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MULTIVARIATE NORMAL APPROXIMATION WITH
STEIN’S METHOD OF EXCHANGEABLE PAIRS UNDER
A GENERAL LINEARITY CONDITION

By GESINE REINERT® AND ADRIAN R('jLLIN[ﬂ
University of Oxford

In this paper we establish a multivariate exchangeable pairs ap-
proach within the framework of Stein’s method to assess distribu-
tional distances to potentially singular multivariate normal distribu-
tions. By extending the statistics into a higher-dimensional space,
we also propose an embedding method which allows for a normal
approximation even when the corresponding statistics of interest do
not lend themselves easily to Stein’s exchangeable pairs approach. To
illustrate the method, we provide the examples of runs on the line,
the joint count of edges, two-stars and triangles in Bernoulli ran-
dom graphs, complete U-statistics, and double-indexed permutation
statistics.

1. Introduction. Stein’s method was first published in Steinl (@)
to assess the distance between univariate random variables and the normal
distribution. This method has proved particularly powerful in the presence
of both local dependence and weak global dependence.

A coupling at the heart of Stein’s method for univariate normal approxi-
mation is the method of exchangeable pairs, see (@) Assume that
W is a univariate random variable with EW = 0 and EW? = 1, and assume
that W' is a random variable such that (W, W’) makes an exchangeable
pair. Assume further that there is a number A > 0 such that the conditional
expectation of W’ — W with respect to W satisfies

EY(W —W) = -\W. (1.1)

Heuristically, (II) can be understood as as linear regression condition. If
(W, W') were bivariate normal with correlation p, then

EYW' = oW,
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and (LT]) would be satisfied with A = 1 — p. If W was close to normal, then
so would be W’ and it would not be unreasonable to assume that (L) is
close to satisfied.

In this spirit, the univariate theorem of Stein (@ has been extended by
Rinott and Rotar (1997). With the same basic setup as in Stein (@) they
generalise (ILT)) by assuming that there is a number A > 0 and a random
variable R = R(W) such that

EY (W' -~ W) = - AW + R. (1.2)

Note that, unlike Condition (I]), this is not a condition in the strict sense,
as we can define R := EW (W’ — W) + AW for any \; however, we always
have ER = 0.

One of the results of Rinott and Rotail (Il&9_ﬂ) is that

sgp\]P[W <z —PlZ < 7|

6 6 19
< X\/Var BY (W'~ W)+ 55 JEIW = W + =VVar R,

where Z has standard normal distribution. So clearly, Representation (L.2])
is useful only if A™!'v/Var R = o(1). In this case, if A\; and Ay stem from
two different representations (L2)) for which \;'v/Var R; = o(1) for i = 1,2,
then it it easy to see that [Ny — Aa|/(A1 + A2) = o(1); in this sense, A is
asymptotically unique. Rinott and Rotar (1997) then apply bound (I3) to
the number of ones in the anti-voter model, and to weighted U-statistics.

) provides a proof of a variant of (L3]) which does not use
exchangeability but only .Z(W') = Z(W); in Section [§l we shall discuss this
for the multivariate setting in more detail.

Stein’s method has been extended to many other distributions, for an
overview see for example Reinert (@) For multivariate normal approxi-
mations the method was first adapted by (@) and
viewing the normal distribution as the stationary distribution of an Orn-
stein-Uhlenbeck diffusion, and using the generator of this diffusion as a char-
acterising operator for the normal distribution. Subsequent authors have
used this generator approach for multivariate normal approximation with
different variants, such as the local approach and the size-biasing approach
by [Goldstein and Rinott (1996) and Rinott and Rotail (1996), and the zero-
biasing approach by |Goldstein and Reinert (2005)

The exchangeable pair approach in contrast, while having proved useful

in non-normal contexts, see|Chatterjee et all (IM), Chatterjee and Fulman

M) and [Réllin (@), remained restricted to the one-dimensional setting

(1.3)
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until very recently. A main stumbling block was that the extension of Con-
dition (L2)) to the multivariate setting is not obvious from the view point of
Stein’s method.

In |Chatterjee and Meckes (2007), this issue was finally addressed. They
propose the condition that for all i =1,...,d,

EY(W! —W,) = = \W;, (1.4)

for a fixed number A\, where now W = (Wy, ..., Wy) and W' = (W{,..., W)
are identically distributed d-vectors with uncorrelated components an ex-
tension to the additional remainder term R was not considered, but would
be straightforward). They employ such couplings to bound the distance to
the standard multivariate normal distribution. Using the same argument
as [Rollinl (2008), IChatterjee and Meckes (2007) are able to give proofs of
their theorems without using exchangeability and apply them successfully
to various multivariate applications.

Heuristically, however, if (W, W') were jointly normal, with mean vector 0

and covariance matrix ~
Y X

then EW W' = 21w (see for example [Mardia et al. (1979), p.63, Theo-
rem 3.2.4.), in which case

EY(W' —W) = —(1d-22"HWw; (1.6)

here Id denotes the identity matrix. Again, if (W,W’) is approximately
jointly normal, then we expect (L6 to be approximately satisfied. This
heuristic leads to the condition that

EVY (W' -~ W)= -AW +R (1.7)

for an invertible d x d matrix A and a remainder term R = R(W). Even
if ¥ = Id we would obtain A = Id —f], which in general is not diagonal.
Hence we argue that (7)) is not only more general, but also more natural
than (L4]).

Different exchangeable pairs will lead to different A and R in (L7)); our
embedding method suggests suitable decompositions. Indeed, for a specific
exchangeable pair (W, W') at hand it is often far from obvious whether this
pair will satisfy the linearity condition (7)) with R of the required small
order, unless equal to zero. Consider the case of 2-runs. For a sequence of
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i.i.d. Bernoulli distributed random variables 1, . .., &, such that P[¢; = 1] =
p, define the centered number of 2-runs

Vo= &&iyr — np?

=1

where we let £,11 := &;. The most natural construction of an exchangeable
pair in the spirit of [Stein (1986) is be to pick uniformly a &; and replace it
by an independent copy &;. Denote by Vj the resulting number of 2-runs in
the new sequence. It is easy to calculate (see Subsection [£.2]) that

2 2 i
BV = Vh) = —=Va + B Y (& —p)- (1.8)

i=1

The conditional expectation on the right hand side of (L)) is hard to cal-
culate. Furthermore, it has the same order of magnitude as V5. Also, the
weighted U-statistics approach of Rinott and Rotax (1997) (Proposition 1.2)
does not yield convergent bounds to the normal distribution. We propose
the following approach to this problem. Keeping the above coupling, we de-
fine Vy := Y"1 1 & — np (and V] accordingly) and consider the problem as
a 2-dimensional problem W := (&) Eq. (L8) now yields EW (Vg — V,) =
—2V, + %Vl, and further calculations reveal that EW (V/ — Vi) = =117, so
that now (L7) holds with
1 1 0
A= n [ —2p 2 1

and R = 0. Using this embedding into a higher-dimensional setting, the
problem now fits into our framework and allows not only for a normal
approximation of the primary statistic but for an approximation of the
joint distribution of the primary and auxiliary statistics. For this embed-
ding method, the generality of Condition (7)) is essential, see (A1) later.

The rest of the article is organised as follows. In the next section we
prove an abstract non-singular multivariate normal approximation theorem
for smooth test functions, Theorem 211 The explicit bound on the distance
to the normal distribution is given in terms of the conditional variance, the
absolute third moments, and the variance of the remainder term. Proposi-
tion gives the extension to singular multivariate normal distributions,
using Stein’s method and the triangle inequality. To illustrate our results,
we calculate the example of sums of i.i.d. variables.
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Section [ uses the abstract theorem to obtain a similar result for non-
smooth test functions, such as indicators of convex sets. Adapting the ap-
proach by Rinott and Rotar (1996) to general multivariate normal approxi-
mation, Corollary B and Corollary B3 display how the main terms involved
in the error bounds for smooth test functions simply re-appear in the bounds
for non-smooth test functions.

Section [4] discusses the above mentioned embedding method and provides
as detailed examples runs on the line, the joint counts of edges, two-stars and
triangles in a Bernoulli random graph, and complete U-statistics. The latter
two examples involve not only auxiliary random variables but also a covari-
ance matrix which is asymptotically singular. While in the last two exam-
ples multivariate normal approximations are known, see|lJanson and Nowicki
(1991) for the multivariate graph motif count problem and [Lee (1990) for
U-statistics, we are not aware of an explicit bound on the distance to the
non-standard normal distribution. We also sketch the application to double-
indexed permutation statistics, as an example which is not of U-statistic
type.

The generality of (7)) comes at the extra cost that now exchangeability
seems almost inevitable. Indeed, in view of [R6llin (2008), we were surprised
that, in the multivariate setting, the exchangeability condition cannot be
removed as easily as in the one-dimensional case. Therefore, the last section
discusses the exchangeability condition, Condition (L7)) and their implica-
tions. We also propose a possible solution around this problem. Using an
approach with a different Stein operator, for which the drift term is allowed
to be non-trivial, the exchangeability condition could be removed. But the
price to pay would be rather a technical set-up; instead, exchangeability
makes the approach in the present article relatively easy to implement.

Standard proofs of auxiliary results are found in Appendix A, whereas
details for the examples are in Appendix B.

1.1. Notation. Random vectors in R? are written in the form W =
(W1, Wa, ..., Wy)t, where W; are R-valued random variables fori =1, ..., d.
If ¥ is a symmetric, non-negative definite matrix, we denote by /2 the
unique symmetric, non-negative definite square root of 3. Denote by Id the
identity matrix, usually of dimension d. Throughout this article, Z will de-
note a random variable having standard multivariate normal distribution,
also of dimension d.

For ease of presentation we abbreviate the transpose of the inverse of a
matrix in the form A=% := (A71)%

Stein’s method makes good use of Taylor expansions. For derivatives of
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smooth functions h : R — R, we use the notation V for the gradient oper-
ator. For the sake onpresentation the partial derivatives are abbreviated as
h; = a%ih, hij = #%jh unless we would like to emphasise the dependence
on the variables.

To derive uniform bounds we shall employ the supremum norm, denoted
by || - || for both functions and matrices. For a function h : R¢ — R, we

. 2 .

abbreviate |h|y = supZ-Ha%ihH, |h]o = supi7j||%axjh}|, and so on, if the
corresponding derivatives exist.

2. The distance to multivariate normal distribution in terms
of smooth test functions. Firstly we derive a bound on the distance
between a multivariate target distribution and a multivariate normal dis-
tribution with the same, positive definite covariance matrix. We start by
considering smooth test functions; the case of non-smooth test functions
will be treated in Section Bl

THEOREM 2.1.  Assume that (W,W') is an exchangeable pair of RI-
valued random variables such that

EW =0, EWW! =3, (2.1)

with ¥ € R™? symmetric and positive definite. Suppose further that (L)
is satisfied for an invertible matriz A and a o(W)-measurable random vari-
able R. Then, if Z has d-dimensional standard normal distribution, we have
for every three times differentiable function h,

h h
BAOW) - BhS22) < B2 a4 BB 4 (ny 4 Ja) i) o, (22)
where, with A\ := % _ (A=)l

d
A= 3" A0 Nar BW (W] — W) (W] — W),
ij=1

d
B= Y MIE[W] - Wi)(W] - W)Wy — W),

i,5,k=1
d
C =Y N/ VarR;.
i=1

Before we proceed with the proof, we illustrate TheoremZ.1] by means of
the simple example of sums of i.i.d. random variables and make also some
further remarks.
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COROLLARY 2.2. Suppose that W = (Wy,...,Wy) is such that, for
each i, Wy =377 4 X, j, where X; ;i =1,...,d,j=1,...,n, are i.i.d. with
mean zero and variance %, so that the covariance matriz ¥ = Id. Assume

further that

IE|XM\3 = PBn3/? for some (3 < o0,
Var(XZj) = An~2 for some v < cc.

Then, for every three times differentiable function h,

d B
ER(W) —-Eh(Z) < —(+=|h —|hl|s ).
ERW) ~ERZ)| < = (31l + Glhk)
PRrROOF. We construct an exchangeable pair by choosing a vector I and
a summand J uniformly, such that P(I =i,J =j) =1/dn. If [ =i, J = j,
we replace X;; by an independent copy X! :; all other variables remain

27]'7
unchanged. Put
Wi =W — X1+ X1 53

and W/ = Wj, for k # I; denote by W' the resulting d-vector. Then (W, W)
is exchangeable, and, in (L7,

1
A=—1d
dn

with R = 0 and hence C' = 0. For our bounds we note that A = dn. We
calculate that

1 o

o Y1t =14)Y EV(X]; - X;;)?
=1 j=1

1

dn

1 W y2

EW(WZ/ _ m)2 —

Thus
Y

1
w 2 2
j
Moreover, by construction, for i # k, almost surely (W, —W;)(W,—-W}) = 0,
and (W] — W;) (W] — W) (W] — W;) = 0, unless i = k = [. By assumption,

1 d n 26
' W18 = S o x! .3
E[W] - Wil = — ;:121(5 - z)j}_l:]E\Xw XUl < o

The result now follows directly from Theorem 211 O
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REMARK 2.3. Multivariate normal approximations for vectors of sums
of i.i.d. random variables have been so intensively studied that there is not
enough space to review all the results. The approach most similar to ours
is found in |Chatterjee and Meckes (2007), where instead of exchanging only
one summand, a whole vector would be exchanged. Their results yield

2y F1

2y/n
Due to the different Stein equation used, the dependence on the dimen-
sion differs, and the bounds are in terms of different derivatives of the test
function. The overall similarity in this special case is apparent.

|ER(W) — ®h| <

REMARK 2.4. Assume that (7)) is satisfied. What can we then say about
the applicability of Theorem 2Z.Ilto V' = AW, where A is a k x d-matrix with
k < d? As the examples of U-statistics and permutation statistics show, we
often have that, if (7)) is satisfied, then it will also be satisfied for lower-
dimensional projections (although often with a complicated remainder term
R). This is no conincidence. As mentioned already in the Introduction, if W
converges to a normal distribution and (W, W) satisfies (7)), we expect that
(W, W') converges jointly to a multivariate normal distribution. Hence, we
then also have that (AW, AW’) converges jointly to a multi-variate normal
distribution with covariance matrix

( AV AL AT A )

AR At AX At
so that, from (L6)), we expect that (7)) holds in the form
EAW (AW — AW) = (Id —AXAY(AXAY) Y AW + R, (2.3)

with R being of the required lower order. However, the example of d-runs
shows that things can be more subtle; see Remark [4.3]

REMARK 2.5. If we were to normalise the random variables in Theo-
rem [2.1] denoting the normalisation of W by W = S712W and W' =
212177 then, the conditions of the theorem remain satisfied for (W, W )
with 3 =Id and A = £=1/2A%Y? as well as R = ©~'/2R.

REMARK 2.6. As a precursor to (7)), in the context of multivariate zero-
biasing, (Goldstein and Reinertl (2005) use the condition of the form (7)) for
A such that

Aij = ’ ifzi#]:
14+p ifi=y.
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After these remarks we proceed to the proof of Theorem 2.l which is
based on the Stein characterization of the normal distribution that ¥ € R¢
is a multivariate normal MVN(0, ) if and only if

E{V!SVf(Y)-Y!Vf(Y)} =0, forall smooth f: R? - R.  (2.4)

We will need the following lemma to prove the theorem; however, see
also Remark [Z5] Barbour (1990), |Goldstein and Rinott (1996), and |Gétze
(1991). The proof of Lemma 2.7 is routine (see Appendix A).

LEMMA 2.7. Assume that h : R — R has 3 bounded derivatives. Then,
if © € R4 is symmetric and positive definite, there is a solution f : R —
R to the equation

VISV f(w) — w'V f(w) = h(w) — BAZY2Z), (2.5)
which holds for every w € R®. The solution f satisfies the bounds

0" f(w)

k
) o 1| 0%h(w)
[Tj=1 0wy,

< | M) 2.6

for every w € RY.

REMARK 2.8. Compared to the main theorem of (Chatterjee and Meckes
(2007), which only needs the existence of two derivatives, our Theorem 2.1]is
more restrictive in the choice of test functions h. This reflects the fact that we
make use of Lemma [2.7] which is motivated by (Goldstein and Rinottl (1996),
whereas|Chatterjee and Meckes (2007) prove new bounds on the solutions of
[23)), but only for ¥ = Id; see alsolRaid (2004) for similar results. The general
result of Lemma [2.7] however, allows to work with the unstandardised pair
(W, W') which not only usually simplifies the calculations, but also yields
more informative bounds if the limiting covariance matrix is singular.

PROOF OF THEOREM (21 Our aim is to bound |ER(W) — EA(XY/2Z)|
by bounding |E{V!ESV f(W)— W'V f(W)}|, where f is the solution to the
Stein equation (Z.5). First we expand EW!V f(W). Define the real-valued,
anti-symmetric function

Fw' w) = %(w’ —w)! ATV f (W) + Vf(w)) (2.7)
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for w,w’ € RY, and note that, because of exchangeability, EF (W’ W) = 0;
see [Stein (1986). Thus
0= 3E{(W' = W)'A~(VI(W') + Vf(W))}
=E{(W' - W)'AT'Vf(W))}
+3E{(W' = WAV (W) = VF(W))} (2:8)
=E{RIAT'V(W)} - E{W'VF(W)}
+3E{(W = W) A (VW) = VF())},

where we used (I.7)) for the last step. Taylor expansion gives

(' —w) ATV f(w') = V f(w))

_ 0 f (w)
=Y (A (w) — wy) (W] — wy) =——
= J J Ow,, Ow;
+ > (AT i (w] — wy) (W] — w;) (W, — w) Rk,
m,i,j,k
where 9 f
~ 1
ol S —2 . .
[ | < 2H8wm8wj8wk (2.9)
Thus in (28],
E{(W' -~ W)'A~ V(W) - Vf(W))}
_ Prw)
= A Y, EW — W) (W! = W) —o—2
+ D (A (W] = W) (W] = W) (W = W) Ry
m,i,j,k

Now we turn our attention to EV'SV f(W). Note that, because of (Z1I)),
(7)) and exchangeability,

EW - W)W - W) = E{WW — W)} + E{W/(W — W'}
= 2E{W (AW — R)'} = 2XA" - 2E(WR") =: T.

(2.11)
Hence, with T" as in (2.17]),
VISV f(w) = $VITAT'V f(w) + VIE(WR)AT'V f(w)
_ 1 1y g P f(w) 1y o O f(w)
D) Z (A )mﬂTJﬂawmawj + Z (A )m,zE(WJRz)M-

m,t,J m,t,J

(2.12)
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Combining (2.8]), (Z10) and (212,
[E{V'EVf(W) - W'VF(W)}|
‘ 2 E{ i[ Ty — BV (W] = W) (W] — W)] Zim) H

j .
st Ow, Ow;

+_' S B{A i (W, — Wi) (W) = Wy) (Wh — Wio) R}

m,i,j,k
O*f(W)
A Y,..E
" % B R H ‘mzj BOGRIE] 5o G
= g i~ 12
h .
+|h|12)\ ]E|R|+‘ |QZ>\(Z)E|WJRZ~|, (2.13)

7j

where we used (2.9) to obtain the second inequality, and Lemma[27]to obtain
the last inequality. From the Cauchy-Schwarz inequality, E|R;| < IER?

and
E[W;Ri| < \/EW?ER? < ||2|"/?\/ER?.

The C-expression in (2:2)) now follows from the last two terms of (ZI3)).
Recalling that E(W' —W)(W’'—W)! = T, this proves the first term of ([2.2))
from the first term of (2.13]). O

Sometimes we may wish to assess the distance to a normal distribution
for which the covariance matrix ¥y, while non-negative definite, does not
have full rank. Stein’s method helps to derive a straightforward bound in
this case also. If ¥ has full rank, then the Stein characterization (2Z.4]) of
the multivariate normal distribution says that, for all f which are solutions
of the Stein equation (23] for functions A : RY — R having 3 bounded
derivatives,

E{V'SVf(X) - X'Vf(X)} =0.

We shall show that this characterisation remains valid if the covariance ma-
trix is not of full rank; thus two mean zero multivariate normal distributions
can be compared via their covariance matrices. The proof of the following
proposition is straightforward and routine (see Appendix A).

PROPOSITION 2.9. Let X and Y be R%-valued normal variables with dis-
tributions X ~ MVN(0,%) and Y ~ MVN(0, %), where ¥ = (0 ;)i j=1...d
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has full rank, and Xy = (Ugj)i7j:17,,,7d is non-negative definite. Let h: R —
R have 8 bounded derivatives. Then

d
[BA(X) — BAY)| < 5l Y Joiy — 0%yl
ij=1
Using the triangle inequality and Theorem 2] we thus obtain a bound
for a normal approximation even for a normal distribution with degenerate
covariance matrix. An important example from random graph statistics will
be treated in Section Ml

REMARK 2.10. In general, as soon as one element of our random vector
can be expressed as a linear combination of some other elements of the
vector, we cannot expect the matrix A to be unique. If R = 0, this situation
can only occur when the covariance matrix of W does not have full rank
(which is excluded in Theorem 2.1)). If the covariance matrix 3 of W has
full rank, then from A{W = Ao W it follows that A\;WW?! = Ay WW?!, and
taking expectations, A1YX = AoX. If 3 is invertible, then necessarily A1 = As.

3. Non-smooth test functions. We first assume that > = Id. Follow-
ing Rinott and Rotar (1996), let ® denote the standard normal distribution
in R%, and ¢ the corresponding density function. For h : R — R set

hi(x) = sup{h(z+y): |yl <5},
hs (r) = inf{h(z +y): |y| < d},

h(z,8) = hf(z)— hs(2).

Let H be a class of measureable functions R — R which are uniformly
bounded by 1. Suppose that for any h € H

1. for any 0 > 0, hi (z) and h; (x) are in H,
2. for any d x d matrix A and any vector b € R?, h(Az +b) € H,
3.

}slgg{ - h(m,é)fb(da})} < ad (3.1)

for some constant a = a(H, d). Obviously we may assume a > 1.

The class of indicators of measureable convex sets is such a class; for this
class, a < 2v/d, see Bolthausen and Gotze (1993).

In the same way as in Rinott and Rotad (1996) we can show the following
corollary. The presentation differs from [Rinott and Rotar (1996) as we make
the relationship to the bounds in Theorem 2.1] immediate. The now fairly



MULTIVARIATE NORMAL APPROXIMATION WITH STEIN’S METHOD 13

standard proof is found in Appendix A. We also note forthcoming work by
Bhattacharya and Holmes (2007) for a rigorous expostion.

COROLLARY 3.1. Let W satisfy the conditions of Theorem [21l, with
Y. =1Id. Then, for all h € H with |h| <1, there exist constants v = v(d) and
a > 1 such that, with the notation from Theorem [21] and (3:2]),

1
sup [ER(W) — BA(Z)| < +*(Dlog(T™") + GBI+ C+ aVT),

heH
1 laB ? A
T = " <D 5t D2> and D = 3+ Cd. (3.2)

The constant v may be different from the constant v in Lemma [A 1.

with

If A,B and C are O(n~'/?), then we would obtain a bound of order
O(n~'/*). This is poorer than the n~/2logn type of bounds obtained in
Rinott and Rotar (1996), but [Rinott and Rotar (1996) obtain the improved
rate by assuming that the random variables are bounded.

Next we generalise the result to arbitrary X. Let W have mean vector 0
and variance-covariance matrix X. If A and R are such that (7)) is satisfied

for W, then Y = S~'2W satisfies (I7) with A = ©~/2A%Y2 and R’ =
»~1/2R. With

d
Z |(E_1/2A_121/2)m,z’|

m=1

as well as

A = ZW \/VarIEYZE S EWL - W) (W — W),

B' = Y AOE\Y s sl Pe AW - W) (WL - W) (W — W)

]s
1,5,k 7,5,t

and

:iWJ (ZE‘W ) (3.3)
=1

we obtain a similar result as before; again the proof is in Appendix A.
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COROLLARY 3.2. Let W be as in Theorem[21l. Then, for all h € H with
|h| < 1, there exist v = y(d) and a > 1 such that, with the notation (B3),

B.3), and B.3),

B/
sup |[ER(W) —EW(Z)| < ~*(-D'log(T") + + ' +aVT'),
sup [EA(W) @) < ¥ o) + 57— V)

with

1 B 2 A
T/ = ﬁ (D, + CLT + D/2) and D/ = 7 + Old

REMARK 3.3.  'We could simplify the above bound further, with a coarser
bound. Using Minkowski’s inequality we have that

k
Var Z X; < k*sup Var X,
i=1 g

and thus obtain the simple estimate

Var EY S s 2s )2 (W - W) (W - W)
k0

< d4||2_1/2||4supVar EW{(W,; — W) (W, — W)}
k.t

and hence

A< BIETAPRYAG sup\/Var]EW{(W,;—Wk)(Wé—Wg)};
p k.l

in B" and C’ we could similarly bound 252/2 by ||~ ~/2|| to obtain a simpler

bound. There are however examples, such as the random graph example in
Section @] where ||X~1/2|| provides a non-informative bound.

4. The embedding method and applications.

4.1. General framework. Assume that an ¢-dimensional random variable
Wi of interest is given. Often, the construction of an exchangeable pair
Wy W(’é)) is straightforward. If, say, Wy = W(;)(X) is a function of i.i.d.
random variables X = (Xi,...,X,,), one can choose uniformly an index I
from 1 to n, replace X; by an independent copy X}, and define W(lz) =
W) (X’), where X' is now the vector X but with X; replaced by Xj.
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In general there is no hope that (W), W(’Z)) will satisfy Condition (L.2)
with R being of the required smaller order or even equal to zero, so that in
this case Theorem [2.I] would not yield useful bounds.

Surprisingly often it is possible, though, to extend Wy to a vector W €
R% such that we can construct and exchangeable pair (W, W’) which satisfies
Condition (L2)) with R = 0. If we can bound the distance of the distribution
L(W) to a d-dimensional multivariate normal distribution, a bound on the
distance of the distribution £(Wy)) to an /—dimentional multivariate normal
distribution follows immediately.

To explain the approach, we turn the problem on its head. Suppose that
W € RY is such that we can construct and exchangeable pair (W, W’) which
satisfies Condition (L2) with R = 0. Rename the first ¢ components to

comprise W), so that
_ | W
and W(g) = IngV, with

Iro = (Idg, 05 (d—p))s

Ogx (4—¢) denoting the £ x (d — £)-matrix consisting entirely of 0’s. Definin-
ing W(lz) = Iy oW’ it follows that (W, W(lz)) forms an exchangeable pair.

From (L2]),
EY (Wi = W(y) = LBV (W - W)

= —I;0AW.
Now decompose the matrix A as
Mg A
A= ’ “,
L\zl Aoo

where Ay 1 denotes an £ x ¢ submatrix, Aj 2 denotes an £ x (d — ) submatrix,
and so on. Then

LogAW = AW + AW @9,
and hence
EV (Wi —W(y) = —AaWiy — AW @0,
Conditioning on W, gives that

EW“)(W@) - W(le)) = —A171W(g) - ALQEW“)W(d_Z).
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Thus Condition (2] is satisfied with
R=—A ,EVowd-0, (4.1)

If A1 2 = 0, then no embedding is required. But if A; 2 # 0, then the remain-
der R in (L2) is a nontrivial linear combination of random variables, and
these random variables could serve as embedding vector. In order to obtain
useful bounds in Theorem 21| the embedding dimension d should not be
too large. In the examples below it will be obvious how to choose W (@9 to
make the construction work.

While the embedding method is reminiscent of Hoeffding projections for
U-statistics, Subsection 4] clarifies the difference.

4.2. Runs on the line. Let X = (&1,...,&,) be a sequence of independent
random variables with distribution Bernoulli(p), 0 < p < 1, that is P[§; =
1] =1—-P[§ = 0] = p. For d > 1, define the (centered) number of d-runs as

n

Vai=> (&mbmer- - Emya— — %),

m=1

where, for convenience, we assume the torus convention that &,.1 = &,
&n+2 = & and so on.

As mentioned in the introduction, if we want to use the obvious con-
struction of an exchangeable pair, the univariate version of exchangeable
pairs of Rinott and Rotar (1997) (Proposition 1.2) does not yield conver-
gent bounds of V; to the standard normal distribution if d > 1. However,
we can tackle the example with our approach by incorporating the auxiliary
variables V7,...,V; 1, such that the problem becomes linear in a higher-
dimensional setting.

We construct an exchangeable pair (X, X'), where instead of just one,
we resample d — 1 of the &;. To this end, let I be uniformly distributed
over {1,...,n} and let &1, ..., &, be independent copies of the &;. Let X/ be
the same as X but with the subsequence &7,€741,...,&r14—2 of length d —1
replaced by 7,871, .., &7 4_o- Clearly (X, X') forms an exchangeable pair.
Define V/ := V;(X'); we have

T+d—2 T+d—2
Vi —Vi=— Z Em - &myi-1 + Z e E11&r - Emti1
m=I—i+1 m=I+d—1i
T+d—i—1 -1
+ Z EmEmyic1 Z Em- €181 i1
m=1 m=I—i+1

(4.2)
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where sums Y_? are defined to be zero if a > b. Now, (@32 yields

EY(V] = Vi)
=—n"(d+i-2)V; = 2pVi1 — 2p*Vig — - — 2" V]
i (4.3)
— _p! [(d Fi—2)V; 42 Zpi_ka} .
k=1
From this representation we see that we may take V1,...,V;_1 as the aux-
iliary random variables.
Straightforward calculations yield that, for all i > j,
E(ViVj) =nl(i—j+1p +2Y ™7 = (i+j - 1)p™]
=1
| i (4.4)
=np'(1—p) > (i—j+1+2k)p"
k=0
In particular
i—1
EV? = np'(1—p) Y (1+2k)p", (4.5)
k=0

which lies in the interval between np?(1—p) and np’(1—p)i?. Thus we define
the W; to be the weighted versions
Vi
W; = —— (4.6)
np'(1—p)

and from (£.4) we have for general i and j

inj—1

li—sl
EW,W))=p = > (li —j|+1+2k)p" =0y (4.7)
k=0

From (47) it is clear that the corresponding ¥ = (0; ;) ; is constant for all
n and of full rank. For p — 0, X converges to uncorrelated coordinates and
for p — 1 to a matrix of rank 1. For applications and further references see
Glaz et al. (2001) and [Balakrishnan and Koutras (2002). Now, from (4.3
we have

—1
EY (W - Wi) = —n"'[(d+i-2)W; +2) p T Wi,
k=1
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Thus (L7) is satisfied with R = 0 and

1 -
o3 d 0
1 I .
A=— E—1 1
n|—2pz - —2p2 d+k—-2
o —2p3 2(d—1)]

THEOREM 4.1. With W defined as in ([@0), n > 2d — 1 and X given
through (&1), we have for three times differentiable functions h that

37d7/?|h|y 10d°|h3
pH1—p)vn  pP2(1 - p)Pyn

PROOF. Some rough estimates yield that for all 1 <i,5,k < d

|ER(W) — ER(2Y2Z)| <

) 15n
A® <
d b
96d°
w
wm(W—mWW—ﬁ<$@H§F
8d3

E[(W] = W)(Wj = W) (W = Wi)| <

n3/2p3d/2(1 — p)3/2°
Now apply Theorem 2.1l Details can be found in Appendix B. O

REMARK 4.2. Although the bound is quite crude with respect to the
dimension and hence mainly of theoretical interest, it is explicit. However,
for small values of p or large values of d, Poisson approximation is more
appropriate, and in these cases the bounds for normal approximation cannot
be expected to be good unless n is very large. We also note that V; exhibits
a local dependence structure and thus also Stein’s method using the local
approach, such as in [Rinott and Rotar (1996), could easily be used; and, of
course, there is an abundance of results about m-dependent sequences.

REMARK 4.3. In the case of 2-runs, using the notation of (L8] and the
consequent paragraph, it is not difficult to see that, for any choice of A and
defining R = R(Vo, V1) := o 1 (A\Vo — %Vg + 2n—pV1), we have that \™'v/Var R
is at least of order 1 as n — oo, where o2 := Var V,. However, Remark [Z.4]
suggest that it should nevertheless be possible to choose A such that, with

R = R(V5) == E*R = 07 }(\Va — 2V, + 2E"2V}), we have AV Var R =



MULTIVARIATE NORMAL APPROXIMATION WITH STEIN’S METHOD 19

o(1), so that a representation (L2]) could indeed be found with R being of
the required small order (and this is supported by numerical simulations).
But, as EV2V] is hard to calculate, in this situation the application of the
multivariate version (7)) and Theorem [Z1] is straightforward.

4.3. An example from random graphs. Let G(n,p) denote a Bernoulli
random graph on n vertices, with edge probabilities p; we assume that n > 4
and that 0 < p < 1. Let I; ; = I;; be the Bernoulli(p)-indicator that edge
(i,7) is present in the graph; these indicators are independent.

To test whether in a given network there is a significant number of tri-
angles (or, relatedly, a high degree of clustering), a so-called conditional
uniform graph test is often employed, see for example Holme (2005). In one
form, the edges of the graph are randomised, the number of triangles is
counted in such randomised graphs, and the observed number of triangles
is compared to the numbers arising from such randomizations. When as-
sessing statistical significance it is hence desirable to know the conditional
distribution of the number of triangles (or other graph statistics of interest)
given the number of edges. As in real networks the number of vertices may
be relatively small, a multivariate normal approximation together with a
bound on the distance to the normal would be desirable.

Our interest is hence in the joint distribution of the total number of edges,

described by
1
T = §ZI7;7]' = ZIZ'J
ij i<j

and the number of triangles,

1
U=z Y. LiLieliw= ) Lijliklix

1,7,k distinct 1<j<k

Here and in what follows, “i, j, k distinct” is short for “(i,j, k) : i # j #
k # i7; later we shall also use “i, 7, k, ¢ distinct”, which is the analogous
abbreviation for four indices. Note that

ET = (Z);g and EU = <g>p3.

Construction of an exchangeable pair
Asboth T and U are functions of the vector X = (I; ;,1 <14 < j < n) of in-
dependent, identically distributed edge indicators, we build an exchangeable
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pair by choosing a potential edge (i, j) uniformly at random, and replacing
I; j by an independent copy I} ;. More formally, pick (I, J) according to

—_

(5
If I =14, J = j we replace I; ; = I;; by an independent copy IZ(J- = IJ’Z and
put

T = T—(Iry—11,),
and

U = U— > (rg—1I7 )Ll
k:ks£I,J

Following our approach, conditioning yields

2
ENV(T -T) = ——=> BV (1], - L;|I =i,J =)
n(n—1) ; 7 7
2 2

B p_n(n—l)T: n(n—1) (BT ~T)

— o (T-ET),

(2)
which depends on T only; but

2
B m Z ]ET’U Z (IZJI],]CIZ,]C - I’Z,]I],ka,k)
i<j k:k£i,j
2 2
=3 U-p ETY ILinlik
n(n —1) n(n—1) i<]§éz’,j Jkdi

depends not only on U but also on the number V' of 2-stars,
1
V o= 5 Z Ii,jIj,k-

i,7,k distinct

n
EV =3 2,

We note that
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Using our random pair (I,.J) we put
V= V= > (Iry— I )k + Ig)-
kik#ILJ

Including V' as auxiliary statistic, we put W = (T'— ET,V — EV,U — EU),
and W' = (T'—ET,V'—EV,U’'—EU). Then (W, W’) forms an exchangeable
pair, and

~-EV (V' - V)

1

= m Z EW Z (Ii,j — Iz{,j)(Ij,k + I@k)
2/ i<y k:k+i,j
1 1

= WEW Z (IZ’JI]"k + Ii,jfi,k) - pWEW Z (Ij,k + Iz’,k)
2 i<j, k#i,j 2 i<y, k#i,j

1 1
= —V = 2p——<(n—2)T

‘o

(5)
- o lw omv+ ZpM(T —ET),

(5) (3)

where the last equality follows from E(V’ — V) = 0. Thus (7)) is satisfied
with R = 0 and A given by

1 1 0 0
A=—1| —2(n—-2)p 2 0

As the variances, calculated in Appendix [B.3] are not all of the same
order, we re-scale our variables, similarly to lJanson and Nowicki (1991), as
follows. Put 5 ! !

len—2T, ‘/1:—2‘/, U1:—2U
n n n
For these re-scaled variables we re-scale W' as for W to obtain 77, V{ and
Ui, so that (W7, W7) is also exchangeable. The covariance matrix %; for

W1 = (Tl - ETl,Vl - E%,Ul - ]EUl) equals

" 1 2p p?
5, -3t =26 _ni)(?’)p(l—p)x 2p 4p®+ ’% 2p° + p_27§1__2p)2 , (4.8)
29+ pél_—Qp) ptl (?l)&p_—;)p )
and (7)) is satisfied with R = 0 and A given by
1 1 0 0
AM=—| -2p 2 0

(2 0 —-p 3
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REMARK 4.4. The observation that the 2-stars form a useful auxiliary
statistic can also be found in lJanson and Nowicki (1991); there it is related
to Hoeffding-type projections.

REMARK 4.5. With n — oo we obtain as approximating covariance ma-
trix

1 1 2p p2
o = gp(l=p)x| 2p ap* 2p° | . (4.9)
p* 2 pt

As also observed in |Janson and Nowicki (1991), this matrix has rank 1. It
is not difficult to see that the maximal diagonal entry of the inverse ¥ 1
tends to co as n — 00, so that a uniform bound on the square root of El_l,
as suggested in Remark B3] will not be useful.

Our vector of interest is now W = (T'—ET,V —EV,U —EU), re-scaled to
Wy = (Th —ETy, Vi —EV;, Uy — EUq). InlJanson and Nowicki (1991), a nor-
mal approximation for Wj is derived, but no bounds on the approximation
are given. Using Theorem [2.1] we obtain explicit bounds, as follows.

PrROPOSITION 4.6. Let Wy = (Th — ETy,V, — EV,,U; — EU;) be the
centralised count vector of the number of edges, two-stars and triangles in
a Bernoulli(p)-random graph. Let 31 be given as in ([LS8]). Then, for every
three times differentiable function h,

IER(W) — BR(2)%2)] < % (% - 9n_1) | 8%'3 (1 +n 4 n—2) .
Again we do not claim that the constants in the bound are sharp. However,
as we have (3) random edges in the model, the order O(n™ 1) of the bound
is as expected.
While for simplicity our other bounds are given as expressions which are
uniform in p, bounds dependent on p are derived on the way.

PROOF. Here we only give the main bounds; the calculations for the
bounds on A and B are in Appendix B3l The inverse matrix A;' is easy
to calculate; for A® = 3% _ |(A)7 )], for simplicity we use the uniform
bound

ND| < Zp? i=1,2,3.

N W
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For A in Theorem [2.1] we obtain that
A < 35071 +36n72,

and for B in Theorem [2.]] calculations yield

B < gnQ X 9 x g—i (n_?’ +n_4—|—n_5) = 32 (n_l +n? +n_3) .

Collecting the bounds gives the result. O

Using Proposition [2.9], we also derive a normal approximation for ¥ given

in (4.9).

COROLLARY 4.7.  Under the assumptions of Proposition [{.0, for every
three times differentiable function h,

IER(W) — Eh(SY22)] < % (4442107 + 32072 + 4n~?)
8|hls 1, 2

PRrROOF. We employ Proposition [.6land Proposition 2.9 with the triangle
inequality. A straightforward calculation shows that

}3(71—2)(2) 1

3 -3

and so
d
0
> loij — oyl
i,j=1

3
< (§n_1 + 2n_3) {1 + 4p + 6p? + 4p° —|—p4}

N (p(nl_—g) N 2192721_—219) N p2(13(—npi(§)— p)) (%n—l fon 4 1)

2
< 26n ' +3n2+32n % +4an4

Here we used the crude bound that (n—2)~! < %n_l. The corollary follows.
O
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As a consequence of Corollary 7], the conditional graph test which fixes
the number of edges and then counts the number of triangles would, in the
normal regime, yield a degenerate limiting distribution for the number of
triangles. As the number of edges is a function of the vertex degrees, the
issue also occurs when fixing the vertex degrees while randomising over the
edges.

4.4. Complete non-degenerate U -statistics. Let X = (X1,...,X,) be a
sequence of i.i.d. random elements taking values in a space X. Let 1 be a
measurable and symmetric function from X% to R, and, foreach k =1, ... ,d,
let

Q;bk(xl, e ,a?k) = ]E?,[)(:L‘l, N ,.’Ek,Xk+1, e ,Xd).

Assume without loss of generality that K¢ (Xy,...,Xs) = 0. For any subset
a C {1,...,n} of size k write ¢y () := Vp(Xi,,...,X;,) where the i; are
the elements of a. Define the statistics

Up =Y rla),

|a|=k

where ) p(,) denotes summation over all subsets a C {1,...,n} which sat-
isfy the property E. Then Uy coincides with the usual U-statistics with
kernel ¢ (note that, in our notation, the normalising constant (z) ~!is not in-
cluded in Uy). Assume that Uy is non-degenerate, that is, P[¢1(X;) = 0] < 1.

Put .
Wk = n1/2 <Z> Uk

It is well known that Var W}, < 1 (see e.g. ILed (1990)). Note also that, as
n — oo, ¥ 1= E(WW?) will converge to a covariance matrix of rank 1, as
we assume non-degeneracy and hence U; = Y ;" ¢1(X;) will dominate the
behaviour of each Uy.

Using an exchangeable pairs coupling, Rinott and Rotar (1997) proved a
univariate normal approximation theorem for non-degenerate and degener-
ate weighted U-statistics with symmetric weight function under fairly mild
conditions on the weights. They show that (7)) is satisfied for the one-
dimensional case and a non-trivial remainder term, related to Hoeffding
projections of smaller order. However, we will use Theorem 2] to obtain a
result for the whole vector (W7y,...,Wy), where W1q,...,W,_1 are not the
Hoeffding, but related projections and therefore not of smaller order.

Using Stein’s method and the approach of decomposable random vari-
ables, [Raid (2004) proved rates of convergence for vectors of U-statistics
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where the coordinates are assumed to be uncorrelated (but nevertheless
based upon the same sample X7, ..., X,,). The next theorem can be seen as
a complement to Rai¢’s results because, in our case, a normalisation is not
appropriate.

Let X{,...,X] be independent copies of Xj,...,X,. Define the ran-
dom variables 1/1}714;(04) analogously to () but based on the sequence
Xi,... ,Xj_l,X]’-,XjH, ..., Xy. Define the coupling as in [Rinott and Rotax
(1997), that is, pick uniformly an index J from {1,...,n} and replace X; by
XY, so that U, = 37,2 ¥ . (@); it is easy to see that (U’,U) is exchange-
able. Note now that, if j ¢ «a, ¥} ,(a) = ¥i(a), and that IEXQp;-,k(a) =
Yr-1(a\ {j}) if j € a. Thus

BX U~ U = -3 3 EX (¥ u(e) — (o)}

j=1 |a|=k,
a>j

= Ep Iy S ey

j=1 el (4.10)
k n—k+1
=——Up+——— Y. ()
16/=-1
k —-k+1
S S Al i 5 A
n n

The second-to-last equality follows from the observation that

S ea(a\ G = D vea(B),
=k, Bl=k1,
adj BEj

so that every set 3 of size k — 1 appears exactly n — (k — 1) times in the
corresponding double sum of (@I0). Thus

k

EX (W), — Wi) = —g(Wk - Wi_1).
Hence, (L7) is satisfied for R = 0 and
1
-2 2 0
Aol -3 3
n
0

—d d

Applying Theorem 2] yields the following result.
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THEOREM 4.8.  Assume that p := Eap(X1, ..., Xq)* < co. With the above
notation, we have for every three times differentiable function h

[EA(W) ~ BR(S'22)| < (42 dlhly + p* d|h]3 ) n~2.
PROOF. Some rough estimates yield that for all 1 <i,5,k < d
A9 < dn,
Var EW (W] — W;)(W] — W) < 256pd°n "2,
E|(W] = Wi) (W] — W) (W}, — Wy)| < 8p**dPn =/,
Apply now Theorem 211 d

REMARK 4.9. Note that Rinott and Rotar (1997) implicitely use the
representation

EW(WIQ — Wd) = —%Wd + %(de—l — (d — 1)Wd) =: —%Wd + R; (4.11)
compare this with their representation (3.3) of the remainder R, for which
they show that it is of the required lower order. We can also see this us-
ing Hoeffding projections. Denote by H) the jth Hoeffding projection of
(Z)_lUk (for a definition we refer to|Led (1990)) and recall that the random
variables of the sequence H, ... H@ are uncorrelated and have strictly
decreasing variances of order n=*,n~2,...,n~% (these are the exact orders,
as we assume non-degeneracy). From Theorem 1 of [Led (1990) we have the
representation
W, = nl/? f: ("7) 770)
=1 \/

for each k, based on the same projections H () as the conditional expec-
tations 1; are the same for all Wj,. From this it follows that the random
variable H®) with the largest variance disappears in the remainder R of

(EIT). Hence, A\~'v/Var R = O(n~1/2).

4.5. Double-indexed permutation statistics. Let a; i, 1 < 14,7,k 1 < n,
be real numbers such that a;;,; = 0 whenever i = j but k # j. Assume
that

> aijgy =0 (4.12)

i?j7k7l
and define

Vo =Vo(m) = Y s tn(s)n(t):

s,t=1
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where 7 is a uniformly drawn random permutations of size n. The asymptotic
normality of V{, was proved by Zhao et al. (1997), generalising the proof
of [Bolthausen (1984), which is related to the exchangeable pair coupling.
Barbour and Chen (2005) used the exchangeable pair coupling to find a
non-trivial representation of Vj of the form (2] with a non-zero remainder
term R; see their article also for a historical overview.

We will discuss here only the applicability of this example to Theorem 2.1
to illustrate the embedding method, which contrasts with|Barbour and Chen
(2005) in the sense that, with our approach, again one does not need to
find a one-dimensional representation of the form (L.2]) but can use directly
the multidimensional version (L) in a straightforward manner. We also do
not bound the error terms because the corresponding calculations are too
involved for the purpose of this paper.

Construct now an exchangeable pair as follows. Let I and J be distributed
uniformly over 1,...,n conditioned that I # J. Define the permutation
7' = (w(I)w(J)) o7 so that 7 is the permutation where 7’'(k) = 7 (k) for all
k #1,J, and where 7/'(I) = 7T(J) and 7'(J) = w(I). Let now for the sake of
a simpler notation a7 ; ;. , == (k),=(1)- Defining W’ = W(r') we have

7]71—

n
/ _ T T T g
‘/0 - ‘/0 - = Z(aI,S,I,s + Ajs.Js + Qs 1,s,1 + as,],s,])
s=1
s s s s
+(alrr+afyry+alr g+ aJ,J,J,J)
n
s s iy iy
+ Z aI,s,J,s + aJ,s,I,s + as,I,s,J + as,J,s,I)
s=1
s s s s
—(afjgy+aljyr+aiiry+alsrg)
Hence,
E™(Vy — Vo)

n(n -1)
#
n(n—1)

n
s s
Z 27877'75 ]787] s + a57i787i + a57j757j)

Z7Z7Z7Z Z7]7Z7] J7Z7]7Z ]7]7]7]

™ ™
7‘ 87] s .] 877'78 + a's’i’smj + as,j,s,i)

T T T T
(az‘,z‘,j,j +ai; it aGiigt a0

+
™ **M l\g *LM
||M:
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4 2 i
T EVO * n(n—1) ; ;(azsd}s +a55,5)
2 s s 2 s ™
+ =1 > (afiii+afjig) — nn—1) > _(afi i+ al;za)

i#] i#]

2n —1
:)\<— nn Vo—l-vl—i-vz>+R1+R2

with A :=2/(n — 1) and where

¢ —_ m e e . —_ U
Ri:=AY alii—= > iy Roi=—=3 af;;

i=1 2,7=1 2,7=1

-~ )

(] .
Vi = Zasﬂr(s) for ¢ = 1,2, where

s=1

o) —1Za e '—1Za
S o P it
s,t 2o Bsiistid s,t 7 2 Fiss.d;
%,] 2¥)

and thus
AT R YA VA S W ()
E™(V -V;) = nvri_n(n—l);aiﬂf(j)
a2 N0
= )J/Z—Fn(n_l)izjam(j)
— \V;

where the last equality follows from (4I2]). Thus, (I7) holds for W =
(Vo, Vi, V2)" with
2n—1
Bt g
A=A 0 1 0

and R = (R; + Ry, 0,0)".

In the special case where a;jx = bjjc with by = ¢;; = 0 for all 4,7, k,1
and where (b;;) or (cj) is symmetric up to a (possibly negative) constant,
we have Ry = 0 and Ry = BAn~1V; for some number 3, so that (7)) holds
with a R = 0 and a slightly different A, which would simplifiy the estimates.
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Note that these assumptions hold for example if either (b;;) or (c;;) is the
adjacency matrix of an undirected graph containing no self-loops.

Mann-Whitney- Wilcoxon statistic. Let x1,...,Zn, and y1,...,Yn,, Nz +
ny = n, be independent random samples from unknown distributions Fx
and Fy, respectively. The MW W-statistic is then defined to be the number
of pairs (z;,y;) such that z; < y;. Let 7(i) be the rank of z;, where z =
(1, ., Tng, Y1, - - -, Yn,) is the combined sample. To test the hypothesis Hy :
Fx = Fy, we may assume that 7 has uniform distribution. It is easy to see
that, defining

+3 if1<i<ng ny+1<j<nand1<k<I<n,
Gijri =9 —3 f1<i<ngn,+1<j<nand1<I<k<n,
0 else,

Vo is equivalent to the MWW-statistic (up to a shift). It is well known
that Var Vo = ngny(n +1)/12 (see Mann and Whitney (1947)), so that if,
for some 0 < a < 1, ny, < an and n, =< (1 — a)n, respectively, we have
Var V) = n3.

Note now that, as a;;x; = 0 for all 4,k,l and as >, ; a;jx(j)x@6) =
— 220 @i jn(i)n(j), We have Ry = 0 and Ry = —%Vo. Hence, the remain-
der term C in Theorem [2Z1] has the required lower order.

Further, we calculate that aglj) = w ifl1<i<n;and aglj) =0
otherwise, and therefore, using the variance formula for the usual singly

indexed permutation statistics (see Hoeffding (1951)),

1 n
VarV; = —— (al(-l.) — al(-l.) —al 4+ a-(,l-))2 =n’.
n—lgs 7 !

The same asymptotic is true for Vs, so that indeed W = n=%/2(Vp, Vi, Va)
with the above coupling and choice of A is a good candidate for Theorem 211

5. Some comments on the exchangeability condition. Exchange-
ability is used twice in the proof of Theorem 2] namely in (2.8]) and (ZIT])
In this section we not only discuss the necessity of this condition if one uses
the Stein operator of the form in Eq. ([Z3]), but we also suggest a possible
way to avoid exchangeability.

5.1. Exchangeability and anti-symmetric functions. In (2.8]), we use ex-
changeability in the spirit of [Stein (1986). It has been proved by Réllin
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(2008) that in the one-dimensional setting the exchangeability condition can

be omitted for normal approximation by replacing the usual anti-symmetric
function (7)) with F(w,w") = g(w’) — g(w), where now only equality in dis-
tribution is needed to obtain an identity similar to (2.8]). Also/Chatterjee and Meckes
(2007) proved their results with this new function F' but under the stronger
condition (T4]). However, there seems to be no obvious way to apply the

above approach under the more general assumption (L.7)) (even with R = 0)

to remove the exchangeability condition. To see this note that, by multivari-

ate Taylor expansion,

g(w') = g(w) + (v —w)'Vg(w) + 3V'(w' — w)(w' — w)'Vg(w)

+r(w,w), (5-1)

where 7 is the corresponding remainder term of the expansion. Thus (G.1)
and (7)) yield the identity

0 = By(W") — Bg(W)
= —E{W'ANG(W)} + LE{VI(W — W)W —W)V(W)}  (5.2)
+ Er(W', W),

for any suitable function g. To optimally match (5.2]) and the left hand side
of (2.3 it is clear that we have to choose g such that the system of partial
differential equations

AN'Vg=Vf (5.3)

is satisfied. In the one-dimensional setting of R6llin (2008) and the multi-
variate setting A = AI of |(Chatterjee and Meckes (2007), (5.3]) can be solved
by setting g = A~! f. Indeed (5.3)) cannot be solved in general, but (5.3 has
a twice continuously partially differentiable solution g for a sufficiently large
class of functions f only if A = AI.

5.2. Ezchangeability, the covariance matriz and the A matriz. In (2.11)),
using only equality in distribution instead of exchangeability, we would ob-
tain

EW' — W)W —W)! = AZ + ZAL (5.4)

It is clear from (2.I3]) that the canonical choice for the variance structure of
the approximating multivariate normal distribution would then be

TEW — W)W —W)A ™ = J(AZAT +5) = %, (5.5)

which in the exchangeable setting reduces to X, see (ZII]). Without ex-
changeability, however, there seems to be no hope that ¥ would be symmet-
ric and positive-definite as needed unless further assumptions are made.
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LEMMA 5.1. X =13 if and only if A := X"12AXY? s symmetric.
ProoOF. Note that

AEA—t — 21/2Z—1/2A21/221/2A—t2—1/221/2

= N2AA 01/, (5.6)
So, if Ais symmetric then cleia}"ly Y = X. If, on the other hand, > = ¥, then
B3H) and (Im) imply that AA‘At = Id. By the uniqueness of the inverse,
symmetry of A~ and hence of A follows. O

LEMMA 5.2. If (W,W') is exchangeable then A is symmetric.

PROOF. If (W, W) is exchangeable, we have from (2.I1)) that ¥ = ¥ and
hence, by Lemma [5.1], the claim follows. d

5.3. An approach without exchangeability. Assume that we have given
a pair (W', W) such that Z(W') = Z(W) (not necessarily exchange-
able), EW = 0, EWW! = ¥ and such that (L7) is satisfied for some A
and small R. According to the Markov process interpretation of Stein’s
method as introduced by Barbour (1990) and |Gotze (1991), for assess-
ing the distance between the distribution of W and a multivariate normal
distribution MVNg4(0,X), we evaluate EAf(W), where A is the generator
of a stationary Markov (usually Ornstein-Uhlenbeck) process with station-
ary distribution MVNy(0,%), and f is the solution of the Stein equation
Af(xz) = h(x) — Eh(Z).

It is crucial that the dynamics of the Markov process are similar to
the dynamics of the Markov process (W;):>0, defined through the coupling
(W', W), namely the continuous time Markov jump process with generator

Bf(w) = E{f(W")|W = w} - f(w);

see Rollin (2008).
This suggests to take a diffusion X; which is the solution to the SDE
Xt = —AXtdt + O'dBt,

with initial point Xy, where B; is a standard d-dimensional Browinan mo-
tion. From general theory (see e.g. Karatzas and Shreve | (1988), Section 5.6)
we have that such a process exists and, if £ (X)) is Gaussian, then the whole
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process X; is Gaussian. If furthermore all of the eigenvalues of A have posi-
tive real parts then X; has stationary distribution MVNy(0, X), where ¥ is
the existing and unique solution to the equation

AY + At = oot

compare this with (B5.4]). Using the infinitesimal generator of this process,
we obtain the Stein operator

Af(z) = 3V'oo'Vf(z) — (Az)'V f(z).

= iVI(AS + ZAYV f(z) — 2" A'V f(2). (5:7)

To the best of our knowledge, these operators are new as Stein operators
and not comparable to Barbour (1990) because of the non-trivial drift. So, it
is straightforward to see that, using (L7) and, assuming again for simplicity
that R = 0, Eq. (57)) would lead to an approximation of the form

|[ER(W) — ER(ZY2Z)|

_oF
8102' awj

J

<X Nar B (W] = W) (W] — W)
i,j

9

3 f
+ > E[(W] = W) (W] = Wy)(Wj, = W Hi
( )(W; 3) (Wi vl Ow;Ow; 0wy,

Z‘?j7k

without using exchangeability. Note that the factors corresponding to A(®)
in Theorem [2.1] would now appear in the bounds on the derivatives of f,
which is the solution to the Stein equation

IVHAS + SAYVf(z) — 2' ATV f(2) = h(z) — ER(EZY2Z),

if such a solution exists.
Assume now in addition that A = 1/2A%/2 is symmetric. In this case,
(5.7) simplifies to

Af(z) = sVIEAV f(2) — 2 AV f (). (5.8)

The construction of this process is not difficult. Decompose A = UDU ¢
where U is orthogonal and D diagonal. Let Y; be a d-dimensional Ornstein-
Uhlenbeck diffusion, where the coordinates are independent and such that
coordinate 7 has drift —d;y; and diffusion rate v/2d;. Then, X; = »i2y Y; is
the diffusion to the generator (5.8 with the desired stationary distribution
MVN,(0,%). However, note that, if Z; is a standard Ornstein-Uhlenbeck
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process with local drift — Id and diffusion rate v/2 in each of the coordinates,
it is not possible to obtain Y; (and hence X;) as a transformation of the form
AZ;, because for any matrix A we have

EA%(AZy, . + AZy) = AR R (Zyy . + Zy) = —eAZy + o(e),

which is again a process with drift — Id.

Note that the processes X; = ZY/2UY; are time-reversible, whereas for
non-symmetric A they will in general not be, as the process will then “rotate”
around the origin in specific directions, from which the time direction can
be deduced.

If however (W', W) is exchangeable, then Ais symmetric by Lemma
Although (5.8) would be the canonical Stein operator in this case, the ap-
proach through (Z7) and (2.8]) allows us to compare the dynamics of W;
directly with that of the process /27, by exploiting the exchangeability,
instead of using the more complicated Stein operator (5.8]) of the process X;.
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APPENDIX A: PROOFS OF THE LEMMAS AND COROLLARIES

A.1. Proof of Lemma[Z.7. Let Z, := we *++v1 — e~ 25%1/2Z 50 that
Zo = w and Zo, = 2127, Define the function

fw) == [T [BA(Z.) - BRE22)]ds
for every w € R?. Straightforward Taylor expansion of Eh(Z,) — Eh(X'/22)

shows that, for each fixed w, f is well-defined. To show that f is a solution
to (2.5]), observe that

% d o d
h(w) — BL(ZY2Z) :/ —]Eh(Zs)ds:/ E—h(Z)ds
o d 0 ds
00 —2s
= [ ew'EVA(Z ds+/ 12 7)1Vh(Z,) }ds.
| e (2, B 2) Vh(2.))
The above interchanging of expectation and differentiation is permissible due
to dominated convergence, as |Vh(Z,)| < |h1| and |{(2Y22)!Vh(Z,)}| <
|h1||2Y2Z] and E[XY/2Z| < co. Noting that
thf(w):/ e~ w EVA(Z,)ds
0
and
VISV f(w) = —/ BE{VISVA(Z,) Vs
0
o0 e~ 2s
— | ———E{(2"22)'Vh(Z,)}ds,
[ vier= AL
from (24]), Eq. (23] follows. Now we note that

S o h(Z) = et S hi(Z,) = ¢ *Dh(Z),

and similarly for higher total derivatives. If D*h is bounded, then, by dom-
inated convergence,

DF f(w) = — / - e "EDFh(Z,)ds.
0

Taking absolute values and evaluating the integral [;° e Fsds yields (Z0).
O
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A.2. Proof of Lemma We shall show below that (2.4]) remains
valid if the covariance matrix is not of full rank. Then we have, for i : R¢ —
R with 3 bounded derivatives and f the solution of the Stein equation (2.3])
with 3,

[EA(X) — BA(Y)]
= |EV'EVS(Y) - EY'Vf(Y)]
= |EV'EVF(Y) - EY'Vf(Y) — (EV'SVF(Y) - EY'Vf(Y))|
= |EV{(Z - Zo)Vf(Y)]

d d
1
> oiy — ol fig (V)] < §\h|2 > loij —aijl,

i,j=1 i,j=1

IN

where we used the bound (Z.6]) for the last step.

To prove the assertion, all that remains to show is that (Z4]) remains
valid if the covariance matrix ¥ is not of full rank. Assume that the rank
of ¥ is k. Let Aq,...,\, denote the non-zero eigenvalues of . Let Z € RF
have MVN(0, A; )-distribution, where A; is the diagonal matrix with entries
Al,---,Ar on the diagonal; in particular, the components Z1,...,Z; are
independent. Then there exists a (d x k)-matrix B = (b; j)i=1,...d,j=1,...k Such
that B'B = 1d;, ¥ = BA1B’, and Y = BZ, see for example Theorem 2.5.6
in Mardia et all (1979). Thus we may employ the one-dimensional Stein
equation to obtain that

M=~
)=

EY'Vf(Y) = bi;E{Z; fi(BZ)}

7

1j=1

I
B
]~
M=

bi,;j

Ajbe ;B fi ((BZ)

Il
—

w
Il
—

1=1j5=1

E{V'SVf(Y)}.

This finishes the proof.

A.3. Preliminaries for the proofs of Section Bl For h € H define
the following smoothing:

hs(z) = /Rd h(s'2y 4+ (1 — )Y 22)®(dy), 0<s<1.

We note that ®hy; = ®h for any s.
A key result is the bound on the error which arises from this smooth-
ing; it was first obtained by Gotze as a version of a smoothing lemma by
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Bhattacharya and Ranga Rao. We follow the exposition of [Rinott and Rotar
(1996).

LEMMA A.1. Let Q be a probability measure on R%, and let W ~ Q, Z ~
®. Then there exists a constant v > 0 which depends only on the dimension
d such that for 0 <t <1,

sup |[EA(W) —Eh(Z)] < 7~ lsup |E(h — ®h);(W)| + aVt| .
heH heH

The constant a is as in (3J).

A.4. Proof of Corollary B3l Let 0 <t < 1. If h is replaced by h; in
the multivariate Stein equation (Z3]), then this Stein equation has solution

1 (! hs(z) — ®h
Ui(x) = §/t ﬁd&

and for |h| < 1 it is shown in IG6tze (1991) and also in ILoh (2007), that
there is a constant v = v(d) depending only on the dimension d such that

[Telt <7, | Wyla < ylog(t™h); (A1)

the ~ is in general not equal to the v in Lemma [AJl Following our proof we

obtain, as in (ZI3)),
|Ehe(W) — Eh(Z)] = |[E{VVU,(W) — WV, (W)}
< %log(t_l)A

J

1 -
5 3 | (AT BOW] = Wi (W) = W) (W) = Wi) R

mizi.]

+9C (1+dlog(t™)), (A.2)

with A, B and C as in Theorem 21l For the last step we used the same
estimates as applied for the remainder term in (ZI3]), and that ¥ = Id.

For the remainder term R, i, inlLoh (2007), Lemma 1 (p.20) it is shown
that, if |h| < 1, then there is a constant ¢ (depending only on d) such that,
for any finite signed measures @ on R¢,

sup
1<p,q,r<d

o3
/Rd 02,0240, i(z)Q(dz)

Co
s — sup
\/E 0<s<1,ycRd

/ h(sv 4+ y)Q(dv)
Rd
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Thus we can bound the second term in (A2]) by 5 \[B For simplicity we

re-label 7 as the maximum of +, 72, and vcg, yielding that

sup [EA(W) — Bh(Z)| < +*(Dlog(t™!) + 1Bt Y2 +C +avh),
heH

with D from (3:2)). The minimum with respect to t is attained for T' =
2
a% (D + \/% + D2) , which gives the assertion.

A.5. Proof of Corollary We standardise Y = /2. From
Condition (@) we have that for any d x d matrix A and any vector b € R,
h(Az 4+ b) € H, so in particular h(X~'/2z) € H. Hence the above bounds
(AZT)) can be applied directly. The proof now continues along the lines of the
proof of Corollary B, but with the standardised variables, yielding

IE(h — ®h), (W)
<7 - log(t™! Z A Nar BY (Y] = Yi)(Y] - Y5)

zw (! = YY) = V) (Y = Vi)
Jk

+vZA(Z (VEE-12R?2 + dlog(t~)/E(-12R)? )

- 5{1og(z:—1) Z A \/Var EW S P (W - Wi) (W] — W)

k.l
Z)\

+sz\(i)<\l (22—1/2Rk) + dlog(t™ 1$ (22—1/2 ))}

The proof now follows the proof of Corollary Bl We omit the details. [

E|S =P8 S AW - W) (W — W) (W] — W)

]s

r,8,t

A.6. Details for (5.3). In general, if h is twice continuously partially
differentiable, then for all a and for all 4,5 = 1,...,d, hj;(a) = h;i(a). If
Vg=A"'Vf, then, with B = (bz‘,j)gj:1 = A,

x) =Y bigfr(x), gi(z) = bjefe(x)
! ¢
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If g is twice continuously partially differentiable, it follows that
> binfr(@) =Y bjefri(x).
k V4

For functions f which depend only on one coordinate, say j, we obtain for
i # j that b; ;f; j(z) = 0, so that the off-diagonal elements of B all have to
vanish, giving that

biifij(x) = bj;fii(x).

If f is twice continuously partially differentiable, then it follows that all
diagonal elements of B have to be identical, yielding again B = AI, where
A is a constant.

APPENDIX B: DETAILS OF THE APPLICATIONS

B.1. Details of the runs example. The following lemma may be use-
ful when the non-diagonal entries of A are small compared to the diagonal-
entries.

LEMMA B.1.  Assume that A is lower triangular and assume that there
is a > 0 such that |A; ;| < a for all j <i. Then, with v := inf; [Ay|,

sup A < @ HDT
i Y
ProOOF. Note that
V! - Vi| <d+i—2 (B.1)

almost surely.

Write A = AgAp, where Ap is diagonal with the same diagonal as A
and Ag is lower triangular with diagonal entries equal to 1 and (Ag);; =
A; j/Aj ;. Denote by || - ||, the usual p-norm for matrices and recall that for
any matrix A, [[Al1 = sup; 3=, [A; ;|- Then,

AD AT < AR A -
Noting that |(Ag)i ;| < a/v for all j < i, we have from [Lemeire (1975) that
IAZ I < (a/y + )T

Now, as [|[Ap]l1 =y, the claim follows. O



40 G. REINERT AND A. ROLLIN

From ([£2)), it is easy to see that for every i and j there is a function v; ;
such that

1 n
ES(V;/ - Vz)( = E Z Vi 4 gm AYZE S P >£m+d+ivj—3)a
m=1
and |lvi ;|| < (d+i—2)(d+j—2) < 4d? from (BI). Write v; ;(m) =
Vij(Em—ivi+1s-- > Emtdrivi—3). As v;;(m) and v;;(m’) are independent if

|m — m'| > 3d, this implies

Var EY (W] — W;)(W] — W)
«_ 1
= n2p"+j(1 _ )2

- n4pZ+J Z Cov (v;,j(m), vj ;(m’))

mm’ 1

Var ES(V/ = V;)(V] = V)

96d°
= ndp(1—p)?
For the second summand in (2:2]) we use (B to obtain the simple estimate
(d+i—-2)(d+j—-2)(d+k—2)
n3/2p3/2(1 — p)3/2

. 8d°
S n32prd/2(1 = )32

E|(W] = W) (Wj = W;) (Wi = Wi)| <

Applying Lemma [B] to the matrix nA with @ = 2 and v = d — 1, we
obtain

n(2 + 1)d_1 15n

d—1) ~ d°

Combining all estimates with Theorem 2.1 proves the claim.

A <

B.2. Detalils of the U-statistics example. As A is lower triangular,
sois A~ and, if I < k,

(A_l)k,l = ’I’L/l,
thus, for I =1,...,d,
A < dn. (B.2)

Define now n; (@) := ¥} (o) — (). Then we have for every k,l =
1,....d,

EX,X’{(U]; _ Ukz)(UlI _ Uz)} = l Z< Z nj,k(a)ﬁj,l(ﬁ)> (B.3)

J=1 Nal=k,|81=l,
anBsj

3
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and
E(EXY (U], - U) (U] - )})?

:%i ) > E{ni(@)mii(B)nk(v)n;0(0)} (B.4)

1,j=1 la|=k,|B|=l, |v|=FK,|5|=L,
anp3i el EY]

Note now that, if the sets U3 and vUJ are disjoint (which can only happen
if i # ),

E{ni,k(@)nik (8030 ()n.1(0)} = B{mik(@)nin(8) YE{n;i(v)n;u(d)}  (B.5)
due to independence. The variance of (B.3), that is (B.4)) minus the square
of the expectation of (B.3)), contains only summands where o« U 3 and yU ¢
are not disjoint. Recall now that p = Ey(X1,...,Xs)* Bounding all the

non-vanishing terms simply by 32p, it only remains to count the number of
non-vanishing terms. Thus,

Var EXX' (UL — U)(U] — U)

1 n
<EY Y Y s

i,j=1 |a|=k,|B|=t, Iv|=k,|5|=1,
anpBsi ~YN§335,(vyUs)N(aUB)#£D

2RO DO ST SRR S 1)

al=k,[B|=l, “jealUp |vI=k|é|=l, jg¢aJp |v|=k,|8]=L,
] RialEY]

anBsi YNE34,(vUd)N(aUB)#D

=: Ag + By,

where the equality is just a split of the sum over j into the cases whether or
not j € aUp. In the former case we automatically have («UB) N (yUJ) # 0.
It is now not difficult to see that

4y, < B2t 1-1) <n—1>2<n—1>2'
’ n k—1 [—1
Noting that, for fixed j, k, [, o and (3,
{ =Kol =1:903 5 (yUd) N (aUpB) # 0}
={l=k1d=1:9Nn6>j}
\ =k o] =1:vNd 34 (yUd)n(aups) =0},

we further have

e S ([ (e
n—1\[{n—-1 n—k—Il+1\[n—-k—-101+1
x{(k:—l)(l—l)_( k-1 )( -1 )}
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where we also used that ("*7%l) > ("=t

straightforward to prove:
n—1\[n ! _
k—1)\k

_k

n
n—k—1+1\(n _1>k<n—2k—l+3) ( 2k+l—3)>
k-1 k “n n ’

. The following statements are

(B.6)

(B.7)
Thus, from (B.6]),
-2 -2
o1 n 32p(k +1— 1)k:2l2 64pd®
n <k> <l> AkJ < n3 < n3 . (BS)
From (B.6]) and (B.7),
,(n\ 2 n\ 82pk*1 (k(2k +1—3) +1(k + 2 = 3)) _ 192pd°
n By, < < .
k l ’ n3 n3
Thus, for all & and [,
Var B (W), — Wio) (W] = Wi) < Var EXY (W) — W) (W] — W)

3
n
Notice further that for any m=1,...,d,
E|U;, — Unl® = ZE\ S mim(@nim (B ()|

] 1 la]=|8|=]v|=m
anBny3j

3
—1
< 8%/

using (B.22]); hence, along with (B.6]),
B|(W/ — W) (W} — W) (W] — W)| < masx E|W,, - W,

-3 1 3
<8p3/4 3/2 max " "o
m=i,k,l m—1

< 8p*4dPn 32,
(B.10)

Applying Theorem 2Tl with the estimates (B.2), (B.9) and (B.I0) proves the

claim.
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B.3. Details of the random graph example.

B.3.1. Calculation of the covariance matriz. To calculate the covariance
matrix X, we put .

lij=1Iij—p

as the centralised edge indicator, and similarly we centralise

Fo- Y
1<j
5 1 _ . _ . _ . _
Vo= o > L= Y Tiglik+ Liglie+ Lislix),
1,7,k distinct 1<j<k
U = > Ll
1<j<k

Then, by independence, all these quantities have mean zero.

For the variances, the expectation of the product of centralised indicators
vanish unless all the centralised indicators involved are raised to an even
power. Hence

VarT = <Z>p(1 —p), (B.11)
VarV = 3(2)1)2(1 —p)% (B.12)
VarU = <§>p3(1 —p)3. (B.13)

Moreover, for the same reason, all covariances between the centralised vari-
ables vanish. Expressing T,V and U, we have T'=T — ET so that

T:T+ET:T+<Z>p (B.14)

and

Next,

V= Z (Tig L+ Tijlig + Tindi k)
i<j<k

=V -2p Z (Im’ + Ij,k + I@k) + 3p2 <§>
1<j<k
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Now
> Tij+Lix+Lix) = (n—2)T.
1<j<k
Hence
V = V—2(n—2)T + 3p? (g)
so that

Vo= V+2(n—2)pT+3<Z>p2- (B.15)

As V and T are uncorrelated, this gives that
VarV = VarV +4(n — 2)%p? Var(T)

n
= 3<3>p2(1 —p){1 —p+4(n—2)p}.
For U, we have

U = Y Ll
1<j<k
= > ALijLielin — pLig Lk + Lij ik + Tindig)
1<j<k
+p?(Lij + L+ Tik) = p°}

= U—pV+p2(n—2)T—p3<§>.

Using the above expressions (B.I4) and (BI5) for 7" and V' we obtain
U=U+pV+p (n—2)T+p <3> (B.16)
This gives for the variance

VarU = Var(U) + p? Var(V) + (n — 2)?p* Var(T)

- (g)p3<1_p>{<1_p>2+3p<1_p>+3<n_2>p2}.
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We can now also calculate the covariances. Again we use that the centralised
variables are uncorrelated to obtain

Cov(T,V) = Cov (T, V42(n— 2)pT)
= 2(n—2)p Var(T)

= 6<§>p2(1 - p).

Similarly, Cov(T,U) = 3(3)p*(1 — p), and, lastly, Cov(V,U) = 3(3)p*(1 —
p) (1 —p+2(n —2)p). With the notation 7 = n — 2 we obtain the variance-
covariance matrix

% 2p p2
3<g>p(l —p) x 2p p(4np+1—p) p? (2np +1—p) 7
P PP @ap+1-p) p*{m?+(1+p-2p%)}

(B.17)
and re-scaling yields the variance-covariance matrix (4.8]).

B.3.2. Bounding A. As mentioned in the sketch of the proof of Propo-
sition .6 for simplicity we use the uniform bound

N3
|)\(Z)|§§n2, i=1,2,3.

The conditional variances involving T — T can be calculated exactly. As
2, =1
5J »J 7

1
EV(T ~T)? = Y EV(IL; —I;)?
(2) i<j
1
- ;{p —pEV I ; + (1 - p)EV I 5}
i<j
1
= p+(1- 2]9)(—n)T,
2
so that, with Var T given in (B.I7),
1
Var(EW(T' - T)?) = (—n)(l —2p)*p(1 —p)
2
and
(n—2)*

Var(EW (T} — T1)?)
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where we used that p(1 — p) < 1/4 for all p. Thus

V/Var(EW (T} — T1)2)) < n™>.
Next,

EY(T' —T)(V' - V)

1
= O > BV — L)Lk + Lik)
2) i< ki,

1
== Y EW{p(Lx+ Lig) + (1= 2p)(Li i1k + Li jIi ) }

(2) i<j,k#i,j
1
= v (=2(n — 2)pT — 2(1 - 2p)V).
(2)
So here we can also calculate the variance of the conditional expectation

explicitly. With (B.I5),
EY(T' —T)(V' = V)

- —(QT) <(n —2)pT + (n —2) <Z>p2 + (1 =2p)V +2(n —2)p(1 — 2p)T
2
+3<§>p2<1 - 2p>) ,
so that

Var ]EW(T' —-T)(V'=V)
_ 2o p) {(n—2)p*(3 — 4p)* + (1 - 2p)*p(1 — p)} < 4,

(3)

where we used that p?(1 — p) < % and that n > 4. Thus

\VarEW (T' = T)(V' — V) < 20,

Similarly,

EY(T' - T)(U' - U)

1
= o Z {PEV I oL + (1 — 2p)EV I ;1 1L 1}

(3) i<, ki,

— (V4301 2)D).

(3)
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Using (B.I5]) and (B.I6]) we obtain

EY(T' - T)(U' -U)

_ L (3(1 —2p)U + p(4 — 6p)V + (n — 2)p*(5 — 6p)T

(5)
+ 6(2);)3(1 - p)>.

Thus we calculate that

Var ]EW(T’ -T)(U' -U)
- 2 2pa—p) (31 —2p)(1 - p)”

(2)

+p(1 = p)(4 = 6p) + (n — 2)p*(5 — 6p)?) .

Using that p(5 — 6p) < % and p3(1 —p) < 22—;6, again we obtain

VarEW (T' — T)(U' — U) <n~>.

For Var EW (V' — V)2 we introduce the notation

N; = Z 1i g, M; ;= Z L j 1y 5. (B.18)
Jig# k:ki,j
Then
1
T = 32N B.19
2 XZ: (B.19)
1 1 1 )
Vo= 52 Miy=5> LNe—T=53 N =T,  (B20)
#J i#j i
1
U = 5> LM (B.21)
i#]
We have
BV (V' - V)?
1 2
- @) ZEW(IZ‘,J' - Iz{,j)2 (Nj + N; —21; ;)
2/ i<y
1

=3 > {pEY (N; + N; = 21;,5)° + (1 = 20) B L5 (N + N; — 21 ;)°}
i#]
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1
= 20 {pEW (4(n —2)(V +T) — 8T +8T? — 16V))

+ (1 —2p)EY (2 > LN} —8T+2> I jN;N; — 16V)) }
i#] i#]

where we used (B.19) and (B:20) for the last equation. Note that

NN = > 3> Ll =2T+2V
i

and
S ONiN; =4T% -3 N2 =4T? 2T — 2V
i#j i
as well as
Z Li N} = Z L jI; g I; g + 6V + 2T,
i#j i,5,k,¢ distinct
and
Y LigNiN;= > > Ligliplie+2) Ly Y Lin+) I
i#] i,5,k distinct £:0#i,5 i#j k4,5 i£j
= Z L i1 i1+ 4V + 6U + 2T,
,5,k,£ distinct
so that

EY (V' —V)?
1
= W{Qp(n — )T + 2V (np — 10p + 2) 4+ 6(1 — 2p)U + 4pT*>
2
+(1-2p) > BVl + IM)}.

1,5,k
distinct

With the notation T for the centralised variable, we have that

Var EW (V' — V)2
1
= — Var{p(Qn — 8+ 4pn? — 4pn)T + 2V (np — 10p + 2) + 6(1 — 2p)U

(3)

—|—4pT2 + (1 —2p) Z ]EWIi,jfi,k(Iz',e + IM)}
1,5,k L
distinct
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1
< SW{pz(Qn — 8+ 4pn? — 4dpn)? Var(T) + 4(np — 10p + 2)? Var (V)
2

+36(1 — 2p)? Var(U) + 16p? Var(T?)

—|—(]. — 2p)2 Var( Z EWIZ'J'IZ"]C(IZ"K + Ij,f)) }7
i,5,k,L
distinct

where we used that in general Var Y% ;| X; < kY%, Var X; and (BII) for
the last inequality. Here, the variances for T,V and U are given in (B.17)).
To simplify the expression, we use that p*(1 — p) < 27/256 to bound

2
p2(2n — 8 + 4pn? — 4pn)? Var(T) < 6—1 <Z> n?(n +2)%

Similarly, we bound with p?(1 — p) < 4/27 and n > 4

A(np — 10p + 2)2Var(V) < ;—gng’(n -2+ 1),
and
, 81
36(1 —2p)° Var(U) < %n(n —1)(n—2)(3n +2).

We note that Efi7jl~u7vl~ s,tfk,g = 0 unless either all pairs of indices are the
same, or the product is made up of two distinct index pairs only. Hence

VarT? = ZZZZEji,jfu,vjs,tjk,é

1<j u<v s<t k<t

n? (g‘)pu ),

~ 2
16p® Var T? < 3—;713(71 -1).

A

giving

For the last variance term, we use that conditional variances can be bounded
by unconditional variances, giving

Varz Z Z EV I 1L+ L)

i£g kik#i,g 04,5,k
< Var Y LijLig(Lie+ 1)

i,5,k,€
distinct
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= Y VarliLi(Lig+1jy)
i,5,k,0
distinct

=+ Z Z 1((i7j7 k?@ 7é (r,s,t,u))

i,3,k,£ distinct 7,s,t,u distinct
A0 ok 0) 0 (1.t 0} > 2)
X Cov(Li il k(Lo + Li0), Ir s Irt(Lrw + Isu)))

< 2(2) <p3(1 -p°) + 4(3) (Z)zﬂ(l —p4)>
< 3n? <Z>

Here we used the independence of the edge indicators. For the last bound
we employed that p3(1 — p?) < 1/4, that p?(1 — p*) < (v/3 —1)/3, and that
n > 4. Collecting the variances and using that n > 4,

Var(EW (V' — V)?)
< 5@1)2 {2—1 <Z> n*(n+2)* + ;—gn?’(n —1)(n—-2)(n+1)

81

+E%mn—nm—m@n+m+§;ﬂn—n+mﬁcg}

< 33n2.

This gives that \/Var(]EW(Vl’ —V1)?) < 6n73.

For EW(V' — V)(U' — U), we have

EY(V' - V(U - U)
1

= = > EW(L; — I )*(Ni + N; — 21, ;) M;
(2) 1<j

= Ln Z{pEW(NZ + Nj — ZIz',j)Mz’,j
2(2) i#j

+(1—2p)EV L ;(N; + N; — 212-7]-)MZ-J}.
Recall (B21)), so that

EY(V' - V(U - U)

1
= o (pZEWNZMZJ — 6(1 — p)U + (1 — 2p) Z EWIZ'JNiMi,j) .
(2) i#] i#]
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Now
> NiM;; = 2V+6U+ Y. Iyl and
7 it
S L NiMi; = 120+ > Ll
7 Frrdeuo
so that

EY(V - V(U -U)

1
= <2pV +6(1—-2p)U+p > Ll

(5) G

distinct

+(1=2p) Y LijLigely;
i,5,k,¢
distinct

N———

Furthermore, as before,

Var Z EWI@]CI]C’]'IZ"[ < (Z) n2.

,5,k,£ distinct

Similarly as for (B.22]),

Var Z IEWIi7in7in7ng7g§Var Z Ii,jfi,kfi,ffj,é

4,3,k 4,5,k €
distinct distinct

< <Z> <p4(1 —p") +6(Z>p2(1 —p6)>
n 1 1 (n
<\a)\256 T16\2) )
As p < 1, we obtain that
Var EW (V! = V)(U' - U)
1 27 (n
< 4—2{12 ( )(16(n—2)+1)+9n+9)

BRI (D () (v ()

< n?+108
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so that
VVar (BW (V) = Vi)(Uf —U1)) < n™%+ 117"
Finally,
Woirr 112 War2 _ Wr ar2.
EVU -U)? = TG ;(pE M+ (1= 2p)B" I, ;M7

We have that

Z Z I p Iy 1 01y j = M; 5 + Z Z L; p Iy 1 o1y s

k:k£4,j 0:0445,5 k:k£i,j 0:045,5,k
and

LigMY = LigMig+ Y > Lilinlelieleg,

Fe:k#i,5 0:074,5,k
so that
EV (U - U)?
— TE){QpV +6(1 —2p)U +p JZH EV I pIi i 1o
distimet

+(1-2p) Y EWfi,jfi,ka,jfi,ﬂz,j}-

i,5,k,€
distinct

As for (B.22)), we obtain

n n
roy. EVI oI LioL0 < <4> <p4(1 —ph)+ 6<2>p2(1 — p6)>
i,5,k, €

distinct

n n
v Y EWIL LIl < ( 4> <p5(1—p5)+6<2>p2<1—p8>>-
i,5,k, 2

distinct

and
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Again using our variance inequalities, we thus obtain that
Var (EW(U’ — U)z)

1 n
—{3< >p3(1 - p) (4p(4(n —2)p+1-p)

S 3
(5) 3
+36(1 — 2p)2((n — 2)p* + %(4 — bp + p2)))
+p? <Z> <p4(1 -p)+ 6(2)1)2(1 - p6)>
+ (1 - 2p)? (Z) <p5(1 —p°) + 6(2)192(1 - p8)> }
< 224 212,
so that

\/Var (EW(U' - U)?) <5n 3 +2n71
Collecting these bounds we obtain for A in Theorem 2] that
A < 35071 4 36n2

B.3.3. Bounding B. We use the generalised Holder inequality

IEH 1 X;| < H{IE|X\ 15 < max E|X;|3. (B.22)
=1 =1
Firstly,
1
E|T' - T)® = ZEUJ IP=2p(1—p )<§,
z<]
so that
/ 3 _ (n B 2)3 1 -3
Similarly,
E|V’ — V\3
ZEU =L > e+ Liw) (e + L) (Ljs + Lis)
) i<j k,l,s:k,0,s7£1,5
= 2p(1 — p)(n —2)x

x (8p? +2p(1 = p) + 2(n — 3)(2p? + 2p%) + 8(n — 3)(n — 4)p*) ,
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so that
64
E|V] -V < > (n_3 +n7t 4 n_5) .
Lastly,
E|U - U3
1
= @) Z]E\Ii,j - I{,j|3 Z Z Z L1 4 1 15 01 01 61
2) 1<j k:k#1,j L:0#£1,5 s:571,]
= 21— p)(n—2) (p*+ (n = 3)p* + (n = 3)(n— "),
so that

5
256

Thus for B in Theorem [2.1] we have

E|U; - U2 < (n_3+n_4+n_5) .

B < gnQ X 9 x g—i (n_?’ +n_4—|—n_5) = 32 (n_l +n? +n_3) .

Collecting the bounds gives the result.
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