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1 Statistical inference

1.1 Principles of inference

Inferenceis theprocessof extractinginformationfrom a sampleaboutthe forces

thatgeneratedthedata.Thereis, of course,no universallyacceptedway of doing

inference;in fact thereareseveraldifferentphilosophies.But underlyingall ap-

proachestherearecertainkey ideas.Theelementsof inference,andhow they are

influencedby thepeculiarnatureof populationgeneticdata,will be the focusof

this lecture.

Theprocessof statisticalinferencecanbesummedupby theflow chartonslide

2,alongwith thevariousissuesthatneedto bedealtwith ateachstage.Theprocess

of inference(parametric,or model-based,inferenceto be moreprecise)startsby

building a modelof theworld within which to work. A modelhasthreeelements;

rules,parametersandquantities.The rulesdeterminehow the parametersof the

modelinfluencethe way in which the quantitiesbehave. In populationgenetics,

theparametersarethingslike mutationrates,migrationrates,andselectioncoeffi-

cients;therulesgovernhow organismsinteract,reproduce,move anddie; andthe

quantitiesarethegenes(or chromosomes,alleles,etc.).

Oncewe have a model of the world from which to work, we then needto

explore thepropertiesof themodel. By this I meanwe needto explorehow vari-

ationin theparametersleadsto variationin thequantitiesof interest.How bestto

summarizedatasothat it is informative abouttheunderlyingparameters.How to

representdatagraphically, sothatimportantpatternscanbeidentified. An impor-

tantpartof thisprocessis simulation;thegenerationof artificial datasetsfrom the

model.Simulationallowsusto explorethepropertiesof themodelwhenanalytical

expressionscannotbe derived,asis usuallythecasein populationgenetics.The

phaseof modelexplorationalsoallows usto refinethebasicmodelif we feel it is

inadequatein somefashion.Usuallyamodelwill havebeenformulatedwith some

prior knowledge,or intuitiveunderstanding,of theprocessof interest.If themodel
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producessomeverystrangeandunlikely results,thenit is probablytimeto goback

to thedrawing board.

If wehave decidedthatourmodelis a reasonableapproximationto reality, the

next stepis to startlooking at realdata. The centralideahereis that we wish to

estimatetheparametersof themodelfrom thesampleby finding thesetof param-

etervaluesthat,within the rulesof the model,aremostcompatiblewith the data

we have observed. How to gauge“compatibility” is a problemthathasgenerated

muchargumentover theyears.Threeideasthatwe will explorein regardsto pop-

ulationgeneticsare:momentmethods,in whichobservedquantitiesareequatedto

expectations;likelihood,in whichtheestimatedparametersarethosemostlikely to

havegeneratedexactly thedatayouobserved;andBayesianmethods,in which the

sampledatais usedto updateprior informationon theparametersof interest.The

strengthsandweaknessesof eachmethodwill becomeapparentaswe progress.

Almost as importantasfinding the most compatibleparametervaluesis the

needto placesomeindicationof how muchfaith to put in theestimates.Usually,

this takestheform of identifyinga rangeof possibleparametervaluesthatarerea-

sonable,giventhedata,with thehopethatthetruevalueliessomewherewithin this

interval. Again, how this degreeof uncertaintyis definedvarieswith themethod

of parameterestimation.

Althoughit mayseemthatwehaveachievedwhatwesetout to do,theprocess

of statisticalinferenceis far from complete.Having usedanexplicit modelof the

populationgeneticprocessasthebasisfor estimatingparameters,thoseestimates

areonly asgoodasthemodelis anaccuraterepresentationof biologicalreality. In

practicewe cannevercompletelymodeltheevolutionaryprocess,all wecanhope

for is thatwehavecapturedtheimportantfeatures.It is thereforeof critical impor-

tancethatweaskhow well thedataisexplainedby themodel.In particular, wemay

wish to look for unusualpartsof thedata(outliers)andtestfor greatervariationin

aspectsof thedatathanwe shouldexpect(heterogeneity).Anothermodel-testing

procedurethathasproved extremelysuccessfulin populationgeneticsis to com-
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paretwo estimatorsof thesameparameter(whichusedifferentaspectsof thedata)

andto askwhetherthedifferencebetweentheestimatesis greaterthanwe should

expect. Detectingdeviationsfrom the assumedmodel is an extremely important

partof inference,asit canleadto thediscoveryof interestingphenomena.

In all probability we will needto refineour modelon the basisof what was

learnedfrom the goodnessof fit tests. This probablymeansintroducingnew pa-

rametersinto themodel,which in turn will leadto anotherperiodof modelexplo-

ration,datacollection,parameterestimationandmoremodeltesting.Theprocess

couldgo on for ever.

Finally, it is worth soundinga noteof cautionabouthow muchanalysisto do

onasingledataset.First,thegoodness-of-fittestsyouaregoingtocarryoutshould

bedecidedonbeforethecollectionof data.If youdecideonanalysesafterlooking

at thedata(i.e. on a posthoc basis),you run therisk of finding whatyou wantto

find, ratherthanameaningfuldeviation from theassumedmodel.This is alsotrue

of modelrefinement.Datashouldbeusedto identify new hypothesesandsuggest

modelimprovementsthatarethentestedon newly collecteddata.

1.2 The unusual nature of population genetic data

Beforedescribingthe modelsusedin populationgeneticsit is interestingto con-

siderwhatthereis aboutpopulationgeneticdatathatmakestheprocessof statisti-

cal inferenceunusual.

In many experiments,suchaslooking for the effective of a fertilizer on crop

growth, or assessingtheimpactof adrugon diseasetreatment,thedataconsistsof

informationaboutoneor a few measuredvariables(height,weight,timeof disease

progression,etc.) collectedfrom a large numberof independentreplicates,and

the modelsusedto describethe dataare the standardtools of statistics;Normal

distributions, logistic regression,etc. Consequently, thedimensionsof thesample

space(essentiallytherangeof possibleoutcomes)is fairly small,andit is possible

to useall possibleinformationfor inference(within therulesof themodel).
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In populationgenetics,you have a very differentsituation.Thedatacollected

often consistsof sequences(or alleles)from a singlelocus,which representsthe

outcomeof a singleevolutionaryhistory (in effect we have a singledatapoint).

The rangeof possibleoutcomesfor any given set of evolutionaryparametersis

enormous(i.e. thesamplespacehasmany dimensions),andit is usuallyvery dif-

ficult to devisemethodsof analysisthatuseall possibleinformationin thesample.

In many ways,theanalysisof populationgeneticdatabearsgreaterresemblanceto

particlephysicsthanbiologyor medicine.

1.3 The null-model principle

A completemodelof the evolutionaryprocesswould includedescriptionsof the

ratesof mutation, migration, recombinationand natural selectionat every nu-

cleotidepositionin every genomeof every organismthathasever lived. In other

words, it is impossibleto achieve. However, what we can hopeto achieve is a

representationof biologicalcomplexity thatincludesthekey processesandthekey

levels of heterogeneityin the parametersthat govern the processes.Wherethen

shouldwestart?

Given that our aim is to reducethe complexity of evolution down to its key

features,the obvious placeto start is to devise the simplestpossiblemodel. In

otherwords,weshallstartwith thepremisethatnothinginterestingeverhappensin

evolution, thenby askinghow realitydiffersfrom thisnull model,wecanhopefully

identify thekey processesthatmakeevolution interesting.

2 Genes in populations

2.1 The Wright-Fisher model

Thenull modelin populationgeneticsis calledtheWright-Fisher(WF) population

model,afterthetwogreattheoreticianswhointroducedandexploredthetheoretical

propertiesof themodel. Themodelhasmany assumptions,almostnoneof which
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aretruefor any singlebiologicalpopulation� Constantdiploid populationof size
�

( � � alleles)� Non-overlappinggenerations� Randommatingwith respectto bothgeographiclocationandgenotype� Sexual reproductionwith thepossibility of selfing� No migrationto or from otherpopulations� Mutationsareneutralandoccurata constantrate � pergeneration

Reproductionworksby randomlyselectingagametefrom oneindividual,andthen

randomlyselectinganothergametefrom a secondindividual (which may be the

sameasthefirst) to makeoneoffspring.This is repeated
�

times,until adaughter

populationof
�

individualshasbeengenerated.It is easyto seewhy this typeof

modelis calledabean-bagmodel,becauseits propertiesareexactly reproducedby

having a bagwith � � beans(someof which maybea differentcolourif thereare

severalallelesin thepopulation),andpicking � � beanswith replacementin order

to makea daughterpopulation.

Letusignoremutationsfor thetimebeing.Wecanfollow thefateof genesover

severalgenerationsby iteratingtheWF model.Over time,somelineagesleave no

offspring and die out, while othersare successfuland leave many descendants.

If we look at all genesin the populationat the presentday, then we can trace

their genealogybackthroughthatof previousgenerations.Looking backin time,

the numberof distinct ancestorsto the currentpopulationis reducedasgenesin

the currentpopulationfind their commonancestors.Eventually, we find a single

genein anancestorfrom whichall genesin thecurrentpopulationarefound.This

individualis calledthemostrecentcommonancestor(oftenwrittenastheMRCA).

However, whenwe look at populationgeneticdata,we do not sampleevery

chromosomein thepopulation,wetakeasample.Sowecanthink of thehistory, or
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genealogy, of oursampleasbeingembeddedin thebroadergenealogyof theentire

population. Indeedfor thepurposesof interpretingpatternsof geneticvariability

in our sample,the only mutationsthat will influenceour sampleare thosethat

occurredin theancestralchromosomes.Mutationsthatoccurredin non-ancestral

chromosomeswill leave notracein thesample(assumingmutationsareneutral).

The ideathat we needonly considereventsin the genesthatareancestralto

thosein thesampleis formulatedin coalescenttheory(Kingman,1982;Hudson,

1990).Thecentralideabehindcoalescenttheoryis thatthevastmajorityof events

thathave occurredin thehistoryof thepopulationhave left no impressionon the

genesin our sample,so we might aswell not botherwith trying to modelthem.

Rather, we canjust tracethe lines of descentbackthroughancestralpopulations,

until they find theircommonancestors- or coalesce.

2.2 The coalescent

It is worth beingmoreformal aboutthe foundationsof coalescenttheory, mainly

so that we areawareof whenits assumptionsmight breakdown. The key ideas

behindthetheoryare:� Mutationsareneutral,thereforehave no influenceon theprobabilitythatan

individualreproduces� If theallelic stateof a populationhasno influenceon thereproductive suc-

cessof chromosomesthatareancestralto oursample,weneedonly consider

thegenealogyof genesthatareancestralto oursample� Wecanmodelthegenealogicalprocessin a probabilisticmannerby consid-

eringthetimesto commonancestoreventsin WF populations.

To illustratetheseideas,wewill startby thinking aboutthecoalescentprocess

for a sampleof two genes.In onegeneration,in a WF population,theprobability

thattwo chromosomes,pickedat randomfrom thepopulation,camefrom thesame
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ancestralchromosome,is theprobability thatthey camefrom thesameparent(re-

memberthatwe areallowing for self-fertilization)timesthe probability that they

canfrom thesamechromosomein thatindividual.Theseprobabilitiesare ��� � and����� respectively (in theWF model)sotheprobabilityof a coalescentevent is just����� � andtheprobability of comingfrom differentchromosomesin the parental

populationisoneminusthisquantity. Whataboutthenext generationbackin time?

If a coalescenteventoccurred,we neednot go furtherbackin time, but if thetwo

genesdid notcoalesce,weareleft with exactly thesamesituationaswehadat the

beginning,with exactly thesameprobabilities.Sotheprobabilityof coalescing	
generationsagois theprobabilityof not coalescingfor thefirst 	�
�� generations,

timestheprobabilitythata coalescenteventoccurredin the 	 th generation.
��
coalesceat 	���� � ��
 �� ��������� �� � (1)

The distribution of coalescencetimes is geometric;the averageis � �!	�"#�$� � ,

but thedistribution hasa long tail of largecoalescenttimes,suchthat63%of all

coalescencetimesarelessthantheaverage.

The coalescentcreatesa genealogicaltree(albeit a rathersimpleone in this

case). We can now considerhow this tree relatesto the geneticdifferenceswe

expect to seebetweena pair of sequencessampledat random,by iterating our

favouritemutationmodelalongthetree,addingmutationsby somestochasticpro-

cessto generateapossiblesamplefrom thepopulation.Theconventionalmutation

modelassociatedwith thecoalescentprocessis theinfinite-sitesmodel.Theprob-

ability of a mutationoccurringin a singlegenerationis � (this is themutationrate

for the entiregene),so the numberof mutationsoccurringduring 	 generations

is Poissondistributedwith mean ��	 (the Poissonnatureresultsdirectly from the

independenceof mutations).Theexpectednumberof differencesbetweentwo se-

quences(often calleddiversity) is thereforethe productof the expectedtime to

coalescenceandthemutationrate

� �&%'"(�*) � � (2)
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In populationgenetics,the mutationratealmostonly ever entersequationsin its

productwith thepopulationsize. For this reason,andalsobecauseit is thesingle

mostimportantquantityin populationgenetics,theproductis usuallywritten asa

singleparameter+,�*) � � .

2.3 Effective population size

Becausethereis a simple,linear relationshipbetweenthepopulationsizeandthe

numberof differencesyou expect to seebetweentwo chromosomessampledat

randomfrom a WF population,you might hopeto estimatethe mutationrateby

comparinglevelsof diversity in speciesof differentpopulationsizes(assuminga

constantmutationrate). However, empiricalstudiesof variability in a wide range

of speciesshow levelsof diversity vary considerablylessthancensuspopulation

sizes.For example,diversityin humansis �-�(�-. �0/ thatof Drosophilamelanogaster,

but for everyhumantheremustbeat least1000Drosophila.

Clearly, theassumptionsof the WF modelareincorrect. Someugly pieceof

biology is gettingin theway. However, we have no desireto rejectthemodelout-

right,becauseit leavesuswith noalternativeframework for interpretingpatternsof

geneticvariability. Canwe find someway of keepingthesimplicity of themodel

structure,but introducingimportantbiologicalcomplications?

The solution is so subtlethat it is almostsemantic. It turnsout that the ef-

fect of many biological complicationson geneticvariability, suchasvariationin

reproductive success,fluctuationsin populationsizeover time, anddifferencesin

thenumberof breedingmalesandfemales,is to maketo populationbehave asif

it werestill our naive WF model,but onein which the populationsizeis smaller

than the true censuspopulationsize. This transformedpopulationsize is called

the effective populationsizeand is written as
�21

. Consequently, the amountof

diversityweexpectto seein populationsis �3�4%'"5�6) �21 � and + is reallydefinedas+,�6) �21 � .

Youmaybefeelinga little queasyby thispieceof algebraicbackhand.No one

9



really knows why diversityvariessomuchlessthancensuspopulationsize;some

think thecauseis recurrentadaptiveevolution(Gillespie,2000),whichwouldhave

a largeimpactoncoalescenttheoryif true.Ourstancefor themomentwill bethat

using
�21

ratherthan
�

seemsto solve onenastyproblem,sowe shall useit, but

weshouldalsobeon thelookoutfor waysof testingtheidea.

2.4 Variation in coalescence times

With thisslightly revisedview of thecoalescent,wecanfinishoff coalescenttheory

for two sequencesby consideringthevariationonemightexpectto seein pairwise

differences.Therearetwo sourcesof stochasticity;variationin coalescencetime

andvariationin themutationprocess.

To derivethefull distributionof pairwisedifferences,wefirst needto introduce

a trick thatis a featureof coalescenttheory. If theeffective populationsizeis very

large, thenthe rateof coalescenceis slow and, if we blur our eyesa bit, we can

pretendthat time is continuousratherthandiscrete(formally, we rescaletime in

unitsof 78�9	���� � 1 , andlet
� 1;:=<

). In this limit thegeometricdistributionof

coalescencetimesbecomesexponential; > � 7(�?�A@ �(B . Theprobabilityof observ-

ing C differencesbetweentwo sequencesis givenby theintegralover coalescence

timesof theprobabilityof C mutationsgiven 7 from thePoissonmutationprocess
�� C mutations�$� D 
�� C�E!7(�F> � 7(�FCG7� D @ �IHJB � +K7(�FLCIM @ �(B CG7� � ��ON�+ � � +�ON�+ � L (3)

This is alsoa geometricdistribution,andconsequentlyhasconsiderablevariance.

Examplesof the distribution with +��P.(QR��S�� and T areshown. For +��UT the

distributionis extremelybroad,andthereis aconsiderableprobabilityof observing

either0 or 10 or moredifferencesin apairwisecomparison.
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3 Properties of the V -coalescent

We now wish to considerthecoalescentfor morethantwo sequences- a process

known asthe � -coalescent.The mechanicsof theprocessarevery similar, but it

is importantto be awareof the assumptionsthatunderliethe theory. The critical

assumptionsare� Lineagescoalesceindependently� No morethanonecoalescenteventcanoccurin a singlegeneration� Thetime-scaleis solargethatit canberepresentedascontinuous

Noneof theseassumptionsareparticularlyrestrictive,andareequivalentto saying

that the sampleis small selectionfrom a very large population. In otherwords,

coalescenttheory is applicableto almostall situations,except when the sample

size representsa considerablefraction of the entirepopulation(e.g. for captive

populationsor very rarespecies).Underthesecircumstances,it is likely thatmore

thanonecoalescenteventoccursin recentgenerations.

If theseassumptionsare not violated, it becomesa simple mannerto work

out both the distribution of times to coalescence,and propertiesof the number

of mutationsin a sample.In any generation,the probability of any givenpair of

lineagescoalescingis �-�W� �21 andthereare� � � 
,�-�F�W� suchpairs.Sotheprobability

of any oneof thepairscoalescingis
��
Coalescence��� � � � 
����) � 1

andtheexpectedtimeto coalescenceis thisreciprocalof this; � �!X�Y�"Z�*) �21 � � � � 
��� . During thetime while thereare � lineages,theexpectednumberof mutations

that occur is � �[� �!X�YK" , so the expectednumberof mutationscontributedby the

timewhenthereare � lineagesis +K� � � 
��-� .
What happensafter the first coalescence?A key propertyof the coalescent

processis that the only factor influencingthe probabilitiesof mutationandcoa-

lescenceis thecurrentstateof thesample.Sothecoalescentprocessfor a sample
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of size � after thefirst coalescentevent is identicalto thecoalescentprocessfor a

sampleof size � 
*� . This lack of memoryis calledMarkovian, andis critically

important,becauseit meansin orderto follow thefateof lineagesbackin time,all

weneedknow is thenumberof lineagescurrentlyactive in thepopulation.

3.1 How much variability?

TheMarkovianpropertyof thecoalescentmeansthatthetimesbetweensuccessive

coalescenteventsareindependentof oneanother, andtheexpectednumberof mu-

tationeventsin theentirehistoryof thesampleis thesumof theexpectednumber

of mutationsfor eachstepin thecoalescenthistory. Writing \ for thenumberof

segregatingsitesin thesample,undertheinfinite-sitesmodel,theexpectationis�3�4\]"I�^+ Y ���_ `Ra � ����b (4)

Thisresultwasactuallyfirst derivedby Watterson(1975)withoutusingcoalescent

theory. The expectedtime (in units of � �21 generations)until all lineageshave

coalescedinto a singleancestor(thetime of theMRCA) is� �!X�c�d[e'f'"Z�^� � ��
 �� � (5)

The chartshows how the expectednumberof segregatingsitesandthe expected

time until theMRCA increasewith samplesize. Two thingsareof note. First, as

thesamplesizeincreases,theexpectednumberof segregatingsitesincreases,but at

adecreasingrate.As a consequence,doublingthesamplesizedoesnotdoublethe

numberof segregatingsitesyou expectto find. Second,the time until theMRCA

very rapidly reachesanearlyconstantlevel, approachinga maximalvalueof ) �#1 .
This is becausefor anythingbut verysmallsamplesizes,thereis ahighprobability

thattheMRCA of thesampleis thesameastheMRCA of theentirepopulation.

3.2 How much variability in levels of variability?

As with thepairwisedifferences,the stochasticnatureof the coalescentandmu-

tational processesgeneratesconsiderablevariancein the numberof segregating
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sitesthatmaybe observedfor any givensamplesizeandvalueof + . We canuse

the propertiesof compounddistributions to obtainthe variancein the numberof

segregatingsites(all timesarerescaledin unitsof � �21 generations):g[hi � +� � �!X �Rj 1k1 "lN + h) g[hmKnpo�q�q
where X �rj 1J1 is thetotal time in thetree(seeany probability text bookfor how this

result is derived usinggeneratingfunctions). Becausethe coalescencetimesare

independent,thevariancein thetotal time is thesumover coalescenteventswhen

thereare b lineages g hmsnto�q�q � Y_ `Ra h b h g hBKu
`Rv

Whereg hBKu
`Rv

is thevariancein thecoalescenttimewhenthereare b lineages,which

is �-�Wb h � bw
��-� h . Puttingtheelementstogethergivesg hi �^+ Y ���_ `Ra � ����b(N�+ h
Y ���_ `Ra � ����b h (6)

Again, Watterson(1975)first derived this resultwithout usingcoalescenttheory.

In fact, it is possibleto derive theentireprobabilitydistribution for thenumberof

segregatingsitesin a samplewithout recombinationusinga recursive methodfirst

developedby Tavaŕe (1984). As we might expectfrom the caseof � �x� , there

is considerablevariationin thenumberof segregatingsitesonemight expectfor a

givensetof parametervalues.

3.3 Other mutation models

Theresultssofar presentedhaveall concernedtheinfinite-sitesmodelof sequence

evolution (Kimura,1969). However, thereareotherimportantmodelsof theway

in whichsequenceschangethatwe mayalsowish to study.

Muchof theearlywork in populationgeneticinferenceusedtheinfinite-alleles

model(IAM), which canbeusedto modelproteinpolymorphisms.In this model

all new mutationschangethestateof thealleleto onenot currentlypresentin the

sample(for example,an electrophoreticvariantwith a differentmobility). Under
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this model,theprobability that two allelespickedat randomfrom thepopulation

aredifferentis +s� � ��N*+K� . Themostfamousresultconcerningthe IAM modelis

dueto Ewens(1972)who showedthat theexpectednumberof differentallelesin

asampleis � �&yz"{�|�ON +�ON�+ N +�;N�+ N^Q-Q�Q}N +� 
~��N�+ (7)

Althoughallozymestudiesnow play a minor role in populationgenetics,a novel

applicationof theresultis that it alsopredictsthenumberof uniquehaplotypesin

asample(only if thereis no recombination).

Anotherwidely usedmutationmodelis thestep-wisemutationmodel(Kimura

and Ohta, 1978), for microsatellitemutation. In the model, changesof only 1

repeatunit canoccur, at a rateof � permicrosatellitepergeneration.Thenatural

way of summarizinginformationon geneticvariability is to usethe variancein

repeatnumberacrosssamples.Moran (1975)showedthat the variancein repeat

lengthis � � g h� "Z�^+K�K)
without theuseof coalescencetheory. A coalescentderivationwasfirst produced

by Slatkin(1995).

4 Summarizing data

Thinking backto our flow-chartof statisticalinference,we arestill very muchin

thephaseof examiningthepropertiesof ourmodel.Whatwe needto donext is to

find waysof summarizinginformationon theobservedpatternsof variability.

4.1 Summary statistics

A statisticis broadlydefinedasany function of the data(for example,the letter

of the first basesequencedis a statistic!). However, what we are interestedin

is capturingthe information in a sample,andsummarizingit in an efficient and

interpretablemanner.
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A summarystatisticis awayof collapsinginformationfrom ahigh-dimension

samplespaceinto a singlenumberthat is informative abouttheparametersof the

model. If all possibleinformationabouta parameteris containedwithin thesum-

marystatistic,it is calleda sufficientstatistic. For example,if dataaregenerated

by aNormaldistribution,theaverageof asetof observationscontainsall theinfor-

mationaboutthemeanof thedistribution.

In populationgenetics,it is very rareto find sufficient statistics. Rather, we

have to look for a setof statisticsthatsummarizedifferentaspectsof thedata,and

that beara intuitive relationto the data. Ideally, we wish to useasfew statistics

as possible,to maximizethe amountof information extractedfrom the sample,

with theminimumof overlapbetweenstatistics.Statisticswhoseexpectationscan

be calculatedanalyticalareparticularlyuseful,asthesecanbe usedfor parame-

ter estimation.For example,we have alreadyshown that the expectationsof the

differencesbetweenpairsof sequences,the total numberof segregatingsites,and

the numberof haplotypesbeara simplerelationshipto the valueof + . They are

thereforea goodchoicefor summarystatistics,althoughwhenthemutationrateis

low, thenumberof haplotypeswill be limited by thenumberof segregatingsites

(i.e. therewill bemuchsharedinformation).

4.2 Graphical representation of data

It is very oftena greataid to datainterpretationto have somegraphicalmeansto

displayinformation.Becausewehave beenthinking aboutsamplesin a genealog-

ical manner, a naturalway of summarizingthedatais in theform of a tree. Note

thisonly applieswhenthereis no recombination.

However, it is rarethatwecandraw a singleresolvedtreefrom populationge-

neticdata.We mayhave multiple copesof identicalgenes,or situationswherethe

internalbranchingordercannotbe resolved. Oneway of representingthis uncer-

tainty is to draw treesin which unresolvedbranchesaredrawn asmultifurcations,

andthe nodesaredefinedby sharedmutations.The lengthsof branches,andthe
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agesof mutations,canbeestimatedusingcoalescentinference(seebelow). Such

representationsareknown asgenetrees(Griffiths,2001).Theideais very similar

to usingparsimony, but unlike parsimony, branchlengths,andagesof mutations,

areinferredwith anexplicit modelof thegenealogicalprocess.

It is worth noting someof the differencesbetweenphylogenetictree recon-

structionanddrawing genetrees.In mostphylogeneticmethods,noexplicit model

of species(or gene)birth anddeathprocessesis used;in effect our prior is that

all phylogeniesareequallylikely. In genetrees,we have prior informationabout

thegenealogicalprocessthatwewish to incorporateinto ouranalysis(anideathat

is essentiallya Bayesiannotion- seelater). As anextremeexampleof whenyou

mightgetdifferentresultsfrom phylogeneticandpopulationgeneticmethods,con-

siderthecasewherethereareno polymorphicsitesin thesample;asoccurredin

oneof theearlieststudieson humanY chromosomevariation(Dorit et al., 1995).

A phylogeneticmethodwouldsaythatthemostlikely timeof theMRCA wasyes-

terday. In contrast,if we incorporatea populationgeneticmodel,we geta much

moresensibleanswer(Donnellyetal., 1995).

In caseswherethereis recombination,or wherethereis recurrentmutation,

thereisoftennouniquetreethatis compatiblewith thedata.In suchcircumstances,

it maybepossibleto representsomeof theuncertaintyaboutmultiple treesusing

networks.In particular, split-treedecompositioncangeneratereticulatestructures

in thepresenceof conflictingphylogeneticsignals,but will generatewell-behaved

treesif thedatacanbeaccommodatedbyasingletree.Networkscanbeagoodway

of depictingrarerecombinationevents,andhomoplasies.However, many different

permutationsof datacangive thesamenetwork,andthereis no clearrelationship

betweenfeaturesof thenetworksandparametersof evolutionarymodels.For cases

wherethereis considerablerecombination,networksareunlikely to improveone’s

understanding.

A third possiblerepresentationto to usehaplotypeplotsto representsequence

variation. The idea here is to representsegregating sitesas blocks of different
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colour. Onebenefitof suchplots is that stronghaplotypestructure(linkagedis-

equilibriumstretchingover multiple markers)becomesobviousby visual inspec-

tion. Furthermore,suchplotscanhighlight regionsof geneswith unusualpatterns

of variability. For example,in theLPL data,haplotypestructureappearsto change

abruptlyin themiddleof thesequence.

5 Stochastic simulation

Sofarwehavetriedtoexplorepropertiesof theWF modelanalytically;by deriving

expressionsfor quantitiesthatwecanmeasure.However, oftenit is notpossibleto

besoelegant,andsimplealgebraicformulationscannotbefound. In suchcircum-

stances(usuallythecasewhenfeaturessuchasgeographicsubdivisionandnatural

selectionareincluded),stochasticsimulationof thedatais theonly possibleway

of exploring themodel(andalsoestimatingparameters).

The easeof simulationis one of the greateststrengthsof coalescenttheory

(Hudson,1993). Becauseyou only needkeeptrack of chromosomesthatarean-

cestralto thesample,simulationscanberun backwardsin time, startingfrom the

presentandchoosingancestorsandtimesof coalescence.Even if therearea few

hundredchromosomes,simulationstakea matterof millisecondson today’scom-

puters. By contrast,if you were to try to simulateentire WF populations,the

computationalburdenmakessimulatingmorethana few thousandchromosomes

unfeasible.Unfortunately, for sometypesof problemswith naturalselection,this

is theonly possibility.

Oneway of simulatingdatathat is highly efficient is to jointly simulatethe

coalescenthistory andthe mutationalprocess(Griffiths andTavaŕe, 1994). The

simulationprocesscanbesummarisedasfollows

1. If thereare � chromosomes,theraterateof coalescenceis � � � 
����F��� and

therateof mutationis � +K��� .
2. Choosea time for the next event by picking an exponentiallydistributed
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randomnumberwith rateequalto the sumof the ratesof coalescenceand

mutation.

3. Decidewhetherthe event wasa coalescenceor a mutation;the probability

thattheeventwasa coalescenceis
� � 
~���F� � � 
��ON�+s� andtheprobability

thattheeventwasamutationis +K� � � 
~�ON�+K� .
4. If the eventwasa coalescence,choosetwo lineagesto coalesceat random,

reducethenumberof lineagesby one. If theevent wasa mutation,choose

a lineageat randomto have experiencedthe mutationand mutatethe se-

quencesin thesampleto which thelineageis ancestral.Returnto step1.

5. Repeatuntil thereis only onelineageleft (theMRCA).

Coalescentsimulationcaneasilybe adaptedto incorporateimportantdeviations

from the WF model,suchasgeographicsubdivision, populationgrowth andbot-

tlenecks,recombinationandsometypesof naturalselection. In many ways, the

easeof simulationis the singlemost importantaspectof the coalescent.This is

particularlyimportancewhenit comesto estimatingparameters.

6 Estimating parameters

By now we have a fairly goodunderstandingof the WF model,andhow coales-

centtheorycanbe usedto predictthe behaviour of samplesfrom the population.

We cannow turn out attentionto estimatingthe parametersof the model; in the

simplestformulation(no selection,migration,recombination,etc.) thereis only

oneparameterto the model, + . In the last sectionof this lecturewe will explore

differentapproachesthat onecan taketo the estimationof this parameter. Very

similarconsiderationsapplyto theestimationof multipleparametersin morecom-

plex models.To illustratethedifferentideaswe will considera toy datasetof 10

chromosomessimulatedunderthecoalescentmodelwith +,�^� .
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6.1 Moment estimators

Thesimplestmannertoestimateaparameteris to equatetheexpectationof astatis-

tic with its observedvalue,andto invert therelationship.For thecaseof norecom-

bination, we have found threedifferent statisticswhoseexpectationis a simple

functionof + . We will considertwo differentwaysof estimatingtheparameter�+�� � �� � � 
��-� _ `4� % `4��+�� � \w��� �
Where � � ��� Y �Z�

`Ra
� �-��b and % `4� is thenumberof differencesbetweensequencesb

and � . We could alsousethe numberof distinct haplotypesasanestimatorof + ,
however, astherelationshipwederivedis only valid for thecaseof norecombina-

tion, it is not a generallyapplicableestimator. If we considerthetoy example,the

two differentestimatorsgive
�+��#�^T(Q4� and

�+-���^T(Q&. .
Whatshouldwe makeof thetwo estimates?They arefairly similar (which is

good),but neitheris that closeto the true value. Clearly, we needto be ableto

provide anexpressionof how muchfaith we have in theestimate,and,if possible,

suggesta rangeof valueswithin which the true value probably lies, given our

estimate.

In theworld of momentestimators,anexpressionof faith abouttheaccuracy of

theestimatecomesdown to estimatingthevarianceof theestimator. Thevariance

of an(unbiased)estimatoris givenbyg h �H �*� � � +�
 �+�� h "
In words,thevarianceof anestimatoris theexpectedsquareddifferencebetween

the true parameterand the estimatedparameter. The variancesof the two esti-

matorswe areconsideringwerederived by Tajima (1983)andWatterson(1975)
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respectively g[h��Hk� � � N��� � � 
��-� +;N � � � h N � N � �� � � � 
��-� + hg h��H�� � �� � +�N � h� h � + h
Where � h � � Y ���`Ra � ����b h . For a given value of + , the variancein the estima-

tor decreasesas the samplesize increasesfor both estimators.Clearly, this is a

goodproperty(themoredatawe collect,thebetteranestimatewe get). However,

whereasthevarianceof
�+ � tendsto zeroasour samplesizegetsinfinitely large,

the varianceof
�+�� levels off. This meansthat even if we collectedan infinitely

large sampleof sequences,if we estimated+ usingaveragepairwisedifferences,

we would still have someuncertaintyaboutthetruevalue. In contrast,if we esti-

mated+ from thenumberof segregatingsites,ourestimatewouldconvergeon the

truevaluewith certainty. Thepropertyof zerovariancefor aninfinitely largesam-

ple size is calledconsistency, andit is a highly desirablepropertyfor estimators

to have. For this reason,it is betterto estimate+ from thenumberof segregating

sites.

In thetoy dataset,thestandarddeviationsof thetwo estimatorsare g �HJ� � � Q&Tand g �H � �P�(Q&T . If we wish to convert this varianceinto a confidenceinterval

(CI), thebestwe cando is to assumethattheestimatoris Normally distributed,in

whichcasethe95%CI is
�+���� g . Unfortunately, for smallvaluesof + , theNormal

distribution is a poor approximation,so the estimated95% CI will not have the

correctcoverageproperties.A betterestimateof the 95% CI canbe obtainedby

simulation.

Momentestimatorsare intuitive andeasyto calculate. However, unlessthe

estimatorsareNormally distributed,it is difficult to translatetheir variancesinto

sensibleconfidenceintervals. Momentestimationcanalsobecomedifficult when

therearemultiple parametersto estimate,becauseit is oftennot possibleto find a

setof parameterswhichgiveexpectationsequalto thevaluesof multiple observed

statistics.In aworldof Normaldistributions,thisproblemiscircumventedbyusing
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leastsquaresestimation. However, in populationgenetics,statisticsareunlikely

to follow Normal distributions,andmultiple parameterestimationusingmoment

methodsis problematic.

6.2 Likelihood

Anotherwayof estimatingparametersis to usetheconceptof likelihood,to which

Fishermademany importantcontributions;seeEdwards(1992)for a goodintro-

ductionto the theoryof likelihood. Thekey ideabehindlikelihood is thatwe can

representthecompatibilityof differentparametervalueswith thedataby theprob-

ability thatexactly thesetof datawe observed wasgenerated.Our bestestimate

of parametersis thosethatgive thegreatestprobabilityof observingthedata;the

maximumlikelihoodestimate.

Actually, ratherthandealin exactprobabilities,likelihoodtypically workswith

relative probabilities,in which casethe probability needonly be known up to a

constantof proportionality. Furthermore,for goodstatisticalreasons,thelog of the

relativelikelihoodsis typically used,oftencalledthescore. Althoughobvious,it is

alsoworthstatingthattheuseof likelihoodrequiresanexplicit probabilisticmodel

of theprocessof interest.

How doeslikelihood work in thecaseof populationgenetics?Coalescentthe-

ory providesa probabilisticdescriptionof samplesfrom populations,so we can

calculatethe probability of observingvariousaspectsof the data. For example,

we discussedearliera recursionderivedby Tavaŕe (1984)which generatesthefull

probabilitydistributionfor thenumberof segregatingsitesin asample.Wecanuse

this recursionto calculatethe likelihood surfacefor differentvaluesof + . For the

toy dataset,themaximumlikelihood(ML) estimateof + is 5.2.As before,wealso

wish to expresshow muchfaith to put in our estimate.In likelihood , this is easy.

Thelikelihoodcurvehasanexplicit meaning,suchthatapointwhosescoreis 6.91

units lessthanthatof theML valueis 100timeslesslikely to have generatedthe

data. Often peoplewill presentML estimates� 2-unit intervals. The reasonfor
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doing this comesfrom the Normal behaviour of the likelihood surfaceunderthe

asymptoticlimit of infinite data. In populationgenetics,you arenever nearthis

limit (asI saidbefore,you really only have a singledatapoint), soapplicationof

asymptotictheoryshouldbetreatedwith caution.

We have obtaineda ML estimateof + from the numberof segregating sites

in thesample.However, by ignoringhow thesemutationsaredistributedbetween

chromosomes,weareclearlythrowingawayinformation.Giventhatthecoalescent

fully describesthe genealogicalandmutationalprocesses,how canwe go about

usingall theinformationin thedata?

Theanswercomesbackto stochasticsimulation. The setof genealogiesthat

cangenerateagivensetof dataisenormous,in factit is infinitely large.Soit is the-

oretically impossibleto enumerateall possiblesetsof histories(genealogiesplus

mutations)thatarecompatiblewith thedata,addinguptheir likelihoods. However,

for any givendataset,thereis a muchsmallersetof historiesthatwill contribute

themajorityof thelikelihood. If wecanbiasoursearchto suchhistories,wemight

beableto approximatethetruelikelihoodby somethingthatis veryclose.

Without going into the details,the ideathat we cancalculatefull likelihoods

by simulatinghistoriesthatarelikely to have generatedthedatais oneof themost

importantaresof researchin modernpopulationgenetics.Thefirst attemptto im-

plementMonte Carlo estimationof likelihoodswas that of Griffiths and Tavaŕe

(1994). Althoughthereis somefairly complex mathsinvolved,thecentralideais

very simple;startingwith thedata,you go backin time proposingevents(coales-

centeventsandmutations)that arecompatiblewith the data. For eachrun, you

calculatethelikelihoodandweightthis by theprobabilityof choosingthathistory

givenyour proposalalgorithm. Do this many thousandsor millions of timesfor a

givensetof parametervalues,andyou have anapproximationto thelikelihood.

Theresultof applyingthisapproachto thefull-likelihood estimation(i.e. using

all theinformationin thesample)of + in thetoy datasetis shownonthesamechart

asthatfrom usingthenumberof segregatingsites.TheML estimateis verysimilar
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(
�+���)IQ&� ), andthe 2-unit supportinterval is slightly smaller( ��Q&�2
��-�(Q&� ). Two

pointsareworth noting; first we have not gainedmuchmoreinformationabout +
from usingall the data,asopposedto the numberof segregatingsites. Second,

even whenwe have usedall possibleinformation, thereis still a large degreeof

uncertaintyaboutthetruevalueof + .
Whatis thepointof trying to usefull likelihoodmethodsif simplerapproaches

giveusalmostthesameanswers?Theansweris thatcoalescentlikelihoodmethods

canbeusedtoanalyzemany aspectsof thedata,not justestimate+ . For instance,in

many situations,theageof specificmutationsis of considerableinterest(mutations

thatdefinehaplotypesspecificto a geographicalarea,or themutationsthoughtto

contribute to diseasesusceptibility, for example). Given an estimatefor + , the

ageof mutationscanbeestimatedby looking at thedistributionof timesat which

themutationof interestoccurredin thesimulationsthatwereusedto estimatethe

likelihood (Griffiths,2001).Anotheraspectof thedatawe mayalsobe interested

in is thetime to theMRCA of thesample.

6.3 Bayesian inference

In likelihood analysiswe cancalculatethe relative probabilitiesthata certainset

of parametervaluesgivesa particularsample.However, in many cases,we may

have someprior knowledgeaboutparametervalues,andit makessenseto try to

incorporatethis informationinto theestimationprocedure.

Bayesianinferenceis the branchof statisticaltheory aimedat incorporating

prior information into the estimationprocedure. The theory is namedafter the

Revd ThomasBayes(1702-1761).If we define � asthe dataand + asthesetof

parametervalueswe wish to estimate,Bayestheoremstates
�� +{E��3��� 
�� +K� 
�� ��E!+K�
�� �3� (8)

In words,theequationstatesthat theprobabilityof theparametersgiventhedata,
�� +{E��3� , is equalto theprior probabilityof theparameters(obtainedfrom previous
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experience),

�� +K� , timesthe likelihood,


�� ��E!+K� , dividedby the total probability

of thedata,

�� � � , which is obtainedby summingtheproductof theprior andthe

likelihoodover all valuesof + .
Thecritical differencebetweenlikelihood andBayesianinferenceis that in a

Bayesianworld, parametersarethemselvesdrawn from a higherlevel probability

distribution,andthemethodof inferenceforcesus to decidehow muchwe know

aboutparametersbefore theanalysis,which in turn tells ushow muchknowledge

we have gainedfrom looking at the data. In likelihood, parametershave fixed,

uniquevalues(whichweassumeweknow nothingabout),andthegoalis to repre-

sentbelief in thedifferentpossiblevaluesgiventhedata.Therearemany deepand

philosophicalargumentsbetweenadherentsof thetwo schoolsof thought. In this

course,we will takea pragmaticapproach,anduseBayesianinferencewhenit is

reasonableto think we haveprior knowledgeof someparametersof interest.

By way of example,supposewe actuallyknow somethingabouttheeffective

populationsizeandmutationratesin humans,andwish to usethis informationto

inform our estimationof + in the toy example. We will saythat
� 1

in humansis

somewherebetween5,000and50,000,but thatwithin that interval all valuesare

equallylikely. For themutationrate,whichcanbeestimatedfrom interspecificdi-

vergence,wewill saythatourprior knowledgecanberepresentedby alog-normal

distribution with mean ��Q&T �~�-. �{¡ persitepergenerationandstandarddeviation

of 1 log units. The combinedinformationgivesa prior for + which hasa max-

imum at 10. Whencombinedwith the likelihood calculationfrom GENETREE,

the posteriordistribution of + hasmaximumat 7.9 and the middle 95% weight

of the distribution lies between5.0 and14.4. Clearly, the incorporationof prior

informationcanhave a largeimpacton theestimationof parameters.

6.4 Strengths and weaknesses of coalescent theory

As you will probablyhave gathered,coalescenttheoryis an immenselypowerful

way of looking at populationgeneticdata. In that is considersonly thehistoryof
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chromosomesancestralto thesample,it is veryefficient. It is fastandeasyto sim-

ulatefrom, so thatwe canbuild up an understandingof thepropertiesof theWF

model,evenwhenanalyticalresultscannotbeobtained.As youwill learnaboutin

the next few lectures,it is very flexible, andcanreadily incorporatebiologically

important complicationsof the basicmodel suchas recombination,population

growth, bottlenecks,geographicalstructureandsomeforms of naturalselection

(selective sweepsandbalancingselection).Furthermore,full likelihood analysis

usingcoalescenttheoryusesall possibleinformationin thedata,andcanbeused

to estimatetheagesof mutationsandthe timesto commonancestryfor samples,

or subsamples.

Are thereany weaknessesof thetheory?Theonly importantweaknessis that

whenthefateof lineagesdependontheirallelic state,i.e. thereis naturalselection,

andthe strengthof selectionis fairly weak,suchthatgeneticdrift is alsoimpor-

tant,coalescenttheorycannotbe used,but see(NeuhauserandKrone,1997). In

addition,full likelihood analysiscanbe very computationallyintensive (although

this is an inherentfeatureof the populationgeneticprocess),and devising effi-

cient algorithmsis a challengingtask(StephensandDonnelly, 2000;Fearnhead

andDonnelly, 2001).
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