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1 Statistical inference

1.1 Principlesof inference

Inferenceis the procesf extractinginformationfrom a sampleaboutthe forces
thatgeneratedhe data. Thereis, of course no universallyacceptedvay of doing
inference;in fact thereare several differentphilosophies.But underlyingall ap-
proachegherearecertainkey ideas.The elementof inferenceandhow they are
influencedby the peculiarnatureof populationgeneticdata,will be the focus of
thislecture.

Theproces®f statisticainferencecanbesummedip by theflow chartonslide
2, alongwith thevariousissueghatneedo bedealtwith ateachstage. Theprocess
of inference(parametricor model-basedinferenceto be more precise)startsby
building a modelof the world within which to work. A modelhasthreeelements;
rules, parametera&ndquantities. The rulesdeterminehow the parameter®sf the
modelinfluencethe way in which the quantitiesbehae. In populationgenetics,
the parameterarethingslike mutationrates,migrationrates,andselectioncoefi-
cients;the rulesgovernhow organismsnteract,reproducemove anddie; andthe
guantitiesarethegenegqor chromosomeslleles,etc.).

Oncewe have a model of the world from which to work, we then needto
explore the propertiesof the model. By this | meanwe needto explore how vari-
ationin the parameter¢eadsto variationin the quantitiesof interest.How bestto
summarizedatasothatit is informative aboutthe underlyingparametersHow to
representatagraphically sothatimportantpatternscanbeidentified. An impor-
tantpartof this processs simulation;thegeneratiorof artificial datasetsfrom the
model. Simulationallowsusto explorethepropertieof themodelwhenanalytical
expressionscannotbe derived, asis usuallythe casein populationgenetics.The
phaseof modelexplorationalsoallows usto refinethe basicmodelif we feelit is
inadequatén somefashion.Usuallyamodelwill have beenformulatedwith some

prior knowledge or intuitive understandingpf the procesf interest.If themodel



producesomevery strangeandunlikely results thenit is probablytimeto go back
to thedrawing board.

If we have decidedthatour modelis areasonabl@pproximatiorto reality, the
next stepis to startlooking at real data. The centralideahereis that we wish to
estimatehe parametersf the modelfrom the sampleby finding the setof param-
etervaluesthat, within therulesof the model,are mostcompatiblewith the data
we have obsened. How to gauge‘compatibility” is a problemthathasgenerated
muchargumentover theyears.Threeideasthatwe will explorein regardsto pop-
ulationgeneticsaare: momentmethodsin which obsenedquantitiesareequatedo
expectationslikelihood,in whichtheestimategarameterarethosemostlikely to
have generatedxactly thedatayou obsened;andBayesiammethodsijn whichthe
sampledatais usedto updateprior informationon the parametersf interest. The
strengthsandweaknessesf eachmethodwill becomeapparentswe progress.

Almost asimportantasfinding the most compatibleparametewvaluesis the
needto placesomeindicationof how muchfaith to putin the estimates Usually,
this takestheform of identifying arangeof possibleparametevaluesthatarerea-
sonablegiventhedata,with the hopethatthetruevaluelies somavherewithin this
interval. Again, how this degreeof uncertaintyis definedvarieswith the method
of parameteestimation.

Althoughit mayseenthatwe have achiezedwhatwe setoutto do, theprocess
of statisticalinferenceis far from complete.Having usedan explicit modelof the
populationgeneticprocessasthe basisfor estimatingparametersthoseestimates
areonly asgoodasthe modelis anaccurataepresentatioof biologicalreality. In
practicewe cannever completelymodelthe evolutionaryprocessall we canhope
for is thatwe have capturedheimportantfeatureslt is thereforeof critical impor-
tancethatwe askhow well thedatais explainedby themodel. In particular we may
wishto look for unusuabpartsof the data(outliers)andtestfor greatervariationin
aspectof the datathanwe shouldexpect(heterogeneity) Anothermodel-testing

procedurethat hasproved extremely successfuin populationgeneticds to com-



paretwo estimatorof the sameparametefwhich usedifferentaspect®f thedata)
andto askwhetherthe differencebetweerthe estimatess greaterthanwe should
expect. Detectingdeviationsfrom the assumednodelis an extremelyimportant
partof inferenceasit canleadto the discovery of interestingphenomena.

In all probability we will needto refine our modelon the basisof what was
learnedfrom the goodnesof fit tests. This probablymeansintroducingnew pa-
rametersnto the model,whichin turn will leadto anothemeriodof modelexplo-
ration, datacollection,parameteestimationandmoremodeltesting. The process
couldgoonfor ever.

Finally, it is worth soundinga noteof cautionabouthow muchanalysisto do
onasingledataset. First,thegoodness-of-fitestsyouaregoingto carryoutshould
bedecidedon beforethecollectionof data.If you decideon analysesfterlooking
atthedata(i.e. onaposthoc basis),you runtherisk of finding whatyou wantto
find, ratherthana meaningfuldeviation from theassumednodel. Thisis alsotrue
of modelrefinement Datashouldbe usedto identify new hypotheseandsuggest

modelimprovementghatarethentestedon newly collecteddata.

1.2 Theunusual nature of population genetic data

Before describingthe modelsusedin populationgeneticst is interestingto con-
siderwhatthereis aboutpopulationgeneticdatathatmakeshe procesof statisti-
calinferenceunusual.

In mary experiments suchaslooking for the effective of a fertilizer on crop
growth, or assessintheimpactof a drugon diseasdreatmentthe dataconsistsof
informationaboutoneor afew measuredariablegheight,weight,time of disease
progressiongtc.) collectedfrom a large numberof independenteplicates,and
the modelsusedto describethe dataare the standardools of statistics;Normal
distributions logistic regressiongtc. Consequentlythe dimensionof the sample
spacgessentiallythe rangeof possibleoutcomesjs fairly small,andit is possible

to useall possibleinformationfor inference(within therulesof themodel).



In populationgeneticsyou have a very differentsituation. The datacollected
often consistsof sequencegor alleles)from a singlelocus, which representshe
outcomeof a single evolutionary history (in effect we have a single datapoint).
The rangeof possibleoutcomedor ary given setof evolutionary parameterss
enormougi.e. the samplespacehasmary dimensions)andit is usuallyvery dif-
ficult to devise method=f analysighatuseall possibleinformationin thesample.
In mary ways,theanalysisof populationgeneticdatabearsgreateresemblancéo

particlephysicsthanbiology or medicine.

1.3 Thenull-modé principle

A completemodelof the evolutionary processwvould include descriptionsof the
ratesof mutation, migration, recombinationand natural selectionat every nu-
cleotidepositionin every genomeof every organismthathasever lived. In other
words, it is impossibleto achieve. However, what we can hopeto achieve is a
representationf biologicalcompleity thatincludesthekey processeandthekey
levels of heterogeneityn the parametershat govern the processesWherethen
shouldwe start?

Giventhat our aim is to reducethe compleity of evolution down to its key
features,the obvious placeto startis to devise the simplestpossiblemodel. In
otherwords,we shallstartwith thepremisethatnothinginterestingeverhappensn
evolution, thenby askinghow reality differsfrom this null model,we canhopefully

identify thekey processethatmakeevolutioninteresting.

2 Genesin populations

2.1 TheWright-Fisher model

Thenull modelin populationgeneticgs calledthe Wright-Fisher(WF) population
model,afterthetwo greattheoreticiansvhointroducedandexploredthetheoretical

propertiesof the model. The modelhasmary assumptionsalmostnoneof which



aretruefor ary singlebiological population

e Constandiploid populationof size N (2N alleles)

Non-overlappinggenerations

Randommatingwith respecto bothgeographidocationandgenotype

Sexual reproductiorwith the possibility of selfing

No migrationto or from otherpopulations
e Mutationsareneutralandoccurata constantrate. pergeneration

Reproductiorworksby randomlyselectinga gametegrom oneindividual,andthen
randomlyselectinganothergametefrom a secondindividual (which may be the
sameasthefirst) to makeoneoffspring. Thisis repeatedV times,until adaughter
populationof N individualshasbeengeneratedlt is easyto seewhy this type of
modelis calledabean-bagnodel,becauséts propertiesareexactly reproducedy
having abagwith 2N beangsomeof which may be a differentcolourif thereare
severalallelesin the population),andpicking 2N beanswith replacemenin order
to makea daughtepopulation.

Letusignoremutationdor thetime being.We canfollow thefateof genesver
severalgenerationdy iteratingthe WF model. Overtime, somelineagedeave no
offspring and die out, while othersare successfubnd leave mary descendants.
If we look at all genesin the populationat the presentday, thenwe can trace
their genealogybackthroughthat of previous generationsLooking backin time,
the numberof distinct ancestorgo the currentpopulationis reducedasgenesin
the currentpopulationfind their commonancestors Eventually we find a single
genein anancestofrom which all genedn the currentpopulationarefound. This
individualis calledthemostrecentcommonancestofoftenwrittenasthe MRCA).

However, whenwe look at populationgeneticdata, we do not sampleevery

chromosomén thepopulation we takea sample Sowe canthink of the history, or



genealogyof oursampleasbeingembeddedh the broadelgenealogyf theentire
population. Indeedfor the purposef interpretingpatternsof geneticvariability
in our sample,the only mutationsthat will influenceour sampleare thosethat
occurredin the ancestrathromosomesMutationsthatoccurredin non-ancestral
chromosomewill leave notracein the sample(assumingnutationsareneutral).
The ideathatwe needonly considereventsin the genesthatare ancestrato
thosein the sampleis formulatedin coalescentheory(Kingman,1982; Hudson,
1990). Thecentralideabehindcoalescentheoryis thatthe vastmajority of events
that have occurredin the history of the populationhave left no impressionon the
genesin our sample,sowe might aswell not botherwith trying to modelthem.
Rather we canjust tracethelines of descenbackthroughancestrapopulations,

until they find theircommonancestors or coalesce.

2.2 The coalescent

It is worth beingmoreformal aboutthe foundationsof coalescentheory mainly
sothatwe are aware of whenits assumptionsgnight breakdown. The key ideas

behindthetheoryare:

e Mutationsareneutral,thereforehave no influenceon the probability thatan

individualreproduces

e If theallelic stateof a populationhasno influenceon the reproductve suc-
cesf chromosomethatareancestrato oursamplewe needonly consider

thegenealogyof geneghatareancestrato our sample

e Wecanmodelthe genealogicaprocessn a probabilisticmannerby consid-

eringthetimesto commonancestoeventsin WF populations.

Toillustratethesedeaswe will startby thinking aboutthe coalescenprocess
for a sampleof two genes.In onegenerationin a WF population the probability

thattwo chromosomegickedatrandomfrom thepopulation camefrom thesame



ancestrathromosomeis the probability thatthey camefrom the sameparent(re-
memberthatwe areallowing for self-fertilization)timesthe probability that they
canfrom thesamechromosomén thatindividual. Theseprobabilitiesare1 /N and
1/2 respectiely (in the WF model)sothe probability of a coalescenéventis just
1/2N andthe probability of coming from differentchromosomesn the parental
populationis oneminusthis quantity Whataboutthe next generatiorbackin time?
If acoalesceneventoccurredwe neednot go furtherbackin time, butif the two
genedid notcoalesceye areleft with exactly the samesituationaswe hadatthe
beginning, with exactly the sameprobabilities. So the probability of coalescing
generationggois the probability of not coalescindor thefirst¢ — 1 generations,

timesthe probability thata coalescenéventoccurredn thetth generation.

1\
P(coalescatt) = [ 1 — — 1
( @ti) ( QN) N @

The distribution of coalescencéimesis geometric;the averageis F[t] = 2N,
but the distribution hasa long tail of large coalescentimes, suchthat 63% of all
coalescencémesarelessthanthe average.

The coalescentreatesa genealogicatree (albeit a rathersimple onein this
case). We cannow considerhow this tree relatesto the geneticdifferenceswve
expectto seebetweena pair of sequencesampledat random, by iterating our
favourite mutationmodelalongthetree,addingmutationsby somestochastigro-
cesdo generatapossiblesamplefrom thepopulation.The corventionalmutation
modelassociatedavith the coalescenprocesss theinfinite-sitesmodel. The prob-
ability of a mutationoccurringin a singlegenerationis  (this is the mutationrate
for the entire gene),so the numberof mutationsoccurringduring ¢ generations
is Poissondistributedwith meanyut (the Poissonnatureresultsdirectly from the
independencef mutations).The expectednumberof differencedetweeriwo se-
guencegoften called diversity) is thereforethe productof the expectedtime to

coalescencandthe mutationrate

E[r]=4Npu 2)



In populationgeneticsthe mutationrate almostonly ever entersequationsn its
productwith the populationsize. For this reasonandalsobecauset is the single
mostimportantquantityin populationgeneticsthe productis usuallywritten asa

singleparametef = 4N .

2.3 Effective population size

Becausehereis a simple,linear relationshipbetweerthe populationsizeandthe
numberof differencesyou expectto seebetweentwo chromosomesampledat
randomfrom a WF population,you might hopeto estimatethe mutationrate by
comparinglevels of diversityin specief differentpopulationsizes(assuminga
constanimutationrate). However, empirical studiesof variability in a wide range
of speciesshow levels of diversity vary considerablylessthancensuspopulation
sizes.For example diversityin humanss 1/10%" thatof Drosophilamelanogaster
but for every humantheremustbe atleast1000Drosophila

Clearly, the assumption®f the WF modelareincorrect. Someugly pieceof
biology is gettingin theway. However, we have no desireto rejectthe modelout-
right, becausé leavesuswith noalternatve framework for interpretingpatternof
geneticvariability. Canwe find someway of keepingthe simplicity of the model
structure put introducingimportantbiological complications?

The solutionis so subtlethatit is almostsemantic. It turnsout that the ef-
fect of mary biological complicationson geneticvariability, suchasvariationin
reproductve successfluctuationsin populationsize over time, anddifferencesn
the numberof breedingmalesandfemales,is to maketo populationbehae asif
it werestill our naive WF model, but onein which the populationsizeis smaller
thanthe true censuspopulationsize. This transformedpopulationsizeis called
the effective populationsize andis written as N.. Consequentlythe amountof
diversitywe expectto seein populationds E[r] = 4N.u andd is really definedas
8 =4N_pu.

Youmaybefeelingalittle queasyby this pieceof algebraidbackhandNo one



really knows why diversity variesso muchlessthancensugpopulationsize;some
think thecausds recurrentadaptive evolution (Gillespie,2000),whichwould have
alargeimpacton coalescentheoryif true. Our stancefor themomentwill bethat
using N, ratherthan N seemdo solve onenastyproblem,sowe shall useit, but

we shouldalsobe on thelookoutfor waysof testingtheidea.

2.4 Variation in coalescence times

With this slightly revisedview of thecoalescentye canfinish off coalescentheory
for two sequenceby consideringhevariationonemight expectto seein pairwise
differences.Therearetwo sourcef stochasticity;variationin coalescencéme
andvariationin the mutationprocess.

To derivethefull distributionof pairwisedifferenceswefirst needto introduce
atrick thatis a featureof coalescentheory If the effective populationsizeis very
large, thenthe rate of coalescencés slow and,if we blur our eyesa bit, we can
pretendthattime is continuousratherthandiscrete(formally, we rescaletime in
unitsof 7 = t/2N,, andlet N, — o0). In this limit the geometricdistribution of
coalescencémesbecomesexponential;¢(r) = e~7. The probability of observ-
ing d differenceetweerntwo sequenceis givenby theintegral over coalescence

timesof the probability of d mutationsgivenr from the Poissommutationprocess

P(d mutationg = /P(d|7')q5(7')dr

—0T 0 d
/76 d(' 7) e Tdr

- () () ®

This is alsoa geometricdistribution, and consequentlyrasconsiderablezariance.
Examplesof the distribution with # = 0.1,1 and 5 areshowvn. For § = 5 the
distributionis extremelybroad,andthereis aconsiderabl@robability of observing

either0 or 10 or moredifferencesn a pairwisecomparison.
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3 Propertiesof the n-coalescent

We now wish to considerthe coalescenfor morethantwo sequences a process
known asthe n-coalescentThe mechanicof the processarevery similar, but it
is importantto be aware of the assumptionshatunderliethe theory The critical

assumptionsire

e Lineagescoalescéndependently
e No morethanonecoalescenéventcanoccurin asinglegeneration

e Thetime-scalds solargethatit canberepresentedscontinuous

Noneof theseassumptionsireparticularlyrestrictve,andareequivalentto saying
that the sampleis small selectionfrom a very large population. In otherwords,
coalescentheoryis applicableto almostall situations,exceptwhenthe sample
size represents considerabldraction of the entire population(e.g. for captve
populationsor very rarespecies)Underthesecircumstancest is likely thatmore
thanonecoalescenéventoccursin recentgenerations.

If theseassumptionsare not violated, it becomesa simple mannerto work
out both the distribution of timesto coalescenceand propertiesof the number
of mutationsin a sample.In ary generationthe probability of ary given pair of
lineagescoalescings 1/2 N, andtherearen(n—1)/2 suchpairs. Sotheprobability
of ary oneof the pairscoalescings

-1
P(Coalescenge= %

andtheexpectedimeto coalescences thisreciprocalbof this; £[T,,] = 4N./n(n—
1). During thetime while therearen lineagesthe expectednumberof mutations
thatoccuris nuE[T,], sothe expectednumberof mutationscontributed by the
time whentherearen lineageds #/(n — 1).

What happensafter the first coalescence key propertyof the coalescent
processs that the only factor influencingthe probabilitiesof mutationand coa-

lescencads the currentstateof the sample.Sothe coalescenprocesgor a sample

11



of sizen afterthefirst coalesceneventis identicalto the coalescenprocesdor a
sampleof sizen — 1. This lack of memoryis calledMarkovian, andis critically
important,becausé& meansn orderto follow thefate of lineageshackin time, all

we needknow is the numberof lineagescurrentlyactie in the population.

3.1 How much variability?

TheMarkovian propertyof the coalescenteanghatthetimesbetweersuccessie
coalescengventsareindependentf oneanotherandthe expectednumberof mu-
tationeventsin the entirehistory of the sampleis the sumof the expectednumber
of mutationsfor eachstepin the coalescenhistory. Writing S for the numberof

sgyregatingsitesin the sample undertheinfinite-sitesmodel,the expectationis

n—1

E[S]=6) 1/i (4)

=1
Thisresultwasactuallyfirst derivedby Watterson(1975)without usingcoalescent
theory The expectedtime (in units of 2V, generationsuntil all lineageshave

coalescednto a singleancesto(thetime of the MRCA) is

ElTamod] =2 (1 - l) (5)

n
The chartshowns how the expectednumberof segregating sitesandthe expected
time until the MRCA increasewith samplesize. Two thingsareof note. First, as
thesamplesizeincreasesheexpectechumberof seggregatingsitesincreasedhut at
adecreasingate.As a consequencealoublingthe samplesizedoesnotdoublethe
numberof segregatingsitesyou expectto find. Secondthetime until the MRCA
very rapidly reaches nearlyconstantevel, approaching maximalvalueof 4 V..
Thisis becausdor arything but very smallsamplesizesthereis ahigh probability

thatthe MRCA of the sampleis thesameasthe MRCA of the entirepopulation.

3.2 How much variability in levels of variability?

As with the pairwisedifferencesthe stochastimatureof the coalescenand mu-

tational processegeneratesonsiderablevariancein the numberof segregating

12



sitesthatmay be obseredfor ary givensamplesizeandvalueof §. We canuse
the propertiesof compounddistributions to obtainthe variancein the numberof
saregatingsites(all timesarerescaledn unitsof 2N, generations):

0 6?
5 E[Ttree] ‘l‘ 2

2
US ZUTtree

whereT},.. is thetotal time in thetree (seeary probability text bookfor how this
resultis derived using generatingunctions). Becausehe coalescencémesare
independentthevariancein thetotal time is the sumover coalescenéventswhen

thereare: lineages
n
2 _ 2 2
UTtree - Zl U’T(’L)
1=2

Whereaf(i) is thevariancein the coalescentime whenthereares lineageswhich

is 1/#%(7 — 1)2. Puttingthe elementgogethemives

n—1

n—1
o =0> 1/i+6°> 1/i’ (6)
=1

i=1
Again, Watterson(1975)first derived this resultwithout using coalescentheory
In fact, it is possibleto derive the entire probability distribution for the numberof
seregatingsitesin a samplewithoutrecombinatiorusinga recursive methodfirst
developedby Tavaré (1984). As we might expectfrom the caseof n = 2, there
is considerablevariationin the numberof seyregatingsitesonemight expectfor a

givensetof parameteralues.

3.3 Other mutation models

Theresultssofar presentedhave all concernedheinfinite-sitesmodelof sequence
evolution (Kimura, 1969). However, thereare otherimportantmodelsof the way
in which sequenceshangehatwe mayalsowishto study

Much of theearlyworkin populationgenetidnferenceusedtheinfinite-alleles
model (IAM), which canbe usedto modelproteinpolymorphisms.In this model
all new mutationschangethe stateof the alleleto onenot currentlypresenin the

sample(for example,an electrophoreticzariantwith a differentmobility). Under
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this model, the probability that two allelespickedat randomfrom the population
aredifferentis 8/(1 + #). Themostfamousresultconcerninghe IAM modelis
dueto Ewens(1972)who shovedthatthe expectednumberof differentallelesin
asampleis

0

0 0
FIKl=14—4+—+ ...+ ——— 7
K] +1+0+2—|—0+ +n—1—|—0 0

Although allozymestudiesnow play a minor role in populationgeneticsa novel
applicationof theresultis thatit alsopredictsthe numberof uniquehaplotypesn
asample(only if thereis no recombination).

Anotherwidely usedmutationmodelis the step-wisemutationmodel(Kimura
and Ohta, 1978), for microsatellitemutation. In the model, changesof only 1
repeatunit canoccurt at arateof ;. per microsatelliteper generation.The natural
way of summarizinginformation on geneticvariability is to usethe variancein
repeatnumberacrosssamples.Moran (1975) shoved that the variancein repeat
lengthis

E[o?] =6/4

without the useof coalescencéheory A coalescentlerivationwasfirst produced
by Slatkin (1995).

4 Summarizing data

Thinking backto our flow-chartof statisticalinference we arestill very muchin
the phaseof examiningthe propertiesof our model. Whatwe needto do next is to

find waysof summarizingnformationon the obsenred patternsof variability.

4.1 Summary statistics

A statisticis broadly definedasary function of the data(for example,the letter
of the first basesequenceds a statistic!). However, what we are interestedin
is capturingthe informationin a sample,and summarizingit in an efficient and

interpretablenanner
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A summarystatisticis away of collapsinginformationfrom a high-dimension
samplespaceinto a singlenumberthatis informative aboutthe parametersf the
model. If all possibleinformationabouta parameters containedwithin the sum-
mary statistic,it is calleda suficient statistic For example,if dataaregenerated
by aNormaldistribution,theaverageof asetof obsenationscontainsall theinfor-
mationaboutthe meanof thedistribution.

In populationgenetics,it is very rareto find sufficient statistics. Rather we
have to look for a setof statisticsthatsummarizeifferentaspectof thedata,and
that beara intuitive relationto the data. Ideally, we wish to useasfew statistics
as possible,to maximizethe amountof information extractedfrom the sample,
with the minimum of overlapbetweerstatistics.Statisticsvhoseexpectationsan
be calculatedanalyticalare particularly useful, asthesecanbe usedfor parame-
ter estimation. For example,we have alreadyshown that the expectationsof the
differencedetweerpairsof sequenceghe total numberof segregatingsites,and
the numberof haplotypesheara simplerelationshipto the valueof #. They are
thereforea goodchoicefor summarystatistics althoughwhenthe mutationrateis
low, the numberof haplotypeswill belimited by the numberof segregatingsites

(i.e. therewill bemuchsharednformation).

4.2 Graphical representation of data

It is very often a greataid to datainterpretationto have somegraphicalmeansio
displayinformation. Becauseave have beenthinking aboutsamplesn agenealog-
ical manneya naturalway of summarizingthe datais in theform of a tree. Note
this only applieswhenthereis no recombination.

However, it is rarethatwe candraw a singleresohedtreefrom populationge-
netic data.We may have multiple copesof identicalgenespr situationswherethe
internalbranchingorder cannotbe resolhed. Oneway of representinghis uncer
tainty is to draw treesin which unresoledbranchesredravn asmultifurcations,

andthe nodesaredefinedby sharedmutations. The lengthsof branchesandthe
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agesof mutations,canbe estimatedusingcoalesceninference(seebelown). Such
representationareknown asgenetrees(Griffiths, 2001). Theideais very similar
to usingparsimoty, but unlike parsimory, branchlengths,andagesof mutations,
areinferredwith anexplicit modelof thegenealogicaprocess.

It is worth noting someof the differenceshetweenphylogenetictree recon-
structionanddrawing genetrees.In mostphylogenetianethodsno explicit model
of specieqor gene)birth anddeathprocessess used;in effect our prior is that
all phylogeniesareequallylikely. In genetrees,we have prior informationabout
thegenealogicaprocesshatwe wish to incorporatento our analysiganideathat
is essentiallya Bayesiamotion - seelater). As an extremeexampleof whenyou
mightgetdifferentresultsfrom phylogeneti@andpopulationgeneticnethodscon-
siderthe casewherethereareno polymorphicsitesin the sample;asoccurredin
oneof the earlieststudieson humanY chromosomevariation(Dorit etal., 1995).
A phylogenetianethodwould saythatthe mostlikely time of the MRCA wasyes-
terday In contrast,f we incorporatea populationgeneticmodel,we geta much
moresensibleanswer(Donnellyetal., 1995).

In caseswherethereis recombinationor wherethereis recurrentmutation,
thereis oftennouniquetreethatis compatiblewith thedata.In suchcircumstances,
it may be possibleto represensomeof the uncertaintyaboutmultiple treesusing
networks.In particular split-treedecompositiorcangenerateeticulatestructures
in the presencef conflictingphylogeneticsignals but will generatavell-behared
treesf thedatacanbeaccommodately asingletree.Networkscanbeagoodway
of depictingrarerecombinatiorevents,andhomoplasiesHowever, mary different
permutation®f datacangive the samenetwork,andthereis no clearrelationship
betweerfeatureof thenetworksandparametersf evolutionarymodels.For cases
wherethereis considerableecombinationnetworksareunlikely to improve one's
understanding.

A third possiblerepresentatioio to usehaplotypeplotsto represensequence

variation. The ideahereis to representseregating sites as blocks of different
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colour. Onebenefitof suchplots is that stronghaplotypestructure(linkage dis-

equilibrium stretchingover multiple markers)becomesbvious by visualinspec-
tion. Furthermoresuchplots canhighlight regionsof geneswith unusualpatterns
of variability. For example,in the LPL data,haplotypestructureappearso change

abruptlyin themiddle of the sequence.

5 Stochastic smulation

Sofarwehavetriedto explorepropertief theWF modelanalytically;by deriving
expressiongor quantitieghatwe canmeasureHowever, oftenit is notpossibleto
be soelegant,andsimplealgebraidormulationscannotbefound. In suchcircum-
stancegusuallythecasewhenfeaturesuchasgeographicsubdiision andnatural
selectionareincluded),stochasticsimulationof the datais the only possibleway
of exploring the model(andalsoestimatingoarameters).

The easeof simulationis one of the greateststrengthsof coalescentheory
(Hudson,1993). Becauseyou only needkeeptrack of chromosomeshatarean-
cestralto the sample simulationscanbe run backwardsn time, startingfrom the
presentandchoosingancestorandtimesof coalescenceEvenif therearea few
hundredchromosomessimulationstakea matterof millisecondson today’s com-
puters. By contrast,if you were to try to simulateentire WF populations,the
computationaburdenmakessimulatingmorethana few thousandcchromosomes
unfeasible.Unfortunately for sometypesof problemswith naturalselection this
is theonly possibility.

Oneway of simulatingdatathat is highly efficient is to jointly simulatethe
coalescenhistory and the mutationalprocesqGriffiths and Tavaré, 1994). The

simulationprocesscanbe summarise@sfollows

1. If therearen chromosomegheraterateof coalescence n(n — 1)/2 and

therateof mutationis n6/2.
2. Choosea time for the next event by picking an exponentially distributed
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randomnumberwith rate equalto the sum of the ratesof coalescencand

mutation.

3. Decidewhetherthe eventwasa coalescencer a mutation;the probability
thattheeventwasa coalescencis (n — 1)/(n — 1 + 6) andthe probability

thatthe eventwasa mutationis 6/(n — 1+ 6).

4. If the eventwasa coalescence;hoosetwo lineageso coalesceat random,
reducethe numberof lineagesby one. If the eventwasa mutation,choose
a lineageat randomto have experiencedthe mutationand mutatethe se-

guencesn the sampleto which thelineageis ancestralReturnto stepl.
5. Repeauntil thereis only onelineageleft (the MRCA).

Coalescensimulationcan easily be adaptedo incorporateimportantdeviations
from the WF model,suchasgeographicsubdiision, populationgrowth andbot-
tlenecks,recombinationrand sometypesof naturalselection. In mary ways, the
easeof simulationis the single mostimportantaspectof the coalescent.This is

particularlyimportancewvhenit comesto estimatingoarameters.

6 Estimating parameters

By now we have a fairly goodunderstandingf the WF model,andhow coales-
centtheorycanbe usedto predictthe behaiour of sampledrom the population.
We cannow turn out attentionto estimatingthe parameter®f the model;in the
simplestformulation (no selection,migration,recombinationgtc.) thereis only
oneparameteto the model,§. In the last sectionof this lecturewe will explore
differentapproacheshat one cantaketo the estimationof this parameter Very
similar considerationapplyto theestimationof multiple parameterén morecom-
plex models.To illustratethe differentideaswe will considera toy datasetof 10

chromosomesimulatedunderthe coalescenimnodelwith § = 7.
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6.1 Moment estimators

Thesimplesimannerto estimatea parameters to equateheexpectatiorof a statis-
tic with its obsenedvalue,andto inverttherelationship For the caseof norecom-
bination, we have found three different statisticswhoseexpectationis a simple

functionof 8. We will considertwo differentwaysof estimatinghe parameter

- 2
br = n(n —1) %: i
HW = S/a1

Wherea; = 377! 1/i andr,; is the numberof differencesetweersequences
andj. We could alsousethe numberof distinct haplotypesasan estimatorof 6,
however, astherelationshipwe derivedis only valid for the caseof norecombina-
tion, it is not a generallyapplicableestimator If we considerthe toy example,the
two differentestimatorgive d,, = 5.9 andfy = 5.0.

Whatshouldwe makeof thetwo estimates?They arefairly similar (whichis
good), but neitheris that closeto the true value. Clearly, we needto be ableto
provide anexpressiorof how muchfaith we have in the estimateand,if possible,
suggesta rangeof valueswithin which the true value probablylies, given our
estimate.

In theworld of momentestimatorsanexpressiorof faith abouttheaccurag of
the estimatecomesdown to estimatingthe varianceof the estimator The variance

of an(unbiasedpstimatoiis givenby
o2 = E[(6 - 0)?]

In words,thevarianceof an estimatoris the expectedsquarediifferencebetween
the true parameteiand the estimatedparameter The variancesof the two esti-

matorswe are consideringwere derived by Tajima (1983) and Watterson(1975)
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respectiely

n+1 2(n2—|—n—|—3)

2A — 0 02
76 3—=1)" " on(n-1)
1 a
2 - _2 2
0-6'];[/ = . 0 + Q%H

Wherea; = "' 1/i%. For a given value of ¢, the variancein the estima-
tor decreasesasthe samplesizeincreasedor both estimators. Clearly, this is a
goodproperty(the moredatawe collect,the betteran estimatewe get). However,
whereaghe varianceof 8y tendsto zeroasour samplesizegetsinfinitely large,
the varianceof HAW levels off. This meansthat evenif we collectedan infinitely
large sampleof sequencesf we estimated? usingaveragepairwisedifferences,
we would still have someuncertaintyaboutthe true value. In contrastjf we esti-
matedd from the numberof seggregatingsites,our estimatevould corverge onthe
truevaluewith certainty Thepropertyof zerovariancefor aninfinitely large sam-
ple sizeis called consistencyandit is a highly desirablepropertyfor estimators
to have. For thisreason|t is betterto estimated from the numberof segregating
sites.

In thetoy dataset,the standardieviationsof thetwo estimatorsareo; = 3.5
and o4, = 2.5. If we wish to corvert this varianceinto a confidenceinterval
(CI), the bestwe candois to assumehatthe estimatoris Normally distributed,in
which casethe 95%Cl is 8 + 20. Unfortunately for smallvaluesof 8, theNormal
distribution is a poor approximation,so the estimated35% CI will not have the
correctcoverageproperties.A betterestimateof the 95% CI canbe obtainedby
simulation.

Momentestimatorsare intuitive and easyto calculate. However, unlessthe
estimatorsare Normally distributed, it is difficult to translatetheir variancesnto
sensibleconfidencdntervals. Momentestimationcanalsobecomedifficult when
therearemultiple parameters$o estimate pecausét is often not possibleto find a
setof parametersvhich give expectationsqualto the valuesof multiple obsered

statistics.In aworld of Normaldistributions this problemis circumventedby using
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leastsquaresestimation. However, in populationgenetics statisticsare unlikely
to follow Normal distributions,and multiple parameteestimationusingmoment

methodss problematic.

6.2 Likeihood

Anotherway of estimatingoarameterss to usethe concepbf likelihood,to which
Fishermademary importantcontributions;seeEdwards(1992)for a goodintro-
ductionto the theoryof likelihood. The key ideabehindlikelihood is thatwe can
representhecompatibility of differentparametewralueswith thedataby theprob-
ability thatexactly the setof datawe obsened wasgenerated Our bestestimate
of parameterss thosethat give the greatesiprobability of observingthe data;the
maximumlikelihood estimate.

Actually, ratherthandealin exactprobabilities likelihood typically workswith
relative probabilities,in which casethe probability needonly be known up to a
constanbf proportionality Furthermorefor goodstatisticalreasonsthelog of the
relative likelihoodsis typically used oftencalledthescore. Althoughobvious,it is
alsoworth statingthatthe useof likelihood requiresanexplicit probabilisticmodel
of theprocesf interest.

How doeslikelihood work in the caseof populationgeneticsCoalescenthe-
ory provides a probabilisticdescriptionof samplesrom populations,so we can
calculatethe probability of observingvariousaspectof the data. For example,
we discusseearlierarecursionderived by Tavaré (1984)which generateghefull
probabilitydistributionfor the numberof segregatingsitesin a sample We canuse
this recursionto calculatethe likelihood surfacefor differentvaluesof 6. For the
toy dataset,themaximumlikelihood (ML) estimateof # is 5.2. As before,we also
wish to expresshow muchfaith to putin our estimate.In likelihood, thisis easy
Thelikelihood curve hasanexplicit meaningsuchthata pointwhosescoreis 6.91
units lessthanthat of the ML valueis 100timeslesslikely to have generatedhe

data. Often peoplewill presentML estimatest 2-unitintervals. The reasonfor
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doing this comesfrom the Normal behaiour of the likelihood surfaceunderthe
asymptoticlimit of infinite data. In populationgeneticsyou are never nearthis
limit (asl saidbefore,you really only have a singledatapoint), so applicationof
asymptoticheoryshouldbetreatedwith caution.

We have obtaineda ML estimateof # from the numberof segregating sites
in thesample.However, by ignoring how thesemutationsaredistributedbetween
chromosomesaye areclearlythrowing away information. Giventhatthecoalescent
fully describeghe genealogicahnd mutationalprocesseshow canwe go about
usingall theinformationin thedata?

The answercomesbackto stochasticsimulation. The setof genealogieshat
cangenerate givensetof datais enormousin factit is infinitely large. Soit is the-
oretically impossibleto enumeratell possiblesetsof histories(genealogieplus
mutationsthatarecompatiblewith thedata,addinguptheirlikelihoods However,
for ary givendataset,thereis amuchsmallersetof historiesthatwill contribute
themajority of thelikelihood. If we canbiasour searcho suchhistories we might
beableto approximatehetruelikelihood by somethinghatis very close.

Without going into the details,the ideathat we cancalculatefull likelihoods
by simulatinghistoriesthatarelikely to have generatedhe datais oneof the most
importantaresof researchin modernpopulationgenetics.Thefirst attemptto im-
plementMonte Carlo estimationof likelihoodswasthat of Griffiths and Tavaré
(1994). Althoughthereis somefairly complex mathsinvolved,the centralideais
very simple; startingwith the data,you go backin time proposingevents(coales-
centeventsand mutations)that are compatiblewith the data. For eachrun, you
calculatethe likelihood andweightthis by the probability of choosingthat history
givenyour proposalalgorithm. Do this mary thousand®r millions of timesfor a
givensetof parameteraluesandyou have anapproximatiorto thelikelihood.

Theresultof applyingthis approactio thefull-likelihood estimation(i.e. using
all theinformationin thesample)of # in thetoy datasetis shovn onthesamechart

asthatfrom usingthenumberof segregatingsites. TheML estimates very similar
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(6 = 4.7), andthe 2-unit supportinterval is slightly smaller(1.9 — 12.2). Two
pointsareworth noting; first we have not gainedmuchmoreinformationaboutf
from usingall the data,asopposedio the numberof segregating sites. Second,
even whenwe have usedall possibleinformation, thereis still a large degreeof
uncertaintyaboutthetruevalueof 4.

Whatis the pointof trying to usefull likelihood methodsf simplerapproaches
giveusalmostthesameanswersTheanswelis thatcoalescenlikelihood methods
canbeusedto analyzenary aspect®f thedata notjustestimate. Forinstancejn
mary situationstheageof specificmutationds of considerablénterestmutations
thatdefinehaplotypesspecificto a geographicabarea,or the mutationsthoughtto
contribute to diseasesusceptibility for example). Given an estimatefor 4, the
ageof mutationscanbe estimatedy looking at the distribution of timesat which
the mutationof interestoccurredin the simulationsthatwere usedto estimatethe
likelihood (Griffiths, 2001). Anotheraspecbf the datawe may alsobe interested
in is thetime to the MRCA of thesample.

6.3 Bayesian inference

In likelihood analysiswe can calculatethe relative probabilitiesthat a certainset
of parametewaluesgivesa particularsample. However, in mary caseswe may
have someprior knowledgeaboutparametewvalues,andit makessenseo try to
incorporatethis informationinto the estimationprocedure.

Bayesianinferenceis the branchof statisticaltheory aimedat incorporating
prior informationinto the estimationprocedure. The theoryis namedafter the
Revd ThomasBayes(1702-1761).If we define D asthe dataand# asthe setof
parametewvalueswe wish to estimate Bayestheoremstates

PO)P(DI6)

POID) = =57

(8)

In words,the equationstateghatthe probability of the parametergiiventhe data,

P(6| D), is equalto theprior probabilityof the parametergobtainedrom previous
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experience),P(#), timesthe likelihood, P(D|#), divided by the total probability
of thedata,P(D), which is obtainedby summingthe productof the prior andthe
likelihood over all valuesof 6.

The critical differencebetweenlikelihood and Bayesianinferenceis thatin a
Bayesianworld, parameterarethemselesdravn from a higherlevel probability
distribution, andthe methodof inferenceforcesusto decidehow muchwe know
aboutparameterdefore the analysiswhich in turn tells ushow muchknowledge
we have gainedfrom looking at the data. In likelihood, parameterdave fixed,
uniquevalues(which we assumave know nothingabout),andthegoalis to repre-
sentbeliefin thedifferentpossiblevaluesgiventhe data. Therearemary deepand
philosophicalagumentshetweeradherent®f thetwo schoolsof thought. In this
coursewe will takea pragmaticapproachanduseBayesiarinferencewhenit is
reasonabléo think we have prior knowledgeof someparametersf interest.

By way of example,supposeave actuallyknow somethingaboutthe effective
populationsizeand mutationratesin humansandwish to usethis informationto
inform our estimationof # in the toy example. We will saythat V. in humanss
someavherebetweenb,000and50,000,but thatwithin thatinterval all valuesare
equallylikely. For the mutationrate,which canbe estimatedrom interspecificdi-
vergencewe will saythatour prior knowledgecanberepresentely alog-normal
distribution with mean1.5 x 10~? per site per generatiorand standarcHeviation
of 1 log units. The combinedinformation givesa prior for # which hasa max-
imum at 10. Whencombinedwith the likelihood calculationfrom GENETREE
the posteriordistribution of § hasmaximumat 7.9 and the middle 95% weight
of the distribution lies between5.0 and 14.4. Clearly, the incorporationof prior

informationcanhave alargeimpacton the estimationof parameters.

6.4 Strengthsand weaknesses of coalescent theory

As you will probablyhave gatheredcoalescentheoryis animmenselypowerful

way of looking at populationgeneticdata. In thatis considersonly the history of
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chromosomeancestrato thesampleijt is very efficient. It is fastandeasyto sim-
ulatefrom, sothatwe canbuild up an understandingf the propertiesof the WF
model,evenwhenanalyticalresultscannotbe obtained As youwill learnaboutin
the next few lecturesiit is very flexible, and canreadily incorporatebiologically
important complicationsof the basic model such as recombination,population
growth, bottlenecks geographicaktructureand someforms of naturalselection
(selectve sweepsandbalancingselection). Furthermorefull likelihood analysis
usingcoalescentheoryusesall possibleinformationin the data,andcanbe used
to estimatethe agesof mutationsandthe timesto commonancestryfor samples,
or subsamples.

Are thereary weaknessesf thetheory? The only importantweaknesss that
whenthefateof lineagesdependntheirallelic statej.e. thereis naturalselection,
andthe strengthof selectionis fairly weak, suchthatgeneticdrift is alsoimpor-
tant, coalescentheorycannotbe used,but see(NeuhauseandKrone, 1997). In
addition,full likelihood analysiscanbe very computationallyintensive (although
this is an inherentfeatureof the populationgeneticprocess)and devising effi-
cientalgorithmsis a challengingtask (Stephensand Donnelly, 2000; Fearnhead

andDonnelly, 2001).
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