BEHAVIOR NEAR THE EXTINCTION TIME IN SELF-SIMILAR
FRAGMENTATIONS II: FINITE DISLOCATION MEASURES
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ABSTRACT. We study a Markovian model for the random fragmentation of an object. At each
time, the state consists of a collection of blocks. Each block waits an exponential amount of
time with parameter given by its size to some power «, independently of the other blocks.
Every block then splits randomly into sub-blocks whose relative sizes are distributed according
to the so-called dislocation measure. We focus here on the case where o < 0. In this case,
small blocks split intensively and so the whole state is reduced to “dust” in a finite time, almost
surely (we call this the extinction time). In this paper, we investigate how the fragmentation
process behaves as it approaches its extinction time. In particular, we prove a scaling limit for
the block sizes which, as a direct consequence, gives us an expression for an invariant measure
for the fragmentation process. In an earlier paper [18], we considered the same problem for
another family of fragmentation processes, the so-called stable fragmentations. The results
here are similar, but we emphasize that the methods used to prove them are different. Our
approach in the present paper is based on Markov renewal theory and involves a somewhat
unusual “spine” decomposition for the fragmentation, which may be of independent interest.
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1. INTRODUCTION AND MAIN RESULTS

We consider a Markovian model for the random fragmentation of a collection of blocks of
some material, where the manner in which the fragmentation occurs is controlled solely by
the masses of the blocks. More specifically, suppose that the current state consists of blocks
of masses mi,mg, ... which are such that (for definiteness) m = (mj,mo,...) belongs to the
state-space

o0
S:=<8s=1(81,82,...) 181 >S9 > --- ZO,ZSl- <00y,
=1
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which is endowed with the ¢;-distance

d(s,s') = |ls —§'|1 :== Z |s; — si|, fors,s’ €8.
i>1
The transition mechanism depends on two parameters: a real number o and a probability
measure v on S = {s € §: ||s||1 = 1}, and can be described as follows. The different blocks
evolve independently. For ¢ > 1, block 4 splits after an exponential time of mean m;® into
sub-blocks of masses m;S where the random sequence S = (57, Sy, . ..) is distributed according
to v. To avoid “phantom” fragmentation events, we will always assume that v(1) = 0, where
the state 1 = (1,0, ...) consists of a single block of mass 1. We will then write

F(t) = (Fi(t), Ba(t),...) €S

for the state of the fragmentation process at time ¢, and Pg for the law of (F'(t),¢ > 0) started
from a state s € §. By default, we will start our processes from the state 1 and we will write
[P instead of P;. Whenever we write (F'(t),t > 0) without making explicit reference to its law,
we implicitly assume F'(0) = 1. It is clear that (whatever its starting point) (F'(¢),t > 0) is a
transient Markov process with a single absorbing state at 0 = (0,0, ...).

This model described in the previous paragraph is a self-similar fragmentation process, as
introduced by Filippov in [17] and Bertoin in [3, 9] (see the second pair of papers for a rigorous
construction based on Poisson point processes; this construction gives a cadlag version of the
fragmentation, which is the version we will always consider in this paper). Indeed, (F'(t),t > 0)
is a cadlag strong Markov process which possesses the following self-similarity property:

(F(t),t > 0) has the same distribution under P,,; as (mF(m“t),t > 0) has under Py

(we will revisit a stronger version of this property in Proposition 2.1 below). Consequently,
the parameter « is known as the index of self-similarity. The probability measure v is called
the dislocation measure. In [3, 9], Bertoin constructs a more general class of processes in
which v is allowed to be an infinite (but o-finite) measure satisfying a certain integrability
condition; roughly speaking, these processes are allowed to jump at a dense set of times. He
also allows dislocation measures which do not preserve the original mass, and the possibility of
deterministic erosion of the block masses, but we will not consider any of these variants further
here.

Henceforth, we will restrict our attention to the case o« < 0. In this case, smaller blocks split
(on average) faster than larger ones. Despite the fact that each splitting event preserves the
total mass present in the system, the fragmentation exhibits the striking phenomenon of loss
of mass, whereby splitting events accumulate in such a way that blocks are reduced in finite
time to blocks of mass 0 (known as dust). This is reflected by the fact that the total mass
M(t) = > ,~1 Fi(t) decreases as time passes (so that the dust has mass 1 — M(t)). Moreover,
if we define the extinction time,

¢ =inf{t > 0: F(t) = 0},

then ( < oo almost surely (see [10]). The manner in which mass is lost has been studied in
detail by Bertoin [10] and Haas [19, 20]. Our focus here is different: we aim to understand the
behavior of the fragmentation process close to its extinction time.

In most of the sequel, we will impose a further condition on the dislocation measure v: we will
require it to be non-geometric. That is, for any r € (0,1), we have

y(siErNU{O},Vi21>:0

(where N := {1,2,...}). Fragmentations with geometric dislocation measures behave in

a genuinely different way to their non-geometric counterparts; we will discuss this differ-

ence further below. For technical reasons, we will also need to impose the condition that

f S sflfp v(ds) < oo for some p > 0. This assumption is not very restrictive: for example, it
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is always satisfied for fragmentations where blocks split into at most N sub-blocks (/N being
fixed) since then s; + ... + sy = 1 and so the largest mass s; is bounded below by 1/N v-a.s.

We consider the usual Skorokhod topology on the space of cadlag functions f : [0,00) — S. By
convention, we will set F'(¢t) = 1 for t < 0. Our principal result is then the following theorem.

Theorem 1.1. Suppose that v is non-geometric and that fSl sl_l_pu(ds) < 0o for some p > 0.
Then there exists Coo, a cadlag S-valued self-similar process independent of ¢, such that

(M (F((¢ = et)=),1 = 0).¢) ™ ((Coo(t).£ > 0).0).
Moreover, Cso(0) =0 and P(Cx (1) > 0) > 0 for all i > 1.

In particular, as e — 0,

PR —6) B Cu(1).
Since S is endowed with the £;-distance, this entails that the rescaled total mass e'/*M (¢ — €)
has a non-trivial limit in distribution as € — 0.

The self-similarity of the limit process C takes the form
(a""Coclat),t 2 0) ™= (Cx(0), £ 2 0)

for all @ > 0. We will specify the distribution of Co, more precisely below once we have
established the necessary notation; see Definition 5.3. This process models the evolution of
masses that coalesce, with a regular immigration of infinitesimally small masses, as illustrated
in Figure 3. Reversing time, this gives a fragmentation process that starts from one infinitely
large mass. A connection with a biased randomized version of F' is made in Proposition 5.4.

In a first paper [18], we proved a result of the same form as Theorem 1.1 for a different
subclass of self-similar fragmentations with negative index, the stable fragmentations. The
stable fragmentations, which were introduced in [21], are qualitatively rather different in that
they all have infinite dislocation measures. They can be represented in terms of stable Lévy
trees (see [141, 15] for a definition) and the methods used in our earlier paper rely crucially
on the excursion theory available for these trees. The methods used in the present work are
quite different and are dependent on the finiteness of the dislocation measure. We conjecture,
nonetheless, that Theorem 1.1 is true for generic non-geometric self-similar fragmentations
with negative index.

The proof of Theorem 1.1 proceeds in two main steps. We begin by studying the last fragment
process Fy, where F,(t) is the mass of the unique fragment present at time ¢ that dies exactly
at time (. We construct this process in Section 2, where we also discuss some properties of (.
We are, of course, interested in the asymptotic behavior of F, close to time (. A significant
difficulty is that evolution of the process F is not Markovian. To overcome this difficulty, we
introduce the discrete-time process

Zp = F(T)*( = T,), n>0,

where T, denotes the nth jump time of the last fragment process Fy. The quantity Z, can
be thought of as an updated notion of the extinction time seen in the natural timescale of
the last fragment at its nth jump time. It turns out that (Z,),>0 is a Markov chain which
converges to a stationary distribution as n — oco. This is proved in Section 3 using standard
Foster-Lyapunov criteria. Moreover, the Markov chain (Z,,),>¢ drives a bigger Markov chain
which additionally tracks the relative sizes of the fragments produced by the split at time T,.
From this bigger Markov chain we derive a Markov renewal process in Section 4, and we then
use a version of renewal theory, developed for such processes in [3, 4, 6, 21, 22, 25, 28], to
obtain the behavior of Fy near (.

The second step of the proof consists of decomposing the fragmentation process along its
spine F, in order to get the behavior of the whole process near {. This is the purpose of
3



Sections 5 and 6, where we prove a detailed version of Theorem 1.1. Roughly speaking, the
limiting process Co, is built from a spine, the limit process of F, near (, by grafting onto it
independent fragmentation processes conditioned to die before specific times. A significant
technical difficulty in this proof is to deal with blocks which separated from the spine “a long
time in the past” and have not yet become extinct, and for this we will need to establish a
tightness criterion.

Spine methods are standard in the study of branching processes. In earlier work on fragmen-
tation processes (for example, in [9, 10]), the so-called tagged fragment has proved to be a very
useful tool. This is again a sort of spine but of a rather different nature to ours (in particular,
the tagged fragment is a Markov process). However, the tagged fragment vanishes at a time
which is strictly smaller than ¢ and, as a consequence, cannot help us to understand the behav-
ior of the fragmentation near its extinction time (. We believe that the spine decomposition
we develop in the present paper, based on the last fragment process, should not be particular
to the finite dislocation measure case. However, our results do not immediately extend to the
case of infinite dislocation measures.

As a direct consequence of Theorem 1.1, we are able to construct an invariant measure for the
fragmentation process (since F' is transient, this is necessarily an infinite measure).

Theorem 1.2. Under the conditions of Theorem 1.1, define a measure A on (S, B(S)) by
AA) = / P(Cxo(t) € A)dt
0

for all A € B(S). Then X\ is a o-finite invariant measure for the transition kernel of the
fragmentation process F'; that is, for all u > 0 and all A € B(S),

A(A) = /S Py(F(u) € A)A(ds).

We can interpret A heuristically as the “law” of Cs, “sampled at a uniform time in [0, 00)”. To
the best of our knowledge, this is the first time that invariant measures have been considered
for self-similar fragmentation processes. Theorem 1.2 is proved in Section 7, where we will see
that it is an easy consequence of the convergence in distribution of €/*F (¢ — ¢€) to Cao(1). In
particular, this invariance result also holds for the stable fragmentations and, more generally,
for any fragmentation process such that €'/*F(( — €) has a non-trivial limit in distribution (in
(S,d)) as e — 0.

We conclude the main part of the paper in Section 8 by investigating the case of geometric frag-
mentations. These fragmentations should not be viewed simply as a degenerate special case:
they can be interpreted in terms of various other models, in particular discounted branch-
ing random walks (introduced by Athreya [5]) and randomly growing k-ary trees (studied by
Barlow, Pemantle and Perkins [7]). Theorem 1.1 is not valid for geometric fragmentations. In-
deed, we will see in Proposition 8.1 that the rescaled sequence e/*F (¢ — €) does not converge
in distribution in this situation. However, we do obtain convergence along suitable subse-
quences, which entails the existence of a continuum set of distinct invariant measures, indexed
by z € [0,1).

Section 9 is an Appendix containing various technical lemmas. It is split into two sections.
The first collects together criteria for convergence in the space (S,d) and in the Skorokhod
topology on cadlag processes taking values in (S, d). The second section contains the proofs
of fine results about stationary and biased versions of the Markov chain (Z),),>0 which are
necessary for the proof of Theorem 1.1 but which are not of much intrinsic interest.
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2. THE LAST FRAGMENT PROCESS

In this section, we gather together some results on the extinction time ¢ and prove the existence
of the last fragment process. We refer to [9, 11] for background on fragmentation processes.
In particular, we will use the following strong fragmentation property on several occasions.

Proposition 2.1 (Bertoin [9]). Let T be a stopping time with respect to the filtration generated
by F. Write, fort > T,

F(t) = (FOD (1), FED(1),. )
where, for each i > 1, FT) is the process evolving in S which has F&T)(T) = Fy(T) and, for
t > T, tracks the evolution of the fragments coming from the ith block of F(T). Then,

FOINT 4+ 1) = F(T)GW (tF(T)*) Vi > 1,

where the processes G are independent and have the same distribution as F. They are also
independent of T and F(T).

2.1. The extinction time. We begin by establishing some properties of the extinction time
¢, which will be useful to us in the sequel. We will make use of Proposition 14 of [19], which
states that

E [exp(a()] < oo for all positive a sufficiently small.

Lemma 2.2. The distribution of ¢ is absolutely continuous with respect to Lebesque measure
on (0,00) and there exists a continuous and strictly positive version of its density, which we
denote f¢. Furthermore,

(i) fe(x) <1 forall x € (0,00);
(ii) fe(x) = o(exp(—cx)) as x — oo, for some c > 0;
(ili) fe(x) = o(1) as © — 0 and, moreover, for each 3 > « such that fS1 sl_ﬁu(ds) < 00,

Fe(z) =P <z)=0O(x'F).

Proof. Let Ty := inf{t > 0 : F(t) # (1,0,...)} be the first splitting time of F. Then T} is
exponentially distributed with parameter 1 and F'(71) is distributed according to v. Moreover,
since T is a stopping time with respect to the filtration generated by F', we get from Proposition
2.1 that

¢=T+ S‘;?{Fi(Tl)_aC(i)},

where T1, F(Ty) and (¢, > 1) are independent, and (¢(?,4 > 1) is a collection of independent
random variables with the same distribution as {. Since 77 has an exponential distribution, this
implies that ¢ possesses a density, say f¢, which in turn implies that & := sup;>q{F;(71)~%¢ @y
possesses a density, given by

(21) felw) = |3 Fels5 o)t s (s yw(ds),
S1 1:8;>0
where F¢ is the cumulative distribution function corresponding to f¢. Note that if Fg(s;?‘y) > 0,

for all j # i, then necessarily I1;.;F¢(s§y) > 0. This is obvious when the set {j : s; > 0} is
finite. When it is infinite, taking logarithms and using the fact that

log(F¢(s5y)) ~ —P(¢ > s5y)

as j — oo, we see that the above product is null if and only if the sum »_.,, P(¢ > s§y) is
infinite. But this never happens when ) i Sj < 1, since

P(¢ > siy) < B[V sy~

and ¢ has exponential moments.



Now, choose f¢ so that

(2.2) fe(x) = exp(—x) /033 exp(y) fe(y)dy, for all z > 0.

Then, f¢ is continuous and fe(z) < P(§ < z) — 0 as ¢ — 0. In particular, we get (i) and
the first assertion of (iii). Note also that if f-(x) = 0 for some = > 0, then f¢ equals 0 a.e.
on [0, z]. Hence, using (2.1) and the remark following it, we see that f¢ equals 0 on [0,2'] for
some 2’ > x. This easily entails that f: equals 0 on R, which is impossible. Hence, f¢(z) > 0
for all z > 0.

Next, to prove (ii), note that for all 0 < a <1,

exp(ax) fe(z) < /0 ’ exp(ay) fe(y)dy < E[exp(af)] < E [exp(a()]

since ( = 17 + £. The last expectation is finite for all positive a sufficiently small, and so
exp(cz) fe(xz) = 0 as ¢ — oo for all ¢ < a.

It remains to prove the second assertion of (iii). Let I' := {y > 0s.t. 3C, < 00 : F¢(z) <
Cyx",Vx > 0}. Since F¢ is smaller than 1, I" is an interval whose left end-point is 0. Moreover,
since fe(x) <1 for all z > 0, we have [0,1] C I'. In particular, we have checked the assertion
for 8 < 0. Now consider v € I'. We have

M@SMSmSLFWWwﬁ)@m%ZEWEWW

SC’WJU'V/ s7v(ds),
S1

which implies that  + 1 is in I" provided that [ s7"v(ds) < co. The second assertion of (iii)
is then straightforward. O

2.2. Building the last fragment. For all ¢ > 0 and all i € N, denote by F(:!) the fragmen-
tation process starting from (Fj(t),0,....) which tracks the evolution of the masses emanating
from Fj(t). Let Z0! := inf{s > 0 : F!)(s) = 0} be the first time at which this process is
reduced to dust.

Lemma 2.3. Almost surely, for all 0 < t < (, there exists a unique index i(t) such that
Z(i(t)vt) = StueN Z(jvt) = C — t.

Proof. Fix t > 0. By Proposition 2.1, Z0) = F;(t)=*¢®) | where (¢() i > 1) is a collection
of i.i.d. random variables, with the same distribution as ¢, independent of F'(¢). Hence,

S (26) W] —E| S F1) 1/‘!] <E [c—l/ﬂ < .

i>1 i>1

E

In particular, the sum ;- (Z (:)=1/e i almost surely finite, which implies that Z(:Y) — 0

a.s. as ¢ — oo. Hence, the supremum supjcy 2 (1) ig attained for some i € N. Conditional on
t < (, this index ¢ is necessarily a.s. unique, since

P (3.5 () = Fyo(0)C00, Fu(t) # 0, F5(t) #0) =
& kg, P(FT0Ch) = Fro(0¢i, Filt) £ 0, Fy(t) £0) =0

which is clearly satisfied, since ¢(1, ¢Ut) are absolutely continuous (by Lemma 2.2) and

independent of F(¢). Hence, conditionally on ¢ < ¢, there almost surely exists a unique index

i(t) such that Z((0H) = Supjen Z G, To conclude, note that when i(t) exists and is unique,

then, for all s < ¢, i(s) is automatically defined as the index of the ancestor at time s of F;(t).

Therefore, with probability one, the indices i(t) are well-defined for all 0 < ¢ < (. d
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Let (2, F) denote the measurable space on which we work.

Definition 2.4. Let F = {w € Q: Vt < ((w), 3! i(t)(w) s.t. ZEO@D () = SUDjen Z0h(w)}
and define for all t > 0,

Fz(t)(w) (t)(w) ifweE andt < C(w),
0 otherwise.

F(t)(w) = {

The process Fy is called the last fragment process. It is non-increasing, cadlag and ¢ = inf{t >
0: Fi(t) =0} a.s. (by Lemma 2.3).

Remark 2.5. Almost surely, for all t > 0, Fy(t) > 0 implies that the number of jumps of F
in [0,t] is finite. This is obvious if v(s1 < a) =1 for some a < 1. Otherwise, it can be easily
seen via the Poissonian construction of the fragmentation in [3, 9].

In the sequel, we will use the last fragment as a “spine” for the fragmentation process: when
blocks separate from the last fragment, they evolve essentially as independent fragmentation
processes which are conditioned to die before the last fragment. We emphasize that it is not
measurable with respect to the natural filtration of the fragmentation process.

3. ASYMPTOTICS ALONG A SUBSEQUENCE

We now derive a convergent Markov chain from the last fragment process Fy, which demon-
strates that F restricted to its jump times behaves as expected near (. We prove the Markov
property of the chain in Section 3.1 and show that it converges exponentially fast to its sta-
tionary distribution in Section 3.2. In Section 3.3, we consider an eternal stationary version
of the Markov chain. We also introduce a biased version of this eternal chain, which is an
essential building-block for the process Cwo.

3.1. A Markov chain. Let T} < T < --- < T, < ... be the increasing sequence of times at
which Fj splits, that is 71 = inf {t > 0: Fi(¢) < 1} and, for n > 2,

T, = inf {t >Th_q: F*(t) < F*(Tn_l)}
For convenience, set Ty = 0. We note that only T and 77 are stopping times with respect to

the natural filtration of the fragmentation process. From Remark 2.5 and since ( = inf{t > 0:
F,(t) = 0}, we clearly have that

T, — ( a.s. as n — oo.
Define, for n > 0,
(31) Zn = (F*(Tn))a(g - Tn)v

and note that Z%/a is the value of the process el/aF*(C —¢€) at e = ( — T},. Intuitively, Z, is a
version of the extinction time updated according to what we know about the last fragment at
time T5,.

Note also that Zy = ¢ and set ©g =1, Ag = (0,0,...). For n > 1, let ©,, = F.(T,,)/F(Th-1)
and let A, = (A,,1,Ay2,...) be the relative sizes of the other sub-blocks resulting from the
split of F which occurs at time T},, ordered so that A, 1 > Ay, 2 > ... > 0. Then

(F*(Tnfl)An,ly F*(Tnfl)An,% .. )

are the sizes of the blocks which split off from the last fragment at time 7,,. As a consequence
of the fact that v is conservative, we have O,, + 221 Ay ; = 1 almost surely. See Figure 1 for
an illustration.

7
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FI1GURE 1. The spine decomposition: in red, the size of F}, which is constant on
the intervals [T}, T;+1—); in black, the blocks which split off from F, and which
then start their own fragmentation processes, conditioned to become extinct
before (.

Proposition 3.1. (a) The process (Zp,On, Ap)n>0 is a time-homogeneous Markov chain.
Moreover, conditional on 0(Zy, Om, Ay m < n), the law of (Zp41, Ont1, Ant1) depends only
on the value of Z,.

(b) The transition densities P(x,dy), © > 0, of (Zn)n>0 are given by

62 Pl = £ f) | [ 3 T TR D peyespyas) |

14:8,>0 JjFi

where F¢ is the cumulative distribution function of C.

We refer to (Z,,)n>0 as the driving chain of (Z,, ©y, An)n>o0.

Remark 3.2. The density in (3.2) is strictly positive for all x,y > 0. This is a consequence
of the positivity of fc on (0,00) (Lemma 2.2) and of the fact that [];,; F¢(s§s; “y) > 0 when
s; “y > 0 (as explained in the proof of Lemma 2.2).

Let Yy := ¢/ and, for n > 1, let

Y. — ( C — Tn )1/04 Z711/a
nm e T = dag
C Th1 Zn/_al@n
Later on it will turn out to be convenient to work with Y,,, essentially because the times to

extinction ¢ — T, can then be expressed in the multiplicative form ¢ []7; ¥;*. To this end, we
need the following simple corollary of Proposition 3.1.

Corollary 3.3. The process (Zy,, Y, An)nZO 1s a time-homogeneous Markov chain with driving
chain (Zp,n > 0).
8



The rest of this section is devoted to the proof of Proposition 3.1. Recall from Proposition 2.1
that for ¢t > 0, F((T} + t) is the decreasing rearrangement of the terms of the sequences

FUT)GW (R (T))®), Fo(T1) G (tFy(T1)%), . ...

where the processes G() are independent fragmentations, all having the same distribution as
F. They are also independent of 77 and F(T}). Now let () = inf{t > 0 : G()(¢) = 0}, so that

(3.3) ¢=T+ $1>111>{Fi(T1)_aC(i)}-

By Lemma 2.3, this supremum is a maximum. Let [ := argmaxi21{Fi(T1)_a((i)} and note
that F,(T1) = Fy(Ty) and Z; = ¢, Let

. A el®)) ifi<i
(7”]) — J+Llii>i — J
g6 — qU+ig=n) — {GUH) o
Finally, for > 0 and suitable test functions ¢ and v, we write
A(¢,z) =E[o(F)[¢ ==] and B(y,z) =E[P(F)|C <]

Remark 3.4. The function A(¢,-) is well-defined only up to a set of Lebesque measure 0.
Howewver, when applied to a positive and absolutely continuous random variable, say X, this is
enough to define the random variable A(¢, X) properly up to a set of probability 0. This remark
1s also valid for any forthcoming functions defined as expectations conditional on ( = x.

The following lemma is the key result needed to prove the Markov property of (Z,,, ©y, Ay)n>o0-

Lemma 3.5. For all suitable test functions ¢ and 1,5 > 1,

ij ‘ ¢, U FI(T1)7(Fk(T1)7k7éI)]
¢,C(I H <¢37 )Fg+]1{ >1}(T1)QC(I)>'

In particular, conditional on ¢!, G) is independent of ¢, F(T}) and F;(T}), and is distributed
as a fragmentation process conditioned to die at time ¢()

Proof. Let x be another test function. For i # j, set S;; = {F;, *(T1)¢® > F]._C“(Tl)*a((j)}
and note that {I =i} = (1,51 Sij+1,,5,,- We have

G0 Hw x (¢, ¢, Fr(Ty), (Fk(Tl),k#I))]

p"qg

N
I
—

H% X(Th + E7(T)¢W, <D, Fy(Ty), (Fir(Th), k # 4)) Ly = z}]

X(T1 + E7(T)¢W, ¢9, F(Ty), (Fiu(Th), k # 9))

Mg

-
Il
—

|: Hw ]+]1{]>Z} )ﬂSi,jJrJl{jZi}

9

Ty, F(Ty), C@H .



Since G, j > 1 are independent fragmentations, independent of T} and F(Ty), we see that

(@) H ¥ (GUT =) 1,

LIty

Ty, F(Ty), C(i)]

[ ‘C()]HE G(ﬁﬂ{]%}))lsuﬂ{jzi} F(Tl)’C(i)]
A, ¢") H (g F () Fa ., (T1)CY)
xP(<<ﬂ+1w>l}><F () Fa g (TCD | F(T1),C9)

A(6,¢) H (5 B (T0) P, (TSP (T =i | F(T1), (9.
Then

Hw X (¢, ¢D Fr(Ty), (Fi(Th), k # I))]

Ao, ¢") H (5, Fr (1) Ffin oy, (TS X (G CD Fr (T, (F(T) ke # I))]

and the result follows. O

Proof of Proposition 3.1. (a) We start by proving that (Z,©, A) is a time-homogeneous Markov
chain with driving chain Z. To see this, we will show that for all suitable test functions f, g;
and alln>1

n—1 n—1
(Ry) E | f(Zn,On, &) [ [ 9:(Zi, 00, A3) | =B |F(Zn1) [ [ 9:(Zi, 05, Ai)]
i=0 1=0

where Fy(x) = E[f(Z1,01,A1)|Zy = z]. Note that Fy(z) is well-defined for Lebesgue a.e.
x > 0, since Zy = ( is absolutely continuous. We will prove by induction on n that (R,) is
valid and that Z, is absolutely continuous, so that F(Z,—1) and is almost surely well-defined.
In fact, once (R,) is proved, the absolute continuity of Z, is a direct consequence of the
absolute continuity of Z,_; and of (R,), taking test functions f of the form f = 14 for Borel
sets A with Lebesgue measure 0. So it is enough to focus in the following on the proof of (R,,)
forn > 1.

(M1) is an immediate consequence of the fact that ©y and A are deterministic. Now assume
that (R,) holds, and recall that the last fragment process Fy can be written as

(3.4) F(T1 4+ t) = Fr(T)GWY (tFg(Ty)), t>0.

As for the standard fragmentation process, the last fragment process of GU) is well-defined
since G is a randomized version of the fragmentation. We denote it by (Gg) (t),t > 0). Then
for k> 1, let T,EI) be the k-th time at which Gg) splits, let
I I ) (1
o) =al @) emh)
and let A,(CI) be the relative sizes of the other sub-blocks resulting from the split of G&I) at
time TIEI). From (3.4), we get that Ty =T + FI_O‘(Tl)T,EI), Opi1 = @,(CI), Ay = A,(CI) and

1 = (G(I)(T,gl)))o‘(zl —T( )) Z( )
10



Therefore,

E | f(Znt+1, Ongt, An—i—l) H gi(Zi7 0;, A,)

=0

=E

n—1
720,00, AD)go(Zo, 00, Bo)g1 (21,01, A1) [ 9111 (27,017, AE”)]
i=1

=IE|g0(Zo,00, Ao)9(Z1,01, A1)

x E Z07ZI7F(T1)7FI(T1)

n—1
f(Zr(LI)a @7(11)7 Ag)) H gi+1(Z'L'(])7 ®§1)7 Az(l))
=1

Similarly,

E \Fy(Zn) [ [ 9:(Zi, 04, A)

=0

=E|g90(Z0,00,A0)g(Z1,01, A1)

n—1

Fr(20) [T o (2,01, A7)

i=1

x Zy, Z1, F(Ty), F1(T1)

Then by Lemma 3.5 (recall that Zy = ¢, Z, = ¢(),

n—1
E f(Zél)a@v(fLI)aAgLI)) HgiJrl(Zz‘(I)v@Z(I)vAEI)) Z(]levF(Tl)aFI(Tl) = U(Zl)7
i=1
where
n—1 T
U(l‘) =E f(Zn7@7L7ATL) H gi+1(Z’i7 @ZaAl) | C =,
i=1 i
and
n—1 T
E | Pz [T 9012, 07, A1) | Zo, 20, F(11), Fi(Th) | = v(20),
i=1 J
where
n—1
v(@) =E |F(Zn-1) [[ 941(Zi, 05, 83) | ¢ = 33] :
i=1

To get (Ry,+1), it remains to prove that u(z) = v(x) for Lebesgue-a.e. x > 0. For this we use
the induction hypothesis (R,) which implies that the random variables

n—1 n—1
F(Zn,On, A0) [ 9:41(Zi, 05, Ai) and Fy(Zn 1) [ 9i11(Zi, 04, A)
i=1 =1

have the same expectation conditional on ( since

n—1 n—1
E | P(Q)f(Zns On, An) [] 941(Zi, 03, A0) | = E |W(Q)Ff(Zn-1) [ ] 9i1(Zi, @iaAi)]
=1 i=1

for all bounded measurable functions h. The result follows by induction.

(b) It remains to prove that the transition densities of the chain (Z,),>¢ are given by the
identity (3.2). To get this, we compute the joint density of (Zy, Z1). The first step is to use
11



the independence of T1, F(T1) and (¢, j > 1) (defined in (3.3)) and the fact that F(T}) is
distributed according to v, to get that, for any test function y;,

E[x(Fr(T1), ¢, T1)] ZIE [ ), Ty + Fy(Ty)~ C(i)»Tl)]l{I:Z'}]
—a (9
\/Sl i8; >0/ S’L7 t + Si C 7t)1]-{3_ac( )>maxj¢,b C(])}i| e dtl/(ds)
/ / / ot s (2) [T Felss@2)e dtdzv(ds).
im0 J#

In the inner integral, let x =t + s;“2z (then z = s{(x — t)) to get that this last is equal to

/ / / six(si, x,t) fe(s§(x —t) HFC (x —t))e tdtdzr(ds).
S

L4:5,>0 j#i
Taking x (F7(11), ¢, TI) = ¢>(C Fr(T1)*(¢ — T1)), we obtain
E [¢(Zo, Z1)] o(C, Fr(Th)*(¢ — Th))]
/ / / sip(x, si (v — 1)) fe(si(x — 1) H Fe(sf(z —1)) e tdtdar(ds)
S1g: $;>0 j#i
/ / / YT (3, y )V fe(y HFC s5's; “y)dydzr(ds),
S1 5;>0 j#i

where we have used the change of variable y = s¥(z — t) in the inner integral, so that t =
x — s; “y. It follows that the joint density of (Zy, Z1) is given by

Jao.20(x,y) = e fely / Doy ceny [T Fe(s s “ww(ds), oy > 0.

115 >0 j#i

In particular, the density of Z; conditioned on Zy = =z is given by fz, 7z (x,y)/fc(), as
desired. g

3.2. Geometric ergodicity of the driving chain. In view of the role of (Z,,),>0 as driving
chain, it will suffice to study its ergodic properties in order to deduce those of (Z,,, ©,, Ay)n>0.
This section is devoted to the proof of the following result.

Theorem 3.6. Suppose that fSl s7'v(ds) < co. Then the Markov chain (Zy)n>o is positive
Harris recurrent and possesses a unique stationary distribution on (0,00), Tstat- This stationary
distribution is absolutely continuous (with respect to Lebesque measure) and its density, which
(with a slight abuse of notation) we also denote by Tgat, is the unique solution to the equation

) = fe(x 3 %@ s%s. Y ) v(ds
(85) (@) = fl >/S(; L £e(ss; ></ X0 dy>> (ds).

J#i

Moreover, the distribution L(Z,) of Z, converges to Tstar exponentially fast; more precisely,
there exists a constant r > 1 such that

(3.6) > 1ML Zn) = matllTv < o0,
n>1
where || - ||y denotes the total variation norm.

We have not been able to extract an explicit expression for gt from (3.5). (However, Lemmas
9.7 and 9.8 in the Appendix give some qualitative information about it.) Note also that (3.5)

implies that mggat(x) > 0 for z > 0.
12



To prove Theorem 3.6, we use the Geometric Ergodic Theorem of Meyn and Tweedie [23,
Theorem 15.0.1], which is based on a Foster-Lyapounov drift criterion, see (3.9) below. To
understand the meaning of this criterion, we first need to introduce the concept of a small
set. With this in hand, all we will require in order to obtain Theorem 3.6 from the Geometric
Ergodic Theorem are the forthcoming Lemmas 3.7 and 3.8. In the following, for each integer
n, P™ denotes the n-step transition probability kernel of the chain (Z,),>0.

Following p.109 of Meyn and Tweedie [23], a small set C' is a Borel subset of R?, for which
there exist an integer m¢c > 0 and a non-trivial measure pc such that

(3.7) P"¢(z,B) > pc(B) for all Borel sets B C (0,00) and all z € C.

In our case, subsets of a compact subset of (0, 00) are clearly small sets. Indeed, let C C [a, ],
0 < a < b, and recall from Lemma 2.2 that f-(z) <1 for all z > 0. It is then easy to see that
for all Borel sets B C (0,00) and all 2 € C,

P(z,B) > e "uc(B),

where the measure p¢ is defined for all B by

(3.8) e (B) Z/ch (/ > e Fe(sdsyy) L jocy<se a}V(dS)>dy-

1zs >0 JFi

The Markov chain (Z,,n > 0) is Lebesgue-irreducible if, for all Borel sets B C (0,00) with
strictly positive Lebesgue measure and all z > 0, there exists an integer n with P"(z, B) > 0.
It is said to be strong aperiodic if there exists a small set C' with m¢ = 1 and uc(C) > 0

Lemma 3.7. (Z,,n > 0) is both Lebesque-irreducible and strong aperiodic.

(In fact, the Geometric Ergodic Theorem is valid if we replace strong aperiodicity by aperiod-
icity, but the definition of strong aperiodicity is easier to write down and easy to check in our
context.)

Proof. By (3.2) and Remark 3.2 we have P(z, B) > 0 for all z > 0 and all Borel sets B with
strictly positive Lebesgue measure; Lebesgue-irreducibility follows. Strong aperiodicity follows
directly from the above proof that subsets of compact subsets of (0,00) are small. U

Lemma 3.8 (Foster-Lyapounov drift criterion). Assume that fSl s7'v(ds) < oo. Then there
exists a small set C, a function V : (0,00) — [1,00) and constants b < oo and > 0 satisfying

(3.9) ]P’V( )= V(z) < -pV(x)+ble(z), Vx>0,
where PV (x) := [V (y)P(x,dy). Moreover, [;°V(x)fc(x)dz < co.
Note that in Theorem 15.0.1 of [23], the words small sets are replaced by petite sets. However,

small implies petite, and so we lose nothing here by using the former notion.

Proof. Let

exp(—cz)
fela)

where ¢ € (0,1/2) is such that exp(cz)fe(x) — 0 as & — oo; such a ¢ exists by Lemma 2.2.

Hence, V(z) — oo as z — oo and, still by Lemma 2.2, it is continuous and V' (z) — co as x — 0.

In particular, it possesses a strictly positive minimum on (0, c0), which, up to normalization,

may be supposed to be 1.

V(z):= x>0,

For the remainder of the proof, we proceed in three steps. The goal of the two first steps is to
check that PV (x) < oo for all x > 0 and that

PV (z)
V(z)

= fe(z) exp(cx)PV(z) = 0, asax — 0or z — oo.

13



To this end, write PV (z) = P1V (z) + PoV (z) where

P V(x) = fiz;/ (/ Z eSi yHFC (s§'s; ]]‘{O<y<s x}y(ds)>dy,

S1 1:8;>c1 j#

with ¢ € (0,c71/9).

Step 1. We prove that the quantity f¢(x)exp(cx)P1V (x) is finite for all # > 0 and converges
to 0 as = tends to 0 or co. To see this, note first that s; < i~',Vi > 1, for v-a.e. sequence s,
and, therefore, that the sum involved in IP1V (z) only concerns indices i < cl_l. Since this set
of indices is finite, it is sufficient to check that for all i < ¢j*,

e(c‘l)m/s 1{3i>c1}</02 V(y)fc(y)esi_ayHFc(S?Siay)dy)’/(ds)
1 L1

J#i

is finite and converges to 0 as x tends to 0 or to co. This term is bounded above by

(3.10) e(c_l)x/ ]l{si>cl}</i e_cy+si_aydy>l/(ds)
S1 0

which is clearly finite and converges to 0 as x — 0. To get a similar result when x — oo, recall
that ¢ < 1/2 and note that

-1 Y e -«
soa » elem Dz gy ife;%<s,“<c
e(cl)x/ e~ cyts; Ydy < e(1=s¢ )czsax if e < Si_a < %
0 1—s¢ -1 - -1 e 1
(e( si)er _ elc )x) (s;“—c) if ;7% > 3.

In all three cases, the upper bound converges to 0 (since s; < 1) v-a.e. as z — oo and is
bounded above by a finite constant independent both of x > 1 and of s; in the interval under
consideration. Hence, by dominated convergence, the term (3.10) tends to 0 as x — oo.

Step 2. We now prove a similar result to the one proved in Step 1, but for PoV. Here we use
the hypothesis [g s71v(ds) < co. Tt will be sufficient to show that

(3.11) /S (/ (s " =)y H Fg(s?si_ay)dy> v(ds) < oo

JF#i
using the fact that exp (c — 1)x — 0 as x — oo and monotone convergence near 0. To get (3.11),
we use the existence of some finite constant m (see Lemma 2.2 and note that | S 577 w(ds) <
fSl sy 'v(ds) < o0) such that Fy(s§s; *y) < msy's;y~1/e, for all y > 0. Hence, the double
integral in (3.11) is bounded above by

/S Tisi<er} (/0 eler =y H FC(S;"Sl_ay)dy> v(ds)
) ,

j=>2

+m/ Z 51 sl</ e(cl_ac)yyl/o‘dy>u(ds)
S

1>2:5;,<c1

<(c— cl_a)_l/ 15, <cyv(ds) +m’ 57 v(ds) < oo
51 81

Step 3. From the expression (3.2) for the transition density and from the fact that f¢ is

continuous, we see that the function z — PV (x) is continuous on (0,00). Let 0 < 8 < 1, and

introduce the set C := {z > 0: PV (z) — (1 — )V (z) > 0}. The continuity of PV/V on (0, o),

together with Steps 1 and 2, imply that C' is a compact subset of (0,00), and so it is a small
14



set. Moreover b := sup,cc(PV(z) — (1 — B)V(z)) < oo, since PV — (1 — §)V is continuous on
(0,00). Finally, for all = > 0,

PV(z) < (1-p)V(x)+ble(x),
which is the required drift criterion.

Finally, note that [ V() f¢(x)dz < oo since V(z) f¢(x) = exp(—cz),z > 0 for some ¢ > 0. [

Theorem 3.6 now follows from the Geometric Ergodic Theorem.

3.3. The stationary and biased Markov chains. We can construct a stationary version
of (Zn,Yn, Ayn)n>1 from a fragmentation process conditioned to have an extinction time dis-
tributed according to mstat. Formally, the Markov chain ((Z5%, Y,5tat, Astat) -, Zstat) s de-
fined by

B [f((Zthat’Ynstat7Ai::at)nzﬁ’ Stat)] _ /OOOIE[f((Zn,Yn,An)nNaZO) |¢ = x] mgtas (dx)

for suitable test functions f. Since Zy = ¢, the chain is then stationary: Z5%a% is distributed
according to 7rgat for all n > 0 and

(Zztat’ Ynstat7 A%tat) la:W (Zi‘.tat’ Ylstat7 Asltat)’ for n Z 1’
since (Z5%* n > 0) is the driving chain of the Markov chain (Z5t ystat Astat) .
Now let
(312) (ZTSLtatv Y;tat7 Aztat)VLEZ

be an eternal stationary version of (Z,,Y,, Ay)n>1. Recall that such process always exists:
for all positive integers k, the distribution of the chain (Z5%t ystat Astat) -, is defined to be
that of (Z5tt ystat Astat) ., and so, by Kolmogorov’s consistency theorem, the full process
(Zstat ystat Astat) o is well-defined.

Note from its definition that ¥; > 1 a.s. and so Y% > 1 a.s. The following lemma is a
consequence of Lemma 9.9 in the Appendix.

Lemma 3.9. Suppose that [g s7'v(ds) < oo. Let
1 = E [log(¥7™)] .
Then p € (0,00).
In order to construct the limit process Cy, it will be helpful to introduce a biased version

(ZPias ybias  Abias) of the eternal stationary Markov chain constructed just above. This biased
version is defined by

. ) ) 1
E g (20,0, Al e | = B [log(¥7") g (37,2, AL )]

As in the standard case, we set

(Zbias)l/a

@bias L
n T Tobias e hing
(Zniii)l/ayénas

for n € Z.

In Section 9.2 in the Appendix, we will prove various technical results about the stationary
and biased Markov chains, which will be used in the main body of the paper.
15
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FIGURE 2. The limit (Cu «(t),t > 0) of the last fragment. The process is piece-
wise constant between the jumps which are indicated. Compare to Figure 1:
here time has been reversed.

4. ASYMPTOTICS OF THE LAST FRAGMENT

We will now determine the asymptotics of ¢!/ *Fy(C—¢€) as € — 0, and then of the whole process
t e Ry e/ *F,(¢ — €t). The key point in our approach is the ergodicity of the driving chain
proved in the previous section.

From the biased Markov chain introduced in Section 3.3, we can now define what will be the
limit process, which is denoted by (Cws «(t),t > 0). Let U be uniformly distributed on [0, 1],
independently of (ZPias ybias Abias) Tet

(Ylbias)—aU Hic:l(yibiaS)a ifk>1
R(k‘) — (i/lbias)—aU ifk=0
(Y'lblas)—aU H?:k—i—l(Y;blas)_a if k < _17

so that R(k) is a decreasing function of k € Z. Note the multiplicative relation R(k + 1) =
R(k)(kafis)a, Vk € Z. The following result follows from Lemma 9.11 in the Appendix.

Lemma 4.1. We have R(k) = 0 as k — oo and R(k) — 00 as k — —oo almost surely.

The process Cw « is then a non-decreasing piecewise constant right-continuous process, which
is defined by Cu «(0) = 0 and, for t > 0,
Coos(t) = (Zy™)V*(R(K) ™V if t € [R(k+ 1), R(K)).
See Figure 2 for an illustration. The monotonicity of C .« comes from the identity
k k
(Z]?iaS)l/a H(}/ibiaS)—l _ (Z(I))iaS)l/aH@liaias’ E>1

i=1 i=1
and from the fact that the random variables ©2# lie in (0,1) a.s. A similar equality holds for
negative k. Note that R(1) < 1 < R(0) a.s. and s0 Cu (1) = (YP128)U(Zbias)l/e,

Theorem 4.2. Suppose that fSl sl_ly(ds) < 00 and that v is non-geometric. Then, as ¢ — 0,

((el/aF*((C —et)—),t > O),C) @)V ((Coox(t),t>0),0),
16



where ¢ and Cu « are independent in the limit. In particular,
El/ocF*(C . 6) lg" (YlbiaS)U(ZgiaS)l/a'

The proof of this result is based on the convergence in distribution of the driving chain (Z,,)n,>0,
proved in the previous section, and uses results from Markov renewal theory, which are gathered
in Section 4.1 below. In Section 4.2, we prove the convergence of the one-dimensional marginal
distributions of the rescaled last fragment process. The full functional convergence is then
proved in Section 4.3.

4.1. Background on Markov renewal theory. Let Sy =0 and for n > 1,

Sp = Zn: log Y;.
i=1

As a consequence of Corollary 3.3, (Z,,, Sp)n>0 is & Markov renewal process in the terminology
of [3, 4, 6, 21, 22, 25, 28]. We refer to Alsmeyer’s paper [1] for background on this topic and
results about asymptotic behaviors. As in standard renewal theory, these results depend on
hypotheses of non-arithmeticity /arithmeticity for the support of the process. In our context,
this is formulated as follows: the process is called d-arithmetic if d > 0 is the largest number
for which there exists a measurable function ~ : (0,00) — [0, d) such that

(4.1) P (log Y, € ’)/(Zo) — ’y(Zl) + dZ) =1.

The process is non-arithmetic if no such d exists. The condition for non-arithmeticity in our
setting is unsurprising.

Lemma 4.3. The process (Zy, Sn)n>0 15 non-arithmetic if and only if the dislocation measure
v 1S non-geometric.

Proof. Recall that Y, = (((—11)/¢)"* and ¢ = T} + ©1%Z1, with Ty independent of (01, Z1),
and Zy = . If v is r-geometric for some r € (0,1) then ©; € r a.s. and, consequently,
logY; € a™! (log Z1 —log Zy) + (—logr)N a.s. The arithmeticity of (Z,, Sy )n>0 follows.

Conversely, assume that (4.1) holds for some d > 0 and some measurable function «. This is
equivalent to
P (log CINS V(TI + @1_0{21) — W(Zl) + dZ) =1

for some suitable function 7. Since ©7“Z; has a strictly positive density on (0,00) (see the
discussion around (2.1)) and, since T} is independent of (©1, Z1), this implies that for Lebesgue
a.e. a > 0, there exists a real number b, such that P (5(77 +a) € b, + dZ) = 1. But T} is
exponentially distributed, and so ¥(u+a) € b, + dZ for Lebesgue-a.e. u > 0. This implies that

P (¥(Zo) —7(Z1) € dZ|Zy > a,Z1 > a) =1, for Lebesgue a.e. a > 0.

Hence, P (7(Zy) —7(Z1) € dZ) = 1, and so P(log®; € dZ) = 1. Note that this implies that
d > 0. To conclude, assume that v is non-geometric, i.e. that for all » € (0, 1), there exists
some 7, € N such that v(s;, ¢ v, s;. > 0) > 0. Then,

P(log ©1 ¢ (logr)N) > P(©1 = F,(Tv), F;(Ty) ¢ ), VieN.

Since P(0; = F;(T1)|Fi(T1)) > 0 when F;(T1) > 0 (again, see the discussion around (2.1)) and,
since P(F;, (T1) ¢ v U {0}) > 0 by assumption, we have that P(log©; ¢ (logr)N) > 0 for all
r € (0,1), which contradicts the fact that P(log®; € dZ) = 1 for some d > 0. Hence, v is
geometric when (4.1) holds. O

Theorem 1 of Alsmeyer [1] applied to (Z,,Sn)n>0 yields the following result, with p =
Ellog(Y*)] € (0,00) (see Lemma 3.9).
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Theorem 4.4. Suppose that the dislocation measure v is non-geometric and such that
fs 31 v(ds) < co. Suppose that g : Ry x Ry — R is a measurable function which is such that
(a) g(x, ) is Lebesgue-almost everywhere continuous for Lebesgue-almost all x € Ry and (b)
fooo Zn€Z+ SUPp <y < (n41)p lg(x, y)|Tstat (dx) < 0o for some p > 0. Then as r — oo,

E Y 9(Zn,r Zy=z| = — // (2, y) dy mstat (dz),
Ry JR,

n>0

for Lebesgue-almost all z € Ry.

In terms of the biased process introduced in Section 3.3, Corollary 1 of [1] reads as follows.

Corollary 4.5. Suppose that the dislocation measure v is non-geometric and such that
fS 51 v(ds) < oo. Let h: Ry x Ry — R be a measurable function such that g : Ry x Ry — R
defined by g(x,y) = h(z,y)P (log(Y1) > y|Zo = x) satisfies conditions (a) and (b) of Theorem
4.4. Let

J(r)y=sup{n>0:5, <r}

and assume that J(r) < oo for all v € Ry. Then for Lebesgue-almost all z € Ry, as r — oo,
E [ (Zyeyom = Syn) | Zo=2] 2 E | (25, Ulog(yP™)) |
where U is uniformly distributed on [0,1] and independent of (Z512, log(YP12%)).

Remark 4.6. We have replaced all the “for mgtat-almost all x” in Alsmeyer’s results by “for
Lebesgue-almost all ©7, since mgay 1S equivalent to Lebesgue measure on Ry. Note also that a
bounded measurable function h : Ry x Ry — R which is such that h(x,-) is Lebesgue-almost
everywhere continuous for Lebesgue-almost all x € Ry, satisfies the conditions of Corollary
4.5. Indeed, the measurability and condition (a) are obvious. For condition (b), take p = 1,
set ||h||oo = supysq |h(x)| and note that

/ Z sup |h($, y)‘IP) (log(}/l) > y’ZO = 1,‘) 7Tstafc(dl‘)
]R+ €z, nly<n+1

< lhll / S P (log(Yh) > 110 = ) mages(d)

+ neZ4
< [Illoo (T + ) < oo,

since B[Z] +1 >3, e, P(Z > n) for any positive random variable Z.

4.2. One-dimensional convergence. We use Corollary 4.5 to obtain the convergence in
distribution of the rescaled last fragment at time ( — € as € — 0:

(4.2) (/OF(¢ =€), Q) ¥ ((Zh) Ve (yP=)V ¢),

with ¢ independent of (Z515)1/«(Y"2)U in the limit. In fact, this result will be an immediate
consequence of the proof of Theorem 4.2 in the next section. However, its proof is instructive
and so, by way of a brief warm-up, we give the details here.

Let
(4.3) Nezsup{nzo:C—eZTn}zsup{nZO:HYiaZe}
=0
o 1
= sup {n >0: ZlogYi < loge},
=0 o
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with the convention that sup@) = —oo. Note that for all € > 0, since T,, — ¢ almost surely,
N, < oo almost surely. Also,

P(Ne# —o00)=P((>¢€) - 1ase—0.

Therefore,
N.
Fu(¢ =€) = Fu(Tn) LN 200} + Lvem—oo} = | [ @il (. 2—c0} + L{N.——oc}-
1=0

Hence, since Hi\[:ﬁo 0; = Z}V/ea H?;EO Y,
1 1
el/aF*(C —€) = Zzlv/ea exp (a loge — Sn. — o log C) T4N. £—o0} + El/aﬂ{Nez_oo}.

Next, let f : Ry — R be a bounded continuous test function. To obtain (4.2), it is sufficient
to prove that for Lebesgue-almost all z > 0,

E[f(rc—a) | ¢=2] =B [r (@) o).

So let z > 0 and note that, conditional on { = z, N, # —oo for all € < z. Hence, for € < z,
since Zg = (,

E {f(el/aF*(C— e)) | (= z]

=E [f(Z}V/fexp (éloge—SNe - élogz)) ) Zy = z}

1/a 1
=K |:f (ZJ(a—l log(e/2)) exp <a 10g(6/z) - SJ(a—l log(e/z)))) ‘ ZO = Z:| y

where J is defined in Corollary 4.5. The last expectation converges to E | f ((Zgias)l/ o(yplas)U)]
as € — 0, by Corollary 4.5, since the function h defined on (0, 00) x [0, 00) by

h(z,y) = f(z"/* exp(y))

and by, say, h(0,y) = 0 for y € R, satisfies the conditions of Corollary 4.5 (see Remark 4.6).

4.3. Functional convergence. We take as a convention (for the standard version of our
Markov chain, started from Zy = () that Z; =Y; =0 and A; = 0 for ¢ < 0.

Lemma 4.7. Endow (]R%r x 81)% xRy with the product topology. Then for Lebesgue a.e. z > 0,
conditional on ( = z, we have

1 1 ias i i i
<<ZN€+H, Yt AN 4n)nez s = 1og(€/C) - SNE) W ((Za v AN) U log(v™))

as € = 0, where U is independent of the process (Zﬁias, Y;’ias, Alolias)nez.

Proof. 1t is sufficient to prove that for all £k > 1 and Lebesgue a.e. z > 0, conditional on { = z,

1 law . . . .
((ZNE+TL5 YN5+nv ANe+n)nZ—k ) E lOg(G/C) - SNe) i> ((Z}’ilasv Y;)las’ Aglas) >_k ) U log(Ylblas)

N————

So, in the following, we fix k > 1.

Recall that, conditionally on { = Zy = z, N, # —oo for all € < z. Moreover, N. — co as € — 0
almost surely. It is therefore sufficient to show that for Lebesgue a.e. z > 0 and all bounded
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continuous functions f: (R2 x &;)% x Ry — R,
1
E [f( (ZNe4n; YNtns ANetn) g » - log(e/2) = SM) LN >k+1} ’ Zo =2 ]

S E [f( (Zsias’ Y7laias’ Algias) . ’ Ulog(}/lbias)>:| )

To show this, note that for € < z,

1
E [f( (ZNetns YN0y ANetn) > » o log(e/z) — SNe)IL{NGZk-i—l} ‘ Zy = Z]

1
= ZE [f( (Zisthtns Yitktns Ditk+n)p>_k o log(e/z) — SiJrk)
i=1

X ]]-{Si+kgélog(e/z)<si+k+1} ‘ Zy = Z]

=> E [g <Zz', élOg(G/Z) - Si) ‘ Zy = Z} ;
where

9(z,y)
k1

=K [f( (Zins1 Yidns1s Dkinit)ps gy — D _log Yj) LSttt iog v<yesnt+2 10g ;) ) Zy = ﬂ?] ;
j=1

the first equality being a consequence of the definition of N, and the second of the Markov
property of the process. Note that g satisfies the assumptions of Theorem 4.4 (see Remark
4.6). Consequently, as € — 0, for Lebesgue a.e. z > 0,

1
E [f( (ZNe4ns YNetns ANetn) > g - log(e/2) — SNe) LN >k+1} ‘ Zy = Z]

1
L1 / / 92, ) dy Taga (d2).
HJRrRy JRy

Using the change of variables u = (y — Zfill logY;)/log(Yi42), we get, for U uniform on [0, 1]

and independent of the process (X, Y, A), that this limit can be written as

1
M/ E [IOg(Yk-s-Q) f( (Zktnt1s Yidnt1, Ak+n+1)n>_k ,Ulog Yk+2> ‘ Zy = 55} Tstat (dT)
Ry =

]‘ Sta sta sta’ sta’ sta’
= B [log(V) £ ( (2080 Yihn ART4) 1oy Ulog VLY )|

1
_ ;E [log(ylstat) f( (zstat ystat, Afltat)nz—k Ulog lestat>:| :
by stationarity of the process (Z5tat ystat Astat), O

Proof of Theorem J.2. Let € < (. Recall that for 0 <t < (/e,

n
Net:sup{nZO:HYiaZet};é—oo

i=0
and
Net
OF(¢ —et) = EI/O‘Z}V/: HY;l.
i=0
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We will want to re-center all times around N, (which is # —oco since € < ). To this end, let

Ne+k
=t H Y®, k>-N,

so that R.(k) is strictly decreasing in k > —N, and
Net = Ne +sup{k > —Nc: Re(k) > t}.

—N¢ + 1) is the (decreasing)

(
Note that R.(k) = e }(¢ — T, +x) and therefore that (R.(k), k
> 0). Re centering times around N,

sequence of jump times of the process (¢'/*F, (¢ — et)
we obtain that R.(k) may be written as

exp(aSn. —log(e/()) Hl 1 YN iftk>1
(4.4) R (k) = < exp(aSy, —log(e/()) ifk=0

exp(aSy, —log(e/O) [Tpyy Vi  if —Ne <k < —1.

Similarly to the construction of C «, the process (e'/*F, (¢ — et),t > 0) is piecewise constant
and may be constructed from (Z,,Y},),>0 as follows: for 0 < ¢t < (/e,

VOF(C —et) = (Zn.x)*(Re(k))"® when t € (Re(k+ 1), Rc(k)], Vk > —N..

Next, by Lemma 4.7 and the Skorokhod representation theorem (the space (R% x Sp)% x Ry
is Polish), for Lebesgue a.e. z > 0, there exists for all € > 0 a version of

1
((ZNe+naYNg+m AN n)pez » o log(e/¢) — SNE) ‘ (==z

that converges almost surely as e — 0 towards a version of ((Zbias, ybias, Abias) U 10g(YbiaS)).
Then for all ¢t > 0 and all € < z, construct from this new version a process e/ (F,(C—et),t > 0)
(with ¢ = z), exactly as €'/*(F,(C — et),t > 0) is constructed above from

1
< (ZNetn> YNctns ANetn)nez o log(e/¢) — SM)-

By Lemma 9.4 in the Appendix, the cadlag process el/a(F*((gt —€et)—),t > 0) then converges
almost surely as € — 0 towards a process which is distributed as Cu . O

5. THE SPINE DECOMPOSITION FOR THE FRACMENTATION

We are now ready to introduce our spine decomposition for a fragmentation process. It may
help the reader to refer to Figure 1. We need a little notation. Write F(*) to denote the (left-
continuous) time-reversal of a fragmentation process F' conditioned to become extinct before
time z, i.e. F®)(0) =0, F@(z) =1, F® is ladcag on R, and for any suitable test function
f

E[f (FO®),t20)] = E[f (Fz =) Losizay + F(0)Lysayl¢ < a] -

(we emphasize that F@)(t) = 0 for t > z). Note that since F(*) is ladcag, the process
(F@®)(t+4),t > 0) is cadlag. Moreover, as a consequence of its Poissonian construction [3, 9],
the probability that a fragmentation process jumps at a given deterministic fixed time ¢ is 0.
It is clear from its definition that F(*) inherits this property on (0, z).

Recall the definitions of N, and R.(k) from (4.3) and (4.4) respectively.
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Proposition 5.1 (Spine decomposition). On the event {N¢ # —oo} = {e < (}, the process
(F(¢C—et),0 <t <(/e) can be rewritten in the form

Ne+k Ne+i—1 Ne+i—1

S(AN i, mONe i ZNe+i) o
H @ja H @j ANe+i7mF;7m ‘ o te H ej Ne+im
Jj=0 J=0 Jj=0

1
mz1,—N€+1gi§k} 0 <t< (/e

where k is the unique integer (larger than —N.) such that Re.(k) > t > R.(k + 1), and

—(Aa im(—)ia 'ZNE ) . . . - . .
F, NetvmoNett " ieZ,m>11is a collection of conditioned fragmentation processes which

are independent for distinct i and m, conditionally on (Z,, O, Ay)n>0-

Although this expression may seem a little intimidating, the idea behind it is simple: the
decreasing sequence F'(¢ — et) is composed of Fi (¢ — €t) (the spine term) and the masses of
fragments coming from the fragmentation of all blocks that detached from the spine F} before
time ¢ — et.

Proof. Each block present at time { — et is either the last fragment, or descends from a block
which split off from the last fragment at some time 7T,, with 1 < n < N (this ensures that
T,, < ¢ — €t). By construction,

F(T) =] e;

=0
and, for k such that R.(k) >t > R.(k + 1),
Net N5+k

F(—-ety=]]o; =[] €
j=0 j=0

For 1 < n < N, + k, the blocks descending from the last fragment at time 7, _; which are not
the last fragment at time T}, have sizes {Fy(T—1)Apn,m, m > 1}. Now note that

n—1
F*(Tn—l)An,m = H @j An,m-
7=0

A block splitting off from the last fragment at time 7T;, must die before time ( i.e. its extinction
time (from now on) can be at most ( — 7,. It follows from Proposition 3.1 and Lemma
3.5 that this completely encodes the dependence between (Fy (T, + t),t > 0) and the split-off
blocks. Indeed, from time T}, onwards, conditionally on J,,, the split-off blocks are independent
fragmentation processes started with sizes

n—1
[165]) Anm
i=0

and conditioned to become extinct before time ¢ — T;,. In other words, making sure to use
the scaling property, by time ¢ — et, the mth block which split off at time T}, has given rise to
blocks distributed as

m>1

«

n—1 (A ©:°7,) n—1
R n

IT0:) - 252 ( (TTey ) ).

3=0 3=0

independently for different m > 1 and 1 < n < N, + k, conditional on (Z,,©,, A, )p>0. Of

course, some of these fragmentation processes may already have been reduced to dust, in which

case we don’t include their blocks. Finally, we will find it convenient to index the split times
22



in such a way that index N, becomes 0. So we simply shift the indices down by N, (i.e. set
n = N, + i). Now notice that everything we have done here is consistent as we vary ¢ in Ry
and so we obtain the desired result. ([l

So far, we have mainly thought of the spine decomposition in terms of the forward direction of
time for the fragmentation (F(¢),0 < ¢t < (), with blocks gradually detaching from the spine
and then further fragmenting until such a time as they are reduced to dust. We now adopt the
opposite perspective and view e/*F (¢ — € ) as being composed of a spine plus other blocks
which immigrate into the system and gradually coalesce with one another, before eventually
coalescing with the spine. We group the non-spine blocks together into sub-collections formed
of those which will attach to the spine at the same time. To this end, for i > —N.+1, m > 1
and ¢t > 0, define

AN+Zm ]\/'/ i 1 =(ZNegi1 Y A )
i (1) = 22t ot o) (a7 (R 1)+),
mlf) = (Re(z—l))l/a im NetimZNe+i—1(Re(i — 1)) 7" +

(INesiaYE A% ) , . . .
where F. " T NetimNetim? i 2 7. m > 1 s a collection of conditioned time-reversed fragmen-

tation pfocesses which are independent for distinct ¢ and m, conditionally on (Z,, Yy, Ap)n>0-
Let H; ’¢(t) be the decreasing rearrangement of all terms involved in the sequences Hf, (1),
m > 1. (Note that H;’i(t) € Ssince Y, o1 AN.4im < 1.) Thus, H, ’i tracks the evolutlon of

the collection of blocks which attach to the spine at time R (4). The spine coalesces with other
blocks only at times R((k),k > —N¢ + 1.

Using this new notation, we can rewrite the expression for the spine decomposition in Propo-
sition 5.1 in a form more adapted to our purposes.

Corollary 5.2. Suppose thatt € [R.(k + 1), Re(k)) for some k > —N.. Then ¢'/*F(( —et)—)
is the decreasing rearrangement of the masses which make up

1/« _
* ZN/€+/§(Re(k?)) e
o HMt), —N.+1<i<k.

By Lemma 4.7, it is then more-or-less clear what the limit process should be. Recall that
(zbias @bias ADbias) , is the biased Markov chain introduced in Section 3.3. Let

AL pasorr st
(R~ D)7 o

(Zblas(yblas)a(A}bpi%s)a) . . . . .
where F ’ , 4 € Z,m > 1 is a collection of conditioned time-reversed frag-

mentatlon processes which are independent for distinct ¢ and m, conditionally on the chain
(Zbias yblas Abiasy . Tet 0 j (t) be the decreasing rearrangement of all terms involved in the
sequences H; ,,,(t), m > 1.

Definition 5.3. Let Co(0) = 0. For allk € Z and allt € [R(k+ 1), R(k)), let Coo(t) be the

decreasing rearrangement of the masses which make up
° (Z]lgias)l/a(R(k))—l/a
o H/(t), i <k

Hi,m(t) = (AblaS)aZb1as(R( . 1)),1 4 )7

See Figure 3 for an illustration. In a rough sense, the process (', models the evolution of

masses that coalesce, with a regular immigration of infinitesimally small masses. It turns out

that reversing time, the distribution of C', can be related to the distribution of a transformed

biased fragmentation process in the following way. For all a, recall that Cu «(a) denotes the

mass at time a of the spine. For 0 < ¢t < a, let C%(t) denote the subsequence of Cy(t)
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FIGURE 3. The process Coo. At time ¢, Coo(t) is the decreasing sequence com-
posed of C «(t) (the mass of spine, that is the red segment, at time ¢) and the
masses of fragments resulting from the reversed fragmentation of the black frag-
ments situated above ¢. For each k, the mass of the red fragment at time R(k)
is the coagulation of the mass of the red fragment at time R(k)— together with
the masses of some black fragments present at time R(k)—, that is H;CL(R(k)—)
The blocks shaded in white, black, dark grey, light grey and with diagonal lines
represent Hé , H% , H% , Hg and Hfl respectively.

composed of all of the blocks which will contribute to the mass Co «(a) at time a. In other
words, we are looking at the coagulation history of C «(a). Note that, for a fixed time ¢, each
block of C(t) belongs to a sequence C% (t) for some a sufficiently large. We are interested
in the distribution of the (C%(t),0 < ¢ < a) process. By self-similarity it has the same
distribution as (a'/*CL (at),0 <t < 1), so we can focus on the CL process. The proposition
below connects the distribution of this process to that of a biased fragmentation process. We
need the following elements:

e Let Z§™" be distributed according to 7stat and, independently, let F' be a fragmentation
process.

e Let Fia be distributed as the process (Z5t)Y/*F(Z5tat .) conditioned to die at time
1. Let Titar,1 be the first jump time of Fias.

e Independently, let U be uniformly distributed on [0, 1].

Proposition 5.4. For all test functions ¢,
B 6 (CL (0,0 < ¢ < 1)]

E [IOg(l - Tstat,1)¢ ((1 - Tstat,l)U/antat (1 - (1 - Tstat,l)Ut) 30 S t S 1)]
E [log(l - Tstat,l)] )

(5.1) -

Proof. First note that

(5.2) E ¢ (Fua)] = /

E [gi)(ml/aF@ -))‘g - x} Ttar ().
Ry

Recall that the fragmentation F' can be constructed frory the Markov chain (Z,, Y, Ay,)n>0
and a collection of conditioned fragmentation processes Fj,,: roughly, F' is then composed of
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a spine (Fy(T,),n > 1), where for n > 1
[l rir e 2
To=2Z0— 2 ||V Fu(Tn)=]]6i=————,
i=1 i=1 Zo/a [I,Y:

from which, at each time T),11, blocks split off to give rise to conditioned fragmentation pro-

cesses 1/
Zn, aAn-I—l,m F(A%+l,mZnYr?+l) «a 7 a ( T Tn+l)
Zé/oc H?:l Y; n+1,m n+lm%n n+1 720 H?:1 Yia .

These conditioned processes are independent given (Z,,Y,, Ay, )n>0. From (5.2), we see that
Fitat is constructed similarly from (Z5%t Y stat Astat) - a stationary version of (Z,, Y, A )n>0,
and a collection of conditioned fragmentation processes as follows: Fgiat is composed of a spine
(Fstat,«(Tstat,n),m > 1), where for n > 1

n

7stat 1/a
Tstat,n =1- H(Y;‘Stat)av F*(Tstatm) - 1(—[7{L})/stat7

i1 i=171i
and from this spine, blocks split off at times Titat,n41 to give rise to conditioned fragmentation
processes

(ZStat)l/aA%‘?"t mF((Aiztitl m)azztat(y;flt)a) <(Astat )aZstat <(Ystat) o ( - Tstat,n—i—l) >>
Hi:l }/istat n+1l,m n+1,m n n+1 H?:l(Y;Stat)a

To finish, multiply Fytat by (1 — TStat’l)U/a, perform the time change t +— 1 — (1 — Typa1)Yt
and note that 1 — Ta1 = (Y7*)®. In order to obtain the expression in (5.1), we must now
take a biased version of this stationary construction. It suffices to compare this biased, scaled
and time-changed version of Fy,¢ with Definition 5.3 to conclude the argument. ]

6. CONVERGENCE OF THE FULL FRAGMENTATION

The aim of this section is to prove Theorem 1.1. Throughout, we will assume that v is non-
geometric and that [g s7 Pu(ds) < oo for some p > 0. We start by establishing several
preliminary lemmas.

6.1. Preliminary lemmas. We first deal with an important redundancy in our expression
for (Coo(t),t > 0): for each time ¢, most of the H; () do not contribute.

Lemma 6.1. Consider the expression for (Coo(t),t > 0) given in Definition 5.3. Then almost
surely for allt > 0, t ¢ {R(k),k € Z}, only finitely many indices i and m contribute non-zero
blocks to Cx(t).

Proof. We start by proving that only finitely many indices 7 and m contribute non-zero blocks
to the state a.s. for a fized t > 0. By the self-similarity of C, it suffices to prove that this
holds for ¢ = 1. Recall, moreover, that R(1) < 1 < R(0) a.s. By the first Borel-Cantelli
Lemma, it suffices to check that the following sum is almost surely finite:

> Z (Hin(1) # 0 | 250, ybies, Abies)

i<0 m=1
(6.1)
mes mes Abias « . . .
_ Z Z P < ) ( 'L,m) )((Ablas)aZbIaS(R(i . 1))71_’_) 7& 0 ’ Zblas’ }/blas7 Ablas) .
i<0 m=1

For any z > 0 and any 0 < u < z,

P(FO(u) £0) =P(¢ >z —ul¢ <) =
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Using Lemma 2.2 (ii), we see that

P (Fw) #0) < "2l =)

for some constants ¢,d > 0. Hence, (6.1) is bounded above by

exp —CZF_iaS(Y;bias)a(A??LS)a 1— (R(Z))_l
dz Z Zblas Ablas a(R(,L- B 1))—1 ( 1 . . ) ( ))
i<0 m=1 FC (Z?iﬁs(}iblas)a(Agﬁs)a)

(note that R(i) > 1 for all 4 < 0). Using the monotonicity of F¢, we see that we only require
the finiteness of

(6.2)

Z (R(l))_l i ZbiaiS(ybiaS)a(AbiaS)a exp ( chmS(YblaS)a(AbiaS)a (1 _ (R(Z))fl)) ‘
i<0 Fe (Z;Oials(y'iblas)a) — i i im blas

Since Y, A?iﬁf < 1, we have A?iﬁf < m™!, and so the inner sum in m is bounded above by

(63 C (1= (RE)™) Y e (2R YPE)m e (1- (R@) ).

m=1

for some constants C' > 0 and 0 < ¢ < ¢. Now observe that for 6 > 0,

Z exp(—Om™ ) < / exp(—0z"*)dx =T (1 - a) o1/
m=1 0

and so (6.3) is bounded above by
C'(ZPa) ey Pias (1 — (R(i)) 1)~

for some constant C’ > 0. Since by Lemma 4.1 we have that R(i) — oo as i — —oo almost
surely, there exists 79 < 0 such that for all i < g, (1 — (R(7))~!)~!*/* is bounded above, say
by 2. For i < i, let

2(R(i)""

B, — : i Zblas l/aybias'
LR (Z}’iaf(%blas)“)( s
Then by Lemma 9.11,
1 a 1
: - — T had biasy _ 1: - bias bias\a
Jim ~log(B-p) = lim — 3 log(¥;™) = lim —log(Fe(Z25%, (Y2")%)
j=—n+1
1 .
+ lim —lo,g(Zbla‘S )+ lim — log(YP2s)
n%oo an n—oo n
=ap < 0.

Hence, by Cauchy’s root test, (6.2) is almost surely finite.

The statement of the lemma now follows easily: we know that almost surely for all rational
numbers ¢ € Q N (0,00), only finitely many indices i and m contribute non-zero blocks to
the state Co(g). On this event of probability one, for each positive time ¢ ¢ {R(k),k € Z},
say t € (R(k+ 1), R(k)), consider a rational number ¢ € (¢, R(k)). Since all indices i, m that
contribute to the state C(t) also contribute to the state Cso(q), the statement follows. [

Lemma 6.2. C, is almost surely a cadlag process taking values in (S, d).
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Proof. We first prove that, with probability one, C(t) € S for all ¢ > 0. By Lemma 6.1, with
probability one, for all t ¢ {R(k),k € Z}, t > 0, ||Coo(t)|1 < 0. If t =0, Cx(t) = 0. Finally,
for t = R(k) for some k, we can argue via monotonicity. Let u € (R(k),R(k — 1)). Then
|ICo0(t)|l1 < ||Coo(u)|l1 < 0o on the event of probability one we just considered.

We now turn to the continuity properties. We first show that ||C(t)][1 — 0 as ¢ | 0. Firstly,
recall that Coo «(t) — 0 as t | 0 (this was noted at the beginning of Section 4, as a consequence
of Lemma 4.1). Now fix € > 0. Then we can find ¢ > 0 such that C «(t) < €/2. Moreover,
we can always assume that t. is not one of the R(k) and, therefore, that there are only finitely
many indices ¢ and m which contribute to the state of Co(t¢). Since the total mass in each of
these fragmentations is decreasing to 0, it follows that there exists some time t. € (0, ¢t.) such
that [|Coo(tL)[1 < €.

Now consider a fixed time ¢ € (0, 00) and suppose that t € [R(k+1), R(k)) for some k € Z. Take
(tn)nen to be such that t; < R(k) and t,, | t. Then Cu(ty,) is the decreasing rearrangement of
Coox(R(k + 1)) together with the blocks of H;y,(t,) for m > 1, i < k. There are only finitely
many indices i and m which contribute to the non-zero blocks of Cu(¢1) and blocks can only
disappear as t,, decreases in (R(k + 1), R(k)). Hence,

k 00
Z Z ||H2,m(tn) - Hi,m(tw)”l

i=—oom=1

. . . . _(Z})ials(}qbias)a(AE)i;ls)a) . . .
is a sum with only finitely many non-zero terms. Since F; ’ (-+) is cadlag for
each ¢, m, each term converges to 0 and so the whole sum converges to 0. Using Lemma 9.2,

we deduce that ||Coo(t,) — Coo(t)][1 — 0.

The existence of a left limit at time ¢ € (0, 00) such that ¢t € (R(k+ 1), R(k)) follows similarly,
because again the same finite collection of indices 7, m are involved for all ¢ € (t — €,t) for
sufficiently small ¢ > 0. Finally, for times ¢ such that ¢ = R(k) for some k € Z, there is a
slight difference since the number of indices in the set {(k,m),m > 1} that are involved may
be infinite. However, the result still holds by Lemma 9.2, since

ST AR (ZpE) Y (R — 1)V <
m>my

for some finite m,, and all n > 0. O

We now turn to an important tightness result, which will allow us to ignore, in the proof
of Theorem 1.1, the possibility that there exist blocks in the system at time R.(k) which
persist for a very long time before coalescing with the spine. From now on, we use its spine
decomposition, as discussed in the previous section. For each € > 0 and each k € Z, let I (k)
be the largest positive integer i such that at least one non-spine block present at time R(k)
attaches to the spine at time R(k — ). Formally, when k > —N¢ + 1,

I(k) =sup {1 <i<k+N.—1:H" (R(k)) # 0},

with the convention that I.(k) = 0 if this is the supremum of an empty set. We also set
I.(k) = 0 when k < —N, + 1. Our goal is prove that with a high probability I.(k) is not too
large, simultaneously for all ¢ small enough.

Lemma 6.3 (Tightness). Let z > 0 be fized and such that the convergence in distribution of
Lemma 4.7 holds. Consider a sequence (€p)nen of strictly positive real numbers converging to
0. Then there exists a family of positive integers (j,(k)) indexed by k € Z,n > 0 such that

P (I, (k) = jy(k)) <n, Ve, < 1.
Consequently, Ve, <1,

P ({1, (0) > jn(0)} U {3k € Z\{0} : I, (k) > jpm2(k)} | Zo = 2) < (1+ 212 /6)n.
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Having in mind the construction of Cy,, we define similarly I(k), k € Z to be the largest
integer 7 > 1 such at least one non-spine block present at time R(k) attaches to the spine at
time R(k — ) (and I(k) = 0 if no such i > 1 exists). As a direct consequence of Lemmas 6.1
and 6.3, we have the following result, which is in the form we will use later for the proof of
Theorem 1.1.

Lemma 6.4. Let z > 0 be fixed and such that the convergence of Lemma 4.7 holds. Consider
a sequence (€p)neN of strictly positive real numbers converging to 0. Then there exists a family
of positive integers (i, (k)) indexed by k € Z,n > 0 such that

PEkeZ: I, (k) >iyk) | Zo=2) <n, Ve, <1,
and
P(3k e Z:I(k)>i,(k)) <.
In order to prove Lemma 6.3, we gather together some technical results in the following lemma.

They follow from Lemmas 9.8, 9.9, 9.10 and 9.12 in the Appendix.
Lemma 6.5. We have that for p > 0 and § > 0 sufficiently small,

E Ulog(ZStat)]p] <oo, E [(log(that))p] <oo and E [[log(FC(ZStat(that)o‘))]1+5 < 0.

Moreover, there exist constants A < oo and cy € (0,1) such that

n

H(Y;stat)a

1=2

E < Acy.

Proof of Lemma 6.3. In this proof, n > 0 is fixed and C' denotes a finite positive constant that
may vary from line to line.

Step 1. We will first prove the existence of N, € Z and ¢, > 0 such that
(6.4) P(I(0) > Ny|Zo=2) <7, Y0<e<e,.

In order to do this, note that for all integers N > 1, following the main lines of the proof of
Lemma 6.1, we obtain that

Ne—1 N 1/
Re(O)Re(—’L) 1 ZNe_i_lyNéfi
P(IE(O) > N|(Z7 Y, A)) <C Z (1 - R (O)R (_Z')—l)lfl/a F (Z . Yo )
=N € € ¢ Ne—i—1 Ne—1i
< CABc(N)

where

Re(0) exp(—aSn, + log(e/Zp))
(1 = Re(0)Re(~1)~1)1=1/e
Ne—1 0 1/a
Zn i1 YNe—i
BN) = ( Ym) ey
izzj:\] kl__ZI-H FC (ZNe_i_lYNe—i)
Consequently, for every A > 0,
P(I.(0) > N |Zy = 2) < gIP’(AeBE(N) < n/3C |Zy = 2)
+P(Ac > A/3C |Zy=2)+P(B(N) >n/A |Zy = 2).
But we know from Lemma 4.7 that when ¢ — 0, conditional on Zy = z,
R(o)(ylbias)aU
(1= RO)R(-1) )=V

and the limit is almost surely finite. Hence if we fix A sufficiently large, then for all € sufficiently
small, say € < ¢g, and all N > 1,

A, =

1
A

P(L(0) > N |20 =2) < 2 + B (BAN) > /A |7y =2).
28



Let us now deal with this last probability (A is now fixed). We have,

P(B.N) = /A |Zo = 2)

00 1/a
ZN i YN —1 6’17
< P Y. ezizl” e 1ss >_ -1
<2 (L )ty e

Zozz>

(since D ;s n i~2 < 72/6). Recall that, on the event {Zy = z}, we have {N, = j} = {S; <
a~tlog(e/z) < Sjt1}. Hence,
Zo = Z>

H Yy 2N, Vs 1 > O
Ne+k (ZN e lya z) {i<Ne—1} A7T2 2
Z}% Y, 6 log(e/2)
= P j—i—1 > Ui g ‘
Z <( 11 3*’“)FC (Z;—i- 1Y ) A i S T <

k=—i+1

Z()ZZ)

J=i+1 k=—i+1
N z,"v; 6 1
_ j i+ U] og(e/z) B
- Z << H ﬁm‘+1+k> 2 (Z ya 1) > An2i 27Sj+2+1 < T < Sjtiv2 |20 =2
J=0 k=—i+1 Jt+

M

Srb (et -s) -]

where for z > 0, y € R and ¢ > 1,

H).

P (B(N) > n/A | Zy = 2) SZE[ (Zj,a M log(e/2) — S;) | Zo = 2],

i+1 1/a1/1 67]
9i(z,y) = Liy> P <k1_[2Yk > FoaYp) > Sl S Y < Siv2

So, finally,

where g(z,y) = ;> y gi(,y). Assume for the moment that this function g satisfies conditions
(a) and (b) of Theorem 4.4. Then, as a consequence of that theorem,

lmsup P (BN) 20/4 2= < o [ [ 3 g ppmas(ae) <o

e—0 iSN

We then use the monotone convergence theorem to conclude that there exists some N, and
then some €, (< €) such that

P(B(N,) > nfAlZy=2) < 5, Ve<e,

which was the missing piece to get (6.4).

It remains to check that g satisfies conditions (a) and (b) of Theorem 4.4. Note that we do not
even know yet that g(z,y) < oo for Lebesgue a.e. x,y. We start with (b). For this, note that
ifyen,n+1)and y € [Si+1,Si+2), then Siyo > n and S;11 < n + 1. Moreover, the number
of integers n € (Si+1 — 1, Si+2) is smaller than S;yo — (Sit1 — 1) + 1 = log(Yiy2) + 2. Thus,

/000 Z sup  g(x,y)mstas(dz) ZE

nez, Yelmn+1) i>N

stat
log 7’+2 ) {( i+1 stat\a 6n

statyl/ay stat
(zgtat)l/ays

> ’
k;:Q( k ) )FC(Zstat(Ylstat)a) = Ax242 }]
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Fix 6 € (0,1). By Holder’s inequality, and for any ¢ € (0, 1),

E

tat
(IOg(Y;SJF% ) + 2)]1{(1_[1""1 (Ystat) ) (Zstat)l/aylstat o }]

>
F< (that (Ylstat yay = An242

) 1-46
5 i+l (Zstat)l/aystat 6
< stat 1/6 stat 0 1 > Ui
<E [(log(yl ) +2) ] P << H(Y ) ) FC(ZStat (Ylstat)a) = An242

k=2
i+1 1-6 1 1-6
B 61 ] (Zstat) /oy stat
<C|P YStat >_ P () 0 1 >1
<ofr( (Howr) =)o (s

where, in the last inequality, we have used the finiteness of the expectation E [(log(that))l/ ‘;}
(see Lemma 6.5). By Markov’s inequality, the first probability on the right-hand side above is
smaller than Ci?(cy /c)?, where cy is defined in Lemma 6.5. For the second term on the right-
hand side, first take the logarithm inside the probability and then use Markov’s inequality to
bound it from above by

Ci~(1+2%) (g ( [‘ lo (Zstat)|1+25} 1E [| log(Y; stat)’1+2§} iR [| log(F (Zgt (Ytatye ))|1+25D ‘

By Lemma 6.5, this sum of three expectations is finite for § > 0 small enough. Consequently,
for ¢ € (cy,1)

= i(1-5)
/ Z sup g(z, y) Tstar (dz) § C < ( ) n 2-—(1+25)(1_5)> ’

and this sum on 7 > N is finite as soon as (1 + 25)(1 —0) > 1, 1i.e. assoon as 6 < 1/2. Hence,
condition (b) of Theorem 4.4 is satisfied.

To get condition (a), note that we have (implicitly) seen in the lines above that

/ZP«ﬁY’“) o 2 2

hence for Lebesgue a.e. > 0, >~ v P(( s Y& ;:(/;}2) > Ai’gi? |¢ = z) is finite. For
- 1

those x, g(z,y) < oo for all y > 0 and we can apply the dominated convergence theorem to
deduce that g(zx,-) is continuous at each point which is not an atom of one of the S;,i > 1.
The Lebesgue measure of this set of atoms is 0, hence condition (a) is also satisfied.

(= :U) Tstat (d) < 00,

Step 2. Recall that (e,),en is a sequence of strictly positive real numbers converging to 0.
By Step 1, we get the existence of a positive integer j,(0) such that

P (I, (0) > jy(0) |Zo = 2) <n, VneN.

But then, exactly in the same manner, we can obtain for each k € Z the existence of an integer
Jn(k) such that
P (L, (k) > jo(k) |Z0 = 2) <, ¥neN, 0

6.2. Proof of Theorem 1.1. Consider a sequence (¢,,) of strictly positive real numbers con-
verging to 0 and recall from Corollary 5.2 the spine construction of

(€ *F((C = ent)=),0 <t < (/en)
in terms of the Markov chain (Z, Yy, Ag)r>0 and the time-reversed fragmentations

-(Z i—1YR, 4 iAN, tim .
EEmNen+ o e et ), i€ Z,m>1,

where these fragmentations are conditionally independent given (Zj, Yy, Ag)g>0. For the rest
of this proof, we fix z > 0 such that the conditional convergence of Lemma 4.7 holds.
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Step 1. As we have already mentioned, an important technical issue is the possibility that,
among the blocks present at time ¢, there are some which will persist in the system for a very
long time before coalescing with spine. In other words, we would like to be able to say that
H; »+ does not contribute to the state for large negative i (uniformly in n). For this reason,
we introduce, for all n > 0 and n € N, the modified process

(ex/ “F((¢ = ent)=),0 <t < (/en)

whose spine decomposition is constructed from (Zy, Yy, Ag)r>o in a way very similar to
(E}L/QF((C—ER-)—» except that some terms are omitted: for ¢t € [R,, (k+ 1), R, (k)), k > —N,,,
we take e/ “F((¢ — eyt)—) to be the decreasing rearrangement of the terms involved in

1/a —1/a
o 2 1(Re (k)Y

o H™Ht), k—in(k) <i<k,
where the (deterministic) integers i,(k) are those introduced in Lemma 6.4. If ¢t > (/e,, we

set F((¢ —e,t)—) = 1. By Lemma 6.4, the processes F((¢ —¢,-)—) and F((¢ — €,-)—) are
identical with a high probability independently of n, namely

P (/" FO (¢ — eat) =)t 2 0) 2 (HF(C = ent) )t 2 0) [ ¢ =2) <
Consequently, for every bounded continuous test function f: S — R,
E[f (/P —en))) | ¢ = 2] —E[F (/" FD((¢ —en))) | ¢ = 2] | < Om,

where C'is independent of n and n. Similarly, again by Lemma 6.4, |E [f (Cx)] —E[f(Cég))H <

Cn, where Cég)(t) is defined for ¢t € [R(k + 1), R(k)) to be the decreasing rearrangement of the
terms involved in

° (Zl?ias)l/a(R(k))—l/a
o HI(t), k—iy(k)<i<k.

Therefore, the expected convergence in distribution will be proved if we show that the process
(e}/o‘F(")((C — €n+)—)) converges in distribution (conditional on ¢ = z) to P, for each n > 0.

Step 2. Fix n > 0. Our goal is to prove that conditionally on { = z, there exist versions of

(ei/aF(”)((C —ent)—),0 <t < (/en), n € N, that converge to a version of Cc()g), almost surely
as €, — 0. With Step 1 above, this will clearly entail Theorem 1.1.

By Lemma 4.7 and the Skorokhod representation theorem, conditionally on { = z, there exist
versions of

1
(6.5) ( (ZNep s YNoy ks AN k) ez » > log(€n/C) — SNW)

that converge almost surely as €, — 0 to a version of ( (Z bias ybias Abias) U log(YlbiaS)). From
now on, we always consider these versions. Using Lemma 9.5, we get the joint Skorokhod
convergence in distribution, conditional on { = z, of the cadlag processes

HZ%—)Hi,m ase, -0, i€Z,m>1.

By the Skorokhod representation theorem, we may again assume that these convergences hold
almost surely. Without changing notation, we work with these versions for the rest of this
proof. In fact, we will implicitly work on the event of probability one where the convergence
of (6.5) to ((Zbias,Ybias, Abias) ,Ulog(YlbiaS)) holds, as well as all convergences of processes
Hf% to Hym, t € Z,m > 1.
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Step 2 (a). We then claim that for each i € Z,
H;”’i — Hj as €, — 0,

in the Skorokhod sense (for the distance d on §). To see this, we use Proposition 9.3 and
Lemma 9.6 from the Appendix. For this, fix a time ¢ > 0 and a sequence (t.,) converging
to ¢t. The integer i being fixed, our goal is to check that the functions H »+ and Hf satisfy
assertions (a), (b) and (c) of Proposition 9.3 for the sequence of times (¢, ). In order to do
this, we distinguish three cases: t € [0,00)\{R(¢),0}, t = 0 and t = R(i).

First assume that ¢t # R(i) and ¢t > 0. Since a reversed fragmentation process F(*) almost
surely does not jump at any given fixed time except z, the processes H; ,,,m > 1 cannot jump
simultaneously on Ry\{R(7)}. So at most one process among H;,,,m > 1 jumps at time ¢
(almost surely). Let m; be the index of this process if it exists. For m # my, H;" (t,) —

H; ,(t) and this leads to the convergence in S of the decreasing rearrangement of all terms
involved in at least one sequence H Z’;n(ten) for some m # my, to the decreasing rearrangement
of all terms involved in at least one sequence H; ,(t) for some m # my, although the number of
m involved may be infinite. Indeed, this is due to the continuity property for finite decreasing
rearrangements (Lemma 9.1) and to the fact that

€n 1/ . “1/a
SOHGt)h < 2N (R, =) YT A i

m>M m>M
bias\1/« -1/« bias
— (Z ) / (R Z / § Azmv
€n—0
m>M

which implies that for all 6 > 0 there exists My € N such that for all €, small enough,

(6.6) Do IH ) <6 and Y [[Him(t)]1 < 6.
m>Ms m>Ms
Hence, 3~ 1 nzm, AH T, (te,), Him(t)) — 0, and so, by Lemma 9.2, the decreasing rearrange-

ment {H;7 (tc,),m # my b converges in S to {H;n(t),m # my}*. Now, we also have that
H{" converges in the Skorokhod sense to Hj . It follows, using Lemma 9.6 (i), that H not

T,

and Hj satisfy assertions (a), (b) and (c) of Proposition 9.3 for the sequence of times (¢, ).

Next assume that ¢ = 0. Let (sg)ren be a decreasing sequence of strictly positive times that

are not jump times of Hl-i, and that converge to 0. Then, since s # R(i) and s > 0, as we
have just seen,
IH (sl = 1 H (se)llh, Wk € N.
n—oo

We conclude by using a monotonicity argument: for all £ and then all €, sufficiently small, we
have t., < si, and so

IH (e )l < IHE (s 1
and then
hmsuanﬁ"% te )l < 1HF ()l < [Coolsi)ll1, Yk € N.

€n—0
Now let k& — oo, so that ||Cu(sk)|[1 — 0, by the right-continuity of Cs at 0. Hence,
H Y (t.,) = 0= H(0) as €, — 0.
Finally, for ¢ = R(i), consider the subsequences (tc, ) and ()
Reym (1) < ey < Reyiy (0 = 1)
Reyoy (1 41) S ey, < Rey (1)

For N large enough, there always exists a n such that either N = ¢(n) or N = ¢(n). Since
H™¥(s) = 0 for all s > R,, (i), we clearly have that

H bt — 0= H}().
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Next, note that H;7 (te,,) — Him(t—) for all m > 1. Moreover, similarly to (6.6), for all
0 > 0, there exists an integer Mj; such that for all €, small enough

> NHD (b)) <6 and D ([ Him(t=)] < 6.

m>M; m>Ms
From this and Lemma 9.2 we deduce that

H{ e, ) — Hif (t).

€y (n)
Assertion (a) of Proposition 9.3 follows. To get assertion (b), note that if

H{™(te,) = 0 = H} (1),

then necessarily R, (i) < t., < Re,(i — 1) for n large enough (since Hii(t—) # 0). Hence if
(Se,,) is a sequence converging to ¢t with s, >t , one has R, (i) < s., < R, (i —1) for n large
enough and then H 6”’i( L) =0= Hj (t). We obtain assertion (c) similarly.

Step 2 (b). Conditionally on ¢ = z, we consider for all n the version of
(6.7) (e/FM((¢ — ent)—),0 <t < (/ey)
built from the chain (ZNen i YN 4k AN, +k)k€Z’ the real number é log(en/¢) —Sn., and the

processes H; "’i,z’ € Z. We know that (almost surely) these quantities converge respectively to
(Zbias ybias Abias) [T og(VP1S), and Hj ,i € Z. To prove that this version of (6.7) converges
for the Skorokhod topology as ¢, — 0 to a version of Cég) (indeed, the version constructed
from (ZPes yPiss Abias) [T ]og(Y,") and Hj ,i € Z), we will again use Proposition 9.3 and
Lemma 9.6.

We start by proving the Skorokhod convergence on any compact set [a,b] C (0,00). Let R(kq)
be the largest R(k) strictly smaller than a and similarly R(kp) be the smallest R(k) strictly
larger than b. For all €, small enough, R, (k,) < a and R, (k) > b. This implies that the
processes (en/a (¢ = ent)=),t € [a,b]) and (Cég)(t),t € [a,b]) are constructed from the
sequences Hi"’ and Hj respectively, with ky — i, (ky) < i < kq — 1 (together with the terms
z Re (k)" Ve, (zPas\Vo(R(k)~Y/e for ky < k < kq — 1). Crucially, the number of
Ne,, +k n k
processes H; "’¢,HZ-i involved in these constructions is finite, independently of n. Moreover,
the processes H j ,i € Z do not jump simultaneously (almost surely). We can therefore apply

Lemma 9.6 (ii) to obtain the Skorokhod convergence of e YFM((¢ - €,)—) to i on any
compact set [a,b] C (0, 00).

It remains to check that for any sequence (%, ) converging to 0, e/ Fm ((C—e€nte,)—) converges

€n
to 0 = C’ég) (0). This can be done via a monotonicity argument, exactly as in the case t = 0 of
Step 2 (a). O

7. AN INVARIANT MEASURE FOR THE FRAGMENTATION PROCESS

This section is devoted to the proof of Theorem 1.2. Throughout, we will assume that the
assumptions of Theorem 1.1 are satisfied. Recall that the measure A on (S, B(S)) is defined
by

AA) = /OOO P(Co(t) € A)dt for all A€ B(S).

By definition of the process Cw, it is clear that A({0}) = 0 and also, using its self-similarity,
that

A{seS: s <ax,Vi>1})=a " N{s€S:s; <a;Vi>1})

for all ¢; > 0 and all x > 0.
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Recall the notation [|s[[1 = }_,5; s; for s € S. Our goal in this section is to prove, firstly, that
AM{seS:|s]i<z})<o0 V>0

(which implies that A is o-finite) and secondly, that

/ 1(s / Eq [ (F(u))] A(ds)

for all u > 0 and all continuous functions f : & — Ry such that f(s) < Lyo<|s|,<c} for some
c>0.

Lemma 7.1. For all continuous functions f : S — Ry such that f(s) < lyg,<c} for some

c>0,
| E[sEmre-ay]a 5, [ e ).

0 e—0

Proof. To simplify the notation, we assume that ¢ = 1; a similar argument works for a general
¢ > 0. By Theorem 1.1, for all t > 0, E [f(e"/*F({ — et))] — E [f(C(t))]. It remains to
check that we can apply the dominated convergence theorem. For this, we introduce for every
a > 0 the stopping time 7, = inf {u > 0 : ||[F(u)|[;1 < a}. By Proposition 2.1, we may write

¢ =70 = sup {Fi(ra) ¢},
i>1
where the (s are i.i.d. distributed as ¢ and independent of F(7,). Hence, for all g > 1,

E (MR~ et))| SPC—et > 7a/) SP(C 7)1 > (et) 010

(ZF ) (E)” W“Z(et)‘ﬁ”)

i>1

E [P/ E [Lin1 Filrea)?]
- (ct) PP
E [g—ﬁ/a]
t—Bla
by definition of 7.1/, and the fact that § > 1. Taking S larger if necessary so that —3/a > 1
and recalling that E [C —B/ 0‘] < 00, we obtain

<

E[f(e/*F(¢ - et)] < min(1,ct77/%), >0

for some finite constant C, independently of €. The result follows. O

Proof of Theorem 1.2. Consider the potential measure

Ae(A) = /0 TPy (F(H) € ) dt.

Equivalently, A.(A) is the expected time spent in A by a fragmentation process started from
€'/*1. Suppose now that f:S — R is continuous and such that f(s) < 1jg<|s||, <} for some
¢ > 0. By the self-similarity of the fragmentation process,

(7.1) /S FE)A(ds) = / Tk [ f(el/aF(et))} dt

0
- - E Vep(c dt /
(if et/ >c) /() [f( ( ~ f
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From now on, fix u > 0, ¢ > 0 and a continuous function f : & — Ry such that f(s) <
Lio<|s|i<c}- Our goal is to check, on the one hand, that

(7.2) /S Es [£(F(u))] Ac(ds) — /S £(5)A\(ds)
and, on the other, that
(7.3) /S Ee [f(F(u))] A(ds) — /S Eq [f (F(u))] A(ds).

Together, these will yield the invariance of A.

We start with (7.2). By the definition of A,

| Bl F@)As) = [ B [f( e+ )] a

0

:/D E[f(el/o‘F(et))] dt—/ E[f(el/o‘F(et))] at.

0

The first integral in the last line converges to [ f(s)A(ds), by (7.1). The second converges to

0, since E [f(e'/*F(et))] — 0 for all t > 0 (as €/%||F(et)|1 > c for € small enough, a.s.). The
convergence in (7.2) follows.

To get (7.3), set g(s) = Es [f(F(u))]. The function g is continuous, bounded and R -valued,
but is not supported by a set of the form 0 < ||s]|; < ¢ for some ¢/, so we cannot conclude the
desired result directly from the convergence of A\, to A\. Note that, for all ¢ > 0

/5 9(8) 1 (s> () = /0 TE[F (Bl 1)) Lo oot ¢

< / IP’(Hel/aF(et)Hl >0 < ||eF (et +uw)| < c)dt
0

< / IP’(Hel/O‘F(C —et —eu)|ly > ¢,0 < ||/ F(C — et)|1 < c)dt.
0

Using the dominated convergence theorem (and the same argument as in the proof of Lemma
7.1), we see that the right-hand side converges to [P (||Coo(t + u)|l1 > ¢, [|Coa(t)[1 < ¢) dt,
which is finite. Hence, for all > 0 and then all ¢ > 0 large enough, say ¢’ > ¢,

limsup/Sg(S)]l{”S||1>C/}A€(dS) < n.

e—0

Now,

o o 1/a
/Sg(s)]l{s||1>c’})‘6(ds) —/O E [9(6 F(Et))ﬂ{\\el/ap(etﬂlocfﬂ dt

= /0 E [Q(EI/O‘F(C — Et))]l{||el/°‘F((—et)||1>c’}H{CZ@}} dt.

Since the function s — g(s)Il{||SH1>C/} is lower semi-continuous, by the Portmanteau theorem,

CE 1/«
lim inf E [9(6/ F(¢ —ﬂf))ﬂ{”el/am_et)umf}ﬂ{czet}} > E [9(Coo () L{jcu(t)li>ey] -

Hence, by Fatou’s lemma,

/ g<s)]l{Hs||1>c’}/\(dS) S hmlnf/ g(s)]l{||sH1>c’})‘E(dS) S n
0 e—0 S

for all ¢ > ¢;. Finally, fix n > 0 and then ¢’ > ¢,. Consider then ¢’ € (¢/,00) and let
h:S — [0,1] be a continuous function such that h(s) = 1 when ||s||; < ¢ and h(s) = 0 when

35



ls]li > ¢”. Then,

/ 9(5) (A — A) (ds)
S

<

+ +

/ 9($)h(s) (A — A) (ds) / 9(5)(1 = h(s))Ac(ds) / 9()(1 — h(s))A(ds)] .
S S S

We have chosen ¢’ and h so that the second and third terms are each smaller than 7 for small
enough e. By (7.1), the first term converges to 0 as ¢ — 0. The convergence in (7.3) follows. [

8. DISCUSSION OF GEOMETRIC FRAGMENTATIONS

In this section, we consider geometric fragmentations; that is, we assume that there exists
r € (0,1) such that
v(s; e MU{0},i>1) =1

This case has some interesting connections to other parts of the probability literature, which we
will briefly describe below. We will then see that e!/*F (¢ — €) cannot converge in distribution
in this case. However, it does converge along appropriate subsequences. Finally, we will
restrict attention to the simple case of k-ary fragmentations, when each fragmentation of a
block produces k blocks with identical masses, and describe all possible limit distributions of
the rescaled last fragment e/ *F,(C — €) in these simple k-ary fragmentations.

8.1. Related models. Specialize, for the moment, to the case where the fragmentation has
dislocation measure

v(ds) = 5(1 11 0,...)(ds)7 s € 5.

k' k>
This fragmentation process has been studied in various different guises in the probability
literature.

In [5], Athreya considers a model which he calls the discounted branching random walk. Start
with a single particle situated at a distance to the right of the origin which is distributed as
Exp(1). At each epoch, every particle present gives birth to two particles. At epoch n, these
new particles have a displacement rightwards from the parent with distribution Exp(27"%),
independently for different particles. It is easy to see that the positions of the 2™ particles
at generation n correspond to the times at which the blocks of size 27" appear in the simple
binary fragmentation (when k& = 2). Athreya concerns himself particularly with a recursive
equation for the distribution of the right-hand end of the support of the particle distribution
at time oco. This, of course, has the same distribution as ¢, and the recursive distributional
equation is ¢ = T; + 2" max{¢(",¢®} in our notation. (This equation and others like it
are discussed in more detail in Aldous and Bandyopadhyay [2].) The convergence of the last
fragment in Theorem 3.6 (which is valid for geometric fragmentations) entails that the distance
between the ancestor of generation n of the winning particle and the winning particle itself,
rescaled by 27" converges in distribution as n — oo. Of course, this construction is easily
extended to the case where each individual gives birth to k offspring.

Barlow, Pemantle and Perkins [7] consider a model of randomly-growing k-ary trees which has
also been studied, in various versions, in [I, 12, 13, 26]. Suppose we grow the complete k-ary
tree as follows. (For definiteness, label vertices in the tree by k-ary strings, so that the root is
(), its neighbours are 0,1,...,k — 1 and, in general, the descendents of a vertex labelled x are
20,21, ..., 2(k —1).) We start with the empty tree and wait an Exp(1) amount of time; then
the root gets filled in. Let A(0) = {0}. In general, let A(t) be the set of vertices in the k-ary
tree which have not yet been filled in themselves, but whose parents in the tree have been filled
in. A vertex in A(t) at height n (where the root has height 0) becomes filled in at a rate k=".
The vertices in A(t) correspond exactly to blocks in our fragmentation at time ¢. In particular,
a vertex at height n corresponds to a block of size £~". This model can be thought of as
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a sort of first-passage percolation or as diffusion-limited aggregation on a tree. In particular,
Barlow, Pemantle and Perkins study the structure of the cluster at the first time that it hits
the boundary of the tree. This corresponds to the time at which mass first disappears in the
fragmentation. They show that at that time the cluster consists of a unique infinite backbone
with small finite trees hanging off it. We are instead interested in what happens near the time
at which the last point on the boundary of the tree is reached. Theorem 3.6 tells us that the
time taken to reach this last point on the boundary from its ancestor in generation n, suitably
rescaled, has a limit in distribution as n — oc.

We now turn to a more general context and prove some results which apply to these special
cases.

8.2. Absence of limit in distribution. We return to the general case of a geometric frag-
mentation F', assuming solely that f$1 sflu(ds) is finite. Recall that T}, is the nth jump time
of the last fragment process Fi. From Theorem 3.6, we know that

Zy/* = (¢ = To) " Fu(T)

converges in distribution to a law which is fully supported by (0, c0). However, we do not have
convergence in distribution of the rescaled sequence €/*F (¢ — ¢€) as € — 0.

Proposition 8.1. In the geometric cases, €'/*F(C — €) and €'/“F,(¢ — €) do not converge in
distribution as € — 0. However, for each x € [0,1), the sequence r~" % F,(( — r~®"+2)) has a
non-zero limit in distribution as n — oo, which depends on x.

In the next section, we specify this limit and its dependence on z for the simple k-ary frag-
mentations.

Proof. Suppose (for a contradiction) that ¢'/*F({ — €) converges in distribution in S. Then

e'/*F1(¢ — €) has a limit in distribution, say L € [0,00). Consider the sequence €, = ar—®",

n > 1, where a € (0,00) is fixed. Then the random variables el/ “F1(¢ — €,) almost surely all
belong to the set a'/*r%, and so L € a'/*r2U{0} a.s. But this assertion holds for all a € (0, cc),
hence L = 0 a.s. In particular, this implies that €'/*F,(¢ — €) converges in distribution to 0.
Similarly, supposing first that ¢'/*F,(¢ — €) has a limit in distribution, we conclude that this

limit is necessarily 0.

But a zero limit is not possible, because r " F, (¢ — r~*") has a non-zero limit in distribution
as n — oo, provided that | S s7'v(ds) < co. To see this, we use Corollary 2.2 (b) of Alsmeyer
[3], on Markov renewal theory in the geometric cases. Given this corollary, it is possible to
check that the rescaled sequence r~"F,(¢ — r~®") has a non-trivial limit in distribution as
n — 00, in exactly the same way as we proved the one-dimensional convergence in Section 4.2.
Using arguments from Section 4.3 giving an expression for N in terms of N, it is then easy
to deduce the convergence in distribution of 7~ "% F,(¢ — r~®"t%*) to a non-trivial limit. We
leave these extensions to the reader. O

Remark 8.2. This result then certainly leads to the convergence of r~""*F(( —r*“(””ﬁ)) to a
non-trivial limit and more generally of the whole process r— " (F((C — et ) ¢ > 0),
at least when fSl sl_l_py(ds) < 00 for some p > 0. In order to see this, one should mimic
the proofs of Sections 4 and 6. However, for ease and brevity of exposition, we omit this part
and leave it to the motivated reader. We emphasize that the limit process depends on x and
cannot be self-similar. Moreover, the proofs of Lemma 7.1 and Theorem 1.2 in Section 7 are
still valid when replacing € by e,(x) = r=a(t0) and letting n — 0. Hence, we may deduce the
existence of invariant measures for these geometric fragmentations. Note that the invariant
measure constructed from the sequence (€,(x))n>0 is supported by elements s of S such that
s; € r~2 for all i. We have, therefore, a continuum set of distinct invariant measures,
indexed by x € [0,1).
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8.3. Simple k-ary fragmentations. From now on, we assume that the fragmentation has
dislocation measure
ds) =94 d .
V( S) (1 1 %70,‘“)( S), s €S

Bk
By adapting the method of proof of Theorems 5.1 and 5.2 of [7], we can obtain a stronger
version of Theorem 3.6. Note that here T, = inf{t > 0: Fi(t) = k~"} and Z, = k~"*({ — T,).

Proposition 8.3. The sequence (Zy)n>0 is stochastically increasing. As a consequence,

law

n — Zoo

as n — 00, where Zoy ~ Tgtay and Zoo >4t C.

Proof. We argue by induction, using the notation of Section 3. Recall that Zy = ¢ and that
7y = ¢ = max;<;<; (V. Let Fy(t) =P (Zp <t) and Fi(t) = P(Z; <t). Then

Fi(t) = Fy(t)k < Fy(t).
It follows that Zy < Z7. Let next
p(t,x) =P(¢") > t|¢ = x)
in the sense of a regular conditional probability. Since (Z,),>¢ is a Markov chain,
P(Zni1 2 t) = E[p(t, Zn)] -

Suppose for the moment that, for fixed t, p(¢, x) is increasing in z. Our induction hypothesis
is that Z,,_1 < Z,. Then

P(Zpt1 2 t) =E[p(t, Z,)| > Elp(t, Zn-1)]| =P (Zn > 1).
So it remains to show that p(¢, x) is increasing in .
We have ¢ = T1 + k% maxi<;<k ¢ =17 + k¢ with T} independent of ¢(). From this, it is
easy to see that ((, ¢ ( )) has a density which may be written as
(z,y) €RY = fen ()€™ YV Ligspayy-
Then for t < k™ %x,

k—< a,, t (e
plt.z) = S e (e vy ) Jo fe (y)e ¥y
V)T e gy T ke o
fo xfg(i’)(y)ek y—rdy fo xfg(l) (y)ek vdy
and so p(t,x) is, indeed, increasing in x. O

Now, for ¢ > 0, let
1 1
t)=—1 t—|—1 t| .
a(t) = — logy [a g }

We will now specify the asymptotics of the last fragment Fi (¢ —¢€,), according to the behavior
of the sequence (€,) under the action of the function x.

Proposition 8.4. Let (e,)n>0 be any sequence of times converging to 0 such that x(e,) —
for some fizred x € [0,1). Then we have as n — oo

R (¢ — 6) D kN
where N(z) = sup{n € Z : Z3# > glz=n)a},
We note that N(x) > —oo almost surely, a statement which we will justify during the course

of the proof. It is also the case that N(x) < co. As an example of an application of this
proposition: for all z € [0,1), we have

Ko, (¢ — K@ty B pe-N@) a9 o0,
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Proof. For any € > 0,let N. =sup{n >0:(—€e>T,} =sup{n >0:e < (—T,}. Then,
/OF (¢ —€) = /OF,(Ty,) = e/ Ne,
Using Z,, = k~"*(¢ — T;,), we have
Ne=sup{n >0:Z, >k "%}.
Write m(e) = [(logy €)/a] so that m(e) + z(e) = (logy €)/a. Then

N. —m(e) = n > m(6)+n > k*(m(E)Jrn)aE}

/—/Hr—/H

Zin(eyin = K7 KO7O L

Now take € = €, so that ¢, — 0 and z(e,) — = as n — oo. Then for all p € Z and all n such
that p > —m(ep,),

P(Nen — m<€n) > p) = IP’(Z (en)tp = > P kax(En))
since the sequence (Z,,k"%) is non-increasing in n a.s. (indeed, Z,k"* = ( — T},). Similarly,
P(N(z) > p) =P (2™ > k™P*k*") = mggar ([K7PYE", 00)) .

Then, since x(e,) — =, Zm(Ean converges in law to mgtat as 1 — 0o and as mgtat 1S non-atomic,
we get that

P (N, —m(en) > p) = P(N(z) > p),

for all p € Z. In other words, N, — m(e,) converges in law to N(z) as n — 0o. So N,
(logy, €,) /v converges in law to N(z) — x, which entails that

6711/o¢k—N6n 13‘7 kx—N(x)

)

as n — 0o, as required. O

9. APPENDIX

9.1. Convergence criteria. In this section, we record various technical lemmas concerning
criteria for convergence in (S,d) and in the Skorohod topology on cadlag processes taking
values in (S,d). The proofs of the first two lemmas are straightforward and so we omit them.

Lemma 9.1. Let n € N. The two following functions are continuous:

. 4
(i) (s,...,s™M) € 8 {sg.”, 1<i<n,j> 1} €S,
where 8™ is endowed with the product topology;
(ii) (z,8) €Ry xS = {ws;,j > 1} € S.

Observe that assertion (i) is not true if we replace S™ by SN. However, we do have the following
result.

Lemma 9.2. For every integer n € NU{oo}, let (sgn),i > 1) be a sequence of non-negative real
(n)
i

If > i1 ‘sz(»n) — sgoo)‘ — 0 as n — 0o, then s+ — 5()d in (S, d).

numbers such that ) ,~,s; < oo and let (sgn)’i,i > 1) denote its decreasing rearrangement.

We next recall a classical result on Skorokhod convergence (see Proposition 3.6.5 of Ethier and
Kurtz [16]) which we will use repeatedly.
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Proposition 9.3. Consider a metric space (E,dg) and let f,, f be cadlag paths with values
in E. Then f, — f with respect to the Skorokhod topology if and only if the three following
assertions are satisfied for all sequences t, —t, t,,t >0:

(a) min(dg(fa(tn), f(t), de(fa(tn), f(t=))) — 0O
(b) de(fu(tn), f(t)) = 0 = dg(fu(sn), f(t)) = 0 for all sequences s, — t, Sn > ty,
() dp(fu(tn), f(t=)) = 0 = de(fu(sn), f(t—)) — O for all sequences s, — t, Sp < ty.

Of course, if ¢ is not a jump time of f then (a), (b), (c) are equivalent to dg(fn(tn), f(t)) — 0.

We now establish three lemmas on Skorokhod convergence, which are used in the main body
of the paper.

Lemma 9.4. Consider (Cn)n€Z+U{oo}: a sequence of real-valued non-decreasing piecewise con-
stant cadlag functions defined on Ry by ¢,(0) = 0 and, fort >0,

cn(t) =bp(k), ifrp(k) >t >rp(k+1),

where (ry(k))rez is strictly decreasing in k and such that r,,(k) — 0 as k — oo and r,(k) = o
as k — —oo. Suppose that for all k € Z, ri(k) — roo(k) and by (k) — boo(k) as n — co. Then
Cn — Coo for the Skorokhod topology on the set of real-valued cadlag functions on R,

Proof. This is nearly obvious from the definition of the Skorokhod topology. To prove it
carefully, we use Proposition 9.3. It is easy to see that for a fixed ¢t > 0 and all sequences t,, — t,
conditions (a), (b) and (c) of this Proposition are satisfied for the sequence (¢ )nez., , With coo
at the limit. It remains to check them for ¢ = 0, which consists then in checking that ¢, (t,) —
C0(0) = 0. This is immediate, using monotonicity. Indeed, let € > 0; for large n, ¢, <€, and
0 ¢p(tn) < cn(€). The sequence (¢, (€)) might not converge, but clearly lim sup,, ¢, (€) < coo(€).
Since ¢ is right-continuous, we get, letting e — 0, that lim sup,, ¢,,(¢) = 0. ]

The next lemma concerns the time-reversed conditioned fragmentation process F*) introduced
in Section 5.

Lemma 9.5. Let (an), (bn), (Cn), Goo, boo, Coo be non-negative numbers such that a, — aso,
bn — bso and ¢, = co. Then,

law

(caF @) (bpt+),t > 0) T (cooF %) (boot+),t > 0)
in sense of the Skorokhod topology on cadlag processes taking values in (S, d).

Proof. Let F be a fragmentation process and, for all n € NU {oo}, let G be defined by
) (4) — cenF(an —bpt) if 0 <byt <a,
) { 0 if byt > .
Then observe that for all © > 0:

e if (u,) is a sequence converging to u, with wu, > u for all n, then F(u,—) — F(u);
e if (u,) is a sequence converging to u, with u, < u for all n, then F(u,—) — F(u—).

We can deduce from this (together with Lemma 9.1 (ii)) that for all ¢ > 0,

. G(”)(tn—i—) — G() (t) when t,, — t and a,, — bpty, > aoo — boot for all n large enough;
° G(”)(tn—i—) — G() (t+) when t,, — t and a,, — byt < oo — boot for all n large enough.

From these observations and Proposition 9.3, we get that (G (t+),t > 0) converges to

(G(®)(t+),t > 0) as n — oo for the Skorokhod topology on S, almost surely. Since the extinc-

tion time ¢ of F' has a continuous cumulative distribution function, we also have 1(c,,} —
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Li¢<as}> almost surely. Hence, for all bounded continuous test functions f: S — R,

E[f (G™(t4),t > 0)) Liccan]
P(¢ < ap)
|, E[F(@04),t 2 0) Liccan)]
oo P(¢ < aco)

—E [f ((COOF(%O)(bOOH),t > 0))} . O

E {f ((an(a")(bnt—i—),t > 0))} -

Finally, the following lemma is an easy consequence of Proposition 9.3 and the continuity
property for the decreasing rearrangement of a finite number of elements of S (Lemma 9.1 (i)).
Its proof is omitted.

Lemma 9.6. (i) Consider cadlag functions u(™ u : [0,00) — S such that u™ — u as n —
oo with respect to the Skorokhod topology. Let (t,) be a sequence of non-negative numbers
converging to t > 0 and consider another family of cadlag functions v, v : [0,00) = S such
that v (t,) — v(t). For s > 0, set fu(s) = {ugn)(s),v,in)(s),j > 1,k > 1} and similarly
f(s) = {u;(s),vi(s),7 > 1,k > 1}*. Then the functions f,, f are cadlag and satisfy assertions
(a), (b) and (c) of Proposition 9.3 for the sequence (t).

(ii) Let uw™) 4@ n e N,i eI be cadlag functions from [0,00) to S, with I a finite set. For
t >0, set gn(t) = {u§n’i) (t),7 > 1,i € I} and g(t) = {ugm) (t),7 > 1,i € I}*. These functions
are cadlag. Moreover, if ™) — u(® asn — 0o in the Skorokhod sense for all i € I and if the

functions uV i € I do not jump simultaneously on [0,00), then g, converges in the Skorokhod
sense to g as n — 0.

We observe that the cadlag property of the functions f,, f, g, and g is a consequence of Lemma
9.2.

9.2. Properties of the stationary and biased Markov chains. We collect here various
technical results about the stationary and biased Markov chains (introduced in Section 3.3)
which are used in the body of the paper.

Lemma 9.7. If fSl s71v(ds) < oo then, for all ¢ > 0,

Ooexp(—ca:)ﬂ 2) < oo
f; Sy atan <

Proof. 1t suffices to prove the result for small values of ¢ > 0. As in the proof of Lemma 3.8,
let V(z) = exp(—cz)/fe(z),x > 0, with ¢ € (0,1/2) small enough so that exp(cz)fe(z) — 0
as ¢ — o0o. Then, as a direct consequence of (3.9) and Theorem 14.0.1 of [23], we have that
Jo" V(x)mstar (dz) < oo. The result follows. O

Lemma 9.8. If fSl s7'v(ds) < oo then for a > 0 sufficiently small and all b < 1+ 1/|al,

o] 1
/ exp(ax)mstat(dr) < 0o and / :r:_bwstat(dx) < 00.
1 0

In particular, for all p > 0,
E [|log(Z5"™")[P] < oc.

Proof. To see the first assertion, note that by Lemma 2.2, there exist constants C; > 0 and
¢ > 0 such that

fe(x) < Crexp(—cx)
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for all x > 0. Hence, for all a < ¢, by Lemma 9.7,

*  exp(—(c - a)a)
/0 exp(ax)mgiat(dz) < Cl/o @) Tstat (dz) < 00.

Next, from (3.5), we have that

Wstat(x) B o0 es;ax g, 00 M e
fe(z) _/81 <Z HFC(] ' )(/s;% fe(y) dy)) (@)

i=1 JFi

Recall the definition of ¢(!) from just below Equation (3.3). Since I eXIZ )ﬂstat(dx) 00

and e’ ¢ < e”, there exists a constant C such that

7Tstat(x) Ce” i B o
fe(x) = 1— Fe(x) /51 (; (1—Fe(x jl;IZFg 58 )V(ds)
O p(c _Cer
- WP(C o) S 1 Fe(x)

Then, for z € (0,1}, Tgat(x)/ fc(x) is bounded by some constant Cy. It follows that

1 1
/ xibﬂstat(dx) < Cg/ xibfc(:z)dx
0 0

and this upper bound is finite by Lemma 2.2 (iii) when b < 1+ 1/|«|. O
Lemma 9.9. If [g s7'v(ds) < oo, then E [(log(Y{*#"))P] < oo for all p > 0.

(log (<—<T1>>p

<% /OOO (| log(z)[” + E {\ log(¢ — T1)|pﬂ{c:—T1S1}‘C - xD Totat (d2),

= af?

Proof. Fix p > 0. By definition,

Em%a?%vy—l'AwE

|l

C = l’] Wstat(dw)

for some constant Cp. By Lemma 9.8, [*|log(z)[P7stat(dz) < oo. Next, using the notation
introduced in Lemma 2.2, we write { = T + & where £ = maxizl{Fi_a(Tl)((i)}. Since T is
independent of £ and is exponentially distributed with mean 1, the joint distribution of (&, ()
is exp(—x + y) Lo<y<a fe(y)dydax, where we recall that fe denotes the density of £&. Hence,

/O E U log(C - Tl)’pﬂ{Clegl}K = x] Wstat(dx)

© oxp(—x min(z,1)
_ /0 ;;((m)) ( /0 exp(y)|log y fs(y)dy> Tstat (d2)

! > exp(—=x
< 6/(; “Ogy|pf§(y)dy/0 %ﬁstat(dx)-

The integral [;°exp(—x)/fc(x)msar(dz) is finite, by Lemma 9.7. Finally, note that ¢ >
Fl(Tl)*O‘C(l) and so

E[[log(&)[" 1ie<1y] < Gy (!@!pE[ log(F1(T1))[P ] +E[|log(¢™)[” ]) :

The first expectation on the right-hand side is equal to |, s [log(s1)|” v(ds) and is finite since

s7w(ds) < co. The second expectation is also finite, by assertions (i) and (ii) of Lemma
23, 0

The following result is the only place that we need the extra condition | 5 sflfp v(ds) < oo for
some p > 0.
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Lemma 9.10. Assume that fS1 sl_l_pv(ds) < 0o for some p > 0. Then there exits 6, > 0 such
that for all § € [0,0,),

E [‘log(FC (that(Ylstat)a))‘l‘f‘&] < 00
Proof. Again we let £ = sup@l{Fi(Tl)_aC(i)}. The first step of our proof is to show that, for
0<ax <,
9.1 log(F¢ ()| < C (/21 1/ log(Fe(x))
(9-1) [log(F¢(x))] < C (/% |logz| + 27/ |log(Fe(x))] ) -
For z > 0, let K(x) = sup{k > 1 : Fi(T1) > = */*} and let C; > 1 be such that 1 —¢ >
exp(—Cit) for all t € [0,P(¢ > 1)). Then,

[I F@R@)™) =exp(-C1 > P(C>$E(T1)“)>

i>K(z)+1

> ep (- GBI ST R
i>K(z)+1

(— Caatl),

where we have used Markov’s inequality to get the second inequality and the fact that

> ik (x)+1 Fi(T1) <1 to get the third one. Now note that K(z) < xt/* since Fi(Ty) < 1/k

for all kK > 1. So, for ¢ € (0,1) such that v(s; < ¢) > 0,

K ()
Fe(z) =E|[[ Fe(@F(T)) | 2 E | [ Fe(@Fu(T)™) | exp (-cle/a)
i>1 i=1
> B | Fe(ae®) O 5, 1,20y | exp (= Coa'/)
(9.2) >v(s; < C)Fg(azca)xl/a exp (— ngl/o‘).
Next, since F¢(z) = exp(—z) [ exp(y)Fe(y)dy, we have that for all 0 < 2 <1,
(9.3) Fe(z) > exp(=1)(1 — ¢~ /2)zFe (¢ %x).

Using (9.2), we get

—1/2,.1/c

Fe(x) > CaxFe(c™ 2 wc®) "0 exp(—Coc1/221/%)
and another application of (9.3) yields

c—1/241/c

Fe(z) > Csz (CazFe(c “xc™)) exp(—Cac /21,
All of the constants here are strictly positive and so (9.1) follows.

From (9.1) and Holder’s inequality, we deduce that for all § > 0,

E[ [log(F¢(§)) Lesny| ] < € (E[f TR }“*‘”Ehlog(FAOM(lmM) |

Since F¢(§) has a uniform distribution, |log(F¢(£))| ~ Exp(1) and so has finite positive mo-
ments of all orders. Moreover, since £ > F;(T1) ¢ (1), we have

E[E%} gE[C(IZS)Q]/S 31_(1+5)2V(ds).
1

Let p > 0 be such that [ 571 Pu(ds) < co. By Lemma 2.2 (iii), E[¢™%] < oo for all a <

14+ (1+p)/|al. So for all § > 0 such that (1 +d)? < 1+ p, the expectation E[ﬁ(H‘S)Q/O‘] is
finite and, thus,

E |llog(F (£))|'*] < oo
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(since [log(F¢(€))] < [log(F¢(1))] when € > 1).

In particular, we can deduce that E[ ]log(FC(f))]Hé |¢ = ] < oo for some x> 0. Our goal
now is to check that

E | [log(F¢ (25 (vi**)))["**] < o
Recall that £ = ( — T and so ZpY\* = Z;0;“ = . Hence,
E | log(F (25 (v7))| ] = /0 E [log(F; (€)' |¢ = 2] mras(de).

Write [ = [;° + f;oo, where g is chosen so that E[ log(F¢ (€)' |¢ = 20| < oo. As seen in
the proof of Lemma 9.8, mgtat(x) < Cyy fe(2) on (0,z0). Hence,

/xo E [|10g(FC(§))|1+6 }C = m} Tstat (dz) < Cp B Dlog(FC(f))’Hé} < o,
0

Next, for z > x(, we use the fact that the joint distribution of (¢, ¢) is exp(—z+y) Lo<y<: fe (y)dydz,
to obtain that

—x

+6|-_ ] _ € ‘ 1+6
B {log () [¢ = o] = 7 /0 e [log(Fe() "™ fe(y)dy
e"r [*o v 146 1 14 €7 [T,
<y e s eay + hosFeo) £ [ e etwnay
< S oa(Fu(e)!* |c = 0] + loa(Fe(eo) .
The integral of this upper bound with respect to 7gat(dz) on (zg,00) is finite, by Lemma
9.7. ]

We now prove some almost sure limits for the biased chain.

Lemma 9.11. As n — oo, the following limits hold almost surely:

13 . 1 .

~ > og(Y™) = u — ) log(¥)™) = p
j=1 j=—n+1

1 bias 1 bias

- log(Y2%) — 0 - log(Z2%°) — 0

1 ias ias\ o

Proof. Suppose that (X)g>0 is any positive Harris chain possessing an invariant distribution.
Then Theorem 17.0.1 of Meyn and Tweedie [23] gives the following law of large numbers: for
any function g such that E [|g(X§"")|] < oo,

LX) E (5]
j=1

almost surely, as n — oo, irrespective of the distribution of Xy. Moreover, it follows straight-
forwardly from this that n=1g(X,) — 0 almost surely, as n — oo.

Now note that (Z,?iaS,kaias)kzl is a realisation of the Markov chain (Zj,Y})r>1 with initial
state (Z1,Y1) having the distribution specified (for suitable test functions ¢) by
1
E[$(Z1,Y1)] = —E [log(Y7**")p (27", Y7*)] .
o
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Since E [log(Y{'*")] = pu < oo, we get that a.s.

1 @ ,
ﬁzlog(x/jblzm)_)
j=1

Observe next that (ZEi,?S, Yf,iﬁas)kzo is a realisation of the (backward) Markov chain (Z_g, Y_g)x>0
with initial distribution for (Zy, Yp) specified (for suitable test functions ¢) by

E[¢(Zo, Yo)] = —E [log (Vi) (25", Y5'*)] .

The chain (Z_g, Y_i)r>0 is also a p081tlve Harris chain possessing the same invariant distribu-
tion as (Z, Yi)k>1. Hence,

3\*—‘

0
Z log( Ybl‘erS ) — p and —log(Yblab) 0

almost surely, as before. By Lemma 9.8, E [|10g(that)]] < oo and, by the § = 0 case of
Lemma 9.10, E [|log(F(Z§™*(Y$**)*))|] < oo, and so we also have the almost sure conver-
gences

1 i 1 ~
~log(2%) = 0 and - —[log(Fe(Z25,(Y21)%))| = 0. m

Finally, we show that E [[Ti, (Y***)?] decays exponentially in n.

Lemma 9.12. For any x > 0, we have

n

H(Yistat)oz

=1

1
limsup — logE < 0.
n

n—oo

In order to prove Lemma 9.12, we use a renewal process derived from the biased Markov chain
(Z};‘as)nez. We therefore begin with a result about general renewal processes.

Suppose that (N(n))n>0 is a delayed renewal process. Write 1y for the delay and 71, 72,. .. for
the subsequent arrival times, so that 7441 — 7% are i.i.d. random variables for £ > 0, independent
of 19, and N(n) = #{k > 1: 7, <n}. We will say that a random variable X has exponential
tails if there exists 7 > 1 such that E [TX] < 00.

Lemma 9.13. Suppose that 19 and 11 — 19 both have exponential tails. Then for any s € (0,1),

limsup — logE[ (")} < 0.

n—oo N

Proof. The proof is elementary and so we sketch it. Let x = E[r; — 79| be the mean of the
standard inter-arrival distribution and take ¢ > 0. Then

E [sN(”)} <P(N(n)<(x'—en)+ s —en
<P(rg, >n)+ s(Xil_G)",

where k, = |(x~! — €)n]. But a simple application of the Girtner-Ellis theorem then implies
that

P 7k, = n) <P (7h, = knx/(1 = xe))
is exponentially small in n. The result follows. (|
Suppose now that we mark the kth inter-arrival interval with some probability which depends,

in general, on its length 7, — 71, but independently for different inter-arrival intervals. Let I
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be the indicator that the kth inter-arrival interval is marked, so that I, Is, ... are independent
random variables such that I depends only on 7, — 75 _1. Let

(M (n))n>0 is again a delayed renewal process.

Lemma 9.14. Suppose that 19 and 7 — 79 have exponential tails and that ¢ :==P (I; = 1) > 0.
Then the delay and inter-arrival distributions of (M (n))p>0 have exponential tails. Hence, for
any s € (0,1),
1
limsup — logE [SM(”)} < 0.
n

n—o0

Proof. The case ¢ = 1 follows immediately from Lemma 9.13 and so we henceforth assume
that ¢ < 1. Let 01,09,..., ¢ and G be mutually independent random variables, independent
of 9. Let o1,09,... have common distribution given by P (o1 =i) = P(m — 19 = i|[1 = 0),
i > 1. Let ¢ have distribution P (¢ = i) = P (7 — 79 = i|[; = 1), i > 1. Finally, let G be such
that P (G = i) = ¢(1 — q)? for i > 0. Then the delay has the same distribution as

G
T0 + Z oi+o
i=1
and the inter-arrival intervals have the same distribution as
G
Z o;+ 0.
i=1

By Lemma 9.13, it will be sufficient to prove that Zszl o; and ¢ are random variables with
exponential tails. For r > 0,

. E [rm—"]
Er° = E [y, = 0] < |
[P =E [ L = 0] < —— .
and, similarly,
_ E [pT1—To
E[17] = E [ = 1] < 207
q

By assumption, there exists 7 > 1 such that E[r™~™] < oo. Hence, there exists 7 > 1 such
that E[r"!] < oo and E [r?] < co. Moreover,

E [TZ?:lai} T1-( —TZ)E =0k

Now E[r] — 1 as r | 1 and so we can find r > 1 sufficiently small that E [r7!] < (1 —¢)~!.
Hence, for such a value of r,

E [rzf:l Ul} < 00.
The result follows. O

Recall from Lemma 3.8 the Foster-Lyapunov criterion for the Markov chain (Zj)r>o: there
exist a function V : (0,00) — [1,00), a small set C' and constants 5 € (0,1) and b > 0 such
that

E[V(Z1)|Zo = z] < (1 = B)V(z) + blizecy-
Since C' is small, there exist p € (0,1) and a probability measure fic (which is a version of the
measure p¢o given explicitly at (3.8) normalized to have total mass 1) such that

P(x,B) = P(Zl S B|Z() S l‘) > pﬂc(B)
for all x € C' and any B any Borel subset of (0,00). Consider now constructing the process
(Zk)k>0 via the standard split chain construction: whenever Z € C, we flip a coin with

probability p € (0,1). If the coin comes up heads, we sample Z;,; from the measure fic.
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Otherwise, sample Zj1 from the probability measure (P(Z,-) — pac(-))/(1 —p). If Z, ¢ C,
we simply sample Zy 1 from P(Zy,-). If Z; € C and the coin comes up heads, we say that
there is a regeneration at time k. (In particular, a regeneration can only occur at k if Z € C'.)
Let
7p = inf{i > 0 : there is a regeneration at i}

and, for k£ > 0,

Ti4+1 = inf{i > 75 : there is a regeneration at i}.
Then 79 and {7511 — 7% : k > 0} are all independent and {75411 — 7% : £ > 0} are identically
distributed. Hence, N(n) := #{k > 1: 17, < n} is a delayed renewal process.

The following lemma is a standard consequence of geometric ergodicity; see, for example,
equation (22) of Roberts and Rosenthal [27] for the precise formulation given here.

Lemma 9.15. There exists 6 > 1 such that
o
/ E[07™|Zy = x] mstat(dz) < 00 and E [HTI_TO] < 00.
0

Hence, if the chain is begun in stationarity, (N (n)),>0 is a delayed renewal process such that
both delay and inter-arrival distributions have exponential tails.

Proof of Lemma 9.12. Let f : (0,00)% — (0,1) be defined by
flz,y) =EY{"Zy =2, Z1 = y].
Using the fact that (Z,,)n>0 acts a driving chain for (Z,,Y,)n>0, we have that Y1,Ys,...,Y,

are conditionally independent given Zy, Z1, ..., Z, and, for 1 < i < n, the distribution of Y;
depends only on the values of Z; 1 and Z;. Hence, for all z > 0,

E|[[v = [Hf i1, Z
=1

Z():a?

and, therefore,

E

n

stat stat Stat
[ Hf 9, 2
=1

The function f takes values in (0,1) and is contlnuous, so for any compact set K C (0,00)2
we can find a constant v € (0,1) such that f(z,y) < v on K. Take K = K;j x Kj, where
K1, K3 C (0,00) are compact and have strictly positive Lebesgue measure. Let N(n) =#{1<
i <n: (2% Z5%) € K}. Then

n

H(Yistat)a

=1

E <E {71\7(")} .

We will bound N(n) below by the number of renewals between which there is a visit to K i.e.
M(n) = #{k > 1:7, <n, (Z5%F, Z5%) € K for some 7,1 + 1 <i < 14}

This clearly has the effect of independently marking the renewal intervals, as at (9.4). Note
that since P(z, B) > 0 for any « € (0, 00) and any set B C (0, c0) of positive Lebesgue measure,
there is positive probability of visiting K between any two renewals. The result then follows
from Lemmas 9.14 and 9.15. ([l
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