Statistical Theory MT 2009
Problems 4: Solution sketches

1. Suppose that X has a Poisson distribution with unknown mean 6.

Determine the Jeffreys prior 7/ for 6, and discuss whether the “scale-invariant” prior
mo(0) = 1/60 might be preferrable as noninformative prior.

Solution: The Poisson probability mass function is f(z]6) = e™?%, 2 =0,1,... An
element () of the conjugate prior family is given by

m(0) o< e”™9™ 6 > 0.

For this to be a proper prior we require 79 > 0 and 7 > —1. The posterior density of
0 given x is then given by

7(0|x) o e~ FVIgTHT g 5 0,

which is a Gamma distribution with parameters « = 7 +x + 1 and f =19+ 1. To
obtain the Jeffreys prior we need the Fisher information /(). Note that

0? x
> 0? 0 1

It follows that the Jeffreys prior is

Comparison with scale-invariant prior: If your relative beliefs about any two parameter
values 6; and 6, depend only on their ratio 6;/6s, then you will be led to the scale-
invariant prior, myp = 1/6. If on the other hand you insist that the prior distribution of
f is invariant under parametric transformatinos then you are led to the Jeffreys prior.
In this example, these two philosophies are incompatible.

2. Suppose again that X has a Poisson distribution with unknown mean 6.

Using 7/ as the reference measure, find the maximum entropy prior under the con-
straints that the prior mean and variance of 6 are both 1. (Just write it in terms of
the constraints A; and Ay from lectures, do not solve for these.)

Repeat, for the reference measure m. (Again, just write it in terms of the constraints
A1 and Ay from lectures, do not solve for these.)

Solution: Mazimum entropy prior: The constraints are £, () = 1 and E,((60 —1)%) =
1, and the reference measure is m..;(0) = 7/(0) §~2. By definition, the prior
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density that maximises the entropy relative to the reference density m,.; and satisfies

m constraints is .
_on . Trep(@)exp(Xiiy Argr(9))
W(Q) - m ?
S e (0)exp(1y Aegr(0))d0
and in our case m = 2,¢,(0) =0, g2(0) = (f — 1)?, and so

7(6) o 9_%ea:p()\19 + A0 — 1)?).

Similarly, when the reference measure is 7.y = m, then the maximum entropy prior is

7(0) oc 0 reaxp(M0 + X (0 — 1)?).

Side remark: Poisson process: The probability density of the inter-arrival times in a
Poisson process is

fz|A) = e
For this density the Fisher information is

0? 1
so that the Jeffreys prior for A is proportional to 1/A. Since § = AT and T is a known
constant, this implies that, from the perspective of inter-arrival times, the prior density
for 6 should also be proportional to 1/6.

. Suppose that z1, ..., x, is a random sample from a Poisson distribution with unknown
mean #. Two models for the prior distribution of 6 are contemplated;

m(@) =e? 6>0, and m(0) =e %0, 6>0.

(a) Calculate the the Bayes estimator of § under both models, with quadratic loss
function.

(b) The prior probabilities of model 1 and model 2 are assessed at probability 1/2 each.
Calculate the Bayes factor for Hy:model 1 applies against Hi:model 2 applies.
Solution:
(a) We calculate
m1(0]x) o e 0P Tie=0 — o~(ntDEp) i

which we recognize as Gamma(}_z; + 1,n + 1). The Bayes estimator is the

expected value of the posterior distribution, 2;5: L For Model 2,

mo(0]x) ox 99> i =0y 6—(n+1)992mi+17

which we recognize as Gamma(}_ z; + 2,n + 1). The Bayes estimator is the

expected value of the posterior distribution, z;f;;r 2 Note that the first model has

greater weight for smaller values of 6, so the posterior distribution is shifted to
the left.




(b) The prior probabilities of model 1 and model 2 are assessed at probability 1/2
each. Then the Bayes factor is

oo el rie=0dp

o emm092- =000

L(Czi+D/((n+ 12 n41
D(Ca+2)/((n+1)X+?) T +17
Note that in this setting

B(x) =

P(Model 1]x)  P(Model 1|x)
P(Model 2|x) 1 — P(Model 1|x)’
so that P(Model 1]x) = (1 + B(x)~')~*. Hence

NS RNt = 1\ L
P(Model 1]x) = <1+W> :<1+x+711>
n+1 1+E

B(x)

which is decreasing for T increasing.

4. * Let 0 be a real-valued parameter and let f(x|6) be the probability density function
of an observation x, given #. The prior distribution of 6 has a discrete component that
gives probability 3 to the point null hypothesis Hy : 8 = 6y. The remainder of the
distribution is continuous, and conditional on @ # 6, its density is g(0).

(
(

a) Derive an expression for 7(fy|x), the posterior probability of Hy.

b) Derive the Bayes factor B(z) for the null hypothesis against the alternative.
)
)

(c
(d) Explain how you would use B(z) to construct a most powerful test of size « for
Hy, against the alternative Hy : 6 # 6.

Express m(6g|x) in terms of B(z).

Solution:

(a) Following lectures, the posterior probability of 6y is

- ﬂf(x|90)
m(Ool) = B Te) + (L = Bym(@)’

where
m(z) = [ f(x10)g(0)do.

(b) The Bayes factor is

P(0=bg|x)
blo) - g
P(0+#60)
) Gl (-G
Bf(x]bo) + (1 — B)m(x) (1= B)m(x)
J (260

m(z)

&
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(c¢) From lectures,

7(0o|z) = <1+;B_(f)>1.

(d) The simple hypothesis § = 6, can be tested against the simple hypothesis that
the density of z is [ f(z|0)g(0)d0; i.e. Hy: x ~ f(z|0) and Hy : © ~ m(x).

The Neyman-Pearson Lemma says that the most powerful test of size « rejects
Hy when f(z]0)/m(x) < C,, where C, is chosen such that

/ f(z]@)dx = «.
{z:f(210)/m(x)<Ca}

So we reject when B(x) < C,,.

5. Suppose that xq,...,z, is a sample from a normal distribution with mean 6 and vari-
ance v. Let Hy : 8 = 0, and let the alternative be H; : # # 0. The prior distribution
of # has a discrete component that gives probability 1/2 to the point null hypothesis
Hy; the remainder of the prior distribution is continuous, and conditional on 6 # 6y,
its density is g(f) given by

g(0) = (2mw?) "2 exp{—6°/(2w?)},
for —oo < @ < co. Show that, if the sample mean is observed to be 10(v/n)'/2, then

(a) the likelihood ratio test of size a = 0.05 will reject Hy for any value of n;

(b) the posterior probability of Hy converges to 1, as n — oo.

Solution:

(a) We now have © = (z1,...,x,). The statistic T is sufficient. Under Hy, T ~
N(0,v/n) and under Hy, T ~ N(0,v/n + w?). The most powerful test rejects

when |T/y/v/n| > Cgy. For a 5% test, Cyo is certainly less than 2, therefore
with the observed value of x the test will reject Hy at the 5% level.

(b) However the Bayes factor is

1 exp{— 1021)/71}

v/n 2v/n
B = —YY

S 102v/n }

\/Wexp{_ 2(0/ntw?

Therefore the posterior probability of Hy converges to 1 (contrasting with the
conclusion of the frequentist test).

— 00 as n — Q.




