
Graphical Models: Worksheet 2 MT 2020

Warm-up and Optional questions will not be marked, but solutions will be provided.

A: Warm Up

A1. Exponential Families. For each of the following, show that the family of distribu-
tions is an exponential family, and find the: (i) canonical and mean parameters; (ii)
sufficient statistics; (iii) maximum likelihood estimate; (iv) cumulant function.

(a) The set of Binomial(n, p) distributions, with n fixed.

We have l(x | p) = x log p+ (n− x) log(1− p) (ignoring constants) giving

l(x | p) = x log
p

1− p
+ n log(1− p).

Hence the sufficient statistic is φ(x) = x and canonical parameter is θ = log p
1−p =

logit p. To find the cumulant function, note that

p =
eθ

1 + eθ

log(1− p) = − log(1 + eθ)

so A(θ) = log(1 + eθ). Then A′(θ) = n eθ

1+eθ
= mp is the mean parameter

(and equals EX as expected), and the MLE is p̂ = x/n. Finally, A′′(θ) =

n e
θ(1+eθ)−e2θ
(1+eθ)2

= n eθ

(1+eθ)2
= np(1− p) which is VarX as expected.

(b) The set of Gamma distributions with parameters (a, b).

This time

l(a, b;x) = (a− 1) log x− bx+ a log b− log Γ(a)

= a log x− bx+ a log b− log Γ(a)− log x

which suggests canonical parameters a, b and sufficient statistics φ1(x) = log x
and φ2(x) = −x. We have A(θ) = −a log b + log Γ(a) directly, and A′(θ) =
(Γ′(a)/Γ(a) − log b, ab ). One can easily check that EX = a

b , and that, indeed,
E logX = Γ′(a)/Γ(a)− log b.

For (a), show directly that the derivatives of the cumulant function give the first two
centred moments of the sufficient statistics (see Lemma 3.1).

A2. Graphical Separation. Consider the graph below. List all the independences
implied by the pairwise Markov property.

Give one conditional independence that follows from the global Markov property but
is not already in your list.
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The pairwise property gives

X1 ⊥⊥ X3 | X2, X4, X5 X1 ⊥⊥ X4 | X2, X3, X5

X2 ⊥⊥ X4 | X1, X3, X5 X3 ⊥⊥ X5 | X1, X2, X4.

The global implies, for example, that X1 ⊥⊥ X3, X4 | X2, X5, which can only be
obtained from the pairwise property by using property 5 of the graphoid axioms.

B: Core Questions

B1. Markov Properties.

Let G be a graph, and define the boundary of a vertex v by

bdG(v) ≡ {w ∈ V \ {v} | w ∼ v}.

A distribution obeys the local Markov property with respect to G if

Xv ⊥⊥ XV \(bdG(v)∪{v}) | XbdG(v), ∀v ∈ V.

(a) Show that if p obeys the local Markov property then this implies that p obeys
the pairwise Markov property.

Suppose that v 6∼ w; then w ∈ V \ (bdG(v) ∪ {v}). Hence applying the local
Markov property gives Xv ⊥⊥ Xw, XV \(bdG(v)∪{v,w}) | XbdG(v), and note that and
using property 3 from the graphoid axioms gives

Xv ⊥⊥ Xw | XbdG(v) ∪XV \(bdG(v)∪{v,w})

Xv ⊥⊥ Xw | XV \{v,w}.

(b) Show that the global Markov property implies the local Markov property.

Clearly any path from v to w ∈ V \ (bd(v) ∪ {v}) must pass through bd(v) at its
vertex adjacent to v. Hence bdG(v) separates v from V \ (bdG(v) ∪ {v}), so the
global Markov property gives us

Xv ⊥⊥ XV \(bdG(v)∪{v}) | XbdG(v)

as required.

The local gives

X1 ⊥⊥ X3, X4 | X2, X5 X2 ⊥⊥ X4 | X1, X3, X5

X4 ⊥⊥ X1, X2 | X3, X5 X3 ⊥⊥ X1, X5 | X2, X4

X5 ⊥⊥ X3 | X1, X2, X4.

(c) Show that, if p is strictly positive and obeys the pairwise Markov property with
respect to G, then p also obeys the global Markov property with respect to G.

[Hint: Property 5 of the graphoid axioms and the proof of Theorem 4.10 may be
helpful.]

Suppose A is separated from B by S. Let Ã be the set of vertices connected to
A by paths in G−S, and B̃ = V \ (Ã ∪ S); clearly Ã is separated from B̃ by S,
so there is no edge between a, b for any a ∈ Ã and b ∈ B̃. Repeatedly applying
property 5 and (using the fact that p is positive) gives XÃ ⊥⊥ XB̃ | XS. Then
applying graphoid property 2 shows that XA ⊥⊥ XB | XS.

2



(d) Give an example of a graph in which property 5 is required for the pairwise
Markov property to imply the local Markov property. Hence or otherwise find
a distribution in which the pairwise property holds but the local property does
not.

The graph above does this, but a simpler example would have a clique Y,W,Z
and the edge X−Y . A distribution in which Y ⊥⊥ X but X = W = Z will satisfy
the pairwise property but not the local.

B2. Marginal Models

Let G be a graph containing a path π : i− k1 − · · · − km − j, for m ≥ 0.

(a) Construct a distribution p that factorizes according to G, and such that for any
set C ⊆ V \ {i, j, k1, . . . , km} we have Xi 6⊥⊥ Xj | XC [p].

[Hint: remember that undirected graphs generalize Markov chain models.]

A simple example would be to construct a Markov chain along the path. (Abusing
notation slightly, let Xt = Xkt, with X0 = Xi and Xm+1 = Xj.) Let X0 ∼ N(0, 1)
and let

Xi+1 = ρXi +
√

1− ρ2Zi, . . . i = 0, . . . ,m,

where Zi ∼ N(0, 1) independently, and ρ ∈ (0, 1). Then one can check that
Cov(Xt, Xt+s) = ρ|s| 6= 0, for example.

Now, assume that all other variables are completely independent of the variables
on the path, so that p factorizes according to the graph whose cliques are just
the edges in π. Then, for example, the conditional covariance Cov(Xt, Xt+s |
XC) = Cov(Xt, Xt+s) is just the same as the marginal covariance. This gives the
required result.

(b) Deduce that for any graph G and sets A,B, S such that A 6⊥s B | S in G,
there exists a distribution p which factorizes according to G and for which XA 6⊥⊥
XB | XS in p. (In this sense the global Markov property is complete; separation
represents all the independences guaranteed by factorization.)

Since the separation does not hold, pick any a ∈ A, b ∈ B joined by a path π in G
that does not pass through S. Now construct the distribution as above, and note
that Xa 6⊥⊥ Xb | XS; hence XA 6⊥⊥ XB | XS.

In fact, using facts about polynomials one can show that for each graph there exists
a single distribution p such that A ⊥s B | S in G if and only if XA ⊥⊥ XB | XS

under p; this is beyond the scope of the course.

Given an undirected graph G and subset of vertices W ⊆ V , define G|W as the
undirected graph with vertex set W , and an edge i− j if and only if there is a path
from i to j in G with all intermediate vertices in V \W . [Note that this is quite
different to the induced subgraph GW .]

(c) Let p(xV ) be globally Markov with respect to G. Show that p(xW ) =
∑

xV \W
p(xV )

is globally Markov with respect to G|W .

Consider a pair of vertices a, b, and a conditioning set S ⊆ W \ {a, b}. First
note that if there is an open path given S between two vertices in G then there is
also a corresponding path in G|W , and this path uses only a (potentially) subset
of the vertices of the original path, since it skips all those in V \W . Hence, by
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the contrapositive of this statement, if there is a separation between a and b by S
in G|W (because there are no open paths), there must also be such a separation
in G. Then by the global Markov property applied to G we have Xa ⊥⊥ Xb | XS

under p(xV ). Clearly then this also applies to the marginal distribution p(xW ).

(d) Show further that, in general, p(xW ) is not globally Markov with respect to any
edge subgraph of G|W .

Suppose we have a graph H in which the edge a − b is missing from G|W . This
means that there is a path in G passing through only vertices in V \W , and by (a)
we can construct a distribution that makes Xa and Xb correlated but independent
of all other variables. In particular, Xa 6⊥⊥ Xb | XW\{a,b} and p is not pairwise
Markov with respect to H.

B3. Decomposability

Complete the proof of Theorem 4.20 from lectures; that is, show that if G is an
undirected graph, (iii) the fact that every minimal a, b-separator is complete implies
that (iv) the cliques satisfy the running intersection property starting with a given
C; and that (iv) implies (i): the graph is decomposable.

(iii) =⇒ (iv). We use induction on p; if the graph is complete there is nothing to
prove, so the result holds for p ≤ 1. Otherwise pick a, b not adjacent and let S be
a minimal separator. As in Theorem 4.10, let Ã be the connected component of a
in GV \S, and B̃ = V \ (S ∪ Ã) be the rest. Any minimal separators in the induced
subgraphs GÃ∪S and GB̃∪S are no larger than in G, so will also be complete, and
hence applying the result by induction on p gives two sequences of cliques that satisfy
running intersection. The set S is complete in both subgraphs, so there is some clique
D in GÃ∪S that contains S. In addition, each clique in G is a clique in one of the
two subgraphs. Hence it is easy to see that if we order the cliques to satisfy running
intersection for GÃ∪S and GB̃∪S respectively (or the other way around depending on
which graph C is contained in), and being sure to start with the clique of GB̃∪S that
contains S, then together they will satisfy running intersection for G, starting with
C.

(iv) =⇒ (i). As suggested in the notes, we proceed by induction on the number
of cliques; if k = 1 there is nothing to prove. Let Hk−1 = C1 ∪ · · · ∪ Ck−1, and
Sk = Ck ∩Hk−1, and Rk = Ck \ Sk; we must show that (Hk \ Sk, Sk, Rk) is a proper
decomposition.

Well certainly Sk is complete, and if Rk is empty then that would imply that Ck
is contained in one of the Ci for i < k, so we could use the induction hypothesis
for k − 1 cliques. Otherwise, we just need to show that there are no edges between
Hk−1 \ Sk and Rk. Suppose for contradiction that h − r is such an edge: this edge
must be contained within some clique Ci; but Rk = Ck \

⋃
i<k Ci (including c) are

precisely the vertices not contained in any previous clique, so the only possible clique
to contain this edge is Ck. However Hk−1 \ Sk = Hk−1 \Ck is disjoint from Ck, and
hence there is no such edge.

Now we have a proper decomposition, and the graph GHk−1
has k−1 cliques C1, . . . , Ck−1

that satsify the running intersection property, so by the induction hypothesis this sub-
graph is decomposable. Hence (by definition), the original graph is decomposable.

Does decomposability imply that every minimal A,B-separator is complete, for sets
A and B?
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No, in a graph like 1−2−3−4−5, the minimal separator of {1, 5} and {3} is {2, 4},
which isn’t complete.

B4. Whittaker Data

Using R, load the Whittaker data from lectures with the commands:

> library(ggm)

> data(marks)

> head(marks, 8) # inspect the first few

## mechanics vectors algebra analysis statistics

## 1 77 82 67 67 81

## 2 63 78 80 70 81

## 3 75 73 71 66 81

## 4 55 72 63 70 68

## 5 63 63 65 70 63

## 6 53 61 72 64 73

## 7 51 67 65 65 68

## 8 59 70 68 62 56

> solve(cov(marks)) # empirical concentration matrix

## mechanics vectors algebra analysis statistics

## mechanics 5.24e-03 -0.002435 -0.00274 1.16e-05 -0.000143

## vectors -2.44e-03 0.010427 -0.00471 -7.93e-04 -0.000166

## algebra -2.74e-03 -0.004708 0.02695 -7.05e-03 -0.004705

## analysis 1.16e-05 -0.000793 -0.00705 9.88e-03 -0.002018

## statistics -1.43e-04 -0.000166 -0.00470 -2.02e-03 0.006450

(if not already installed, you may have to call install.packages("ggm"), to use the
ggm package).

(a) Manually find the MLE for the covariance matrix Σ, under the model from lec-
tures in which ‘analysis’ and ‘statistics’ are independent of ‘mechanics’ and ‘vec-
tors’ conditional on ‘algebra’.

[Hint: R commands you might need are solve(), which inverts matrices, and
the use of square brackets [] for subsetting. See the MSc R Programming lecture
notes for details.]

> S = cov(marks)

> K = matrix(0, 5, 5)

> K[1:3, 1:3] = solve(S[1:3, 1:3])

> K[3:5, 3:5] = K[3:5, 3:5] + solve(S[3:5, 3:5])

> K[3, 3] = K[3, 3] - 1/S[3, 3]

> Sigma_hat = solve(K)

> round(Sigma_hat - S, 10) ## equal when edges present

## mechanics vectors algebra analysis statistics

## mechanics 0.00 0.00 0 -5.39 -7.74
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## vectors 0.00 0.00 0 -10.10 -7.08

## algebra 0.00 0.00 0 0.00 0.00

## analysis -5.39 -10.10 0 0.00 0.00

## statistics -7.74 -7.08 0 0.00 0.00

> round(solve(Sigma_hat), 10) ## zeros in inverse matrix

## [,1] [,2] [,3] [,4] [,5]

## [1,] 0.00524 -0.00244 -0.00287 0.00000 0.00000

## [2,] -0.00244 0.01035 -0.00561 0.00000 0.00000

## [3,] -0.00287 -0.00561 0.02849 -0.00755 -0.00493

## [4,] 0.00000 0.00000 -0.00755 0.00982 -0.00204

## [5,] 0.00000 0.00000 -0.00493 -0.00204 0.00644

(b) Suppose we have i.i.d. observations x
(1)
V , . . . , x

(n)
V from a multivariate Gaussian

with known mean µ and unknown covariance Σ. Show that the log-likelihood for
Σ can be written as

l(Σ;X) = −n
2

log |Σ| − n

2
tr(SΣ−1).

where S = 1
n

∑n
i=1(x

(i)
V − µ)(x

(i)
V − µ)T and tr() is the trace operator.

[Hint: tr(AB) = tr(BA)]

Up to a constant the log-likelihood is

l(Σ;X) = −n
2

log |Σ| − 1

2

n∑
i=1

(x
(i)
V − µ)TΣ−1(x

(i)
V − µ).

Now, since the term in the sum is a scalar it is the same as its own trace; using
the hint gives

l(Σ;X) = −n
2

log |Σ| − 1

2

n∑
i=1

tr(x
(i)
V − µ)(x

(i)
V − µ)TΣ−1

= −n
2

log |Σ| − n

2
tr

{
1

n

n∑
i=1

(x
(i)
V − µ)(x

(i)
V − µ)TΣ−1

}
as required.

(c) Hence carry out a likelihood ratio test to see whether this model is a good fit to
the data.

The model has four zero correlations so we should compare twice the difference
in the log-likelihoods with a χ2

4 distribution.

> tr <- function(x) sum(diag(x))

> S2 = Sigma_hat

> n = 88

> dev = -n * ((log(det(S)) - log(det(S2))) - tr(S %*% (solve(S) - solve(S2))))

> dev

## [1] 0.896

This is not significantly large, since a χ2
4 has mean 4 and variance 8; hence the

model is a good fit. The p-value for the test is:
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> 1 - pchisq(dev, df = 4)

## [1] 0.925

B5. Iterative Proportional Fitting

Show that the iterative proportional fitting algorithm does not decrease the likelihood
at any iteration. Argue also that, if the likelihood does not strictly increase after a
full cycle of updates then the algorithm has converged to a solution.

Pick a margin A, and let B = V \A. The algorithm replaces

p(t)(xA, xB) = p(t)(xA) · p(t)(xB | xA) 7→ q(xA) · p(t)(xB | xA)

Then note that the log-likelihood is

l(p;n) =
∑
xV

n(xV ) log p(t)(xA, xB)

=
∑
xA

n(xA) log p(t)(xA) +
∑
xV

n(xV ) log p(t)(xB|xA)

and notice that the first term is maximised by the IPF step, but the second term is
unchanged.

C: Optional

C1. Exponential Families and Lagrange Duality.

The entropy of a discrete probability distribution p is

H(p) = −E log p(X) =
∑
x∈X

p(x) log p(x).

Given a sequence of sufficient statistics φi(x) for i = 1, . . . , p, consider the problem
of finding a distribution p over a finite set X whose moments match particular values
of Eφi(X) = µi, and has maximal entropy.

(a) Write the objective function using Lagrange multipliers θ0, θ1, . . . , θp and show
that any solution satisfies

p(x) = exp

{∑
i

θiφi(x)− θ0 − 1

}
,

where θ0, . . . , θp are such that∑
x

φi(x)p(x) = µi
∑
x

p(x) = 1.

Write

f(p) = −
∑
x

px log px +
∑
i

θi

(
µi −

∑
x

pxφi(x)

)
+ θ0

(
1−

∑
x

px

)
∂f

∂px
= − log px − 1 +

∑
i

θiφi(x)− θ0 = 0

px = exp

{∑
i

θiφi(x)− θ0 − 1

}
.
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(b) Write θ0 as a function of θ1, . . . , θp and show that it is convex: that is,
∑

j wjf(xj) ≥
f
(∑

j wjxj

)
.

We can ignore the −1 and write

∑
x

px =
∑
x

exp

{∑
i

θiφi(x)

}

θ0 = A(θ) = log
∑
x

exp

{∑
i

θiφi(x)

}
.

Checking convexity means checking that, given any θ = (θ1, . . . , θk), θ
′ = (θ′1, . . . , θ

′
k).

we need

A(12(θ + θ′)) ≤ 1

2
(A(θ) +A(θ′))

∑
x

exp

{
1

2

∑
i

(θi + θ′i)φi(x)

}
≤

(∑
x

exp

{∑
i

θiφi(x)

}∑
x′

exp

{∑
i

θ′iφi(x
′)

})1/2

by taking exponentials on each side. Now note that this is the Cauchy-Schwarz
inequality applied to the vectors exp(12

∑
i θiφi(x)), indexed by x. Hence the result

holds.

8



C2. Hierarchical Models.

Let C be a collection of non-empty subsets of a set V , such that:

•
⋃
C∈C C = V ;

• for any distinct C,D ∈ C we have C 6⊂ D.

In other words, this is a set of inclusion maximal subsets. We call C a generating
class.

(a) Show that the cliques of a graph are a generating class.

Each vertex {v} is complete, so must be contained within some maximal complete
set (i.e. clique). By definition, cliques are maximal, so the second condition is
satisfied.

(b) List, up to symmetry, all the generating classes on the set V = {1, 2, 3}. Do all
generating classes correspond to the cliques of a graph?

Apart from singletons, the only generators consist of those with 1, 2, and 3 subsets
of size 2, as well as {1, 2, 3} (for a total of 4). The simplest non-graphical example
is {1, 2}, {2, 3}, {1, 3}, which can’t correspond to a graph because every pair is
contained in a subset but {1, 2, 3} is not.

Up to isomorphism, this gives: {1}, {2}, {3}
{1, 2}, {3}
{1, 2}, {2, 3}
{1, 2}, {2, 3}, {1, 3}
{1, 2, 3}

Given a generating class C, we can define a corresponding log-linear model by requir-
ing that λA = 0 whenever A is not a subset of any element of C. Such models are
called hierarchical.

(c) Show that the counts n(xC) for C ∈ C are sufficient statistics for this model.

The data below consist of answers from high schoolers to a Dayton, Ohio survey on
substance use.

Alcohol Tobacco
Marijuana
Yes No

Yes
Yes 911 538
No 44 456

No
Yes 3 43
No 2 279

They are available in a text file, substance.txt, on the class website. After down-
loading the file, you can read these data into R using

> dat <- read.table("substance.txt", header = TRUE)

(d) Using glm() with family=poisson, fit a hierarchical model to these data with
the generating class C = {{A,M}, {T,M}, {A, T}}. Is it a good fit? Is any
smaller hierarchical model a good fit?
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> glm1 <- glm(Freq ~ cigarette * alcohol + cigarette * marijuana + marijuana * alcohol,

+ family = poisson, data = dat)

> summary(glm1)

##

## Call:

## glm(formula = Freq ~ cigarette * alcohol + cigarette * marijuana +

## marijuana * alcohol, family = poisson, data = dat)

##

## Deviance Residuals:

## 1 2 3 4 5 6 7 8

## -0.0369 0.4913 0.0289 -0.0926 0.0945 -0.3343 -0.0266 0.0204

##

## Coefficients:

## Estimate Std. Error z value Pr(>|z|)

## (Intercept) 5.6334 0.0597 94.36 < 2e-16 ***

## cigaretteYes -1.8867 0.1627 -11.60 < 2e-16 ***

## alcoholYes 0.4877 0.0758 6.44 1.2e-10 ***

## marijuanaYes -5.3090 0.4752 -11.17 < 2e-16 ***

## cigaretteYes:alcoholYes 2.0545 0.1741 11.80 < 2e-16 ***

## cigaretteYes:marijuanaYes 2.8479 0.1638 17.38 < 2e-16 ***

## alcoholYes:marijuanaYes 2.9860 0.4647 6.43 1.3e-10 ***

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## (Dispersion parameter for poisson family taken to be 1)

##

## Null deviance: 2851.46098 on 7 degrees of freedom

## Residual deviance: 0.37399 on 1 degrees of freedom

## AIC: 63.42

##

## Number of Fisher Scoring iterations: 4

The residual deviance is small compared to the number of degrees of freedom, so
we would say this model is a good fit to the data.

Trying any sub-model (which would also be a graphical model) gives a bad fit.
The least bad omits the alcohol-marijuana term, and gives a deviance of 92 on 2
degrees of freedom.

> glm2 <- glm(Freq ~ cigarette * alcohol + cigarette * marijuana, family = poisson,

+ data = dat)

> summary(glm2)$deviance

## [1] 92

(e) Verify that the fitted distribution has the same sufficient statistics as the data.

> ecs <- fitted(glm1) # predicted counts from the model

> sum(ecs[1:2]) # no cigarettes, no alcohol

## [1] 281
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> sum(ecs[c(1, 3)]) # no cigarettes, no marijuana

## [1] 735

(f) Try adding the vector (+1,−1,−1,+1,−1,+1,+1,−1) to your counts. Verify
that the parameter estimates are unchanged with this ‘new data’. Can you
explain why? The sufficient statistics are unchanged, hence so is the likelihood
and the inference.

> dat2 <- dat

> dat2$Freq <- dat2$Freq + c(1, -1, -1, 1, -1, 1, 1, -1)

> glm1b <- glm(Freq ~ cigarette * alcohol + cigarette * marijuana + marijuana * alcohol,

+ family = poisson, data = dat2)

> glm1$coefficients - glm1b$coefficients

## (Intercept) cigaretteYes alcoholYes

## -6.22e-15 6.88e-15 5.05e-15

## marijuanaYes cigaretteYes:alcoholYes cigaretteYes:marijuanaYes

## 2.75e-14 -5.33e-15 8.88e-16

## alcoholYes:marijuanaYes

## -3.24e-14
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