
A stochastic model for the evolution of metabolic networks

with neighbor dependence

Aziz Mithani 1,∗ , Gail Preston 2 and Jotun Hein 1

Supplementary Material

S1 Time Reversibility of Neighbor Dependent Model

The time reversibility of the Markov process with neighbor dependence can be proved using
Kolmogorov’s criterion which states that a positive continuous-time chain is reversible if and
only if the product of the transition rates corresponding to any loop is equal to the product of
the transition rates for the same loop traversed in the reverse direction [Wolff, 1989]. As all
networks are reachable from one another, it is trivial to see that the process is positive. Thus
we need to prove

γ12γ23 . . . γn1 = γ1nγn(n−1) . . . γ21 (1)

where γij is the rate of going from state i to j and is equal to the base rate, qij , from the
independent edge model, times the neighborhood weight calculated using the network at state
i, fi, i.e.

γij = qijfi (2)

Using (2) the Kolmogorov’s criterion in (1) can be written as

q12f1q23f2 . . . qn1fn = q1nf1qn(n−1)fn . . . q21f2

Rearranging the terms, we can write

q12q23 . . . qn1f1f2 . . . fn = q1nqn(n−1) . . . q21f1f2 . . . fn.

Since the neighborhood weights are same on both sides we just need to prove that the following
equality holds.

q12q23 . . . qn1 = q1nqn(n−1) . . . q21 (3)

In our model, only two types of events are possible: insertion and deletion of edges. It is,
therefore, easy to see that starting from a network it requires an even number of events to
return to the same network, as each extra edge which is inserted must be removed and an edge
which is removed must be added later. In other words, (3) contains k pairs of complementary
events where k = n/2. Thus, we can write the left hand side as

q12q23 . . . qn1 = (λµ)k; k = n/2.

Similarly, the right hand side can be written in the same form, i.e.

q1nqn(n−1) . . . q21 = (λµ)k; k = n/2

completing the proof.
∗to whom correspondence should be addressed: mithani@stats.ox.ac.uk,
1Department of Statistics and 2Department of Plant Sciences, University of Oxford, Oxford, UK

1



S2 Example: Calculation of neighborhood component and
rate matrix

We illustrate the calculation of neighborhood component F (xi,Ψ(xi)) and the rate matrix
entry γ(x′i;xi,Ψ(xi)) for the hyperedge labeled ‘7’ for networks H1 and H2 shown in Figure 1
in the paper. First consider network H1. To calculate the neighborhood component, we need
the number of neighboring hyperedges present/absent from the network. Hyperedge ‘7’ has
a total of 7 neighbors (hyperedges 3, 4, 5, 6, 8, 9 and 10) in the reference network, out of
which 5 hyperedges (hyperedges 3, 5, 8, 9 and 10) are present in network H1. To calculate the
neighborhood component, we also need the total number of hyperedges present in network H1.
The number of hyperedges present in H1 is 7 (hyperedge ‘7’ is not taken into account). This
results in the following neighborhood weights.

FH1(x7,Ψ(x7)) =
5
7

= 0.714.

The entry γ(x′7;x7,Ψ(x7)) in the rate matrix Γ for the neighbor-dependent model is given as

γ(x′7;x7,Ψ(x7)) = q(x7, x
′
7)F (xy,Ψ(x7))

where the entry q(x7, x
′
7) corresponds to the appropriate entry in the rate matrix Q for the

independent edge model. Using the rate parameters (λ, µ) = (0.05, 0.03), the matrix Q is given
as

Q =
[
−0.05 0.05

0.03 −0.03

]
.

Since the hyperedge ‘7’ is present in network H1, we take the entry 0.03 from Q and multiply
it by the neighborhood component FH1(x7,Ψ(x7)), i.e. the entry γ(x′7;x7,Ψ(x7)) is calculated
as follows.

γ(x′7;x7,Ψ(x7)) = 0.03× 0.714 = 0.02142

Now consider network H2. Hyperedge ‘7’ has 6 neighbors (hyperedges 3, 5, 6, 8, 9 and 10)
present out of a total of 8 hyperedges present in the network. This results in the following
neighborhood weight.

FH2(x7,Ψ(x7)) =
6
8

= 0.75

The hyperedge ‘7’ is absent from network H2 and, therefore, needs to be added to the network.
Using the entry q(x7, x

′
7) = 0.5, the entry γ(x′7;x7,Ψ(x7)) is given as

γ(x′7;x7,Ψ(x7)) = 0.05× 0.75 = 0.0375.

S3 Equilibrium Probability

The stationary distribution π, also called the equilibrium distribution, of the Markov process
can be calculated by using the following equation.

πQ = 0 (4)

The i-th entry in vector π corresponds to the equilibrium probability of the i-th state in the
system. In our case, this entry corresponds to the equilibrium probability of the network P (Hi),
i.e. the probability of observing the network Hi during the course of evolution. As mentioned
earlier, when reaction neighborhood is taken into account the rate matrix is a 2M ×2M matrix,
where M is the total number of hyperedges in the system, making the explicit enumeration
of the rate matrix impossible even for moderately sized networks. This in turn implies that
(4) cannot be solved to obtain the equilibrium probabilities. An approximation is, therefore,
required to obtained the equilibrium probabilities P (Hi).
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S3.1 Approximation of equilibrium probability

The equilibrium probability P (Hi) of observing the network Hi can be approximated by di-
viding the network into smaller subnetworks and multiplying the equilibrium probabilities of
the individual subnetworks. Let P ∗(Hi) denote the approximated value of the equilibrium
probability of the network Hi. We write

P ∗(Hi) =
∏
j

P (Hj
i )

where P (Hj
i ) is the equilibrium probability of subnetwork Hj

i of the network Hi. The procedure
to obtain the subnetworks Hj

i is outlined below.

• Choose the hyperedge with highest number of neighbors and consider its top N − 1
connected neighbors where N is the maximum allowed size of a subnetwork.

• If the number of selected edges is less than N then add the hyperedge with highest number
of connections out of the remaining ones and consider its neighbors.

• Repeat the above steps until a subnetwork of size N is obtained.

• Remove the hyperedges used in the current subnetwork from the network and calculate
the number of neighbors based on the remaining hyperedges in the network.

• Repeat the above procedure until the network is exhausted.

We used the above procedure to approximate the equilibrium probability of the toy network
H1 (shown in Figure 1 of the main paper) for different subnetwork sizes, and compared it
against the equilibrium probability obtained by using the full network. The results are listed
in Table 5.

S4 Path proposal

A path proposal can be generated from the current path by applying one of the following
operations.

Add Events Given a path between two networks, we can obtain a new path by adding two
events involving an edge at any two positions in the path. The addition of the events does not
affect the final output of the path as the two events cancel the effects of each other. Formally,
given a path zk, two positions i, j and a hyperedge e(e ∈ E ′), a new path z′k′ where k′ = k + 2
is given as

addEvents(zk, i, j, e) = [e1, . . . , ei−1, e, ei, . . . , ej−1, e, ej , . . . , ek].

Delete Events Deletion of events from a path can be defined in a similar manner. However,
we need to keep in mind that events can only be removed from a path if they are redundant.
An event that occurs only once is not redundant and therefore cannot be removed. Given a
path zk such that k > d, where d is the number of differences between the two networks, and
two positions i, j (i 6= j) such that ei = ej , a new path z′k′ where k′ = k − 2 is given as

deleteEvents(zk, i, j) = [e1, . . . , ei−1, ei+1, . . . , ej−1, ej+1, . . . , ek].
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Permute Events Finally, we define an operation to permute events in a path. This operation
is motivated by the fact that multiple paths of the same length from the starting network lead
to the desired network. Formally, given a path zk, a new path z′k′ where k′ = k is given by
permuting the events in the path zk.

permuteEvents(zk) = permute(e1, . . . , ek)

It must be noted that the new path length k′ can take only following values.

k′ =

 k + 2 events are added
k − 2 events are deleted
k events are permuted

Example Consider the following path consisting of 4 events from the network H1 to the
network H2 (shown in Figure 1 in the main paper).

z4 = [7, 4, 6, 4]

The above path consists of two redundant events relating to hyperedge 4 since during the course
of evolution, hyperedge 4 is first added to the network and later removed, thus not affecting
the final outcome. Using the operations defined above, the proposal for a new path can be
generated. Following are some examples of the paths obtained by applying above operations.

Add Events k′ = k + 2:

z′6 = [7, 4,7, 6,7, 4]
z′6 = [1, 7, 4, 6, 4,1]
z′6 = [4,4, 7, 4, 6, 4]
z′6 = . . .

Delete Events k′ = k − 2:
z′2 = [7, 6]

Permute Events k′ = k:

z′4 = [4, 6, 4, 7]
z′4 = [4, 4, 6, 7]
z′4 = . . .

Note that only one path can be proposed by delete events whereas multiple paths are possible
using add and permute operations in this case.

S5 Probability of selecting a path length

Let γa, γd and γp denote probabilities of selecting operations ‘add events’, ‘delete events’ and
‘permute events’ respectively. The probability of selecting a new path length is then given as
follows.

• k = 1 (Only addition of events is allowed)

p(k′|k) =
{

1 k′ = k + 2
0 otherwise
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• k = d (Only addition and permutation of events is allowed)

p(k′|k) =

 γa k′ = k + 2
γp k′ = k
0 otherwise

(γa + γp = 1)

• k > d (All three operations are allowed)

p(k′|k) =


γa k′ = k + 2
γd k′ = k − 2
γp k′ = k
0 otherwise

(γa + γd + γp = 1)

In the current analysis, all allowed operations are taken to be equally probable, i.e. when path
length equals the number of differences between the two networks (k = d) the deletion of events
is not allowed and each of the two allowed operations (addEvents and permuteEvents) has a
probability of a half, and in the case when k > d all three operations have a probability of one
third each.

S6 Probability of proposing a new path

Assuming each path has equal chances of being proposed, the probability q(z′k′ |zk, k′) of gener-
ating a new path, is given as

q(z′k′ |zk, k′) =
1

Ωk′

where Ωk′ is the total number of possible paths of length k′ and depends on the operation
applied to the path. The number Ωk′ is calculated as follows.

S6.1 Events are added

First, consider the scenario when events are added. The total number of possible paths Ωk′ is
given as

Ωk′ =
∑
e∈E′

(
k − ke + 2

2

)
where ke is the number of times edge e is present in the path zk, and E ′ is the set of alterable
hyperedges. The above expression can be understood as follows. There are three cases for
addition of an edge. First, the edge may not be present in the path, i.e. ke = 0. In this case,
the first event relating to the edge can be added in k + 1 positions and the second event can
be added in k + 2 positions. This results in (k + 2)(k + 1)/2 distinct paths. The second case
is when the edge being added to the path is present once (ke = 1). Assume that the edge is
present at position i in the path. Now the first event can be added only in k positions because
adding an event at i− 1 will lead to the same path as i+ 1. Similarly, the second event relating
to the edge can be added at k + 1 positions resulting in (k + 1)(k)/2 distinct paths. Finally,
when an edge is present more than once in the current path then the two events can be added
at k−ke+ 1 and k−ke+ 2 positions respectively resulting in (k−ke+ 2)(k−ke+ 1)/2 distinct
paths.

S6.2 Events are deleted

The number of possible paths when events are deleted from the current path is given as

Ωk′ =
∑
e∈zk

(
s1e
2

)
+ s2e
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where sie is the number of distinct stretches of length ≥ i of edge e in the path zk. The first
term in the above expression considers the cases when events are deleted from two different
stretches in the path whereas the second term corresponds to the cases when two events are
removed from the same stretch.

S6.3 Events are permuted

Finally, when events are permuted in the path zk the total number of paths is given as

Ωk′ = (k − 1)!
∑
e∈zk

(k − ke).

Events relating to edge e can be permuted to only those places which have different edges
resulting in the factor k−ke whereas the remaining events can be permuted to any of the k− 1
positions.

S7 Performance of the MCMC for likelihood calculation

To test the performance of the MCMC for the estimation of likelihood value, we ran the path
sampler with parameters (λt, µt) = (0.7, 0.9) on networks which differed from the starting
network H1 by 1 to 5 hyperedges. These networks are shown in Figure 1. The sampler was run
for an increasing number of iterations and the likelihood value was averaged across 3 different
runs. The results of the experiment are shown in Table 3. Also shown are the average CPU
time taken in seconds and the acceptance percentage of the sampler. From the table it can be
seen that the estimated value of the likelihood of the evolution of H1 to H ′i conditioned on H1

gets closer to the true likelihood value calculated using exponentiation of the rate matrix as the
number of iterations are increased.

We further tested the sampler to see if the following condition was satisfied.

P (H1)P (H2|H1) = P (H2)P (H1|H2)

Here P (Hi) is the equilibrium probability of the network Hi and was calculated by solving the
equation

πΓ = 0

where Γ is the 1024×1024 rate matrix. The sampler was run for different parameter ratios and
several parameter values. The results for the test are shown in Table 4. It can be seen from
the table that the values P (H1)P (H2|H1) and P (H2)P (H1|H2) calculated by the sampler are
very close to each other.

S8 Performance of the Gibbs sampler for parameter esti-
mation

Starting from the toy network H1 shown in Figure 1 of the main paper, we simulated network
evolution with parameters (λt, µt) = (0.06, 0.03). At each step, the insertion and deletion rates
were calculated based on the neighbor dependent model and were normalized to get probability
values. An edge was then selected based on these probability values and was inserted if absent
from the current network and deleted otherwise. A total of 50,000 iterations were used as
burn-in period and a further 25,000 iterations were run to obtain networks from the stationary
distribution. Start and end networks were sampled at every ten iterations and the Gibbs
sampler was used to estimate the parameters. As the samples were taken from the stationary
distribution, it was expected to get the ratio back instead of the actual parameter values since
the behavior of the system in the equilibrium condition is driven by the ratio (λ/µ) and not
the actual parameters. The density plot of the ratio (λ/µ) of estimated parameters for 2500
samples is shown in Figure 5. The posterior mean of the ratio of the estimated parameters was
calculated as 2.17 compared to the true ratio of 2.0.
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Supplementary Figure 1: Toy networks used for MCMC profiling. The network H ′i differs
from the starting network H1 by i hyperedges.
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Supplementary Figure 2: Likelihood surfaces calculated by matrix exponentiation (True
Likelihood) and by using the MCMC (Estimated Likelihood) for different insertion and deletion
rates for the toy networks shown in Figure 1 in the main paper. The true and estimated
maximum likelihood values are marked with asterisks. The maximum likelihood value was
estimated using the Gibbs sampler described in the main paper.
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Supplementary Table 5: Equilibrium probability approximation for the toy network H1

shown in Figure 1 of the paper. The results are shown for different subnetwork sizes.
Case Parameters Sub Network Size P (H1)
µ = 2λ λt = 0.1, µt = 0.2 2 6.77403512337× 10−05

4 6.77403512337× 10−05

6 6.77403512337× 10−05

8 6.77403512337× 10−05

10∗ 6.77403512343× 10−05

µ = λ λt = 0.1, µt = 0.1 2 9.76562500000× 10−04

4 9.76562500000× 10−04

6 9.76562500000× 10−04

8 9.76562500000× 10−04

10∗ 9.76562499994× 10−04

µ = λ/2 λt = 0.1, µt = 0.05 2 4.33538247896× 10−03

4 4.33538247896× 10−03

6 4.33538247896× 10−03

8 4.33538247895× 10−03

10∗ 4.33538247896× 10−03

∗ Full Network
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