

Definition 5.2.2 (Update type proposal distribution). The update type
proposal distribution is the probability distribution for the type of update
to be used at each proposed update. The sample spaceis {1,2,3,4,5} and

we denote the distribution function by py.

The update type proposal distribution is predetermined before the esti-
mation begins. Every type of update preserves the parity of the number of
changes to every component of =. Before describing the updates, we first

require a definition.

Definition 5.2.3 (Diagonal ministep). A ministep is diagonal if the ego to
make no change to their outgoing ties; i.e. when choosing j € {1,...,n}

according to the conditional choice probabilities, the ego i chooses j = i.

The types of updates are:

1. Add a diagonal: insert a diagonal ministep into the chain;
2. Delete a diagonal: delete a diagonal ministep from the chain;

3. Permutation: permute the ordering of some of the ministeps in the

chain;

4. Add a cancelling pair: insert two ministeps which toggle the same

dyad;

5. Delete a cancelling pair: delete two ministeps which toggle the same

dyad.
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Changes of types 1, 2, 4 and 5 are sufficient to ensure that the entire sup-
port of V, the space of chains satisfying the observed data, may be reached,
given any starting point of the Markov chain (Snijders et al., 2010). Type 3
is included to achieve better mixing properties. In Section 5.4, we suggest

an alternative to permuting ministeps.

Since a single update only changes the chain very slightly, given a sampled
chain, we obtain another sample only after making many updates: we

describe this in more detail in Algorithm 1.

5.3 Improving efficiency for local models

When we propose to make an update to the chain, for a subsection of the
chain, we need to recalculate the probabilities of the ministeps; for exam-
ple, if we insert a pair, then we need to recalculate the probabilities of the
ministeps between these two new steps. These calculations involves prod-
ucts of sums of exponentials, and are therefore computationally expensive.

In this section, we consider how these calculations can be simplified.

Given a chain v, Table 5.1 shows how the chain, and the probabilities of
the ministeps, are changed by the addition of a pair of cancelling min-
isteps. The ministeps before the first inserted ministeps are unchanged.
The ministeps after the second inserted ministep have their probabilities
unchanged but their position moved forward by two: the ministep in po-
sition r is now in position 7 + 2, due to the earlier inserted ministeps. We

need to calculate the probabilities of the inserted ministeps, and also the
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LetR={1,...,R}fand R, ={1,..., R+ 1};
Given a chain v,

fork=1,..., Kdo

U~ pu,

if u=1 then
Propose adding a diagonal. For a random r € R, some [ €

{1,...,n} is chosen and a ministep toggling the dyad ([,), (it is
diagonal, so no change actually occurs), is inserted before posi-
tion r (if »r = R + 1, then the ministep is inserted at the end).

Ise if u=2 then
Propose deleting a diagonal. For a random r € R, with i, = j,,

(0]

ministep m, is deleted.

Ise if u=3 then
Propose permuting a section of the chain. For a random pair

(0]

(ri,me) € R% with 0 < ry — r; < K, where K is chosen so
to avoid too lengthy calculations, the subsequence of ministeps

My, ..., My, is randomly permuted.

Ise if u=4 then
Propose adding a cancelling pair. For a random r; € R, a dyad

]

(I,m) is chosen according to the usual choice probabilities, given
the network z,,_;. A random r, € R is chosen so that ry > r;
and (i, j,) # (I,m) for all r € {ry,...,r2}, and ministeps toggling

(I,m) are inserted before r; and rs.

elseu=>5

Propose deleting a cancelling pair. For a random pair (ry, ;) € R?,
r1 < 12, With (iry, r) = (irys Jra)s iy 7 Jro, @nd (i, Jr) # (iry, Jry)
forallr € {ry +1,...,70 — 1}, m,, and m,, are deleted.

end

if proposal is accepted then
| v=uo.

end
end

return v

Algorithm 1: Metropolis-Hastings algorithm
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Section room, Tr_1 P

(
1 1,....m1—1 m, Ty P(
2 r (I,m) @y P(
3 ri+1...,m0 me_y xp_o(l~>m)  Pm,_q|x,_o(l ~ m))
4 ro+1 (I,m) x,_1(l~~m) P(
5 T2+2,...,R+2 my_o Tr_3 ]P(

Table 5.1: Updated chain of ministeps, and their probabilities, after adding
a cancelling pair of ministeps toggling (I, m).

Section T m, Tr_1 P(m,|2,—1)
1 1,....r1—1 m, Tr_1 P(m,|z,_1)
2 Ty eeosTy—2 Mpypq (I~ m) P(myyq|z.(L ~ m))
3 m—1...,R=2 my2 =z P(myy|2ry1)

Table 5.2: Updated chain of ministeps, and their probabilities, after delet-
ing a cancelling pair of ministeps m,, and m,, which both toggle (I, m).

probabilities of the ministeps m,, 1, ..., m,,, that occur between the two

inserted ministeps.

Similarly, Table 5.2 shows the ministeps and probabilities once a cancelling
pair of ministeps are deleted. The probabilities for the ministeps before
the first deleted ministep, and after the second, are unchanged, but the re-
maining ministeps, now labelled m,,, ..., m,,_2, need to have their proba-

bilities recalculated.

In both cases, for some 7y, Tmax € {1, ..., R} with ryi, < rpax, we need to

calculate, for some (I,m) € N2,

75 = (P(mﬁninlxrminfl(l ~ m))’ e 7P<m7’max’$rmax*1(l ~ m)))
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Note that, at this point in the algorithm, we have already calculated

P = (P(m

xrmin_l)7 o 7P(m7'max xrmax_l))'

Tmin

We consider local models, and so can use the following theorem:
Theorem 5.3. For a local model, if
N(ir|zr-1(l ~ m)) = N(ir|z,—1)

then

P(m,|z.—1(l ~ m)) = P(m,|x,_1).

Proof. By the definition of a local model, if N(i,|z,_1(I ~ m)) =

N(iy|x,—1), thenforall j =1,...,n,
A (@1 (I~ m);0) = A j(2,-1:0),

and so

exp [Ai,j, (21 (L~ m); 0)]
251 X [Ai (@1 (I~ m); )]
__ exp[Aij (2r-1;0)]

2 -1 exp [Ai (215 0)]

= P(m,|z,—1). (5.4)

P(m, |z, 1 (I ~ m)) =
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]

By Theorem 5.3, we do not need to calculate every component of P: for
T € Tminy - -+ Pmaxs if N(ip|2r_1(l ~ m)) = N(ip|z,_1), then P(m,|z,_1(l ~

m)) = P(m,|x,_;) and

,P”'+1*7‘min = ,P7‘+1*Tmin'

This reduces the number of calculations from 1 + 7,0x — T'min tO

#{r € {rmin, - - - "max} : N(ip|x,—1(l ~> m)) # N(i,|z,_1)}.

For each 1 € Tmin, - - -, "max, Whether or not N (i,|z,—1(l ~ m)) = N(i,|z,-1)
can be easily found using Lemma 4.2. In virtually all cases, checking
whether the neighbourhood statistics are unchanged rather than calculat-

ing every probability should speed up calculations.

5.3.1 Example

In this section, we consider three real datasets to assess the effect of chang-
ing the calculations in the way described in this section. We consider three
real observed networks, each of different sizes, in order to also see how the
computational saving varies with network size. The networks we consider

are:

1. A network of size 32 of friendship ties between university freshmen
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(van de Bunt et al., 1999).

2. A network of size 50 consisting of friendship ties for a set of female
Glaswegian school childen (West and Sweeting, 1996), which we will

refer to as the s50 dataset.

3. A network of size 129 of friendship ties between Glasgwegian school
children (West and Sweeting, 1996), which we will refer to as the

Glasgow dataset.

For all three datasets we use two observations, so that there is one basic
rate parameter to estimate. The model we choose consists of the network
effects outdegree, reciprocity, transitive triplets, 3-cycles and smoking similarity.
For the first 2 datasets, we also include a drinking similarity effect, and for

the third, a gender similarity effect.

We perform Siena estimation runs using the default specifications, using
first the original algorithm, and then using method described in this sec-

tion. We repeat this 50 times.

The average computation times are shown in Figure 5.1. There is a re-
duction in time taken of 17%, 43% and 68%, for the first, second and third
datasets, respectively; the standard deviation of the fractions of time taken
by the new method compared to the original method is very small in all
cases (less than 0.01). Therefore the improvement increases with network
size, as we would expect (an actor’s neighbourhood is a larger proportion
of the total network for smaller network, so a higher proportion of min-

isteps will need to be recalculated than for a large network, when many
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ministeps will feature egos outside the actor’s neighbourhood).

5.4 Improving the proposal distribution

Any proposal distribution (subject to regularity conditions) will eventu-
ally deliver samples from the target distribution (Gilks et al., 1996). How-
ever, the rate of convergence to the stationary distribution will depend
on the proposal distribution. If the proposal distribution gives small ac-
ceptance rates, then the Markov chain will remain static for many of the
iterations, and so will be slow to converge. If instead the moves proposed
are very ‘small’, and do not make a significant change to the random vari-
able (in our model, the chain of ministeps) then acceptances rates may be
high, but the Markov chain will move very slowly around the support of

the target distribution.

In the current algorithm by Snijders et al. (2010), a ministep in the chain
may be moved only by a permutation of what will usually be a small sec-
tion of the chain. This typically has high acceptance rates but only achieves
a small amount of mixing, since each of the ministeps which moves only
does by a small amount (relative to the entire length of the chain). In Sec-
tion 5.4.1 we propose to move a single ministep to any position in the
chain. Only one ministep is moved in this proposal, but by a potentially

large distance, and so this move will arguably achieve better mixing.

In this section, we still consider only local models; in Section 5.6, we con-

sider modifying this proposal so it can be used with non-local models.
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Figure 5.1: Computation times for a Siena analysis of the three datasets
described in Section 5.3.1.
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5.4.1 Moving a tie

We suggest making a update by taking a ministep from the existing chain
and changing its position in the chain, where the position is chosen de-
pending on the probability of the resulting chain; note the similarity be-

tween this type of update and Gibbs sampling (Casella and George, 1992).

We randomly choose 1 € {1,..., R} and remove the tie change (i, j) :=
(4r,, jr, ) from this position. Then the chain has length R —1, and we denote
this new reduced chain v". We then insert a tie change to (¢, j) directly
before position r, € {1,..., R} of v/ (r, = R means that the tie change is
inserted at the end of v'). We want to choose r; according the probabilities

of the resulting chains.

Let 7min < 71 be the position of the tie change to (i, j) before the one at
position 7 (define 7, = 0 if there is no earlier change to (i, 7)). Similarly,
let rmax > 71 be the position of the next tie change to (¢, j) after r; (define
rmax = R if no such change occurs). Then we choose r, = r, where r €

{rmin + 1, ..., Tmax }, with probability proportional to

Ty = p(U;‘)7 (55)

where v, denotes the chain of ministeps if we take " and insert a tie change

to (7, j) before position r (e.g. v;., = v).

Calculating 7, ,...,m,,.. can be made more efficient using the following

recursive formulae. Considering v" (and the corresponding sequence of
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networks z{, ..., 2%_,), we calculate {7, : 7 = "in + 1, ..., "max} using

ArBrprfla r< ri,

™ =1 g . (5.6)
Arpr—la r-=r,
where
1 if N(i.|2!_)) = N(i.|2.(i ~ j)),
A, = N
p((ir, Jr) |25 _1) :
— —, otherwise,
p((zrajr)’*xr—l(z ~ j))
and
1 if N(ilz;_;) = N(ilz;),
B, = N
M otherwise.

p((, )l 1)
The conditions are easy to check, using Lemma 4.2. We choose r; accord-
ing to the probabilities (7, 11, .., Tr...)/7+; the acceptance probability

is 1.

5.5 Optimising the proposal distribution

We now have six types of Metropolis-Hastings steps and must update the
update type proposal distribution accordingly, so that it now has sample
space {1,2,3,4,5,6}. In this section we will use simulation studies to try

to make a good choice for the update type proposal distribution.
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Before estimation, we must choose the total number of steps K, and py (1),

..,pu(6), or equivalently, choose K7, ..., K¢, wherefori =1,...,6,

K; := E(number of steps of type i) = Kpy(i).

The Siena default chooses K based on the observed data, and then uses
K, = 0.05K,Ky; = 0.06K, K3 = 02K, K, = 0.3K, K5 = 0.3K (0.1K steps
are reserved for those dealing with missing data, which we do not con-
sider in this chapter). In this section, we aim to explore what might be a
good choice once we incorporate the new 6th type of step. To simplify the

problem, we keep the following default proportions:

K1 = K27 K4 = K5, K4 == 6K1

This reduces the problem to three dimensions: we must choose K3, K,

and L = K| + Ky + K, + K.

Ripley et al. (2011) recommends that autocorrelations at lag 1 of the scores
of the chains in Phase 3 be kept below 0.4 in order to give sample paths
that are not too highly correlated; we will follow this advice, and look for

values of (L, K3, K¢) which, on average, achieve this.

We propose replacing permutations with moves, and so, to simplify the

problem further we compare two separate cases:

1. Use permutations and no moves: K3 > 0; K¢ = 0;

2. Use moves and no permutations: K3 = 0; K > 0.
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We now have two two-dimensional problems. For case 1, we try to find
pairs (L, K3) which give good autocorrelations, and then for case 2, pairs
for (L, K). We will then compare results for the two cases, using optimal
pairs. In Section 5.5.1 we consider the s50 dataset, and then in Section

5.5.2, the Glasgow dataset.

5.5.1 Example 1: s50 data

Using the first two observations of the s50 dataset, the current default
choice in Siena gives L = 420 and K3 = 120. We consider a model with
network effects outdegree, reciprocity, transitive triplets, smoking similarity
and drinking similarity and find that these defaults do not give sufficiently
small autocorrelations for this choice of model, and so we need to explore

how to increase them.

Choosing pairs

We explore pairs for case 1 by considering increments of 420 for L and
120 for K3: see Algorithm 2. The algorithm begins by following advice
given by Ripley et al. (2011): we begin our search for an optimal pair for
(L, K3) by beginning with the default values, and then increasing the total
number of steps K while keeping K3/L constant, until we achieve small
autocorrelations. The results from this are given in the diagonal of Table
5.3: beginning with (L, K3) = (420,120), we found that we need to in-

crease to (L, K3) = (1680, 480) to achieve small autocorrelations. We then
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successively increase and decrease values for K3 and L, filling in the off-

diagonals of the table.

We may also finish the process (or proceed to the next step of the algo-
rithm) if computation times become excessively long, or if it seems un-

likely that small autocorrelations will be found in the current direction.

We then repeat the algorithm for case 2, varying K instead of Kj; in this
case, we started with (L, K4) = (420, 60), using a smaller number of moves
than the default number of permutations because moves are more compu-
tationally demanding. We also use increments of 60 when increasing K,

for the same reason.

Evaluating pairs

The results showing autocorrelations and computation times for various
pairs are shown in Tables 5.3 and 5.4; each entry is based on averages ob-
tained from five analyses using the specified pairs for (L, K3) and (L, Kg),

respectively.

Now that we have found some pairs which achieve sufficiently small au-
tocorrelations (which we have labelled (A), ..., (E) in Tables 5.3 and 5.4),
we increase the number of repetitions from 5 to 50 and consider the ¢ con-
vergence statistics; see Figure 5.2. Ripley et al. (2011) says that we can
interpret that the algorithm is ‘converged” when ¢ < 0.1 and ‘nearly con-
verged” when ¢ < 0.2. Looking at the plot, there is not a large difference

between any of these five pairs. We can therefore eliminate pair (B) due to
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1.
i=1; (L, K3) = (420,120);
while AC(L, K3) > 0.4 do
1=14+1;
(L, K3) = (4204, 120i);
end
(LC, K:s,c) = (L,Ks)}
1 =1,
while L > 420 do
while AC(L, K3) < 0.4 do

L = Lo — 4201
Ky = K:s,o}
i=14+1;

end

(L07 K3,C) = (La K3)/
while AC(L, K3) > 0.4 do

L= L¢;
K3 = K3 + 1204
1=1+1;

end

(LC, K:z,o) = (L, K:s)}
end

2.

1=1;

while K3 > 120 do

while AC(L, K3) < 0.4 do

L=Lg;
K3 = K3 — 120i;
1=1+1;

end

(LC7 K3,C) - <L7 K3)/
while AC(L, K3) > 0.4 do

L= LC TF 420i;
Ky = Kz,c}
1=1+1;

end

(L07 K3,C) = (L7 K3)/
end

Algorithm 2: Finding pairs with small AC

121
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Table 5.3: Using permutations with s50 data: autocorrelations and compu-
tation times for different pairs of (L, K3), where K4 = 0.

L
420 840 1260 1680
K; AC Time AC Time AC Time AC Time
120 0.60 340s

240 0.49 646s
360 0.43 999s 0.41 1163s
480 0.44 842s 0.40(A) 1055s 0.35(B) 13865
600 0.45 921s
720 0.41 1003s

840 0.49 866s 0.38(C) 1114s

Table 5.4: Using moves with s50 data: autocorrelations and computation
times for different pairs of (L, Kg), where K3 = 0.

L
420 840 1260
K AC Time AC Time AC Time

60 053  387s 0.44 541s 041 740s
120 045 4525 0.37(D) 678s

180 0.41 5655

240 0.40(E) 685s

the large computation time (shown in Table 5.3). There is little to choose
between (A) and (C), and between (D) and (E), but we can see that the
computation time is reduced using moves rather than permutations (by

more than a third).



5.5. OPTIMISING THE PROPOSAL DISTRIBUTION 123

0.25 -
H
0.20 -
L
o .
IS
2]
(]
[$)
§0.15-
2
g
c
o
(&)
€
£
£0.10-
=
0.05 -
I I I I I
S S 3\ 3\ 3\
& & & > o
e v & S S
S N o O Q3
¥ ® & & N
& & o 3’ &
(Ly K31 KG)

Figure 5.2: Maximum ¢ convergence statistics using different values of
(L, K3, Kg) with autocorrelations at most 0.4.
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5.5.2 Example 2: Glasgow data

We now consider the first two observations of the Glasgow dataset, which
has 129 actors. We consider a model with network effects outdegree, reci-
procity, transitive triplets, smoking similarity and gender similarity. The cur-
rent default choice in Siena gives L = 1680 and K3 = 480, and, as with the
s50 data, we find that in this case, these values do not give sufficiently

small autocorrelations for this choice of model.

We follow the same method as in Section 5.5.1 to find pairs of (L, K3) and
(L Kg) that give sufficiently small autocorrelations, but using increments
of (1680, 480) for case 1, and (1680, 240) for case 2. The results are shown in
Tables 5.5 and 5.6. The results give a number of pairs of both (L, K3) and
(L ,K¢) that provide sufficiently small autocorrelations, so we now need to

compare the times and convergence statistics to find the optimal pairs.

Since in the previous section, looking at 50 repetitions to look for differ-
ences in t convergences statistics did not provide much further informa-
tion, and because in this section, computation times in case 1 are very long,
we consider the ¢ convergence statistics based on just 5 repetitions. These
are shown in Figure 5.3, and we see that the maximum convergence statis-
tics are generally quite low, and in almost all cases are less than 0.2. The
variance of the statistics is fairly high in some cases (which could just be
because we use only 5 repetitions in each case). If we say that a pair is
optimal if the mean and variance of the maximum convergence statistic is

low, then we would probably conclude that pair (E) is the optimal choice
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Table 5.5: Using permutations with Glasgow data: autocorrelations and
computation times for different pairs of (L, K3), where Ks = 0

L
1680 5040 8400 10080 11760 13440 15120 16800
AC AC AC AC AC AC AC AC
K3  (Time) (Time) (Time) (Time) (Time) (Time) (Time) (Time)
0 0.39(A)
(59551s)
480 0.66 0.38(B)
(9059s) (60512s)
960 0.40(0)
(61573s)
1440 0.56 0.38(D)
(26593s) (62892s)
1920 0.38(E)
(65298s)
2400 0.45 0.37(F)
(44456s) (68832s)
2880 0.45 0.42 0.41 0.36(G)
(53358s) (64173s)  (68512s)  (73082s)
3360 0.42 0.38(H)
(62113s)  (68417s)
3840 0.44 0.39()) 0.40(I)
(61080s)  (67026s)  (71319s)
4320 0.43 0.40(K)
(57535s)  (64030s)
4800 0.44
(60063s)
5760 0.43
(64823s)

Table 5.6: Using moves with Glasgow data: autocorrelations and compu-
tation times for different pairs of (L, Kg), where K3 = 0

L
1680 3360 5040
K¢ AC Time AC Time AC Time
240 0.58 10139s
480 0.45 20428s 0.41 258665
720 0.46 18338s 0.38(L) 24166s 0.35(M) 30804s
960 0.44 22519s
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Figure 5.3: Maximum ¢ convergence statistics using different values of
(L, K3, K) with autocorrelations at most 0.4.

of those using permutations and pair (M) is the optimal choice of those us-
ing moves. The distribution of the convergence statistics results for these
two pairs are similar, and the average autocorrelations are slightly lower
for pair (M). Looking at the average computation times, which are 65298
seconds for pair (E) and 30804 seconds for pair (M), we can conclude that
the optimal pair using moves is more than twice as fast as the optimal pair

using permutations.
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5.6 Non-local models

We now consider a modification of the new update type which can be used

with non-local models.

The recursive formula that was used to calculate {m, = p(v.) : 7 = rpm +
1,...,"max } (See equations (5.5) and (5.6)) is no longer applicable for a non-
local model, and so calculation of this will be very time consuming. In-

stead we propose to choose r, according to the probabilities

(ﬁrmin‘i'l’ e 7ﬁrn)ax)/ﬁ+7

where
ATBTpT‘—17 r< T,
Tp = 5.7
7 B, R (5.7)
5 Mr—1, r=rT,
Arp 1 1
and where
p((ir, Jr)|2l_1) o . . .
— ——, ifi, € {i,j}orj. € {4, j},
A, = p((ir, 3r) |71 (2 ~ )
1 otherwise,
and
p((6, )]l ., . o . .
L if 4, € {i, j} or j, € {4, ji},
5.~ 1 (G

1 otherwise.
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We then accept the update with probability

e )

This should hopefully give a high proportion of accepted updates, because

in many cases

<ﬁ-rmin+1’ cee 77?7"max>/ﬁ-+

will be fairly close to

Tmin+19 9 N rmax +-
(m Trmas )/ T

Example

We consider the s50 data, and modify the model considered earlier in this
section, and include a distance-2 effect instead of the drinking similarity

effect, so that we have a non-local model.

We use the results from Section 5.5.1, and considering pairs (A), (C), (D)
and (E) from Tables 5.3 and 5.4 as our optimal pairs (we exclude (B) due

to a high computation time), we compare

(A) using permutations, with (L, K3, Kg) = (1260, 480, 0);

(C) using permutations, with (L, K3, Kg) = (840, 840, 0);

(D) using moves, with (L, K3, Kg) = (840, 0, 120);

(E) using moves, with (L, K3, Kg) = (420, 0, 240).
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Figure 5.4: Proportion of accepted ‘move’ updates for a non local model
using different values of (L, K3, K¢)

We consider the results based on 10 repetitions of the analyses.

Firstly, in Figure 5.4 shows the proportion of ‘move” update types using
pairs (D) and (E); in both cases, the proportion is very high, on average
0.92 and 0.99, respectively. This confirms our hope that there would be a

high proportion of accepted ‘moves’.

Figure 5.5 shows the maximim autocorrelations for pairs (A), (C), (D) and
(E). Looking at this plot, we conclude that (C) does not give sufficiently

small autocorrelations, but that the others do.

Figures 5.6 and 5.7 show the computation times and the maximim au-
tocorrelations and maximum convergence ¢ statistics, respectively. The

t statistics are better for (E) than for (D), and this also has a lower compu-



130 CHAPTER 5. MAXIMUM LIKELIHOOD

0.44 - \

Maximum autocorrelation
S

0.32-

' ' ' '
A:(1260,480,0) C:(840,840,0) D:(840,0,120) E:(420,0,240)
(L, K, Ke)

Figure 5.5: Maximum autocorrelations for a non local model using differ-
ent values of (L, K3, Kg).

tation time; we conclude that our optimal pairs using permutations and
moves are (A) and (E) respectively. (E) has improve ¢ statistics compare to
(A), and computation times reduced by around 37%; we can conclude that
the ‘move’ update type is an improvement over the permutation, even for

non-local models.

5.7 Effective sample size

In this chapter, we used maximum autocorrelations at lag 1 as a metric
to avoid too highly correlated samples; an alternative method, commonly
used in MCMC diagnostics, is to consider effective sample size (Hoff, 2009).

There are various formulae for calculating effective sample size (Thiébaux
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and Zwiers, 1984); we consider

n
L+23 =005 Pk

where p;, is the autocorrelation at lag k£ (Kass et al., 1998). This gives us
an effective sample size for each component of our vector-valued score.
Figure 5.8 shows the effective sample size for each of these components
for a single analysis of the s50 dataset (using the effects described in Sec-
tion 5.5.1), using different values of (L, K3, Ks). We saw earlier that there
seemed to be little difference in autocorrelations between (A), (C), (D) and
(E), but that the latter two had lower computation times. We now see that
(D) has a higher effective sample size, and (E) has the lowest, and so we

may conclude that (D) is the optimal choice.

5.8 Summary of results

Combining the results of Sections 5.3 and 5.4, the methods described in

this chapter give the following improvements:

e For the s50 dataset and a local model, computation times are re-

duced by 63%, so that the algorithm is nearly three times as fast;

e For the Glasgow dataset, and a local model, computation times are

reduced by 85%, so that the algorithm is nearly seven times as fast.

e For a s50 data and a non-local model, computation times are re-
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600 —

Effective sample size
8
8

200 -

' ' ' '
A:(1260,480,0) C:(840,840,0) D:(840,0,120) E:(420,0,240)
(L, Ka, Ke)

Figure 5.8: Effective sample sizes by parameter for a local model using
different values of (L, K3, Kg).

duced by 37%.

Evaluating the methods on a non-local model for the Glasgow dataset was
computationally unfeasible, mainly because we would need to compare
it to the original method, which would be prohibitively slow; however,
looking at the results above, we can assume that they would be a reduction

of more than that achieved for the s50 data (i.e. more than 37%).

In Section 5.7, we briefly considered using effective sample size as a diag-
nostic for the MCMC simulations, as an alternative to autocorrelations at
lag 1. One possible way of using effective sample size could be that, rather
than specifying that the autocorrelations must be kept below 0.4, and then

rejecting an analysis afterwards if it did not achieve this, when running the
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estimation procedure, keep generating samples until an effective sample
size of some prespecified value is achieved. It would be interesting to see

how using effective sample size as a metric would affect the results seen

in this chapter.



Part IV

Importance Sampling in

Maximum Likelihood Estimation
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Chapter 6

Introduction

As we have seen in the previous part, simulation with maximum like-
lihood estimation is computationally expensive. It is therefore very im-
portant that we put the simulations to best use. In this part, we apply
importance sampling (Cappé et al., 2005), bridge sampling (Gelman and
Meng, 1998), and thermodynamic integration (Neal, 1993) to improve the
use of the simulated data for estimating standard errors and performing
likelihood ratio tests. In this chapter, we will describe the assumptions
needed to construct strongly consistent estimators of ratios of likelihoods

and ratios of expectations.

As in the previous chapter, we restrict our attention to network models,
only consider network models with constant rate functions and assume
that there are only two observations of the network; again, the final as-
sumption is made for simplicity in explanations, and the methods extend

easily to cases with more observations.
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6.1 Simulations in siena07

Denote D = {(X (to) = z(to), X (t1) = z(t1))}. Throughout the Siena max-
imum likelihood estimation algorithm, we simulate chains of ministeps
which take us from one observation to the next, hence conditioning on D:

for some 6 € ©, we simulate

v~ py(.|D).

Recall from Section 2.3.1 that the Robbins-Monro stochastic approximation
algorithm uses three phases; in this part, we are interested in Phases 2 and
3. In Phase 2, there are ng,, subphases (the default value is ngyp = 4).
For Subphase k € {1,...,nswp}, we have a sequence of parameter values
Ok1s - - ., Okn,, fOr some nyy, and for each one, we simulate a single chain: for
ie{l,...,nau},

Vg ~~ pekz(lD)

In Phase 3, we simulate n3 chains using our final parameter estimate 6: for
1€ {1,...,’]13},

v ~ pg(.|D).

So, from Phases 2 and 3, we have a set of ny; + ... + ng,_, + n3 simulated

chains.

In this chapter, we will use the simulations from Phase 3; later, in Chapter

8, we will also use those from Phase 2.
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6.2 Importance sampling

Importance sampling can be used to construct an estimator of the expec-
tation of a function of a random variable with distribution ¢ using simula-

tions from a different distribution f (Cappé et al., 2005).

The basic idea is that if we draw X from f then

a(X) = @h(){)

f(X)

is an estimator of E,(h(Y")), where Y is a random variable with distribu-
tion g. If the support of g is contained within the support of f then this

estimator is unbiased:

5y (250000 = [ (%20) ftoyte = [ ot = E,nv))

There are a number of reasons why we may prefer to estimate E,(h(Y))
using a(x), where x ~ f rather than h(y), where y ~ g. One reason is for
variance reduction: comparing the variances of the two estimators, if we

assume that the support of f and g are the same, then

Vary(h(Y)) — Vary(a(X)) = / (1 — %) h*(x)g(z)dx,

which could be negative (or positive), depending on the choice of f. An-
other reason is that it may be easier to sample from f than from g; or, as

will be the case in this chapter, we may find that we already have simu-
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lated samples using f, and can effectively re-use them, using importance
sampling, to estimate quantities of the form E,(h(Y")), for some g # f. This

will be useful for reducing computation times.

In this chapter, we describe how to use the reuse the chains simulated in

Phase 3 to estimate ratios of likelihoods and ratios of expectations.

Definition 6.2.1 (Importance weight). Given a chain v™ simulated ac-

cording to pgsinm(.|D), the importance weight is a function of § € ©, given

by
sim, esim) o pg(’U )

w(f;v = .
( p@sim (USIm)

Note that the probabilities in the ratio are not conditional on D.

For simplicity in the notation, we define importance weights with a second

notation, which will be used when it is more convenient.

Definition 6.2.2 (Importance weights). Given a set of data vy =
(vs1,...,vUs3n,) Of ng chains, simulated according to p,(.|D), the impor-
tance weights are n; functions of § € O, denoted by w(f;v3) =

(w1(0;v3), ..., wn,(0;v3)), where, for k =1,...,ng,

wk(e, ’Ug) = ”LU(H, U3k, é)
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Assumption 1. The total rate parameter X (the expected number of ministeps

in the chain) lies in a finite interval: there exists L < oo such that \ € [0, L].

For the remainder of this part we assume that Assumption 1 holds.

As mentioned in the previous chapter, the proposal distribution allows
us to reach any chain that satisfies the observed data, given any starting

point, and so the Markov chain is irreducible.

Assumption 2. The Markov chain of chains generated by the Metropolis Hast-

ings algorithm is positive recurrent.

This assumption is unproven for our Markov chain, which has a count-
able, but not finite, state space; however, we could slightly modify our
model, and instead of assuming that the number of ministeps in the chain
is distributed as a Poisson random variable, we could truncate the space,
making the restriction that there is some finite maximum number of min-
isteps. We would then have a finite state space, and positive recurrence

would be guaranteed (Norris, 1997).
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Theorem 6.1. Let F' be a function of a chain such that there exists a constant
cp such that |F(V)| < cgM(V'), where M (V') is the number of ministeps in the

chain. Then, for every 6 € O,

I1S(0) = 1 Zwk(ﬁ;vz)F(Uzk)a

"8 =
is an unbiased estimator of
pg(D)
0) = Eqo(F'(V)|D).
p(0) p2(D) o(F(V)ID)

Moreover, given Assumption 2, for every 0 € ©, it is strongly consistent.

Proof. For k =1,...,ns,

i) FORD) = [ B FonoDan, (62
= po(D) v v v
=y | Femeimye, 63
o Pe(D)
= 12(D) Eyo(F(V)|D), (6.4)

and so the estimator is unbiased.

Given Assumption 2, by the Birkhoff ergodic theorem (see, e.g. Norris
(1997)), to show that the estimator is strongly consistent, it is sufficient

to show that y(6) is bounded. By Assumption 1,

CFL
ps(D)

Eo(F(V)|D)| <
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Note that, in Theorem 6.1, and elsewhere in this part, we use the term
strongly consistent to mean that, conditional on the observed data D, as we
increase the number of simulated chains, the estimator converges almost

surely to the quantity of interest.

Note further that the score of a chain satisfies the condition required by

the function F.

Corollary 6.5.
1 &
— Z wi(0; v3),
3

is an unbiased estimator of

and, given Assumption 2, it is strongly consistent.

Proof. This follows from Theorem 6.1, substituting F' = 1. O
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Corollary 6.6. Let F4 and F'g be functions of a chain such that there exists a
constant ¢ such that |Fx(V)| < cM(V) and |Fg(V)| < cM(V'), where M (V)

is the number of ministeps in the chain. Then, given Assumption 2, for every

0eo,
A
where
1 &
A= — Zwk(e; v3) Fa(vsg),
3 k=1
and

1 &
B — o > " wi(6; vs) F(vsr),

k=1

is a strongly consistent estimator of

Proof. By Theorem 6.1,

A5 B(AD) - BRE(FAV)ID)

and

B < By(BID) = LU, (Fy(V) D).

Therefore, by the continuous mapping theorem,
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6.2.1 Entropy

Entropy is a measure of disorder: in the form we will consider here it

measures the disorder of a finite length vector of real numbers.

Definition 6.2.3 (Entropy).

1 - Z; Z;
Ent ce X)) = — — |1 — .
ntropy(z1, . .., Tn) logn; <x+) og <x+)

In our definition we normalise by dividing by the logarithm of the length

of the vector; we do this so that the entropy always lies in the interval [0, 1].

We will use entropy to diagnose poor importance weights, as described by
Kong (1992). For a set of importance weights w(6; v3), where vg ~ 0, we

can calculate
e(0;v3) = Entropy(wi(0;vs), .. ., wny(0;v3)),

for every 0 € O. If the entropy is low, this indicates that variance of the
importance weight is high; there will be a small fraction of samples with
large weights, and a large number with small weights. This implies a small
effective sample size, where the estimate is mostly based on only a few

samples.

Throughout this part, we will use entropy as a rejection criteria for sets
of importance weights: we will choose a minimum allowed entropy, and

then reject weights if and only if their entropy is too small. Low entropy
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could happen because the parameter value § may be too far from 6, and
so a possible remedy if we need to reject a set of importance weights is to

simulate data again using a parameter value that is closer to 6.



Chapter 7

Likelihood ratio test

7.1 Introduction

A likelihood ratio test can be performed to compare the fit of nested mod-
els (Neyman and Pearson, 1928; Wilks, 1938), which can then be used for
model selection. There are a number of reasons why a likelihood ratio
test is appealing. The test statistic is easy to interpret: the likelihood ratio
tells us how much more likely one model is compared to the other. It is
also transformation invariant, unlike the Wald test (Sorensen and Gianola,
2002). If we are considering simple hypotheses, the likelihood ratio test is

the uniformly most powerful test (Neyman and Pearson, 1933).

In practice, however, given the intractability of the likelihood of the ob-
served data for a Siena model, calculating ratios of likelihoods is difficult.

In this chapter we will consider methods of using Monte Carlo simula-
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tions to do this. The methods are inspired by those described by Gelman
and Meng (1998).

7.2 Likelihood ratio test

Recall that we denote the observation of the data by D = {(X(t) =
z(ty), X (t1) = =(t1))}. Then, to perform a likelihood ratio test, given a
null hypothesis

Hy: 0 € 0,

and an alternative hypothesis
Hy:0e€0)\0,,

we are required to estimate the test statistic

— 910 Supae@{L(9|D)} — 910 pé(D)
f=2los <supae@o{L<0|D>}) = 2log <péo<f>>> ’ @1)

which we then compare to a x; distribution, where p = [©] — |©,| (Wilks,

1938).

In this chapter, we will suggest and compare three methods for estimating
T fast forward selection, bridge sampling, and thermodynamic integra-
tion. In Section 7.3 we will describe these three methods. Then, in Section
7.4, we will describe a method for evaluating the difficulty of various hy-

pothesis tests, for use when we perform simulation studies. In Section 7.5,
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we will perform simulation studies to compare the three methods.

7.3 Approximating the test statistic

In this section, we describe three methods for approximating the test statis-

tic. Firstly, we require an informal definition:

Definition 7.3.1 (Model [informal]). In this chapter, we say model to mean
a set of Siena model effects; for example, if we are modelling a dynamic
network, a set of network effects. When we talk about choosing a model,

we mean choosing a set of effects.

7.3.1 Fast forward selection

In this section, we will describe ‘fast forward selection’, a quick way of
performing multiple likelihood ratio tests using one set of simulated data.

This may be used for forward model selection.

For some model M, we can use the Siena algorithm to estimate the max-

imum likelihood estimate ég. Phase 3 will give us simulated chains v;.

For any model M, let the corresponding parameter space be denoted by
O and the score function for a chain v by Sy(f|v). Then there exists
a constant ¢ < oo such that |[Sy(0|v)| < c¢M, where M is the number of

ministeps in v. Then, given Assumption 2, so that there is sufficient mixing
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in the chains simulated in Phase 3, we know from Corollary 6.6 that

% 223:1 wy,(0;v3) S (0 v)

ISm(0;v3) = s
M) = e G v)

is a strongly consistent estimator of
Eo(Sm(6]V)|D) = Su(8|D).

The solution to Sy (8]D) = 0 gives us A, the maximum likelihood es-
timate for M. Therefore, following the method suggested by Gelman

(1995), estimating the solution to

by the solution to
IS\m(0;v3) = 0. (7.2)

gives us a method of estimating f,,. We can solve equation (7.2) using a
root finding method such as Newton-Raphson. Using Newton-Raphson

requires calculation of the derivative of 15,(6; v3) at every value of § € O.
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Claim 7.3. The derivative of 1S (0;v3) is given by

where Sy, = Sa(0|vsy) and

wt = We(03v)
; >_n wh(0; vs)
Proof. Firstly,
owy(6;v
%(Qj 3) Skjwk(e Ug)

and so

1
= wZ [Skj — n—S Zw;‘LShj] s
h
We can rewrite 15,(0; v3) as

1 &
1Sp(6;v3) = - > " wi(6;v5) S (6] vsk),
k=1

and so

90 k50,

I~ 1~ OSki
:Ezwk [(Sk]—EthShJ) Skz+ 893

h=1

OIS i _ 1 Z {%lgk» S+ *351&1 ’
o=
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]

This means, that for any model M, we can try to find an approximation of
the corresponding maximum likelihood estimate 64, using our single set

of simulated data vs. Given our estimate of 0, by Corollary 6.5,

1 &
— w; (O ;v
n3 ; z( M 3)
is an unbiased (and, given Assumption 2, strongly consistent) estimator of

P4, (D)
p4,(D)’

and so, if one of M and M is nested in the other, we can use this estimate

to perform a likelihood ratio test.

This means we can perform what we will refer to as ‘fast forward selec-
tion”: for a null hypothesis Hy : My, let Hy; : My, ..., Hig : Mk, for some
K, be a variety of alternative hypotheses such that, for k € {1,..., K}, M,
is nested in M. We can then apply Algorithm 3 to perform all these tests

using a single set of simulated data.

Possible limitations

If the maximum likelihood estimate for an alternative hypothesis is far
from that for the null hypothesis, then it is likely that, when solving the

Newton-Raphson equation, the entropy of the importance sampling weights
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input : Model My, M;,..., Mk, such that, for £ = 1,..., K, M, is
nested in M.

output: For £ =1, ..., K, test statistic for the test H, : My, H; : M.

Estimate MLE 6, for M,;

Generate chains using b, giving us N samples v;

fork=1,..., K do

Estimate 6, by solving IS, (6;v) = 0;

Estimate kth test statistic by

N
~ 1 A
T, = 2log (N E wi(ﬁk;v)> )

end

~

return 7, ..., Tk

Algorithm 3: Fast forward selection

will become small: as described in Section 6.2.1, if this happens, we will
reject the importance weights, because we do not believe an estimate ob-
tained using them will be reliable. If this happens, we cannot find a solu-

tion, and do not obtain an estimate of the test statistic.

7.3.2 Bridge sampling

In this section, we describe performing a single likelihood ratio test, using
an algorithm inspired by the methods of Gelman and Meng (1998). Let
M and M; denote our null and alternative models, respectively. We use
the Siena algorithm to find the corresponding maximum likelihood esti-

mates, 0, and §,. This gives us sets of data simulated from each of these
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parameters:
Vo = (U017 . 7U0n3) ~ 90,

and

~

v = (U11, e 7U1n3) ~ 0.

Let w(#;v;) denote the mean of the importance weights for the samples
drawn according to é]‘, for j = 0,1. Then @w(0;;v,) and w(fy;v,) are un-
(D) Py (D)

and —°

) ) Py
biased estimators of -4 — —=,
P4 4, (D)

") respectively. However, as was dis-

cussed in the previous section, if 0, and 0, are far from one another, then
these estimates may not be very good. As previously described, we can
use the entropy of the weights to diagnose if the estimates are likely to be

poor.

In this section we apply bridge sampling, as defined by Meng and Wong

(1996), to improve upon these estimates.

Single bridge sampling

Firstly, note that, for any density ¢, and any 6 € O,

 (£00) - [, o s

and so, for any 6,6, € O,
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WP . .
D) using estimators

of the form

1 q(vok)
ns 2ok1 By A

S Dy
ng k=1 Pg (’U1k

7(q)

Considering independent samples, Gelman and Meng (1998) show that

the optimal choice for ¢ is given by

g, (v)pg, (v)
s, (v) +pg, (V)

QOpt(U) X
We refer to this as the bridge density.

Proposition 7.4. Given Assumption 2,

Z %pt(vok)
nS k=1 pgo(v

7.5)
OE (
n3 Zk 1 ng (vlk

T(Qopt)

is a strongly consistent estimator of

P4, (D)
p, (D)

Proof. Let C be the normalising constant for gopt. Then gope < Cpg, and
Gopt < Cpy,. For j = 0,1, let Fj(v) = qopt/pe . Then, by Theorem 6.1,
and setting 0 = él_j,

1 = QOpt<Ujk) P QOpt<v) 1 /
— E — 5K |——=|D] =——== Gopt(V)dv

1—j —Jj
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Therefore, by the continuous mapping theorem,

P péO(D
(4o —
(ot ps, (D

~—

~—

We therefore can estimate the likelihood ratio using 7(gopt). The method

used to apply single bridge sampling is summarised in Algorithm 4.

The intuition that the estimate r(gopt) should be better than either w(0y;v0)
or w(éo; v1) comes from the fact that g,p¢ should be ‘closer” in some sense
toboth p; or p; than they are to each other. However, if 6, and 6, are very
far apart, then even ¢opt may be too far from p; or p; . We can diagnose
this by looking at the entropy of either w(f;; vy) or w(fo; vy). If we decide
that the entropy is too low, then we will need to consider multiple bridge

densities.

Multiple bridge sampling

Firstly, let us generalise the ratio r(¢) given in equation (7.5): for two sets of
data v, and vy, simulated according to parameters 6, and 6, respectively,

define a ratio given by

Ttop (Ul)

Tbottom (U2 ) ’

(7.7)

7"(”17@2) =
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input : Models M, and M such that M, is nested in M,.
output: Test statistic for the test H, : My, H; : M;.
Estimate MLEs 90 and él for models M, and M, respectively;
for j € {0,1} do

‘ Generate chains using parameter éj, giving us N samples v;;

end
Estimate 7" by
T =—2log (r),
where
L ns pél (vOi)
. n3 Zi:l P4, (”Oi)“’él (vos) (7.6)
L5 _ Po(1)
ng £~i=1 p; (v1:)+ps, (V1)
return T
Algorithm 4: Single bridge sampling
where
1 & Do, (Uli)
Ttop(V1) = — ;
op(0) 13 < Por (V11) + o, (Vi)
and

n3

1 Do, (V24
Tbottom(v2) = — Z 1( 2 )

ng <= po, (v2;) + Do, (vai)

Then, if we assume sufficient mixing of the simulated chains, by Proposi-

tion 7.4 this is a strongly consistent estimator of

Do, (D)
Do, (D) .

Therefore, for a sequence of parameters 6, ..., 0k, for some K, suppose

we simulate corresponding independent sets of sufficiently mixed data
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v1,...,vk. Then we can combine the ratios in what Gelman and Meng

(1998) describe as a ‘telescoping fashion:
K-1
H T’(’UZ‘, Ui+1)~

=1

This is then a strongly consistent estimator of

Po, (D)
Doy (D) ‘

Hence choosing 6, = 6o and O = 0, (or vice versa) will give us a likelihood

ratio estimator.

For the remaining parameters {6, : 1 < k < K}, it makes sense intuitively

to choose them to lie on a path from 6, to 6;: for such a path 6(t), we will

choose

O, = 0(ty),
where 0 < ty < ... < tg < 1. In this Chapter, we propose choosing
ta,...,tx by considering entropy: at the jth iteration of our algorithm,

given chains v; simulated using ¢;, we choose t;,; to be as large as pos-
sible while keeping the entropy of the importance weights w(0(¢;1);v;)
sufficiently high (see Algorithm 5 for details). This algorithm requires the
choice of two tuning parameters: ¢ and N, where c is the minimum en-
tropy allowed, and N is the number of samples that we draw to make up

each set of chains.



7.3. APPROXIMATING THE TEST STATISTIC 159

input : Models M, and M such that M, is nested in M.
output: Test statistic for the test Hy : My, H; : M;.

Estimate MLEs 6, and 6, for models M, and M, respectively;
Setj=1,0" =0, tyax =0, 2 = 1;

while ¢, < 1 do

Generate chains using parameter 6%, giving us N samples v*;

if j > 1 then
Set

Z = z/rbottom(v*)
end

Use interval bisection to approximate tmay, the largest ¢t € [0, 1] such
that Entropy(w(6(t);v*)) > ¢, for some constant ¢, where

0(t) = thy + (1 — )6,

(Here we make the assumption that Entropy(w(6(t);v*)) is roughly
increasing in t);
Set

Z = 2Tiop(v*),

and 0* = 0(tmax);
Setj=j5+1;

end
Generate chains using parameter 6, giving us N samples v*;
Set

2 = Z/Tbottom (V™).

Estimate 7" by
T = —2log (2).

return T

Algorithm 5: Multiple bridge sampling
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7.3.3 Thermodynamic integration

We can estimate the test statistic by using an identity used in thermody-

namic integration (Neal, 1993), given by

Py, (D)\ _ [1df
log <pé0 (D)) - /0 - 5(6(1) D)t

where 0(t) is a path from 6, to ;. If we consider the path (t) = t6; + (1 —

t)éo, then
o Do, (D)) _ _ . !
log (p% ) = =0 [ sewip 78)
1 H
~ (01— 00)- h§:0js (6(h/ H)|D). (7.9)

Snijders et al. (2010) execute a likelihood ratio test for Siena models using
this approximation, by estimating S(6(h/H)|D) by drawing samples from
pon/ ) (-|D); however, this is computationally expensive, especially if H is

not very small.

Instead, we propose using importance sampling: for h = 0, ..., H, we can,
by Corollary 6.6, consistently estimate S(6(h/H)|D) by
ng 2oy We(O(h/ H); vg)S(O(h/ H)vs)

r(h;v3) = L w2 wk(0(h/H);v3) 7

where v; is data simulated according to some parameter 6 € © (in practice,

either 6, or 6;).
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As with bridge sampling, estimates may become poor as we move away
from the parameter used to simulate the chains, so we can apply Algo-
rithm 6. This algorithm requires the choice of three tuning parameters: 1,

cand N.

7.4 Evaluating the difficulty of the test

In Section 7.5, we will perform simulation studies and conduct likelihood
ratio tests on simulated data. Before we simulate data from a specified
model and set of parameters, we would like to be assess how difficult it
will be for an algorithm to detect the true model. For example, if we were
to include an effect, but choose the associated parameter value to be very
small in size, then it might be impossible to detect that we included that
effect in the true model. To address this, we consider the relative impor-
tance of the included effects, using the method developed by Indlekofer
and Brandes (2013). For each effect, a measure is constructed by consider-
ing how conditional choice probabilities for a mini-step change when that
effect is removed from the model. These are normalised across all effects

to give a measure of relative importance.

We apply the following algorithm before performing simulation studies:

for each model under consideration, we

1. estimate the parameters given this model, using the observed data

and method of moments estimation;



162 CHAPTER 7. LIKELIHOOD RATIO TEST

input : Models M, and M, such that M, is nested in M.
output: Test statistic for the test H, : My, H; : M.

Estimate MLEs éo and 6, for models M, and M;, respectively;
Set j =1,0% =01, huin = 0, hinay = 0;

while h,,.. < H do

Generate chains using parameter 6*, giving us N samples v*;

if j > 1 then
Set

z = Z/Thottom (V")
end
Use interval bisection to approximate hmay, the largest integer h <
{Pmin, Amin + 1, . . ., H} such that Entropy(w(0(h/H);v*)) > ¢, for some
constant ¢, where
o(t) =ty + (1 — t)6".

(Here we make the assumption that Entropy(w(é(t);v*)) is roughly

increasing in t);

Store
1 hmax
5= 1(01 —0o) ~h;' r(h;v*).

if A < H then
| Set Amin = hmax + 1, 0% = 0(haxy/H) and j = j + 1.

end

end
Estimate 7" by

T:ZZJ

J
return T

Algorithm 6: Thermodynamic integration
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Table 7.1: Effects included in each model (density and reciprocity included
in every model).

Effects
Model TT 3C B DS
1 x X X X
2 X X X
3 x X X
4 x X
5 x X X
6 X X
7 X X
8 x
9 X X X
10 X X
11 X X
12 X
13 X X
14 X
15 X
16
2. calculate the relative importance of the effects, Ry, ..., R,, where p is

the number of effects in the model.

3. If min;{R;} < ¢/p, for some constant ¢ < 1, then we say that at least
one of the effects has too small relative importance. We decide that
it is unlikely that the true model will be detected if we performed a

simulation study, so we do not use this model as a generating model.

In the simulations in Section 7.5, all the models we consider have outde-
gree and reciprocity effects, and the remaining effects in a model will lie
within the set {transitive triplets, 3-cycles, betweenness, drinking similarity}.

This gives us 16 potential models, the order of which is given in Table 7.1.
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Table 7.2: Relative importance of effects.

Effects
Model peya TT  3C B DS pevamin;{R;}
1 6 0.11 0.04 0.19 0.08 0.22
2 5 0.12 0.04 0.2 0.20
3 5 015 0.01 0.09 0.05
4 4 016 0.01 0.03
5 5 015 0.19 0.07 0.37
6 4 0.16 0.2 0.62
7 4 0.16 0.09 0.36
8 3 017 0.51
9 5 0.13 0.22 0.08 0.40
10 4 0.13 0.22 0.54
11 4 0.15 0.08 0.34
12 3 0.16 0.48
13 4 042 0.14 0.55
14 3 0.46 0.69
15 3 0.11 0.32

In Table 7.2 we show the relative importance for the effects (we do not
show those for outdegree and reciprocity, as in all cases they never have

minimum importance).

Choosing, say, ¢ = 0.5 as the minimum value allowed for pey, min;{R;},
indicates that for models 6, 8, 10, 13 and 14, all effects are important enough

that we hope that they could be detected in a test.

7.5 Simulation studies

In this section we will consider data simulated from Model 8 as the effects

for this models have large enough minimum relative importance that we
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hope that it will be possible for a test to detect the true model.

We firstly consider using fast forward selection, since this is the quickest
of our three methods. We will then apply the other two methods to tests

where fast forward selection did not perform well.

7.5.1 Fast forward selection

Model 8 is nested in Models 1 to 7, while only Model 16 is nested in Model
8. Therefore, to examine the type 1 and type 2 errors of the test, we con-

sider performing the following tests: for j = 1,....7,

Hy : Model 8, H, : Model j,

and

H, : Model 16, H, : Model 8.

We generate 50 datasets according to Model 8, and, for each simulated

dataset, attempt to perform the eight tests using fast forward selection.

Recall that a potential problem with fast forward selection is that we may
fail to find an estimate using the Newton-Raphson method, either because
the method does not converge to a solution, or because the entropy be-
comes too small. So, for each of the tests, we firstly want to see the percent-
age of datasets for which we succeed in estimating the test statistic; these
results are given in Table 7.3. We see that 6 of the 8 tests have good sucess

rates at solving the Newton-Raphson equation and finding an estimate of
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Table 7.3: Fast forward selection with 6, = (6.2, —2.50, 2.11,0.58, 0, 0, 0).
Test Hy, H; d.o.f. Estimated (%)

3 64
78
80
82
80
86
98
22

OOVl k= WD =
O OO0 OO0 OO0 OO0 o o

O\ ON Ul WDN -

_m = N = NN

—_
(@)

the test statistic (75% or higher). The first test, which has the largest degree
of freedom between null and alternative models, has a lower success rate
of estimation: intuitively, it is plausible that having more effects in the al-
ternative model means the estimation will be more difficult. The final test,

where the null hypothesis is false, has a low success rate.

Of the cases where we do successfull obtain a test statistic, we want to
look at the distribution of the test statistic, and the quality of the results.
In Figure 7.1, we compare the empirical distribution of the test statistics
with the corresponding x; distributions (where £ is the relevant degrees of
freedom); in these tests the null hypothesis is true, and so if our estimation
of the test statistics are good, then we would expect the empirical and

theoretical distributions to look similar.

Another way of assessing the performance of the test is by finding the type
1 error under different rejection criteria (i.e. different significance levels).
Figure 7.2 shows the type 1 error (estimated by proportion of rejected null

hypotheses) for significance levels between 0 and 0.2, for the first seven
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tests. Because the null hypotheses are true and the empirical distributions
of the test statistics should be close to the relevant x; distributions (where
k is the relevant degrees of freedom), the type 1 error should be close to the
significance level. If, for a particular test and significance level, the type
1 error is higher, it indicates an overly aggressive test, where the true null
hypothesis is rejected too often; conversely, if the type 1 error is lower,
it indicates an overly conservative test, where the true null hypothesis is
rejected too rarely. For the first two tests, the results are quite good, with
type 1 errors close to the significance levels; however, in other cases, the
test seems quite variable, with results indicating that for some hypotheses

it will be overly aggressive and, for others, overly conservative.

Figure 7.3 shows the empirical distribution of the test statistic compared to
the x7 distribution, and the power of the final test for different significance
levels between 0 and 0.002, where by power we mean the proportion of
cases where the null hypothesis is correctly rejected (because, for this test,
it is not true). Although we saw in Table 7.3 that, for this test, the estima-
tion of the test statistic had a low success rate, with only 22%, Figure 7.3
shows that, conditional on the estimation being successful, the test statis-
tic almost always takes values much higher than would be expected for a

X7 distributed random variable, and thus the test has very high power.

These results show that, if we perform fast forward selection and the Newton-
Raphson procedure is successful then the test results have high power, but
variable type 1 error. Although the type 1 errors are not very close to the

significance levels, given the fast forward selection is so quick to perform
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Power

Significance level

Figure 7.3: Fast foward selection; (left) power for different significance
levels, for the test where the null hypothesis is false; (right) empirical dis-
tribution of test statistics are plotted in red, and translucent distributions
shows the x7 distribution.

(if we use the simulations obtained in Phase 3 of the parameter estimation
algorithm), they are close enough that it could still be worth employing
this method, but taking a cautious approach to the results obtained. For
example, if we wanted to perform a test using a particular significance
level then if our test result gave a test statistic with a p value very far from
this (either much smaller or much larger), we may be happy to accept the
result, but if it is at all close to the significance level, then we may need
to decide that the test is inconclusive. Moreover, if the estimation of the
test statistic fails, we will need to try one of the other two, more time-

consuming, methods.



7.5. SIMULATION STUDIES 171

7.5.2 Bridge sampling and thermodynamic integration

We now consider performing Test 1,

H, : Model 8, H; : Model 1,

and Test 8,
H, : Model 16, H; : Model 8,

using both bridge sampling and thermodynamic integration. As before,
we consider data generated from Model 8, so that, in the first case, the

null hypothesis is true, whilst in the second, it is false.

Model 8 vs. Model 1

In this section, we will use both bridge sampling and thermodynamic in-

tegration to perform the test

Hy : Model 8, H; : Model 1,

since estimating test statistics in this case seemed quite difficult with fast
forward selection. Recall that we need to choose tuning parameters c
and N to perform bridge sampling, and ¢, N, and H to perform ther-
modynamic integration.. In this section, we consider ¢ € {0,0.4,0.8},
N € {100, 500,1000} and H € {10,20}, giving us 9 different bridge sam-
pling estimates and 18 different thermodynamic integration estimates for

each dataset. We use 100 simulated datasets.
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Figure 7.5: Type 1 errors for different significance levels, using different
values of (¢, N) and: (top) bridge sampling; (middle) thermodynamic in-

tegration, = 10; (bottom) thermodynamic integration, A = 20.
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In Figure 7.4, we see how the empirical distribution of the test statistics
compares to the x? distribution. Because the null hypothesis is true, we
would hope these to be similar: there is only small differences between
graphs, but we see across all estimates there is a slight tendency for the

test statistic to be larger than we would expect.

Figure 7.5 shows the type 1 error for different significance levels between
0 and 0.2, for all estimates. We see overall that the test is too aggressive,
with slightly too high type 1 errors, and too many rejected null hypothe-
sis; however, we see that bridge sampling generally gives the best results,
with type 1 errors closest to the significance levels. Looking at the bridge
sampling results, the results are not very sensitive to the choice of ¢ and
N (although the results are slightly better with N = 1000). Looking at the
thermodynamic integration results, it is surprising to see that increasing H
from 10 to 20 does not seem to improve results. We also see that results are
more sensitive to the choice of c and N, with the test becoming aggressive

as you decrease either.

In Figure 7.6 we plot the times taken to estimate the test statistics; the
times include the time taken to generate all simulated chains, and to cal-
culate likelihoods, and finally to calculate the test statistics, but not the
time taken to estimate the maximum likelihood estimates for both the null
and alternative models; this means, in practice, given two nested models
of interest, the total time taken to estimate parameters and perform would
be the times stated plus twice the time taken to perform Phases 1 and 2

(but not Phase 3) of the Siena estimation procedure (twice because we are
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considering two models).

As we would expect, computation times are increasing with increases in c,
N, and H. Generally, bridge sampling is the slowest, taking slightly longer
than thermodynamic integration with A = 20, and around twice as long

as thermodynamic integration with A = 10.

Looking at all the plots together, we would probably conclude that bridge
sampling is the best method; given a (¢, N) pair, the time taken is longer,
however, since the type 1 errors are better, we can choose a small (¢, NV)
pair with bridge sampling if we want to reduce computation times, and
still achieve better type 1 errors than using thermodynamic integration

with a higher (¢, NV) pair.

Model 16 vs. Model 8

Since, for the previous test, bridge sampling seemed to give the best re-

sults, we will now use it to perform the test

H, : Model 16, H, : Model 8,

since using fast forward selection was not very successful (because the
Newton-Raphson method usually failed to find a solution). As with the
previous test, we consider ¢ € {0,0.4,0.8} and N € {100, 500, 1000}, giving

us 9 different bridge sampling estimates. We use 50 simulated datasets.

Figure 7.7 shows, for different values of cand N, the empirical distribution



176 CHAPTER 7. LIKELIHOOD RATIO TEST

3000 -
@ 2000 . <
£
= %
; s
| |
S) S
s 3 S S S S S S S
N N N o N 9 @7 w v
N o N N N N N N &
(c,N)
1000 -
H .
() . .
£
= A
: A
+ —_
0-
| | |
) SH
S S S <o°® <o°® S S S S
N N 5 P NG Q o W N
& & & & & Q & o &
(c,N)
3000 -
2000 -
£ | : '
= 3 1
1000 - 1
3 .
-h — i
0_
| |
) SH
S S S S S S S S S
N N S 2 N Q o W v
o o Q N N N Q N &
(cN)

Figure 7.6: Time taken to perform test for different values of (¢, N) and:
(top) bridge sampling; (middle) thermodynamic integration, H = 10; (bot-
tom) thermodynamic integration, H = 20.
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of the test statistics, the power for different significance levels between 0
and 0.005, and the times taken to estimate the test statistics. The times
taken are similar to those seen in the previous test. As we saw with fast
forward selection, the power of the test is very high; we are able to reject
the test for 100% of the simulated datasets, using any pair of (c, V), with a

significance level of less than 0.0025.

7.6 Discussion

In this chapter we proposed three methods for estimating the test statistic
required to perform a likelihood ratio test. We saw that the first method,
fast forward selection, enables us to perform the test very quickly, but does
not have very accurate results, and quite often will fail to find the solu-
tion required to actually estimate the statistic. Given its speed, it could be
worth using were we in an exploratory mode, and we wanted to quickly

compare many models.

Of the other two methods, multiple bridge sampling seemed to outper-
form thermodynamic integration. Even with small numbers for the tun-
ing parameters (c, V), the power of the tests was very high, and the type 1

errors close to their theoretical counterparts.

Unlike fast forward selection, it is not possible to perform multiple tests
simultaneously (because we are required to simulate data from the both
of the parameters specified by the null and alternative hypotheses), but as

long as we keep the number of models under consideration fairly small,
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this method should provide accurate estimates of the test statistics, en-
abling us to compare different models, thus giving us an effective method

for performing model selection.
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Chapter 8

Standard error estimation

8.1 Introduction

Accurate estimation of the covariance matrix for the maximum likelihood
estimate is very important: it is necessary for detecting high correlations
between different model effects, and for finding reliable standard errors
for the parameters, which can be used to perform significance tests (as
is done in Section 3.5). However, in the current RSiena estimation proce-
dure, it can also be very time-consuming when using maximum likelihood
estimation, with a large amount of simulated data required for stable re-

sults.

In this chapter we propose a method for improved estimation of the co-
variance matrix for the maximum likelihood estimate. Recall from Sec-

tion 2.3.1 that this matrix is estimated using data simulated in Phase 3 of

181
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the estimation procedure. In this chapter, we propose using importance
sampling to incorporate the data simulated in Phase 2 into our estimates
(while still using the Phase 3 data), and show that this leads to improved

performance.

In Section 8.2, we will briefly review how the covariance matrix is cur-
rently estimated in RSiena, before proposing estimates using importance
sampling and the data simulated in the different subphases of Phase 2.
We will then propose an approximate way of combining this estimates
into one final estimate. In Section 8.3 we will apply the method to a real
dataset, and show that the proposed estimate has an improved perfor-

mance, in terms of bias and variance.

8.2 C(Covariance matrix estimation

Recall from Section 6.1 that we denote the observation of the data by D =
{(X(to) = x(to), X(t1) = =(t1))}. Recall further that we generate many
chains of ministeps, after conditioning on D, so that for each chain the
observation of the data holds, and the state of the process is correct at the
observation times. In Phase 3, we know our final parameter estimate, and

generate ng chains, so that, fori € {1,...,ns}

Recall that the covariance matrix for a maximum likelihood estimator can
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be approximated by the inverse of the observed information (Efron and
Hinkley, 1978). The observed information can be expressed (Orchard et al.,
1972) as the difference between two positive definite symmetric matrices

Ap and By, so that

dS(0|D
- 29’ ) = Ay — DBy,
where
dS(0|V
A(V) =Ey (— 29’ >\D) ,
and

By(V) = Covy (S(0|V)’D> .

We can obtain Monte Carlo estimates of Ay and By using the chains sim-
ulated in Phase 3; we denote their difference, which is our estimate of the

observed information, by .

8.2.1 Estimating the observed information in Phase 2

Recall from Section 6.1 that, in Phase 2, we simulate chains according to
different parameter values: we have ny,, subphases, and in the kth sub-
phase, we have a sequence of parameter values 61, . . ., O,,, for some nyy,

and for each one, we simulate a single chain: for: € {1,...,ny},

Vaki ~ Pey,; (-|D).
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In this section we will suggest assumptions under which we can construct
strongly consistent estimators of the observed information, using the sim-
ulations from Phase 2. Recall from Section 2.3.1 that at each step we up-
date the parameter using our Robbins-Monro iterative scheme, and so, for
i € {2,...,n9}, the parameter ¢;; depends on both vy;_; and 6;_;. This
means that, prior to estimation, we consider each parameter as a random
variable. Because the parameters are no longer a fixed constant value,
we need to modify the assumptions and results from Chapter 6 showing

strong consistency of importance sampling estimators.

Assumption 3. The maximum value of an effect, for any state of the network,
is bounded: there exists finite S such that, if P is the set of effect indices,

(X)) < S.
{ieN,?é%},(XeX}{‘S]( )’}

Note that this assumption is satisfied by all effects considered in this thesis;

for the remainder of this part we assume that Assumption 3 holds.

Assumption 4. The parameter space O is a closed and bounded interval, with
the total rate parameter bounded away from zero: Ly, < A < Lmax, for finite

Lpax and L, > 0.
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Lemma 8.1. There exists d,,;, > 0 such that

elgcg Po(D) > diin.

185

Proof. Firstly, Assumptions 3 and 4 imply that there exists a constant

C < oo such that, for any z, 22 € X, and any f such that (p, ) € ©,

exp (87 (si(z1) — si(22))) < C.

Then the probability of a ministep given a change opportunity is

bounded below by 1/nC' := my, < co. This means that the probability

k

min*

of a chain of length k is bounded below by m

Now, let knin be the shortest length of a chain satisfying the data D.

Then, for 6 € O,

po(D) = Po(M = k)P(D|M = k),

k
(AMmin)Fe™
k! ’

M F1e

k=Kmin

= ¢ Lmax(Immmn) DWW > Ky,

where W ~ Pois(LinMmin), by Assumption 4 .

(8.2)
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Assumption 5. The Markov chain ((Vax;, ©k;));>1 of chains and parameter

values generated in the kth subphase is irreducible and positive recurrent.

Theorem 8.3. Let

Fol) = - (Cg L + SOVISEIV) - SEPIT ).

Given Assumptions 3,4 and 5, for every 6 € ©,
IS(0) = == (8.4)

where

n2g

= —sz (05 var) F'(6vaws ),

ok

and

nak
= — g w; (05 vay),

Nok

is a strongly consistent estimator of the observed information —%@'D).

Proof. Let ©; denote the (random variable) parameter used to simulate

the ith chain in Subphase k.
Fori = 1, .o, oL, let AZ(Q) = wl(@7 ng)F<9|ngi), so that

n2k

:_ZA

Nog
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Following a similar method as in Theorem 6.1,

E(Ai(0)|D) = Ee, [E(A:(0)|D, ©,)],

- &0, | 2D m(rowin)|.

:E@i( . )pe(D)Ee(F(H\V)ID% (8.5)

and, by Lemma 8.1,

1

E(A(6)[D) < —

Eq(F(0|V)|D) < 0.
Then, by Assumption 5 and the Birkhoff ergodic theorem,

A0) “5 E, (ﬁ) po(D)ES(F(8]V)|D),

where 7 is the invariant distribution of the Markov chain. Similarly,

B(O) B (-5 miD),

and so, by the continuous mapping theorem,

dS(0|D)

I1S(0) 2% Eo(F(O|V)|D) = — 70
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Theorem 8.3 shows that we can construct an estimator of the observed

information in Subphase k, for k =1, ..., ngw, given by
Sr=15(0),

using the function defined in equation (8.4).

8.2.2 Combining the estimates

We now have ng,, + 1 estimators for the observed information, denoted by
)N inwb. We would like to combine these to create an overall estimator

which will hopefully be more efficient than 3.

We will consider a linear combination

A A~

Sa) = apXo + .. 4 an D

Nsub

where ) .o = 1.

Proposition 8.6. An approximately optimal choice for ay, . . ., o, is given by

1
Zi,j Var <il~m]> ’

. X

for k =0,..., neyw, where optimal means that E (Hi(a) - EH2> is minimised,

where X is the true observed information and ||.| denotes the Frobenius norm.
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Sketch proof. Let

Then, foralli,j7=1....,p,

fis(a) = Var ($(a)y) + [E (S(a)y — 5y)] : (8.7)
~ Var (i(a)ij) , (8.8)

by the strong consistency of ¥(a). Now, we assume that the depen-

dency between f]l and f]k, when [ # k, is small, and so

Nsub

fij(Oé) ~ Z aiVar (ik”> . (89)
k=1
Then
~ Z azVar (im]> ) (8.10)
igk

Then the approximately optimal choice for a can be found by minimis-
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ing the Lagrangian
Ala,\) = A <1 — Zak> + Zanar <2m;) ;
k i.jk

which gives us that
1

5 var ()

Q. X

We construct jackknife estimates of the variances: fori,j =1,...,p,

nag

— /A n—1 A N 2
Var (Si) = =3 (S50) — Suy)

h=1

where f]f,;h) is what we would obtain for 3, were the hth observation re-

moved, and

nag

A 1 Al
Yk = _Zg((]kh)‘

n
2k h=1

Then our final estimate of the observed information is given by:
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8.2.3 Practical Implications

In the top plot of Figure 8.1 we see an example of how the estimate of
one component of § varies throughout the estimation procedure: we see
that in early subphases, the estimate varies a lot, while in Subphase 4, it
does not (and in Phase 3, it is fixed at its final value). Looking at the early
fluctuations, we may have doubts about the quality of the estimate of the
information at the early subphases. However, as we see in the bottom plot
of Figure 8.1, our choice of a means that the early subphases have little
contribution to the final estimate, and so hopefully potential inaccuracies

in early subphases will not cause problems in the final estimate.

8.3 Example: s50 data

We consider the first two observations of the s50 dataset, and fit a model
with outdegree, reciprocity, transitive triplets, 3-cycles, betweenness, drink-
ing ego, drinking alter, and drinking similarity. We estimate the model
parameters and covariance matrix (with the latter being estimated in the
usual way, using simulations from Phase 3 only), and repeat this N = 100
times. We obtain a final estimate of the covariance matrix by averaging
the 100 estimates of the information matrix (because each estimate is ap-
proximately unbiased, assuming that the parameter estimates are close to
the maximum likelihood estimate) and then taking the inverse: we denote
the final overall estimate by V. Each time, we estimate the covariance ma-

trix using n3 = 2000 Phase 3 iterations, but, in this section, we consider
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Figure 8.1: Top plot shows how the estimate of one component of ¢ (the
rate parameter) varies throughout the estimation procedure, in Phases 2
and 3; bottom plot shows the corresponding values of («y, . .., o).
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the results had we stopped Phase 3 at different values of n3. To compare
the performance of the original method with the method proposed in this

chapter, we consider these questions:

1. For a given ng3, does the proposed method improve estimation of the

covariance matrix, and if so, by how much?

2. How much time can we save? If the proposed method does per-
form better, how much can we reduce the number of Phase 3 simula-
tions, while still obtaining a comparable performance to the original

method?

8.3.1 Improving performance

In this section, we assess how much the proposed method improves esti-
mation of the covariance matrix, for different values of n3. In Figures 8.2,
8.3, 8.4 and 8.5, we see the densities of the estimates of the variances of
each of the parameter (i.e. the diagonals of the covariance matrix). We
see that the bias (compared to our overall best estimates) and variance are
reduced using the new method. As we would expect, the change is largest
for smaller values of n3. Recall from Section 8.2 that the original method
estimates the observed information by the difference of two positive def-
inite matrices; this can lead to negative estimates of the variances for the
parameters (as can be seen for n; = 500 and ng = 1000, in Figures 8.2 and
8.3), which is clearly undesirable. Using the new method, for each choice

of ng, and each parameter, no variance estimate is negative.
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Rate Outdegree Reciprocity
1 1 50 — 1
20— 40 —
40 =
15= 30 =
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05 - | 10— |
J \\ : '
0.0 = - 0= t 0= t
1 1 1 1 1 1 1 1 1 1 1 1
0 2 4 -0.2 -0.1 0.0 0.1 -0.1 0.0 0.1 0.2 0,
Transitive triplets 3-cycles Betweenness
1 15 1 1
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40 - 104 100 —
20 - | 5- | 50 — |
| | |
| | |
0- t 0- t 0- t
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-0.10 -0.05 0.00 0.05 0.10 -0.2 0.0 0.2 0.4 0.6 -0.050 -0.025 0.000 0.025 0.050
Drink alter Drink ego Drink similarity
1250 = i 1500 — \ I
1000 = 60 =
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500 — 20 — |
250 = | |
| [
[ T 0= t 0= t
1 ) 1 1 1 1 1 1 1 1 1 1
0.0050 0.0075 0.0100 0.0125 0.0150 0.000 0.005 0.010 0.015 0.10 0.15 0.20 0.25

Figure 8.2: ng = 500; the density of the estimates of the variance (results
using the new proposed method are shown in red, and the translucent
distribution shows results using Phase 3 simulations only). The vertical
line shows the overall best estimate, obtained by taking the inverse of the
average of the information matrices across all N = 100 repetitions.
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Figure 8.3: n3 = 1000.
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Figure 8.4: nz3 = 1500.
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Figure 8.5: n3 = 2000.
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In Figure 8.6, we see how the ratio between root mean squared error for
the new method compared to the original method varies with ng, for all 81
components of the covariance matrix. We would expect to see that the ra-
tios are close to zero for very small n3, since the original method has a very
small number of simulations to use for estimation, and so should perform
badly. As n3 — oo, we would expect to see that the ratios would tend to
1, as more weight will be placed on the Phase 3 simulations, and the con-
tributions of the Phase 2 simulations will be unimportant. In practice, it
seems like the ratios will converge to 1 quite slowly: at n3 = 1000, almost
all of the 81 components have a root mean squared error that is at least
halved, and even at n3 = 2000, the ratios are still between less than 0.5 and
about 0.75. We can conclude from these results that using the new method
improves upon the original method, with a very large improvement when

ns is quite small.

8.3.2 Saving time

In Section 8.3.1, we saw that the bias, variance and root mean squared
error was reduced using the new method, for values of nz up to 2000. In
this section, we consider how much time could be saved using the new
method. For a given ng, let Mgy® and M?*" denote the matrices of root

mean squared errors for the components of the covariance matrix using
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Figure 8.6: Ratio of root mean squared error for all components of the
covariance matrix against the number of simulations in Phase 3, ns.
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the original and new method, respectively. Now, let 713(n3) be defined as:

Moew)..
n3(ng) = min < n : max % <1;.
n250 W (Mg ®)i

So n3(n3) is the smallest number of simulations needed such that the root
mean squared error using the new method is smaller than the root mean
squared error using the original method with n3 simulations, for all com-
ponents of the covariance matrix. In other words, if you were going to
use the original method, and n; simulations in Phase 3, this number tells
you how many simulations you would need to use with the new method,
without (hopefully) making the root mean squared error increase. Figure
8.7 shows the results for different values of n3. The graph shows that, for
ns smaller than about 1400, the root mean squared error is smaller using
the new method with only 50 simulations in Phase 3. For larger ns, this
increases, but still 73(n3) is always much smaller than ns: for n; = 2000,
it is still less than 1000. This shows that substantial time can be saved in

Phase 3 using this new method.

8.4 Discussion

In this chapter, we have seen that we can use chains simulated in Phase
2 to improve estimation of the covariance matrix for the maximum like-
lihood estimate. We used importance sampling to construct estimates of

the information matrix using Phase 2 simulations, and have shown that in-
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1000 -

<& 500 -

i i i i i
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Figure 8.7: Proposed 73 to obtain a smaller root mean squared error, for
all components of the covariance matrix, using the new method, than that
obtained using n3; and Phase 3 simulations only.
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corporating theses estimates into the final covariance matrix estimate may
reduce mean squared error, especially when the number of Phase 3 iter-
ations is quite small. We could use this in two ways: firstly, by keeping
the number of Phase 3 iterations the same, we can expect an improve-
ment in estimation of the covariance using this new method. Secondly, if
we would like the estimation procedure to be faster, using this method it
appears that we can still get a reasonable estimate with a very small num-
ber of Phase 3 iterations. The latter could be very beneficial if we want
to explore various models, and we are interested in quickly seeing rough

approximations of standard errors.

In Section 8.2.3, we suggested that information estimates from the early
Phase 2 subphases may be inaccurate, but argued that due to the fact they
would only contribute little to the final estimate, this would not matter too
much. It would be interesting to compare our results to those obtained by

just excluding early subphases completely.
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