Remarks / reading help for

G. Robins, P. Pattison, and J. Woolcock, 
Small and other worlds: Global Networks from Local Processes (AJS, 2005)

1. The simulation method proposed by Robins et al. deviates from the method proposed by Watts (1999b) in the fact that it is not ad hoc but based on a given probability distribution on the set of graphs, and based on a mathematical procedure (the Metropolis-Hastings algorithm) to obtain random draws from such distributions.

2. The diameter of a graph is infinite if the graph is disconnected. This is the case, e.g., if there is at least one isolated vertex; or if the graphs is composed of two or more subgroups of nodes that are internally connected but not connected to each other. 

3. If the G75 is infinite, then at least 25% of the geodesics are infinite. This can be the case, e.g., if 25% of the nodes are isolates; but also if the graphs is composed of two or more connective subgroups, if which the smallest has 25% or more of the nodes. 

4. The precise definition of a dependence graph (p. 906) and the formulation of the Hammersley-Clifford theorem (p. 906-907) are not essential for this course. For understanding formula (1) (p. 906), the following is important:

A. This formula gives a probability distribution on the space of all graphs of order n; such distributions are called exponential random graph models (ergms);

B. this probability distribution depends on a vector of parameters, here denoted by  λA, but later in this paper denoted by other Greek letters; 
the probability of any graph x  depends on certain statistics zA(x); a statistic is something you can calculate from data (in this case, the data is the graph); here the statistics are subgraph counts, i.e., the frequencies of occurrence of a given subgraph in the total graph x. E.g., some possible subgraphs are:

· lines, or ties, or edges: the subgraph count is just the number of ties in the graph;

· two-stars;

· triangles;

· etc.;

C. how the probability depends on these subgraph counts, is defined by the values of the parameters λA. E.g., if λA is positive, the high values of this subgraph count will make the graph more probable; and the converse if λA is negative.

5. The distribution given by (2) on p. 908, depending only on the number of lines (the Bernoulli graph) also is called a random graph. (There are two types of random graphs: the Bernoulli graph, where for all pairs of nodes an independent choice is made whether or not they are tied – then the total number of ties has a binomial distribution; and the graph where a given, fixed number of ties is randomly distributed over all pairs of nodes. 
Formula (4) is incorrect: x and  x’ should be interchanged. The probability of accepting the candidate graph  x’  is given here by
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The quantity r  should be just the ratio 
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 .  When considering the simulation method concerning a possible edge between nodes i and j, as on p. 909, it is helpful to assume that as the starting point no edge exists, i.e., xij  = 0. The question then is, how large is the probability that this edge will be added to the graph? (Similarly, one could specify the probability of deleting a given edge that does exist). Some calculations using (4) show that, if the degrees of nodes i and j are di and dj, while the number of common neigbors of i  and j is  mij, then 

r  =  exp{ θ + σ2 (di + dj) +  σ3 [di (di  – 1) + dj (dj  – 1)]/2  +  τ mij } = 

        exp{ θ  + ½ σ3 (di2 + dj2 ) + (σ2  – ½ σ3)(di  + dj) +  τ mij }

6. This illustrates why the authors want to use negative values of σ3. In this case, the probability of adding a tie is very small when the degrees of nodes i and j are too large (unless their number of common neighbors is very large and τ is positive), which keeps the degrees restricted to relatively low numbers.

7. On p. 911, for the definition of small world graphs, note that a graph has a short G50 if the median geodesic distance is in the lower 95% range of this quantity for random graphs of the same order and size. This is meaningful since, as was stressed by Watts (1999b), random graphs have very short characteristic path lengths. Thus, what is normal for a random graph, is not automatically to be expected in the real world.

8. The paper does not give examples of graphs with very high clustering. The reason is that Markov graphs are not a good model to produce such graphs. This is an important limitation of Markov graphs, and is the reason why more complicated ergms are necessary in practice. This is elaborated in Snijders, Pattison, Robins, and Handcock (Sociological Methodology 2006).
9. The meaning of jointly intersecting cycles (p. 920) is not very clear to me. As far as I can see, the authors refer here to configurations where anode has a relatively high degree (at least 4), but a low local clustering coefficient, i.e., its neighbors tend not to be mutually connected. Burt calls such configurations structural holes. 

10. An example of a dense non-clustered graph as described on p. 924 is a bipartite structure, where the nodes are divided in groups A and B, and there are only ties between nodes in A and nodes in B, while groups A and B are not at all internally connected.

11. The theory and terminology of the Section Randomness and Structure (p. 927 ff.) is very close to mathematical models of crystals – including the exponential model for the probability (which is the energy in the physical model), and terms such as temperature, freezing, melting, and phase transition.


12. This paper indicates how different parameter values in the encompassing four-parameter model (4) can produce widely different graphs. The next step is statistical inference: from a given observed graph, how could one obtain parameter values such that this would be a likely graph under distribution (4) with these parameters? This also is treated in Snijders, Pattison, Robins, and Handcock (Sociological Methodology 2006).
Review questions.

1. How do you define “global” and “local” properties or processes in a network? Can you give examples?

2. Why is median path length a more useful property than average path length; and why did Watts (1999b) have no problems in using average path length?

3. What is a geodesic?

4. What is Markov dependence for a stochastic graph? (stochastic = dependent on chance; in this case I do not use the word “random”, because often a “random graph” is defined as a “totally” random graph, see above; note that randomness is used with these two meanings). 

5. What are common neighbors of a node?

6. Why does formula (4) (see above) define a local process?

7. In addition to small world graphs, what are the various types of graphs produced in this paper for different parameter settings?
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