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Aim: To review and extend the main ideas in Statistical Inference, both
from a frequentist viewpoint and from a Bayesian viewpoint. This course
serves not only as background to other courses, but also it will provide a
basis for developing novel inference methods when faced with a new situation
which includes uncertainty. Inference here includes estimating parameters
and testing hypotheses.

Overview

e Part 1: Frequentist Statistics

— Chapter 1: Likelihood, sufficiency and ancillarity. The Factoriza-
tion Theorem. Exponential family models.

— Chapter 2: Point estimation. When is an estimator a good estima-
tor? Covering bias and variance, information, efficiency. Methods
of estimation: Maximum likelihood estimation, nuisance parame-
ters and profile likelihood; method of moments estimation. Bias
and variance approximations via the delta method.

— Chapter 3: Hypothesis testing. Pure significance tests, signifi-
cance level. Simple hypotheses, Neyman-Pearson Lemma. Tests
for composite hypotheses. Sample size calculation. Uniformly
most powerful tests, Wald tests, score tests, generalized likelihood
ratio tests. Multiple tests, combining independent tests.

— Chapter 4: Interval estimation. Confidence sets and their con-
nection with hypothesis tests. Approximate confidence intervals.
Prediction sets.

— Chapter 5: Asymptotic theory. Consistency. Asymptotic nor-
mality of maximum likelihood estimates, score tests. Chi-square
approximation for generalized likelihood ratio tests. Likelihood
confidence regions. Pseudo-likelihood tests.

e Part 2: Bayesian Statistics

— Chapter 6: Background. Interpretations of probability; the Bayesian
paradigm: prior distribution, posterior distribution, predictive
distribution, credible intervals. Nuisance parameters are easy.



— Chapter 7: Bayesian models. Sufficiency, exchangeability. De
Finetti’s Theorem and its intepretation in Bayesian statistics.

— Chapter 8: Prior distributions. Conjugate priors. Noninformative
priors; Jeffreys priors, maximum entropy priors posterior sum-
maries. If there is time: Bayesian robustness.

— Chapter 9: Posterior distributions. Interval estimates, asymp-
totics (very short).

e Part 3: Decision-theoretic approach:

— Chapter 10: Bayesian inference as a decision problem. Deci-
sion theoretic framework: point estimation, loss function, deci-
sion rules. Bayes estimators, Bayes risk. Bayesian testing, Bayes
factor. Lindley’s paradox. Least favourable Bayesian answers.
Comparison with classical hypothesis testing.

— Chapter 11: Hierarchical and empirical Bayes methods. Hierar-
chical Bayes, empirical Bayes, James-Stein estimators, Bayesian
computation.

e Chapter 12: Principles of inference. The likelihood principle. The
conditionality principle. The stopping rule principle.
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Lectures: Mondays 10-11 and Wednesdays 10-11.

There will be four problem sheets.
Examples classes: Fridays 12-1 weeks 2, 4, 6, and 8.

While the examples classes will cover problems from the problem sheets,
there may not be enough time to cover all the problems. You will benefit
most from the examples classes if you (attempt to) solve the problems on the
sheet ahead of the examples classes.

You are invited to hand in your work on the respective problem sheets on
Wednesdays at 5 pm in weeks 2, 4, 6, and 8. Your marker is Yuqiang Zhou;
there will be a folder at the departmental pigeon holes.

A condensed version of the slides will be published at
www.stats.ox.ac.uk/ reinert/stattheory/stattheory.htm.
The lecture notes may cover more material than the lectures.



Part 1

Frequentist Statistics



Chapter 1

1. Likelihood, sufficiency and
ancillarity

Data x1,29,...,x, — inference about parameter ¢
Model: x1,xs,...,x, realisations of random variables X7, Xo,..., X,

Often: X1, Xo, ..., X, independent, identically distributed (i.i.d.) from some
fx(z,0) (probability density or probability mass function). We then say
x1,T2, ..., Ty 1S a random sample of size n from fx(x,0) (or, shorter, from

f(z,0))

1.1 Likelihood

If Xy, Xo,..., X, 1.id. ~ f(z,0), then joint density at x = (xy,...,2,) is
f(X7 6) = Hf(xMe)
i=1

Inference about 6 given the data:

Likelihood function L(0,x) = f(x,60); often abbreviated by L(6)
If iid.: L(0,x) =[], f(z;,0)

Often more convenient: log likelihood ¢(0,x) = log L(6,x) (or, shorter, ¢(0))



Example: Normal distribution
T1,..., T, random sample from N (u, 0?), where both y and 02 unknown
parameters, 4 € R,0? > 0. With § = (u, 0?),

L(0) =TI, 2r0?) 2 exp {— 5k (2 — p)?}
= (2m0®) " exp {— 57 2oy (@ — 1)*}

and

n 1 2
0(0) = —§log(27r) —nlogo — 557 2 (x; — p)

Example: Poisson distribution
x1,...,%, random sample from Poisson(#), unknown 6 > 0

n

L) = H(e—f’%) = e o= [ J(e) ™!

i=1 =1

and

0(0) = —nb + log(6) Z T — Z log(x;!)

1.2 Sufficiency

Any function T of X is a statistic.
Examples: the sample mean, the sample median, the actual data.

Usually we would think of a statistic as being some summary of the data, so
smaller in dimension than the original data.

A statistic is sufficient for the parameter 6 if it contains all information about
0 that is available from the data: £(X]T"), the conditional distribution of X
given T', does not depend on 6.



Factorisation Theorem (Casella + Berger, p.250)
T = t(X) is sufficient for 6 if and only if there exists functions ¢(t, ) and
h(x) such that for all x and ¢

f(x,0) = g(t(x), 0)h(x).

Example: Bernoulli distribution. Xi,..., X, i.i.d. Be(f), so f(z,0) =
67(1 —0)'~=; T =>"" | X; number of successes. Recall: T' ~ Bin(n, 6);

PGW:ﬂ:<?)Wﬂ—9W4,t:JLL“wn
Then
P(Xi=z1,...,X,, =x,|]T =1t) =0 for in%t,
i=1

and for > " | x; =1,
P(XII.’L'I,...,XRISCVL)
P(T = 1)

[T, (67 (1= 6)"))
()6 (1 — )

- g ()

is independent of 6, so T is sufficient for 6

P(Xlza:l,...,Xn:xn]T:t) =

Alternatively: the Factorisation Theorem gives

n

fee0) = [T -0)0)

92?:1 i (1 _ ‘9)”—2?:1 i
= g(t(x),0)h(x)

with ¢ = > " | @43 g(¢,0) = 6°(1 — )" and h(x) = 1, so T is sufficient for 0



Example: Normal distribution
Xi,.o, X idde ~ N (po?);put T =237 2 and 82 = 570 (2 —
7)?, then

f(x,0) = (2m0%) " exp {—% > (@i = u)z}

o? known: 6 = p, t(x) =7, and g(t, ) = exp {—”(527_5)2}, so X is sufficient

o? unknown: 0 = (u,0?), and f(x,60) = g(7, s2,0), so (X, S?) is sufficient

Example: Poisson distribution
x1,...,2, random sample from Poisson(f), unknown 6 > 0

L) = e == ()"

i=1
Then

t(x) =
g(t,0) =
h(x) =

Example: order statistics. Xi,..., X, ii.d.; order statistics X(;) <
X(g) <... S X(n), then T = (X(l),X(g), ce ,X(n)) is sufficient

1.2.1 Exponential families

Any probability density function f(z|f) which is written in the form

f(x]6) = exp {Z ci¢i(0)hi(x) + c(6) + d(x), } , TEX,

where ¢(f) is chosen such that [ f(z|f)dr = 1, is said to be in the k-
parameter exponential family. The family is called regular if X does not
depend on 6; otherwise it is called non-reqular.
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Examples: binomial, Poisson, normal (known mean, or known variance),
gamma (known «, or known A (including exponential) distributions

Example: Binomial (n, 6). For z =0,1,...,n,

flz:0) = (")936(1—0)”—36

Xz

— exp {log ((Z)) +log + (n — ) log(1 —0)}
el (1 25 os (7)) st ).

Choose £ =1 and

cT = 1
ol6) = tog (125)
hi(z) = =x
c(0) = nlog(l1—10)
(z)

Fact: In k-parameter exponential family models,
Hx) = (n, > ha(xy), ..., Y hi(x;)
j=1 j=1
is sufficient.

1.2.2 Minimal sufficiency

T is minimal sufficient for 0 is if can be expressed as a function of any other

sufficient statistic. To find a minimal sufficient statistic: Suppose ;E;zg is

constant in @ if and only if

t(x) = t(y),
then ¢(X) is minimal sufficient (see Casella + Berger p.255)
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Example: Poisson distribution. Xi,..., X, iid. Po(9), f(x,0) =
e Mgrizi [T, (z,))~! and

f(X> 9) noog N - ;!
e S A — 921:1 =3 Yi Z

which is constant in @ if and only if

n n
D wi=
i=1 i=1
soT =" X, is minimal sufficient (as is X)

In order to avoid issues when the density could be zero, it is the case that
if for any possible values for x and y, we have that the equation

f(x,0) = ¢(x,y) f(y,0) for all 0

implies that T'(x) = T'(y), where ¢ is a function which does not depend on
6, then T'= T'(X) is minimal sufficent for 6.

Note: T'=>"", X(;) is a function of the order statistic.

1.3 Ancillary statistic

If a(X) is a statistics whose distribution does not depend on 6 it is called an
ancillary statistic.

Example: Normal distribution. Let Xi,..., X, be iid. N(0,1).
Then T'= X, — X; ~ N(0,2) has a distribution which does not depend on
0; it is ancillary.

When a minimal sufficient statistic 7" is of larger dimension than 6, then
there will often be a component of T" whose distribution is independent of

Example: some uniform distribution (Ezercise). Xi,..., X, iid.
UG — 1,0+ 3] then (X(1), X(»)) is minimal sufficient for 6, as is

1

(S,A) = (§(X<1) + Xmy)s Xn) — X(l))

10



and the distribution of A is independent of 0, so A is an ancillary statistic.
Indeed, A measures the accuracy of S; if A = 1 then S = 6 with certainty,

e.g.

11



Chapter 2

Point Estimation

Data x1,x9,...,x, — inference about parameter ¢, assume to be realisa-
tions of random variables Xy, Xs,..., X, from f(x,6). Denote the expecta-
tion with respect to f(x,6) by Ey, and the variance by Vary.

Estimate 6 by a function ¢(z,...,x,) of the data (a point estimate);
T =t(Xy,...,X,) = t(X) is called an estimator (random). For example, a
sufficient statistic is an estimator.

2.1 Properties of estimators
T is unbiased for 0 if Eo(T) = 0 for all 8; otherwise T' is biased. The bias of
T is

Bias(T) = Biasyg(T) = Eo(T) — 0.

Example: Sample mean, sample variance.

Xi,...,X, iid. with unknown mean p; unknown variance o?. Estimate
by
1 &
T=X=— X;
Then

1 n
Epo2(T) = — S w=p
=1

12



so unbiased. Recall that

0_2

Var,.2(T) =Var,,»(X) = E,2{(X —p)?)} = —

Estimate o2 by

Then
EM,UQ(SQ)
1 " .
S B T
=1
1 " o
- n—1 Z {EM,JQ{(Xi - ,U)z} + QE%Uz(Xi — u)(,u — X)
=1

+Eu,a2 {<7 - N)z}}

so unbiased. Note: 62 = 13" (X; — X)? is not unbiased.

Another criterion: small mean square error (MSE)
MSE(T) = MSEy(T) = Eg{(T — 0)*} = Vary(T) + (Biase(T))?

Note: MSE(T) is a function of 6 and in general therefore cannot be zero
everywhere.

Example: 62 has smaller MSE than S? (see Casella and Berger, p.304)
but is biased.

If one has two estimators at hand, one being slightly biased but having
a smaller MSE than the second one, which is, say, unbiased, then one may
well prefer the slightly biased estimator. Exception: If the estimate is to be
combined linearly with other estimates from independent data.
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The efficiency of an estimator is defined as

Varg ( T() )

Ef ficiencyy(T) = W(T)’

where T has minimum possible variance.

Cramér-Rao Inequality
Under regularity conditions on f(x,#), it holds that for any unbiased T,

Vary(T) > (1(6))7"

(Cramér-Rao Inequality, Cramér-Rao lower bound) where

((%(g,eX) ) 2]

is the expected Fisher information of the sample.

(ag(g,eX)ﬂ

— [ st [(@logg;x ) ]
- Jro g ()
Y [(afaze))]dx'

Thus, for any unbiased estimator T,

1(0) == I,(0) = By

Calculation:

I(0) = Ep

1

Efficiencyg (T) = W .

Assume that T is unbiased. T is called efficient (or a minimum variance
unbiased estimator) if it has the minimum possible variance. An unbiased
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estimator T is efficient if Varg(T') = (1(0))~".
Often: T'=T(X;y,...,X,) efficient at n — oco: asymptotically efficient

Regularity: conditions on the partial derivatives of f(x, ) with respect to
0; domain may not depend on 0; for example U[0, 6] violates the regularity
conditions.

Under more regularity: the first three partial derivatives of f(x, ) with
respect to 6 are integrable with respect to x; domain may not depend on 6,

then 520(6.X)
1,0) = Ey | ———2—~

(6) = Eb { 00? }
Notation: We shall often omit the subscript in 1,(f), when it is clear
whether we refer to a sample of size 1, or to a sample of size n. For a random

sample,
1,(0) = nli(0).

Example: Normal distribution, known variance
N (u,0%), where o known, 6 =

n

n 1
0e) = —§log(27r)—nloga—rt2 (z; — p)?
i=1
ov 1 — n,_
00 ;Z(%-M)Z;@—M)
i=1
and
00, X\
1 = E ’
® = 5| (%5 )]
S — s M
= —4E0(X_H) :;

Note Vary(X) = %2, so X is an efficient estimator for p. Also note that

2 _ n
002 o2’
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In future we shall often omit the subscript 6 in the expectation and in
the variance.

Example: Exponential family models in canonical form
Recall that one-parameter (i.e., scalar §) exponential family density has the
form

f(x;0) = exp{p(O)h(z) + c(0) + d(z)}, ze€X.

Choosing 6 and z to make ¢(0) = 0 and h(x) = x: canonical form
f(x;0) = exp{bz + c(0) + d(z)}.
For the canonical form
EX = p(0) = = (0), Var X = 0%() = —"(0)

FExercise: Prove the mean and variance results by calculating the moment-
generating function Fexp(tX) = exp{c(f) —c(t+60)}. Recall that you obtain
mean and variance by differentiating the moment-generating function (how
exactly?)

Example: Binomial (n, p)
Above we derived the exponential family form with

o = 1
¢1(p) = log (%)
hi(z) = =z

c(p) = nlog(l—p)
1o - m((3)

To write the density in canonical form we put
0 = log (L>
lL—=p

16



(this transformation is called the logit transformation); then

P=1 i e?
and
¢(0) =
h(zx) = =x
c(f) = —nlog(1+¢€)
()

X = {0,...,n}

gives the canonical form. We calculate the mean

and the variance

69 629
—d'(0) = n{1+e"_ (1+69)2}
= o*(0) = np(1—p).

Now suppose X1, ..., X, are i.i.d., canonical density. Then

(0) = 0 xi+ncd)+ > dx),
C) = > xi+nd(0) =n(@+0))
Since ¢"(0) = nc”’(0), we have that I,,(0) = E(—0"(0)) = —nd"(0).

Example: Binomial (n, p) and

then



2.2 Maximum Likelihood Estimation

Now # may be a vector. A mazimum likelihood estimate, denoted é(x), is a
value of § at which the likelihood L(6, x) is maximal. The estimator §(X) is
called MLE (also, 6(x) is sometimes called mle).

An mle is a parameter value at which the observed sample is most likely.

Often it is easier to maximise log likelihood: if derivatives exist, then
set first (partial) derivative(s) with respect to 6 to zero, check that second
(partial) derivative(s) with respect to 6 less than zero.

An mle is a function of a sufficient statistic:
L(0,x) = f(x,0) = g(t(x),0)h(x)

by the factorisation theorem, and maximizing in # depends on x only through

t(x).
An mle is usually efficient as n — oo.

Invariance property: An mle of a function ¢(6) is ¢(6) (Casella + Berger
p.294). That is, if we define the likelihood induced by ¢ as

L*(\,x) = sup L(0,z),
0:(6)=A

then one can calculate that for A = ¢(6),

Examples: Uniforms, normal
1. Xq,..., X, iid. ~U|0,6]:
L(0) = 07" L1a) 00 (),
where x(,) = max;<;<, ¥;; S0 0= X(n)

2. Xy,..., X, iid. ~ UP — %,(9 - %], then any 6 € [v(,) — %,m(l) + %]
maximises the likelihood (Ezercise)

18



3. Xi,..., X, 1id. ~N(u,0?), then (Ezercise) i = X,6% =130 (X;—
X)2. So 62 is biased, but Bias(6%) — 0 as n — oo.
Iterative computation of MLEs

Sometimes the likelihood equations are difficult to solve. Suppose 60 is
an initial approximation for #. Use Taylor:

0="0(0) = (OW) 4+ (0 — W) " (dW)

SO

Iterate (Newton-Raphson method)
O — g _ (" (@@L (9R)), k=2,3,...

until [0+ — §®)| < ¢ for some small e.

<
As E {—E”(é(l))} = I(0M)) we could instead iterate
gD = 8 L 1MW) (9W), Kk =12,3,...

until [§*+) — G| < ¢ for some small e. This is Fisher’s modification of the
Newton-Raphson method.

Repeat with different starting values to reduce the risk of finding just a
local maximum.

Example: Binomial(n,f). Observe x

00) = zIn(@)+ (n—x)In(l —6) + log <Z)

, _x n—z _ x-—nb
eo) = 0 1—-60  01-0)
A

o) = 0(1—0)

19



R Assume n = 5,7 = 2,¢ = 0.01 (in practice rather ¢ = 107°); guess
0 =0.55
Newton-Raphson:

7(6©) —3.03

o) 0O — ("0 (0) ~ 0.40857
0Oy ~ —0.1774

0 ~ 4O — (¢"(W))"e(6W) ~ 0.39994

Q

Q

Now [ — M| < 0.01 so stop

Fisher scoring:

J 1 4 - _r_
0)0(0) .
and so

0+ 171 (0)0(0) = %

for all 6. To compare: analytically, = =04

2.3 Profile likelihood

Often 6 = (), ) where ¢ contains the parameters of interest and A contains
the other unknown parameters: nuisance parameters. Let Ay, be the MLE
for A for a given value of 1. Then the profile likelihood for v is

Lp(y) = L(¥, \y).

(in L(¢, A) replace A by A,); the profile log-likelihood is £p (1)) = log[Lp (1))

For point estimation, maximizing Lp(1)) with respect to ¢ gives the same
estimator ¢ as maximizing L(1, ) with respect to both ¢ and A (but possibly
different variances)

Example: Normal distribution.

Xi,..., X, iid. N(p,0?) with g and ¢ unknown. Given g, [73 =
(1/n) > (xz; — p)?, and given o2, fi,2 = T. Hence the profile likelihood for u

20



18

A9\ —n 1
Lp(u) = (2r52) /Qexp{—%z Z(%—W}
Hog=1

= {% Z(% - M)z] o ,

which gives i = 7; and the profile likelihood for o2 is

gives (Exercise)

2.4 Method of Moments (M.O.M)

Idea: match population moments to sample moments in order to obtain
estimators

Suppose X1,..., X, i.id. ~ f(z;6y,...,0,). Denote by
e = i (9) = B(XF)

the k' moment and by

n
the k" sample moment. In general, iy = pg(6s, ..., 0,).
Solve the equation
i (0) = My,
for £ = 1,2,..., until there are sufficient equations to solve for 6;,...,0,
(usually p equations for the p unknowns). The solutions 6y, ...,6, are the

method of moments estimators.

They are often not as efficient as MLEs, but may be easier to calculate.
They could be used as initial estimates in an iterative calculation of MLEs.

Example: Normal distribution. X,..., X, i.i.d. N(u,0?); u and o2
unknown

= p; My =X

21



”Solve” o
X

/J/ =
SO o
n=X.
Furthermore
1 n
2 2 2
= Mo = — X:
o = 0" + pu7; Mo - ; i
S0 solve
1 n
2 2 2
= — X
o+ =~ Z_; 2,
which gives
1 n

(not unbiased).

Example: Gamma distribution. X;,..., X, i.i.d. T'(¢,\);

1
flz;,\) = =—A\Vg¥le™?® for x > 0.

L(y)

Then uy = EX =9 /X and
o = BX? = /32 + (/)

Solve
My=9/,  My=19/N+ (§/N)?

for ¢ and \; gives

o= X /Ity (X - X)), and;\:Y/[n_IZ(Xi—Y)Z].

i=1
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2.5 Bias and variance approximations: the
delta method

Sometimes 7T is a function of one or more averages whose means and variances
can be calculated exactly; then we may be able to use the following simple
approximations for mean and variance of T

Suppose T' = ¢g(S) where ES = (§ and Var S = V. Taylor expansion gives
T =g(5) = g(B) + (S = B)g'(B).
Taking the mean and variance of the r.h.s.:
ET =~ g(B), VarT = [g(8)V.
If S is an average so that the central limit theorem (CLT) applies to it, i.e.,

S~ N(f,V), then
T ~ N(g(B),[d (B)*V)

for large n.

If V= w(0), then it is possible to choose g so that T has approximately
constant variance in 6: solve [¢'(3)]*v() = constant.

Example: Exponential distribution. X;,..., X, i.id. ~ exp(l%),
mean . Then S = X has mean p and variance p?/n. If T = log X then
g(p) =log(u), ¢'(n) = u~', and so Var T ~ n~!, independent of u: variance
stabilization

If the Taylor expansion is carried to the second-derivative term, we ob-
taion

BT % g(58) + 5V ()

In practice we use numerical estimates for § and V' if unknown.

When S, vectors (V' a matrix), with 7 still a scalar: Let (g’(ﬁ))Z =
0g/00; and let ¢"(3) be the matrix of second derivatives, then Taylor expan-
sion gives

Var T = [¢'(8)]"V¢'(B)

and

ET ~ 4(8) + 5 tracelg"(9)V].
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2.5.1 Exponential family models in canonical form and
asymptotic normality of the MLE

Recall that a one-parameter (i.e., scalar 6) exponential family density in
canonical form can be written as

f(z;0) = exp{z + c(8) + d(z)}.
For the canonical form
EX = u(0) = —(0), Var X = o?(0) = —c"(0).

Suppose X7,..., X, are i.i.d., canonical density. Then

00) = Y zi+nd(0) =n(@+(0)).
Since pu(0) = = (0),

~

00)=0 < 7= pu(d)

and we have already calculated that I,,(0) = E(—¢"(0)) = —nc"(0). If p is
invertible, then

0=pu"'(2).

The CLT applies to X so, for large n,
X~ N (u(0), =c"(0)/n).

With the delta-method, S ~ N (a, b) implies that

for continuous g, and small b. For S = X, with g(-) = p~*(-) we have
g'() = (W (p'()~", thus

0~ N(0,1;(0))
giving the asymptotic normality of the M.L.E..

Note: The approximate variance equals the Cramér-Rao lower bound:
quite generally the MLE is asymptotically efficient.
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Example: Binomial(m,p). With 0 = log <ﬁ) we have u(0) = m—

1+e?
t
ulﬁ)zbg(lfi)-

m

and we calculate

Note that here n = 1, we have a sample, x, of size 1. This gives

as expected from the invariance of mle’s. We hence know that 6 is approxi-
mately normally distributed.

Example: Logistic regression. The outcome of an experiment is 0
or 1, and the outcome may depend on some explanatory variables. We are
interested in

P(Y; = 1|z) = m(z]5).

The outcome for each experiment is in [0, 1]; in order to apply some normal
regression model we use the logit transform,

logit(p) = log (%)

which is now spread over the whole real line. The ratio ﬁ is also called the

odds. A (Generalized linear) model then relates the logit to the regressors in
a linear fashion;

logit(m(x|B)) = log (%) =27p.

The coefficients 3 describe how the odds for m change with change in the
explanatory variables. The model can now be treated like an ordinary linear
regression, X is the design matrix, 3 is the vector of coefficients. Transform-
ing back,

P(Yi=1]z) = exp(a’8) / (1+exp(a’B)).

The invariance property gives that the MLE of 7 (x|g), for any z, is (x| 3),
where ( is the MLE obtained in the ordinary linear regression from a sample
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of responses i, - - -, Yn with associated covariate vectors x1,...,x,. We know
that [ is approximately normally distributed, and we would like to infer
asymptotic normality of m(x|3).

(i) If B is scalar: Calculate that

K 0
%W(g;im) = % exp(:r:iﬁ)/ (1 + exp(x;0))

= 2" (1+exp(a;0)) " = (1 + exp(ai3)) 7wy
z;m (25| 8) — mi(m (2] B))?

= zim(]B)(1 = 7(wi|))

and the likelihood is

n n

L(3) = [Iw@l8) =Texp(iB)/ (1 +exp(w:)).
i=1 i=1
Hence the log likelihood has derivative

n

rE) = ;mmmm(l—mw»

= in(l — (x| 3))
so that
(B = - foﬂ(wilﬁ))(l — 7(24])).

Thus 3 ~ N (6, [71(3)) where I(3) = > x?m(1 — m;) with m; = (2] 8).

So now we know the parameters of the normal distribution which approx-
imates the distribution of 3. The delta method with g(8) = €°*/(1 + €°%),
gives

g(B) = zg(B)(1—g(B3))

and hence we conclude that m = 7(z|3) ~ N (m, 7%(1 — 7)1 1(8)).
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(ii) If G is vector: Similarly it is possible to calculate that B ~ N(ﬁ, [*1(6))
where [I(8)|u = E (—0%*/0B,05;). The vector version of the delta method
then gives

m(z|3) ~ N (m, (1 = m)*z" I (B)x)
with 7 = 7(x|3) and I(8) = XTRX. Here X is the design matrix, and
R = Diag (m;(1 —m;), i=1,...,n)
where m; = 7(x;|3). Note that this normal approximation is likely to be poor

for 7 near zero or one.

2.6 Excursions

2.6.1 Minimum Variance Unbiased Estimation

There is a pretty theory about how to construct minimum variance unbiased
estimators (MVUE) based on sufficient statistics. The key underlying result
is the Rao-Blackwell Theorem (Casella+Berger p.316). We do not have time
to go into detail during lectures, but you may like to read up on it.

2.6.2 A more general method of moments

Consider statistics of the form £ 3> | A(X;). Find the expected value as a
function of ¢

% Z Eh(X;) = r(f).

Now obtain an estimate for 6 by solving r(0) = = 3" | h(X;) for 0.
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Chapter 3

Hypothesis Testing

3.1 Pure significance tests

We have data x = (x1,...,2,) from f(x,6), and a hypothesis Hy which
restricts f(x,#). We would like to know:

Are the data consistent with Hy?

Hy is called the null hypothesis. 1t is called simple if it completely specifies
the density of x; it is called composite otherwise.

A pure significance test is a means of examining whether the data are
consistent with Hy where the only distribution of the data that is explicitly
formulated is that under Hy. Suppose that for a test statistic T = #(X),
the larger ¢(x), the more inconsistent the data with Hy. For simple Hy, the
p-value of x is then

p= P(T > t(x)|Hy).

Small p indicate more inconsistency with Hj.

For composite Hy: If S is sufficient for 6 then the distribution of X
conditional on S is independent of €; the p-value of x is

p = P(T = t(x)|Ho; 5).

Example: Dispersion of Poisson distribution. Let Hy: Xy,..., X,
iid. ~ Poisson(u), with unknown p. Under Hy, Var X; = EX; = u and so
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we would expect T' = #(X) = S?/X to be close to 1. The statistic 7" is also
called the dispersion index.
We suspect that the X;’s may be over-dispersed, that is, varianceX; >
EX;: discrepancy with Hy would then correspond to large T'. Recall that X is
sufficient for the Poisson distribution; the p-value is then p = P(S?/X > t(x)|X = 7; Hy)
under the Poisson hypothesis, which makes p independent of the unknown p.
Given X = 7 and H, we have that

S*/X =X 1/(n—1)
(see Chapter 5 later) and so the p-value of the test satisfies

P~ P(x;/(n—1) 2 H(x)).

Possible alternatives to Hy guide the choice and interpretation of 7. What
is a "best” test?

3.2 Simple null and alternative hypotheses:
The Neyman-Pearson Lemma

The general setting here is as follows: we have a random sample X1,..., X,
from f(x;0).

null hypothesis Hy : 0 € O
alternative hypothesis Hy : 0 € O

where ©; = O\ Og; O denotes the whole parameter space. We want to
choose rejection region or critical region R:

reject Hy <— X € R.

Now suppose that Hy : 6 = 6y, adn H; : 0 = 0; are both simple. The
Type I error is: reject Hy when it is true;

a = P(reject Hy|Hy),
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this is also known as size of the test.
The Type II error is: accept Hy when it is false;

5 = Placcept HoTy)/
The power of the test is 1 — = P(accept H|H,).

Usually: fix a (e.g., &« = 0.05, 0.01, etc.), look for a test which mini-
mizes 3: most powerful or best test of size a.

Intuitively: we reject Hy in favour of H; if likelihood of 6 is much larger
than likelihood of 6, given the data.

Neyman-Pearson Lemma: (see, e.g., Casella and Berger, p.366) The
most powerful test at level o of Hy versus H; has rejection region

R T 2

where the constant k, is chosen so that
P(X € R|Hy) =«
This test is called the the likelihood ratio (LR) test.
Often we simplify the condition
L(61;x)/L(0p; x) > ke

to
t(x) > ca,

for some constant ¢, and some statistic ¢(x); determine ¢, from the equation
P(T > c4|Hoy) = «,

where T' = ¢(X); then the test is “reject Hy if and only if T > ¢,”. For data
x the p-value is p = P(T > t(x)|Ho).

Example: Normal means, one-sided. Xi,..., X, ~ N(u,0?), o2
known; let
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Ho:p=po
Hy:p= pa, with pig > pio

Then

L(p1; %)

>k l(p;x) — (pe;x) > logk
L(/JJO;X) = (:ul ) (:u’O ) g

A Z (i = pn)* = (2 — po)?] > 20° log k
& (= po)T = K
ST >c (since py > po),

where k', ¢ are constants, indept. of x. Hence we choose ¢(x) = 7, and for
size a test choose ¢ so that

P(X > c|Hy) = a;

H()) = .

(c— No)/(a/\/ﬁ) = Zl-a;

(where ®(z1_,) = 1 — a with ® standard normal c.d.f.), i.e.

equivalently, such that

X —po _ c—po
P(wﬁ G

Hence we want

c= o+ 021_a/Vn.

So our test
“reject Hy if and only if X > ¢” becomes
“reject Hy if and only if X > g + 021_o//1”

This is the most powerful test of Hy versus H; at level .
Recall the notation for standard normal quantiles: If Z ~ N(0,1) then

P(Z <z,) =aand P(Z > z(a)) = «,
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and note that z(«a) = z1_4. Thus

PZ>z0)=1—-(1—-0a)=a.

Example: Bernoulli, probability of success, one-sided. Let Xq,..., X,
i.i.d. Bernoulli(#) then
L@)=60(1-0)""

where r = > x;j, Test Hy : 6 = 0y against Hy : 0 = 6,, where 0 > 6,. Now
01/90 > 1, (1 —91)/(1 —90) < 1, and

and so L(01;x)/L(00;x) > ko <= T > 71,.

So the best test rejects Hy for large r. For any given critical value r,

n

a=Y (?) 03 (1 — 0p)"~

J=re
gives the p-value if we set r. = r(x) = > _ x;, the observed value.

Note: The distribution is discrete, so we may not be able to achieve a
level «r test exactly (unless we use additional randomization). For example,
if R ~ Binomial(10,0.5), then P(R > 9) = 0.011, and P(R > 8) = 0.055,
so there is no ¢ such that P(R > ¢) = 0.05. A solution is to randomize: If
R > 9 reject the null hypothesis, if R < 7 accept the null hypothesis, and if
R =8 flip a (biased) coin to achieve the exact level of 0.05.

3.3 Composite alternative hypotheses

Suppose that @ scalar, Hy : 6 = 6, is simple, and we test against a composite
alternative hypotheses; this could be one-sided:
H 1 0 < 90

or Hif : 0 > 0p;
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or a two-sided alternative Hy : 6 # 6.
The power function of a test
power(f) = P(X € R|0);

the probability of rejecting Hy as a function of the true value of the pa-
rameter ; depends on «, the size of the test. Its main uses are comparing
alternative tests, and choosing sample size.

3.3.1 Uniformly most powerful tests

A test of size « is uniformly most powerful (UMP) if its power function is
such that
power(6) > power’(6)

for all § € ©1, where power’(6) is the power function of any other size-« test.
Consider: Hy against H;

For exponential family problems: usually for any 6, > 6, the rejection
region of the LR test is independent of #;. At the same time, the test is most
powerful for every single #; which is larger than 6,. Hence the test derived
for one such value of 6, is UMP for H, versus H; .

Example: normal mean, composite one-sided alternative
X1, X ~ N(p,0?) iid., 0? known
Ho:p=po
Hi > po
First pick arbitrary p; > pg. We have seen that the most powerful test of
[ = o versus p = p1 has a rejection region of the form

X > po+021_a/\Vn
for a test of size «.

This rejection region is independent of uq, hence it is UMP for H, ver-

33



sus H;. The power of the test is

power(u) = P(X > pg+021a/Vn | p)
X>[L()—|-0'Zl a/\/_‘X N(u, 2/n))

s Z1—a | X ~ N(p,0°/n))

0/\/_ UN_

- P(Z> 2 a—“/ﬁ\ZNN(o,n)

= 1= (210 — (1t — po)V/n/0).

The power increases from 0 up to o at = po and then to 1 as p increases.
The power increases as « increases.

P(X
- P2
(

Sample size calculation in the Normal example
Suppose want to be near-certain to reject Hy when u = pg+ 6, say, and have
size 0.05. Suppose we want to fix n to force power(u) = 0.99 at p = pg + 9:

0.99 = 1 — &(1.645 — 6v/n/c)

so that 0.01 = ®(1.645 — §y/n/o). Solving this equation (use tables) gives
—2.326 = 1.645 — d+/n/o, ie.

n = o*(1.645 + 2.326)* /6>
is the required sample size.

UMP tests are not always available. If not, options include:
1. Wald test
2. locally most powerful test (score test)

3. generalized likelihood ratio test.

3.3.2 Wald tests

The Wald test is directly based on the asymptotic normality of the m.l.e.
0 = 0,, often 0 ~ ./\/(Q,In_l(ﬁ)) it 6 is the true parameter. Recall: In a
random sample, I,,(0) = nl(0).
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Also it is often true that asymptotically, we may replace 6 by 6 in the
Fisher information,

0~ N(0,1,()).
So we can construct a test based on
W =1\/1.(0)(6 — 6,) ~ N(0,1).

If 0 is scalar, squaring gives
W2~ xi,
so equivalently we could use a chi-square test.
For higher-dimensional # we can base a test on the quadratic form

(0 — 60)" L,(0)(6 — 6y)
which is approximately chi-square distributed in large samples.

If we would like to test Hy : g(6) = 0, where g is a (scalar) differentiable
function, then the delta method gives as test statistic

W = g(O){GO)(L(9) G} "g(0),

where G(0) = a%—(;)T.

An advantage of the Wald test is that we do not need to evaluate the
likelihood under the null hypothesis, which can be awkward if the null hy-
pothesis contains a number of restrictions on a multidimensional parameter.
All we need is (an approximation) of 0, the maximum-likelihood-estimator.
But there is also a disadvantage:

Example: Non-invariance of the Wald test

Suppose that 6 is scalar and approximately N(0, I,,(6)~1)-distributed,
then for testing Hy : € = 0 the Wald statistic becomes

07/ 1,,(0),

which would be approximately standard normal. If instead we tested Hy :
63 = 0, then the delta method with g(6) = 63, so that ¢'(f) = 30, gives

Var(g(9)) = 96*(1(9)) ™"
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and as Wald statistic .
0 ~
5\/ I,(9),

which would again be approximately standard normal, but the p-values for
a finite sample may be quite different!

3.3.3 Locally most powerful test (Score test)

We consider first the problem to test Hy : 6 = 6y against Hy : 6 = 0y + 0. for
some small 9 > 0. We have seen that the most powerful test has a rejection
region of the form

0(8y + 8) — £(60) > k.

Taylor expansion gives

B oL(6y)
(0 +6) = £(By) + 6 9
le.
_ 00(0h)
00+ 0) — £(0y) =6 TR

So a locally most powerful (LMP) test has as rejection region

R= {x : 8%(20) > ka} .

This is also called the score test: 9¢/00 is known as the score function.
Under certain regularity conditions,

(2] -0 v %] - nio

As ¢ is usually a sum of independent components, so is 9¢(6y)/00, and the
CLT (Central Limit Theorem) can be applied.

Example: Cauchy parameter
Xi,..., X, random sample from Cauchy (6), having density

f(z;0) = [r(1+ (z — 9)2)}71 for —co < & < 0.
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Test Hy : 0 = 0y against H;" : 6 > 6y. Then

ety (it}

Fact: Under Hy, the expression 0¢(0y; X)/00 has mean 0, variance I,,(6y) =
n/2. The CLT applies, 9¢(0y; X)/00 ~ N (0,n/2) under Hy, so for the LMP

test,
PN(0,1/2) > ko) = P() (NV(0,1) > ka\/g) ~ a.

This gives k, &~ 21_o4/n/2, and as rejection region with approximate size o

B {X 22 <1+ é:—eoew ) ] \/g}

The score test has the advantage that we only need the likelihood under
the null hypothesis. It is also not generally invariant under reparametrisation.

The multidimensional version of the score test is as follows: Let U =
00/00 be the score function, then the score statistic is

UTI(6,)"'U.

Compare with a chi-square distribution.

3.3.4 Generalised likelihood ratio (LR) test

Test Hy : 6 = 0y against H;" : 6 > 6; use as rejection region

maxgp>g, L(0; %)
= : =0 >k, v
& {X L)

If L has one mode, at the m.l.e.AHA, then the likelihood ratio in the definition
of R is either 1, if 8 < 6y, or L(6;x)/L(0y; %), if 0 > 6.

Similar for H; with fairly obvious changes of signs and directions of in-
equalities.

The generalised LRT is invariant to a change in parametrisation.
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3.4 Two-sided tests

Test Hy : 0 = 0y against Hy : 0 # 6y. If the one-sided tests of size a have
symmetric rejection regions

Rt={x:t>¢c} and R ={x:t<—c},
then a two-sided test (of size 2«) is to take the rejection region to
R={x:|t| > c};
this test has as p-value p = P[t(X)| > tH,.

The two-sided (generalized) LR test uses

B maxy L(6; X)] L(6;X)
s R

and rejects Hy for large T'.
Fact: T ~ x3 under Hy (later).

Where possible, the exact distribution of T or of a statistic equivalent
to T' should be used.

If 0 is a vector: there is no such thing as a one-sided alternative hypoth-
esis. For the alternative 6 # 6, we use a LR test based on

L(6; X)
L(00; X) '

T = 2log [
Under Hy, T =~ X% where p = dimension of 6 (see Chapter 5).
For the score test we use as statistic
0'(00)" [1(60)) 7' (6s),
where 1(#) is the expected Fisher information matrix:

[L(0)]j := [1n(0))jr = E[=8%£/00,00].
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If the CLT applies to the score function, then this quadratic form is again
approximately Xf; under Hy (see Chapter 5).

Example: Pearson’s Chi-square statistic. We have a random sample
of size n, with p categories; P(X; = i) =m;, fori=1,...,p,j=1,...,n. As
Y mi =1, we take 6 = (my,...,mp_1). The likelihood function is then

n;
II~

where n; = # observations in category ¢ (so Y.n; = n). We think of
ni,...,n, as realisations of random counts Ny,..., N,. The m.l.e. is 6 =
n~t(ny,...,ny_1). Test Hy : 6 = 6y, where 6y = (m10,...,7p_10), against
Hy:0#0,.

The score vector is vector of partial derivatives of

p—1 p—1
= an log m; + n, log (1 — Zm)
i=1 k=1

with respect to my,...,m,_1:

ov n; n

Y
Om  m  1-3 4 m
The matrix of second derivatives has entries

826 . nz(Slk Ny

omom, 2 (1=>Sr) L m)2

where 6, = 1 if 1 = k, and &, = 0 if ¢ ## k. Minus the expectation of this,
using Fy, (N;) = nm;, gives

I(0) = nDiag(n{!,. .., T, ) +nll'r _1
where 1 is a (p — 1)-dimensional vector of ones.

Compute



this statistic is called the chi-squared statistic, T say. The CLT for the score
vector gives that 7'~ x>_, under H.

Note: the form of the chi-squared statistic is

> (0, - E)/E,

where O; and E; refer to observed and expected frequencies in category i:
This is known as Pearson’s chi-square statistic.

3.5 Composite null hypotheses

Let & = (¢, \), where X\ is a nuisance parameter. We want a test which
does not depend on the unknown value of A\. Extending two of the previous
methods:

3.5.1 Generalized likelihood ratio test: Composite null
hypothesis

HO -0 S @0
H119€@1:@\@0
The (generalized) LR test uses the likelihood ratio statistic
max L(6; X)
_ 6¢6
max L(6; X)
[USCH

and rejects Hy for large values of T'.

Now 6 = (3, \), assume that 1) is scalar, test Hy : 1) = 1y against H; : ¢ >
9. The LR statistic T is

L, A L
. Jpax L(y )_Ln;}% p(¥)

max L(to, \) Lp(tho)

where Lp (1)) is the profile likelihood for ¢. For Hy against H; : ¢ # 1y,

_ r%%\XL(w’)\) _ L( A’ A)
max L(¢o,\)  Lp(th)
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Often (see Chapter 5):
2log T =~ X,

where p is the dimension of

Important requirement: the dimension of A does not depend on n.

Example: Normal distribution and Student t-test. Random sam-
ple, size n, N(u,c?), both p and o unknown; Hy : g = po. Ignoring an
irrelevant additive constant,

n(T — )+ (n—1)s
202

0(0) = —nlogo —
Maximizing this w.r.t. ¢ with u fixed gives

(p(n) = — 2 log (<n ~1)s* 4 n(@ - u)Q) |

2 n
If H : p > po: maximize ¢p(p) over p > po:

if ¥ < pp then max at p = py
if x > pp then max at p=7=o
So logT = 0 when T < iy and is

2 2 n
n (T — pg)?

= Dog (14 TR0
2 Og( i <n—1>s2>

when T > po. Thus the LR rejection region is of the form
R={x:t(x)>ca}s

where _

V(T — o)

—

This statistic is called Student-t statistic. Under Hy, ¢(X) ~ t,—1, and for a

size a test set ¢, = t,_1,1-q; the p-value is p = P(t,,_1 > t(x)). Here we use

the quantile notation P(t,—1 > t,—11-4) = .

t(x) =

The two-sided test of Hy against Hy : p # po is easier, as unconstrained
maxima are used. The size « test has rejection region

R = {X : |t(X)| Z tnfl,lfa/Q}-
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3.5.2 Score test: Composite null hypothesis

Now 6 = (1, \) with ¢ scalar, test Hy : 1) = 1y against H{" : 1 > 1)y or
H{ 4 <1)y. The score test statistic is

p_ 0o, Ao X)

o ’
where \o is the MLE for A when Hy is true. Large positive values of T
indicate H,", and large negative values indicate H,. Thus the rejection

regions are of the form T > kI when testing against H;", and T' < k when
testing against Hy .

Recall the derivation of the score test,

4(6o)
B

If 6 > 0, i.e. for H{", we reject if T is large; if § < 0, i.e. for H; , we reject if
T is small.

(0 + ) — () ~ & = 4T.

Sometimes the exact null distribution of T is available; more often we
use that 7' &~ normal (by CLT, see Chapter 5), zero mean. To find the
approximate variance:

1. compute (g, A)

2. invert to I~!

3. take the diagonal element corresponding to v
4. invert this element

5. replace A by the null hypothesis MLE No.
Denote the result by v, then Z = T'/y/v = N (0, 1) under Hy.

A considerable advantage is that the unconstrained MLE 1& is not re-
quired.

Example: linear or non-linear model? We can extend the linear
model Y; = (21 5) +¢;, where €1, ..., ¢, ii.d. N'(0,0%), to a non-linear model

Yy = (27 8)" + ¢
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with the same €’s. Test Hy : ¢ = 1: usual linear model, against, say,
H; :% < 1. Here our nuisance parameters are AT = (37, ?).

Write 7; = :cjrﬁ , and denote the usual linear model fitted values by 7,0 =

ijBO, where the estimates are obtained under Hy. As Y; ~ N(n;,0%), we
have up to an irrelevant additive constant,

1
£(¢7 67 U) —-n IOgO' - ﬁ (yj - n;'/))Za

and so

ol 1
" o > (y; — Y)Y logn;.,

yielding that the null MLE’s are the usual LSEs (least-square estimates),
which are

Bo=(XTX)T'XTY, &2 =n""D (V-] o).

So the score test statistic becomes

1 . . R
T = Z(Y} — 1j0) (M50 log 0j0).

0-2

We reject Hy for large negative values of 7.

Compute approximate null variance (see below):

] >ou Zujxji 0
I(3, B,0) = = >oujzy Y wiry 0
0 0 2n

where u; = n;logn;. The (1, 1) element of the inverse of I has reciprocal
(v'u—u" X (XTX)' X)) /o,

where u” = (uy,...,u,). Substitute f;o for n; and 6% for o? to get v. For
the approximate p-value calculate z = t//v and set p = ®(z2).

Calculation trick: To compute the (1, 1) element of the inverse of I above:
if



where a is a scalar, z is an (n — 1) x 1 vector and B is an (n — 1) x (n — 1)
matrix, then (A7) = 1/(a — 2" B 'z).

Recall also:
%nd’ = %ewln” = lnnewln77 = nd’ Inn.

For the (1, 1)-entry of the information matrix, we calculate

0%l 1
w? o2 {(—nf log n;)n! logn; + (y; — ’7}p>?7§'b<10g77ﬂ')2}’

and as Y; ~ N (n;,0?) we have

02( 1 " Y 1 2
E{‘a—wz} = 5D logyn logn; = —5 >

as required. The off-diagonal terms in the information matrix can be calcu-
lated in a similar way, using that %n = x]T

3.6 Multiple tests

When many tests applied to the same data, there is a tendency for some
p-values to be small: Suppose Pi,..., P, are the random P-values for m
independent tests at level a (before seeing the data); for each i, suppose that
P(P; < &) = «if the null hypothesis is true. But then the probability that at
least one of the null hypothesis is rejected if m independent tests are carried
out is

1 — P( none rejected) =1 — (1 — a)™.

Ezxample: If o = 0.05 and m = 10, then

P( at least one rejected |Hy true ) = 0.4012.

Thus with high probability at least one ”significant” result will be found
even when all the null hypotheses are true.

44



Bonferroni: The Bonferroni inequality gives that
P(min P; < o|Hp) < Z (P; < a|Hp) < ma.

A cautious approach for an overall level « is therefore to declare the most
significant of m test results as significant at level p only if minp; < p/m.

Example: If o = 0.05 and m = 10, then reject only if the p-value is less
than 0.005.

3.7 Combining independent tests

Suppose we have k independent experiments/studies for the same null hy-
pothesis. If only the p-values are reported, and if we have continuous distribu-
tion, we may use that under Hy each p-value is U|0, 1] uniformly distributed
(see Exercise). This gives that

k
—2) "log P, ~ x3

i=1

(exactly) under Hy, so

Pcomb = P(ng > _2210gp2)

If each test is based on a statistic T such that T; ~ N(0,v;), then the
best combination statistic is

Z =3T3

If Hy is a hypothesis about a common parameter 1, then the best com-

bination of evidence is
> lei)

and the combined test would be derived from this (e.g., an LR or score test).
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Advice

Even though a test may initially be focussed on departures in one direc-
tion, it is usually a good idea not to totally disregard departures in the other
direction, even if they are unexpected.

Warning:

Not rejecting the null hypothesis does not mean that the null hypothesis
is true! Rather it means that there is not enough evidence to reject the null
hypothesis; the data are consistent with the null hypothesis.

The p-value is not the probability that the null hypothesis is true.

3.8 Nonparametric tests

Sometimes we do not have a parametric model available, and the null hy-
pothesis is phrased in terms of arbitrary distributions, for example concerning
only the median of the underlying distribution. Such tests are called non-
parametric or distribution-free; treating these would go beyond the scope of
these lectures.
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Chapter 4

Interval estimation

The goal for interval estimation is to specify the accurary of an estimate. A
1 — « confidence set for a parameter 6 is a set C(X) in the parameter space
O, depending only on X, such that

Pg(@ c C(X)) =1-—a.
Note: it is not # that is random, but the set C'(X).

For a scalar # we would usually like to find an interval
C(X) = [i(X), u(X)]

so that Py (6 € [I[(X),u(X)]) =1 — a. Then [I(X),u(X)] is an interval esti-
mator or confidence interval for 0; and the observed interval [I(x), u(x)] is
an interval estimate. If [ is —oo or if u is 400, then we have a one-sided
estimator/estimate. If | is —oco, we have an upper confidence interval, if u is
+00, we have an lower confidence interval.

Example: Normal, unknown mean and variance. Let X;,..., X,
be a random sample from A (u, 02), where both ;1 and o2 are unknown. Then

(X — u)/(S/\/n) ~ t,_; and so
X —p
1 - = Puo <tp-11-a
R =
= P;L70'2 (7 - tnfl,lfa/?s/\/ﬁ S H < y + tnfl,lfa/?s/\/ﬁ)?
and so the (familiar) interval with end points
7 + tn—l,l—a/QS/\/ﬁ

is a 1 — a confidence interval for p.
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4.1 Construction of confidence sets

4.1.1 Pivotal quantities

A pivotal quantity (or pivot) is a random variable ¢(X, §) whose distribution
is independent of all parameters, and so it has the same distribution for all 6.

Example: (X — u)/(S/+/n) in the example above has t,_;-distribution if
the random sample comes from N (u, o?).

We use pivotal quantities to construct confidence sets, as follows. Suppose
f is a scalar. Choose a,b such that

Po(a <t(X,0) <b)=1-—a.

Manipulate this equation to give Py(((X) < 0 < u(X)) =1 -« (iftisa
monotonic function of 8); then [I(X), u(X)] is a 1 — o confidence interval for
6.

Example: Exponential random sample. Let Xi,..., X, be a ran-

dom sample from an exponential distribution with unknown mean p. Then
we know that nX/u ~ Gamma(n,1). If the a-quantile of Gamma(n,1) is
denoted by g, o then

l—a = P,(nX/1u> gna)=Pu(it < 10X /gna).

Hence [0,nX/gn.a) is a 1 — a confidence interval for . Alternatively, we say
that nX /¢, is the upper 1 — a confidence limit for p.

4.1.2 Confidence sets derived from point estimators

Suppose é(X) is an estimator for a scalar €, from a known distribution. Then
we can take our confidence interval as

[é — Al—q, é + bl—a]

where [ and b;_,, are chosen suitably.
If & ~ N(0,v), perhaps approximately, then for a symmetric interval
choose

W—a = bi—a = Z1_a/2\/0.
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Note: [0 — ay_q,0 + by_g] is not immediately a confidence interval for

~

6 if v depends on @: in that case replace v(f) by v(f), which is a further
approximation.

4.1.3 Approximate confidence intervals

Sometimes we do not have an exact distribution available, but normal ap-
proximation is known to hold.

Example: asymptotic normality of m.l.e. . We have seen that,
under regularity, 6 ~ N (0,17(6)). If 6 is scalar, then (under regularity)

éizl_a/g/m

is an approximate 1 — « confidence interval for 6.

Sometimes we can improve the accuracy by applying (monotone) trans-
formation of the estimator, using the delta method, and inverting the trans-
formation to get the final result.

As a guide line for transformations, in general a normal approximation
should be used on a scale where a quantity ranges over (—oo, 00).

Example: Bivariate normal distribution. Let (X;,Y;),i=1,...,n,
be a random sample from a bivariate normal distribution, with unknown
mean vector and covariance matrix. The parameter of interest is p, the
bivariate normal correlation. The MLE for p is the sample correlation

i (X = X)(Y; —Y)
VI (X = X2 S (Y - V)2
whose range is [—1, 1]. For large n,

R~ N(p,(1—p")*/n),

R:

using the expected Fisher information matrix to obtain an approximate vari-
ance (see the section on asymptotic theory).

But the distribution of R is very skewed, the approximation is poor un-
less n is very large. For a variable whose range is (—o00,00), we use the
tranformation

2= Jlogl(1+ R)/(1 - B)}
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this transformation is called the Fisher z transformation. By the delta
method,
Z ~ N((,1/n)

where ¢ = $log[(1 + p)/(1 — p)]. So a 1 — a confidence interval for p can
be calculated as follows: for ¢ compute the interval limits Z &+ 2_q/5/ v,
then transform these to the p scale using the inverse transformation p =

(€% —1)/(e* +1).

4.1.4 Confidence intervals derived from hypothesis tests

Define C'(X) to be the set of values of 6, for which Hy would not be rejected
in size-a tests of Hy : @ = 6. Here the form of the 1 — o confidence set
obtained depends on the alternative hypotheses.

Ezxample: to produce an interval with finite upper and lower limits use H :
0 # 0o; to find an upper confidence limit use H; : 6 < 6.

Example: Normal, known variance, unknown mean. Let X1,..., X,
be i.i.d. N(p,0?), where o known. For Hy : p = g versus Hy : p # pg the
usual test has an acceptance region of the form

7—Mo
a/v/n

So the values of y for which Hj is accepted are those in the interval

[7 - 2’1—(1/2<7/\/ﬁa7 + Zl—a/20/\/ﬁ];

< Zl—a/2-

this interval is a 100(1 — «)% confidence interval for p.
For Hy : o = po versus Hy : pu < pp the UMP test accepts Hy if

X > g — z21-00/v/n

ie., if
Ko S X + Zlfao-/\/ﬁ'
So an upper 1 — a confidence limit for p is X + z1_o0/y/n.
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4.2 Hypothesis test from confidence regions

Conversely, we can also construct tests based on confidence interval:

For Hy : 6 = 0y against Hy : 0 # 6, if C(X) is 100(1 — a)% two-sided
confidence region for 6, then for a size a test reject Hy if 0y # C(X): The
confidence region is the acceptance region for the test.

If 0 is a scalar: For Hy : 6 = 6 against H; : 0 < 6, if C'(X) is 100(1—a)%
upper confidence region for #, then for a size « test reject Hy if 6y # C(X).

Example: Normal, known variance. Let Xi,..., X, ~ N(u,0?) be
i.id., where 0% is known. For Hy : p = pg versus Hy : u # po the usual
100(1 — )% confidence region is

[7 - 21—01/20/\/57Y + Zl—a/20/\/ﬁ]7

so reject Hy if

To test Hy : ju = g versus Hy : p < po: an upper 100(1 — )% confidence
region is X + zl_a/ga/\/ﬁ, so reject Hy if

Mo > 7"‘217&0/\/5
ie. if

X < Ho — Zl—ag/\/ﬁ-

We can also construct approximate hypothesis test based on approximate
confidence intervals. For example, we use the asymptotic normality of m.l.e.
to derive a Wald test.

4.3 Prediction Sets

What is a set of plausible values for a future data value? A 1 — « prediction
set for an unobserved random variable X,,; based on the observed data
X =(Xy,...,X,) is a random set P(X) for which

P(Xu1 € P(X)) =1 a.
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Sometimes such a set can be derived by finding a prediction pivot t(X, X,11)
whose distribution does not depend on 6. If a set R is such that P(¢(X, X,,41) €
R) =1—a, then a 1 — « prediction set is

P(X) = {Xp11 : 4(X, Xp1) € R}

Example: Normal, unknown mean and variance. Let Xy,... X, ~
N(u,0?) be i.i.d., where both p and o2 are unknown. A possible prediction
pivot is
Xn+1 B 7

S\1+L

As X ~ N(u, %) and X, .1 ~ N(u,0?) is independent of X, it follows that
Xpi1 — X ~ N(0,0%(1 + 1/n)), and so #(X, X,,1) has t,_; distribution.
Hence a 1 — « prediction interval is

t(X> Xn+1) =

{Xog1 : H(X, Xg1)| S tac11-a/2})

— 1 — 1
= {Xn+l X =Sy 1+ Etnfl,lfa/2 < Xy S X+ 541+ Etnl,la/2} .
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Chapter 5

Asymptotic Theory

What happens as n — o0o?

Let 8 = (60y,...,0,) be the parameter of interest, let £(f) be the log-
likelihood. Then ¢'(6) is a vector, with jth component 9¢/0¢;, and 1(6) =
I,(0) is the Fisher information matrix, whose (j, k) entry is Ey (—9%(/06,;00;).

5.1 Consistency

A sequence of estimators T,, for 8, where T,, = t,,(X1, ..., X,), is said to be
consistent if, for any € > 0,

Py(|T, — 0] >¢) —0 as n — 00.
In that case we also say that T,, converges to 6 in probability.

Example: the sample mean. Let X, be and i.i.d. sample of size n,
with finite variance, mean 6 then, by the weak law of large numbers, X, is
consistent for 6.

Recall: The weak law of large numbers states: Let X, Xs,... be a se-

quence of independent random variablles with E(X;) = u and Var(X;) = o2,

and let X,, = 13" | X;. Then, for any € > Om

P(|X, —u| >¢) — 0asn — oo.
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A sufficient condition for consistency is that Bias(7},) — 0 and Var(7,,) —
0 as n — o0o. (Use Chebyshev inequality to show this fact).

Subject to regularity conditions, MLEs are consistent.

5.2 Distribution of MLEs

Assume that Xi,..., X, iid. where 0 scalar, and 6 = é(X) is the m.l.e.;
assume that 6 exists and is unique. In regular problems, € is solution to the
likelihood equation ¢'(6) = 0. Then Taylor expansion gives

0="0(0) = '0)+ (0 —0)"®)
and so
—0"(0) 5 L)
) (0 —0) ~ 70 (5.1)

For the left hand side of (5.1):

—("(0)/1(0) = Y Y/ (np)

where

Yi = 0°/06%{log f(X;;0)}
and p = E(Y;). The weak law of large numbers gives that

—0"(0)/1(6) — 1

in probability, as n — oo. So

For the right hand side of (5.1),

00) = 0/00{log f(X;;0)}
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is the sum of i.i.d. random variables. By the CLT, ¢'(0) is approximately
normal with mean E[¢'(f)] = 0 and variance Var{'(6) = I(6), and hence
0'(0) ~ N(0,1(0)) or

(0)/1(6) = N(O, [1(0)] ). (5.2)

Combining:

Result:
6~ N@B,[10)]™) (5.3)
is the approximate distribution of the MLE.

The above argument generalizes immediately to 6 being a vector: if 6
has p components, say, then 0 is approximately multivariate normal in p-
dimensions with mean vector § and covariance matrix [I(6)]~*.

In practice we often use I(6) in place of 1(6).

A corresponding normal approximation applies to any monotone trans-

formation of 6 by the delta method, as seen before.

Back to our tests:

1. Wald test

2. Score test (LMP test)
3. Generalized LR test.

A normal approximation for the Wald test follows immediately from (5.3).

5.3 Normal approximation for the LMP /score
test

Test Hy : 0 = 0y against H;” : 6 > 0y (where 6 is a scalar:) We reject H
if /(0) is large (in contrast, for Hy versus H; : 6 < 6, small values of ¢'()
would indicate H; ). The score test statistic is ¢'(6)/1/1(0). From (5.2) we
obtain immediately that

7(8)//1(0) ~ N(0,1).

To find an (approximate) rejection region for the test: use the normal ap-
proximation at 6 = 6, since the rejection region is calculated under the
assumption that Hy is true.
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5.4 Chi-square approximation for the gener-
alized likelihood ratio test

TesAt Hy : 0 = 0y against H; : 0 # 6y, where 0 is scalar. Reject Hj if
L(0;X)/L(6; X) is large; equivalently, reject for large

~

2log LR = 2[¢(6) — £(0)).

We use Taylor expansion around 6:

~

((6) — £(9)
~ —(0-0)0'0) - 100"
Setting £ (A) = 0, we obtain

~

00) —6) ~ —50-60)"().

By the consistency of é, we may approximate

~

0"(0) ~ —I(6)
to get

200(0) — 0(0)] = (0 — 0)*1(0) = (%) .

From (5.2), the asymptotic normality of 0, and as X2 variable is the square
of a N(0, 1) variable, we obtain that

2log LR = 2[0(0) — £(0)] = x>

We can calculate a rejection region for the test of Hy versus H; under this
approximation.

For 6 = (64, ...,0,), testing Hy : 8 = 6, versus H; : 6 # 6, the dimension
of the normal limit for  is p, hence the degrees of freedom of the related
chi-squared variables are also p:

COTIO]0) =

p

and R
2log LR = 2[(0) — ((0)] = x>
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5.5 Profile likelihood

Now 6 = (¢, ), and 5\¢ is the MLE of A when ) fixed. Recall the profile
log-likelihood £p(1)) = £(2), Ay).

5.5.1 Omne-sided score test

We test Hy : 1) = 1) against HfA: ¥ > 1g; we reject Hy based on large values
of the score function T' = £,,(1, Ay). Again T has approximate mean zero.

For the approximate variance of T, we expand
T~ Ly (1, A) + (A = N (¥, A).
From (5.1), )
0—0~110.

We write this as

A -1

V=0 o T Tua Gy Y

A=A Tyn I 0y
Here £}, = A@ﬁ/&b, 0\ = OLJON, U] \ = O*L)OYON, Iy, = E[-L7 ] etc. Now
substitute Ay — A = I/\_’}\E’)\ and put

227/\ ~ —[1%)\.
Calculate
V(T) ~ ITZMZ} + (I)\_&)2[3}7>\[/\,)\ — 2[)\_&\[1&,)\[1[),)\

to get

T ~ by, — LIyl =~ N(0,1/1%%),
where IV = (I, — I7 I, )7 is the top left element of /~'. Estimate

the Fisher information by substituting the null hypothesis values. Finally
calculate the practical standardized form of T" as

Z= (0, AT A & N(O, 1),

/ Var(T')
Similar results for vector-valued 1) and vector-valued A hold, with obvious
modifications, provided that the dimension of A is fized (i.e., independent of
the sample size n).
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5.5.2 Two-sided likelihood ratio tests

Assume that 1) and A are scalars. We use similar arguments as above, in-
cluding Taylor expansion, for

2log LR = 2 [aw,A) - aw,w]
to obtain
2log LR ~ () — )2 /T ~ \2, (5.4)

where IV = (I, —1I7 ,15,) " is the top left element of 7~!. The chi-squared

approximation above follows from 1[) — 1) ~ normal.

(Details can be found in the additional material at the end of this section.)
In general, if § is p-dimensional, then 2log LR ~ x;.

Note: This result applies to the comparison of nested models, i.e., where
one model is a special case of the other, but it does not apply to the com-
parison of non-nested models.

5.6 Connections with deviance

In GLM’s, the deviance is usually 2log LR for two nested models, one the
saturated model with a separate parameter for every response and the other
the GLM (linear regression, log-linear model, etc.) For normal linear models
the deviance equals the RSS. The general chi-squared result above need not

apply to the deviance, because A has dimension n—p where p is the dimension
of the GLM.

But the result does apply to deviance differences: Compare the GLM fit
with p parameters (comprising 6 = (¢, \)) to a special case with only ¢ (< p)
parameters (i.e., with ¢) omitted), then 2log LR for that comparison is the
deviance difference, and in the null case (special case correct) = Xf,_q-
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5.7 Confidence regions

We can construct confidence regions based on the asymptotic normal distri-
butions of the score statistic and the MLE, or on the chi-square approxima-
tion to the likelihood ratio statistic, or to the profile likelihood ratio statistic.
These are equivalent in the limit n — oo, but they may display slightly dif-
ferent behaviour for finite samples.

Example: Wald-type interval. Based on the asymptotic normality
of a p-dimensional 0, an approximate 1 — a confidence region is

{0:(0-0)"1(0)(0—0) <x2,_.}-

As an alternative to using I(¢) we could use J(0), the observed information
or observed precision evaluated at 6, where [J(0)];, = —0*(/06;00.

An advantage of the first type of region is that all values of 6 inside
the confidence region have higher likelihood than all values of 6 outside the
region.

Example: normal sample, known variance. Let Xi,..., X, ~
N(u,0?) be ii.d, with 0? known. The log LR difference is

(s x) — €(p; %)

= s [ - = e w7

n(@ — )’
B 202
so an approximate confidence interval is given by the values of u satisfying
n(X —p)? _ o, X—p
—— <= or < 21_a/2,
20_2 = 2X1,1—a O'/\/ﬁ > Al—a/2

which gives the same interval as in Chapter 4. In this case the approximate
x? result is, in fact, exact.

5.8 Additional material: Derivation of (5.4)

Assume 1) and A scalars, then

O\ o (Tow Lo ) (G
A— A Iy Iy 0\ )
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Similarly we have that
Ao — A~ I

As R R
O = Tpa(¥ — ) + (A= N),

we obtain
Ao =X & A=A+ I (W — ).
Taylor expansion gives
2log LR = 2 [E(@E, \) — (v, xp)]
. 5\) B

= 2[0,A) = €, V)| =2 [ew, ) - £, )]
(= b, A= NI = b, A = 1) = (0, X = A)T(0, A = Ay)".

Q

Substituting for 5\¢ — )\ gives
2log LR~ ( —)* /1" ~ x4,

where 1YY = (I, — I3 ,I,}) 7" is the top left element of /~'. This is what
we wanted to show.
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