Graphical Models: Worksheet 0 MT 2023

This sheet is designed to revise some bits from previous courses that will be particularly
useful for Graphical Models.

1. Sufficient Statistics.

Let X; ~ Binom(n;,#), i =1,...,k be independent binomial random variables with
known sizes n;, and unknown 6 € [0, 1].

(a) Write down the log-likelihood for #, and find a sufficient statistic.
The log-likelihood is

ZW)—(E:Xohg0+<§:&u—Xﬁ>bgl—®

=rlogf+ (n—r)log(l—0)

where n =Y. n; and r =Y. X;. Hence r is a (minimal) sufficient statistic.
(b) Find the MLE for # and its asymptotic distribution.
Differentiating we find that the MLE is 6 = r/n, and taking the second derivative

we get
ey = - T
) =—5 ~ =02
n n n

b(0) =B =5+ 4 g =g —0)

since Er = nf. Hence by standard asymptotic results,

Vn(f —0) ~ N(0,0(1 — 9)).
(c) What would constitute a conjugate prior for 67
We want something that keeps the form 6%(1 — )", so something like w(0)
091 (1 — 0)>~1 would work. You might recognise this as a Beta distribution.
(d) Suppose you have n; = ny = 100, and data X; = 48, X = 52. Build a
confidence interval for § using your answer to (b).
The MLE is (48+52)/200 = 0.5, and confidence interval will be 0.541.96,/0.5(1 — 0.5)/200.

(e) Now suppose X; = 10 and X3 = 90. How does your answer differ?

The answer is the same, since the sufficient statistic r (and n) is the same.
However, the model is clearly inappropriate, since it’s extremely unlikely we
would observe 10 or 90 from the same Binom(100,0) distribution, regardless of
the value of 6.

2. Conditional Distributions.

Suppose that X, W are independent Exponential(A) random variables. Define Y =
X + W. Find the joint density of X and Y. Are X and Y independent?

The joint density is

e ™ ify>ax >0,
Fxy(@,y) = { 0 otherwise



Note that the expression within the valid range for x,y factorizes, so when perform-
ing the usual change of variables one may mistakenly conclude that X and Y are
independent. They are clearly dependent, since in particular Y > X with probability
1.

Find the conditional density of X given Y.

This is just proportional to the joint density, which doesn’t depend upon x. Hence
X must be uniform on its valid range [0,Y]. So X|Y ~ Unif[0,Y].

. Conditional Events

Let X, Y, and Z be discrete random variables taking values in the sets X, ), Z.

(a) Write down and briefly justify the law of total probability for discrete random
variables X and Y.
This is -, P(X =2 | Y =y )P(Y =y') = P(X = x). To prove, note that the
sum 1s just Zy, P(X =z,Y =) by definition, and since the sum is over all
states of Y, it is clearly P(X = x).

(b) Prove Bayes’ Formula:

PY=y|X=z)=

PX=z|Y=y) -PY =y

YyeyPX =z|Y =y) - PY =y)

Using the definition of conditional probability twice, we get

PX=z|Y=y) -PY =y)
P(X =x)

P(Y=y|X=21)=

Applying the law of total probability to P(X = x) gives the result.

(c) Express P(Z = z) in terms of probabilities of the form P(X = z), P(Y =y |
X =2),P(Z=z2|X ==2Y =y). In terms of the sizes of the sets X, ), Z,
how many calculations (additions, subtractions, multiplications, divisions) are
required to evaluate it for all z € Z7

P(Z=z=) PX=2)P(Y=y|X=2)P(Z=2|X=2 =y)
T,y
=Y P(X=2)) PY=y|X=2)P(Z=2|X =2 =y)
T Yy

The inner sum requires |X| - |Y| - |Z| multiplications and then |X||Z](|Y| — 1)
summations; the outer |X| - |Z| multiplications and (|X| — 1)|Z| summations.
This ends up being O(|X||V||Z|) operations.

(d) What difference does it make if P(Z =z | X =2, Y =y)=P(Z=2|Y =y)?

In this case we can write

Y PX=2)P(Y=y|X=2)P(Z=2|Y =y)
=) P(Z=z2|Y=y)) PY=y|X=12)P(X =uz)
Yy x

the inner sum can be done in O(|Y||X|) operations and the outer in O(|YV||Z]).
Hence only O(|Y|(|X| + |Z|)) operations.



4. Contingency Tables.

Let (X;,Y;, Z;), i =1,...,n beii.d. vectors of categorical variables such that P(X =
x,Y =y,7Z = z) = Tyy,. Define

n

Nyyz = Zﬂ{Xz =ux,Y, =y Z; = Z}-
i=1

The array (ney.)a,y,- is called a contingency table (see Part A Stats).

(a) Write down the likelihood for 7 = (7zy2)a.y.--
Just as with any multinomial form, we get

l(ﬂ-) = Z Nyyz log Txyz, Toyz = 0, Z Tayz = 1.

x,Y,z x,Y,z
(b) We say X is conditionally independent of Y given Z if we can write
PX=u2,Y=yZ=2)=P(Z=2)-PX=z|Z=2 -PY=y|Z=x2)

for all x,y, z. Show that, the MLE of 7 under this restriction is

~ _ Ng4z - n+yz
Tryz = )
Ntz N

where, for example, ng, = Zy Nayz. [Hint: this is similar to the two-dimensional
independence case from Part A stats.]
Writing Tpyz = 1284:ty). we can write the log-likelihood as

l(m) = Z Nayz 10g 7255ty

w?yVZ

= Z Nz logr, + Z Natz 108 Sy, + Z Ntyz l0g Ly
z

I,Z y7z

Mazximizing each term separately (subject to its own summation restrictions)
gives T = Ny 12/N, 84, = Natz /Ny iz, tylz = Nyz/Nttz, and so the result.

5. Multivariate Normal Distributions.
[This is harder, but do-able.]

Let M = (m;j) be a p x p-matrix and C C {1,...,p};let D = {1,...,p} \ C. We
say that
Mpp.c = Mpp — Mpc(Mcc)™ Mep

is the Schur complement of M with respect to C, and its entries are
Mij.c = Myj — Mic(Mcc)_lMCj fori,j5 € D.

Now let Xy ~ Np(u,X) have a multivariate normal distribution, meaning that it
has Lebesgue density

1
(27)P/2(det 20)

f(xV;N7 2) =

1 _
172 eXP{—2(37V — )" y —M)}7 zy € R?,

for p € RP and a symmetric positive definite matrix .



(a) Let X be partitioned as

w < Yoo Xcp >
Ypc 2pbD

with |C| = p1, |D| = p2. Show that
-1 -1 -1
-1 < _lECGD . . __EICC.DZCPFDD . )
—XppXpcXce.p Xpp T XppEpcXce.pXepXpp
[Note that X5}, means (Spp)~!.]

Multiplying the expression given by ¥ (partitioned as above) and simplifying gives
the result. For example, the first entry is

Yot pEoc — SotpEepEppEpe = St p(Scc — SepSphEnc)
=3g0.pEcen = Ipy.
and the final one is
~SppEpcEce.pXen + (Xpp + EppEpeXec.pEepEpp) Eop

= Iy, — 5pSp0Ec6.pYep + EopEpeEee.pEen
=1,.

By considering the terms in the density which depend upon x¢, show that
Xc | Xp=2p ~ Np(pc +ZcpEpp(zp — wp), Sce-p) -

where YXco.p = Yoo — ECDEBEZDC‘
Applying the previous part to the log-pdf of Xy we obtain:

log f(xv)
1

= —§(xv — )T N (zy — p) + const.

1

= glwe - po) Tot.p(@e — po) + (w0 — pe) Soe.pEepSpp (e — pp) + const.

so completing the square and ignoring terms not depending on ro we get

1

= §($C — MC.D)TZE}C,D(.TC — pe.p) + const.

where puc.p = pc + ECnglD(I‘D — pup). Consequently Xc¢ | Xp has the distri-
bution given.
Hence show that the marginal distribution Xp ~ Np,(up,Xpp).
Recall that
fv(zv) = feip(zc | zp) - fpo(*D),
so the marginal distribution is whatever is left after dividing by the conditional

distribution (subtracting on the log-scale). Close inspection of the term added in
to complete the square shows that it is

1

2
and that this cancels with one of the two terms resulting from the DD component
of S~1 in the likelihood. The other is X(xp—up) ' Spp(xp—pp), so the marginal
distribution is as suggested.

(xp — up) 2 EpeSce. pSenSnp (@D — 1p),



