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1. Introduction

Let h : I = [0,1] — I be piecewise monotone C! and uniformly expanding: that is,
there is a finite set U = U(h) of points

O=up <up < < Up <Up4+1=1 (1.1)

in I such that, for each interval J; = J;(h) = (u;—1,u;), both h restricted to J; and its

continuous extension to [u;_1,u;] are C! and monotone, satisfying
1 <ec(h) < |W(z)| <C(h) < o0 (1.2)
for all . The dissection of I induced by h from U(h),
0=v9 <V1...< Uy < VUpyt1 =1,
is denoted by
V=V(h)={v, -, 0m,} = {h(u?),h(u"); ue U)}\{0,1}, (1.3)

and the iterates of h are denoted by h,, r > 1. A (measurable) set A is said to have
period r if h,(A) = A, where A = B means that A(AanB) = 0 and A denotes Lebesgue
measure; if A has period 1, it is called invariant. An invariant measure is a measure p such
that u(h=1(A)) = u(A) for all A. We make the following assumptions, which are to hold
throughout.

A1: There are no periodic sets A with 0 < A(4) < 1.
A2: There exists an 7 = ry > 1 for which |k ()| > 4 for all z ¢ h,.(U(h,.)).

If h is piecewise monotone and uniformly expanding and A’ is piecewise smooth, there
exists at least one invariant probability measure p which is absolutely continuous with re-
spect to A. The celebrated theorem of Lasota and Yorke (1973) proves this when A’ is piece-
wise C!, and shows also that the density f of p is of bounded variation. In Keller (1985,

Theorem 3.5), the conditions are relaxed somewhat beyond
A3: 1 is piecewise Holder continuous with exponent ¢, for some 0 < ¢ < 1.

Under A3, Keller shows that any invariant density f has the following regularity
property: there exists a K(; 4) < oo such that, for all 0 <e <1,

/osc (f,e,z)dx < K(1_4)sc, (1.4)
I
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where

osc(f,e,x) =ess sup |f(y)— f(2)l,

Y,2€84(€)

and S;(e) = {y : |y — z| < €}. Under our additional assumption A1, there is in fact only
one invariant measure that is A—absolutely continuous, since supp (x) is an invariant set
if 1 is an invariant measure, and thus supp (¢) = I for any such u.

Our interest lies mainly in the extent to which the properties of the h—sequence
{hr(zp),r > 0} mimic those of a more conventional stochastic process, when z is suitably
chosen at random. If z( is exactly known, the whole future of the h—sequence is completely
determined, and randomness does not enter at all. However, in practice, o can never be
known without error, and the small uncertainty in the value of 2y has an enormous effect
on the later values in the sequence. It also makes sense to ask for the properties of a
‘typical’ sequence, where ‘typical’ could, for instance, be interpreted as meaning that xg
is chosen uniformly at random from I. An example of the parallels with stochastic pro-
cesses is the functional central limit theorem for partial sum processes derived from an
h—sequence, which was proved by Hofbauer and Keller (1982). They also derive a rate of
convergence, using general theorems for mixing sequences given in Stout (1974). However,
the rate they obtain is not explicitly characterized, and can be expected to be very poor.
In this paper, we address the stochastic structure of h-sequences more directly, and are
thus able to make much more concrete statements.

Our approach, illustrated in an elementary setting in Barbour (1995), is based on
two observations. The first, which we will probably not be the last to rediscover, is that
if g is chosen at random according to the invariant measure y, then the h-sequence is a
stationary Markov chain taking values in I, as is its time-reversal; see, for instance, the
references given in Isham (1993, Section 3.6.3). The h—-sequence is Markovian because its
evolution, for given zy, is deterministic, and stationarity follows directly if z¢ ~ p. Now

the invariance of y implies that

)= Y [f@)/K(@) (1.5)

zeh~!(y)

for (almost) all y such that h=(y) NU(h) = 0, so that then the quantities

VO
p(y,a:)— |h’(.’1,‘) f(y)’ €h (y)a (1'6)

are probabilities. Moreover, if z is such that h;(z) ¢ U(h), 0 < i < m, if X is an interval
around z so small that the maps h : h;(X) — h;41(X) are 1-1 for each 0 < i < m and if
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g : I™*! - IR is measurable, then

/Xg(w, h(w),---,hm(w))u(dw‘)=/Xg(x, W), ..., hn(2)) f(2) da

= [ 2050 00050 TT e
- -1 S TT [ (b))
_/hm(X)g(hm ), b (), ) H){f(h; - 1(y))|h’(h;,1_i(y))l}f(y)dy

:/h g (W), h ),y Hp mei—1(¥)s h () m(dy),

so that the time reversal of (X, X1,...) with Xy ~ g and with X; = h;(Xj) is the Markov
chain (Yp, Yy, ...) with Yy ~ p and with transition probabilities given by (1.6).

An advantage of considering the reversed process is that randomness enters progres-
sively at each step, and not only when setting the initial state o, making the analogy with
classical stochastic processes clearer. Our second observation is that the time reversal of
the h—sequence of a uniformly expanding map has an induced contraction property, which
enables coupling methods to be introduced. It is shown in Section 3 under A1-A3 that,
if z is close enough to ', then p(x, ¢(x)) is close to p(z’, #(z')), where ¢ is a given branch
of h~1. Thus the first steps in a reversed chain starting in 2o and in one starting in z{, can
typically be realized in such a way that, with high probability, z1 = ¢(z¢) and ] = ¢(xf)
for the same branch ¢ of h~!. If this is the case, then

|21 — 2| = [d(z0) — d(wp)| < |zo — 2g] zlél;{l/lh'(y)\} = c(h) ™" |wo — =y, (1.7)

and the positions of the two chains after one step are closer than they were initially, at
least by a geometric factor of ¢c(h)™! < 1. The main effort is then devoted to showing
that, however two reversed chains (Y, n > 0) and (Y,,, n > 0) are started, they can be
realized simultaneously in such a way that |Y, — Y,| < Ze(h)™™ for all n, where Z is a
random variable with Pareto tail; we refer to this as a ‘successful’ coupling. The coupling
approach has already proved to be a powerful tool in many areas (Lindvall, 1992), and it
plays the main part in our arguments.

The structure of the paper is as follows. In Section 2, we establish the properties
of h and f which we need in order to prove that our coupling is successful. We do so
assuming A1-A3, and making heavy use of the results of Keller (1985); the arguments

simplify somewhat if A itself is invariant, which requires that

Y. YW(@l=1

z€h~1(y)



for all y ¢ h(U). In Section 3, we demonstrate that the coupling of time reversals of h—
sequences is successful. In Section 4, we use the coupling method to prove the properties
of h—sequences in which we are primarily interested: decay of correlations, multivariate
normal approximation, a functional central limit theorem and Gaussian approximation to
the empirical process. Results on moderate deviations have been obtained by Dembo and
Zeitouni (1996).

2. Properties of h and f

In order to prove that the coupling of the next section is successful, we need to show
that the set h, !(y) of pre-images of a typical point y under the iterates h, of h becomes
dense as r — oco. More precisely, starting with any interval K C I, we show that there
is an 9 = 7r9(K) < oo such that h,(K) = I for all > ro. We cannot in general claim
that h,(K) = I for such r, since it need not (quite) be the case that h(l) = I, and this

generates some technical complication. The following lemma describes what happens.
Lemma 2.1. Under Al and A3, the set I\ h(I) is at most finite.

Proof. Since h(I) C I, it follows that the sets h,(I) are decreasing. Define I* =
Ny>0hy(I). Then h(I*) = I*, so that I* is invariant, and by Al we then have A(I*) € {0,1}.

Now, since p is invariant, we have

p(he(I)) = p(hy the (1)) 2 p(I) = 1,

for all » > 0, and thus pu(I*) = 1. Hence, since p < A, we have A(I*) = 1 also, from which
it follows that A(h(I)) = 1 also. But h is piecewise continuous, and so h(I) is a finite union
of intervals. Thus I \ h(I) is at most finite.

We will now usually restrict attention to I*, so that all the inverses h, ! are properly
defined; note that, from Lemma 2.1, I \ I* is at most countable. We use the notation A*
to denote AN T*.

As a first step in showing that h,, (K) = I for some 7y, we prove that, if A, =
h1h,(K), then

AZTIHEOAT =1. (2.1)
Note that the sets A, are increasing, and that
R he(A) = b hy (UpsrAy) = Upsp bl the(Ay)
= Unsrhy thehy M (K) = Uns ey th L b (K) (2.2)

= Upsrh, 'ho(K) = A.
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This motivates a further definition: a set B is called preinvariant if h, h,.(B) = B for all
r > 1.

Lemma 2.2. The family of preinvariant sets is closed under Boolean operations.

Proof. If By and By are preinvariant and r» > 1, then
h 'h,.(By N By) C hy th.(B1) N h, th.(Bz) = By N By;

however, B C h,'h,.(B) for any B, so that in fact h'h,.(B1 N By) = By N By for all r.
Now, for any y € h.1h,(B¢), there exists an x € B¢ such that h,.(z) = h.(y), or

equivalently such that z € h_'h.(y) C h,.'h.(B) = B, if also y € B. The set of such x

has to have A-measure zero; hence the same is true of k. 'h,.(B¢) N B, since h is piecewise

monotone C!.

Lemma 2.3. If B is preinvariant, then so is h,(B) for any r > 0, and p(h,(B)) = u(B).

Proof. For any s > 0, observe that
h;thhT(B) = hr_lhr{hs_lhshr(B)} = hr{hr_-&shr-l-S(B)} = hT(B)v

because B is preinvariant, proving the first part. The second part follows because p is
invariant, so that u(h,(B)) = u(h, 1h,.(B)) = u(B).

Theorem 2.4. Let K C I be a non-empty interval, and let A = lim, ,o h ' h,(K).
Under Al and A3, we have A = I.

Proof. A is preinvariant, and so are the sets B, = h,.(A), for all » > 1, and all sets
obtainable from them by finitely many Boolean operations, by Lemmas 2.2 and 2.3. In
addition, A\(4) > A(K) > 0.

If A(A) = 1, the theorem is proved. If not, given any ¢ > 0, there can be no more than
21/¢ distinct B, [that is, A(B,aBs) = 0 if 7 # s] such that all the Boolean atoms derived
from them have A—measure zero or at least €. Thus, under A1, there are two possibilities:
either A(B,) = 1 for some (periodic) B,, in which case A(A) = A(h, 'B,) = 1 also, and
the theorem is proved; or else all the B, are distinct, and, for any € > 0, there exists a
preinvariant set C, derived by finitely many Boolean operations from the B,., such that
0 < A(C) < e. Indeed, since supp () = I and p is A-absolutely continuous, we can take
0 < p(C) < € also. It remains to be shown that this latter possibility cannot in fact occur.

If it were possible, pick 73 so large that c(h)" > 4, in which case |h;., (z)| > 4 for all z.
Now U (h,,) dissects I into a finite number of intervals J; = J;(hy,); let 1 = min; A(J;) >
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0, 2 = min,; u(J;) > 0 and n = min(n;,7n2). Choose a preinvariant set C as above with
0 < A(C), u(C) < n. Since A is the limit of finite unions of intervals and C' is derived by
Boolean operations on the sets h,.(A), C contains a non—empty interval Iy which is entirely
contained in some J;. Thus h,,(ly) is also an interval, and of length at least 4\(Ip). If it
covers one of the J;, stop and set k¥ = 0. If not, it contains an interval I of length at least
2X(Ip) which is contained in some J;. Continue the process of applying h,, and selecting
a new sub-interval until, for some k, h,,(I;) covers one of the J;: this must happen in
finitely many steps, since, at each stage, A(1;) > 2A(I;_1). Then, if h,, () D Jj, it follows
that p{hg+1)r, (lo)} > p(J;) > 0. But hgey1yr, (o) C h(g41)r, (C), and so, by Lemma 2.3,

plh1)yr, (To) } < p(hgegryr, (C)) = u(C) <1,
the desired contradiction.

Now, invoking A2, let H = h,,, so that |[H (y)| > 4 for all y ¢ H(U(H)). Let
V = V(H) be defined in accord with (1.3), and set

= I i> Vit1) 2.2
n3 Osénég(mu{(v Vit1)} (2.2)

with n3 > 0, because supp (¢) = I. Now, for any A C I, writing A; = ANJ;(H) (see (1.1)),

we have

W(HA) < S u((A4)) = 3 [ 7)) (@) do < KXA)

by (1.4) and because |H'| < C(h)™; whereas j(A) = [, f(z) dz is bounded below by some
w(A(A)) with w(y) > 0 for all y > 0, because supp (1) = I. Hence there is an 4 > 0 such
that, if u(H(A)) > ns, then p(A) > n4 also.

Lemma 2.5. Let W be any union of k non-empty intervals such that u(W) < ny. Define
H=HW)={J: Ja marimal interval s.t. \(J) > 0and H '(J\ V(H)) c W}. (2.3)

Then, under A1-A3, Y ;5 u(J) < (W) <y and [H| <k - 1.

Proof. For the first part, observe that the intervals J € H are non-overlapping, and

> utn=u(U 7)=u(m(U 7))

JeH

hence

because p is invariant; however, from the definition of H, H~! (U Jend *) cCW.
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For the second part, if W is such a union, then W\U (H) is a collection of I < k+m;(H)
intervals I1,...,I;. Write

Gj = H(lj) = {a;,b;), 1<j<], (2.4)

where the angle brackets indicate that the endpoints may or may not belong to the interval.
We now partition the G; into overlapping clusters. Define an equivalence relation on

{1,2,...,1} by j ~ j' if there exists a t and ji,...,J;: such that
GjﬂGj1 #0; GjlﬂGjé?é@, ceey GjtﬂGjl%(Z). (25)

Let the equivalence classes be Py, ..., P,. Since u(W) < n4, it follows that u(H(W)) < ns,

and hence that each contiguous cluster

ri=J G (2.6)

JEP;

contains at most one point of V. If [I; N V| =0, set s, =0. IfI'; NV = {v;}, set
si=H{teP: by=v}+{t€P: a=v;}l (2.7)

We now count the intervals of 4 which are contained in a cluster I';.
To do this, we further define

w; = |H Y (y)| for vi1<y<w;, 1<i<mo+1; (2.8)

note that |[H~!(y)| is indeed constant over such intervals. We then define the index sets
Jwy)={j: NH Yy)#0}. If J € H and y € J N (vi_1, v;), we must have

T (y)| = w; = 4. (2.9)

This is the key observation for the counting argument. We now distinguish five cases.

Case 1: I'; C (vj_1,v;) for some j.
If J € H and J C T, identify J with an r, 1 < r < |F;]|, defined by

r =r(J) = max{R(r'); 7' € P;,b., =sup J}, (2.10)

where R(r') is the rank in descending order of b, among {b;, t € P;}: within ties, take
any fixed order. Because of (2.9), r > wj; also distinct intervals J, being non-overlapping,
have distinct 7(J). Hence

{JeH: JCT} <IB| - (wj—1) < |P| - (s:V3), (2.11)
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the last inequality being true because w; > 4 and s; = 0 in this case.

Case 2: T'; 3 v; and \J(fu;r)| <wji, [T (v;)] < wj.

In this case, v; is not covered by an interval J € H, though it may still happen that
H='(v;) e W.

For J € H such that J C I'; N (vj, 1], identify it with

r=7(J) = maX{R(T,); r' € P;,a, = inf J}, (2.12)

where R(r') is the rank of a,» among {a;; t € P;} in ascending order. Because of (2.9) and
the assumption of Case 2, a7 > v;, and distinct intervals J have different 7(J).

For J € H such that J C I';N[0, v;), identify J with r(J) as defined in (2.10), obtaining
distinct indices r with b, < v;, so that they are also distinct from the 7 obtained above.

Hence, in this case,
HJeH: JCT} S |IB|-|{teP: ag=v;}|—|{teP: by =v;}| <|P| —si; (2.13)
also, arguing as in Case 1, one has

|{J eH: JC Fz}' < |Pz| - (min('wj,wj_|_1) — 1) < |Pz‘ — 3. (2.14)

Case 3: T'; 3 v; and \j(v;r)| = wjt1, [T (v )] < wj.
Use the algorithm of Case 1, identifying each J with r(J). As before, r(J) > wj41.
Also, no J has supremum v;, because of the assumption of Case 3. Thus

{TeH: JCTH <|P| = (wjp1 —1)— [{t € Py by =v;}| < |Bi| — (8s — 1) V3. (2.15)

Case 4: I'; 3 v; and \j(vj)| < wjy1, [T (v)] = wj.

In this case, the argument is similar to that of Case 3, leading again to the estimate

{JeH: JCT} <|B| - (si—1)V3. (2.16)

Case 5: I'; 3 v; and \J(fu;r)| = wj1, [T (v;)] = w;.
In this case, there is an interval J € H which contains v;, so no J has supremum v;.

Now argue as in Case 3, obtaining the same inequality.

Collecting the results of Cases 1-5, we find that

M <I=) (si -1 V3,

2
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implying that
H| <Il-3=k+(—-k)-3, (2.17)

and that
H|<1=) 3si/A<1-3(1—k)/2=k—(1—Fk)/2. (2.18)

Taking the worst value of [ — k for (2.17) and (2.18) still gives |H| < k — 1, as claimed.

Theorem 2.6. Under A1-A3, given any non-empty interval K C I, there exists an
ro = ro(K) and a finite set N = N(K) C I such that h,,(K) =1\ N.

Proof. By Theorem 2.4, there exists an 7o such that u(h,'h,,(K)) > 1 — ns. By the
invariance of p, u(hy,(K)) > 1 — 14, and [h,., (K)]¢ is of the form Wy U Ny, where Wy is a
union of some number kg of intervals as for Lemma 2.5, and Ny is a finite set. Furthermore,
applying H = h,,, Wy, = | TEH(Wo) J is, but for a finite set of exceptional points, just
[Hh,,(K)|¢ and, by Lemma 2.5, is a union of k; < ko—1 intervals and satisfies u(W7) < n4.
Thus, recursively applying H in all ¥’ < k times and using Lemma 2.5 at each step, we
arrive at a point where Hy/h,,(K) = hgry, 41, (K) consists of all but finitely many points
of I.

The remainder of the section is concerned with showing that the invariant density f
has ‘nice’ properties outside a set of A-measure zero. The properties of f implied by (1.4)

apply only off certain null sets. We shall use some specific consequences of (1.4).

Lemma 2.7. Under A1-A3, there exists an N = Ny 7 C I with A(N) =0 and a K57 < 00
such that, for any 0 < ¢ < 1,

1
/ Mm(.fvgaN) deK2.7€Ca
0

where

My (f,esN)=sup [f(y) — f(2)]- (2.19)
¥,2€8(e)\N

Proof. By successively removing countably many null sets from I, whose union we call N,

we can ensure that

sup | f(y) — f(2)| S osc(f;277, z5r),
y,2€8;,\N

where Sj,. = Sg,,(27") and zj,. = 527" for 1 < j < 2" —1, 7 > 1. Then, given 0 < ¢ < 1/4,
pick r = r(e) = [— log, €] — 1; it follows that S;(e) C Sjr C Sz(6¢), where z;, is the nearest
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of the set {z;r, 1 <7< 2" — 1} to z. Hence

2" -1

1
/ M, (f,e;N)dx <277t Z osc (f; 27", x4) < 2/ osc (f; 6e,z) dx < 2K(1.4)(6€)<,
0

and the lemma follows.

Lemma 2.8. Under A1-A3, there exists N = No g C I with A\(N) = 0 such that

fmaz = sup f(x) < 00;  fmin = inf f(.’I?)
zel*\N zel*\N

Proof. The first claim follows directly from (1.4). Then, since y is invariant, we can
take f to satisfy

Z @)/ ()] (2.20)

wehr (y)

(see (1.5)) for all y € I* and all » > 1. Take any of the intervals S, defined in Lemma 2.7,
and let 7o = 79(Sjr) be as in Theorem 2.6, so that N; = I\ h,,(S;r) is finite. If
inf{f(z) : = € I* \ {hy,(Na.7) UN,,}} = 0, then (2.20) implies that S, contains a zero

of f or points where f is arbitrarily small, so that then

sup  f(y) <osc(f;277,zj).
y€Sjr\Na.7

Hence, taking

N:Nzg:{U hr(N2.7)}U{U U er}’

>0 r>11<5<27—1

it follows as in the proof of Lemma 2.7 that, if inf ecr«\n f(2) = 0, then fol f(z)dz =0,
which is impossible, since u(I) = 1.

The points of U(h) split I into intervals J; = J;(h), 1 <i < m; + 1. Let B; = h(J;),
and let ¢; denote the inverse of h|y,. For y € Bf \ Ny g, define

ai(y) = f(d() i)/ f(y). (2.21)

Lemma 2.9. There exists a Ko g < o0 and an N = Ny g C I with A\(N) = 0 such that,
for any 0 < ¢ < 1 and for each 1,

1
/ M, (gi,&: N) dir < Ko oS,
0
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Proof. Take N = N3 g = U;>0hr(Nag). Then the functions f o ¢; and |¢}| are bounded
off N, and f is also bounded away from zero off N. Hence, for + € B; and y,z €
(B; N Sz(e)) \ N,

4i(y) — a:(2)| < Kalf(y) — F(2)| + Kol f(di(y) — F(¢:(2))| + Kslei(y) — di(2)], (2-22)

for suitable constants K;, 1 < [ < 3. Now, for such y,z, [f(y) — f(2)] < M,(f,&e;N),

and |f(i(y)) — f(¢i(2))]| < M¢i(w)(f,s/c(h);N), since also |¢;| < 1/c(h); and, by A3,
95 (y) — ¢i(2)| < K(1.4)€°. Thus, in view of Lemma 2.7, it remains to be shown that

1
/0 My, ) (f, £/c(h); N) da < KseS, (2.23)
for some K4 < co. However, since p is invariant for h,

Jmaz ! .
s /0 M, (f,e/c(h); N) da,

1
/0 My, oy (F6/c(h); N) dar <
so that Lemmas 2.7 and 2.8 conclude the proof.

The importance of the ¢; comes from the fact that f is the invariant density, since then,
from (1.6), for y € B \ Na.9, we find that ¢;(y) = p(y, ¢i(y)) is a transition probability of
the time reversal of the stationary hA—process. In view of Lemma 2.8, each ¢; is uniformly

bounded away from zero on B; \ Nag; furthermore, if

F(e,a) = U{x : My(qi,e; Nag) > al, (2.24)

it follows from Lemmas 2.8 and 2.9 that
p(F (e, a)) < Ko.9fmaze® /a (2.25)

foralla>0and 0 <e < 1.

3. Coupling

Consider a Markov chain (Y;,, n > 0) on the set T = I* \ Ny g C I with transition
probabilities given by

y — ¢;(y) with probability ¢;(y)1p,(y); (3.1)
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note that A\(T') = 1 and that h=1(T') C T, so that the chain is almost surely well defined for
alln > 0 if P[Yy € T] = 1, and in particular if Yy ~ p. The Markov chain (Y;,, n > 0) can
be recursively constructed in the following standard fashion, as a function of a sequence
(Upn, n > 0) of independent U|[0, 1] random variables and a starting value yg, which may

depend on Uy. Given Y,, = vy, set

Yo = qu(y 15,(y) < Ups1 < qu ()18, (1)- (3:2)

r=1

In what follows, we shall usually be interested in realizing two or more such chains simulta-
neously, in such a way that, as far as possible, their paths remain close together. The joint
realization of two such chains, (Y;!, n > 0) and (Y;2, n > 0), is achieved by realizing Y'! as
in (3.2) from a sequence U of independent uniform random variables, and then realizing Y2
as a function of Y! and a second sequence U? of uniform random variables, according to
the following rules. Define I = i whenever Y € Ci, where (C;, 1 < i < ma(h)+1)
are the intervals into which V'(h) dissects I, and set J7 , = r whenever Y’ = o (YD),
j =1,2. Then, given ¥;? and the whole path Y*, determine ¥,2,; according to (3.2) with
U2,y for Upqq if I, # I2; if I} = I2, define

n

5 ¢r(y2) if U n+1 < pr2/pr1a
Y= (3.3)
di(y2) U2 > pro/pr and Ri_y < (1 —U2,,)/(1 — pr2/pr1) < Ry,

where
r=Jrs =Yy yw=Y2% pi=q¢y;), i=12, (3.4)
and
! mo(h)+1
R =) (ps2—pa1)*1p, (yz)/ > (ps2 = ps1) 1B, (32)- (3.5)
s=1 s=1

This construction makes Y2 choose the same branch as Y'! with as high a probability as

possible when Y! and Y2 are both in the same set C;. It follows, in particular, that

PlJ7 1 # Jnga | 258 M Iy = LY 0 {Upa =1} =1 = (6:(Ya) A ar(Y) /ar (Yy), (3.6)

where E{ =o(Y?, 0<s<l)and X2 = %] VX2, and hence that, for some K37 < oo,

P2,y # T | = 2N S2) < Kanlap (V) —ap (¥l (37)
Now define l
Dy = ﬂ {Ynl ¢ Enys} € Ella

n=0

13



where

E, = T: i - VYU F(e ", e, 3.8
{y € Uevfﬁ)lﬁ{o,l}'y v <cT"FUF (e, eT™) (3.8)

now henceforth with ¢ = ¢(h) and with (' fixed, 0 < ' < {: F(e,a) as in (2.24). The
sets Dy are those in which Y'! does not too soon approach points where the ¢; may change

abruptly.
Lemma 3.1. For any y,,ys € T satisfying |ys — y1| < ¢~*, we have
!
]P[ﬂ {([V2-V <t YVE = o, V) = 41,85 N Dy | >1— K317,
n=0

where K3.1 = K(3_7)C/(C - 1)

Proof. If s is such that Kg.lc_“"c’ > 1, there is nothing to prove. Otherwise, since
|#!.(y)| < ¢! for all r and all y € B,, it follows that, for all y,z € C and all r such
that B, D Ck, we have |¢.(y) — ¢.(2)| < ¢ |y — 2|. Hence it suffices to show that, if
lya — 41| < ¢™%, then
!
Pl {7} = 72} ‘ Y =95, Y3 = 1, T N Dat| > 1= Kgae*¢'

n=0

However, from (3.7), (3.8) and (2.24), it follows that
P[J20 # T | (VU = 230 (¥ -] < ) nDansE,] < Kane ¢, (39)
r=1

and the lemma follows.

Remark. By choosing s > sy for a suitable sg, the lower bound in Lemma 3.1 can be
made to exceed 9/10.

Now define

P(s,y) = PDuo | Y =yl w(s,0) =B{D 15, (V) Vi =y}, (3.10)

and observe that

1= P(s,5) = P[Y 15, (V) > 0|3 = y] < n(s.0).
n>0

14



Since Y'! is stationary if Y3 ~ p, it follows that

| s ) = X (i)

n>0

< frmaz Z[Z(mQ(h) + 1)6_(5_"") + M{F(C_(S+"), c—(s-l-n)g")}] (3.11)
n>0

< fmas{2(ma(h) + 1)e™*/(c = 1) + K29~ /(¢ — 1)},
where the final estimate comes from (2.25). Choose s = s1 > sg large enough to make the
final bound in (3.11) smaller than 1/10. Then the set

S={yeT: n(s1,y) < 1/10}

has u(S) > 0, and, for each y € S, P(s1,y) > 9/10.
We next show that, if Y € S and Y is close enough to Y, then there is a good

chance that the paths of Y! and Y2 never get far from one another.

Lemma 3.2. For any y; € S and y € T such that |ys — y1| < ¢~*', we have

PO {IV2 = Vi < "} Y = 40, YE = 1] > 8/10.
n>0
Proof. From Lemma 3.1 and because s; > s,
]P[ﬂ (Y2 - Y} < cn) ‘ Y2 =y, Y=y, 5L N Dsl,oo] > 9/10. (3.12)

n>0

Hence

]P[n {IY; - Y | <™} ‘ YP =2, Yy = yl]
n>0

> ]P[DS1,OO |YE)1 = 11]

xB{P [ {¥ - Xl < e | % = 00, % = 90, 2L N Dy, ] |
n>0

2 9P(31,y1)/10 > 81/100,

which proves the lemma.

Now take any yo € S and set J = Sy, (c~%1) N T. The next lemma shows that if Yy
and Y§ are both in J, then Y and Y? stay close to one another for ever with substantial

probability.
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Lemma 3.3. For any y1,ys € J, it is possible to couple two Markov chains Y! and Y2

with transitions governed by (3.1) in such a way that

P12 - Y2 <26} ¥ = 10, i = 1] > 6/10.
n>0

Proof. Realize a chain Y according to (3.2) with Yy = yo. Then realize two processes
Y and Y with Yy =y and }70 = y9, each coupled to Y as in (3.3). Apply Lemma 3.2 to
each pair, and then observe that, by the triangle inequality,

Y, - Y, <[Yn—Ya|+ |V, — Y.l
Nowset Y! =Y and Y2 =Y.

Lemma 3.3 shows that Y! and Y2 can be constructed in such a way that they stay
close for all time with substantial probability, provided that they are both initially in
the (small) set J. We can now greatly extend the scope of this result, proving that Y
and Y? can be realized in such a way that their paths are eventually close for all time with

probability 1, whatever their starting states.
Theorem 3.4. If A1-A3 hold, then there exist K34 < oo and 0 < < ( such that, for a

suitable joint realization of Y and Y2,

Plsupc’|V;2 =Y, > 2| YE =42, Yy = y1] < Kza27P,
r>0

uniformly for all x > 0 and y1,y2 € T \ N, where N = N3 4 is finite.

Proof. From Theorem 2.6, there exists an r¢ such that A, (Sy,(c™°')) = I\ N, with N =
N34 finite. Hence, for any y € T\ N, h;.' N J is non-empty. Thus, letting Y' and Y2

evolve independently for rq steps, it follows that
P[Y,, € J, Yy € J|Y5 = y2, Yo =] 2 {inf ai(y)}*"* = 9 >0,
by Lemma 2.8, for all pairs y1,y2 € T \ N. Hence, from Lemma 3.3,

P () {e" Y2 = Vil < 2670 |¥¢ = 1, ¥ =1 > 66/10, (3.13)

n>ro

for all such pairs.
Now, given y1,y2 € T \ N, define Y! and Y2 for all time as follows. Let Y = y; and
YZ = ys, and let Y1 and Y?2 evolve independently for 7 steps. Then, if {y1,92} ¢ J, set
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N; = 7¢; otherwise, using the Markov property, let Y! and Y2 continue to evolve according

to a coupling constructed as for Lemma 3.3, and set
Ny =inf{n>re: "|Y,2 =Y} > 2} < o0. (3.14)

If N1 = oo, the chains Y! and Y2 are fully defined. If N; < oo, use the strong Markov
property to restart the whole construction from new initial values Y]\l,1 and Yj%l, covering
all times 0 < n < N; + N < oo, and continue to repeat until some /N; = oc. Note that,

in view of (3.9), for any j,1 > 0,

P[N;I[N; <oo] > 1] =) P[Nj=ro+1] <Y Kpe 1+,
t>1 t>1

hence, from (3.13), the sum }.5, N;I[N; < oc] is stochastically dominated by a sum

N* = Z]T.Zl N'j of independent random variables Nj, each with distribution
P[N; =ro+1] = Kgpe @ 1> 1, PIN; =ro) =1— Kggye ¢ /(c— 1),

where 7 is independent of {ij, j > 1} and has geometric distribution

60\!
> [ = - — > ().
Plr > 1] (1 10)’ 120
Hence

Plsup e’ [¥2 = V1| > 247071 | Y2 = 1, V3 = y] < P[N* > 1],
r>0

uniformly in y;,y2 € T\ N.

Now ]Vj has a probability generating function I'(z) which converges in |z| < ¢¢'. Hence
the probability generating function of N* also converges for some 1 < z5 < s, implying
that P[N* > [] < 25 'ITE{zY" }. Hence, given any z > 0, take I = [s; — 7o + log(z/2)/ log ],
giving

P[sup cT|Y,ﬂ2 — le\ > x| < ]E{Z(])V }e‘llogzo < K3_4£U_ﬂ,
r>0

for suitable K34 < oo and 8 > 0.

Remark. Note that the value of 3 indicated by the proof is smaller than ¢, and, through
the probability generating function of N*, is also small with . It is not in general obvious
how to make good estimates of the best possible 8 from the properties of h, except in very

simple cases.
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An important consequence of Theorem 3.4 is that, in a certain limited sense, the
value of Y,, has little effect on that of Y,,1,, when m is large. This can be made precise
as follows. Suppose that the chain (Y,,, n > 0) is constructed as in (3.2) from a sequence
of independent U|0,1] random variables (U,, n > 0), with Uy determining the value

of Yp. Now, for fixed m, construct random variables (Y,

nims T > 0) using an additional,

independent sequence (U], n > 0) of independent U[0, 1] random variables; for each n > 0,
start a chain (Yn(i)r, r > 0) by letting U], determine Y™ and then run Y™ using (3.2)
and the original values (Unsir, 7 > 1); set YV =y

ntm wim- DBecause of Theorem 3.4, for

each n > 0, we have
P[|Y, 1 — Yoim| > xc7™] < Kz, ™?, x>0,

so that, for instance,

N+m
Pl U (Y] Y12 N2} < KpuN—2 (3.15)

j=m

whenever m > (24 3/8)log N/logc. Thus m need only be of order log N for Y’ to be a
uniformly small perturbation of Y throughout an index set of length N. The advantage of
the sequence Y’ is that its elements are only m—dependent; longer term dependence has

been entirely eliminated.

4. Main results
4.1. Decay of Correlations

The first set of implications of Theorem 3.4 concern the rate of decay of the dependence
upon initial conditions in h—sequences. This rate itself depends on the form of the initial
condition — if xy were exactly known, there would be no decay at all. The quantities in
terms of which we express our rates are derived from the following measure of the average

smoothness of a function. For any g : [0,1] — R, we define

1
(g,m) = / sw  |9(2) - g(a)| de < oo. (4.1)
0 {z:z—z|<n}NT

Note that, from Lemma 2.7,
m(f,n) < Kazn°. (4.2)

Let g be the density of X with respect to A, and let g,, denote the density of X,, = h,,(Xj).
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Theorem 4.1. Asn — oo, g, — f in Li. Furthermore, if g¢ satisfies lim,_,o m(go,n) = 0,
then

lim  sup |gn(z) — f(z)| =0,
n—00 $ET\N34

where T is as in Section 3.

Remark. The class of densities go such that lim, ,om(go,7) = 0 is just the class of

Riemann integrable densities, and includes in particular all densities belonging to D[0, 1].

Proof. We start by assuming that g satisfies lim,,_,o m(go, n) = 0, proving the first part
by approximation when the second is known. Let X! = h,.(X(), 1 <7 < n, with X ~ p,
and set Y, = X/

n—r?

0 <r <mn. For any A C I, we have

/ on () dz = / 14 (o (2))g0() dav
A I
= E{14(X})g90(X0)/f(X0)} = E{14(Y0)g0(Yn)/f(Yn)},

(4.3)

so that {go(Y,.)/f(Ys) Yo = y}f(y), y € T, is a version of g,. Hence, realizing !
and Y? together as for Theorem 3.4, with Yy =y € T\ N34 and Y2 ~ p, we have, for any
kn > 0,

90 ()/ £ (y) = 1| = B{go(Y,)/F (V2)} = B{go(Y2)/f (¥}
§2GK3.4k;ﬁ+/Tf($) sup (90(¥)/ F (W) = (90(2)/f (@) dz (4.4)

{y:ly—z|<knc—m}NT
< 2GK3.4k; P + Gin(f, knc™) + m(go, knc™™),

where G = sup,cr go(x)/f(x) < oo, by Lemma 2.8 and because m(go,7n) < oo for n
sufficiently small. Choosing (k,, » > 1) in such a way that k, — oo and k,c™™ — 0, and
recalling (4.2), the second part of the lemma follows.

Now if go does not satisfy lim, o m(go,7) = 0, it can still be approximated arbitrarily
closely in Ly by densities g5 which do. Hence we can write

[ 0@ = (@) do < [ loule) = gi@) da+ [ loi(o) - 1@ o

with the latter integral converging to zero as m — oo by the first part; g; denotes the

density of X,, when Xy ~ g§. For the former integral, we have, for y € T,

[(gn(y) — 9 W)/ F ()| < B{lgo(Yn) — g5(Y)I/f(Ya) | Y5 =y},
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and hence it follows that
/T gn(y) — 95(0)| dy < /T E{go(Y.)) - g5 (Y)I/F (YD) | Yd = v} F(y) dy

(4.5)
- / 90(z) — g5(@)] da,

which can be made arbitrarily small by choice of gg.

With slightly stronger assumptions on gg, we can prove a geometric rate for the
convergence in Theorem 4.1. For 0 < v < 1, define
my(g) = sup 7~ "m(g,n) < oo;
0<n<l1

mo(g) = ms;lé)T lg(z) — g(y)| = m(g,1).

(4.6)

Note that m.,(g) is increasing with v, and that, if g; and g are such that inf, g;(z) <0 <
sup, gi(x), i = 1,2, then sup, |g;(z)| < 2mg(g;), and hence

Moy (9192) < 4y (1)1 (92)- (4.7)

Note also that m¢(f) < oo, from (4.2).

Theorem 4.2. Suppose that m.,(gy) < oo for some 0 < v < 1, and set v/ = min(v, ()
and a = ¢=PY'/B+Y) | Then there exists a K45 < oo such that, for all x € T'\ N3 4 and all
n > 0,

\gn(z) — f(z)] < Kg20" {1+ my(g0)}-

Proof. All that is required is to make estimates of the quantities appearing in (4.4):
G < {1+ 2my(90)}/ frmin, m(f,m) < 1°me(f) and m(go,n) < 17m+(go). Then choose

k, = ™ /(B
Theorem 4.2 implies a corresponding rate of decay of correlations.

Corollary 4.3. Suppose that u, and ug are integrable functions, and that m.(u;) < 0o
for some 0 < v < 1. Suppose also that X, has a density go satisfying m.(go) < co. Then,

for some K43 < 00,

E{ur (Xo)uz(hn (X0))} — / w (@)go(x) de / ws(2) f () de

I

< Kaao® [ fuata)| do{ [ s (&) ao(o) do -+ s g () .
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where, as before, v' = min(y,¢) and o = ¢~ B7'/(B+7),

Proof. It is enough to prove the corollary for nonnegative uy, since a general u; can be
split into its negative and nonnegative parts. Note also that a constant may be added

to us without changing the quantity to be estimated. If uy(z) > 0 for all z, define

o(@) = o(e)ur(o)/ [ ao(wyus(o) dy
and observe that

E{u1 (Xo)uz(hn(Xo))} = /Igo(w)m(w)W(hn(w))dw

- [ @@ dr [ g .

By Theorem 4.2, we have

[ ot@uathn(a)) o = [ wa) i) dy] < Kaza™ (14 mp (@)} [ )l dy, (29)

and the corollary follows, since, from (4.7),

o (9) < oy (o) () / [ aow)us(w) .

Remark. The quantity estimated in Corollary 4.3, although perhaps the most useful
expectation estimate, is neither a correlation nor even a covariance, since, in the product
of integrals, IEus(h,(Xo)) is replaced by its limiting value as n — oo, fl uz(z) f(z) dz.
To obtain a true correlation estimate, first observe that a constant may be added to us
without changing the quantity to be estimated, so that us can be taken to be centered at
its expectation ug(n) = E{uy(h,(Xo))}. Then, substituting go for ¢ in (4.9), it follows
that a similar estimate holds for the covariance as well:

Cov {u1(Xo), uz(hn(Xo))}

< Ko [ Jua(a) = aa(mlan(z) dof [ (@) gn(z) do + mos (go)m (1ur)}

with the constant K incorporating a factor {inf g, (z)}~!, which approaches 1/fnin as
n — 00, in view of Theorem 4.2. This in turn leads to an estimate of the correlation:

Corr {u1(Xo),u2(h,(Xo0))} < Ka™{1+ R(u1)},
where K depends on the properties of go as well as on h, and where

R(u1) = moy (Jur — Eui(Xo)|)/+/ Var ui (Xo).

The final result of this nature concerns probabilities of sets more general than product

sets.
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Theorem 4.4. If Xy ~ po, where po has density go such that m.,(go) < oo, then the
Lévy—Prohorov distance p between the distribution of (Xo, hy,(Xo)) and po X p satisfies

p < Kyqq0"{1+my(g0)}

for some K4 4 < 0o, where v/ = min(v, () and a = =B /(B+7") are as usual.

Proof. Let A be any measurable subset of I x I, and let A, = {y: (y,z) € A} denote

the corresponding section. Then

polz 2 (2, hn(x)) € A} = E{[g0(Yn)/f(Yn)[I[(Yn, Yo) € A]| Yo ~ p}

(4.10)
_ /I E{[g0(Ys)/f(Ya)I[Ye € As]| Yo = 2} f(z) da

For x € T \ N34, let (Y, z, n > 0) be a Markov chain with transitions governed by (3.1)
having Yy, = z, and let Y’ be another with Y ~ p, realized together as in (3.3) with
Y'=Y"! and Y, , = Y2. Then since, for any n > 0,

I[Yne € Ag] < I[Y;, € AQ [V o — Y| <]+ I[[Yoe — Y| 270, (4.11)

it follows from Theorem 3.4 that
ol : (z,hn(x)) € A}
< [ Blloo )/ Vi IV, € AT Yoo = Yy < (@) o

+G [Pl = Vi 2000

slﬁ@ﬁ%ﬂﬂmweﬂwmw

gO(Yn,a:) go(Yé) , o
+/T]E{ FYna)  JOY) I[[Yne—Y,| < W]}f(:v) dz 4+ GKs3.4(nc™) P

< (o x W{A"} + Gm(f,n) + m(go,n) + GK3.4(nc™) "7,

this last from (4.4): G = sup,{go(z)/f(x)} as before. Hence, taking n = ¢~ ™8/(F+7) it
follows that
pof{z : (2, hn(z)) € A} < (po X p){A%} +e, (4.12)

with € = K4 4a™{1 + m,(go)}, for a suitable Ky 4.

4.2. Multivariate normal approximation
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Let Xy have distribution u, where p is the invariant measure. Then recall that, for
any N, (Xo,...,Xn) is time-reversible, and its time reversal (Yp,...,Yy) is stationary,

with Yy ~ p. Thus for any function u, in distribution,
L(u(Xo, .., Xn)) = L(u(Yo, .., Yi).

Hence limit theorems for functions of (Xg,...,Xy) can be obtained by deriving limit
theorems for functions of (Yp,...,Yn). Due to stationarity, these are equivalent to limit
thoerems for functions of (Y., ..., Ymin), for any fixed m. The latter process we can ap-
proximate by the above stationary m-dependent process (Y,,,...,Y, i ) for which known
results can easily be applied. For normal approximations, there is a vast literature about
rates of convergence for stationary m-dependent sequences. However, we will want to get an
explicit dependence on m, and therefore will have to rule out results such as Stein (1972),
Tikhomirov (1980), where the rate of convergence is given in terms of a constant that
depends on the distribution of the m-dependent sequence in an unspecified way. More-
over, there are results about Edgeworth expansions (see Heinrich (1982), Heinrich (1985),
Loh (1994), Gétze and Hipp (1983)), but these involve the cumulants of the distribution
of the m-dependent sequence and therefore are too complex for our goals. Instead, we will
apply a result by Rinott and Rotar (1996) for multivariate normal approximation.

Let J = (Jy,...,Js) € IN® be a fixed vector with 0 = J; < Jp < --- < Jg, and let
I={i+J;i=1,..., N}, where we abbreviate i+J = (i+J1,...,i+Js). Foreach i+J € T
put

Xivs = Xixay-- o Xivg,) € {X1,..., Xnt0, }°.

Let u be a Lipschitz continuous function from [0,1]* to R%, with Lipschitz constant 7;
here, and in what follows, the norm of any vector or matrix is understood to be the sum
of the absolute values of its elements, and vectors are understood to be column vectors.
We also write ||u|| = maxy¢[,1)s Zle lu(y)i|, where u(y); denotes the ith coordinate of

u(y), and we set

N
u(Xiys) = u(Xirs, - Xirs,); W= uXity).

=1

Further, we define
EN = (0i)igmtd = Var (W) en = [[ull[Z37)
Theorem 4.4. With the above definitions,
sup {[Eg(W) ~ Eg(o{N)| : g € G} < 0{(log N + J)*(Nk + Den} .
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where G is the set of indicators of convex sets in R% and N denotes a standard normal

random vector in R2.

Remark 4.5. A detailed form of the error estimate, derived from that given in Rinott
and Rotar (1996), is given below. Although it appears rather complicated, it makes the
dependence of the order terms on the parameters of the problem very explicit. In fact,

there exist universal constants ¢ = ¢(d) and a = a(d) such that

sup {[Eg(W) —~ Eg(S3A)| : g € G} < aroenN~! + Ky N2

|| | (4.13)
+ 30{4abeN + Nb’e}[log N + 2|log e | + log(4b)] [8aen + N ¢ (u)] },
where 14K )
+ K147y
b=m+Jo+1; (u)=dsg o+ 4Kz + Ky 0 (4.14)
[[ul] -
and
2+5 2
m = max log N. (4.15)
loge’ log

It is also shown in Rinott and Rotar (1996) that similar estimates are valid, with different
choices of a, for other classes G, and that the order of the bound can be slightly improved
if d = 1. In many applications, |3 1/2| = O(N~2) and J, = O(log N), giving an error in
the approximation of order O(N~z log® N).

Proof of Theorem 4.4. Let {Y3,...,Yn4y,} be the time reversal of {X1,..., XnyJ.},

so that
N

W = Zu it J,—J)

=1

We approximate the time-reversed process by the m-dependent process (Y;)i=1,2 .. con-

structed above, with the particular choice of m given in (4.15). By stationarity, we may
shift the indices in I by m + Js without changing the distribution of W. Alternatively, we
may suppose the process to have started at time —m — Jg, which allows us to maintain
the notation (Y7,...,Y}). Put

N
~Su
i=1
Assume that Eu(Y}_;) = (0,0,...,0); otherwise, simply translate the mean to zero. Let

Yy = (0 j)ij=1,...a = Var (W)
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be the covariance matrix of W'.

First, we transform W’; we put

W= o (fjum_n) and W = 338 (3 u(viy).

=1 =1

Note that, as G is closed under affine transformations, we have

sup {|Eg(W) — lEg(Ez%vN)l 1 g€ G} =sup{|Eg(Wz) —EgN)|: g€ G}
<sup {|Eg(Wz) — Eg(W)| + Eg(W%) —Eg(N)| : g € G}.

Our strategy is first to estimate the difference IEg(W z) —IEg(W';), and then to apply
Rinott and Rotar’s result to the m-dependent sequence u(Y;_;). We have

Eg(Wz) — Eg(W3)|
N N

<E(lg(W2) - g(Wa)l| 1Y - v > N2 J{1Y] - v > N2
j=1 j=1
N N

+B(lg(W2) — (W) (1Y) = Y5 < N2} P ({]¥] - %3 < N7}
j=1 j=1

The first summand can easily be bounded, using m > (24 3/5) log N/ logc and (3.15):

E(lg(Wz) - g(W5)|| Uiy - vl 2 N—2})1p[©{pf; — Y| > N7

=1
N (4.16)
<P[J {1y -¥|2 V)] < KoaN 2
j=m

For the second summand, we have
N
E(|19(Wz) - 9(W)|| (Y] - ¥ < N7%})

=1

= ]E(‘g(i);,% iv: u(Y: ;) + E;[% iv:(u(Yi—J) - U(YQ—J)))

=1

(5 Du(viy)

=1

N
N - < N7%).

On the set ﬂ;vzl{|Y]’ —Y;| < N~2}, we have, from the Lipschitz property of u, that

N N s
ot (30 (al¥ima) = u(YE )] < 1510 D ¥, — Vi < rald IV,

=1 i=1 k=1
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Hence

(‘g (Wz) —g(W5%)

ﬂ{\Y’ v;| < N~%})

(WE)| Ny =%l < N2},

=1

<E(" L, (We)-g

Ts|2 |[N—1 TSlE; |IN—1

where, following Gotze (1991), for any 6 > 0, we define

95 (@) =sup{g(z +y) : [yl <8} g5 (2) = inf {g(z +y): ly| <5}
observing also that, for all § > 0, the functions g; (z) and gy (x) are in G, and that
sup{(Egy (V) — Eg; (V) :g € G} < ad (4.17)

for a universal constant a = a(d) > 1. Thus, with éy = 7'3|EI_\,1/2\N_1, we have

E(lg(Wz) — g(W5)|| Ny - vl < N*})P[ﬁ{u@f ~Y;| < N7}

< B(gf,(Wh) - g5, (W)

= E(gf, (W5) — g5, (V) —E(g;5, (W%) — g5, V) + E(gf, (V) — g5, (N))
< 2 sup {|{Eg(W%) —Eg(N)|: g € G} +ady

= 2sup{|Eg(W%) — Bg(N)| : g € G} + ars|uy"/?IN 7T,

giving

Eg(Wz) —Eg(W5)| < K3 4N 2 +a sNN '+ 3sup{|Eg(W%) — Eg(N)|. (4.18)

Thus it remains to bound sup {|E(g(W%) — IEg(N)| : g € G}, for which we apply
Theorem 2.1 in Rinott and Rotar (1996). They consider W = Zj\;l Z;, where Z; are
bounded random vectors taking values in R?, that is, Zj| < B,1 < j < N for some
constant B. (Rinott and Rotar have X instead of Z, H for G, and n for N.)

Theorem (Rinott and Rotar). For each j =1,..., N assume that we have two repre-
sentations of W, W =U,; + V; and W = R; + T}, such that |U;| < A, and |R;| < A,
for constants satisfying A; < As. Define

N N N
=Y E[E(Z; | V;)], xa = Y E|E(Z;UT) - EX;UT |T;)|, xs = [1- Y _E(Z;UT)],
j=1 j=1 j=1
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where 1 denotes the identity matrix. Then for any d > 1, there exists a constant c

depending only on the dimension d such that

sup {|Eg(W) —IEg(N)| : g € G} < c{ads+ NaA1A;B(|log A3B| + log N)

(4.19)
+ x1 + (|log A1 B[ +1og N)(x2 + x3)},
with a as in (4.17).
To apply this theorem, for each i =1,..., N, put
_1 N
Zig=Su(Y ;);  WhE=> Z ;.
i=1
Clearly,
1
1Zi—a| < [ul|EZx57] = en, (4.20)

showing that we can take B = ey in (4.19). Moreover, to find the two representations of
!/

"z needed for (4.19), we define neighbourhoods of dependence

Bj={i=1,...,N:i<j+Js+m and i+ J;>j—m}, N;= U B;
1EB;

for 1 < j7 < n. Because of the m-dependence, if ¢ ¢ B;, then Z;_j and Z;_j are indepen-
dent. If ¢ € N;, and if k¥ € B;, then Z;_5 and Z;_j are independent. Let

U, = Z Zi—3, Vj = Z Zi—3, Rj = Z Zi—3, Tj= Z Zi-3.

iEBj igBj ieNj iQNj
Then W5 =U,; +V; =R, +T;. To bound |Uj| and |R;j|, note that, forall j =1,..., N,

1B, < 2(Js +m) +1<2b

and
IN;| < 4(Js +m) + 1 < 4b,

where b is as in (4.14), so that therefore
U] < [lull |Bj| =32 < 2bew and  [Ry| < [lul| [N;] [S52] < 4ben,

so that we can take 24; = Ay = 4bey in (4.19). It thus only remains to bound the x;.
From the choice of neighbourhoods and m-dependence, the first two characteristics in the

theorem vanish: y; = 0 and x3 = 0. For the third characteristic, we get
N
X3 =[1-) B(ZisU])| = 1-EW;(W5)")
=1

-1 1 -1
=[I- ENQENZN” < [Ey° |2|EN — Iyl
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To bound this quantity, observe that

Zn — S| =] Z Ju(Y;_5)" —u(Y;_j)u(Y;_5)7)|
<[22 > BYi-a)u(Y-a)" —u(Yigu(Y;y)")| (4.21)

+| Z E(u(Yi-5)u(Y;-5)")|-

Consider the first term in (4.21), for which we have

1Y) Bu(Yin)u(Y;-5)" —u(Yi_)u(Y; ;)7

j=14€B;
N N
<33 B([ulYi)u(Y;5)" — u(Yig)u(Yi_y)"|| {% - ¥l < N2}
j=14€B; j=1

P(ﬁ{m - Y/ < N7%})

303 B(luYi)u(Y,-n)" —u(Yi)u(Y) )T LY - v = N 2))

j=14€B;
N

P(ULY; -1 > N2}
7j=1

In the first sum, we bound the probability by one, giving

N N
>3 B([a(Yen)u(Y,-a)" = u(Yip)u(Y) )| | (Y - ¥ < N7%))

j:1 iEBj

P((]_ﬁ{m Y| < N7%})

< Z Z E(‘U(Yi—.]) [u(Y;—5)" —u(Y)_5)"]|

j=14i€B;
+ | [u(Yims) = u(Yi_p)]u(Y) |m{\Y v/ < N7%})
<4rs||ul[bN~!,
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using the Lipschitz property of u; b as given in (4.14) as before. For the second sum, we
use (3.15) and that m > (24 3/8) log N/ log ¢ to obtain

i_vi 2 B(Ju(Yia)u(Y;a)" - u(Yi_y)u(Y)_y)"|] _@{\1@ ~Yj| > N7%})
P(Q{\Yj Y| > N2)

<4ANb||ul|?K34N "% = 4bN 1 K3 4]|ul|?.

For the second term in (4.21), we need to bound the sum over all indices ¢ that are

not in B;. Using Corollary 4.3 with go = f and since, by choice of m, Na™*t! < N71 we

obtain
N N
1D° > Bla(Yin)u(Y;-3)7) <Kas ) > ol lull(ull + 7K1.)
7j=1 ZQBJ 7j=1 ZQBJ
am—l—l
<KaaN—|u[(jul + 7K14)
K
<P N l? (14 1K)
-« [l

Collecting these estimates of (4.21), we get

TS K T
SN — S| <N THul]? {4— + 4K 4+ — (1 + —K1.4> }
[[ul] l1-a [[ul]

= bN"Hu[*p(u),

(4.22)

and thus x3 < bN~'e%4)(u). Substituting our estimates of A;, Ay, B and x3 into (4.19),
and using (4.18), the theorem follows.

4.3. A functional central limit theorem

For a functional central limit theorem, we use ideas similar to those above. We ap-
proximate the process (Y;)ien by the m-dependent process (Y} );cn and apply a functional
central limit theorem with a bound on the rate of convergence for the m-dependent process.
A general functional central limit theorem for strongly mixing processes has been obtained
by Doukhan, Massart and Rio (1994), but it does not give rates for the convergence. In-
stead, we use results by Barbour (1990); as they are derived using Stein’s method, they

give bounds on the rate of convergence as a function of m.
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Let 0%, = Var (Zil X;) and IEu(X;) = 0 be as above, u being a Lipschitz continuous
function from [0, 1] to R with Lipschitz constant 7; ||u|| = max,¢[o,1) |u(y)|. For t € [0, 1],
put

u(Xi)J i (

||Mz

where
Jo(t) =1(t > ).

Then Zy takes on values in D = DJ0,1], the space of right-continuous functions with
left-hand limits on [0, 1], equipped with the Skorohod topology. Once again, we can write

where (Y7,Ys,...,Yyn) is the time reversal of (X1, Xs,...,Xn). As before, fix m =
max{(2 + 3/8)/logc,2/log(1/a)}log N, and assume the process to start at time —m.
Let (Y{,Ys,... YJ'V) be the m-dependent approximation of (Y7, Ya,...,Yn) constructed
above. Define 0%} = Var (Zfil u(Y/)), and put

N

%
sig=Bu()uY)), sip =) si; Si=) i,
j=1

=1

S!
KN = max —E |s; ;| and t; v = =
1<<NsJr -J S

Note that o2 = S%. Because of the stationarity of the (Y;) process and the exponen-
tial decay of correlations, the s;, are almost constant in 4, and nearly equal to S’ =
Z;’;_oo Eu(Y;)u(Y;). If S’ > 0, then the ¢; 5 are very close to i/N for almost all values

of 4, and Ky is bounded in N.
Define

N
EV: ]\7 E JN z+1

Let Z be a standard Brownian motion on D. As for our multivariate central limit theorem,
we prove weak convergence of Zn to Z by using a class of test functions. Here, following
Barbour (1990), we introduce

M ={F :D — R twice Frechet differentiable, ||[D*f(w + h) — D*f(w)|| < k||A||

for some constant k¢, uniformly for all w,h € D} ’
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where D f denotes the kth derivative of f; ||[D* f(w)|| = sup {h:||h||=1}|Dkf(w)[h(k)]|, h(k)
denotes the k-tuple (h,h,...,h), and the underlying norm || - || is the supremum norm on
D. Equip M with the norm

|f (w)] | D f (W)l | D?f ()]
=s ey +s = el
£l ar qu6D1_|_|| 3 upwEDl_l_” 2 up ,ep 1+ [

|1D?f(w + ) — D*f ()]
il ’

+8UpP g, heD

and then define the space

Mo = {f € M : ||fllnm, = fllas +sup yepl|f(w)| + sup ,epl|Df (W]
+8up yepl|D?*f(w)] < oo}

As in the previous section, but now with s = 1, we put

(1+ Krap)
+4K34+ Ky3—————.
||U|| -«

¥(u) = 47—

Theorem 4.6. Suppose that oy > ||ul|, and that m = maX{(2+ )/logc,2/ log L} log N
satisfies m < w ( ) — 1. Then, for all g € M, satisfying the smoothness condition

Sup e p | D?g(w)[Tr, J5 = Ji]| < Chllgllng |t — sl2, (4.23)
for any fixed Cy > 0, it follows that

Eg(Zn) — Eg(Z)| < ||gllar, o

where 7 is standard Brownian motion and py is defined by
1
PN = C{Se?’v(m2 +1)N + [26N(m +1)+ Cl(%> 2} KN

+ Cimax [maxi(ti,N = %);maxi(HTl - t(i-{—l),N)} }

+2 (2K3 A+ é(m + 1)ext(u),

>€NN_1+3

with ey = ||ulloy" and C a universal constant. Furthermore, if Tos V)% N)2 — 0, it follows
that Zn = Z in the Skorohod topology.

Proof. Much as in the proof of Theorem 4.4, we write
Eg(Zn) — Eg(Z)| < [Eg(Zn) - Eg(Zy)| + [Eg(Zy) — Eg(Z)|
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for each g € M.
For the first summand, as Zn and Z); are defined on the same probability space, we

may use a Taylor expansion; for all g € M,

Eg(Zn) — Eg(Zy)|
< |lgllamE|lZn — Zy||

WE

N
= llgllan B (03" = o) 32wV T asn + 0 D (w(¥h) = w(¥)) T
=1

=1
< lall, [Nlullloz* = o + o "B 2 ey |}
Now (4.22) is still true for s = 1 and Js; = 0, and hence, because also z — y = “”::132, we
find that 1
1 2 N2
On — O = oy — (o
|N N‘ O_NO_EV(O_N_i_O_}V)‘N (N)‘
1

—1y112
< ey DNl
—_ N 2 -1
= o (ow +U§V)GN(m+ DN (u).

To bound the denominator, observe that, from (4.22) and the definition of m,

lon = (o)? < (m+ DN~ Hu|*p(u) < —||11||2
Thus, because oy > ||ul], it follows that (oy)* > ||ul|?, so that ” i 3, and thus also
2 2 (4 )2 3lull?
°N §1+M§1+ el oy ana IN <o (4.24)
(on)? (on)? A(oy)? ON

this in turn now gives

lon —on | < geie(m+ N () lul| 7

Oalr-lk

Moreover, conditioning on the event U;V:1{|YJ' —Y;| > N=2} and on its complement

yields

]EHZ ) = u(Y]))ymia

<]E(HZ — u(Y{))Jy=ss

\(I_V]{m-'—m <N2))

- 2N||u||1P[U{\Y;' -yl > N2,
7=1
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Hence, as for (3.15), since m > (2 + (3/8))log N/ logc,

< (2llul|K3.4+T)N7", (4.25)

N
B Y (%) - u(7) Tz
=1
Summarizing the above and using (4.24), we obtain

Bg(Zw) - Ba(Z3)| < gl { 5m+ Debebw) + 26 (2K + T ) N1 a20)

It remains to bound |IEg(Z}) — Eg(Z)|. To this purpose, we employ Theorem 4 in
Barbour (1990) (note that our notation here is slightly different). Note that E|u(Y])]® <
||u||3; hence, from Theorem 4 in Barbour (1990) we get that for any g € M with

SUp e p | D2g(w) [, J5 — Ji]| < Cillgllmlt — 5|2, (4.27)

we have
By(Zy) — Eg(Z)]
< Cllglar{ Ilull® m? + DN (oh) = + [[lull(m + 1)(ey) ™ + 01(@)%}@

N
) 1
+ Cimax [maxi(ti,N — %);maxi(% — ti,N)] }a

where C is a universal constant. Combining this with (4.26) and using ||g||ar < ||g] 2
yields the bound py.

To derive convergence of Zy to Z in the Skorohod topology we employ corollary of
Theorem 2 in Barbour (1990); note that Zy has intervals of constancy of length & and
that, if ¢ € M, satisfies the smoothness condition (4.23), then g satisfies (4.27) because
llgllar < ||g|laz,- This completes the proof.

4.4 A Gaussian approximation for the empirical process

Gaussian approximations for the empirical process of stationary mixing sequences with
rates have been obtained by Philipp (1982) and by Arcones and Yu (1994). Philipp (1982)
obtains almost sure invariance principles with logarithmic rates. In our context, though,
logarithmic rates may not suffice. Hence we will employ results from Reinert (1997) for
better rates.

Let p be the law of X;, and let

v = \/—— (6x, — 1)

=1

=
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be the empirical process of X;,72 =1,..., N. Here, §, denotes the Dirac measure at a point
a € R. Then ¢y is a random measure with values in the space M;([0,1]) of finite signed
measures on [0, 1]; for bounded ¢ : [0,1] — IR, we write

) /¢@N—7=§]ﬂxn—/¢w» (4.28)

Equivalently, we can write

En = (5Yi — 1),

||Mz

b
v

where, as usual, Yi,..., Yy is the time reversal of X1,..., Xy. Put

o b ,_

where, taking the process to have started before time —m, Y{,..., Y} is the m-dependent

approximation of Y7, ..., Yy. Define

FLI0, 1) ={f : [0,1] = R; [f (=) = fW)| < ¢rle —yl, 2,9 € K,

for some constant cy depending only on f},
and let FL71 ([0, 1]) be the space of nonnegative functions in FL([0,1]). Then FL¥([0,1])
is convergence-determining for vague convergence in M¢([0,1]) (see Rachev (1991), p. 209,

Corollary 10.2.1). Let (x be a random measure with values almost surely in M ([0, 1])
such that, for all | € N, ¢1,...,¢; € FLT([0,1]),

E((CN; ¢1>’ R <CN7 ¢l>) = MVNl(O’BN(¢17 SR ¢l))7

where

BN(¢1;---;¢Z): (bN(QSj’QSk))jk 1,...,m

( 3™ Cov (45X, M)%“[

r,s=1 ,k=1,...,
Note that the laws L£({x) are in the space M;(M¢([0,1])) of all positive measures v on
M;([0,1]) with total mass v(M([0,1])) < 1. To describe vague and weak convergence of
laws of empirical processes, following Reinert (1997) we use as set of test functions

Cr(M?([0,1])) := {F € Cy(M7([0,1])) : F has the form

F(v) = f((v,é1),---, (v, 1))
foranl € N, f € C°(RY), ¢1,..., ¢ € FLT([0,1])}.
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Then Cx(M7([0,1])) is convergence-determining for vague convergence in M;(M¢([0, 1])).
Moreover, for empirical processes, Cx(M7([0,1])) is convergence-determining for weak
convergence of the laws L£(&y). There is also a Zolotarev-type metric to quantify this
convergence; convergence in this metric is slightly stronger than vague convergence. For
¢ € FLT([0,1]), let ¢, denote its Lipschitz constant, as before. Define

Fr={F e Cr(M7([0,1])) : F has the form F(v) = f((v,$1),..., (v, 1))
for an 1 € N, f € C3°(R!) with [If')| < 1, |/"]| < 1, "] < 1;
G1,. .., € FLT([0,1]) with [|¢]| < 1,c, < 1,i=1,...,1}.

Here, ||f'|| = Z§=1 1 /(%) (jll, where f(x)(;) denotes the partial derivative %f(x); and
|fll = supxer: 2221 |f(x)i|, where f(x); denotes the ith coordinate of f(x). For v,n €
M, (M;([0,1])), we put

sr(v,m) = sup
feFF

/ fdv — / fdn‘.
M ([0,1]) M ([0,1])

Then ¢ is a metric on the space My (M7([0,1])), and for all (vx)nen, v € My (M7 ([0,1])),
if ¢r(vn,v) >0 (N — 00) then vy=,v (N — 00).

Here =, denotes vague convergence.

Theorem 4.6. (i) If m = max{(2 + %)/ logc,2/log £} log N, then

sr(€n.Cn)

K
< 20m’N~% + (K34 +1)N %2 4 N2 { . _4-; (1+ Kyq) +4(m+1) (K4 + 1)}

= O(N_% log® N).

(ii) Suppose that b : FLT([0,1]) x FLT([0,1]) — R is such that for alll € N, ¢q,...,¢; €
FLT(0,1]), B(¢p1,---,1) = (b(g{)i, ¢j))i,j:1,...,l is a symmetric, positive definite matrix.
Then, if  is a random measure with values in M¢([0, 1]) almost surely such that

L P1)5---,(C, 1)) = MVYN(0, B(én, ..., P1)),

then
sF(€n,¢) < (F(€n,Cn) + Jax, b (8, 9) — b(, ¥),

el
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where C* = {¢p € FLT(0,1) : ¢4 < 1,8 < 1}.

Proof. To assess ¢z(&n,(n), we once again employ the m-dependent approximation.
Let (jy be a random measure with values in M¢([0,1]) almost surely such that, for all
le N7¢17 .. '7(bl € fﬁ_'_([oa 1])5

E((C;V’ ¢1>’ sy <€;Va ¢l>) = MVNI(O’BEV(¢11 ceey ¢l))a

where

By (o1, ¢1) = (b (95, ¢k))j,k=1,...,m

= (&3 contes 0. 1)

r,s=1 7,k=1,...,1

By the triangle inequality, we have

sF(En, CN) < 57 (N, En) + s (s Cv) + s7 (Chvs C)- (4.29)

For the first summand, for all F € Cx(M/([0, 1])) of the form F(v) = f((v, $1), ..., {v, d1)),
we find by Taylor’s expansion that

E(F(En) — F(éN))]
= ‘E(f(<£N;¢1>7 T <§N7¢l>) - f((&\h ¢1>7 R <£3V7 ¢l>))|

l
<D E|En — En, ).

j=1

For each ¢ € FLT1([0,1]), using (4.28) and proceeding as for (4.25),
/ 1 & ,
]E|<§N - §N’¢)‘ < c¢ﬁ z221]}5)‘}/Z ~Y; ‘

< cy(Kz.a+ 1)N_%,

because m > (2 + (3/8)) log N/ logc as usual. Thus

F(En, En) < (Ksa+1)N72. (4.30)
Moreover, from Corollary 17 in Reinert (1996), we obtain
20
/ / 2
<. ) < —=m”. 4.31
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Finally, for ¢x({},{n) we employ Corollary 16 in Reinert (1997). As (y is Gaussian,
we get

s7(Cv-Cn) < sup b (@, ) — by (o, 9)], (4.32)
papeC

where C* = {¢ € FLY(0,1) : ¢4 < 1,]|¢|| < 1}. We have, for all ¢,7 € C*,
b (¢5. k) — Ui (95, Pk)

| N

= D7 (Cov (85(%4), #(Y2)) = Cov (65 (%)), (Y1)

r,s=1

=23 S Cov (g%, k(%)

r=1s:[s—r|>m

FE ST (Cov (95(¥). du(¥2)) — Cov (6%, n(Y))).

r=1s:|s—r|<m

For the first summand, as for (4.22) we obtain, with ||¢|| <1 and ¢y <1,

T3 Cov (g9 (V) < NI (14 K ),

r=1s:|s—r|>m

by the choice of m. For the second summand, conditioning on whether or not all distances
|Yj — Y]| are less than N~ yields

3 (Cov (g5(40), (X)) — Cov (654, 6x(¥)))

r=1s:|s—r|<m
<4(m+1)N"2(Kz 4+ 1).
Thus we get that
K3

sup [bv(6.) — b (6 9)| < N2
¢, peC™

L+ Kig) +4(m+ 1)N"*(K3s+1). (4.33)

Combining (4.29)—(4.33), we obtain part (i) of the theorem. Part (ii) follows as for (4.32).
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