Stein’s Method for Chisquare Approximations, Weak Law of
Large Numbers, and Discrete Distributions from a Gibbs View
Point
GESINE REINERT
DEPARTMENT OF STATISTICS
UNIVERSITY OF OXFORD

Introduction

The goal of this chapter is to illustrate how Stein’s method can be applied to a variety of distributions. We
shall employ three different approaches, namely the generator method (see also [18]), density equations, and

coupling equations. Two main examples to bear in mind are

1. The standard normal distribution A/(0,1): Let N denote the expectation under N'(0,1). The Stein
characterization for A/(0,1) is that X ~ A(0,1) if and only if for all continuous and piecewise contin-
uously differentiable functions f : R — R with N|f'| < oo, we have

Ef'(X) - EXf(X) = 0.
See [39] and [11] for a thorough treatment.

2. The Poisson distribution with parameter A, Poisson(\) with the corresponding Stein characterization
that X ~ Poisson()) if and only if for all real-valued functions f for which both sides of the equation
exist we have that

AMEf(X+1)—EXf(X)=0.

For a detailed treatment, see for example [10], [1], [7], and [18].

Stein’s method for a general target distribution g can be sketched as follows.

1. Find a suitable characterization, namely an operator A such that X ~ p if and only if for all smooth
functions f, EAf(X) = 0 holds.

2. For each smooth function A find a solution f = f; of the Stein equation
@) - [ han = A1 @). )
3. Then for any variable W, it holds that

ER(W) — / hdp = EAF(W),
where f is the solution of the Stein equation for h.

Usually in order to yield useful results, it is necessary to bound f, f, or, in case of discrete distributions,
Af =sup, |f(z +1) — f(z)|. In the following we shall always assume that the test function A is smooth; for
nonsmooth functions, the reader is referred to the techniques used by [11], by [36], and by [23].

In Section 1, the generator approach is briefly described. The flexibility of this approach is illustrated by
the applications to Chisquare approximations in Section 2, to laws of large numbers for empirical measures in



Section 3, and to Gibbs measures in Section 4. In Section 5 we give a more involved example, the mean-field
behaviour of the general stochastic epidemic. Section 6 explains the density approach, and in Section 7 the
approach via coupling equations, viewed as distributional transformations, is given. The powerful approach
of exchangeable pairs is described in detail in [39]; for space reasons it is omitted here. This chapter is meant
as an accessible overview; essentially none of the results given here are new, but rather it is hoped that this
compilation will draw the reader to see the variety of possible approaches currently used in Stein’s method.

1 The generator approach

The generator approach is developed by Barbour in [5], [6], and also by G&tze [23]. The idea is to choose the
operator 4 as a generator of a Markov process with stationary distribution p. That is, for a homogeneous
Markov process (X¢)¢>0, put Ty f(z) = E(f(X¢)|X(0) = z). The generator of the Markov process is defined
as Af(z) = limyyo 3 (Tt f(x) — f(z)) . Standard results for generators yield (see [19])

1. If u is the stationary distribution of the Markov process then X ~ y if and only if EAf(X) = 0 for all
real-valued functions f for which Af is defined.

2. Tth—h=A (fot Tuhdu) , and, formally taking limits,
/hd,u—h=A</ Tuhdu),
0

Thus the generator approach gives both a Stein equation and a candidate for its solution. One could hence

if the right-hand side exists.

view this approach as a Markov process perturbation technique.

Ezxamples

1. The operator
Ah(z) = b (z) — zh'(z) (2)

is the generator of Ornstein-Uhlenbeck process, with stationary distribution A(0,1). Putting f = h'
gives the classical Stein characterization for N'(0,1).

2. The operator Ah(z) = A(h(z + 1) — h(z)) + z(h(x — 1) — h(z)) or, for f(z) = h(z + 1) — h(x),

Af (@) = Af(x +1) —2f(x), 3)

is the generator of an immigration-death process with immigration rate A and unit per capita death rate.
Its stationary distribution is Poisson(\) (see [18], [7]). Again it yields the classical Stein characterization
of the Poisson distribution.

A main advantage of the generator approach is that it easily generalizes to to multivariate distributions
and distributions on more complex spaces, such as distributions of path-valued random elements, or dis-
tributions measure-valued elements. However, the generator approach is not always easily set up, see the
problems associated with the compound Poisson distribution as described in [18]. Also note that there is
not a unique choice of generator for any given target distribution - just as there is not a unique choice of
Stein equation for a given target distribution.



In some instances there is a useful heuristic to find a suitable generator. Let us assume that the tar-
get distribution is based on the distributional limit of some function ®,(Xy,...,X,) as n — oo, where
X1,..., Xy ii.d.; furthermore assume that EX; = 0 and EX? =1 for all i. Using ideas from exchangeable
pairs, we can construct a reversible Markov chain as follows.

1. Start with Z,(0) = (X1,...,X,).

2. Pick an index I € {1,...,n} independently uniformly at random; if I = i, replace X; by independent

copy X;.

3. Put Z,(1) = (Xy1,..., X1-1, X}, X141,--- Xp).

4. Draw another index uniformly at random, throw out the corresponding random variable and replace

it by an independent copy.

5. Repeat the procedure.

This Markov chain is then converted into a continuous-time Markov process by letting N(t),t > 0 be a
Poisson process with rate 1, and setting

Wa(t) = Zn(N(2)).
The generator A, for Markov process is given by the following expression, where x = (1,... z,), and f is
a smooth function,

Anf(®,(x)) = 1ZEf(@n(ml,...,zi,l,Xl-*,:cHl,... Zn)) — [(®n(x)).

n

Taylor expansion yields
1« )
Anf (@)~ =Y BT 2/ (Ba(x)) 5 Pa(x)

i=1
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Letting n — oo, with a suitable scaling, would then give a generator for the target distribution.

Ezample: Suppose we are interested in a central limit theorem, with target distribution N(0,1), the
standard normal distribution. In the above setting, put ®,(x) = ﬁ > ;. Then %@n(x) = Ln and

a%ggfbn(x) = 0; hence
Anf(@0() & = S i (@a() + 55 (142 (B(0)
i=1 =1

= Lo (@) + (@) (1 + Zx?)

i=1

Q

% (f"(@n(x)) — n(x) f'(Bn(x))) ,



where we applied the law of large numbers for the last approximation. If we choose a Poisson process with rate
n instead of rate 1, then the factor L vanishes, and we obtain as limiting generator Af(z) = f"(z) — zf'(z),
the operator from (2).

2 Chisquare distributions

Following the heuristic, we first find a generator for the Chisquare distribution with p degrees of freedom.
Let Xy,...,X, beiid. random vectors, where X; = (X 1,...X; ); the components X; ; are again assumed
to be i.i.d., mean zero, with EX?; = 1, and finite fourth moment. We put

2

b, (x) = Z Z Zij
i=1

Choose an index uniformly from {1,...,p}x{1,...,n}. We have %@n(x) = % > hey ik and %Z—(I) (x)
i, n
7, giving

i,

n n

@) Y S g ;zm
i=1 j=
:1:,] (Zx’k>

ol ) 50+
1, g 2 |2

TG D ETNE

S = @) R0 + (BN BR) + 2 1 (B0 ()

for the last approximation we again applied the law of large numbers. This suggests as generator

Af@) = s @) +2 (1-2) 7o),

X

Anf(®n(x))

s

It is more convenient to choose as generator for Xf,
1
Af(@) = 2f"(@) + 50— ) (@);
this is just a rescaling.
Luk [27] chooses as Stein operator for Gamma(r, A) the operator

Af(@) = zf"(x) + (r — Az) f' (2). (4)

As x> = Gamma(d/2,1/2), this agrees with our generator. [27] showed that, for x2, A is the generator of a
Markov process given by the solution of the stochastic differential equation

1 t t
Xi=z+ 5/ (p—Xs)ds+/ v2X,dB;,
0 0

where Bj is standard Brownian motion. [27] also found the transition semigroup, which can be used to solve
the Stein equation

M)~ xoh = af"(@) + 30— ) f' (@), 5)



where Xf,h is the expectation of h under the xg—distribution. This bound has recently been improved as
follows.

Lemma 1 [30] Suppose h: R — R is absolutely bounded, |h(x)| < ce®® for some ¢ > 0 a € R, and the first
k derivatives of h are bounded. Then the equation (5) has a solution f = fy, such that

. V2T .
| F9NI< == 1K1 |

/P
with h(©) = h.

(Note the improvement over [27] in gaining the factor ). To put this approach into use, we consider a

VP
basic example.

Ezample: squared sum of i.i.d. random variables ([31])
Let X;,i=1,...,n, be i.i.d. mean zero, variance one, with exisiting 8* moment. Put

1 n
and
W = S2.

We would like to bound
2EWf"(W)+ E(1—=W)f'(W).

Put
g(s) = sf'(s%),
then
§(s) = 1'(s%) + 25 (5?)
and

2EWf'"(W)+EQ-W)f'(W) = Eg'(S)—Ef'(W)+EQ1-W)f' (W)
= Eg'(S)— ESy(S)

Now proceed as for standard normal approximation: Put

1

i
Then
1 n
ESg(S) = —=>_ EXig(S)
vn i
1 & 1 —
= — Y EX;9(S))+=) EX?¢'(S; :
where
R = LZEX? ”(S~)+iz:EXf1 @ (5, + 92
1 n3/2 - zg 2 2”2 : zg 2 \/ﬁ )



by Taylor expansion, for some 0 < § < 1. From independence it follows that

1 n
ESg(S) = - > Eg'(Si)+ R1 = Eg'(S) + Ry + Ry,
i=1
where
Ry = —= S EXig"(S) + o= 3 EX26® (8462
2 n3/2 : ig 2 2”2 : zg 2 \/ﬁ

_ L 2 @) (o 4 gXi
= 2n2;EXig S’+0\/ﬁ ,

again by Taylor expansion, for some 0 < § < 1 (possibly different to the one in R;). To bound R; and Ra,
we calculate
9" (s) = 6sf"(5) + 4s° ) (s%)

and
9@ (s) = 2482 FO) () + 6" (s%) + 8s* f ) (s?).

With 8; = EX} we hence obtain
—1 EX?
2n2 Z g

1

24 B4 6 8 B4 B3 Bs B
- (3) 7= _ " e (4) [l 3 =42
s n A (1 n) n”f I n”f I (6 n 4\/ﬁ 6n nz)

\/_

(3)(q.
g (S + 6 —

= C(f)ﬁ:

where ¢ is a constant depending on f, and on the distribution of the X;, but it does not depend on n; it
9O (Si+6%%)|,

can be calculated explicitly. Similarly we can obtain a bound of order 1/n for 72 >, EX}

where we now employ fs. The details can be found in [31].
For the expression # > EX3?9"(S;) we use an antisymmetric argument. We have, for some constant

e(f),
575 S BX3G(5) = Z=BaPa’(S) + <)
and
Eg"(S) = 6ESf"(S?) + 4ES® f®)($?).

Here we again used Taylor expansion. Note that ¢g” is antisymmetric, g"(—s) = —g"'(s), so for Z ~ N(0,1)
we have Eg¢"(Z) = 0. Thus |Eg¢"(S) — E¢"(Z)| = |Eg"(S)|, and it is (almost) routine now to apply Stein’s
method for normal approximation to show that |Eg”(S)| < ¢(f)/+/n for some constant ¢(f) that depends
on f, and on the distribution of the X;, but not on n.

Combining these bounds shows that the bound on the distance to Chisquare(1) for smooth test functions
is of order % This result can be extended to Xf,—approximations; see [31].

3 The weak law of large numbers

Using the generator method and the above heuristic, it is straightforward to find a generator for the target
distribution &y, point mass at 0, namely,

Af (@) = —zf'(2),



and the corresponding transition semigroup is given by
T;h(z) = h (ze ") ;
see [32]. A Stein equation for point mass at 0 is hence given by
h(z) — h(0) = —zf'(x). (6)
Details of the treatment of the weak law of large numbers as presented here can be found in [32].
Lemma 2 [32] If h € CZ(R), then the Stein equation (6) has solution f = f, € C? such that

I < 1R, and || £ [I<ITR" T

Proof. The proof illustrates briefly how to bound solutions of the Stein equation using the generator
method. First note that we may assume h(0) = 0. The generator method gives as candidate solution

h(t)

flz) = —/Oooh(xe—t)dtz—/:Tdt,

so, for z # 0, we have

h(z)
@l = M2 <,
and for z = 0 we have f'(0) = —h'(0), giving the first assertion. For the second assertion, for z # 0,
h(z) h'(x)
@l = | By,

and for z = 0 we have f"(0) = —h"(0). This completes the proof.

Example: Weak law of large numbers
Suppose that X1,...,X, are mean zero, finite variance, and put

1 n
W:W":E;Xi'

Then, by Taylor expansion, for some 0 < # < 1, we have that
EAf(W) = —EWf'(W)=—EWf'(0)+EW?*f"(W) = EW>f"(6W),

and

[EAfW)]<Il £ || Var(W).

In particular, if Var(W,) — 0 as n — oo then the weak law of large numbers holds. This can easily be
generalized to point mass at u, with generator Af(x) = (u— z) f'(x). Note that the above bound is explicit,
there is no need for n — oo.

The main use for the weak law of large numbers in connection with Stein’s method is its generalization

to measure-valued random elements, thus yielding bounds on approximations for empirical measures.



3.1 Empirical measures

First we need the set-up for empirical measures; this is slightly technical. Denote by E a locally compact
Hausdorff space with countable basis, for example, E = R,R%, or R;. Thus we can define a metric on E,
and it makes sense to talk about the Borel sets B of E. For a signed measure y on E, that is, a measure
that would be allowed to take on negative values, define the norm

Il 1 (1= sup |u(A)|.
AeB
Then the space of all bounded signed measures
My(E) = {p:[| p[[< oo}
is a linear space. We equip this space with the vague topology, which is defined as follows. Put
C.(E) ={f : E - R continuous with compact support}.

For (vp)n,v € My(E), we say that v, converges to v vaguely,
Vp > v <= forall f€C.(E): /fdyn - /fdy.

Note the difference to weak convergence, the latter being defined via continuous bounded test functions. For
example, the set of point masses d,, = 0 for n — oo but it does not converge weakly.

For Stein’s method we would prefer a class of test functions from C.(E) that allows for Taylor expansion.
It suffices to find a suitable convergence-determining subclass of C.(E). We consider functions of the type

F(U):f(/(i),-du,i:l,...,m) (7
for some m, f € Cg°(R™) and ¢, ...,¢m € C.(E) and we define

F ={F € C.(FE) : F satisfies (7)}.
Using the Stone-Weierstrass Theorem the following lemma is straightforward.

Lemma 3 F is convergence-determining for vague convergence. So is the restricted class Fy that assumes
that || £/ IS L] f" IS L] ¢ I 1 fori=1,...,m. Also, if E = R? or some connected open or closed
subset of R%, instead of C.(E) we could use C{°(E), the space of all bounded continuous functions on E that
are infinitely often bounded differentiable.

Here, we use the notation || f' [|= 37, || f(;) [, where f; = % i

3.2 Weak law of large numbers for empirical measures

The above framework now allows us to formulate and prove a weak law of large numbers for empirical
measures. Let Xi,..., X, be random elements taking values in F, and let u; be the law of X;. Put

_ RS
:U/nzﬁiz:;ui

and define the empirical measure

1 n
én = ﬁl:ZI(SXz



Then, for all smooth functions f, we have

B [ i, %gEf(Xi) - [ an

Suppose that we would like to bound the distance between £(&,) and some §,,, say, where typically p should
be close to ji. Similarly to the real-valued case, for F of the form (7) the generator for point mass at u is

AF(v) = if(j) (/¢,-dy,¢:1,...,m> (/¢,-du—/¢jdy).

We could also describe this generator in terms of a Gateaux derivative, AF(v) = F'(v)[p — v]. With a proof
very similar to the real-valued case, it is easy to show that the following bounds on the solution of the Stein
equations hold.

Lemma 4 For every H of the form

H(y):h(/@du,i:l,...,m) (8)

for some m,h € Cg°(R™) and ¢;,...,¢m € C.(E) the solution F = Fy of the Stein equation is of the form
(7) with the same ¢;’s. Furthermore, ||f" ||< ||W|], and ||f"|] < ||W"]].

This immediately leads to the following theorem.

Theorem 1 (Weak law of large numbers for empirical measures) For all H € F we have

BHE) - H@I < Y- ) | [ osdn - [ 00
j=1

m 2
+ > g |l {@gﬂ [/qﬁjdﬂ—/%du]

+Var (% Z(b](Xz)) } .

If i = p, then we recover the usual variance bound. This result is very general; we shall now consider some
typical situations where it can be applied.

3.3 Mixing random elements

Let Xq,..., X, be random elements taking values in E. Put B;; = {4,B € B: P(X; € A) #0,P(X; €
B) # 0} and

1 m
pn=—5 > sup |Corr(I(X; € 4),1(X; € B))|
i,j=1 4 BEBi;

Then, if || ¢; |[<1fori=1,...,m, it is easy to see that

Var (% lzzlqu(Xz)) <4pn.

Thus the bound in Theorem 1 can be expressed in terms of this mixing coefficient. A similar approach is
possible for other definitions of mixing.



3.4 Locally dependent random elements

Assume that for all i € I = {1,...,n} there is a set I'; C I not containing ¢ such that X; is independent of
(X;,7 ¢T;). Then, if || ¢; ||< 1 fori=1,...,m, we have as bound on the variance in Theorem 1

1 1 2 <&
Var (ﬁ Z_ZI‘pJ(Xz)) < E + pl:zl |Fi|' (9)

This approach could be extended to the more general case that there is a relatively small neighbourhood
of strong dependence, whereas the dependence outside this small neighbourhood is weak. To illustrate this
approach, we consider the following example.

Ezample: A dissociated family. Let (Y;);en be a family of i.i.d. random elements on a space X, let
k € N be fixed, and define the set of multi-indices

T = {1, k) €T gryeeyje €{1,...,0},jr # js for r #s}.
Suppose 1 is a measurable functions X* — E, and, for (j1,...,jx) € '™ put
Xj1,---7jk = ¢(Y11’ "ij)'

Then (Xji,....5) (jr,....jn)ere is a dissociated family of identically distributed elements. Let u = pj,,...j, =
L(Xj,,....5.); due to the construction this measure does not depend on the chosen multi-index. Note that, if
J e T and K € T(™ are disjoint multi-indices, then X; and Xx are independent. For n € N fixed, the
set T has n(n—1)---(n—k+ 1) elements; fix an enumeration of these. Let r(n) =n(n—1)---(n—k+1),
then our empirical measure of interest is thus

We shall derive the following result.

Theorem 2 For the above dissociated family, we have for H € Fy

2k+1
|EH () — H(p)| < nn—k+1)

Proof. For a multi-index J € T(™) we set
D(J)={LeT™ : J£L LNJ#0};

then T'(J) is the dependence neighbourhood for X, with
(n—=1)!
rJ)y) = k{—————-1
ITC7)] ((n—k-l—l)!
for k> 2, and [I'(J)| = 0 for k£ =1, and thus

1 (n—Fk)!n-1)! k
r(n)? Z Tl < kn!(n—k—l—l)! nn—k+1)

With (9) this yields as bound for the variance in Theorem 1

Jerm)

r(n)
1 1 2k 2k+1
— i(X;) | < < .

Var r(n);%( ) _n(n—l)---(n—k+1)+n(n—k+1)_n(n—k-i-l)

10



As the Xj, . ;. ’s are identically distributed, we have fi = u, so the variance term is the only contribution to
the bound in Theorem 1. This finishes the proof.

The above result can be extended to family of functions (¢,,....5, ) j, ..., jx)er, where for each multi-index

(J1s--
we may have a different function.

3.5 The size-bias coupling

As often in the context of Stein’s method, couplings can be very useful for weak laws of large numbers for
empirical measures. For a better understanding of the suggested Palm-measure type coupling, we first recall
the size-bias coupling for real-valued random variables.

Let W > 0 be a nonnegative real-valued random variable and assume ETW > 0. Then a random variable
W™ is said to have the W-size biased distribution if the equation

EWg(W) = EW Eg(W*) (10)

is satisfied for all g for which both sides of the equation exist. This implicit characterization can be translated
into distributions. In some examples these are particularly easy to determine.

Ezxamples:

1. If W ~ Be(p) is a Bernoulli random variable with parameter 0 < p < 1, then for all functions g for
which both sides of the equation exist we have EW g(W) = pg(1), so we must have W* = 1, that is,
W* is deterministic and takes on the value 1. As this argument does not depend on the value of p,
this illustrates also that the size-bias transformation is not one-to-one.

2. If W ~ Po()) has the Poisson distribution with parameter A > 0, then from the Stein-Chen equation
we obtain for all functions g for which both sides of the equation exist that EWg(W) = AEg(W +1).
From this we see that W* = W + 1 in distribution, that is, W* has the distribution of a Poisson(\)
random variable which is shifted by 1.

In the weak law of large numbers setting, the size bias coupling leads to the equation
EAf(W) = E(EW —W)f'(W) = EW(Ef' (W) — Ef (W")),

where W* has the W-size bias distribution. Here we assume that W > 0 with EW > 0. Thus the distance
between the distribution of W and of W* gives a measure for the distance between the distribution of W
and point mass at EW.

For W being the sum of random variables, [22] give the following construction of W*. Suppose W =
>, X; with X; > 0 being real-valued random variables such that EX; > 0 for all { = 1,...,n. First we

choose a random index V' according to
EX,

EW’
that is, proportional to the mean of X,, independently of the other random variables. If V = v, then we

PV =v)=

replace X, by an independent random variable X having the X,-size biased distribution. Given X, the
other random variables in the sum W are adjusted as follows. If X} = = then choose X’u,u # v such that

L(Xy,u#v) = L(Xy,u # 0| X, = 2)

11



is satisfied. Then
W= X, 4 X
u#V
has the W-size bias distribution.

Ezample: A classical example for this construction is the case that W = Y7 | X;, where X; ~ Be(p;)
and 0 < p; <1 for i =1,...,n; the Bernoulli variables may be dependent. To construct W*, we choose an
index V' as above, proportional to the means. If V' = v we choose Xu,u # v, such that

L(Xuu#v) = L(Xu,u # 0] X, = 1).
As X: =1,
W= X, +1
u#£V

has the W-size bias distribution. This coupling is used extensively for Poisson approximation, see [7].

In light of size biasing for real-valued random variables, we can the define a size bias distribution for
random measures. This distribution is again defined in terms of test functions.

Definition 1 Let £ be a random measure on E, with mean measure E[£] = u, let ¢ € C. be a nonnegative
real-valued continuous funtion having compact support, with [ ¢dyp > 0. We say that &% has the ¢ size biased

distribution in direction ¢ if
BG() [ od = [ oauEG(e?)

for all G for which the expectations on both sides exist.

This implicit definition is related to size biasing the real-valued random variables [ ¢d¢, but the formulation
in terms of admissible test functions G is more general than a reduction to the real-valued case.

Ezample: Suppose £ = dx with £(X) = u, and ¢ > 0 is a real-valued function. Then for any test function
G for which the left-hand side exists,

EG() [ 6de = Bo(X)G(ox) = [ 4duBG(5S).
If X >0 and ¢(z) = z, then for G(v) = [ gdv we obtain
EG() [ 66 = EXg(X) = (BX)E [ g)as3" ).
Using the real-valued size bias coupling with X* having the X-size bias distribution, we obtain that
B [ g)d(6x)?= () = Eg(xX"),
and hence
(6907 = bx..

Thus real-valued size biasing can be viewed as a special case of size-biasing for random measures.

12



Similarly to the real-valued case, we can construct a size biased empirical measure as follows. Let
=1 >4 0x,; be the empirical measure of interest, and denote its mean measure by E[¢,] = fin. Fix a

T n

non-negative real-valued function ¢. Pick an index V' € {1,...,n} proportionally to the mean of ¢(X,),
E¢(X,
PV =v) = Z0E0)
n [ ¢din

independently of all other random elements. If V = v, take (dx,)? to have the dx,-size bias distribution in
direction ¢. If 6?}0 = 7 then choose the remaining variables b) X.;6, U 7 v according to

L(6x,6,u #v) = L(0x,,u#v|6%, =n).

This construction depends on the choice of ¢, but when the random variables X, ..., X,, are independent,
it shows that we need to adjust only one of the Dirac measures involved in the empirical measure. When
the function ¢ is an indicator function, this construction reduces to constructing a Palm measure, see for
example [25].

The size-bias coupling in connection with the Stein equation leads to considering, for F' of the form (7),
the generator expression

EAFE) = ¢-duE{f-< ¢id£2f,i=1,---,n)—f-< ¢id£n,i=1,...,n)}.
;/1 ) / (4) /

As in the independent case the above construction will result in changing only one of the Dirac measures,
the right-hand side should be small in the case of weakly dependent random elements.
Some final remarks on this approach for weak laws of large numbers.

1. The above approach uses test functions and hence only gives results in terms of vague convergence (or
weak convergence when all the involved measures have total mass 1). More arguments are needed to
obtain almost sure convergence; see for example [41] for possible techniques.

2. In view of the test functions used, the above could also be viewed as a shorthand for multivariate law
of large numbers.

3. We could also have formulated our results in terms of a Zolotarev-type distance,

/gdu—/gdv

We shall see a more involved example on how to apply this technique in Section 5.

((u,v) = sup
9€Fo

4 Discrete distributions from a Gibbs view point

This section presents recent joint work with Peter Eichelsbacher, [15] and [16]. Gibbs distributions provide
a general framework for discrete univariate distributions. Thus a Stein approach to Gibbs measures can be
applied to any univariate discrete distribution. To start, we review some more examples for Stein operators
for univariate discrete distributions.

1. The Binomial(n, p)-distribution has Stein operator .4 with

Af(k) = (n—k)pf(k+1) — k(1 —p)f(k) (11)

for 0 < k < n, see [17].
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2. The hypergeometric distribution with parameters (n, a,b), that is,

(&) ()

AECUN

n

for £ =0,...a, has Stein operator .4 with
Af(k) = —k)(a—k)f(k+1) = k(b —n+Fk)f(k), (12)
see [26], [35] or [37].

3. The geometric distribution with parameter (p) with start at 0: for functions f with f(0) = 0 a Stein
operator is

Af(k) = (1 =p)f(k+1) = f(k), (13)
for k > 0, see [29].

In what follows we shall exploit the connection between discrete univariate distribution and birth-death
processes, as studied also by [9], [24] and [44].

We consider discrete univariate Gibbs measures p with supp(p) = {0, ..., N}, where N € Ny U {cc}. By
definition, a such a Gibbs measure can be written as

wk

(k) = %exp(V(k))H, k=01, . N (14)

with Z = Zszo exp(V(k))%, where w > 0 is fixed. We shall assume that the normalizing constant Z exists.

Note that the assignment of V and of w in the representation (14) of a Gibbs measure is not unique. For
example, if x4 denotes the Poisson distribution Po(\), we could choose w = A,V (k) = —A for all £ > 0, and
Z=1,0r V(k) =0 for all k,w =\, and Z = e*.

Conversely, for a given probability distribution (u(k))kreqo,...,n} We can find a representation (14) as a
Gibbs measure by choosing

V (k) = log u(k) + logk! + logZ — klogw, k=0,1,...,N,

with V(0) = logu(0) + logZ. Again, we have some freedom in the choice of w and thus of V. Fix a
representation (14). To each such Gibbs measure we associate a Markovian birth-death process with unit
per-capita death rate dj = k and birth rate

_ - u(k +1)
by = wexp{V(k+1) = V(k)} = (k+ DW’

for k,k+1 € supp(p). It is easy to see that this birth-death process has invariant measure u. Following the

(15)

generator approach to Stein’s method, we would therefore choose as generator
(AR)(k) = (h(k+1) = h(k))exp{V(k + 1) = V(k)}w + k(h(k — 1) — h(k))
or, with the simplification f(k) = h(k) — h(k — 1),
ANk) = flk+Dexp{V(k+1) - V(k)}lw—Ekf(k). (16)

In our approach we would typically choose unit per-capita death rates, as used for Poisson processes, see
[7]. Other choices of birth and death rates may be advantageous in some situations, see [9] and [24]. To
illustrate the approach, we consider some standard examples.
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1. The Poisson distribution with parameter A > 0: We use w = A,V (k) = —\, Z = 1. The Stein operator
resulting from (16) is the same as the operator (3).

2. The Binomial distribution with parameters n and 0 < p <1: We use w = £,V (k) = —log((n — k)!),

and Z = (n!(1 —p)™)~'. The Stein operator resulting from (16) is

p(n —k)
(1-p)

This differs from the operator (11) only by a factor 1 — p, hence bounds on these two operators are

(Af) (k) = F(k+1) — kf (k).

equivalent.
3. The hypergeometric distribution: The Stein operator resulting from (16) is the same as (12).

4. The Pascal distribution with parameter v € {1,2,...} and 0 < p < 1, that is, u(k) = (HZ_l)p’Y(l —p)k
for K =0,1,.... We obtain the Stein operator

(Af)(k) = f(k+1) (1 = p)(k +7) — kf (k).

A special case of this is the geometric distribution with parameter p, shifted by one, namely y =n =1
in Pascal; p(k) = p(1 — p)* for k=0, 1,.... The Stein operator resulting from (16) is now

(ANE) =fE+1) (1 -p)(k+1) —kf(k),

which deviates from (13).

4.1 Bounds on the solution of the Stein equation

In order to implement Stein’s method in this context, we need to derive bounds on the solutions of the
Stein equation (1) for the birth-death process generator (16). It is straightforward to verify that for a given
function h, a solution f of the Stein equation (1) is given by f(0) =0, f(k) = 0 for k & supp(u), and

. j .
) i v w
fG+1) = —ge Vi) Zev(k)ﬁ (h(k) — p(h))
k=0
I vy S v w"
= e d e 21 (k) = pu(h)).
k=j+1

The following non-uniform bounds on f and Af are derived in [15] and also in [9], [44] as well as in [24],
using different methods.

Lemma 5 1. Put M :=supyc;<y ; max (ev(k)_v(k“),eV(’H'l)_V('“)), and assume that M < co. Then

for every j € Ng we have that
1£)| < 2min {1, %} .
2. Assume that the birth rates (15) are non-increasing, that is,
exp(V(k+1) — V(k)) <exp(V(k) —V(k—1)),

and that death rates are unit per capita. For every j € No we then have

) 1 eV
[Af(5)] < ; A VG
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Indeed [9] give bounds for A f for a wide class of birth-death processes satisfying some monotonicity condition
on the rates.

Ezxamples

1. For the Poisson distribution with parameter A > 0, the non-uniform bound gives
1 A 1
kX

recovering the uniform bound 1 A 1/, see [7]. In general it does not compare favourably to the

|Af(R)] <

uniform 1/A(1 —e~*) in [7], but in [15] it is shown that the non-uniform bound may yield some slight
improvement on the bounds for sums of independent but not identically distributed indicator variables.
The bound || f ||< 2min (1, %) recovers the bound from [7].
2. For the Pascal distribution with parameter v € {1,2,...} and 0 < p < 1, the non-uniform bounds give
1
1 -p)(k+7)’

leading to the uniform bound 1A ﬁ; it is not difficult to see that M = o0, so that we do not obtain

1
AfE)] < 7 A

a bound for |f(j)|. In the case of a geometric distribution shifted by 1 it is however possible to obtain
a bound for |f(j)| using sightly different calculations.

4.2 The size-bias coupling

Again we can employ the size-bias coupling to derive bounds on the distance to Gibbs measure. Recall from
(10) in Subsection 3.5 that, for W > 0 with EW > 0 we say that W* has the W-size biased distribution if
EWg(W) = EWEg(W*) for all g for which both sides exist. In particular we obtain that

E{exp{V(X +1)-V(X)lwg(X+1) - Xg(X)}
= E{exp{V(X +1) - V(X)) wg(X +1) — EXEg(X*)}.
Note that
EX = wEeVX+D)-V(X),

This immediately leads to the following lemma, which provides a characterization of discrete univariate
Gibbs measures on the non-negative integers in terms of their size-bias distribution.

Lemma 6 Let X > 0 be such that 0 < E(X) < 0o, and let u be a discrete univariate Gibbs measure on the
non-negative integers as in (14). Then X ~ u if and only if for all bounded g we have that

wEeV(X+1)_V(X)g(X +1) = wEeV(X+1)_V(X)Eg(X*).
Thus for any W > 0 with 0 < EW < oo we have that
ER(W) —p(h) = w{Be’ W)=V f(y 4 1) = BV WH)-VON B (7))},

where f is the solution of the Stein equation (1) with generator (16).
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We can also compare two discrete Gibbs distributions by comparing their birth rates and their death
rates; a similar idea has been employed in [24]. Let p as in (14) have generator A and corresponding (w, V),
and let uo have generator Az and corresponding (w2, V2). Assume that both birth-death processes have unit
per-capita death rates. Then, for X ~ pus and f € B, if the solution f of the Stein equation (1) for p is such
that As f exists, we calculate

Eh(X) — p(h)
= EAf(X)
= B(A- A)f(X)
= Ef(X+1) (w V) -V(X) _ 0 Va(X+1)- v2(x>)
= WEF(X + 1)eV2(X+D=Va(X) VIXHD)-V(X)=(Va(X+1)=Va(X)) _ B(X)Ef(X*)
= w_gE( VEF(X*)elVXN=-VX"=10)=(a(X)-Va(X"-1) _ p(X)Ef(X*)

= YT px)EFX) + LEX)EF(XY) {e(V(X*)—V(X*—1))—(V2(X*)—V2(X*—1)) _ 1} 7
wa (&)

where X* has the X-size bias distribution. Thus we obtain the bound

‘Eh(X) - / hdu‘

< |l fIIE(X) lw=wl|  wp ‘e(V(X*)—V(X*—1))—(V2(X*)—V2(X*—1)) _ 1| '
N w2 w2
For example, for two Poisson distributions Poisson(A1) and Poisson(A2) this approach gives

‘Eh(X) —/hdu‘ < IFI A=l

In [15] this approach is employed to bound the distance of summary statistics in an example from statistical
physics. In [16] the above approach is generalized to point processes, with the aim of applying it to interacting
particle systems.

Note that the normalising constant Z in the Gibbs distribution, which is often difficult to calculate, is
not needed explicitly in the Stein approach. This is one of the main advantages of the above approach.

5 Example: an S-I-R epidemic

The general stochastic epidemic (GSE) was introduced in [8] in its most basic form; see also [2] for a thorough
description. We shall employ a construction suggested in [38]. The results presented here are from [33] and
[34].

This model considers a population of total size K at time ¢ = 0. At any time ¢ > 0 an individual in
the population can be susceptible (S) to a certain disease, infected (I) by this disease, or removed (R). We
assume that an individual is infectious when infected, that any individual can be infected only once, and we
ignore births and deaths due to other causes. Let us say that at time ¢t = 0 the population consists of aK
infected and bK susceptible individuals, such that a +b = 1.

To construct the GSE, let (I;,7;)ien be positive i.i.d. random vectors, and let (7;);en positive i.i.d.
random variables, independent of (I;,7;);en. The r;’s and the 7;’s give the length of the infectious period,
as follows. An individual 4, if was already infected at time 0, will stay infected for a period of length #;, then
gets removed. If the individual i is susceptible at time 0, then it becomes infected at time AKX = F,;l(li),
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stays infected for a period of length r;, then gets removed. Here [; can be viewed as individual i’s resistance
to infection, namely, if Zk(t) denotes the proportion of infectives present in the population at time ¢, and
if A(t, (z(s))s<¢) is a function acting on a one-dimensional parameter (time) and right-continuous functions
(the proportion of infected individuals in the past) that will be viewed as an accumulation function, then
the infectious pressure is given by
FK(t) = )\(S,ZK)dS.
(0,2]
The time of infection of individual i is then assumed to be given by

AK = inf {t ERy: | s, Zk)ds = zi} :
(0,1

that is, the first time that the infectious pressure in the population exceeds the individual’s resistance.
This includes the classical case of Bartlett’s GSE [8], where A(t,z) = z(t), the resistances ([;); are
assumed to be i.i.d. exponentially distributed with parameter 1, and (r;);, (#;); are assumed to be i.i.d.
exponential with same parameter p, independent of (I;);. This results in a Markovian model, where standard
Markov techniques can be applied. A generalization was studied by [42], [43], with the accumulation function
A(t,x) = M(x(t)), the resistances (I;); being i.i.d. exp(1)-distributed, and for each i, the random variables [;
and r; are independent. This still results in some Markovian structure. Also, classically only the vector of
the proportions of susceptibles, infected and removed individuals over time was considered. In contrast, we

study the empirical measure

aK bK

1 1
tk =% > O + 7d D Ok AK 4r)-
i=1 =1
Note that
1 aK 1 bK
€k ([0,7] x (8, 00)) = & D e (®) + 7 D Lax ax iy (1)
=1 =1

gives the proportion of infected at time ¢, and similarly we recover the proportion of susceptibles at time ¢
and the proportion of removed at time ¢. Moreover,

é-K([OJS] X (t,OO]), t>s,

gives the proportion of individuals that were infected before time s, but not removed before time ¢. This
quantity, not covered by the classical approach, is particularly interesting if public health policy changed
during the course of the epidemic, for example as reaction to the discovery of the epidemic.

We are interested in the limiting behaviour of the empirical measure as K — oo; in the context of
statistical physics this is often called a mean-field approximation. Firstly we shall have to make some
assumptions. Let D, denote the space of all functions z : Ry — [—1,1] that are right-continuous with
left-hand limits.

1. Assume that A : Ry x D; — Ry is uniformly bounded by a constant +y, Lipschitz in ¢ € D} with
Lipschitz constant . Assume that A non-anticipating in the sense that A(t,z) depends on the function
x only through (z5)o<s<¢, and assume also that for all t € Ry

At,z) =0 < z(t) =0.
2. Assume that there is a constant § > 0 such that, for each x € R4, the conditional cumulative

distribution function ¥,(t) := P[ly < t|r; = z] has a density 9, (t) that is uniformly bounded from
above by g;

P,(t) < pforallz € Ry and all t € Ry
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3. Assume that the (I;); have a distribution function ¥ which possesses a density .

4. Assume that r; and 7#; have distribution function ® such that ®(0) = 0, so that infected individuals

are not immediately removed.

To determine the limiting mean measure for the empirical measure, consider the following heuristic. As
fo s, Zx )ds, the expression

aK
1

Zk(t) = EZ (7 > 1) +—Z ) <t < Fit(ly) +15)
=1

gives the proportion of infected at time ¢. For f € C(R4,R),t € Ry, define the operators

Zf(t) = a(l-@(@)+bP(f(t—r) <l < f(?))

and

Lf(t) = A(s, Zf)ds

(0,2]

Due to the law of large numbers, Zx =~ ZFk, and thus
FK ~ LFK

Thus Fk is close to being a fixed point of L. It will turn out that this fixed point exists and is unique on
every finite time interval, and hence can be used to describe the limiting mean measure.

We restrict all quantities to a finite time interval [0, T'], where T' > 0 is arbitrary. These restrictions are
denoted by a superscript 7" or a subscript 7. The following theorem confirms the heuristics.

Theorem 3 For T € R, the operator L is a contraction on [0,T], and the equation

ft) = As,Zf)ds, 0<t<T, (17)
(0,2]

has a unique solution G.

For T € Ry, let G7 be the solution of (17) and let i” be given for r, s € (0,T] by
T ([0,7] x [0,5]) = PT[ly < Gr(r),lh < Gr(s—r)].
Put
T =a(dy x d®)T + T

This gives our limiting mean measure. Indeed the following theorem gives a bound on the mean-field
approximation for the empirical measure, using Stein’s method.

Theorem 4 Let For all H € Fy of the form (8) and for all T € R, we have that

|EH(L(&,) — EH(S,r)| < ‘/‘_’%K‘/E + abBT(T + 2) exp(b[2a8T7) {(1 + b)\/%+ %} _
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Here, [z] is the smallest integer larger than .

The proof of this theorem is rather involved and can be found in [34], so it only be sketched here. The
main arguments used are the Glivenko-Cantelli theorem to justify the law of large numbers argument, the
Contraction Theorem for Theorem 3, and a coupling argument to disentangle the dependence between the
infection times. Note that Fx and l; are not independent, but if Fx ; denotes the similar infection time
with individual 1 from the susceptible population left out, then Fix; and !, are independent.

Sketch of the proof of Theorem 4.
We assume that Theorem 3 is proved already. We abbreviate

(k= bK z 0 (AK AKX 4r;)
this is the part of {x that contains much dependence. We use the notation

v) = / ¢dv.

For F of the form (7) we bound EAF, where A is the operator associated with the Dirac measure at u”.
Then we have

S Ef (T de) k= 1,...,m)u” — kT, ;)

j=1
= a) Efy(&" o) k=1,..., )<(50><N KZ (0,7:)> ¢J> (18)
j=1
+b > Ef (& ¢r) k= 1,...,m)(a" = (&, 65)- (19)
j=1

For the first summand (18) we employ the Cauchy-Schwarz inequality and the bounds on the functions
involved in the form (7) to obtain

a Efy (s k) k=1,...,m){(( x )" K Z (0,74)7 )

=1

< a) i I E
j=1

1 aK R A
e ;(asj (0,7;) — B¢ (0,7«1-))‘

< az I f(j) | | Var ( K Z ¢J E¢J(0 Tz)))
va
< Vi

Similarly, for the second summand (19) we obtain

DY Ef)((€x", dr) k=1,...,m)(a" — (i, b5)

Jj=1

= bZEf(,) (8o x )" +bCk, dx) k= 1,...,m) (A" — Ck, 6;) + R,
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where by Taylor expansion |R;| < Qb%. Tt remains to bound

bZEf(,) a(8o x )" + bk, di),k=1,...,m){(E" = (i, ¢5)

< bz Il fiy N BJET = Ck, ¢35
= bz Il fo) I E bLK Z¢i((F§)71(li)a (F) ') + i) — 6;(G' (), G (1) + i)
< by N fo g5 I B[(FR) () — (Gr) ()]

j=1
To tackle the problem that Fx and l;, we couple the process to the same process with susceptible individual
1 omitted; denote by Fi 1 the infectious pressure in this new process. Then F'(l;) = FI}}l(ll) and
E|(Fg) '() = G7' (W) = E|(Fg) () =Gz ().
In order to desribe this new process, for h € D([0,T]), the space of right-continuous function [0,T] — [—1,1]
with left-hand limits, we define the operators

bK

Zgah(t) = KZ (7 > t) + Z h(t —r;) < 1; < h(t))

and

LK,lh(t) = /\(S,ZKylh) ds.
(0,¢]

Note that Fg'(ly) = FI}’ll (11) by construction, and, for all ¢t < T,

| Frn = Gr |le=ll Lk, Fxo — LG [[:< sup | Leah = Lh |l + || LFxy — LG || -

For each h € D(][0,T]) we have that

T
I Luah—Lhllr < a/ sup | Zx.1h(s) — Zh(s)|ds
0 s<lz

< aoT (aRl + 2bRs + %) ,
where
| oK
R, = sgp e ;1(72- <) — ®(s)
and
1 K
R, :sgp bK—li_ZQI(li <s)—T(s)l.

[28] enables us to derive as bounds for these remainder terms that ER; < \/% and ER, < . Thus

b= s,

3

Esup || Lkah—Lh|lr < aT{(l b)
h

NIM

T
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To bound E || LFk,1 — LGt ||+ we use again a contraction argument. We have that

t
ILFx.(t) — LGr(t)] < obB / | Frx — Gr |l (1+ ®(2))dz
0

and hence

t
Bl LFii~1Gr | < S(K)+abs | || Py~ Gr |- (1+ 8(a))da.
0

Fix some ¢ > b and put

1
n= 2caf

then

c

E||LFky— LGt |l < — bS(K).
By induction we can show that
k
c
Bl L1~ 61l < (55) SWK).

As we consider the process only restricted to [0, 7], the largest k¥ we have to take into account is k = [%],

yielding

E||LFx1— LG7 ||ty < exp([2cafT])(logc —log(c —b))S(K).

Letting ¢ — oo gives the assertion.

Some concluding remarks:

1.

The derived bound is the first known bound on the distance, and furthermore it is explicit. Unfor-
tunately we do not obtain an almost sure result, and we assume smoothness for our test functions.
Also, for parameter estimation it turns out that the bounds are not very useful; instead a Gaussian
approximation would be needed.

The model used here is more realistic than the Markovian model, and the results are more informa-
tive, due to using the empirical measure. To make the model even more realistic, we could assume
for the initially infected that (7;); are not identically distributed; this does not entail much further
complication.

The factor # in the bounds seems to be optimal. This suggests the validity of a Gaussian ap-
proximation. For the vector of susceptibles, infected and removed in the Markovian setting such an
approximation was derived by [3].

In [4] it is shown that the waiting time until epidemic dies out is, very roughly, of order log K, in
the Markovian model. This indicates that a deterministic approximation may not be good for the
whole time course of the epidemic. Much of the fluctuation is due to the initial variation in the
epidemic process, which is quite similar to that of a branching process when only few infected and
many susceptible individuals are present. When instead considering only a time interval when there
is already a substantial proportion of infectives present, then the bound on the approximation much
improves, growing only linearly in time, see [34].

It would be interesting to investigate how the model would behave in a spatial setting, where we do
not assume homogeneous mixing.

22



6 The density approach

This approach was first suggested by Stein in [40]; it provides an alternative to the generator method, in
particular when a generator is not easily available. Suppose that we are in the following situation. Let p be
a strictly positive density on the whole real line, having a derivative p' in the sense that, for all z,

p(z) =/ P (y)dy = —/:op’(y)dy,

and assume that

Let

Proposition 1 In order that a random variable Z be distributed according to the density p it is necessary
and sufficient that, for all functions f that have a derivative f' and for which

[ £ @Ipea <,

we have

E(f'(Z2) +4(2)f(Z)) = 0.
Some examples are

1. The standard normal distribution N(0,1). Here, ¥(z) = —z, and the above conditions are satisfied.
The characterization results in the classical Stein equation.

2. The Gamma distribution with density py,.(z) = % Although the density is not positive on
the whole real line, Proposition 1 gives an indication on how to obtain a Stein characterization. Here

x) = &=1=22 for 3 > 0. This would yield the characterization of type
x

a—1-2X

Bf(X) + £

f(x)=0.
Comparing this with the characterization (4) we see by putting g(z) = zf(z) that the two characteri-
zations are equivalent.

Let for convenience

The following Stein theorem is derived in [40].

Theorem 5 Suppose Z has probability density function p satisfying the assumptions of the above proposition.
Let (W,W') be an exchangeable pair such that E(¢(W))? = 02 < oo, and let

E(¢(W') — ¢(W))*

A= 202
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Then, for all piecewise continuous functions h on R to R for which E|h(Z)| < oo, we have that

Eh(W) — Eh(Z)

= E(WVm)W)
—SE(G(W') = §W)(URYW') — (UR)(W)) — EEY (

o2

pW') — (1 = Ne(W)
A

) wna)

where Uh and V h are defined by

Uh)(w) =

and
(Vh)(w) = (Uh) (w).

Theorem 5 can be employed to assess the error in a normal approximation via simulations, replacing the
expectations by sample means.

7 Distributional transformations

This is joint work with Larry Goldstein and can be found in [21]. We already saw in connection with Gibbs
measures how the size-bias distribution can be used to characterize a target distribution. The work presented
here takes this idea further.

Firstly, the size bias distribution is defined only for non-negative random variables. For random variables
with zero mean we instead define the zero bias distributional transformation as follows (see [20]).

Definition 2 Let X be a mean zero random variable with finite, nonzero variance c2. We say that X* has

the X -zero biased distribution if for all differentiable f for which EX f(X) exists,
EXf(X)=d*Ef'(X*).

The zero bias distribution X* exists for all X that have mean zero and finite variance. In [20] this coupling is
used to obtain bounds of order 1/n for smooth test functions under symmetry assumptions on the underlying
distribution. The following theorem shows that it is indeed possible to define much more general functional
biasing.

Theorem 6 Let X be a random variable, m € {0,1,2,...} and let P a function on the support of X such
that P has exactly m sign changes, is positive on its rightmost interval and

1 , .
aEX’P(X) =abjm Jj=0,...,m,
for some a > 0. Then there exists a unique distribution for a random variable X ™) such that such that
EP(X)G(X) = aEG™ (X(™)

for all m times differentiable functions G for which EP(X)G(X) exists.
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The X (™) distribution is named the X — P biased distribution.

For example, with P(z) = x, we obtain that for any variable X such that 0> = EX? < oo and so that
EX =0, there exists a random variable X (1) such that, for all smooth G, we have EXG(X) = ¢2EG'(X™).
Thus we recover the zero bias distribution.

Theorem 6 allows us to define much more general distributional transformations. To illustrate this,
consider infinitely divisible random variables {Z)}x>o with moments of all orders. Assume that there is
a collection {P)},,>1 of monic polynomials where P, has m distinct roots, is positive on its rightmost
interval, and the collection is orthogonal with respect to the law of Z). Define

1
a) = mEzgnP,g(ZA)

and the set
m={X:EX™ <o, EX'=EZ], 0<j<2m}.

For every X € MY, for j =0,...,m, we then have
1 ; 1 ;
mEXJP,Q(X) = mEZﬁPTﬁ(ZA) = ap bk
Theorem 6 yields that for all X € MT there exists a random variable X, such that
EP)NX)G(X) = o} EG™ (X)).

Similarly to the size bias distributon, there is a construction for sums of independent variables available.
Let m € {0,1,...}. Let Xy,---,X, be independent variables with

X; € M;\ri
for some Aq,...,\,, and
n
i=1

For the transformation we shall bias different summand to different degrees; hence let us introduce the

multi-index m = (my, ..., m,) and let
n
m=|m|= Zmi.

i=1

Furthermore, for A = (A1,...,\n) and x = (21,...,z,) let
n n

o™ =T[i™, and PP(x) =[] PP (a0).

i=1 i=1

Assume that {P{"(z)}m>0 satisfies the conditions of Theorem 6, and let A = A; +--- + A,. In this setting,
[21] derive the following result

Theorem 7 Suppose that for some weights cm the family of orthogonal polynomials {P{"(x)}m>o satisfies
the identity

Plw) = ) emPP(x),
with w = x1 + -+ -+ x,. Then

af\m) — Zcmagm)’
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and we may consider the variable I, independent of all other variables, with distribution

(m)
PA=m)= 2% (20)

Furthermore, the variable

has the W — P{* distribution.

Finally, some examples.

1. Hermite biasing: For 02 = X > 0, define the collection of Hermite polynomials {H}},>o through the

generating function

o

12 "
ezt 3 At :ZHr)L\(w)_v

n=0

In this case a), = A™, and the index I in (20) is chosen according to the multinomial distribution
Mult(m,A). Denoting the Hermite polynomials for A = 1 by Hl = H,,, we obtain as Stein-type
equations for the standard normal distribution

h(z) = Nh = ¢'(z)Hp—1(z) — Hp(2)9(2)
and
Wz) — Nh = ¢™ (z) — Hp(2)$().

The standard normal distribution is the unique fixed point of the Hermite-bias transformation of
any order, hence this gives an infinite number of Stein characterisations for the standard normal
distribution.

2. Charlier biasing: The Charlier polynomials correspond to the Poisson distribution with parameter A;
here again we obtain o)), = A™, and I ~ Mult(m,A). As the Poisson distribution can be shown to be
the fixed point of the Charlier-bias transformation for any order, again we obtain an infinite number
of characterizations for the Poisson distribution.

3. Laguerre biasing: The monic Laguerre polynomials are orthogonal for the Gamma distribution. How-
ever, the Gamma distribution with fixed parameter is not a fixed point of the Laguerre-bias transfor-

mation.

Connections between distributions and orthogonal polynomials in the context of Stein’s method were
also studied by [14]; there one can also find more examples for orthogonal polynomials.

Note that there are many other applications of Stein’s method to other distributions; see for example the
work on Markov chain Monte Carlo methods [13] and on the uniform distribution [12]. The above tutorial
lectures are merely an introduction to a very rich field with many open problems.
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