
Graphical Models: Worksheet 0 MT 2023

This sheet is designed to revise some bits from previous courses that will be particularly
useful for Graphical Models.

1. Sufficient Statistics.

Let Xi ∼ Binom(ni, θ), i = 1, . . . , k be independent binomial random variables with
known sizes ni, and unknown θ ∈ [0, 1].

(a) Write down the log-likelihood for θ, and find a sufficient statistic.

The log-likelihood is

l(θ) =

(∑
i

Xi

)
log θ +

(∑
i

{ni −Xi}

)
log(1− θ)

= r log θ + (n− r) log(1− θ)

where n =
∑

i ni and r =
∑

iXi. Hence r is a (minimal) sufficient statistic.

(b) Find the MLE for θ and its asymptotic distribution.

Differentiating we find that the MLE is θ̂ = r/n, and taking the second derivative
we get

l′′(θ) = − r

θ2
− n− r

(1− θ)2

In(θ) = −El′′(θ) =
n

θ
+

n

(1− θ)
=

n

θ(1− θ)

since Er = nθ. Hence by standard asymptotic results,

√
n(θ̂ − θ) ≈ N(0, θ(1− θ)).

(c) What would constitute a conjugate prior for θ?

We want something that keeps the form θx(1− θ)n−x, so something like π(θ) ∝
θa−1(1− θ)b−1 would work. You might recognise this as a Beta distribution.

(d) Suppose you have n1 = n2 = 100, and data X1 = 48, X2 = 52. Build a
confidence interval for θ using your answer to (b).

The MLE is (48+52)/200 = 0.5, and confidence interval will be 0.5±1.96
√
0.5(1− 0.5)/200.

(e) Now suppose X1 = 10 and X2 = 90. How does your answer differ?

The answer is the same, since the sufficient statistic r (and n) is the same.
However, the model is clearly inappropriate, since it’s extremely unlikely we
would observe 10 or 90 from the same Binom(100, θ) distribution, regardless of
the value of θ.

2. Conditional Distributions.

Suppose that X,W are independent Exponential(λ) random variables. Define Y =
X +W . Find the joint density of X and Y . Are X and Y independent?

The joint density is

fXY (x, y) =

{
λ2e−λy if y > x > 0,
0 otherwise

.
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Note that the expression within the valid range for x, y factorizes, so when perform-
ing the usual change of variables one may mistakenly conclude that X and Y are
independent. They are clearly dependent, since in particular Y > X with probability
1.

Find the conditional density of X given Y .

This is just proportional to the joint density, which doesn’t depend upon x. Hence
X must be uniform on its valid range [0, Y ]. So X|Y ∼ Unif[0, Y ].

3. Conditional Events

Let X, Y , and Z be discrete random variables taking values in the sets X ,Y,Z.

(a) Write down and briefly justify the law of total probability for discrete random
variables X and Y .

This is
∑

y′ P (X = x | Y = y′)P (Y = y′) = P (X = x). To prove, note that the
sum is just

∑
y′ P (X = x, Y = y′) by definition, and since the sum is over all

states of Y , it is clearly P (X = x).

(b) Prove Bayes’ Formula:

P (Y = y | X = x) =
P (X = x | Y = y) · P (Y = y)∑

y′∈Y P (X = x | Y = y′) · P (Y = y′)
.

Using the definition of conditional probability twice, we get

P (Y = y | X = x) =
P (X = x | Y = y) · P (Y = y)

P (X = x)
.

Applying the law of total probability to P (X = x) gives the result.

(c) Express P (Z = z) in terms of probabilities of the form P (X = x), P (Y = y |
X = x), P (Z = z | X = x, Y = y). In terms of the sizes of the sets X ,Y,Z,
how many calculations (additions, subtractions, multiplications, divisions) are
required to evaluate it for all z ∈ Z?

P (Z = z) =
∑
x,y

P (X = x)P (Y = y | X = x)P (Z = z | X = x, Y = y)

=
∑
x

P (X = x)
∑
y

P (Y = y | X = x)P (Z = z | X = x, Y = y).

The inner sum requires |X | · |Y| · |Z| multiplications and then |X ||Z|(|Y| − 1)
summations; the outer |X | · |Z| multiplications and (|X | − 1)|Z| summations.
This ends up being O(|X ||Y||Z|) operations.

(d) What difference does it make if P (Z = z | X = x, Y = y) = P (Z = z | Y = y)?
In this case we can write∑

x,y

P (X = x)P (Y = y | X = x)P (Z = z | Y = y)

=
∑
y

P (Z = z | Y = y)
∑
x

P (Y = y | X = x)P (X = x)

the inner sum can be done in O(|Y||X |) operations and the outer in O(|Y||Z|).
Hence only O(|Y|(|X |+ |Z|)) operations.
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4. Contingency Tables.

Let (Xi, Yi, Zi), i = 1, . . . , n be i.i.d. vectors of categorical variables such that P (X =
x, Y = y, Z = z) = πxyz. Define

nxyz =
n∑

i=1

1{Xi = x, Yi = y, Zi = z}.

The array (nxyz)x,y,z is called a contingency table (see Part A Stats).

(a) Write down the likelihood for π = (πxyz)x,y,z.

Just as with any multinomial form, we get

l(π) =
∑
x,y,z

nxyz log πxyz, πxyz ≥ 0,
∑
x,y,z

πxyz = 1.

(b) We say X is conditionally independent of Y given Z if we can write

P (X = x, Y = y, Z = z) = P (Z = z) · P (X = x | Z = z) · P (Y = y | Z = z)

for all x, y, z. Show that, the MLE of π under this restriction is

π̂xyz =
nx+z · n+yz

n++z · n
,

where, for example, nx+z =
∑

y nxyz. [Hint: this is similar to the two-dimensional
independence case from Part A stats.]

Writing πxyz = rzsx|zty|z we can write the log-likelihood as

l(π) =
∑
x,y,z

nxyz log rzsx|zty|z

=
∑
z

n++z log rz +
∑
x,z

nx+z log sx|z +
∑
y,z

n+yz log ty|z.

Maximizing each term separately (subject to its own summation restrictions)
gives r̂z = n++z/n, ŝx|z = nx+z/n++z, t̂y|z = n+yz/n++z, and so the result.

5. Multivariate Normal Distributions.

[This is harder, but do-able.]

Let M = (mij) be a p × p-matrix and C ⊆ {1, . . . , p}; let D = {1, . . . , p} \ C. We
say that

MDD·C ≡ MDD −MDC(MCC)
−1MCD

is the Schur complement of M with respect to C, and its entries are

mij·C ≡ mij −MiC(MCC)
−1MCj for i, j ∈ D.

Now let XV ∼ Np(µ,Σ) have a multivariate normal distribution, meaning that it
has Lebesgue density

f(xV ;µ,Σ) =
1

(2π)p/2(detΣ)1/2
exp

{
−1

2
(xV − µ)TΣ−1(xV − µ)

}
, xV ∈ Rp,

for µ ∈ Rp and a symmetric positive definite matrix Σ.
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(a) Let Σ be partitioned as

Σ =

(
ΣCC ΣCD

ΣDC ΣDD

)
with |C| = p1, |D| = p2. Show that

Σ−1 =

(
Σ−1
CC·D −Σ−1

CC·DΣCDΣ
−1
DD

−Σ−1
DDΣDCΣ

−1
CC·D Σ−1

DD +Σ−1
DDΣDCΣ

−1
CC·DΣCDΣ

−1
DD

)
[Note that Σ−1

DD means (ΣDD)
−1.]

Multiplying the expression given by Σ (partitioned as above) and simplifying gives
the result. For example, the first entry is

Σ−1
CC·DΣCC − Σ−1

CC·DΣCDΣ
−1
DDΣDC = Σ−1

CC·D(ΣCC − ΣCDΣ
−1
DDΣDC)

= Σ−1
CC·DΣCC·D = Ip1 .

and the final one is

−Σ−1
DDΣDCΣ

−1
CC·DΣCD +

(
Σ−1
DD +Σ−1

DDΣDCΣ
−1
CC·DΣCDΣ

−1
DD

)
ΣDD

= Ip2 − Σ−1
DDΣDCΣ

−1
CC·DΣCD +Σ−1

DDΣDCΣ
−1
CC·DΣCD

= Ip2 .

(b) By considering the terms in the density which depend upon xC , show that

XC | XD = xD ∼ Np1

(
µC +ΣCDΣ

−1
DD(xD − µD), ΣCC·D

)
.

where ΣCC·D = ΣCC − ΣCDΣ
−1
DDΣDC .

Applying the previous part to the log-pdf of XV we obtain:

log f(xV )

= −1

2
(xV − µ)TΣ−1(xV − µ) + const.

=
1

2
(xC − µC)

TΣ−1
CC·D(xC − µC) + (xC − µC)

TΣ−1
CC·DΣCDΣ

−1
DD(xD − µD) + const.

so completing the square and ignoring terms not depending on xC we get

=
1

2
(xC − µC·D)

TΣ−1
CC·D(xC − µC·D) + const.

where µC·D ≡ µC + ΣCDΣ
−1
DD(xD − µD). Consequently XC | XD has the distri-

bution given.

(c) Hence show that the marginal distribution XD ∼ Np2(µD,ΣDD).

Recall that
fV (xV ) = fC|D(xC | xD) · fD(xD),

so the marginal distribution is whatever is left after dividing by the conditional
distribution (subtracting on the log-scale). Close inspection of the term added in
to complete the square shows that it is

1

2
(xD − µD)

TΣ−1
DDΣDCΣ

−1
CC·DΣCDΣ

−1
DD(xD − µD),

and that this cancels with one of the two terms resulting from the DD component
of Σ−1 in the likelihood. The other is 1

2(xD−µD)
TΣ−1

DD(xD−µD), so the marginal
distribution is as suggested.
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