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1 Demographic modelling in population genetics

Biological populations are nothing like the idealised Wright-Fisher (WF) model in

population genetics. Real biological populations may fluctuate in size over time,

they may receive immigrants from neighbouring populations, and there is usually a

tendency for individuals from the same geographic region to mate with each other.

Under some circumstances, for example when there are minor fluctuations in the

population size, or some low level of inbreeding, we can still use the WF model

to describe patterns of genetic variability, but with a different effective population

size. More often, however, we need to incorporate the demographic complication.

This lecture is about the effects such complications have on population genetic

inference; how such deviations from the null model can be detected and how it may

be possible to estimate some of the important quantities relating to the demographic

models.

The field of demographic modelling and inference in population genetics is

old, vast, and often confusing. In order to create a coherent picture, it is necessary

to present a very personal view, in which some areas are grossly under-represented

relative to their historical importance, and other areas have, what may seem to

some, undue representation. Within this view, there are a few key themes that we

will return to throughout the course of this lecture.

1.1 Models and parameters

The first step in demographic inference is to choose the model within which you

wish to work. It is clearly impossible to model the full biological complexity of

population demography, so we must look for the simplest formulation that captures

the relevant features. We need to decide what the key parameters within this model

are, and what range of parameter values we might be interested in.

Within this lecture I will consider five caricatures of demographic models� Population growth
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� Population bottlenecks� Subdivided populations� Split-time models� Admixture

Of course, any real population may well have experienced several of these demo-

graphic complexities. While it is straight forward to write down such hybrid mod-

els, and even relatively easy to simulate data taken from such populations, inference

(parameter estimation, hypothesis testing, etc.) within such complex frameworks

is a daunting challenge.

1.2 Gene genealogies

Given a model, and a set of parameter values relating to the model, we then need to

think about the effect of the demographic complexity on patterns of genetic vari-

ability. The approach I will take here is to think about the effect of demography

from the genealogical point of view - the coalescent process. The rationale for

taking this approach is that if we assume all mutations are neutral then the under-

lying genealogy contains all possible information about the demographic process

of interest. Of course, we do not observe gene genealogies, we only observe mu-

tations that have occurred on the genealogies. However, a genealogical viewpoint

provides an intuitive means of predicting the patterns of polymorphism we expect

to see under different demographic models.

1.3 Patterns of polymorphism

Each demographic model has its own signature in the patterns of polymorphism

we expect to observe. I will try to characterise this signature in two ways; first by

presenting an intuitive explanation based around a single data set simulated under

the demographic model, and second, by looking at the patterns one expects to see
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in various summary statistics of the data. In particular, I will consider the effects

each demographic model has on various estimators of the population mutation rate�������	��

�
. These are� Watterson’s estimate (Watterson, 1975):

��������������������� �! �"�#%$ ���� Pairwise differences:
��'&(� )��*+�����-, � �/.10 �%2�3.54 �/.� The number of external mutations (Fu and Li, 1993):

�� � ��6 �� Fu’s (1996a) estimator:
��879� )�:*;�:�<�1, � ������=� � # )?> �

See the previous lecture for details of how to calculate each estimate. The key

point is that the different estimators are sensitive to different aspects of the data.

For example, pairwise differences are most influenced by intermediate-frequency

variants, while the Fu and Li (1993) estimator is influenced by rare mutations, and

Fu’s (1996a) estimator is heavily influenced by high-frequency derived mutations.

The differences between these estimators are used as test statistics to detect depar-

tures from the null, WF model in the tests of Tajima (1989), Fu and Li (1993) and

Fay and Wu (2000). As a measure of haplotype structure, I will also consider the

ratio of the number of haplotypes to the number of segregating sites.

1.4 Estimation

By looking at summary statistics, we can get an idea of what form of demographic

model may apply to the data. The next step is to estimate the parameters of the

model. As when talking about estimation in the WF null model, I will discuss dif-

ferent ways of estimating parameters, notably moment methods (where an analyt-

ical, or simulated expectation is equated to the observed value), coalescent-based

likelihood methods (where likelihoods are estimated by stochastic simulation) and

Bayesian methods.
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2 Population growth

Population growth is a ubiquitous feature of biological populations. Whenever new

populations are founded, these will typically increase in size over time. Notable

examples are the human population over the last 10,000 years and many of their

commensals, such as rats and disease-causing pathogens. On a shorter time-scale,

epidemics such as that of HIV-1, are associated with rapid increases in popula-

tion size. Even the dynamics of a single infection will be associated with rapid

population expansion following infection.

2.1 A model of population growth

The simplest possible model has three parameters chosen from: the size of the

population before expansion, the time of onset of population growth, the rate of

population growth (and the form, e.g. exponential, linear, logistic, etc.), and the

current population size. The reason that only three of these parameters is needed is

that given three, the fourth is uniquely determined. It is also worth pointing out that

a simpler model can be constructed with one fewer parameter, by assuming that the

population was founded by a single individual at the beginning of the growth phase.

It is also convenient to scale time in terms of the current (or ancestral) population

size.

2.2 Gene genealogies in growing populations

Consider a pair of chromosomes sampled from the current population. Looking

back in time, the rate of coalescence for any pair of lineages is proportional to the

inverse of the population size at the time;  @"�A ��B . So as you go further back in time,

the rate of coalescence increases. Suppose that the current effective population size

is
��C

, which grew from a single individual at rate D per generation (i.e. individuals

have, on average, D offspring). Thinking about the process in terms of discrete

generations, we can write the probability that the chromosome pair coalesces E
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generations ago as the probability that the chromosomes don’t coalesce for the firstEGF  generations times the probability that they coalesce in the E th generationH(I
coalesce at E-J �LK  F  A �MCON K  F  A � � NQP@P�P K  F  A � B ��� N  A � B

This can be simplified, first by approximating the product of the probabilities of

not coalescing as an exponentialK  F  A � C N K  F  A � � NQP�P@P K  F  A ��B ��� N9R�S �UT	VXWOYZ/[]\ Y^%_ Z
second, by using the relationship that

� B � I�I ��C " D`J " D`J P@P'P �a��C D � B R ��C S *�b+���-, B ,
valid if D is near to  . Third by using the approximationB ���c ��� C  A � � R  A �MC B �<�c ��� C S *�b+���-, B R  A �MCed BC S *�b+���-, B`f E ��S *�b+���-, B F  A ��C D
Finally, if we rescale time in terms of A ��C generations ( g � E "�A ��C , h � I DOF  JjiA �MC ), the probability density function for the probability of coalescence at time g
is S � Yk�l � k-m ���`n (1)

compared to S �3o in a constant population. In other words, the rate of coalescence

increases exponentially. Similar considerations can be used to calculate the coa-

lescent rates for samples of p sequences. It is worth pointing out that in order to

make the above approximations, you have to assuming that even as the population

gets smaller it remains large. Clearly this is not true if the initial population was a

single individual, however in terms of the accuracy of the approximation in finite

populations, the error is negligible.

What effect does the acceleration in coalescence rate have on gene genealo-

gies? Relative to the case of no growth with the same current population size,

population growth will tend to reduce coalescence times. The other effect is that

for a genealogy of p sequences, the shape of the coalescent tree is very much dis-

torted from the constant population size expectation. In particular, whereas the

further back in time you go, the longer the interval between successive coalescent
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events becomes in the constant size model, in growing populations, the intervals

become shorter. This means that the external branches (those leading to the sam-

pled chromosomes) will tend to be relatively longer than the internal branches. In

extreme cases of growth, essentially all coalescent events will occur within a very

short space of time leading to star-like genealogies.

2.3 Detecting growth

How will such distorted genealogies be reflected in patterns of polymorphism?

Clearly, relative to the case of no growth, expanding populations will tend to have

lower rates of polymorphism, because of the shorter genealogies. However, this

prediction may not be very useful in practice, because it may not be possible to

know how much polymorphism to expect. The only case where a lack of poly-

morphism can be used to indicate growth, is if the population of interest can be

compared to one of similar current size thought to have remained constant in size.

Population growth does, however, also leave specific signatures in patterns of

polymorphism. Of particular importance is the effect on the allele frequency spec-

trum. If you think about throwing mutations onto a genealogy from a growing

population, most mutations will land on the long external branches. Such muta-

tions will tend to be at low frequency, leading to relatively higher estimates of
�

from Watterson’s (1975) and Fu and Li’s (1993) estimators, and relatively lower

estimates from pairwise differences and Fu’s (1996a) estimator. Growth will also

tend to create a very shattered haplotype structure, in which a large proportion of

all mutations create a new haplotype. In terms of the test statistics used to de-

tect departures from the null model, population growth leads to negative values of

Tajima q , Fu and Li q and Fay and Wu r statistics, although the power to detect

population growth differs between the various statistics (Fu, 1996b)
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2.4 Estimating growth parameters

Suppose that we have detected the signal of population growth in our data, how

can we estimate the relevant parameters? Just as with estimation in the null model,

we can choose between moment methods, likelihood and a Bayesian framework.

The most important moment method for estimating growth parameters is to use the

distribution of pairwise differences between sequences (for DNA sequence data).

Rogers and Harpending (1992) were the first to suggest that growing and constant

populations may have very different distributions of pairwise differences (although

their original conclusion, that growth leads to waves in pairwise diversity, is actu-

ally the opposite to the effect of growth).

The central idea is that in a growing population, most coalescent events are

clustered over a short period of time, so that the time separating pairs of sequences

(hence the expected number of mutations) is fairly constant (in the extreme star-

like phylogenies all times are equal). Of course, there will be variation in the

number of differences due to the variance of the Poisson mutation process, but the

key point is that the distribution of differences will be unimodal with a variance

approaching that of the mean (the Poisson expectation in star-like genealogies).

In contrast, in constant size populations, the variance in pairwise differences will

be considerably greater (equal to
�	st�u)

; see lecture 2), and the distribution is

often bimodal because the longest branch in the genealogy is expected to be the

last coalescent event, which splits the sampled chromosomes into two parts. Given

the distribution of coalescence times for pairs of sequences obtained from (1), we

can numerically calculate the expectation and variance of pairwise differences. By

equating observed and expected values, we can estimate both the mutation rate
�'C

and the growth rate h (Slatkin and Hudson, 1991). Confidence intervals for the

point estimates can potentially be obtained by numerical resampling techniques,

such as the bootstrap, although to account for variance in the evolutionary process,

the bootstrap would have to be carried out across loci. Similar procedures for

estimating growth rates can be devised for microsatellites, based on the variance
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and kurtosis (fourth central moment) of the distribution of allele size (Goldstein

et al., 1996)

While the moment method provides a quick way of estimating the growth rate,

the variance of estimates is likely to be high, and the approach throws away a lot

of the information in the data. For this reason, full coalescent methods, in either

a likelihood, or Bayesian framework are potentially much more powerful. Various

methods to estimate growth parameters from DNA sequence data (Kuhner et al.,

1998), and microsatellites (Beaumont, 1999) have been developed that use impor-

tance sampling, or Monte Carlo Markov Chain methods to simulate genealogies

conditional on the data. By carrying out large numbers of such simulations it is

possible to estimate likelihoods for specific parameter values.

3 Bottlenecks

The inverse of population growth is population decline, the most severe form of

which is called a bottleneck. Bottlenecks occur when there is some major event

during which only a small proportion of the previous population persists. The type

of event causing a bottleneck may be a catastrophe (for example an ice-age, or

volcanic eruption), or the bottleneck may occur in the formation of a new pop-

ulation (for example the out-of-Africa hypothesis for humans posits a bottleneck

in the generation of non-African lineages). Either way, bottlenecks can have very

considerable consequences for patterns of genetic variation

3.1 Bottleneck parameters

Bottleneck models are typically formulated as step functions in population size.

Although there are likely to have been more gradual changes in reality, it is as-

sumed that the time-scale of the bottleneck is short relative to the history of the

population, in which case it is justifiable to ignore the subtleties of exactly how the

bottleneck occurred. Such a model has several parameters; the ancestral popula-
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tion size,
� C

, the time at which the bottleneck commenced, v5w , the duration of the

bottleneck, g , the relative decrease in population size during the bottleneck, x , and

the population size after the bottleneck
� � . It is, however, possible to make several

simplifying assumptions to this model. The most important simplification is that

in terms of the genealogical effects of bottlenecks, the strength of the bottleneck

is a function of the decrease in population size and the duration of the bottleneck.

Looking back in time, consider a pair of chromosomes at the start of the bottleneck,

the probability that they will coalesce during the bottleneck isH(I
coalesce in bottleneckJ �  F S �3o@y�z

Assuming that no mutations occur during the bottleneck (effectively the same as

assuming the time-scale is short relative to the history of the population), the ratiog " x is the important quantity in determining the strength of a bottleneck. A long,

mild bottleneck is the same as a brief, severe one. This dependency on the ratio

only is also true for the case of p chromosomes. The probability of 4 coalescent

events occuring during a bottleneck of severity { � g " x is given byH(I 45| {G}~p<J � �c��� ����� S l � � * � �<�1,��@y ) n I F  J � �3�]�<� I A:# F  J I p�F 4 J * � ���-, p l � nI p
F 4 J'� I # F�p s 4 J'��p * � , (2)

Where � * . , � � I � s  J P�P@P I � s�� F  J'} ���  �� � * C , �  }� l . n � � I � F  J P�P@P I � F ��s  J'} ���  �� � l C n �  P
(Griffiths, 1980; Tavaré, 1984). It is also worth noting that when treating bottle-

necks as instantaneous, it make more sense to work with the quantity
I  F�x�J " x

rather than x directly, to emphasize the necessity for x��  to make an impact on

patterns of variability. Other ways of reducing the parameters one needs to esti-

mate are to assume that the current and ancestral population sizes are identical, or

to assume a very recent bottleneck.
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3.2 Genealogies and patterns of polymorphism

Looking back in time, the effect of a bottleneck is to generate a brief period of

rapid coalescence. The assumptions we made about the time-scale of the process

in effect mean that bottlenecks can be treated as an instantaneous loss of active

lineages in the coalescent. Either side of the event, the standard coalescent process

applies. If the bottleneck is very strong, only a very few lineages survive, but each

of these ancestral lineages leaves many descendant in the sample. Consequently,

mutations that arose on these ancestral lineages will be present on multiple chro-

mosomes in the sample, hence be at intermediate frequency. In terms of the rate of

polymorphism, bottlenecks will reduce the total tree length compared to the con-

stant population size, but because most mutations in constant population trees oc-

cur when there are fewer active lineages (the expected number of mutations when

there are 4 ancestral lineages is
� " I 4 F  J ), and it is the more recent coalescent

events that bottlenecks influence, the effects of the rate of polymorphism are not

nearly so severe as for population growth.

How do bottlenecks affect haplotype structure? Suppose that the bottleneck

were very recent, in which case there has not been enough time for much recom-

bination in the ancestral lineages. The rapid coalescence during the bottleneck

will created sets of very closely related haplotypes that are defined by mutations

in the ancestral lineages that survive the bottleneck. Even if there was enough re-

combination in the ancestral lineages to remove all linkage disequilibrium between

alleles, a recent bottleneck will generate strong linkage disequilibrium. Perhaps the

easiest way to think about this is to assume that the bottleneck was yesterday; if

you have a sample of size p and there were

�
ancestral lineages, then the p�F �

remaining lineages have to be distributed among the

�
ancestral lineages in an urn-

model fashion. Specifically this means throwing down the p�F � lineages one at

a time, where the probability that an ancestral lineage receives the new lineage is

proportional to the number it already has. Such a sampling process naturally leads

to large variance in the number of descendants between ancestral lineages, So even
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if there were no linkage disequilibrium in the ancestral lineages, there would be in

the sample.

In terms of the summary statistics and test-statistics, recent bottlenecks lead to

an excess of intermediate-frequency alleles and a dearth of rare mutations, lead-

ing to positive Tajima q and Fu and Li q statistics. Haplotype structure is also

greatly increased, such that each haplotype is defined by several segregating sites

(therefore � " � is reduced). In other words, bottlenecks create almost exactly the

opposite signature as population growth. This is perhaps not surprising given that

the two processes are effectively the opposites of each other.

3.3 Estimating bottleneck parameters

Because of the conceptual similarities between population growth and population

decline, many of the techniques that can be used to estimate growth parameters can

also be used to estimate bottleneck parameters. For example, the variance of pair-

wise differences (and the kurtosis of microsatellite length distributions) increases

with bottlenecks, which can be used as the basis of moment estimators (Zhivo-

tovsky et al., 2000). Full-likelihood and Bayesian coalescent-based methods can

also be derived (Beaumont, 1999). The major limitation of coalescent approaches

is that currently they must assume either no recombination, or free recombination.

Partial linkage, such as occurs in most human genes cannot be incorporated due

to the computational complexities of jointly estimating recombination rates and

demographic parameters.

One possibility for estimating bottleneck parameters that has been suggested

recently is to use the pattern of linkage disequilibrium in populations (Reich et al.,

2001). As mentioned above, bottlenecks can substantially increase linkage dis-

equilibrium. By comparing the relationship between physical distance between

markers and summary statistics of linkage disequilibrium, it may be possible to

both detect and estimate parameters, particularly if a reference population can be

identified which is thought not to have experienced a bottleneck.
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4 Subdivided populations

Although population growth and bottlenecks are important deviations from the null

model, they both assume that within populations mating is random with respect to

geographic location. In many situations this is not true; populations are separated

by obstacles such as mountains, rivers and oceans and individuals tend to mate

with others from a nearby locality.

Models of population subdivision attempt to account for the complexity of pop-

ulation structure. However, unlike the models reflecting changes in population size,

models of population structure typically consider equilibrium situations, such that

small populations of constant size exchange migrants with each other over an in-

definite period of time.

Within the field of population structure there is a huge variety of models of

varying complexity. At the simplest level, and the first model to be analysed from

a theoretical population genetics perspective, is the island model of Wright (1931).

In this model a finite island population receives immigrants from an infinitely large

mainland population. While such a model may be appropriate for many real is-

lands, there are many cases in which we may wish to consider multiple populations

exchanging migrants with each other. Within this framework, the p -island model

considers a collection of identical populations that each exchange migrants with

all other islands at an identical rate. An important extension of this model, that

can have considerable impact on patterns of polymorphism is the metapopulation

model. In essence it is like the p -island model, except that populations occasion-

ally go extinct and are re-founded. Small, fragmented populations, epitomised by

the butterfly populations of Finland (Hanski and Ovaskainen, 2000), may be well

described by metapopulations.

An important feature of biological reality that is missing from such models of

population structure is the notion of isolation by distance. Although islands are iso-

lated in the p -island model, all islands are equally separated from each other. While

this makes the maths easier, it is biologically unrealistic, so there are a number of
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models that incorporate the spatial element. The simplest among spatial models is

the stepping-stone model (Kimura, 1953) in which an array of populations is con-

nected in a chain by migrants between adjacent populations (often called demes).

Variants of this model are the circular stepping-stone model (mainly to make the

maths easier) and the two-dimensional lattice model. Ideally, one would like to op-

erate within the framework of a continuous space, in which an arbitrary migration

kernel described the distribution of possible migration patterns. Such models are

difficult to formulate (Felsenstein, 1975), though recent advances have been made

(Barton et al., 2002). It should be pointed out that population genetic inference of

a sophisticated nature is only possible within the very simplest models.

4.1 The inbreeding effect of population structure

Rather than launch directly into explicit models of population structure, it is worth

discussing some general features of population structure that apply to all models.

The key feature of population structure it that it stratifies individuals into separate

reproductive units. Each of these units may behave like a good WF model, but be-

cause the evolutionary processes in different populations are only coupled through

the exchange of migrants, the stochastic nature of the evolutionary process will

inevitable lead to genetic differentiation between populations.

The most important feature of genetic differentiation is that alleles may be at

different frequencies in different populations. At the most extreme, each popula-

tion may be fixed for a different allele. Viewed from a global perspective, differ-

entiation between populations has a direct analogy with inbreeding. Consider a

single locus with two alleles, and a number of populations, each with its own al-

lele frequency � � . Assuming Hardy-Weinberg equilibrium, the expected frequency

of heterozygotes in the combined populations would be A��� I  F ���J , where �� is the

average allele frequency across populations. But, because of the reproductive strat-

ification, even if each population is in Hardy-Weinberg equilibrium, the observed
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frequency of heterozygotes will bex 7U� B � A��� I  F ���J��  F � )��� I  F ���J�� (3)

In other words, the frequency of heterozygotes is reduced by a factor proportional

to the variance in allele frequency across populations.

Compare Equation (3)with the proportion of heterozygotes under inbreedingx 7�� B5� A � I  F���J'�  F����
Where � is the inbreeding coefficient. Clearly, there is a direct analogy between the

inbreeding coefficient and the scaled variance in allele frequency. In fact, there is

more than an analogy, there is a specific relationship between inbreeding and pop-

ulation structure. Inbreeding increases identity-by-descent (ibd) within individuals

(relative to the population), population structure increases ibd within populations

(relative to the species). Ibd measures the degree of relatedness between two alleles

because of common ancestry.

We can therefore think of the effects of population structure as generating ibd.

Furthermore, we consider the processes in terms of a hierarchical model in which

there is ibd within individuals, subpopulations, populations and species, each mea-

sured relative to higher levels in the hierarchy. This way of thinking about popu-

lation structure was first suggested by Sewall Wright (Wright, 1969, 1978), who

introduced measures of ibd called F-statistics. Of these, the most famous is the

statistic �G�]  which measures the identity within populations relative to the total

species range.

Although �G�]  in Wright’s original formulation is a parameter, the probability

of identity-by-descent, it is much more common to see �G�]  used as a summary

statistic for assessing population differentiation in empirical data. Specifically,�G�]  is usually defined as the one minus the proportion of all genetic variation

that is found within populations �G�]  � r! �F �r(�r!  (4)
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Where the r s represented the average heterozygosity across loci within popula-

tions (
�

) and in the total sample ( v ). If � �]  is close to zero, there is little or no

genetic differentiation, if �G�]  is close to one, differentiation is very high. For a

given data set, it is possible to assess whether there is significant differentiation by

carrying out a permutation of samples by location.

What does �G�]  look like in natural populations? In humans, �¡�¢  is low,

roughly 7% amongst the major races irrespective of whether it is calculated using

allozymes or SNP data. This means that 93% of all variability in humans is present

in every population. Even human tribes thought to have been highly isolated, such

as the Yanomama, show comparable levels of differentiation (Nei, 1975). Like-

wise, human commensals, such as the house mouse and Drosophila melongaster,

show similar levels of differentiation. There are very few species that show high

levels of differentiation.

Before leaving it F-statistics, it is worth pointing out that different researchers

have very different uses and interpretations of the same statistics. As I have said,

Wright’s original formulation treated � �¢  as an evolutionary parameter. Generally,

however, we wish to think about explicit demographic models (the island-model,p -island model, etc.). For such models, � �]  in Wright’s sense is a function of

other model parameters (population sizes, migration rates), so is itself a parameter,

and can, in some circumstances be related to other model parameters. For example,

in Wright’s island model �G�]  relates to the migration rate as�G�]  �   s£���	��
 (5)

Where



is the proportion of the island population replaced by migrants from

the mainland each generation. Under such models, it is sometimes possible to

derive moment-based estimators of the parameter �G�]  which, under certain lim-

its, often take a form similar to that of the summary statistic (4) (Cockerham and

Weir, 1987). The analysis of variation within this evolutionary framework is of-

ten referred to as Analysis of MOlecular VAriation, or AMOVA (Rousset, 2001;

Excoffier, 2001).
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However, the relationship between real demographic parameters and � �]  is

usually not as simple as (5), and it may not be possible to derive moment estima-

tors within the AMOVA framework for such models. Furthermore, the AMOVA

framework makes a number of assumptions about the distribution of allele fre-

quencies (typically, it assumes Normality) which are unlike to hold for rare alleles.

For these reasons, I will consider �¡�¢  only as a summary statistic in the form of

(4), as a way of partitioning genetic variability into within population and among

population effects (Nei, 1973).

4.2 Detecting structure from haplotype data

F-statistics provide a way of detecting an summarizing population structure from

allele frequency differences between populations. However, by ignoring associa-

tions between alleles, we may be throwing away considerable information. Hudson

(2000) has suggested a way of detecting population structure from the distribution

of haplotypes. The method can potentially be more powerful for detecting popu-

lation structure than allele frequency base methods, although unlike � �]  , the test

statistic,
� �@� is not expected to bear any simple relationship to the parameters of

models of population structure.

The test statistic is the average proportion of nearest-neighbour haplotypes that

are present in the same population. To calculate the statistic, for each chromosome

in the data set, identify the set of other chromosomes that have the least nucleotide

differences (the nearest neighbours - often there may be other identical haplotypes).

Among this set, calculate the proportion which are in the same population as the

chromosome of interest. Repeat the process across chromosomes and take an av-

erage. For strong differentiation,
� ��� is expected to be near one, while under weak

differentiation the expected value is 0.5.
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4.3 Genealogies in subdivided populations

In order to consider the effect of population structure on gene genealogies and

patterns of polymorphism I will focus on the case of two identical populations of

diploids, each of size
� �

which exchange migrants at a constant rate



per chro-

mosome per generation. Looking back in time we need to calculate the probability

of a coalescent event, and the probability of a migration event. Because coalescent

events can only occur within populations, the probability of a coalescent event is

the sum of the rates in the two populationsH(I
coalescent J � p � I p � F  JA �	� s p ) I p ) F  JA �¤�

Where p � is the number of chromosomes sampled from population # . The proba-

bility of a migration event isH(I
migration J � I p � s p ) J 


What we have in effect is two coalescent processes that are coupled to each other

my migration event. When migration is very rare, the processes are essentially

independent, so coalescence proceeds rapidly within each population, but there is

a long wait until the MRCAs for each population coalesce. When migration is high,

the two populations essentially behave as a single unit. As with other situations, the

key parameter in determining the effect of migration is the product of the effective

population size and the migration rate ¥ �����	��

.

We can get a feel for the effects of population subdivision on patterns of poly-

morphism by considering the times to coalescence for pairs of chromosomes sam-

pled from within and between populations; we will also scale time in terms of A � �
generations. Consider a pair within a population, we have to wait an exponentially

distributed length of time, with mean,  @" I  s ¥aJ , for an event, which is a coales-

cence with probability  @" I  s ¥aJ , and a migration with probability ¥ " I  s ¥¦J .
So the expected time to coalescence within a population is§ �¨v�©ª� �   s ¥ �  s ¥«v5w`�
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For a pair of chromosomes in different populations, we have to wait an exponen-

tially distributed length of time with mean  @" ¥ for a migration to bring them into

the same population. The expected coalescence time for a pair of chromosomes

between populations is therefore§ �¨v w � �  ¥ s v ©
Solving the pair of simultaneous equations gives§ �¨v�©¬� � A§ �¨v w � � A s  @" ¥ (6)

In other words, the expected time to coalescence for chromosomes within a pop-

ulation, hence the expected number of pairwise differences, is identical to that if

there was no population subdivision. In contrast, the expected number of pairwise

differences for samples between populations increases for lower migration rates.

The remarkable invariance in the expected number of differences within a pop-

ulation can be generalised to more complex situations (Li, 1976; Slatkin, 1987).

The result is, however, slightly misleading, because although the expectation may

be unchanged, the distribution of pairwise differences is very different in subdi-

vided populations. Specifically, most chromosomes within a population will tend

to be fairly similar, but due to the immigration of chromosomes from the other

population, some chromosomes will be very different.

Population subdivision also strong effects on the frequency distribution of seg-

regating sites, such that at low migration rates, many sites segregating in the global

sample are due to fixed differences between the populations. Such mutations will

be at intermediate frequencies, leading to positive Tajima q and Fu and Li q statis-

tics. Strong subdivision also leads to strong haplotype structure, again, because of

the prevalence of fixed differences. Consequently, if there is no a priori reason to

expect population subdivision (that can be tested by �G�]  or
� �@� ), a positive Tajimaq statistic may be indicative of population structure.
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The effects on the frequency distribution of segregating sites for samples within

populations is quite different. Rather than lead to an excess of intermediate-frequency

mutations, strong population structure leads to an excess of high-frequency derived

mutations, because of the rapid coalescence of the majority of chromosomes within

the population, followed by a longer period waiting for the coalescence of chromo-

somes that escaped the population by migration. Consequently, when looking at

patterns of variability from within a population, a signal of structure may be a

significant Fay and Wu r statistic (Fay and Wu, 2000).

4.4 Estimation from subdivided populations

As mentioned previously, one approach to parameter estimation in subdivided pop-

ulations is the AMOVA treatment of �G�]  . However, because �G�]  as an evolution-

ary parameter is really a function of more intuitive quantities such as migration

rates and population sizes, it may be preferable to use an explicit demographic

model for inference. While this area is not as well advanced as inference from

constant, growing, or bottlenecked populations, there have been considerable ad-

vances in using full coalescent likelihoods for inference (Bahlo and Griffiths, 2000;

Beerli and Felsenstein, 1999). The framework is very similar to the standard coa-

lescent (although the algorithmic complexity is much greater), the key difference

is that both the time and location of mutations must be estimated. A natural way

to represent the structured coalescent is using coloured coalescent graphs in which

lineages and mutations are coloured according to the population in which they are

found.

Under certain circumstances, it is also possible to use results first derived by

Wright on the frequency distribution of alleles under the island-model to estimate

parameters of migration. In the island model, it is assumed that there is an infinitely

large population with fixed allele frequencies, from which migrants arrive each

generation at rate



. Suppose that the allele frequency on the island is currently ­
and on the mainland it is ­3® . The mean change in allele frequency per generation
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is determined by the difference in allele frequency between the immigrants and the

island ¥°¯²± ��
 I ­3®³F�­�J
And the variance in allele frequency change is given by binomial sampling´ ¯%± � ­ I  F�­�JA �	�
Under these conditions, across an infinite collection of replicate island populations,

the distribution of allele frequencies on the island at migration-drift equilibrium isµ I ­�J ��¶ ­3· ±@¸ ��� I  FQ­�J¹· ±@¸ ��� (7)

Where
¶

is a normalising constant. For a more detailed derivation see Crow and

Kimura (1970). When ¥ is high, allele frequencies on the island are clustered

around that on the mainland. When ¥ is low, the distribution is U-shaped, such

that fixation on the island is quite likely.

How can we use this result for inference? Suppose we know the mainland

allele frequencies, and have a sample of chromosomes from the island population.

By combining (7) with the multinomial sampling distribution for allele counts we

can derive the likelihood of observing a set of alleles for a given value of ¥ . If

we have data on multiple unlinked (hence independent) loci, likelihoods can be

combined across loci. More generally, is there are multiple alleles at each locus,

the distribution of alleles in the island population follows a Dirichlet distribution,

and sample counts follow a Dirichlet-multinomial distribution (e.g. Rousset, 2001).

5 Split-time models

All the models of population subdivision considered so far share one critical fea-

ture; equilibrium. But for the vast majority of biological populations, particularly,

human populations, the assumption of equilibrium is untenable. What models of

population structure might one use in these circumstances?

21



The simplest non-equilibrium model of population structure is the split-time

model, in which at some point in the past some ancestral population gave rise

to two daughter populations which have remained completely isolated ever since.

Over time, the populations differentiate from each other at a rate determined by

the population size (larger populations differentiate slower). Under this model it is

only possible to estimate the time of divergence of the populations scaled by the

effective population size of the daughter populations. We will also need to estimate

the allele frequencies in the ancestral population, although an alternative would be

to assume a Bayesian approach and integrate over a prior for allele frequencies in

the ancestral population.

Given a set of parameters (divergence time and allele frequencies), how can

we estimate the likelihood? If we were dealing with unlinked loci, one possibil-

ity would be to use the diffusion approximation to describe how allele frequencies

change over time due to genetic drift (Kimura, 1955), however likelihood estima-

tion within this framework is computationally daunting. An alternative would be to

assume that the diffusion approach can be well approximated by a simpler process

(e.g. Gaussian), for which likelihood-based inference is fast and efficient (Nichol-

son et al., 2002). Both these approaches can only be used on unlinked, independent

loci. Yet another approach would be to take a genealogical perspective, which can

be generalised to the case of linked or unlinked loci.

When the data consist of unlinked SNP markers, it is possible to write down

exact likelihoods from a genealogical perspective. Consider data from a single

locus where in population ­ we have observed p � ± of one allele in a sample of sizepª± , and in population º we have observed p �%» in a sample of size p » . We wish

to estimate the divergence time for the population pair in terms of their current

effective population sizes. If, as in the case of bottlenecks, we assume that no

mutations have occurred since the populaton split, the only thing we can estimate

is the product of the population size and time of divergence, which we shall call a

single parameter for each population, {O± and { » (the analogue of branch length in
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phylogenetic trees). Looking back in time we can trace the ancestral lineages as

they coalesce, until the point of the population split, at which point we shall assume

that the ancestral alleles from the two populations were sampled in a binomial

fashion from the alleles in the ancestral population. By using equation (2), we

can see that all information about the branch length is contained in the number of

coalescent events since the split. Also, all information about the ancestral allele

frequencies is contained in the distribution of allelic type in the ancestral lineages.

Consequently, we can obtain the likelihood for each locus in each population by

summing over all possible values of

� � ± and

� ± . The distribution of

� ± given {O±
and p�± is given by (2); the distribution of

� � ± given the ancestral allele frequencyx � is binomial, and the likelihood of the data given

� � ± and

� ± is obtained from the

Urn model (dropping the population subscripts):H(I p � | � � } � }¼p�J �¾½¿ p � F  � � F  ÀÁ ½¿ p�F�p � F  � F � � F  ÀÁ ½¿ p
F  � F  ÀÁ ��� (8)

Within this framework it is possible to formulate a full-likelihood method to esti-

mating population trees using similar principles to those used in phylogenetic tree

reconstruction (Felsenstein, 1981).

Split-time models, and island-models can generate very similar patterns of

polymorphism. Certainly, if we were simply to summarise differentiation only

in terms of �¡�]  we would have no way of distinguishing recurrent gene flow from

isolated differentiation. Is there any way of distinguishing between the models?

Fortunately there are subtle differences in the patterns of polymorphism expected

under the different models. For example, the variance in pairwise differences is

greater under a model of recurrent migration than a model of divergence (Wakeley,

1996). Furthermore, a recent Monte Carlo Markov Chain method aimed at differ-

entiating between the two models based on coalescent likelihoods claims that the

two models can be distinguished by means of a likelihood ratio test (Nielsen and

Wakeley, 2001). Where the information comes from for such power is not clear.
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6 Admixture

In many ways, the opposite process to population splits is admixture, where a new

population is formed from two source populations. Such models apply to many

humans populations, for example the mixed European and African ancestry of Ja-

maica and South Africa. In terms of the parameters of the model, these are similar

to the split-time model; the time of the population foundation, allele frequencies in

the founding population and the population sizes of the admixed and source popu-

lations. The only additional parameter is the proportion of each source population

that contributed to the admixed population.

6.1 Detecting admixture

Admixture in human populations is both widespread and important. The main

reason for its importance in terms of population genetics is that admixture gen-

erates linkage disequilibrium between alleles simply due to differences in allele

frequency. For example, if two populations differ in allele frequency at two loci by

amounts Â~Ã and Â~Ä , the combination of a fraction � of one population and  F��
of the other generates the disequlibrium q CM� Â~ÃjÂ~Ä5� I  F���J , and this decays by

a factor of
I  FQÅ]J each generation, where Å is the recombination rate between the

loci. Consequently, admixture can generate considerable linkage disequilibrium

which persist over several generations, even for completely unlinked loci.

The reason that linkage disequilibrium being caused by admixture is problem-

atic is that association studies which aim to identify genes involved in suscepti-

bility to common diseases use linkage disequilibrium between markers and the

disease phenotype to identify the genes involved. Linkage disequilibrium caused

by admixture will generate associations across the entire genome is there is a dif-

ference in disease prevalence in the two source populations, making identification

of disease-associated loci very difficult.

How can one go about detecting admixture? There are several approaches
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that differ in the type of information available and assumptions about the time of

admixture. For example, if there is information from putative source populations,

even old admixture events can be detected and the relative contribution of source

populations estimated (Chikhi et al., 2001). In contrast, if there is no a priori

choice of specific source populations, then as long as the admixture event was

recent, clustering algorithms can be used to group similar classes of individuals

within a population, and identify those that are combinations of the two (Pritchard

et al., 2000).
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