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A.3 Census approximation, graduation, goodness of fit

1. Show how to represent on a Lexis diagram (i) the number of individuals in a population
who are aged 20 at the start of 2014; (ii) the number of individuals in the population who
turn 21 during 2014.

2. Consider the situation of estimating mortality rates by observing a population over the
course of a time interval [K,K +N ].

Let d(1)x be the number of deaths at curtate age x, and Ec(1)
x the corresponding central

exposure to risk, given by

Ec(1)
x =

Z K+N

K
P (1)
x,t dt,

where P (1)
x,t is the number of individuals under observation at time t with curtate age x. If

we observe only census data at times K,K+1, . . . ,K+N , we can use linear interpolation
to approximate

Ec(1)
x ⇡

K+N
X

k=K+1

1

2

⇣

P (1)
x,k�1 + P (1)

x,k

⌘

.

Then d(1)x /Ec(1)
x gives an estimator of µx+1/2, under the assumption that the mortality

rate µt at age t is constant over t 2 [x, x+ 1].

More generally, d(1)x /Ec(1)
x will approximate

R x+1
t=x µtdt as long as the number observed does

not change too significantly over the relevant time (say, if mortality is low and there are
not significant numbers of people entering or leaving the observed population for other
reasons).

(a) State the Principle of Correspondence. Adapt the properties above to the following
di↵erent definitions of dx (giving corresponding definitions and suitable approxima-
tions for Ec

x, and explaining what may be estimated by dx/Ec
x). Where appropriate,

explain what further assumptions are needed:

d(2)x = # deaths with x nearest birthday to death;

d(3)x = # deaths in calendar year of the xth birthday;

d(4)x = # deaths with curtate age x at time of last annual policy renewal;

d(5)x = # deaths with last annual policy renewal in the calendar year of xth birthday.

[Determining what is approximated in general by d(5)x /Ec(5)
x may take more work

than the others!]

(b) For cases of d(1)x , d(2)x and d(3)x , indicate the areas relevant to the calculation of deaths
and exposure on a Lexis diagram.

3. A large investigation has been carried out into mortality among people of working age.
They are to be compared with a well-known standard table.
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Age Exposed to risk Observed deaths standard mortality
Ex dx qsx ⇥ 105

20–24 35000 35 97
25–29 33000 30 88
30–34 30000 31 117
35–39 30000 45 173
40–44 31000 84 260
45–49 28000 138 460
50–54 25000 229 850
55–59 23000 360 1500
60–64 20000 522 2500

Perform the following three tests, finding the p-values and the test statistic (where appro-
priate): (a) �2-test (b) sign test (c) cumulative-deviations test,
commenting on the outcomes.

4. A medium-sized UK pension scheme carried out an investigation into the mortality of its
pensioners between 2000 and 2002.

(a) Explain why the graduation of crude rates obtained might be desirable.

(b) Graduation was done using a Gompertz-Makeham model. The crude rates and the
proposed graduation are:

Age Central ExpRisk Deaths crude hazard graduated hazard

x Ec
x dx µx+2.5

�
µx+2.5 zx

60–64 1388.9 10 0.0072 0.0070 0.100
65–69 1188.8 17 0.0143 0.0150 -0.198
70–74 880.5 28 0.0318 0.0287 0.542
75–79 841.6 34 0.0404 0.0521 -1.486
80–84 402.8 43 0.1068 0.0920 0.975
85–89 123.9 21 0.1695 0.1602 0.260
90–94 27.9 9 0.3226 0.2765 0.463
95–99 17.5 5 0.2857 0.4750 -1.149

Explain how the column zx has been calculated.

The graduated rates were calculated by minimising
P

z2x. Explain why this corre-
sponds (approximately) to a maximum likelihood procedure.

Under a null hypothesis that the underlying rates are indeed from the Gompertz-
Makeham family, what should the distribution of the obtained

P

z2x be?

Carry out an appropriate test for goodness of fit.

5. (a) Suppose you are given estimates for a population of remaining life expectancy
�
ex and

�
ex+t, corresponding to ages x and x+ t (years). You wish to compute the mortality
probability tqx. Under the assumption that mortality rates are constant over this
interval, explain how to derive the approximation

tqx ⇡ t+
�
ex+t �

�
ex

t/2+
�
ex+t

. (*)

Under what conditions will this approximation be reasonable?
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(b) The following is an estimated table of
�
ex (in years) in ancient Rome, as computed

by Tim Parkin Demography and Roman Society (Johns Hopkins University Press,
1992).

x 0 1 5 10 15 20 25 30 35 40 45 50 55 60 65 70
�
ex 25 33 43 41 37 34 32 29 26 23 20 17 14 10 8 6

On the basis of these figures, and assuming the mortality rates to be constant over
the relevant age intervals, use equation (*) to approximate the annual mortality
probabilities 1qx over the age intervals 0–1, 1–5, 5–10.

(c) Suppose we know that 15% of Roman infants died of dysentry in their first year.
Under the competing risks assumption, estimate the change in life expectancy at
birth that would have resulted if this disease had been eliminated among infants.
Note the assumptions you make in carrying out the calculation.


