Graphical Models: Worksheet 1 MT 2023

Warm-up and Optional questions will not be marked, but solutions will be provided.

A: Warm-Up

Al.

A2,

A3.

Conditional Independence

Let X,Y be independent random variables taking the value 0 with probability %,
and 1 otherwise. Now let Z be a random variable with conditional distribution

ife=y
ifx#y

L Il O]

P(Z:1|X:x,Y:y):{

with P(Z=0|X=z,Y=y)=1-P(Z=1|X=2zY =y).

(a) Find P(X,Y | Z =1).
By symmetry we can see that P(Z =1) = %, s0

PX=x2,Y=y|Z=1)=2P(X=z)P(Y=yP(Z=1|X=2,Y =y)
11421{z =y} 1+4+21{z=1y}
"2 4 B 8 '
That is, 3/8 if v =y, 1/8 otherwise.
Importantly, we see that X LY | Z even though X LY.
(b) Show that X I Z and Y 1 Z but that X, Y £ Z.
PX=z,Z=2)=PX=2,Z=2Y =0+P(X=2,Z=2Y =1)=1 for
any ©,z. Hence P(X =z | Z=2) =1, and X 1L Z. The joint independence

27
clearly doesn’t hold, by the definition given of P(Z | X,Y).

Prove that properties (ii) and (iv) of Theorem 2.4 are equivalent to (i), (iii) and (v).

See the proofs in the lecture notes.

Show that X 1 Y | Z is equivalent to

p(xaya Z) ‘p(x/aylvz) = p(‘rlayvz> 'p(flf,y/,Z)
for Z-almost all z,2',y,v/, 2.

Given z with p(z) > 0, there exist o',y such that p(2’,y',z) > 0; divide both sides
by p(2',y', 2) and treat =,y as constants; then p factorizes as in Theorem 2.4 (v).
For the converse, it is easy to check that if Theorem 2.4(v) holds, plugging in its
expression gives us the equality above.

Alternatively for the first direction, if the equality holds we can integrate out x', 1y’
to obtain

p(x,y,Z)/p(w’,y’,Z) da’ dy' = /p(a:'7y7z) dx'-/p(x’jy’,z) dy'

p(x,y,2) - p(z) = ply, 2) - p(z, 2),

which implies the conditional independence.



B: Core Questions

B1. Graphoids.

By completing the implications of the theorem from lectures, show that

XLYWI|Z < X1W|ZandX LY |W,Z.

Property 3 is immediate from Theorem 2.4, since X L Y, W | Z implies that
p(z,y,w,z) = f(x,2)9(y,w, z), which implies X 1 W | Y, Z. For property 4, the
left hand sides suggest that

plw|zy,z)=pwlyz) plylzz)=plyl-2),

so multiplying these together gives p(w,y | x,z) = p(w,y | z) as required.

Show that, in general,
X1lY|Zand X L Z|Y =~ X 1Y Z

[Hint: X LY |Y for any X,Y.]

Choosing Y and Z to have a degenerate distribution and X correlated with them
generally does the trick. A simple example: let P(X =Y = Z) =1 with P(X =0) =
P(X =1) = 1. Then it is easy to check that X LY | Z and X L Z | Y directly
because the distribution is degenerate after we condition on either value. However,
clearly P(X =0) = #1=P(X =0|Y = Z =0), for example.



B2. Some Strange Independences.

(a)

Let (X1, X2, X3) follow a multivariate Gaussian distribution with covariance ma-
trix ¥. Show that X; 1 Xo | X3 if and only if

033012 — 013023 = 0.

We know from lectures that the independence holds if and only if k1o = 0, where
K = X! is the concentration matriz. The quantity above is the corresponding
entry in the adjoint matriz for 3, and is therefore the same as k1o up to —1 times
the (positive) determinant of . Hence these quantities are zero at the same time.

Deduce that for jointly Gaussian random variables,
X1 1L X |X3 and X 1L X <~ X1J|_X2,X3 or XQJLXl,Xg.

This follows immediately from plugging in X1 L Xo (012 = 0) into the equation
deduced above, and then noting that we obtain that either X7 1L X35 or Xo 1L X35.
Then one can notice that (in either case) ¥ and hence K = X! is block diagonal,
and hence we respectively obtain that X1 1 Xo, X3 or Xo I X1, X3.

Let X,Y be discrete random variables. Show that X 1L Y | Z = z if and only if
the matrix M* = (74yz)z,y, Where mpy, = P(X =2,Y =y, Z = z), has rank one.
[Hint: Recall that a matrix M has rank one if and only if it can be written as
M = aBT for vectors a, 3.]

We know that this is equivalent to p(z,y,z) = p(z,2)p(y | 2) = a;p;, which
implies that M* = (p(x,y, 2))z,y is the outer product of two vectors o, 3*. Hence
M? has rank 1. For the converse, if M? has rank 1 then it is the outer product
of two vectors, so Mz, = o} By and, from lectures (specifically the equivalence of
characterizations (iii) and (v) in Theorem 2.4), this is equivalent to the original

representation of myy. .
Let A, B be a x ¢ and b x ¢ matrices each of rank ¢. Show that ABT also has
rank c.

Note that a,b > c in order for A and B to have rank c. The column span of ABT
is a subspace of that of A, so the rank is clearly at most c. On the other hand
since BT has full column rank ¢, by selecting the correct vector x € R it is clear
that BTz spans R¢. Hence ABT has the same column span as A, and therefore
they both have rank c.

Hence, or otherwise, show that for binary Z and finite discrete X,Y we have
X1Y|Zand X 1Y << X1Y,ZorY L X, Z.

[Hint: show that if X LY | Z, then (Tuyy)zy can be written as a product of
matrices of rank 2J.

We obtain
0 40 151 0 1 By
Toy+ = Tay0 + Tayl = axﬂy + ax,By = ( o, Qg ) ﬁzf .
Y
Hence the matriz wzy can be written as

Tyt )ay = (@@ al ) (8% pL)" = ABT.



where o = (a2), and B° = (ﬁg)y are vectors. Then (Tpyt)ey 95 a product of
matrices A and B with 2 columns, and so by the previous part has rank 2 unless
either A or B has rank 1. We know that X 1Y means it must have rank 1.

If A is rank 1 this means that o® and o' are proportional, i.e. p(z | z = 0) =
plx|z=1), so X L Z. Combining with X LY | Z gives X L Y, Z. If B is
rank 1 then we obtain Y I X, Z similarly.

B3. Factorization and Conditional Independence.

Consider four binary variables A, B, C, D; let the support (i.e. the set of combinations
whose probability is > 0) of these variables be:

(a,b,c,d) =(0,0,0,0) (1,0,0,0) (1,1,0,0) (1,1,1,0)
(1,1,1,1) (0,1,1,1) (0,0,1,1) (0,0,0,1).

(a) Show that A L C'| B,D and B 1L D | A,C for any distribution with support in
this set.
Note, for example, that if B =D = 0 we always have C = 0. Hence C is a.s.
constant on this set and thus trivially independent of A. Similar observations hold
for other combinations of B, D and also for the other conditional independence.

(b) Show that we cannot write the joint distribution in the form
P(A =a,B=0b0C=c,D = d) = @Z}ab(a? b) ) Q;Z)bc(ba C) : ?,Zlcd(C, d) ’ ¢da(d7 (I).

The key here is that for any pair of numbers in a factor (say A, B), every com-
bination of their values is possible. It therefore follows that the factor g is
non-zero for every a,b. But this means that p is non-zero for every combination
of values a, b, c,d, which contradicts the restriction on the support of p.



C: Optional
C1. Mo6bius Inversion

(a) Let (Car)mcv be a vector indexed by subsets, and let
=Y (z, VM CV.
ZCM
Show the Mdobius inversion formula:
Cu =Y (=1)MVyy, VM C V.
ZCM

Deduce that ny; = 0 for all M if and only if {3y = 0 for all M.

[Hint: any non-empty set A has the same number of even-sized subsets as odd-
sized subsets.|

Using the definition,

P e DI CEI LU St
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WCM Z"-Z'CM\W

If W = M then the inner sum is 1. Otherwise, by the hint, there as as many
even as odd sized subsets of M \ W, so the sum is 0. The only non-zero term
corresponds to Cpr, which gives the result.

(b) Now let Xy be binary variables with joint distribution

logp(zv) = Y Aa(a)

ACV

using the identifiability constraints from lectures. Let a,b € V and W = V \
{a,b}. By considering

logp(ma, Lp, .TEW) + 1ng(17 1a IEW) - 10gp(1’ Lp, .IW) - logp(xa, ]-a .TEW)

or otherwise, show that the joint distribution factorizes as p(xy) = f(xq, xw)g(Tp, Tw)
if and only if Agpp =0 for all D C W,

Iflogp can be written that way then the result is obvious. Conversely if p factor-

1zes in that way then

logp(a:a, xb>$W) + Ing(l, 17$W) - logp(lvxlnajW) - logp(ma, 17$W) =0
Z {Aavp(Za, xp, 2p) + Aepp (1,1, 2p) — Aapp (1, 26, D) — Aapp(Za, 1, 2p)} =0
DCW

Z )\abD(xa7xb7~TD) =0
DCW



C2.

Now we can apply (a), though a subtlety here is that the subsets over ( are
actually indexed by the vector xyw being away from its baseline level. Given a
vector xy define M(xw) = {w € W : xw = 2}. Then setting nar(q,,) =

> pew AabD(Za, Ty, xp) for each vector xyw , and noting that (p 2y, = AapD(Tas b, Tp) =
0 if any xq = 1 for d € D, we obtain that for each xyw € Xy :

M) = O Aad(Tas 5, 20) = > Aapp(Ta, 7o, TD).
DCW DCM(aw)

Hence, if each nyp(z,,) = 0, by (a) so is each Aapp-

(c) Deduce that a positive distribution p(zy) on binary variables is Markov with

respect to an undirected graph G if and only if A4 = 0 whenever A is not a
complete set of vertices in G.
The previous part shows that X, 1L X | Xw if and only if A\a = 0 for {a,b} C A.
Ezxtending this to the entire pairwise property shows that this must hold for every
missing edge. Hence Mg = 0 unless every pair of vertices in A is joined by an
edge in G; that is, unless A is complete.

(d) Extend the result to arbitrary discrete variables.

This is essentially the same as (b), but one must do it for every other level of

Xy

Conditional Expectation. [Involves some measure theory, though could be ‘proved’
without knowing it]. Given an integrable random variable X and two other random
variables Y, Z, we say that X is conditionally independent of Y given Z if for any
integrable f(X) we have

Ef(X) Y, Z] =E[f(X)| 2] (as.).
Equivalently,
Elf(X,2) | Y, Z] =E[f(X,Z2) | Z] (a.s.).

[Why is this equivalent?]

Consider the following alternative statements.

A E[f(X,2)9(Y,2)] =E[E[f(X,Z2) | Z|E[g(Y, Z) | Z]] for all integrable f,g.
B. E[f(X,2)9(Y,Z) | Z] =E[f(X,Z) | Z|E[g(Y, Z) | Z] a.s. for all integrable f, g.

Show that A and B are equivalent to one another, and also to the definition of
conditional independence.

[Hint: you will need the tower property: E[X | Y] = E[E[X | Y,Z] | Y]
any Y,Z and integrable X, and ‘taking out what is known’: E[f(X)g(Z
9(Z2)E[f(X) | Z].]

For CI == A, first assume without loss of generality that E[f(X,Z) | Z] =0 (else
replace f with f = f —E[f | Z]). Then we have:

holds for
) | 2] =

E[f (X, 2)g(Y, Z)]

EE[E[f(X,2)9(Y,2) | Y, Z] | Z]]

EE[E[f(X,Z2)|Y,Z|g(Y,Z) | Z]] (g isY,Z-measurable)
EEE[f(X,Z) | Z|g(Y,Z) | Z]] (by conditional independence)
0 (by assumption).



as required.

For A = B, define h(Z) =E[f(X,Z)g(Y, Z) | Z], which we must show is almost
surely zero. Then

h(Z) = h(Z)ﬂ{h(z >0y + M Z)L{n(z)<0y
=E[f(X,2)9(Y, Z)Linz)>0y | Z] + E[f (X, Z2)9(Y, 2) Linz)<0y | Z]
=hT(X)+h (2).

Note that g(Y, Z)]l{h(Z)ZO} 1s smaller in magnitude than g, and hence is also inte-
grable. Now using the factorization,

En*(X) = E[f(X, Z)9(Y, Z)1n(z)>0)]
=E[E[f(X,2) | Z] - E[g(Y, Z)Linz)>0 | Z]]
=0.

But since h™(Z) > 0, this means h™(Z) = 0 almost surely. Similarly for h™ and
therefore h.

Finally consider B == CI. Let g(Y,Z) = Lg(fv,z)>E[f|7)}- Then, using B,
E(f | Z|Elg| 2] = Elfg| 7] = E[E[f | Y, Z)g | Z) > E[Elf | Z]g| 2] = Elf | ZElg | 7).
This shows that

E(E[f |Y,2) - Elf | Z)g| 2] =0 s

since the integrand is non-negative, this shows that it is zero almost surely; a similar
approach with g replaced by 1 — g gives us the result.



