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Overview

Lecture 1: focusses mainly on normal approximation

Lecture 2: other approximations



1. The need for bounds

Distributional approximations:

Erxample X1, Xs, ..., X, iid, P(X;=1)=p=1—

n V2 S (X, — p) Ay N0, p(1 = p))

1=1

.ﬁl X; =g Poisson(np)

1=

would like to assess distance of distributions; would like

bounds



Weak convergence

For c.d.tf.s F;,,n > 0 and F' on the line we say that F,,

converges weakly (converges in distribution) to F',

F, — F

if

Fu(z) = F(z) (n — o0)

for all continuity points x of F’

For the associated probability distributions:



Facts:

P, -% P <= P,(A) — P(A)

for each P-continuity set A (i.e. P(0A) =0)

P,— P < [ fdP, — | fdP

for all functions f that are bounded, continuous, real-

valued



P, % P < [fdP, — [ fdP

for all functions f that are bounded, infinitely often

differentiable, continuous, real-valued

4. If X is a random variable, denote its distribution by

L(X). Then

L(X,) — LX) < Ef(Xy) = Ef(X)

for all functions f that are bounded, infinitely often

differentiable, continuous, real-valued
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Metrics

Let L(X) = P,L(Y) = Q; define total variation dis-

tance

drv(P,Q) = sup  |[P(A) —Q(4)]

A measurable



Put

L={g:R—R;lgly) —g@)| <|y—a|}

and Wasserstein distance

dw (P, Q) = igglEg(Y) — Eg(X))

— nfE|Y — X]|,

where the infimum is over all couplings X,Y such that

LIX)=PLY)=@Q



Using

F ={f € L absolutely continuous, f(0) = f'(0) = 0}

we also have

dw (P, Q) = sup\Ef() Ef'(X)].



2. Stein’s Method for Normal Approxima-

tion

Stein (1972, 1986)

Z ~ N (u,0?) if and only if for all smooth functions f,

E(Z - p)f(Z)=0"Ef(Z)

For W with EW = p, VarWWV = o2, if

Ef' (W) —EW — ) f(W)

is close to zero for many functions f, then W should be

close to Z in distribution
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Sketch of proof for 4 =0,0% = 1:
Assume Z ~ N(0,1). Integration by parts:

\/12? / Fl(x)e ™ Pdy

) ¢1z7rf (#)e le7/ vf(a)e " Pda

—x2/2dx

1
\/%/ zf(x)e
Assume EZ f(Z) = Ef'(Z): Can use partial integra-

tion to solve differential equation
(@) = af(z) =g(x), lim,_xf(z)e =0
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for any bounded function g, giving
fly) = e [V gla)e " Pda
Take g(z) = 1(z < x9) — P(xg), then
0=E(f(Z) - Zf(Z)) = P(Z < z) — ()

so Z ~ N(0,1).
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Let i = 0. Given a test function h, let Nh = Eh(Z /o),

and solve for f in the Stein equation

o’ f'(w) —wf(w) = h(w/oc) — Nh

gIving

fly)=e"? " (h(z)o)— Nh)e " *dz

Now evaluate the expectation of the r.h.s. of the Stein

equation by the expectation of the L.h.s.

Can bound, e.g. || f"[|I< 2| A ||
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Example: X, Xy,...,X, 11.d. mean zero, VarX = i

W= X,

1=1
Put
VVZ' =W — Xz' = X Xj
J#i

Then

EW f(W) = é EX,f(W)
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SO

and can bound remainder term R:

Theorem 1 For any smooth h

2 n
E — Nh| < ||W]|| = E|X?||.
ERW) - NH| < W] (= + £ BIX)|

Extends to local dependence:
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Let X, ..., X, be mean zero, finite variances, put

W= z‘é A
Assume VarW = 1. Suppose that foreach i =1,...,n
there exist sets A; C B; C {1,...,n} such that
X; is independent of x;¢4. X; and

Sjea, X; 1s independent of £gp X

Define

i= X X
' jeA; !
T = 2 Xj

J€B;
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Theorem 2 For any smooth h with ||h'|| <1,

ER(W) = Nh| < 2 3 (B|Xmi| + [B(Xm) | Eln)

+ .§1E|Xﬂ7¢2\-
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FErample: Graphical dependence

V ={1,...,n} set of vertices in graph G = (V, F)

(G is a dependency graph if, for any pair of disjoint sets

['1 and I'y of V' such that no edge in £ has one endpoint

in I'y and the other endpoint in I'y, the sets of random

variables { X;,7 € I'1} and {X;,7 € I's} are independent

Let A; be the set of all j such that (i,7) € E, union

with {7}, B; = Ujea,A;. Then the above theorem ap-

plies.
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Size-Bias coupling: p > 0

W > 0,EW > 0 then W? has the W-size biased

distribution if

EW f(W) = EWEf(W?)

for all f for which both sides exist
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Put f(z) = 1(z = k) then

KP(W = k) = EWP(W* = k)

SO

Ezample: 1If X ~ Bernoulli(p), then EX f(X) =
pf(l)and so X* =1

Ezample: If X ~ Poisson()), then

ke 2\ e AN
kN (k—1)

and so X® = X + 1, where the equality is in distribution
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Construction

(Goldstein + Rinott 1996) Suppose W = xI' | X
with X; > 0, £X; > 0, all 4.

Choose index V' proportional to the mean, EX,. If
V' = v replace X, by X having the X, -size biased
distribution, independent, and if X = x: adjust Xu, u #

v, such that

L(Xy,uv)=L(X,,u#0vX, =)

Then W* = v,y Xu + Xy
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Ezample: X; ~ Be(p;) fori=1,....n
Then W* = 5,y Xu +1
See Poisson approximation, Barbour, Holst, Janson

1992

22



X, X,,...,X,>0iid., EX =y, VarX = ¢?
W= X,

1=1

Then

EW —u)f(W) = pE(f(W?°) = f(W))

pEW? — W) (W)

Q

= u— 3 E(X; - X)) f' (W)

n =1

HEf(W)E(X® — p)

Q

= pEf (W) {EX2 - u}

= o’Ef'(W).
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Zero bias coupling

Let X be a mean zero random variable with finite,

nonzero variance o2. We say that X* has the X-zero

biased distribution if for all differentiable f for which

EX f(X) exists,

EX f(X)=c’Ef(X*).

The zero bias distribution X™* exists for all X that have

mean zero and finite variance. (Goldstein and R. 1997)

24



[t is easy to verify that W™ has density

pi(w) = o *E{WI(W > w)}

Ezample: If X ~ Bernoulli(p) — p, then

E{XI(X >z)}=p(l—p)for —p<z<l—0p

and is zero elsewhere, so X* ~ Uniform(—p,1 — p)
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Connection with Wasserstein distance

We have for W mean zero, variance 1,

[ER(W) — Nh| = [E[f(W) =W f(W)]|

= [E[f'(W) = (W)

< |[/EW —wr,

where || - || is the supremum norm. As || f”|| < 2||/||

ER(W) — Nh| < 2||W|[E[W — W7;

thus

diw (L(W), N(0,1)) < 2E[W — W*|.
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Construction in the case of W = xI' ;| X; sum of inde-

2

pendent mean zero finite variance o variables: Choose
an index I proportional to the variance, zero bias in that

variable,

W*=W — X;+ X},

27



Proof: For any smooth f,

EWf(W) = ZEXf( )

’L_

_ ﬁ_”él EX f(X; + z X;)

— Z O'QEf (X* +t§ Xt>

— ’Ef(W X+ X;)

210'2

= CBf (W — X, + X}) = Bf (W),

where we have used independence of X; and X, t # 1.
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Immediate consequence:
1 =n
EW - W' < 3 o {E[X| + E[X][}
and

Proposition 1 Let Xq,..., X, be independent mean
zero variables with variances o3, . .., 0> and finite third
moments, and let W = (X1 +...+ X,,) /o where 0° =
0%+ ...+ 02. Then for all absolutely continuous test

functions h,

2(W|| » 1
V& (x4 ) o

o3 =

ER(W) — Nh| <
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so in particular, when the variables are identically dis-

tributed with variance 1,

3|1 E[X [

BA(W) - NA < =5
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General construction: (Goldstein + R. 1997, Gold-
stein 2003)

Let Y, Y" be exchangeable pair with distribution F'(y/', y”)
such that

E(Y'|F)=(1-\Y

for some F such that o(Y”) C F, and forsome 0 < A < 1

Let Y, Y" have distribution

AR/ <@/_§”>2 ~) A
dG (Y, 9") = By Y,,)QdF(y 9")
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and let U ~ U(0,1) be independent of Y7, V", then

Y*=UY'+(1-U)Y"

has the Y *-distribution.

If in addition Y/ = V + T  and YY" = V +T" for

some T".T”. and on the same state space Y/ =V + T"

and Y” = V 4+ T" for some T",T" with |T’| < B and

17" < B, then we can couple such that

Y — Y*| < 3B.
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Erample: Simple random sampling

Population of characteristics A with ,c4a = 0 and

la] <n 2B foralla € A. Let

X X" Xy, .... X,

be a simple random sample of size n + 1

Use notation || Z ||= £,ez 2, put

Vi< X, YT =] X7

V' V"= X' — X"

Choose X', X" (&' — ") 1({#,3"} € A
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Intersection R = {X’, X"} N {X,,...,X,} and

V=[{Xe,.... X0} \R|; T'=|| X'NR|

Let S be a simple random sample of size |R| from A \
(X', X" X,,...,X,}and put T =|| X'NS ||; similarly
for T, T"

As |R| < 2we have [T"] < 2n~Y2B and |T"| < 2n~'/2?B

When third moments vanish, fourth moments exist:

Order n~! bound
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Also: Berry-Esseen bound, combinatorial central limit

theorem (Goldstein 2004)
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Lecture 2: Other distributions

Recap

Would like bounds on distributional distance

Use test functions to assess distance

36



For standard normal distribution N(0,1), distribu-

tion function ®(x) Stein (1972, 1986)

1. Z ~ N(0,1) if and only if for all smooth functions f

Ef(Z)=EZf(Z)

2. For any smooth function h there is a smooth function

f = fn solving the Stein equation

h(z)— [hd® = f'(z) — zf(x)

(and bounds on f in terms of h)
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3. For any random variable W, smooth h

EL(W) — [ hdd = Ef' (W) — EW f(W)

Use Taylor expansion or couplings to quantify weak

dependence

ItW >0, EW > 0 then W?* has the W-size biased

distribution if

EW f(W) = EWEf(W?)

for all f for which both sides exist
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Construction( Goldstein + Rinott 1996)
Suppose W = | X; with X; > 0, EX; > 0, all 4.
Choose index V' o« EX,,. If V' = v: replace X, by X

having the X, -size biased distribution, independent, and

if X7 = x: adjust X, u = v, such that

E(Xu,u# v) = L(X,,u #v|X, =x)

Then W* = v,y Xu + Xy
Example: X; ~ Be(p;) fori=1,....,n

Then W* = 5,2y XU +1

39



3. General situation

Target distribution u

1. Find characterization: operator A such that X ~ p if

and only if for all smooth functions f, FAf(X) =0

2. For each smooth function A find solution f = f; of

the Stein equation

h(x) — [ hdu = Af(x)

40



3. Then for any variable W,

Eh(W) — [ hdp = EAf(W)

Usually need to bound f, f/, or Af

Here: h smooth test function; for nonsmooth functions:

see techniques used by Shao, Chen, Rinott and Rotar,

Gotze
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The generator approach

Barbour 1989, 1990; Gotze 1993

Choose A as generator of a Markov process with sta-
tionary distribution g, that is:

Let (X¢)¢>0 be a homogeneous Markov process

Put T f(z) = E(f(X4)|X(0) = )

Generator Af(x) = limy o+ (T, f(z) — f(x))
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Facts (see Ethier and Kurtz (1986), for example)

1. i stationary distribution then X ~ p if and only if

EAf(X) =0 for f for which Af is defined

2. Tih — h = A (§{ T,hdu) and formally

[ hdp — h = A(f;" T,hdu)

if the r.h.s. exists
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FEramples

1. Ah(z) = h"(x)—xh/(z) generator of Ornstein- Uhlenbeck

process, stationary distribution A(0, 1)

2. Ah(x) = AM(h(x+1) — h(x)) +z(h(z — 1) — h(x)) or

Af(z) = Aflz+1) —zf(z)

Immigration-death process, immigration rate A, unit

per capita death rate; stationary distribution Poisson(\)

Advantage: generalisations to multivariate, diffusions, mea-

sure space...
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4. Chisquare distributions

Generator for Xz%:

Af(@) =2 f"(x) + (p — 2)f (2)

(Luk 1994: Gamma(r,\) ) A is the generator of a

Markov process given by the solution of the stochastic

differential equation
1
X;=x+ 5 /Ot(p — X,)ds + /Ot V22X, dB,

where B, is standard Brownian motion
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Stein equation

() hlx) =xh=af"(@) +5(p—2)f (@)

where X]%h is the expectation of A under the X]%-distribution
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Lemma 1 (Pickett 2002)

Suppose h : R — R is absolutely bounded, |h(x)| <

ce’ for some ¢ > 0 a € R, and the first k deria-

tives of h are bounded. Then the equation (x;) has a

solution f = f;, such that

V2T

| < | RV

with h\Y) = h.

1
(Improvement over Luk 199/ in \/]_))
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Example: squared sum (R. + Pickett)

X;,1=1,...,niid. mean zero, variance one, exisiting

8th moment

5= \/1% ié X
and
W =5°
Want

QEW (W) + E(1 — W) f/(W)
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Put

then

and

QEW f'(W) + E(1 — W) f (W)

= Eg(S) - Ef(W)+E(1-W)f(W)

= Eg'(S) — ESg(9)

Now proceed as in NV(0, 1):

49



Put

1
S;i=—3 X,
vz

Then by Taylor expansion, some 0 < 6 < 1,

1 n
ESg(S) = Ui EXig(S)
~ L > EXg(S) ! > EX2¢'(S) + R
— \/ﬁizl ig\(Oq n =l z‘g 2 1
where
1 3 N
Ry = W%:EXZ'Q (53)
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From independence

ESg(S) = — 3 E¢(S) + R,

1 =1

= E¢'(S)+ R + Ry
where

1
Ry = ZEXZQN(S)

n3/2 5
1 X,
Y EX2¢W |5, Z
+2n2§z: ( \/ﬁ)
1 X,
= Y EX}W |5, Z
ZnQZz: ( \/ﬁ)

by Taylor expansion, some 0 < 6 < 1
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Bounds on R;, R

Calculate

g"(s) = 6sf"(s%) + 4s*f9(s7)

and

g9(s) = 2452 V(%) + 6/"(s%) + 85" f(s?)

so with 8; = EX]|
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2 SN 080

< 20O+ + D
+iH ”(6+ﬁ4+453ﬁ+6i4 gg)

= c(f).

Similarly for 27112 o EX2‘4 9(3)(52. 1+ e

vall

employ (g
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For 713)1/2 v EX3¢"(S;) have, for some c( f)

1

1
— =X EX2"(S,
Y EX7g"(S) NG

n3/2 5

B4 (S) + ()
and
Eq"(S) =6ESf"(5%) 4+ 4ES3f®)(S?)
Note that ¢” is antisymmetric, ¢"(—s) = —g"(s), so
for Z ~ N(0, 1) we have
Eq'(Z)=0

(Almost) routine now to show that |Eg¢”(S)| < c¢(f)/+/n

for some ¢( f).
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Combining these bounds show: the bound on the dis-
tance to Chisquare(1) for smooth test functions is of
order L

n

Also: Pearson’s chisquare statistic
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5. Discrete Gibbs measure (R. + FEichelsbacher)

Let 1 be a probability measure with support supp(u) =

{0,..., N}, where N € NyU {oo}. Write as
/L(k) — 7exp<v<k>>7 k = 07 17 R N7

with Z = =3, exp(V(k))‘}f, where w > 0 is fixed

Assume 7, exists
Example: Po()\)
w=ANV(k)=-XNE>02Z=1

or V(k)=0,w=\Z=¢

)
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For a given probability distribution (u(k))ren,

V (k) =logu(k)+logk! +logZ — klogw, k=0,1,..., N,

with V(0) = log 4(0) + log Z

To each such Gibbs measure associate a birth-death

process:
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unit per-capita death rate d. = k

birth rate

by = wexp{V(k+1)—-V(k)} =(k+1)

for k,k+ 1 € supp(p)

then invariant measure p

generator

(Ah)(k) = (h(k+1) —h(k))exp{V(k+1) = V(k)}w

+k(h(k —1) — h(k))
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or

(Af)(E) = f(k+1)exp{V(k+1) = V(k)}w — kf(F)
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FEramples

1. Poisson-distribution with parameter A > 0: We use

w=\V(k)=—=\ Z = 1. The Stein-operator is

(Af)E) = flk+1) A= kf(k)

2. Binomial-distribution with parameters n and 0 <
p <l Weusew= " V(k)=—log((n—k)!), and
Z = (n!(1 — p)")~t. The Stein-operator is

p(n — k)
(1—-p)

(Af)(k) = f(k+1) — kf(k).
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Bounds

Solution of Stein equation f for h: f(0) =0, f(k) =0

for k & supp(u), and

Lemma 2 1. Put

M = sup max (ev<k)_v<k+1),
0<k<N-1
6V(k+1)—V(k)) .

61



Assume M < oo. Then for every 7 € Ny:

f()] < Qmm{l, \@} |

2. Assume that the birth rates are non-increasing:
V)=V (k) < V(k)-V(k-1)

€ ~ € ,

and death rates are unit per capita. For every j €
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FExample: Poisson-distribution with parameter A >

0: non-uniform bound

[Af(R)] <

x| =
> | =

leads to 1 A 1/ A, see Barbour, Holst, Janson 1992
| f 1< 2min (1, 5).

VA

as in Barbour, Holst, Janson 1992
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Size-Bias coupling

Recall: W > 0, EW > 0 then W* has the W-size

biased distribution if

EWg(W) = EW Eg(W*)

for all g for which both sides exist, so

E{eV VI 4 g(X +1) — X g(X)}

= B{eVEDVE (X +1)— EXFEg(X")}

and

EX — (,UEBV(X—H)_V(X)
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Lemma 3 Let X > 0 be such that 0 < F(X) < o0,

let u be a discrete Gibbs measure. Then X ~ p if and

only if for all bounded g

W EGV(X+1)_V<X)9<X + 1)

— w EVEFDV0 pg( x4,

For any W >0 with 0 < EW < o0

En(W) — p(h)

_ W{E€V(W+1)—V(W)9<W 4 1)

—EBV(W+1)_V(W)EQ<W*)}
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where g is the solution of the Stein equation.
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Can also compare two discrete Gibbs distributions by

comparing their birth rates and their death rates (see also

Holmes)

Ezample: Poisson(A;) and Poisson(Ay) gives

[ER(X) = [hdp| < || FIIX =X
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6. Final remarks
IfX, Xo,.... X, 1id, P(X;=1)=p=1-P(X, =

0), using Stein’s method we can show that

sup | P((np(1—p)) ™% X (X —p) < )

and
sup |P(E, Xi = ) — P(Po(np) = z)|

< min(np’, p)
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So, if p < the bound on the Poisson approximation

+36’

is smaller than the bound on the normal approximation
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e [ixchangeable pair couplings, also used for variance

reduction in simulations

e Multivariate, also coupling approaches

e General distributional transformations

e Bounds in the presence of dependence

e In the i.i.d. case: Berry-Esseen inequality not quite

recovered
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