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ABSTRACT. We consider a biased random walk X,, on a Galton-Watson tree with
leaves in the sub-ballistic regime. We prove that there exists an explicit constant
v =7(B) € (0,1), depending on the bias (3, such that X,, is of order n”. Denoting
A, the hitting time of level n, we prove that A,,/ n'/7 is tight. Moreover we show
that A,/ n'/7 does not converge in law (at least for large values of 3). We prove
that along the sequences ny(k) = |[A\37%], A, /n'/7 converges to certain infinitely
divisible laws. Key tools for the proof are the classical Harris decomposition for
Galton-Watson trees, a new variant of regeneration times and the careful analysis
of triangular arrays of i.i.d. heavy-tailed random variables.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Consider a supercritical Galton-Watson branching process with generating function
f(2) = > ,-opk2”, Le. the offspring of all individuals are i.i.d. copies of Z, where
P[Z = k| = p,. We assume that the tree is supercritical and has leaves, i.e. m :=
E[Z] =1'(1) € (1,00) and py > 0. We denote by g € (0, 1) the extinction probability,
which is characterized by f(¢) = ¢. Starting from a single progenitor called root
and denoted by 0, this process yields a random tree 7. We will always condition on
the event of non-extinction, so that 7" is an infinite random tree. We denote (€2, P)
the associated probability space: P is the law of the original tree, conditioned on
non-extinction.

For w € Q, on the infinite Galton-Watson tree T'(w), we consider the [S—biased
random walk as in [I6]. More precisely, we define, for 5 > 1, a Markov chain (X,,),en

on the vertices of T, such that if u # 0 and u has k children vy, ..., v and parent “u,
then

(1) PXpp = |X, =] = ﬁa

(2) P[Xpy1 = vi| Xy = u] = 5, for 1 <i <k,

and from 0 all transitions to its children are equally likely. This is a reversible Markov
chain, and as such, can be described as an electrical network with conductances
c(r,x) := B*I=! on every edge of the tree (see [I5] for background on electrical
networks).

We always take Xy = 0, that is we start the walk from the root of the tree. We de-
note by P[] the law of (X,,)n—01,2,.. and we define the averaged law as the semidirect
product P =P x P“.
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Many interesting facts are known about this walk (see [T6]). As one could expect,
it is transient. Denote by |u| = d(0,u) the distance of u to the root. It is known
that P-a.s., | X,|/n converges to a deterministic limit v. Moreover, the random walk
is ballistic, i.e. its limiting velocity v > 0, if and only if 8 > §. = 1/f'(q¢). In the
subballistic regime, i.e. if 3 < (., we have v = 0. The reason for the subballistic
regime is that the walk loses time in traps of the tree, from where it cannot go to
infinity without having to go for a long time against the drift which keeps it into the
trap. The hypothesis pg > 0 is crucial for this to happen.

As in all subballistic models, a natural question comes up: what is the typical
distance of the walker from the root after n steps? This is the question we address in
this paper. We always assume that

E[Z%] <
and

5 >1/f(q),
recalling that 1/f'(¢) > 1. We introduce the exponent

(1.1) . —Inf'(qg)  Ing.

Ing  Ing
so that 57 = 1/f'(q).
Let A,, be the hitting time of the n-th level:
A, =inf{i > 0,|X;| = n}.
Theorem 1.1. (i) The laws of (A, /n'"),>0 under P are tight.

(ii) The laws of (|X,|/nY)n>0 under P are tight.
(1ii) We have

<1

In|X,
(1.2) lim I Xo] =7, P—as.

n—oo Inn

Of course, this raises the question of convergence in distribution of the sequence
(A,/n'7),50. The next theorem gives a negative answer.

Theorem 1.2. For 3 large enough, the sequence (A, /n"),>o does not converge in
distribution.

However, we can establish convergence in distribution along certain subsequences.

Theorem 1.3. For any A > 0, denoting nx(k) = |M'(q)7%], we have

Anyt)  d Y,
O

where the random variable Yy has an infinitely divisible law puy.

We now describe the limit laws p,. For some constants p and C, (the constant p is
defined in (Z2), the constant C, in Lemma [T, we have

Yy = (P(Ja/\)l/7 2/}00)\)1/7

where _
Y, has the law J(dy,0, L)) .
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The infinitely divisible law J(dy, 0, £,) is given by its Lévy representation (see [17], p.
32). More precisely, the characteristic function of J(dy,0, L)) can be written in the
form

it

E [eiﬂa] = /eimj(d,\,o,ﬁ)\)(d:p) =exp | idxt +/ (em —-1-

0

2) AL ()

1+z

where d) is a real constant and £, a real function which is non-decreasing on the
a

interval (0,00) and satisfies £(x) — 0 for  — oo and [ 2?dLy(z) < oo for every
0
a > 0. Comparing to the general representation formula in [I7], p. 32, we here have

that the gaussian part vanishes and £y (z) = 0 for < 0. The function £, is called
the Lévy spectral function. Note that £, is not a Lévy-Khintchine spectral function.

In order to describe L, define the random variable

S Bin(Wompoo)
where ps, = 1—3! is the escape probability of a 3-biased random walk on N. Further,
the random variables e; in ([L3) are i.i.d. exponential random variables of parameter
1 and the non-negative random variables (e;), Wi, and S, in (L3)) are independent.
The random variables S, and Wy, will be described in ([Bf) and Proposition
respectively. The random variable Bin(W., peo) is of law Binomial with parameters
We and po. Now, denoting by Fo(z) = P[Z, > z] the tail function of Z.,, we have

Theorem 1.4. (i) The Lévy spectral function Ly is given by
0 if v <0,
Li(x) = —(1—=p577) Zﬁkaoo(xﬁk) if £ > 0.
k€EZ
(i) for all X € [1,3) and z € R, Ly(x) = NLy(Ax) and Lg(z) = L4(x).
(iii) dy is given by

2o
B S e

keZ

(iv) Ly is absolutely continuous.
(v) The following bounds hold

1 1 1
(1.4) FEIZL)— < ~Li0) <EZ1)
(vi) The measure py is absolutely continuous with respect to Lebesque measure and
has a moment of order o if and only if a < 7.
(vit) When (3 is large enough, x7Ly(x) is not a constant.
(viii) The random variable Z, has an atom at 0 and a smooth density b on (0,00).
Further, Z., has finite expectation.

Remark 1.1. We believe that Theorem[LA holds true for all values 3 > .. The proof
would amount to showing that the function 27 Ly (x), with L,(x) given in Theorem[IZ)
18 not a constant.
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Next we explain briefly, using a toy example, the reason for the non-convergence
of (A,/nY7),>¢ and the convergence of subsequences in Theorems and The
reasons lie in the classical theory of sums of i.i.d. random variables. Consider a
sequence of i.i.d. random variables G;, geometrically distributed with parameter a.

Let .
Sp=>Y B9
=1

It is easy to see, using classical results about triangular arrays of i.i.d. random variables

(c.f. [I7]), that for a = %ﬁa—a), and ny (k) = 37°% the distributions of
1

WSHA(k)

converge to an infinitely divisible law

(see Theorem [l for a more general result). But obviously here S, /n'/® cannot
converge in law, if v < 2, because one easily checks that the distribution of 3% does
not belong to the domain of attraction of any stable law. This is the basis of our
belief that Theorem should be valid for any 3 > (..

We now discuss the motivation for this work. If one considers a biased random
walk on a supercritical percolation cluster on Z¢, it is known that, at low bias, the
random walk is ballistic (i.e. has a positive velocity) and has gaussian fluctuations,
see [20] and [H]. Tt is also known that, at strong bias, the random walk is subballistic
(i.e. the velocity vanishes). It should be noted that, in contrast to the Galton-Watson
tree, the existence of a critical value separating the two regimes is not established for
supercritical percolation clusters. The behaviour of the (law of) the random walk in
the subballistic regime is a very interesting open problem. It was noted in [21] that the
behaviour of the random walk in this regime is reminiscent of trap models introduced
by Bouchaud (see [6] and []). Our work indeed substantiates this analogy in the
simpler case of supercritical random trees. We show that most of the time spent by
the random walk before reaching level n is spent in deep traps. These trapping times
are roughly independent and are heavy-tailed. However, their distribution does not
belong to the domain of attraction of a stable law, which explains the non-convergence
result in Theorem

We note that it is possible to obtain convergence results to stable laws if one gets
rid of the inherent lattice structure. One way to do this is to randomize the bias .
This is the approach of the forthcoming paper [3].

For other recent interesting works about random walks on trees, we refer to [12], [T],

and [18)) .

There is also an analogy with the one-dimensional random walk in an i.i.d. random
environment (RWRE). This model also shows a ballistic and a subballistic regime,
explicitly known in terms of the parameters of the model. We refer to [24] for a
survey. In the subballistic regime, it was shown in [I3] that depending on a certain
parameter x € (0, 1], and under a non-lattice assumption, % converges to a functional

of a stable law, if Kk < 1, and n/Xlgn converges to a functional of a stable law, if Kk = 1.

Recently, using a precise description of the environment, [§] and [9] refined this last
theorem by describing all the parameters of the stable law, in the case k < 1.

Our method has some similarity to the one used in [9]. In comparison to [9], an
additional difficulty arises from the fact the traps met depend not only on the environ-
ment but also on the walk. Moreover one has to take into account the number of times
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the walker enters a trap, which is a complicated matter because of the inhomogeneity
of the tree. This major technical difficulty can be overcome by decomposing the tree
and the walk into independent parts, which we do using a new variant of regeneration
times.

The paper is organized as follows: In Section ] and Section B we explain how to
decompose the tree and the walk. In Section Bl we give a sketch of the proof of
Theorem [[3 Sections B - @ prepare the proof of Theorem and explain why the
hitting time of level n is comparable to a sum i.i.d. random variables. Section [I{ is
self-contained and its main result, Theorem [l is a classical limit theorem for sums
of i.i.d. random variables which is taylored for our situation. In Section [[Il we finally
give the proofs of the results. In Subsection [[T1l we apply Theorem [l to prove
Theorem Subsection is devoted to the proof of Theorem [L2, Subsection
gives the proof of Theorem [Tl and Subsection [T.4 the proof of Theorem [l

Let us give some conventions about notations. The parameters 5 and (pg)r>o will
remain fixed so we will usually not point out that constants depend on them. Most
constants will be denoted ¢ or C' and their value may change from line to line to
ease notations. Specific constants will have a subscript as for example C,. We will
always denote by G(a) a geometric random variable of parameter a, with law given
by P[G, > k] = (1 —a)k~t for k > 1.

2. CONSTRUCTING THE ENVIRONMENT AND THE WALK IN THE APPROPRIATE
WAY

In order to understand properly the way the walk is slowed down, we need to
decompose the tree. Set

(2.1) g(s) =

f(Q-gs+a)—q h(s) = f(gs)
1—q q

It is known (see [I4]), that a f-Galton-Watson tree (with py > 0) can be generated
by

(i) growing a g-Galton-Watson tree T, called the backbone, where all vertices
have an infinite line of descent,

(ii) attaching on each vertex x of Ty a random number N, of h-Galton-Watson
trees, acting as traps in the environment 7,

where N, has a distribution depending only on degy, () and given T, and N, the
traps are i.i.d., see [14] for details.

We will call bud a vertex at distance exactly one of the backbone. It is important
to consider the backbone together with the buds to understand the number of visits
to traps.

It will be convenient to consider the attached Galton-Watson trees together with
the edge which connects them to the backbone. We define a trap to be a graph
(x UV, [z,y] U E), where x is a vertex of the backbone, y is a bud adjacent to x and
V' (resp. E) are the vertices (resp. edges) of the descendants of y. The traps can
themselves be decomposed in a portion of Z called the spine, to which smaller trees
called subtraps are added, this construction is presented in detail in Section Bl

Let us now construct the random walk. We need to consider the walk on the
backbone and on the buds, to this end we introduce
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F1GURE 1. The Galton-Watson tree is decomposed into the backbone
(solid lines) and the traps (dashed lines).

(1) o0 = 05 =0,
(2) opy1 = inf{i > 0,|X;_1, X; € backbone},
(3) 0,41 = inf{i > 0},| X;_1, X; € backbone U buds},
and we define Y,, = X, the embedded walk on the backbone, respectively Y, = X,/
the embedded walk on the backbone and the buds.
Moreover define AY = card{i > 0]o; < A,} the time spent on the backbone to
reach level n and similarly AY" = card{i > 0|0} < A, }.
Denote, for a set A in the tree T{ = min{n > 1|X,, € A}, T,f := TJ;}, Ty =
min{n > 0|X,, € A}, and T, := T},.
Note that the process (Y;,),>0 is a Markov chain on the backbone, which is inde-
pendent of the traps and the time spent in the traps. Here one has to be aware that
visits to root do not count as “time spent in a trap”, precise definitions will follow

below. Hence, in order to generate Y,, we use a sequence of i.i.d. random variables U;
uniformly distributed on [0, 1]. If ¥; = w with Z7 children on the backbone, then

(1) Y;+1 = U, if Uz c [O, ﬁ],

(2) Yig1 = the j-child of w, if U € [1 = 5251~ $=28].

For background on regeneration times we refer to [22] or [24]. In the case of a
(-biased random walk Y, on Z, a time t is a regeneration time if

37} > maxffs and fft < minffs.
s<t s>t
Definition 2.1. A time t is a super-regeneration time for Y, if t is a regeneration
time for the corresponding 3-biased random walk Y, on Z defined by

(i) Yo =0,
(i) Yo=Y, —1,ifU, € [O, ﬁ],



(iii) ffnﬂ = )7" + 1 otherwise.

We denote t — SR the event that t is a super-regeneration time for Y,,.

It is obvious that a super-regeneration time for Y,, is a regeneration time for Y,, in
the usual sense (the converse is false).

The walk can then be decomposed between the successive super-regeneration times
(1) T0 = 0,

Since the regeneration times of a 3-biased random walk on Z have some exponential
moments, there exists a > 1 such that E[a™ ™| < oo and E[a™] < 0.

Remark 2.1. The advantage of super-regeneration times compared to classical regen-
eration times is that the presence of a super-regeneration time does not depend on the
environment, but only the on the sequence (U;);>o.

Remark 2.2. The drawback of super-regeneration times is that the event that k is a
super-regeneration time depends on the random variables (U;);>o and not only on the
trajectory of the random walk (Yy,)n>0-

Denoting for £ > 1, the o-field

G =0(T1, s Ty Yonr, Jn>0, {2 € T'(w),z is not a descendant of Y, }).

We have the following proposition

Proposition 2.1. For k > 1,
Pl(Yrin — Y )nso € -, {z € T(w),x is a descendant of Y, } € -|Gy]
=P[(Y,)n>0 € -, T(w) € -|0 — SR].
Remark 2.3. The conditioning 0 — SR refers only to the walk on the backbone, hence

it is obvious that the behaviour of the walk in the traps and the number of times the
walker enters a trap is independent of that event.

We skip the proof of this Proposition for it is standard. A consequence of the propo-
sition is that the environment and the walk can be subdivided into super-regeneration
blocks which are i.i.d. (except for the first one). As a consequence we have that

card{Yy,...,Y, . Elcard{Y;,..., Y~
(2.2) pn = (b ay} satisfies p, — p := [card{ i

n E[TQ — Tl]
which is the average number of vertices per level visited by Y,,. This quantity is finite
since it is bounded above by than 1/v(f3), where v(f3) is the speed of |Y,,| which is
strictly positive by a comparison to the (-biased random walk on Z.

,JP—a.s

When applying the previous proposition, it will be convenient to use the time-shift
for the random walk, which we will denote by 6.

3. CONSTRUCTING A TRAP

In the decomposition theorem for Galton-Watson trees, we attach to the vertices
of the backbone a (random) number of h-Galton-Watson trees. We will denote their
distribution with Q, hence Q[Z = k] = qx := pr¢" !, where Z denotes the number
of children of a given vertex. As stated before the object we will denote a trap has
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an additional edge: to describe a trap ¢ we take a vertex called root (or root(f) to

emphasize the trap), link it to another vertex (denoted root(¢)), which is the actual
root of a random h-Galton-Watson tree.

When we use random variables associated to a trap, we refer to the random part of
that trap (the h-Galton-Watson tree). For example the notation Z, is the number of
children at the generation n with root being generation 0. In particular, we introduce
the height of a trap

(3.1) H =max{n > 0,7, > 0},

and we say a trap has height k if H(¢) = k, i.e. the distance between root and the
bottom point of the trap is k.

This way of denoting the random variables has the advantage that Z,, (resp. H)
are distributed under Q, as the number of children at generation n (resp. the height)
of a h-Galton-Watson tree.

The biggest traps seen up to level n are of size —Inn/Inf'(q), therefore a trap will
be considered big if its height is greater or equal to
Inn W

(3.2) hy, = {(1 ) hr@

for some € > 0 which will eventually be chosen small enough. Such a trap will be
called a h,-trap or a big trap. It is in those traps that the walker will spent the
majority of his time and therefore is important to have a good description of them.

The traps are (apart from the additional edge) subcritical Galton-Watson trees, as
such, they can be grown from the bottom following a procedure described in [I0], that
we recall for completeness. We will denote by ¢ the starting point of the procedure,
corresponding to the leftmost bottom point of the trap, this last notation will be kept
for the whole paper.

With a slight abuse of notation, we will denote by () a probability measure on an
enlarged probability space containing the following additional information.

We denote by (¢,41,¥n+1) with n > 0, a sequence of i.i.d pairs of random variables
with joint law given by

(33) Q[¢n+1 - j, Qﬁn—f—l = k] = CanQ[Zn = O]j_lQ[Zn-H = O]k_ja 1 S.] S ka k Z 1a

Q[H=n]
Q[H=n+1]"

Set 7o = {6}. Construct 7,41, n > 0 inductively as follows:

where ¢,, =

(1) let the first generation size of 7,1 be ¥,

(2) let 7, be the subtree founded by the ¢, 1-th first generation vertex of 7,1,

(3) attach independent h-Galton-Watson trees which are conditioned on having
height stricly less than n to the ¢,,.1 —1 siblings to the left of the distinguished
first generation vertex,

(iv) attach independent h-Galton-Watson trees which are conditioned on having
height strictly less than n + 1 to the ¥, 11 — ¢,41 siblings to the right of the
distinguished first generation vertex.

Then 7,11 has the law of an h-Galton-Watson tree conditioned to have height n+1
(see [1I0]).
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We denote 7 the infinite tree asymptotically obtained by this procedure; from this
tree we can obviously recover all 7,,. If we pick independently the height H of a h-
Galton-Watson tree and the infinite tree 7 obtained by the previous algorithm, then
T has the same law as a h-Galton-Watson tree.

We will call spine of this Galton-Watson tree the ancestors of §. If y # ¢ is in
the spine, 3 denotes its only child in the spine. We define a subtrap to be a graph
(x UV, [x,y] U E), where z is a vertex of the spine, y is a descendant of x not on the
spine and V' (resp. E) are the vertices (resp. edges) of the descendants of y. The
vertex x is called the root of the trap and we denote

(3.4) S, the set of all subtraps rooted at z .

root

A root

FIGURE 2. The trap is decomposed into the spine (solide lines) and the
subtraps (dashed lines).

We denote by S;i]f and H;ﬁ with n,i,7 > 0 and £k = 1,2, two sequences of

independent random variables, which are independent of (¢,,, ¥, )n>0 and given by

(1) S»tLit (resp. S™2) is the j-th subtrap conditioned to have height less than
n added on the left (resp. right) of the n + 1-th (resp. n-th) ancestor of d,

(2) % is the weight of S%7* under the invariant measure associated to the
conductances 3! between the generation i and i + 1, the root of Si/* being
counted as generation 0.

These random variables describe the subtraps and their weights.

We denote IT*** = 0 and
i—1

Yi—¢;
(3.5) Ni(w) =D T+ > I,
=1 =1

which is the weight of the subtraps added to the i—th ancestor of §.
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Due to the following lemma, the random variables A; will be important to describe
the time spent in traps.

Lemma 3.1. Let (G, c(e)) be a finite or positive recurrent electrical network, © € G
and Py the law of the random walk started at x. If 3, . c([z,y]) =1, then

E T =2) ce).

eeG

Proof. Denote 7 the invariant measure associated with the conductances of the net-
work. Then 7(.)/7(G) is the invariant probability of the network and the mean return
time formula yields

BT = 200 = 7(G),

since 7(z) = ), _, c([z,y]) = 1. Then we simply notice that

7(G) =2 cle).

ecG

Let us introduce another important random variable
(3.6) Se =2 B(1+A),
i=0

which appears in the statement of our theorem. It is the mean return time to ¢ of the
walk on the infinite tree 7 described in the algorithm following (B3).

Lemma 3.2. There exists a constant Cy, depending on (py)r>0, such that for n > 0
and k > 0,

Q[¢n+1 = k] < kaqk-
In particular, for another constant 5w, supEq[ii] < 5¢ < 00.
ieN
Proof. Recalling ([B3)), we get
k

Qw1 =k = Qléni1 = j,¥ni1 = k]

J=1

k
= o Y Q[Zyn = 0V ' Q[Zps1 = 0]
Jj=1
S anqk

It is enough to show that the sequence (¢,),>0 is bounded from above. A Galton-
Watson tree of height n + 1 can be obtained as root having j children, one of which
produces a Galton-Watson tree of height n, the others having no children of their
own. Thus }

1/Cn = Q[H =n-+ 1]/Q[H = n] > qué_l’
for any j > 1. We fix jo > 1 so that g;, > 0 and we get

1 _
Q[wnJrl = k] < joflqu 17
4500
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where we used q; = prg" ! < ¢F L. O

Using this lemma we can get a tail estimate for the height of traps.

Lemma 3.3. There exists o > 0 such that
Q[H > n] ~ of'(¢)".

Proof. Tt is classical (see [TT]) that for any Galton-Watson tree of law Q with E5Zi] =
m < 1 expected number of children, we have

lim L[Zn; 0]

n—oo m

>0 <= E5lZ log" 7] < o0.

The integrability condition is satisfied for Q since ¢, = prg" ' < ¢!, and the
result follows. O

We also recall the following classical upper bound
(3.7) Q[H >n] =Q[Z, > 0] = Q[Z, > 1] < EqlZ,] =f'(q)".

The following lemma seems obvious, but not standard, so we include its proof for
the convenience of the reader.

Lemma 3.4. We have for k >0,
Q[Z1 <k|Z, = 0] > Q[Z; <k
In particular Eq|Z;|Z, = 0] < £'(q)*, for any i > 0 and n > 0.
Proof. Denoting D,, a geometric random variable of parameter 1 — Q[Z,,_; = 0] which

is independent of Z;, we have Q[Z; < k|Z, = 0] = Q[Z, < k|Z, < D,). Then
compute

>, QID, > j1Q[Z = j]

>0 QD > j1Q[Z: = j]

_ (1 L T QD > 71Q17: = j])l
Yr QD >1QZ =] )

now use that for all j/ < k < j we have Q[D, > j| < Q[D, > k| < Q[D,, > 7,
yielding

Q[Zl S k?|Zl < Dn] =

Zk':—o Q[Zl - ]]
Q[Z < k|Zy < D) > =% - = Q[Z; < k.
D S N A I
U
We can now estimate Eq[A;].
Lemma 3.5. For alli > 0,
c 3y
Eq[Ai e (F@)9)
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Proof. Using (BH), Lemma B2 and Lemma B4 we get

Eq[Ai] = Eql¢il Eq[ILi 1] + Eq[vi — ¢i] Eq[IL;] < EqIL] Su£ Eq[v:] < Cy Z f'(q)’ %,
1€ j=1

and the result follows immediately, since f'(q) > 1. O
Finally, we get the following
Proposition 3.1. We have

20, 3 1
EalSxl < T mp gy (@ Ttis f'<q>) <00

Proof. Recalling Lemma BH, we get

FalSa] <2 Y07 Eall + A < Tt 30571+ (@) < o

and we conclude using f'(¢q) < 1. O

4. SKETCH OF THE PROOF

In the first step, we show (see Theorem BJl) that the time is essentially spent in
h,,-traps.
Then we show that these h,-traps are far away from each other, and thus the

correlation between the time spent in different h,-traps can be neglected. Moreover
the number of h,-traps met before level n is roughly pC,n®. Let

(4.1) Xo(n) = the time spent in the first h,, — trap met

where we point out that there can be several visits to this trap. At this point we have
reduced our problem to estimating

A Xl(n) oot XpCanE(n)v
where x;(n) are i.i.d. copies of xo(n).

Now we decompose the time spent in the first h,-trap according to the number of
excursions in it starting from the root

Wi
x1(n) = ZTo(Z)a
i=1

where W, denotes the number of visits of the trap until time n and TO(Z) an i.i.d. se-
quence of random variables measuring the time spent during an excursion in a big
trap. It is important to notice that the presence of an h,-trap at a vertex gives
information on the number of traps at this vertex, and thus on the geometry of the
backbone. So the law of W,, depends on n. Nevertheless we show that this dependence
can be asymptotically neglected, and that for large n, W, is close to some random

variable W, (Proposition BG.1I).

Now we have essentially no more correlations between what happens on the back-
bone and on big traps. The only thing left to understand is the time spent during
an excursion in a h,-trap from the root. To simplify if the walker does not reach
the point ¢ in the trap (this has probability ~ 1 — p.,), the time in the trap can be
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neglected. Otherwise, the time spent to go to 9, and to go directly from ¢ back to the
root of the trap can also be neglected, in other words, only the successive excursions
from ¢ contribute to the time spent in the trap. This is developed in Section B, and
we have
Bin(Weo,pso) G(H) —1
(42) ama~ > Y T,
i=1 =0
where T\ are ii.d. random variables giving the lengths of the excursions from ¢ to
§. Further, G® is the number of excursions from ¢ during the i-th excursion in the
trap: it is a geometric random variable with a parameter of order 3. Since 37 is
very small (H being conditioned to be big), the law of large numbers should imply
that
G —1
> T ~ GBI & VS,
j=0
and also we should have G — 1 ~ 3%e;. This explains why, recalling (),
x1(n) =~ " 2.

We are then reduced to considering sums of i.i.d random variables of the form Z;3%
with X; integer-valued. This is investigated in Section We then finish the proof
of Theorem [ in Section [l

Remark 4.1. The reasoning fails in the critical case v = 1, indeed in this case we
have to consider a critical height h,, which is smaller. This causes many problems, in
particular in big traps there can be big subtraps and so, for example, the time to go
from the top to the bottom of a trap cannot be neglected anymore.

5. THE TIME IS ESSENTIALLY SPENT IN BIG TRAPS
We recall that h, = [—(1 —¢)Inn/Inf'(¢)]. Lemma B3 gives the probability that
a trap is an h,,-trap:

(5'1) N = Q[H > hn] ~ af/(Q)hna

For x € backbone, we denote
(5.2) L, the set of traps rooted at x

(if  is not in the backbone then L, = (}). Let us denote the vertices in big traps by
(hy) ={y € T(w) |y isin a h,, — trap.}.
Our aim in this section is to show the following

Proposition 5.1. For e > 0, we have

nl/“f

forallt >0, P H

Zt]—>0

where
(5.3) x(n) =card{1 <i < A,|X;1,X; € L(h,)}

is the time spent in big traps up to time A,,.

Define
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1(n) = {A, < Cin},
o(n) = {card UiAleyi < Cyn}
3(n) = { max card{0 <i < AY|Y; €4, X, 1 €L} < Cs lnn},

ZGLYZ. ,ZSA}{

(iv) A(n) = Ai1(n) N Az(n) N As(n).

The following lemma tells us that typically the walk spends less than Cin time
units before reaching level n, sees less than Cyn traps and enters each trap at most
C51nn times.

Lemma 5.1. For appropriate constants Cy, Cy and Cs, we have
P[A;(n)°] = o(n™?) and P[A(n)°] — 0.

Proof. By a comparison to the 8-biased random walk on Z, standard large deviations
estimates yields

P[Ai(n)] = o(n™?),
for C' large enough.

On A;(n), the number of different vertices visited by (Y;);>o up to time AY is
at most Cin. The descendants at each new vertex are drawn independently of the
preceding vertices. Moreover at each vertex the mean number of traps at most the
mean number of children, thus E[card Lo] < m/(1 — ¢). The law of large numbers
yields for Cy > Cim/(1 — q) that

Cin '
P[As(n)] < IP’[Z card L(()Z) > C’gn] + P[A;(n)°] — 0,
=0

where card Lg) are i.i.d. random variables with the law of card Ly. This yields the
second part.

For A3(n), we want, given a vertex z in the backbone and any ¢ € L, to give an
upper bound on the number of transitions from x to y, where y is the bud associated
to x. Let z be an offspring of x in the backbone. Then, at each visit to z, either the
walker does not visit y or z, or it has probability 1/2 to visit y first (or z first). Hence,

(i) the number of transitions from = to y before reaching z is dominated by a
geometric random variable of parameter 1/2,

(ii) the number of transitions from z to z is dominated by a geometric random
variable of parameter p.,, since the escape probability from z is at least p.

Consequently the number of transitions from x to y is dominated by a geometric
random variable of parameter p../2. Thus

P[A3(n)° N Ay(n)] < ConlP [G(poo/Q) > Csln n} < OO mUmpe/2H
and if we take C3 large enough we get the result. O

Now we can start proving Proposition Bl Decompose 4, into
(5.4) A, =AY +x(n)+ > N(0),
te U Ly, \ L(hy)
where N({) = {1 <i < A,|X; 1 €, X; € (}.
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The distribution of N (/) conditionally on the backbone, the buds and (Y});<ay,

the walk on the backbone and the buds, is Zf:‘l Réi). Here we denoted Ey the number

of visits to ¢ and Réi) is the return time during the i-th excursion from the top of ¢.
These quantities are considered for traps ¢, conditioned to have height at most h,,.

Obviously we get from (B4) that
(5.5) A, > x(n).
From (B4 we get for t > 0,
P25 > 1] < BlA(ny] + P[Cin + £ S A = )]
<o(1) + P[SZ S8 BY > 401,

(5.6)

where we used Lemma B.11

Chebyshev’s inequality yields,

Con C3lnn Con C3lnn _
2C,C5n* Y7 1Inn
T >C3 (1)
P[;]Zm > n V]_mIMELZZRE}_ t E[RY].
Using Lemma B4 and Lemma B, we have
hn—1
B[R] = EqlEulT i)l H < b =2 §'EqlZ,|H < h]
1=0
hn—1
<2 (Bf(q)' < Onl=ICH),
i=0
Plugging this in the previous inequality, we get for any € > 0 and ¢ > 0
Caon Cslnn
Y RO Sat] = o)
=0 j5=0
thus recalling (B0) and (B3) we have proved Proposition Bl O

6. NUMBER OF VISITS TO A BIG TRAP

We denote K, = maxycyr, H({), the height of the biggest trap rooted at = for
x € backbone, where we recall that H denotes the height of the trap from the bud
and not from the root.

Lemma 6.1. We have
P[KO > hn] ~ Caf,(Q)hn

where C, = aq m;f/q(Q) , recalling Lemma [Z3 for the definition of .

Proof. We denote Z the number of children of a the root and Z* the number of children

with an infinite line of descent. Let P be the law of a f-Galton Watson tree which is

not conditioned on non-extinction and E the corresponding expectation. Recall (1))

and let H® i =1,2,... be i.i.d. random variables which have the law of the height

of a h-Galton-Watson tree. Then

E[(1—n.)*7 (1 - 1{Z* = 0})]
lL—gq

?

P[Kozhn]:P[ max H<i>zhn]:1—

i=1,...,2—Z*
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where the indicator function comes from the conditioning on non-extinction, which
corresponds to Z* # 0.

Hence § Lo
El(1— %)Z—Z ] — E[(1 - %)Z—Z 07 ]

l—gq
and using E[s?~%t?"] = f(sq + t(1 — q)) (see [14]) we get
F((L=m)g+1—=q) = £((1 = nm)q)

P[Ky > h,] =1-

Y

P Ky>h,=1-— .
(Ko > h] 2
Now, using (BJ]) and the expansion f(z — z) = f(2) — f'(2)z + o(z) for z € {q, 1},
we get the result. O

Define the first time when we meet the root of a h,-trap using the clock of Y,,,
(6.1) K(n) = inf{i > 0| Ky, > h,}.

We also define £(n) to be a h,-trap rooted at Yx ), if there are several possibilities
we choose one trap according to some predetermined order. We denote b(n) the
associated bud.

We describe, on the event 0 — SR, the number of visits to ¢(n), by the following
random variable:
(62) Wn = C&I’d{’i ‘ Xz = YK(n)a XfiJrl = b(n)},

where w is chosen under the law P[] and X,, under Py[-|0 — SR]. We will need the
following bounds for the random variables (W}, ),>1.

Lemma 6.2. We have W,, < G(ps/3) for n € N, i.e. the random variables W,, are
stochastically dominated by a geometric random variable with parameter ps,/3.

Proof. For n € N, starting from any point = of the backbone, the walker has probabil-
ity at least 1/3 to go to an offspring y of z on the backbone before going to b(n) or T .
But the first hitting time of y has probability at least p,, to be a super-regeneration
time. The result follows as in the proof of Lemma BTL U

Proposition 6.1. There exists a random variable W, such that
W, L W
where we recall that for the law of W,,, w is chosen under the law P[] and X,, under
P[]0 — SR].
Remark 6.1. [t follows from Lemma Gl that Wy, < G(pso/3)-

Fix n € N* and set m > n. We aim at comparing the law of W,, with that of W,,
and to do that we want to study the behaviour of the random walk starting from the
last super-regeneration time before a h,-trap (resp. hp,-trap) is seen. This motivates
the definition of the last super-regeneration time seen before time n,

Y(n) :==max{0 <i<n| i—SR}.

For our purpose it is convenient to introduce a modified version of W,,, which will
coincide with high probability with it. For m > n, recall that 6 denotes the time-shift
for the walk and set

K(m,n) =1inf{j >0 | Ky, > hp, l(m) o Os;y = £(n) o Os;},
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the first time the walker meets a h,,-trap which is the first h,-trap of the current

regeneration block and we denote by b(m,n) the associated bud. Set
Wonn = card{i | X; = Y& Xip1 =b(m,n)},

where w is chosen under the law P[] and (U;),<(y, ) under Fy'[-|0-SR].

(m,n)

Lemma 6.3. For m > n we have that

d

W = Wh.

Proof. To reach a vertex where an h,,,-trap is rooted, the walker has to reach a vertex
where an h,,-trap is rooted. Two cases can occur: either the first h,-trap met is also
a h,,-trap or it is not. In the former case, which has probability 7,,/n, > 0, since the
height of the first h,-trap met is independent of the sequence (U;)i<k ), the random
variables W, ,, and W,, coincide. In the latter case, by its definition, K (m,n) cannot
occur before the next super-regeneration time, hence K(m,n) > 71 o 0. In this
case Wmm = Wmm 0 Ok (n) and then by Proposition LTI,

Wm,n o ‘9T106K(n) i Wm,na

and Wiy, 5, 0 07,09, is independent of (Ui)ingogK(n),l.

The scenario repeats itself until the h,-trap reached is in fact a h,,-trap, the num-
ber of attempts necessary to reach this h,,-trap is a geometric random variable of
parameter 7,,/n, which is independent of the (U;)’s.

This means that there is a family (Wéi))izl of 1.i.d. random variables with the same
law as W,, such that
Wm n — WyEG)a

where G is a geometric random variable independent of the (Wéi))izl. Then, note
that we have
W = WO LW,
O

Now we need to show that W,,, and W, coincide with high probability, so we
introduce the event

A = {(m) = £(n) 0 Os(rcmy }
on which clearly W,, , and W,, are equal.

Lemma 6.4.
(6.3) sup P[A;, |0 =SR] — 0 for m — oo

m>n

Proof. Let us denote, recalling (B.2)
Vji = {card U{€ € Ly,,lis a hj-trap} = z’},
k=0

and

yirt = {card O{e € Ly, ( is a hy-trap} > Z}

J
k=0
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Then we have
(6.4) P[Af, ,|0 — SR] < P[V,2*|V,. ", 0 — SR].

Let us denote card Trap the number of traps seen before 7,
T1
card Trap = card{ﬁ | ¢ e U Lyi},
i=0

and its generating function by
o(s) =E [scard Trap|g — SR} .

The probability of A,,,, can be estimated with the following lemma, whose proof is

deferred.

Lemma 6.5. We have
Vm >n, PVETVET 0 — SR < ¢'(1) — @' (1 —1n,).

Now we have E[card Trap|0 — SR} < E[r|0 — SR]|E[card L] < oo because of Re-
mark 2] and hence ¢’ is continuous at 1, and (G3) follows from (E4). O

Applying Lemma B3, Lemma and ([E3) we get,
P[W,, > 4|0 — SR] = P[Apn, Wi > 4|0 — SR] 4 o(m, n)
=P[W . > 9|0 — SR] + o(m, n)
= P[W,, > y|0 — SR] + o(m, n),
where sup,,>,, o(m,n) — 0 as n goes to infinity.

The law of a random variable W, can be defined as a limit of the laws of some
subsequence of (W,,), since the family (W,,)m>0 is tight by Lemma B2 Then taking
m to infinity along this subsequence in the preceding equation yields

Vit >0, P[Wy <t|0—SR|=P[W, <t|0 -SR]+ o(1).
This proves Proposition O

It remains to show Lemma B0

Proof. Note that for ¢ > 1,

. P o — .
(6.5) BIVIVE*,0 - SR = a0 =SR] gy gpy

P[V.1¥]0 — SR
P[Vi[0 —

< PVil0 =SR] S0 b > o > )
P[V1*]0 — SR]
P[Vi0 —

< BIVIO=SK)

T P[VLT|0—SR]

P[Vi|0— SR]

< 4"

M
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Then we have

> iP[V;|0 - SR]
i>2
= Z ZP[card Trap = j|0 — SRJi (j)nfl(l — )
i>2 j>i ¢
() -
:ZﬂP’[cardTrap:j\O—SR Z ( )Un 1—n,) "
j>0 =2 =
Jj— .
—1 , 4
=1, Z]IP’ [card Trap = 7|0 — SR Z ( . >77n(1 _ 77n)(371)ﬂ
7>0 =1
=1, ZﬂP’[card Trap = j|0 — SR] <1 —(1— Un)j_l)
Jj=0

=1 (¢'(1) = '(1 = 1))
Inserting this in (E3]) we get

PV V™0 — SR] = Y P[V;|V,,*,0 - SR]

<SPI0 - SR] = (1) — ¢/(1 ),

" i>2
which concludes the proof of Lemma G5 O

We will need the following lower bound for the random variable W.

Lemma 6.6. There exists a constant cyy > 0 depending only on (p;)i>o0, such that

Proof. By Proposition 6], it is enough to show the lower bound for all W,,. First let
us notice that
(6.6)

(=) | 2 002 gy
ZKm)+1) ™ =5 TG w ) T 7]
where Z(K(n)) is the number of offspring of Yi(,. To show (GH), note that the
particle has probability at least 3/(8Z(K(n))+1) > 1/(Z(K(n))+ 1) of going from
Yk to b(n) and when it comes back to Yk, again there is probability at least
1/(Z(K(n))+1) to go from Y () to one of its descendants on the backbone and then
there is a probability of at least p,, that a super-regeneration occurs. The event we
just described is in {W,, > 1} N {0 — SR}. For the second inequality in (G8), use

B> Be=1"(q)~" hence ps =1 - 571 > 1-1f(q).

Now, we notice that the law of the Z(K(n)) is that of Z; conditioned on the event
{an h,, — trap is rooted at 0}. Denote j, the smallest index such that jo > 1 and
pj, > 0 (which exists since m > 1) and Z; the number of descendants of 0 with an
infinite line of descent. All Z; — Z7 traps rooted at 0 have, independently of each

P[W, >1]0-SR] >E
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other, probability 7, of being h,-traps, so that
P[Z(K(n)) = jo| = P[Z1 = jo | an h,, — trap is rooted at 0]
_ P[Zl = jo, BIH(Z1 — Zik,ﬁn) 2 1]
Plan h,, — trap is rooted at 0]
S P21 = jo, 21 — Z7 > 1]
~ Plan h,, — trap is rooted at 0]
Further, since P[Bin(Z; — Z7,n,) > 1] < Zin,, we have

Plan h,, — trap is rooted at 0] < Y P[Z; — Z7 = jljn. < mn,.
=0

Putting these equations together, we get that
> P[Zl :jo,Zl—Zi< 2 1]
P m .

The last equation and (E8) yield a lower bound for P[IW,, > 1] which depends only
n (P )k>0- U

7. THE TIME SPENT IN DIFFERENT TRAPS IS ASYMPTOTICALLY INDEPENDENT

In order to show the asymptotic independence of the time spent in different big
traps we shall use super-regeneration times. First we show that the probability that
there is no h,-trap in the first super-regeneration block goes to 0 for n — oo.

Define
(n) ={Vi € [1,n], card{Y~,,..., Y., } <n°},
(n) ={Vi € [0,71], card Ly, < n*},
(iii) Bs(n) = {Vz’ € (0,7, Yl € Ly,, {is not a h,-trap},
i ( 2,n], card{j € [r, 7i41] | Ly, contains a h,-trap} <1},

(v) B(n) = Bi(n) N By(n) N Bs(n) N By(n).
Lemma 7.1. Fore < 1/4, we have

P[B;(n)°] = o(n™?) and P[B(n)] — 0.

Proof. Since 75 — 71 (resp. 71) has some positive exponential moments and B;(n)¢ C

Ui {7i41 — 7 = n°},
P[B(n)°] = o(n™?).

Using the fact that the number of traps at different vertices has the same law,

P[B5(n)°] < P[By(n)] + n°P[card Ly > n*] < o(1) + n_‘g% = o(1),

where we used Chebyshev’s inequality and E[card L] < E[Z;] < m/(1 — q).
Then we have
P[Ba(n)] < PB3(n)7] + nn = o(1),
yielding the result using (B1l), since € < 1/4.

Finally, up to time n we have at most n super-regeneration blocks, on Bj(n) they
contain at most n° visited vertices. Since the probability that among the n® first
visited vertices after a super-regeneration time, two of them are adjacent to a big trap
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is upper bounded by n*P[Kj > h,]* (here we imlicitely used Remark (21I)). Hence,
we get

P[Bi(n)] < P[By(n)] + nn*(Cn*")* = O(n* ™),
yielding the result for e < 1/4. O

We define R(n) = card{Y1,...,Yay } and [, the number of vertices where an h,,-trap
is rooted: 1, = card{z’ € [0,AY], Ly, contains a hn—trap}. Recall (Z2) and define

(7.1) Ci(n) = {(1 = n"")pn < R(n) < (1+n""")pn}

(72)  Go(n) = {(1=n)pCanf ()" <1y < (140~ )pCanf ()" }

(7.3) Cs(n) = {Vl <i<AY, card{f € Lyl is a hn—trap} < 1}
and C(n) = C1(n) N Cy(n) N Cs(n).
Lemma 7.2. Fore < 1/4, we have

P[C(n)] — 0.

Proof. First, we notice that

n
C&I‘d{Yi’ R YAZ} = Z G(l) (poo)7

i=1
where the geometric random variables G are i.i.d.. Indeed each super-regeneration
time occurs at a point where the walk goes from a vertex to one of its children and
never comes back, hence the time up to the n-th super-regeneration time is at least the
number of sites on the backbone visited to get to level n. Furthermore by Chebyshev’s

inequality,

PH card{Yy,...,Yar}

n

<card{Y1, . -,YA{}H

— p’ > n’1/4] < n'/?E [Var

<n~*?E [(Var <i G (poo)>]

< n_l/QE[G(pOO)Q]a

n

yielding P[C}(n)¢] — 0.

On C)(n) we know that there are R(n) € [pn(1—n""%), pn(1+n~*)] vertices where
we have independent trials to have h,-traps. Hence [, has the law Bin(R(n), P[Ky >
h,]), where the success probability satisfies P[Ky > h,] < Cn°~! has asymptotics
given by Lemma Bl Now, standard estimates for Binomial distributions imply that
P[Cy(n)c N Cy(n)] — 0.

On Cy(n), there are at most Cn® vertices where (at least) one h,-trap can be rooted,
we only need to prove that, with probability going to 1, those vertices do not contain
more than two h,-traps. Using the same reasoning as in Lemma we get

P[0 has at least two h,,-traps|0 has at least one h,-trap,0 — SR]
<E(1)— F(1-5,) < O,
where we used that E[Z?] < oo, which implies that ”(1) < oc.
The result follows from the fact that 7, = o(n™¢) for ¢ < 1/4. O
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Let us denote, recalling (B),

2Inn
D(n) = max HY) < ——¢.
") {f € Uino,...axy Ly, = —lnf’(q)}

Lemma 7.3. We have

P[D(n)¢] — 0.
Proof. Due to ([B1), we know that Q[H > jﬂfz )] < n~? so using Lemma (1]
P[D(n)] < P[As(n)] + P[As(n) N D(n)] < o(1) + Con™' = o(1),
which concludes the proof. ([l

On B(n) there is no big trap in the first super-regeneration block, on B(n) N C(n)
all big traps are met in distinct super-regeneration blocks and Cs(n) tells us the
asymptotic number of such blocks. Moreover on D(n), we know that to cross level n
on a trap, it has to be rooted after level n—(—21Inn/Inf’ ( )). Hence using Lemma [T],
Lemma [C2, Lemma [[3, Proposition X1 and Remark 23], we get

Proposition 7.1. Let x;(n) be i.i.d. copies of xo(n), see @)7 andf =n—(-2Inn/Inf'(g)).
Then we have
(1=7~5/) pn Comtf’ (q)"7 (14n=/*)pp Canf’ (q)"

> xi(n) = x(n) = > Xi(1)-

i=1 =1

In the light of Proposition Bl our problem reduces to understanding the conver-
gence in law of a sum of i.i.d. random variables. The aim of the next section is to
reduce x1(n) to a specific type of random variable for which limit laws can be derived

(see Section [M).

8. THE TIME IS SPENT AT THE BOTTOM OF THE TRAPS

We denote by d;(n) (resp. root;(n), b;(n)) the leftmost bottom point (the root, the
bud) of the i-th h,-trap seen. In a similar fashion y; denotes the time spent in the
i-th h,-trap met.

We want to show that the time spent in the big traps is essentially spent at the
bottom of them, i.e. during excursions from the the bottom leftmost point §. In order
to prove our claim, we introduce

X;(n) =card{k > 0| X} € {;(n),k > Ts5,mn), T5;mn) © O < o0},

the time spent during excursions from the bottom in the j-th trap met. It is obvious
that

x;(n) 2 x;(n).
We prove that
Proposition 8.1. Fore < 1/4, we have that

forallt >0,

ZX] ] )zt _>O

nl/“f
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In order to prove the preceding theorem, we mainly need to understand y;(n) and
Xi(n). Note that y;(n) is a sum of W), successive i.i.d. times spent in ¢(n) and xj(n)
is a sum of W, successive i.i.d. times spent during excursions from the bottom of ¢(n).
We can rewrite the theorem as follows

In) WV
(81)  forallt >0, [ = !Z > Ty = T 2 1] = 0
=1 j=1
where
Tﬂooti(n) ={k>0]| X € 4i(n), card{% <k, Xz,, =bi(n), Xz =root;(n)} =3},
and
T, oy = {k > 0] Xi € ti(n), card{k <k, Xj,, =bi(n), Xz =rooti(n)} =,

k> T5,0), Ts;(n) © O < 00},
and (Wéi)),i > 1 are i.i.d. copies of W,,.

Consequently, in this section we mainly investigate the walk on a big trap, which
is a random walk in a finite random environment. Recall that root is the vertex
Yk (n) on the backbone where £(n) is attached. Moreover set Q,[-] = Q[- | H > h,],
Eq,[]= Eq[-| H = hy], E°[] := Ef,u[] and Eq, [] = Eq.[E[]

root

Remark 8.1. To ease notations, we add to all these probability spaces an independent
random variable W,, whose law is given by (G2), under the law P[-|0 — SR] for n €
NU {co}.

We will extensively use the description of Section Bl in particular we recall that a
trap is composed of root which is linked by an edge to a h-Galton-Watson tree.

We want to specify what ¢(n) looks like. Denoting
W {(1 +¢) lnn“
! —Inf'(q)
consider
() A(n) = {H < b},
(ii) As(n) = {there are less than n® subtraps},

(iii) As(n) = {all subtraps of ¢(n) have height < h,},
(iv) A(n) = Ai(n) N Az(n) N Az(n).

Lemma 8.1. Fore < 1/4, we have
Qu[A(n)] = o(n™).
Proof. First

Q[H = hy] - -
- 22— - < &€ — 3 .
Q)] < Qi < Cn ¥ = o)
Furthermore using Lemma B2, Lemma B4 and ([B7), we get

Qn[A2(n)‘]
<Qu[A1(n)] + Qn[Al(n), there are n°/h; subtraps on a vertex of the spine]

<o(n™®) + b} Cy—q" /" = o(n™°).

h+q
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Finally
Qn[As(n)7]
<Qu[A2(n)] + Qnl[A2(n), there exists a subtrap of height > h,,]
<o(n™%) +nnn = o(n”),
where we used (BJl) and € < 1/4. O

Using Chebyshev’s inequality we get, recalling ((C2),

(n) W,
T
[ 1/v Z Z root;(n) rootz(n)>’ > t]
< —E[H{G ()} 1{A(n }22 o — Tis)] + BIC2 ()] + QulA(n)]
=1 j
2pCycgn® x
< PCo(n)] + QulA(n)) + "= = EL{AM N Ty )~ Troney o))
where ¢5 = E[G(pxo/3)], implying E| Y(Lj)] < ¢g. Hence using Lemma and
Lemma [L2]
(8.2)
* e— *,1
|:n1/fy ’Z Z root;(n) roit (n ))’ 2 t:| _771 1/WEan[1{14(77’>}(T‘7“100t1( )_Troot1(n))] —0
=1 j=1

We have to estimate this last expectation. Consider an h,-trap. Each time the
walker enters the h,-trap two cases can occur: either the walker will reach §, or he
will not reach § before he comes back to root. In the former case, 7.5, — T:O;; is the
time spent going from root to d for the first time plus the time coming back from &
to root for the last time (starting from ¢ and going back to root without returning to

§). In the latter case, T.5 , — T, equals T.F ,. This yields the following upper bound
(8.3)

E[1{AM)H(Tr0r — Tyoor)]
<Eq, [L{A(n)}Er [H{AMT | T3 < Tyl + Equ[M{AMn)}ES [Tr0 | Troo < T3']]
+ EQn[]‘{A( )} root[ root | TrJ(r)ot < T5+H‘

To tackle the conditionings that appear, we shall use h—processes, see [9] and [24] for
further references. For a given environment w let us denote h* the voltage (see [15])
on the trap, given by h*(z) = P#[T.5,, < T; |, with h“(root) = 1 and h*(d) = 0.
Then we have the following formula for the transition probabilities of the conditioned
Markov chain

(8.4) PIX) = 2| TE < Ts) =

for y, z in the trap.
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We recall that the voltage is harmonic except on § and root. It can be computed
using electrical networks:
—(H+1—d(root,yNd))

w w —d(roo 1 - 6
W (y) = 1 (y 1 6) = B s

In particular, comparing the walk conditioned on the event {T;" > T)f ,} to the
original walk, we have the following:

(1) the walk remains unchanged on the subtraps,
(2) for y on the spine and z a descendant of y not on the spine, we have

Pw[Xl y‘ root < TJ] > Pw[Xl - Z‘ root < TJ]
(3) for y ¢ {9, root} on the spine, we have

PyXa t<T6]>ﬁP;[ oot < Ts].

| 700 | T 00!

(2) and (3) state respectively that the conditioned walk is more likely to go towards
root than to go to a given vertex of a subtrap and that restricted to the spine the
conditioned walk is more than [-drifted towards root.

Lemma 8.2. For z € {§,root}, we have
Eq, [1{A(n)}E [T, , < T3] < Clnn)n-=0/mwe

root | roo

Proof. First let us show that the walk cannot visit too often a vertex of the spine.
Indeed let y be a vertex of the spine, using fact (3), we have Py[T,f > T,0 T 5, <
Ts5] > poo. Hence the random variable N(y) = card{n < T.f | X = y} with (X,,)
conditioned on {T.} , < T5} is stochastically dominated by G (ps), a geometric random
variable with parameter po.

Furthermore, we cannot visit often a given subtrap s(y) € S, (recall B4). Indeed, if
we denote the number of visits to s(y) by N(s(y)) = card{n < Tt ,| X, =y, Xn41 €
s(y)}, using remark (2) and a reasoning similar to the one for the asymptotics on
Az(n) in Lemma B we have that N(s(y)) with (X,,) conditioned on {T,f , < Ts} is
stochastically dominated by G(pe/2).

00

Let us now consider the following decomposition
N(s)

Thy=Tomet Y SR,

s€subtraps j=1
where Ty, = card{n < T,5,| X, is in the spine} = 37 _ o N(x), and R is the time
spent in the subtrap s during the j-th excursion in it. Moreover, on A(n), the law of
any subtrap s is that of a Galton-Watson tree conditioned to have height strictly less
than ¢ + 1 for some i < h,,. Then Lemma Bl implies that for such a subtrap, E“[R?]

has the same law as 21‘[2&1 which satisfies using Lemma Bl that Eq, [IT}] < C(3f'(q))".

Moreover, on A(n), there are at most A vertices in the spine and at most n® subtraps,
hence

Eq,[H{A(n)}E5 [Tror | Troor < T3] < My E[G(poo)]
+ hyin* B[G(pe/2)]C (B (g)"
and using (5f'(¢))" < Cn(=90/7=1 we get
Eq, [{AM)}EF [Ty | Trhy < T3] < C(lnn)ntt=9t/m0se
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U

The previous proof is mainly based on the three statements preceding the statement
of Lemma Similarly, one can show the following

Lemma 8.3. For z € {§,root}, we have
Eq, MAM}E[T} | T < T,

root

H < C(ln n>n(175)(1/771)+€.

Proof. To apply the same methods as in the proof of Lemma K2, we only need that
the h-process corresponding to the conditioning on the event {75 < T.f ,} satisfies
that

(1) the walk remains unchanged on the subtraps,
(2) for y on the spine and 2z a descendant of y not on the spine, we have P’ (X; =
7|T6+ < TrJgat] > P;[Xl = ZlT(SJr < T?"Jgot]’

(3) for y # {6, root} on the spine, we have P¥[X, = Y| < T},
YT < T

root] .

| > BP[X) =

This immediately follows from the computation of the voltage he, given by /ﬁw(z) =
Pe(Ts < TE ., with h*(root) = 0 and h*(§) = 1. A computation gives

root
. R 6H+1 _ 6d(y/\6,6)
(8.5) h(y) = h*(d(y N 6,0)) = G 1

From ([B3)), Lemma and Lemma B2, we deduce that
(5. E[L{AM) HTy — Tish)] < Clinmn-90/-045

root ~ ‘root

Now using (B0) and ([82) we prove (§Il), more precisely

S X (n) = x5(n)

for all t > 0, P -
n /v

> t] < o(1) 4+ C(Inn)n*-1==0/=1),
and thus Proposition follows for e < 1/4. O

9. ANALYSIS OF THE TIME SPENT IN BIG TRAPS

Let us denote Q,, := Q[ - | H = h%] where
hY = [Inn/ —Inf'(q)].
Note that

w -5
(9.1) pi(H) = PRI < T3,] = [y =CED)

where we recall that the distance between root and § is 1 + H. Moreover let us denote
w - ﬁ_l
(9.2) po(H) == Py [T}, < Ty = G~ 1
We have the following decomposition
Bin(Wy,p1(H)) G(p2(H))® -1
(9.3) xim) = > > T8,

i—1 j=1
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where T'57) is the time spent during the j-th excursion in the i-th trap, which is
distributed under Q,, as T;" under P¢[ - | T} < Tt ] with w chosen according to
Q,, for all (i,5). The T are independent with respect to P¥ and for iy # i
(Te(;lc’j )) j>1 and (Te(fcj )) j>1 are independent with respect to Q,,. For k € Z and n large
enough, let Z* be a random variable with the law of x*(n)/8% under Q,,x and ?ﬁ
be a random variable with the law of xj(n)/3% under Q,,,,. Furthermore we define
Zoo 1= S°° — ZBIH(W‘X’ P) e, see ([F), where (e;);>1 is a family of i.i.d. exponential
random Varlables of parameter 1, chosen independently of the (independent) random
variables S, and W .. Our aim is to show the following

Proposition 9.1. We have
z 4z,
Moreover there exists a random variable Z,, such that

E[Z1€] < 00, for any e >0,

sup

and L
form e N and k > —n, Z, 2 Zap.

Let us start by proving the convergence in law. The decomposition ([@3)) for xi(n)
can be rewritten using (@2

Bin(Wh,p1(H)) H—1 H G(pg(H))(i)—l
— 06~ 6% —1 po(H) .
94 *(n) = g7 E E Te(;’cj)a
( ) Xl() B 1—ﬁ1 BH — 3 11—p2(H)

i=1 j=1

which yields an explicit expression of Z¥. We point out that E[G(p.(H)) — 1] =
(1—pa(H))/p2(H). The convergence in law is due to the following facts (more precise
statements follow below):

(1) For H large,
—p " HE'-1) 1
(1=pH@B*=p"1) 1-p"Y
(2) By the law of large numbers, we can expect
G(p2(H)) ~1
Y TE) = (Gpa(H)D = 1) E5 [T,
j=1
(3) Since pg(H) is small, (G (p2(H))W —1)/E[G(p2(H))D — 1] ~ e,
(4) EY¥ [Te(mc | & Sy for H large enough,
(5) Bin(W,,,p1(H)) ~ Bin(Wy, ps) since W, L W by Proposition and
p1(H) — ps @s H goes to infinity.

Fact (1) is easily obtained, since for £ > 0

1 1 —p~HHL g 1
(9.5) Q-1 < T 5 g S 1o
for n large enough.

We start by computations with the measure Q,, and we will be able to come back to

QnJrk‘

=1,
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For (2) and (4), we need to understand P¢[-|T;" < T.}

oor) and to this end we will

consider the h-process associated with this conditioning. Recall the voltage he given
as h*(z) = P¥[Ts < Troot), with h¥(§) = 1 and h*(root) = 0, see ().

We shall enumerate the vertices of the backbone from 0 to H + 1, starting from ¢
up to root. With these new notations formula (8I) becomes

BH—H By/\&
5H+1 -1

where y A ¢ is identified to its number which is d(y A §,0) as it is a vertex of the
backbone.

The transition probabilities are then given as in ([&4]). Obviously they arise from
conductances, we may take

(i) ¢0,1) =1,
(ii) e(i,i+1) =a(i—1,4)

(9.6) he(y) = h(y A ) =

PPIX=i+1|T; <Th ] .
<1 <
Pe[X1=i—1|T; <T,} for 1 <i<H,

'root}

1)Pip[()flzz‘1:|rTf3;f$] for i # 0 on the spine and z one of its

'root}
descendants which is not on the spine,
(iv) €y, z) = B3c(y ,y) for any vertex y not on the spine and z one of its descen-

dants.

(iii) 24, 2) = &i,i —

We can easily deduce from this that for y # root in the trap and denoting 2z, =
0,...,2, =y the geodesic path from ¢ to y:

o ) ﬁ PoIXy = 2jn| Ty < Tl
C{Zn—1, =
PO T P X = T < T

root] ’

which gives using (@.8]) that
h(i+ (i) _ (1= )1 = gt

9.7 li,i+1)=0" =
6-7) ( )= h(1)h(0) (1=p=H)(1—p- )
For a vertex z not on the spine, we have
- h(z A6
Az, 7)=pU= ’ZM)A(Zi/\)c(z Nd,zN6—1)
h(z A0 —1)

o 1 — ﬁz/\é—(H—I—l)

(9.8) = U= 1 — 3eAo—1—(H+1) c(zNb,z2N0—1).

Together with Lemma Bl this yields, with T,,. a generic random variable with the
law of Te(i;}),

(1= ﬁz HY(1 — i (H+D) _ gi—H+Y
(9.9)  Ej[Teac] 2Zﬁ - ;El _B(HH); <1 + 5@ el (w))

where A; was deﬁned in ([33)

We see that the random variable S, is the limit of the last quantity as H goes to
infinity. More precisely, using (.9) we have 0 < So, — E¥[T¢..] and for n large enough
such that
(1= g1 (1 = gD

(1= 3 (1= 5 G D)

for all k < hy,/2, >1-28",
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we get
B /2

Seo = E§ [Teze] < 2(; ﬁii<1 - ((11__

ﬁz‘—H)(l _ Bi—(H-f—l))
fH) (1 — p-(H+D) >(1 + Ai))

i=hn /241
hn/2

< 48" hn/2<25 1+A) (Z g 1+A)

i=hn/2+1

Hence, since S, > 1 and using Chebyshev’s inequality, we get
(910)  Qu[(1 =€) < B¥[Teae] < S| = 1= QulSc = B [Tewd] 2 €]

1 10
>1— =3 hn/2 - su Eoll + A,
2L g s Boll A
=1+o(1),

where we used Lemma B and the fact that ¢ < 1/4, this proves (4).

In order to prove (2), we have to bound E¥[T?] from above. This is not possible
for all w, but we consider the event

2e

Asm) = { B (1] <n'5" |,

and show that it satisfies the following.

Lemma 9.1. For 0 < e < min(1/3,2v/3), we have
Q.[A5(n)] — 0.

Proof. In this proof we denote for y in the trap, N(y) the number of visits to y
during an excursion from 4, which is distributed as card{0 < n < T;"|X,, = y} under

PE|Ty < T ,,]. We have
BT = [(ZN )]
yetrap
< Z E5 1/2Ew[N( ) ]1/2
y,z€trap
- (X o)
yEtrap

Now fix y in the trap, denote q1 = Py'[T,) < Ty |Ty" < T, and ¢ = PY[Ty <
THT < T

o). Then we have

Vk>1, PYIN(y) =k =aq(l— )" e

Hence

2-a _ 2q
=Y nPa(l-¢)" '@=0— < .
n>1 Q2 5
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Then by reversibility of the walk, if 7 is the invariant measure associated with the
conductances ¢, we get ¢; = 7(0)q1 = 7(y)ge. This yields
o 27 (y)
(9.11) BV < 72,

Furthermore we have
(9.12) G2 > (1/(Zi(y)3 + 1))peoB~ 10 /2.

Indeed suppose that y is not on the spine, otherwise the bound is simple. Starting
from y, we reach the ancestor of y with probability at least (1/(Z;(y)5+ 1)) then the
walker has probability at least 3-4¥¥"9) to reach yAS before y, next he has probability

at least 1/2 to go to y A 0 before going to z, where z is the first vertex on the geodesic
—_—

path from y A é to y. Finally from y A 9, the walker has probability at least p,, to go

to 0 before coming back to y A 9.

We denote by 7 the invariant measure associated with the [-biased random walk
(i.e. not conditioned on T;" < T.f ), normalized so as to have () = 1. Then we
have

(1) For any y in the trap, 7(y) < 7(y) because of (@7) and (@),
(2) and by definition of the invariant measure (Z;(y)3+ 1)3%0M)=dw:0/y) — 7(y),

Now plugging (2) in (@I2) yields a lower bound on g which can be used together
with (1) in (&IT) to get
EZ[N(y)’] < C1"Mm(y)?,
and

eExc

ESU[TQ ]1/2 <C Z ﬁd(é,é/\y)/Zﬂ_(y)'

yetrap

As a consequence, with A(n) as in Lemma Bl we get

o, [L{A()} B} [T2,J4] < CEq, [1{A()}3_5~A]

Rt

< OZ(B”Qf’(q))i

< Cmax(1, (5°F())").
where we used Lemma Bl and Lemma 4] for the first inequality.
Since (ﬁlﬂf’(q))h;r = n(1+9)(1/27=1) "wwe get by Chebyshev’s inequality that
1-2¢ 1 »
QuL{AM)} S [T2,]'° > 0] < ——= Eq, [{A(n)}EF[T7]"?]

exrc n o
<C max(nf%, n3e/@n=1=ey,
The conditions on ¢ ensures that this last term goes to 0 for n — oo. Hence
P[A(n) N A5(n)] — 0
and the result follows using Lemma O
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We now turn to the study of

(H))—1
p2(H) QZ 700
1 pQ(H) s exc

Consider the random variable

-1
9.13 N, = {—eJ,
(9.13) g In(1 — po(H))
where e is an exponential random variable of parameter 1. A simple computation
shows that N, has the law of G(p2(H)) — 1.

Set £ > 0, we have using Chebyshev’s inequality,
QTL [( f N EzS 6330 < Z ezc — +€ N EzS [Tea:c]

SN T,

>1 = Qu[|EEE By T > €3 Tuad], Ny # 0, B (T5,] < 0721
— QulE*[1%,] = n 7] = QuIN, = 0]
n(1=29)/%
> B [ 1N, £ 0)5] — QuIE“ITE] = 7] Qu[N, = 0],

We have Qn[Ng =0] = po(H) < pa(hy) < Cn=(1=9)/7Inn, and hence

po (L2420 ol 2] < 0t

Putting together the two previous equations using Lemma @] we get for & < 1,

(9.14) Q. [( — E)N B¢ [Tune] < Z Q) < (14 &N, EY [Tm]] 1.

This shows (2). Turning to prove (3), we have

Qn [(1 —¢) L In(1 jpg(H))eJ = %EE)H)G <(1+9) L In(1 ij(H))eJ]

Q po(H) —In(1 —pQ(H))>
1 —po(H) 1+¢
~ (- Jor =2,
po(H)  —In(1—py(H))
furthermore since ’1%1’ — m is bounded on (0,¢;) by a certain M > 0 so that
for n large enough with po(h,) < €1, we get

(9.15)
Qu|(1-9) Lmu —1p2(H))eJ <- ;fiﬁfl)e s (148 Llna —1p2(H))eH

b= Q"[(—ln(l Epz(H)) —Me<1]- Q"K_—ln(l EpQ(H)) +M)e> 2]

2
¢/(=In(1 = pa(hn))) — M) > 1—(C/€)pa(hn),

> eXp<—
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which shows (3).
As a consequence of (@I0), (@I4) and 0921:5]) we see that for all £ € (0, 1),

(9.16) Qn[(l—g)s < 1_p2 ZE“’ (1+€)Sse ] 1
for n — oco. Using (@2), (EI10) and ([@H) we get

w 1 SOOe
(917) Qn |:(1 _f) 6 1 = BH ZE Te(:vc S +€>1 _5_1] —1

for n — oo, which sums up (2), (3) and (4) For any k > —n, the equation (@I7)
obviously holds replacing n with n + k, and since

Q.[H = [In(n+ k)/Inf'(q)]] > cx > 0 (this follows from Lemma B3)), we have

See 1 s Soe
018 Quaf0 -7 < i BTG < (1 O 725

Only part (5) remains to be shown. Coupling Bin(W,,, p~) and Bin(W,,, p1(H)) in
the standard way,

— 1.

Q4 [Bin(Wo, pc) # Bin(W,,, pr(H))]
<Y PW = j]Qux[Bin(j, poc) # Bin(j, p1 (H))]

Jj=20
<> PW, = j1j (pr(hh ) — o))
Jj=20
<E[W,] (pl(hgl+k) _pOO)
<C (pl(thrk) - poo) — 0, forn— o
where C' := F[G(px/3)] > E[W,] by Lemma [E2 Hence,

Bin(Wn,p1(H)) G(p2(H))—1 Bin(Whn,po) G(p2(H))—1

ol X X mQulm XY o

For &, > 0, introduce N(g1) such that max,<. P[W,, > N(1)] < (1 —pso/3)VED <
e1 and using the independence of W), (for n € NU {oo}) of the trap and the walk on
the trap, we get for any ¢, > 0,

Bin Wn poo p2(H Bln(Woo poo) G(pQ(H

Que 5 DY T§;g>>t} Qe 57 > X T§;g>>t]

Bin(j,pc0) G(p2(H))—
< S0V, =)~ W = 7)o 37 > X T§;g>>t}
Jj=0
Bln(Jpoo p2(H o
<| Y B =)~ W = )i 3 IBEDY Ts;@zt} +a1
JEI0N(e1)]
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and the right-hand side goes to €; as n goes to infinity since

P[W,, = j] — P[Wa = ]| — 0,
jnax [P, = j] - P Jll =
by Proposition Bl So letting £; go to 0, we see that
(9.19)
B 1 Bin(Wh,p1(H)) G(p2(H))— 1 Bin(Weo,poc) G(p2(H))—
Q| > Z 16> JQuilgs X X 16> ] =0
i=1 j=1

Let us introduce
A(€) ={for all i € [1, Bin(Wie, poo))

GO (p2(H))—1

i 3 T£;g>e[<1—£> Sﬁlw<+f> 51}}

j=1

where (e;);>1 is a sequence of 1.i.d. exponential random variables of parameter 1 which

satisfy
-1

B hn(l —pg(H))eiJ'
We have, denoting o;(1) the left hand side of (Z19)
Q4[] 2 ) P[Bin(Wes, poc) = iJ(1 — 01(1))’

> ZIP’[Bin(WOO,pOO) = ](1 —i01(1))
= 1_— E[Wxlo1(1) = 1 forn — oco.

GO (po(H)) —

Hence, for any & > 0, we get
1 Bin(Wp,p1(H)) G(p2(H))—

Qulmr XX 1] - i Y ez o

i=1

and
Bin(Wy,p1(H)) G(p2(H))— Bin(Weo,poo)

R S S = s MICET LA

Concluding by using the two previous equations with £ going to 0, we have the
following convergence in law:

Bin(Wp,p1(H)) G Bin(Weo,poo)
—k 1

Soo
Zn:ﬁ—H Z Z Te(;c]) 1_75,1 Z €,

i=1
where we recall that ?ﬁ has the law of y}(n)/ under Q,,,,, and the e; are i.i.d. expo-
nential random variables of parameter 1. This shows the first part of Proposition 1

Now let us prove the stochastic domination part. First notice that
Bin(W,,,p1(H)) =< G(pxo/3) and E¥[T1] < To,

exc)
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where T is distributed as the return time to d, starting from ¢, on an infinite trap.

Hence for k > —n
G(poo/3) Gp2(h) 4 1))

Aagis s X1

=1

where (Tgé(i’j))i7j21 are i.i.d. copies of T°.. Now recalling that ZG(“ G(b)™ has the
same law as G(ab), where all geometric random variables are independent, and using
the fact that

Bk > cE[G(poepa(hf) /3))

for some ¢ = ¢(B) > 0, we get

. C G(PwPQ(h%+k)/3)

0
= E1G(psop2(hiy i) /3)] 2 T

i=1

Now, we prove the following technical lemma

Lemma 9.2. Let (X;);>0 a sequence of i.i.d. non-negative random variables such that
E[X1] < oo and set Y; := (Xy+---+ X;)/i. Then there exists a random variable Y,
such that

foralli >0, Vi< Yy,
and E[Y €] < oo for all e > 0.

sup
Proof. Using Chebyshev’s inequality we get that for any ¢ > 0,
1
for all ¢ > 0, PlY; >t < ;E[Xl].
If we choose Yg,, such that P[Yy, > ¢] = min(1l, E[X;]/t) for x > 0, then Y,

stochasticaly dominates all Y,, and has a finite (1 — €)-th moment for all e > 0. O

ext(' which are integrable
under P and we get a certain random variable Tg,,. We add to our probability spaces
a copy of Ty, which is independent of all other random variables. Then for any ¢ > 0,

G(poop2 (h91+k)/3)

Now we apply this Lemma to the random variables T,

— =k — C (i
P < g o 2]
< S FCHanto0)/3) = WP g gy ST 2 4
< S BCwpa(tha)/3) = K[ prae— s sup>t}
0 Clpspa(H04)/3)
<P E s T 2 1]

and since pepa(hi ,)/3 < 1/3, we can use the fact that for any a < 1/3 we have
G(a)/E[G(a)] = 3/2e. This shows that

for all n > 0, and k& > —n, ?Z = Celyyyp,

where e and Ty, are independent, so that the right-hand side has finite (1 — ¢)-th
moment for all ¢ > 0. This finishes the proof of the second part in Proposition @1 [
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10. SUMS OF I.I.D. RANDOM VARIABLES

This section is completely self-contained and the notations used here are not related
to those used previously.

Set § > 1 and let (X;);>0 be a sequence of i.i.d. integer-valued non-negative random
variables such that

(10.1) P[X) >n] ~Cxp™",
for C'x € (0,00) and vy > 0.

Let (XZ-(Z))Z-ZO be a sequence of i.i.d. integer-valued non negative random variables
with the law of X; conditioned on X; > f(l), where f : N — N is such that [ — f(l) —
00.

Let (Zi(l))z‘zo,lzo be another sequence of i.i.d. non-negative random variables and let
ZM® have the law of Z” under P - | X = 1 4 k], if this last probability is well
defined, and as Zi(l)’(k) = 0 otherwise. Define

(10.2) forkeZ, 1>0, F(z):=Pz>® >y
We introduce the following assumptions.

(1) There exists a certain random variable Z,, such that
forall k€ Zand >0,  Z"® 4 7 .
(2) There exists a random variable Zg,, such that
foralll>0, k> —(I— f(l)) andi >0, 2z"® <z
and F[Z)F] < oo for some ¢ > 0.

sup

Moreover set

2

Y(l) _ ZZ-(l)ﬁXi(l) and Sy(Ll) — Zy;(l)’
=1

and for A € [1,3), (\)i>o converging to A and [ € N, define

NY = |np-fo
KN = g

Finally we denote by F(z) = P[Z, > x| the tail function of Z.

Theorem 10.1. Suppose that v < 1 and Assumptions (1) and (2) hold true. Then
we have

Sy
for all X € [1,3) and (\)i>0 going to A, K]Y(l’\) — J(dy, 0, L)),
l

where J is an infinitely divisible law. The Lévy spectral function Ly satisfies
(10.3) forall A >0 and x € R, Li(x) = NLi(Ax) and Ls(x) = L4(z),

and

0 ifz <0,
(10.4) Li(w) =9 —(1=87)Y A" Fu(ap) ifz>0.

kEeZ
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In particular, 3(dy,0,Ly) is continuous. Moreover, dy is given by

Z
— 2\t — g (1+y)k 0
(10.5) dy = A7 (1— 3 )I;ezﬁ + E[()\ﬁk)2+zgo .

The fact that the quantities appearing above are well defined will be treated in the
course of the proof.

In order to prove Theorem [l we will apply Theorem 4 in [2], which is itself a
consequence of Theorem IV.6 (p. 77) in [I7].

Theorem 10.2. Let n(t) : [0,00) — N and for each t let {Yi(t) : 1 < k < n(t)} be
a sequence of independent identically distributed random variables. Assume that for
every € > 0, it is true that

(10.6) lim P[Yi(t) > ¢] = 0.

t—o0

Now let L(x) : R\ {0} — R be a Lévy spectral function, d € R and o > 0. Then the
following statements are equivalent:

(i)
tlggloz Yy (t) LN Xior fort— oo

where X4, 0 has law J(d, o, L).
(ii) Define for T > 0 the random variable Z.(t) := Y (t)1{|Y1(t)| < 7}. Then if x
is a continuity point of L,

P limy oo n(t)P [Y1(t) < ],  forz <O,
(z) = —limy oo n(t)P[Y1(t) > x|, forax >0,
o = lim lim sup (n(t) Var(Z-(t))),

t—o0

and for any T > 0 which is a continuity point of L(x),

d= lim n(t)E [Z.(t)] +/| - dL(z) —/ ° dL(x).

2 2
n—00 of>r L+ @ Sa>0 1+ @

The condition ([LG) is verified in the course of the proof, in our context n(t) goes
to infinity.

10.1. Computation of the Lévy spectral function. Fix A € [1,3) and assume
that © > 0 is a continuity point of £,. We want to show that

@
1

K™

(10.7) — lim NV P > 2| = Ly(z).

The discontinuity points of £y are exactly Cx = {(8*yn)/), k € Z, n € N} where
{yn,n € N} are the discontinuity points of F, (these sets are possibly empty).

Let us introduce
(10.8) forkez,  a:=PX">1+k.
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Since NV ~ ATOYY | we can write, recalling
1

)
ﬁv(lf(l))p<y; > x)

KO
=) _
=Yk = (= FONF Qas™)5 D (of) o).
keZ
Now recalling (L)) and (LY, we see that for I — oo,
(10.9) Bi=F@ ( gk

using [ — f(I) — oo, the fact that Az3* is a continuity point of F, (because x > 0 is
a continuity point of £,) for any k& and Assumption (1), we see that for all k € Z

1k > —(1 = FUDIFY Qa5 0 (o) — o))
(10.10) —Fo(MxB M) %1 -7 forl — co.

In order to exchange limit and summation, we need to show that the terms of the sum
are dominated by a function which does not depend on [ and is summable. Recalling

Assumption (2) and using ([IL1]) we see that ﬁwl—f(l))a(l) < 57" and

—(
Sk =~ = FOIFY Mag ™3IO (o) o))
kEZ
<CY FapAzp*)p ",
keZ,
where Fgup(7) = P[Zyp > x]. This last sum converges clearly for k — 0o, and to
show that it converges for k — —oo we simply notice that for any y > 0

S Bz s =B Y ]

k>0 0<k<|In(Zsup/y)/ In 3]
<(1- Bﬂ)flE[ﬁwln(Zsup/y)/lnﬁ] < 00,

since we assume that E[Z]F7] < oo.

Hence we can exchange limit and sum. Using (IIIT10) and the fact that [— f(I) — oo,
we get
\ Y(l)
— lim NV P >z =-N(1-87)> Fu(raph)p",
l—o0 K( )
! keZ

and, taking into account ([ILJ), this proves ().

10.2. Computation of d). Fix A € [1,3). Since the integral fOT xdLy is well defined,
it suffices to show that for all 7 € Cy, 7 > 0
()

N T o
(10.11)  dy = lim l—(A)E[Yl(l)l{Yl(l) < TKl()\)}} —/ deA—I—/
I=oo K 0 0

14+ 22

First let us notice that NZ(A)/Kl()‘) ~ (ABY~1377 D We introduce
(10.12) for all u > 0, G,(gl) (u) = E[Z{l)l{Zfl) < u}|X1(l) =k+1].
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Considering the first term in (([LTT), we compute
[O-DIA O R [Yl(l)l{yl(l) < T)\ﬁl}}

=S 1k = == FO)} () = o)) IO BGO (A5 ).

keZ

Using [ — f(I) — oo, (Y) and Assumption (1), we see that for all k € Z and
T € Cy,

(10.13) 1k > (= fO)}|(af - o)) #0860 (rA5)
s (1= BB G (TAB ),

where

(10.14) Goo(t) = E[Z:1{Zo < 2}].

Once again we need to show that we can exchange limit and sum, which amounts
to find a summable dominating function which does not depend on [. Using the fact
that for u > 0

GV(u) < wand B~0VEG (wp™F) < pRut B[22,

(to see the second inequality, use E[Y1{Y < s}] < s*E[Y!17?1{Y < s}]| with a =
1 —~v—¢)), we get that

Dok > (= FaN (o ol ) IO 5 G A5
keZ
<C(PAY B+ (PN TEIZL] Y B < o,
k>0 k<0
due to Assumption (2). Hence recalling ([LT3)), we get that for 7 € C)
N 04 10 (A I k(y k
(10.15)  Jim KZ(A)E[Yl 1 < 1KV} = X )Y BTG (TABY).

keZ

Furthermore, recalling (L3) and ([I4), we get for 7 € Cy

! . k k
/OdeA (1 /xSTmed o) (Az ")

keZ
=\ 1- 37 [~k \eBFd(—F o) ( M\ 3F
( >Z L PP )
2\ 1 Zﬁ(w 1)kG (T/\ﬁk)

keZ
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and this term exactly compensates for (ILTH). Hence, we are left to compute in a
similar fashion,

*
dy —
A /0 14+ 22

() / o P F )

1+ I Az 3" T k
AT %ﬁ 7 /0 L D 0w
Loo
_)\Hw Zﬁ 1+7)k [)\Bk) s 75 )

This sum is finite since the terms in the sum can be bounded from above by
Cy(N)B~e*E[Z2] and Cy(X) 3%, where C1(A) = max,>q (2177 /(A? + 22)) and Cy(\) =

sup
max,>oz/(A* + 2%). The first upper bound is summable for k& — oo, the other for

k — —oo and so d) is well-defined.

10.3. Computation of the variance. We show that for any A € [1, 3) we have

N
(10.16) o? = lim lim sup l/\ Var (Yl(l)l{Yl(l) < TKZ(’\)}> =0.
0 oo (Kl( ))2
First, using ([ILIH), let us notice that
(A)

N
(10.17) lim —L B [V < 7V} = 0.
=00 (Kl(/\))Q

Further, we have ]\fl(’\)/(Kl(k))2 ~ (A3Y)772377f D Define
W) () — Y1470 W _
for all u > 0, H’(w)=FE|(Z2) {2} <u} | Xy =k+1|.
We compute

2
ﬁ('yf2)lf'yf(l)E[<Y'1(l)> 1{)/1(” < T)\ﬁl}]

=Dk = (1= F IO ED 5 (o —afl,).
keZ
By (@) we have a( )ﬁV(l* ) < Oy~ hence the terms of our sum are bounded
above by C1 8@V HY (rA3). Note that H\” (1) < u?, so that

BERHY (rAG ) < BTN
which gives an upper bound for £ > 0. On the other hand, Assumption (2)

BERHD (rABTH) < BN 20

sup
These inequalities imply that
(N)

lim sup é/\))2var(yl(l)1{yl(l) < TKl()‘)}) < Oy,

l—o00 I
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where (5 is finite and depends on € and A. Hence letting 7 go to 0 yields the result,
since in Assumption (2) we can assume ¢ to be as small as we need in particular it
can be chosen such that 2 —~v —¢ > 0.

11. LIMIT THEOREMS

11.1. Proof of Theorem Assume ¢ < min(1/4,2v/3). For A > 0, we will
study the limit distributions of the hitting time properly renormalized along the sub-
sequences defined as follows

for k€ N, ny(k) = |M'(q)7"].
First, recalling ([I3), using Proposition and Lemma B33, we can apply Theo-

rem [T to get
p\;fl)\(k)gv(k—f(k))J

2 ) S Vi,
i=1

where f(k) := hn, ) = [—(1 —¢)In(na(k))/Inf'(¢)] and Yy, oz, is a random variable
whose law J(dy,0, L)) is the infinitely divisible law characterized by ([IL3), (I3
and (LH), where Z, is given by ([L3).

Using Proposition B, (ITIT)) still holds if we replace x;(n) by x:(n).

Recalling Proposition [Tl we have

(11.1)  for any (\;)i>0 going to A,

(1401 (1))ApCaf’(g) " A (1402 (1))ApCaf’(g) " * " ma k)
Xi(na(k)) = Xnar) = Xi(na(k)),
i=1 i=1
where
pom fg)"
p Af'(q)~* 1'(q)"n
writing n for ny(k) = |M'(¢) "] and n =n — (=2Inn/Inf'(q)).
Hence both sides of the previous equation, properly renormalized, converge in dis-

tribution to the same limit law, implying that (the law of) x(n) converges to the same
law as well. Recalling (B.3)), this yields for any A > 0

Pn T

d1 )= (14+2n /M2~
and 14 0o(1) = (1 +2n )p N (q)

L+o,(1) =1 —n"%

_x(m(k) 4
(pcan/\(k>)l/fy d(pCa)\)l/’Y’O’['(pCa)\)l/'Y’
where Yd(pc VARV is a random variable with law J(d,c, »)1/+, 0, £(pc,1y1/+) and

we used that 87 = 1/f'(q).
Then by Proposition Bl we get that

AV d
W - Yd(ﬂca%)l/”’o’ﬁ(pcax)l/v’

which proves Theorem [C3 O
We note for further reference that

(11.2) J(dy, 0, L) is continuous

This follows from Theorem II1.2 (p. 43) in [I7], since, due to (L4, ilil(l) Li(x) = —o0.
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11.2. Proof of Theorem In order to prove Theorem [[J, assume that
(A, /n'7),50 converges in law. It follows that all subsequential limits are the same,
so that

forall A € [1,8) and x € RT,  Ly(z) = NLi(A\z).

Plugging in the values A = /3 and z = ﬁ*2/3 gives
(11.3) Zf’ )RP[Zy > BF8] = 1/3Zf/ ) FP[Z. > A1),

kEZ keZ

We will show that for  — oo, the right hand side and the left hand side of ([T3)
have different limits. First for £ > 1, using Remark Bl we see that
(11.4)
PIZ.. > 91 < BV HB[2, ] < BV FEISLEIG(p/3)] = -CI0(3,
for 3 — oo where O(571/3) = B372PE[S]| E[G(pso/3)] does not depend on k (recall
Proposition Bl to see that E[S] is bounded in ) . In the same way,

(11.5) P[Z. > gk*2/3] _ ﬁf(kfl)O(ﬁq/g)’
for O(-) independent of & > 1.
Hence,

(11.6) lime’ kP2, > G5 2/3_0_hmzf/ kplz,, > gE-1/8).

B—o0 B—o0
For £ <0, we have
P2, > B3] < P2, > 0] < P[Bin(Wao, pac) > 0],
further, since Sy, > 1, we see that
on {Z, > 0}, Zo > Seer > ey,
where e; is independent of the event {Z., > 0} = {Bin(W., ps) > 0}. Hence
P2, > 813 =1 -P[Z, < "1/

> 1 — P[Bin(Wa, pso) = 0] — Ple; < 377

= P[Bin(Wx, ps) > 0] + o(1),
for # — oo and hence
(11.7) P[Z. > (513 = P[Bin(Wa, poo) > 0] + 0(1),
where o(-) does not depend on k.

In the same way,

(11.8) P[Z. > (23] = P[Bin(Wa, pos) > 0] + o(1)

for § — oo. Plugging ([T7) and ([[IJ) in equation (II3) and taking into account
(IT4) we see that

1
1i f'(¢) *P[Z > A% = lim ————P[Bin(W, poo) > 0

and

1
li f'(q) " P[Z. > 313 = 1 71313' s Do .
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Hence, we would have

1 1

This could only be possible if P[Bin(W,, ps) > 0] — 0 for  — oo, but we know that
P[Bin(Wx, poo) > 0] > pocP[Weo > 1] > ¢ > 0,
where ¢ does not depend on 3, see Lemma 26l This proves Theorem O

P[Bin(Wa, poo) > 0] .

In particular, if 3 is large enough, J(d;,0, £;) is not a stable law and this implies
(vii) in Theorem [

11.3. Proof of Theorem [I.Tl We will show that
) ) rA,
(11.9) lim hmsup]P’_m ¢ [1/M, M]] = 0.

M—oo oo
This implies in particular that the family (A, /n'/7),>¢ is tight. We will then prove
| X _
g [1/M, M| = 0,

which implies that the family (|X,|/n")n>0 is tight. (CZ) is then a consequence of
(TY) and (TTI0).
To show ([[TH), note that for n € [f'(q)~*, f'(¢g)~*+1)

(11.10) lim limsup P

M—oco 500 L

P {% ¢ [1/M, M]}

Af/(q)—k Af/(q)—(kJrl) 1

M
= {(f’(Q)’“pCa)l/” = (f’(Q)pCa)l/”] F [(f’(Q)’““pCa)l/” ~ M(f’(Q)lpCa)l/v]] '

Using Theorem [C3 we get

: A,
hmnsupIP {W ¢ [1/M, M]}

1 M
=F lYLz(pCG)WO,L(pCa)W # [M(f’(Q)‘lpCa)W’ (f’(Q)ﬂCa)l/”H ’

where Y, is a random variable with law J(d,c,)1/v, 0, L(,c,y1/7). Here

(a1 0L (pca) i/
we used that the limiting law J(d,, 0, £,) is continuous, see ([I.2), and has in partic-
ular no atom at 0, so we get that

i PYa, o, & [1/M, M]] =0,

which proves ([T9).

Let us prove (ILI). Let n > 0 and write n? = \of’(¢) ™% for some iy € N and
X € [1,1/f'(q)). Let ¢ € N. To control the probability that |X,| is be much larger
than n”, note that

[Xal o\ i —i
P[ > Ay 'f'(q) ] < PA 1 - 00t (@—i0y) < (Aof (@) °)]

ny -

Alp1(g)=i—io)
(pCaf’(q)=—i0) 1/

- IP[ < DopCuf'(q)~)~ .
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Hence for any ¢ > 0, and i large enough such that (pC,f'(q)~™") "7 < ¢,
[ Xl [ Xl

ny n

Alpr(g)=i—io) _ 5]
(pCof’(q)~—70) 1/ '

P

> (o) <P 2050 <P

Now, using Theorem [[3, taking n (i.e. iy) to infinity, we get that for any € > 0,
X, A
for i large enough, lim supIP’[# > f’(q)_z_l} < PlYaq 0.2, <€,
n n
using ([I2) and hence

X
(11.11) limsuplimsupIP’[| nl > M] <limsup P[Y4 0z, <] =0.

M—oco n— o0 ny e—0

Next, we will consider the probability that |X,| is much smaller than n”. Let us
denote

Back(n) = max (|Xi] — X,)).
1<gsn
the maximal backtracking of the random walk. It is easy to see that

Back(n) < max (1i — Tic1) V11

Hence since 71 and 75 — 71 have exponential moments
(11.12) P [Back(n) > Tﬂ/z} < Cnexp(—cn?/?).

If the walk is at a level inferior to (1/M)n” at time n and has not backtracked more
than n?/2, it has not reached (2/M)n”. This implies that for all M > 0,

| X, A\ /]
< > '7/2 1/’7
IP’[ L <1/M| < P[Back(n) > n?/?] + P G2 M) > (pCy2/M)

Hence, using a reasoning similar to the proof of ([LILT), we have

L | X L
(11.13) lelinoohzn_)solipp {W <1/M| < l}\gljglofP[Y;ll,o,gl > M] =0.

Using (ILII) and ([ITI3), we get
X
(11.14) lim limsup P [‘n:‘ ¢ [1/M, M]} =0,

M—oco 500

which shows (II) in Theorem [IT1
Let us prove (iii) in Theorem [[J1 We have

. In| X, ) In | X,| ) X 1
< 7 < —
P Lzlglgo Inn 7 7} <P [hfisogp Inn i J\/lflgéop hr?lg}f n — M

Using Fatou’s Lemma,

X 1 X
P lliminfM < M} <liminfP [| n| < 1/M} :

n’y n—oo n’y

and taking M to infinity we get
In | X,
P [lim 7n| nl

n—oo Inmn

In | X,
7&7] SIP’[limsupnlLH>v].

n—o0 n
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Set € > 0, we have

In|X X
P[limsup nl| n| >(1+25)fy] gIP’[limsup X >1}

nooo 1NN N T

. SUP;<n, | X
<P [ll{ln_)solipw > 1] )
Define Al
nn
D’n:{ max H(¢ gi}.
( ) ! e Ui=o,..., AZLYZ ( ) —In fl(Q)

Denoting t(n) such that o, < n <o ., we have

4Inn
el Ty f'(q)’
and since using Bj(n) defined right above Lemma [l we get

€
(11.16) for w € Bl(n)v |X‘77z(n)+1| < IXJTt(n)| T

(11.15) for w € D'(n), | X

TT(n)

| < |1 Xa| < X

We have using Lemma BTl and (B71)

P[D'(n)] < P[A;1(n)] + P[Al(n), card UiAleyi > n2] + P[card UiAleyi <n? D'(n)c]
&z ) 4lnn
< -2 (@ 2 2 >
<O(n )—I—IP[;cardLo >n]—|—n Q[H_—lnf’(q)]
Cin '
<O(n™?) +n*Var <Z card Lé”) +n’n =0(n™?),
i=0

where we used that card Lg) are i.i.d. random variables which are L? since they are
stochasticaly dominated by the number of offspring Z which is L? by our assumption.

By Lemma [T}, the previous estimate and Borel-Cantelli we have w € By(n)ND(n)
asymptotically, we get recalling ([I.TH) and (III6) that for e < v

. SUPi<n | Xi] . |X"Tt(n> |
P {ll{ln_)solip — o > 1] <P [llgg)lf( e + 0(1)) >1].
Since | X,. | <|X,| we have

Tt(n)

n—oo nt+e)y n—oo nl+e)y

] X@ |XJT |
P [lim SUPi<n | Xil 1} <P [liminf JOLER 1]

< liminf P l |Xo| > 1]

n—00 n(1+5)7

| X

< liminf liminf P l

M—oco n—oo

ZM] =0,

where we used Fatou’s Lemma and (ii) in Theorem [l
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Now since this result is true for all € > 0 small enough we get

In | X,
=+ fy} <P [limsup n| X > ’y}
nn

n—oo ]-

In | X,

P [lim

n—oo Inn

In | X,,|

<liminf P [lim sup

e—0

> (14 25)7} =0,

n—o0o n

which finishes the proof of ([C2). O

11.4. Proof of Theorem [[L.4l. It remains to show (iv), (v), (vi) and (viii) in Theorem
L4

Proof. We start by proving (viii). Recall
Bin(Wwapoo)
Soo
ZOO = 1 o /8_1 Zzl el’

and in particular the fact that So, Wi and the i.i.d. exponential random variables
e; are independent. Let S, = Sw/ps and denote its law by v,,. Further, let ay =
PBin(Wu, poo) = k], K = 0,1,2,.... Conditioned on S, and Bin(W, ps), the law
of Z, is a Gamma distribution. More precisely, for any test function ¢,

00 [
k-1

Ble(2)] = awel0)+ 3 [ | [ etswe au | vnlids)on

0

00
k-1

= app(0) + Z/ /cp(v)e_”/s (k;U_ 0 5_1kdv Voo (dS)

0

o)+ [t (5)

We point out that, due to Lemma B8, we have 0 < oy < 1. Hence, Z,, has an
atom of mass «g at 0 and the conditioned law of Z,,, conditioned on Z,, > 0, has the
density v, where

k—1

o) — i“WEQ e (5]

L sy (L)H
oD \E

Using the fact that S, > 2 and limsup 1 log oy, < 0 (see Lemma B2), we sce that
1 is bounded and C4,. Note that Since S, and W, have finite expectation, Z,, has
also finite expectation and in particular

o0

(11.17) /vw(v)dv < 00

0
This shows (viii) in Theorem [Zl

:EQ
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We next show that the function £, is absolutely continuous. Recalling (i) in The-
orem [[4] we see that, for x > 0,

—(1=p7) " Li(w) =) B Fo(a")

keZ
= Zﬁ”’“ / Y(v)dv
keZ
z 3k
-/ (Z F1o > w’f}) Y(w)d.
0 keZ
Now,
S zaty= S =)
keZ k<K (v/z) v
where, setting u = 2, K(u) = Hgggj An easy computation gives
. gt
(11.18) g(u) = o1
Hence, for z > 0,
(11.19) (1= () = /g (%) D(v)dv =z - /g(u)¢(xu)du.
0 0

The last formula shows, noting that g(u) is of order u” for u — oo and recalling
([T1D), that £, is C« and in particular absolutely continuous. Due to the scaling
relation (ii), the same holds true for £. This shows (iv) in Theorem [l

Due to (ITIY), we have

7 i
g1 SIS 5
Plugging this into the first equality in (ITY) yields (LA). This proves (v) in The-
orem [CAl To show (vi), we use a result of [23] which says that an infinite divisible
law is absolutely continuous if the absolutely continuous component £2¢ of its Lévy

u”

spectral function satisfies [ dL*(z) = oo, see also [I7], p. 37. In our case, this is

satisfied since £3°(x) = L4(z) and lin% L1(x) = —oo. Further, the statement about
r—
the moments of u, follows from the corresponding statement about the moments of
Ly, see [19] or [I7], p. 36. O
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