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Asymptotic Properties of Recursive Particle
Maximum Likelihood Estimation

Vladislav Z. B. Tadi¢

Abstract— Using stochastic gradient search and the optimal
filter derivative, it is possible to perform recursive maximum
likelihood estimation in a non-linear state-space model. As the
optimal filter and its derivative are analytically intractable for
such a model, they need to be approximated numerically. In
Poyiadjis et al. (G. Poyiadjis, A. Doucet, and S. S. Singh,
Biometrika, vol. 98, no. 1, pp. 65-80, 2011), a recursive maximum
likelihood algorithm based on a particle approximation to the
optimal filter derivative has been proposed and studied through
numerical simulations. This algorithm and its asymptotic behav-
ior are here analyzed theoretically. Under regularity conditions,
we show that the algorithm accurately estimates maxima of the
underlying log-likelihood rate when the number of particles is
sufficiently large. We also provide qualitative upper bounds on
the estimation error in terms of the number of particles.

Index Terms—Non-linear state-space models, recursive max-
imum likelihood estimation, sequential Monte Carlo methods,
system identification.

I. INTRODUCTION

TATE-space models (also known as continuous-state hid-

den Markov models) are a class of stochastic processes
capable of modeling complex time-series data and stochastic
dynamical systems. These models can be viewed as a discrete-
time Markov process which can be observed only through
noisy measurements of its states.

In many applications, a state-space model depends on a
parameter whose value needs to be estimated given a set
of state-observations. Due to its practical and theoretical
importance, parameter estimation in state-space and hidden
Markov models has been extensively studied in the engi-
neering and statistics literature (see e.g. [8], [14] and ref-
erences cited therein). Among them, the methods based on
maximum likelihood principle have gained much attention.
Their asymptotic properties (convergence, convergence rate
and asymptotic normality) have been analyzed thoroughly
in a number of papers (see e.g. [4], [11], [12], [21], [23],
[26]-[28]). Unfortunately, to the best of our knowledge, the
existing results do not offer much information about recursive
(i.e., online) maximum likelihood estimation in non-linear
state-space models. However, in a number of different sce-
narios, the parameter indexing a state-space model needs to
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be estimated recursively. For example, this is much more
computationally efficient for long observation sequences. In
the maximum likelihood approach, this can be achieved using
stochastic gradient search and the optimal filter derivative.
Since the optimal filter and its derivative are not analytically
tractable for a non-linear state-space model, they need to
be approximated numerically. In [25], a recursive maximum
likelihood algorithm based on a particle approximation to
the optimal filter derivative has been proposed and it has
been shown experimentally that the algorithm is stable and
efficient. We show here that the algorithm proposed in [25]
produces asymptotically accurate estimates of maxima to the
underlying log-likelihood rate. More specifically, we show that
these estimates converge almost surely to a close vicinity of
stationary points of the underlying log-likelihood rate. We also
provide qualitative upper bounds on the radius of this vicinity.
These bounds are expressed in terms of the number of particles
used to approximate the filter and its derivative and directly
characterize the (asymptotic) error of the recursive particle
maximum likelihood algorithm proposed in [25]. The obtained
results hold under strong mixing assumptions which are very
commonly used in the particle filtering literature (see e.g. [8],
[9], [10], [14]). To the best of our knowledge, the results
presented here are the first to offer a rigorous analysis of
recursive maximum likelihood estimation in non-linear state-
space models.

The rest of this paper is organized as follows. In Section II,
non-linear state-space models and the corresponding recursive
maximum likelihood algorithm are specified. In the same
section, the main results of the paper are presented. In
Section III, a non-trivial example illustrating the main results
is provided. The main results are proved in Sections IV — VI.

II. MAIN RESULTS

A. State-Space Models and Parameter Estimation

To define state-space models, we use the following notation.
For a set Z in a metric space, B(Z) denotes the collection of
Borel subsets of Z. d, > 1 and d, > 1 are integers, while
X € B(R%) and Y € B(R%). P(z,dz') is a transition kernel
on X, while Q(z, dy) is a conditional probability measure on
Ygivenz € X. (Q, F, P) is a probability space. A state-space
model can be defined as the X’ x )-valued stochastic process
{(Xn,Yn)}n>0 on (2, F, P) which satisfies

Xpt1, Ynt1) € Bl Xoim, Yoin)
//IB z,y)Q(z, dy)P(X,,, dx)

almost surely for each B € B(X x V), n > 0. {X,}n>0
are the unobservable model states, while {Y},},,>o are the
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observations. States {X,,},>0 form a Markov chain, while
P(x,dx’) is their transition kernel. The observations {Y}, },>0
are mutually independent conditionally on {X,,},>0, while
Q(X,,dy) is the conditional distribution of Y,, given Xg.,,.

In this paper, we assume that the model {(X,,Y})}n>0.
can be accurately approximated by a parametric family of
state-space models. To define such a family, we rely on the
following notation. d > 1 is an integer, while © C R? is an
open set. P(X) is the set of probability measures on X p(dx)
and v(dy) are measures on X’ and Y (respectively). pg(z'|z)
and gp (y|z) are functions whichmap 6 € ©, z, 2’ € X,y € Y
to [0,00) and satisfy

/ po(a [2)u(da’) = / ao(ylz)w(dy) = 1
X y

for all 0 € ©, x € X. A parametric family of state-space
models can then be defined as a collection of X x )-valued
stochastic processes { (X7, Y,94)} _ “on (€, F, P) which

rtTn

are parameterized by 6 € ©, A € P(X) and satisfy

P (X487 € B) = / / In (2, y)ao (yl)\(da),

0, 0,
P ((Xn+1’Yn+1

_ / / L5 (2, y)ao (y])po (] X0 u(da)(dy)

almost surely for each B € B(X x )), n > 0.

We are interested in the identification of model para-
meters. This problem can be formulated as the estima-
tion of the transition kernel P(z,dz’) and the conditional
probability Q(z,dy) given a realization of state-observations
{Y,}n>0. If the identification is based on the recursive
maximum likelihood approach and the parametric model
{(X52, V9N ) . the estimation of P(z,dx’) and Q(x, dy)
reduces to the maximization of the log-likelihood rate asso-
ciated with models {(X,,Y})}n>0 and {(Xz’)‘,ny’)‘)}nZO.
Here, {(X,,,Y,,)}n>0 is considered as the true system, while
the parametric model {(Xz’)‘,Yf’)‘)}nZO is regarded as the
candidate model.

To define the log-likelihood rate associated with models
{(Xn, Yn)}nxo and { (XA, V,92)} . we use the following

notation. gy (y1:»|A) is the density of YG Ae.,

0, 0,
6 B‘ XO:n7YO:n )

a5 (Y1:n|A) :/// (H a0 (Y |zr)po (Tr| TR 1)))
w(day) -« p(da)A(dxg)

for 0 € ©, A € P(X), y1.. = (Yy1,---,Yn) € V", n > 1.
1,(0, \) is the expected (average) log-likelihood of Y7.,, given
model {(XJ* Y} ie.,

n>0’

ln(9a>‘) =F <%10gqg(yln|>‘)> :

Then, the log-likelihood rate for models {(X,,Y:)}n>0
and {(XZ’)‘,Yne’)‘)}n>O can be defined as the limit
limy,— 00 [, (A, A). Under the assumptions adopted in this
paper, lim, o 1,(0,\) exists and does not depend on A
(see Lemmas 4.1 and 6.2). Throughout this paper, [(0)
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denotes the log-likelihood rate for models {(X,,,Y,,)}»>0 and
{(xX22, v} ie.,

1(6) =

n>0’

lim 1, (6, \).

n—oo

B. Recursive Maximum Likelihood Algorithm

Recursive maximum likelihood estimation in state-space
models can be described as an online process maximizing the
log-likelihood rate 1(6). As {(f) and its gradient do not admit
closed-form expressions for any non-linear state-space model,
they need to be approximated numerically. We analyze here
the recursive maximum likelihood algorithm proposed in [25].
In this algorithm, V() is approximated by a particle method,
while [(#) is maximized by stochastic gradient search.

The recursive particle maximum likelihood algorithm pro-
posed in [25, Sections 3.2, 2.2, Equations (26), (27), (18) —
(22)] is defined by the following equations:

S o, (Xns1.i X ) Vogs, (Ya| X )
Z;'V:1 Db, (Xn+1,i|Xn7j)QGn (Yn|Xn,j)
Z;V:1 Vope, (Xn+17i|Xn7j)Q«9,, (Yn|Xn7j)
Sy o, (Xl X j)as, (Val X j)
. S o, (X141 X ), (Val X ) Wa s
Yoo o, (X1 X j)as, (Val X j)

WnJrl,i -

)

(1

N
N 1
Wn-{-l,i = Wn-{-l,i - N ]z_; Wn+1,j; (2)

. X )
> i1 40, (Yor1| Xog1 ) Wi 5
< -
Zj:l 90, Yny1 |Xn+1,j)
. X
> i1 Voo, (Yn+1Xnt1,5)
a : 3
> =1 90, (Yns1[Xnt1,5)

forn > 0,1 < ¢ < N. Here, N > 1 is an integer
corresponding to the number of particles and {a, }n>0 is a
sequence of positive real numbers. {Xn+17i 1 <i<N } are
the particles generated through the sequential Monte Carlo
scheme

o e @), (Vl Kny)nlde)
n+1,5 ™ N = .
Zj:l g0, (Yn|Xs,5)

In (4), {Xn+1’i 1 <i <N } are sampled independently one
from another and independently from {Xj : 0 < k < n},
{Gk,Yk,XM 0<k<nl1<i< N}. Moreover, in (1) —
(4),00€0, {Xo;:1<i<N}CXand {Wp;:1<i<
N} € RN are selected independently from (X, Yp).
Remark: Recursion (3) usually involves a device which
keeps {0, }n>0 within a compact subset of ©. This device
is usually based on the projection to a compact domain
(for details, see [6, Section 5.4], [18, Sections 5.1, 5.2] and
references cited therein). As algorithm (1) — (4) is already a
very complex procedure, this aspect is not considered here.
Instead, similarly as in [3, Part II], [6], [18], [28], our results

9n+1 =0p + an <

“)
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on the asymptotic behavior of the algorithm (Theorem 2.1,
below) are expressed in a local form.

The variables appearing in algorithm (1) — (4) have the
following meaning. 6, XOJ, . ,XO’N and Wy 1,...,Wo N
are the initial conditions. X’n,l, ey Xn N are particles whose
empirical distribution approximates the predictive distribution
of X, given Y7,...,Y,,_1 and its derivative (computed using
parameter 6,, at time n), while Wy, 1,..., W, n are vector-
valued weights in the particle approximation to this deriva-
tive.! 6, is an estimate of maxima to the log-likelihood rate
1(0). a, is the step-size in recursion (1). Recursion (3) is a
stochastic gradient search maximizing [(6).> Recursions (1)
and (4) are procedures through which the particle approxima-
tions to the optimal filter and its derivative are updated. More
details on the recursive particle maximum likelihood algorithm
can be found in [25].

C. Convergence Results

To formulate the assumptions under which the analysis of
the recursive particle maximum likelihood estimation proce-
dure is carried out, we introduce further notation. Ny is the
set of non-negative integers, while C? is the set d-dimensional
complex valued vectors. For a = (ai,...,a4) € N¢, 0 =
(t1,...,tq) € R? notation |cr| and O stand for

o0
|a|:a1+~'+ad, aazm.
For n € C%, ||n|| denotes the Euclidean norm of 7. For § €
(0,00), n € C?and A C C%, V5(A), d(n, A) denote the J-
vicinity of A and the distance between 7, A, i.e.,

d(n,A) = inf ||n—1'
(n, A) nl,gAlln 'l
Vs(A) ={n' eC?: 3" € A,|ln —n"|| <6}

Let @) be any compact set satisfying () C ©. The asymptotic
properties of algorithm (1) — (4) are analyzed under the
following assumptions.

Assumption 2.1: Y o, = 00, Y. o
S o lam — apy| < .

Assumption 2.2: There exist a probability measure 7(dx)
and real numbers p € (0,1), K € [1,00) such that

|P"(z, B) - 7(B)| < Kp"
forall z € X, B € B(X), n>0.

Assumption 2.3: There exists a real number ¢g € (0,1)
such that

2

5 < oo and

/ 1 1
eq < po(a'fr) < o @ < go(ylr) < -

forall 0 € Q, x,2" € X,y € ).

I'The empirical measures

1 1 1

— E d¢ (dx), — E Whni— — E Whil|dse (dz)
Xn,i ’ 2] Xn,i

N & "Xn, N = N =~ :

can be viewed as particle approximations (respectively) to the optimal (one-
step) predictor and its gradient at discrete-time n. Here and throughout the
paper, 6, (dx’) denotes the Dirac measure centered at z € X.

2The fraction on the right-hand side of (3) is a Monte Carlo estimate of

10).
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Assumption 2.4: There exists a real number K g € [1,00)
such that

max{[|Veps (2'[2)||, [Vogo (yl2) |} < K10,
max{|pe('[x) — por (¢ [2)], | Vope(2'|2) — Vope: (2']2)|}
< Kiqllo =6,

max{|qe(y|z) — gor (y|7)], [Vogo(y|z) — Vage (y|x)[}
< Kiglo—¢|

forall 0,0 € Q, x,2’ € X, y € ).

Assumption 2.5: pg(2’|x) and gg(y|z) are p-times differen-
tiable in @ for each § € ©, x,2' € X, y € ), where p > d.
Moreover, there exists a real number K> o € [1,00) such that

106" a6 (y|2)| < Ko,

forall e Q, z,2’ € X, y€ ), a e Ng satisfying || < p.

Assumption 2.6: pg(z'|x) and gy(y|z) are real-analytic in
0 for each § € ©, z,2’ € X, y € ). Moreover, pg(z'|z)
and gy (y|z) have (complex-valued) continuations p,, (x'|x) and
Gn(y|z) with the following properties:

() py(2'|z) and G, (y|z) map n € C%, x,2’ € X,y € Y
to C.

(i) po(2'|z) = po(2'|x) and Go(y|z) = go(y|x) for all & €
0, r,r e X, ye).

(iii) There exists a real number do € (0,1) such that
Py(@’|z) and G, (y|x) are analytic in 7 for each n € Vj,(Q),
., € X, ye).

(iv) There exists a real number K3 ¢ € (0,1) such that

by(2'2)] < K3, |dy(ylo)| < Ks@

for all n € V5, (Q), z,2" € X, y € V.

Assumption 2.1 corresponds to the step-size sequence
{an}n>0 and its asymptotic properties. This assumption is
standard in any asymptotic analysis of stochastic gradient
search and stochastic approximation (see e.g., [3], [6], [18]).
It holds when «a, = 1/n® for n > 1, where a € (1/2,1].

Assumption 2.2 is related to the stability of the true system
{(Xn,Yn) }n>o0. It requires { X, },>0 to be uniformly ergodic.
Assumption 2.3 implies the stability of the optimal filter
for { (X9, Yne’)‘)}n>O (i.e., it ensures that the optimal filter
forgets its initial condition exponentially fast). Assumption 2.2
and 2.3 are restrictive from the theoretical point of view as they
implicitly require the state and observation spaces X and ) to
be bounded. However, these assumptions are very commonly
used in the literature (see, e.g., [8], [9], [14]).

Assumptions 2.4 — 2.6 are related to the parameterization
of the candidate models {(X2*,V,’ 7/\)}n>0 and its analytical
properties (i.e. to the analytical properties of conditional den-
sities pg(2'|z) and o (y|z)). The purpose of Assumption 2.4 is
to ensure that the Poisson equation associated with algorithm
(1) = (4) has a locally Lipschitz solution (see Lemma 5.4).
Assumption 2.4 also ensures that the log-likelihood rate 1(6)
is Lipschitz continuously differentiable (see Lemmas 4.1, 6.2).
This Poisson equation plays a crucial role in the analysis of
the asymptotic error in the Monte Carlo estimation of VI(0)
(see Lemma 6.1 and (21)), while the Lipschitz continuity of
Vi(6) allows us to analyze algorithm (1) — (4) using the

|05"pe (2’| 2)] < Ka.q,
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results on Lipschitz gradient flows (see Theorem 2.1, Part
(i)). The purpose of Assumption 2.5 is to provide for I(9)
to be at least (d + 1)-times differentiable (see Lemma 6.2,
Part (ii)), while Assumption 2.6 ensures for [(f) to be real-
analytic (see Lemma 6.2, Part (iii)). These analytical properties
of [(0) allows us to establish qualitative upper bounds on the
asymptotic error in the estimation of maxima to [(f) (see
Theorem 2.1, Parts (ii), (iii)).

In order to state the main results of the paper, we need
further notation. S and [(S) are the sets of stationary points
and critical values of [(0) (respectively), i.e.,

S={0ec0:VIO0)=0}, 1S)={l0):0€S}). )

m: R x © — O is the solution to the ODE df/dt = Vi(0)
which satisfies the initial condition 7(0,6) = 6 for § € ©. R
is the set of chain-recurrent points of the ODE df/dt = VI(0),
i.e., 0 € R if and only if for any d,¢ € (0, 00), there exist an
integer n > 1, real numbers t1,...,t, € [t,00) and vectors
W1,...,9, € © (each of which can depend on 6, 6, t) such
that |91 — 0| <0, ||7(tn,Pn) — 0] < 9§ and

[Uks1 — m(tr, Dp)|| <0

for 1 <k <n.

Remark: Chain-recurrent points R can be interpreted as
limit points of slightly perturbed solutions to the ODE df/dt =
Vi(6). Since the piecewise linear interpolation of sequence
{65} n>0 is such a solution (see (21) and Lemma 6.1; see also
[30, Section 5]), the chain-recurrence is closely related to the
asymptotic behavior of algorithm (1) — (4). Regarding station-
ary and chain-recurrent points, the following relationship can
be established. If [(6) is Lipschitz continuously differentiable,
then all stationary points S are chain-recurrent for the ODE
do/dt = VI(0) (e, S C R). If additionally /(S) is of a
zero Lebesgue measure (which holds when [(6) is d-times
continuously differentiable), then all chain-recurrent points R
are stationary for the ODE df/dt = VI(0) (ie., S = R).
However, if 1(6) is only Lipschitz continuously differentiable,
then S = R does not necessarily hold and R \ S # 0 is quite
possible (for details, see [16, Section 4]). For more details on
chain-recurrence, see [1], [2], [6].

Let () be any compact set satisfying () C O, while A is
the event defined by

o0 (o)
Ag =liminf{0, € Q} = {0k € Q}. (6)
MRS nL:JO kDL
Then, the main results of this paper are summarized in the
next theorem.

Theorem 2.1: (i) If Assumptions 2.1 — 2.4 hold, then
there exists a non-decreasing function ¢ [0,00) —
[0,00) depending only on (), pg(2’|z), qo(y|z)) such that
lim .0 9o(t) = 1¥o(0) = 0 and

1
limsupd(6,,R) < ¢g | —
n—oo N

almost surely on Agq.
(i) If Assumptions 2.1 — 2.5 hold, then there exists a real
number Ly g € [1,00) (independent of N and depending only

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 3, MARCH 2021

on I(0), po(z'|x), qo(y|z)) such that

- Lo
lim sup [VI(0n)l| < 775
- o Lig
llr?isotcl)pl(ﬁn) - hnnilgfl(ﬂn) < N

almost surely on Ag, where ¢ = (p —d)/(p — 1).

(iii) If Assumptions 2.1 — 2.4 and 2.6 hold, then there exist
real numbers rg € (0,1), Lag € [1,00) (independent of N
and depending only on (), po(2'|x), go(y|z)) such that

L
lim sup d(6,,, S) < =22

n— 00 ~ Nre’

li Vi, < F2e

15:50%1)” ( ")H = N1/2°
L

limsup d(1(6,), [(S)) < ]2\;@

almost surely on Ag.

Theorem 2.1 is proved in Section VI.

Remark: The function ¢ (¢) and the real numbers L, ¢,
Lo depend on pp(z'|z), qo(y|xz) through constants e,
K1 ¢ (specified in Assumptions 2.3, 2.4). 1¢(t) also depends
on [(#) through a Lipschitz constant of VI(#), an upper
bound of ||VI(6)| and the geometric properties of R. L; ¢,
Lo ¢ depend on [(#) through a Lipschitz constant of VI(f)
and an upper bound of ||VI()|. Additionally, L; g, L2
also depend on [() through the Yomdin and Lojasiewicz
constants for 1(6).> ¢ is the Lojasiewicz exponent for I(6).
For further details on how ¢ (t), rg. L1,g, L2,¢ depend on
1(0), po(z'|x), go(y|z), see [30].

As algorithm (1) — (4) is a stochastic gradient search max-
imizing the log-likelihood rate [(f), the asymptotic properties
of sequences {6, }n>0. {{(0n)}n>0 and {VI(6,,)},>0 provide
a natural way to characterize the asymptotic behavior of this
algorithm. If the estimation of VI(#) in algorithm (1) — (4)
were based on the exact optimal filter instead of a particle
approximation, the corresponding estimator would be asymp-
totically consistent. Then, according to the existing results on
stochastic optimization, sequences {6, },>0, {1(05)}n>0 and
{VI1(6,)}n>0 would exhibit the following behavior. If VI(6)
was estimated using the exact optimal filter and [(f) was

3If 1(6) is p-times differentiable and p > d (which is true under Assump-
tions 2.2 — 2.5; see Part (ii) of Lemma 6.2), there exists a real number
M; g € [1,00) such that

m ({1(6) : 0 € Q.| VI(O)]| < £}) < My, e

for all & € [1,00), where m(-) is the Lebesgue measure on R? (¢ is specified
in the statement of Theorem 2.1). This result is known as the Yomdin theorem
(see [35, Theorem 1.2]), while M ¢ is referred to as the Yomdin exponent.
If [(0) is real-analytic on © (which holds under Assumptions 2.2 — 2.4,
2.6; see Part (iii) of Lemma 6.2), there exist real numbers rq € (0,1),
Ms, g, M3 g € [1,00) such that
d(0,8) < Mz g|IVIO)|I"@,  d(i(0),1(S)) < Ms,oIVIO)|l
for all @ € Q. These inequalities are known as the Lojasiewicz inequalities
(see [5, Theorem 6.4, Remark 6.5], [17, Theorem LI, Page 775]). M3 g,
M3, are referred to as the Lojasiewicz constants, while 7 is called the
Lojasiewicz exponent.
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Lipschitz continuously differentiable, then the limits

lim d(6,,R) =0, (7
lim d(1(6,),1(R)) = 0, ®)
liminf d(6,,,S) =0 9)

would hold almost surely on the event {sup,,~q [|0n| < oo,
inf,>0 d(0,,0°) > 0} (see, e.g., [, Proposition 4.1, Theo-
rem 5.7]). If [(6) was additionally (d+ 1)-times differentiable,
then the limits

lim d(6,,S8)=0, lim VI(6,)=0, (10)

n—oo n—oo
lim d(1(6,),1(S))=0, limsupl(f,)=liminfl(6,) (11)
would hold almost surely on {sup,sq[|fn]] < oo,

inf,, >0 d(8,,0°) > 0} (see e.g., [1, Corollary 6.7]). Since
algorithm (1) — (4) estimates VI(6) using a particle approxi-
mation, the corresponding estimator is biased. Consequently,
the limits (7) — (11) do not hold for algorithm (1) — (4). Instead,
the following limits

limsupd(6,,R), limsup ||VI(0,)|, (12)
limsup d(1(0,),l1(R)), limsupl(f,)—liminfi(6,) (13)

take strictly positive values. These limits directly depend on
the accuracy of the particle approximations to the optimal filter
and its derivative.

Theorem 2.1 provides qualitative upper bounds on the limits
(12), (13) in terms of the number of particles N and the
analytical properties of the log-likelihood rate I(f). These
bounds are of the almost sure type and based on the strong
mixing condition (Assumption 2.3). As such, they can be
considered as of the worst-case type. Moreover, these bounds
can be rather loose in scenarios for which the strong mixing
condition is too conservative or even undesirable (e.g., when
qo(+]x) is concentrated, while pg(-|x) is diffuse). This is partly
due to the fact that the recursive particle maximum likelihood
algorithm analyzed in the paper is based on the bootstrap par-
ticle filter (4), which is well-known to perform poorly in such
scenarios. We believe that the bounds could be improved using
more sophisticated schemes which sample particles relying
on a distribution dependent on the observations [24]. These
bounds could also be made tighter using the (non-mixing)
assumptions on the optimal filter stability adopted in [13].
However, this would require substantial generalization of the
existing results on the stability of the optimal filter derivatives
and their particle approximations (i.e., of the results of [29],
[33]). Since the analysis of the optimal filter derivatives and
their particle approximations would be very difficult under
non-mixing stability conditions and since the results presented
here are already complex, this generalization is left for future
research.

D. Outline of Proofs of Convergence Results

An outline/summary of the main steps and key ideas in the
proof of Theorem 2.1 is provided here. These steps and ideas
can be described as follows.
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Step 1: Algorithm (1) — (4) is transformed to stochastic
approximation with Markovian dynamics. More specifically,
it is rewritten as

Wn+1 - WnAQW, (Vn7 an-i—l) + BQW, (Vn7 an-i—l)7 (14)
Ont1 = On + o (WnJrlCOn (VnJrl) + DGn(VnJrl)) . (5

The same algorithm is also rewritten as
Ony1 =0, + anH(67z7 Zn—i—l)- (16)

Here, {V,}n>0. {Whntn>o and {Z,},>0 are the stochastic

processes defined by W,, = (Wy.1,..., Wy n) and
Vo= (Y, X, X0),  Zn= (V. W), (7
while X’n is the vector of particles X’n = (X'n,l, ey XnN)

(W, is the d x N matrix whose j-th column is W, ;).
Ap(v,v"), Bo(v,v"), Cy(v), Dg(v) and H(6,z) are suitably
chosen functions which are defined precisely in (31) — (35).
Equations (14) — (16) are a compact form of (1) — (3), while
terms

Wys1Co, (Vag1) + Do, Vig1),  H(0n, Znt1)  (18)

can be viewed as Monte Carlo estimators of VI(0,,).
Aggregate process {(0,,Z,)}n>0 is a Markov chain,
while stochastic processes {V,},>0 and {Z,},>0 can be
interpreted as Markov chains controlled by estimates {6, }»>0
(see (40), (41)).

Step 2: We analyze conditional probability measure of V41
given V,, = v, 0, = 6, which is denoted by Ty(v,dv’)
and precisely defined in (38). It is shown that Ty(v,dv")
is geometrically ergodic with a rate (locally) uniform in 6.
It is also established that Tp(v,dv’) is (locally) Lipschitz
continuous in #. The details are included in Lemma 5.1.

Step 3: We consider the conditional expectations of the
products

Aao(VO7‘/1) o 'A971_1(‘/n—17‘/n>09n(‘/n)5 (19)
B, (Vo, Vi)Ag, Vi, Vo) -+ A, (Vi1, Vi) Co, (V) (20)

given 0y = 0,...,08, = 0, Vo = v. These conditional
expectations are denoted by ®}(v), U} (v) and defined pre-
cisely in (46) — (49). Using results on stochastic matrices
(see Appendix A) and the results of Step 2, it is shown that
functions @} (v), Wy (v) converge exponentially to zero as
n — oo with rates (locally) uniform in 6. The same functions
are also shown to be (locally) Lipschitz continuous with
Lipschitz constants tending exponentially to zero as n — oo.
The details are provided in Lemma 5.3.

Step 4: Function (II"H)(0,z) and its properties are ana-
lyzed, where (II"H)(6,z) is the conditional expectation of
H(0y, Zpt1) given g = 0,...,0, = 0, Zy = z (see
(87)). Ty(z,dz’") is the conditional probability measure of
Zn+1 given Z, = z, 0, = 0, which is defined precisely
in (39). Relying on the results of Step 3, it is shown that
there exists a function h(6) such that (II" H)(6, z) converges
exponentially to h(f) as n — oo at a rate (locally) uniform
in 0. It is also shown that (II"H)(0,z) — h(f) is (locally)
Lipschitz continuous in # with a Lipschitz constant tending
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exponentially to zero as n — co. The details are included in
Lemma 5.4 (see (51), (92), (97)).

Step 5: The Poisson equation associated with algorithm
(1) — (4) (i.e., with functions H (0, z), h(#) and the transition
kernel IIyp(z,dz")) and its properties are considered. Relying
on the results of Step 4, it is shown that the Poisson equation
has a solution and that the solution is (locally) Lipschitz
continuous in 6. The details are provided in Lemma 5.4.

Step 6: The weight sequence {W,, },>¢ and its stability are
studied. Using results on stochastic matrices (see Appendix A),
it is shown that W,, is (deterministically) bounded in n. The
details are contained in Lemma 5.5.

Step 7: The Monte Carlo estimators (18) and their statistical
properties are analyzed. By exploiting the results of [33],
it is shown that the asymptotic bias of these estimators are
inversely proportional to N with a multiplicative constant
uniform in 6. The details are included in Lemma 5.6.

Step 8: Algorithm (1) — (4) is transformed to a stochastic
gradient search with additive noise. More specifically, it is
rewritten as

971,-1—1 = en + ozn(Vl(Hn) + gn)-

Moreover, the additive noise &,, is decomposed as &, = (,, +
Nn, Where

fn = H(envZnJrl) - Cn = h( ) Vl( )

Vi(0,) + &, can be interpreted as an estimator of Vi(6,,),
while ¢,, and 7,, can be considered as the variance and bias of
this estimator. Using results of martingale limit theory and the
results of Steps 5 and 6, it is shown that {(,, },>0 satisfy the
Kushner-Clark noise condition. Relying on the results of Step
7, it is also shown that the asymptotic magnitude of {n,, } ,>0 is
inversely proportional to N with a deterministic multiplicative
constant. The details are provided in Lemma 6.1.

Step 9: Using the results presented in Section IV and the
results of [31], [32], Lemma 6.2 is proved. Then, relying on the
results obtained at Step 8 and the results of [30], Theorem 2.1
is established.

21

h(6n),

III. EXAMPLE

To illustrate the main results and their applicability, we use
them to study recursive maximum likelihood estimation for
the following non-linear state-space model:

Xy = Ag(XDY) + Bo(XIMV, (22)
YA = Cy(X0H) 4+ Do(XIMW,, n>0. (23)

Here, § € © and A € P(X) are the parameters indexing the
state-space model (22), (23). Ag(x) and By(z) are functions
which map § € O, z € R% (respectively) to R% and
Rd=xdz - while Cy(x) and Dy(xr) map § € O, z € R%
(respectively) to R and R% *dy, Xg A is an R%-valued
random variable defined on a probability space (€2, F,P)
and distributed according to A. {V},},>0 are R% -valued i.i.d.
random variables distributed according the probability density
v(x) with respect to the Lebesgue measure while {W,, },,>0
are R%-valued i.i.d. random variables distributed according
the probability density w(y) with respect to the Lebesgue
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measure. We also assume that Xg A,
are (jointly) independent.
Let pg(a'|z) and gg(y|z) be the functions defined by

v(By (= )(x’ - Ae(ff))) Lx(2)

fX ( — Ag(.l?))) da'’

wo(ylz) = w (Dy ' (z )(y Ce( ) 1y(y)
Jyw (Dg'(@)(y — Co(x))) dy’

for 0 € ©, 2,2/ € Rdw, y € R, where X € B(R%),
Y € B(R%). If ¥ = R¥%, Y = R, then py(2’|z) and
qo(y|) reduce to the conditional densities of X7 and Y7
(respectively) given X%* = x. When X # R, ) # R,
po(2’|x) and gp(y|x) can be viewed as a truncation of state-
space model (22), (23) to domains X and ). Due to the
finite precision of digital computers, this kind of truncation
is involved (explicitly or implicitly) in the implementation of
any numerical approximation to the optimal filter for state-
space model (22), (23). In [15], a truncation scheme similar
to (24), (25) has been theoretically analyzed and the choice of
the corresponding truncation domain has been addressed. In
the context of algorithm (1) — (4), the choice of domains X
and ) is much more complex as it involves many factors such
as the stability, accuracy, convergence and convergence rate of
algorithm (1) — (4), as well as the stability and accuracy of
the optimal filter for model (24), (25). As such, the choice of
X and )Y is beyond the scope of this paper.

In this section, we rely on the following assumptions.

Assumption 3.1: X and ) are compact sets with non-empty
interiors.

Assumption 3.2: v(z) > 0 and w(y) > 0 for each x € R,
y € R%. By(x) and Dy(x) are invertible for each 6 € ©,
x € R,

Assumption 3.3: v(z) and w(y) are differentiable for each
x € R¥%, y € R%. The first order derivatives of v(z) and w(y)
are locally Lipschitz continuous on R%, R, Ay(z), Be(zx),
Cy(z) and Dy(z) are differentiable in 6 for each 6§ € ©,
x € R% . The first order derivatives in 6 of Ag(x), By(x),
Cy(x) and Dy(z) are locally Lipschitz continuous in (6, z)
on © x R,

Assumption 3.4: v(z) and w(y) are p-times differentiable
for each € R%, y € R%, where p > d. The p-th order
derivatives of v(z) and w(y) are locally bounded on R%, R%v.
Ap(z), By(x), Cp(x) and Dy(x) are p-times differentiable in
6 for each § € ©, € R% . The p-th order derivatives in 6 of
Ap(z), Bo(x), Cy(x) and Dy(x) are locally bounded in (0, x)
on © x R% .

Assumption 3.5: v(z) and w(y) are real-analytic for each
r € R%, y e R, Ag(x), Bo(x), Cy(z) and Dy(z) are real-
analytic in (6, ) for each 6 € ©, x € R%,

Regarding Assumptions 2.3-2.6 and 3.1-3.5, the following
relationships can be established. Assumptions 3.1-3.3 imply
Assumptions 2.3 and 2.4, while Assumptions 3.4 and 3.5 are
particular cases of Assumptions 2.5 and 2.6 (respectively). For
the proof of these relationships, see [31, Corollary 4.1], [32,
Corollary 4.1] (and the arguments used therein). Assumptions
3.1 — 3.5 are relevant for several practically important classes
of state-space models and cover, for example, stochastic

{V;z}nZO and {Wn}nzo

po(a'|x) =

(24)

(25)
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volatility models, dynamic probit models and their truncated
versions. For other models satisfying (22), (23) and Assump-
tions 3.1 — 3.5, see [8], [9], [14] and references cited therein.

As a direct consequence of the relationships between
Assumptions 2.3 — 2.6 and 3.1 — 3.5, we get the following
corollary to Theorem 2.1.

Corollary 3.1: (i) If Assumptions 2.1, 2.2 and 3.1 — 3.3 are
satisfied, then the conclusions of Part (i) of Theorem 2.1 hold.

(i1) If Assumptions 2.1, 2.2 and 3.1 — 3.4 are fulfilled, then
the conclusions of Part (ii) of Theorem 2.1 hold.

(iii) If Assumptions 2.1, 2.2, 3.1 — 3.3 and 3.5 are satisfied,
then the conclusions of Part (iii) of Theorem 2.1 hold.

IV. RESULTS RELATED TO OPTIMAL FILTER AND
LOG-LIKELIHOOD RATE

In this section, we study the stability and analytical proper-
ties of the optimal filter and its derivative as well as some
regularity properties of the log-likelihood rate. The results
presented here are a prerequisite for Lemmas 5.6 and 6.2. Note
that we only consider here the results which are essential for
the proof of Theorem 2.1 and not well-covered in the existing
literature on optimal filtering.

Throughout this section and the whole paper, we use the
following notation. () stands for any compact set satisfying
Q C ©. M4 (X) is the collection of signed measures on X,
while M¢(X) is the set of d-dimensional vector measures on
X. For £ € M4(X), |£](dx) and ||£|| denote (respectively)
the total variation and the total variation norm of &. For
¢ € M4(X), [¢|(dz) and ||¢|| denote (respectively) the total
variation and the total variation norm of ( induced by [; vector
norm.* r¢(2’'|y, x) is the function defined by

7"9(37'|y,$) =Po

ford € ©, 2,2’ € X,y € Y, while hy (x|, () and Hg (&, C)
are defined for £ € P(X), ( € M4(X) as

('|2)g0 (y|)

Jro(xly,")C(dx") + [ Vore(zly, ') (dx’)
ha.y (216, €) = [ qo(yla’)é(da") ’
Hay(€,) = / oy (1€, C) (). (26)

rg' (@'|2) is the function recursively defined by

Toy  (@2) = ro(a’ [ym, @),

TgnynJrl( /|x):/rg;z+1( |J) ) myn(

for n > m > 0 and a sequence ¥y = {yp}tn>0 in V.
hgtt(x]€, ¢) and Hy" (€, ¢) are the functions defined by

ity

o) u(da’")

(z|l2")C(da") + [ Vorg'it(z]a’)&(dx")
ff Tm n "|{E (d{E ) (d:L’") ’
by (@l& Quldz),

by (18, Q)=

0= [

If ¢ € MEX), then [¢|(dz) = SO{L, lef¢|(dx) and ||| =
Z?:l lleF¢|l, where e, is the 4-th standard unit vector in R,
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while fg"" (z[€) and g (x(€, ) are defined as

m:n _ f?" dl‘/)
fay (z[¢) = ffr ”|x £(dz' ) (dm”)’
9oy (@|€,C) = hg! ($|§,C) foly " (@€ Hyly" (€, Q).

Fyy™ (d8), Féflgj,”(dxlﬁ) and Gg'" (dz|¢, €). G (dx|€, C)
are the measures defined for B E B(x) by Fg™(BlS) =

" (x)z")E

£(B), Gim(BIE,C) = C(B) and
F Bl = [ 3 alen(da), @7)
B0 = [ g nda). @9
Throughout this paper, the measures Fj%"(dz|¢) and
pen(dalé, ¢) are also denoted by Fym(€) and Gr (€, )

(short-hand notation). Then, it is easy to show that F"" (&)

and G'"(§, () are the optimal (one-step) predictor and its

gradient, i.e.,
O n(B|>‘) (‘vaz7A € B‘ YOG:in)\fl = yO:nfl) )
for each A € P(X), n > 1. Here, O is the d-dimensional
zero-measure (i.e., 0 € M4(X), ||0]| = 0).
Lemma 4.1: Let Assumptions 2.2 — 2.4 hold. Then, the fol-
lowing is true:

(i) 1(0) is well-defined and differentiable on ©.
(ii) VI(0) is locally Lipschitz continuous on © and satisfies

VI(0) = lim B (Hyy, (F3(€). G334 (€.0)

forall 0 € ©, £ € P(X), ¢ € MY(X), where Y = {Y,, }>0.
(iii) There exists a real number C g € [1,00) (depending
only on pg(a'|x), qo(y|z)) such that

1Go5(& Q| < Cro@+ <IN

forall @ € Q, & € P(X), ¢ € M4X), n > 0 and any

sequence Y = {Yn fn>o0.
Lemma 4.1 is proved in Appendix B.

(29)

V. RESULTS RELATED TO SEQUENTIAL MONTE CARLO
APPROXIMATIONS

In this section, we study the asymptotic properties of the
particles {)A(,” :n > 0,1 <4< N} and their weights {W,, ; :
n > 0,1 <i < N}. Using these properties, we show that the
Poisson equation associated with algorithm (1) — (4) has a
Lipschitz continuous solution (see Lemma 5.4). The results
presented here are needed to analyze the error in the Monte
Carlo estimation of VI(6) (see Lemma 6.1 and (21)).

Throughout this section, we use the following notation. V
and Z are the sets defined by V =) x X x XN and Z =
Y xR¥N ¢ is the N-dimensional vector whose all elements

are one (ie., e = (1,...,1)T € RY). I is the N x N unit
matrix, while A is the N x N matrix defined as
T
ee
A=T—-—— 30
N (30)
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Ag(v,v") and By(v,v') are respectively RV*Y and RI*N-
valued functions defined by

7’9(552- ly, i)

A (v,0) = (31)
6 ’ N )
> k=1 0@y, Tx)
: Sy Veore(@hly, =)
Bj(v,v') = SE—— (32)
2 k=1 7"9(55j|yv$k)
for0 € ©, z,2 € X, y,y €V, & = (21,...,2n5) € &V,

&= (a,...,2) € XN, 1 <i,j < Nandv = (y,,2),
v = (y,2',2'), where Ay7(v,v") and Bj(v,v’) are the
(i,j4)-entry of Ag(v,v') and the j-th column of By(v,v’)
(respectively). Cp(v) and Dy(v) are respectively RYY and R¢-
valued functions defined by

qo(ylz:) 1
C — =, 33
= Siciwlylen) N >
Da(’U) _ Ek:l Veqa( |J)k) (34)

Zszl a0 (ylTr)

where C}(v) is the i-th element of Cyp(v). H(0,z) is the
function defined by

H(0,z) =WCy(v) + Dy(v) (35)
for v € V, W € R™N and 2 = (v,W). Then, it is
straightforward to verify

el Ag(v,v) =eT,  eTCh(v) = (36)
for all € ©, v,v" € V, where Ag(v,v"), Cy(v) are defined
in (31), (33).

We rely here on the following notation, too. sp(z|y, &) is
the function defined by

P 1 Do (@lar) g0 (ylar)
Zk 1qa9(y|xk)

For & = (x1,...,2n) € XN, Sg(di'|y, 2) is the conditional
probability measure on X'V defined for B € B(X") as

N

So(Bly. &) //IBxl,...,xm<Hse<x;€|y,@>>
k=1
- p(day) - p(daly),

where Ip denotes the indicator of B. Ty(v,dv’) is the kernel
on V defined for B € B(V) and v = (y, z, &) by

[1at 200" )
P(x,dx")Sp(d2'|y, &). (38)

ITy(z,dz") is the kernel on Z defined for B € B(Z), W €
RN and 2 = (v, W) as

My(z, B) = /IB (0, W Ag (0,0 + Bo(v, o)) Ty(v, dv').
(39)

so(zly, &) = (37

Te(’u, B) =

Then, it is straightforward to verify that {V,},>0 and
{Zn}n>0 defined in (17) satisfy

P(Vn-i-l € Ale(); VO7 ) 6”7 Vn) = Tgn (Vna A)7
P(Zn-l—l € B|907 ZO) s )HTH ZYL) = HQW,(ZTM B)

almost surely for each A € B(V), B € B(Z), n > 0.

(40)
(41)
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Using functions Ag(v,v’), By(v,v ) and Sp(d#'|y, &), we
introduce the following notation. {X n > 0,1 <1<
N} are X-valued random variables generated through the
sequential Monte Carlo scheme

XZ+1,1'N59< ‘Yn, nl,...,Xf%N)) wu(dx),

while Xﬁ, V% are the random variables defined by

(42)

X0 = (X0, X0N), V= (Y, X, X))

In (42), {X? 414 ¢ 1 <4 < N} are sampled independently
from one another and independently of {X} : 0 < k < n},
Vi, X0, :0 <k <n1<i< N}, while {X§, : 1<
i < N} are selected independently of (X, Yp). {W?},>¢ are

d x N random matrices generated by the recursion
W =WEA(VE VI L) + Bo(ViE, V2L ),

while Z¢ is the random variable defined by Z% = (V¢ W?).
In (43), W{ is selected independently of (X, Yp). Then, it can
easily be shown that {V,%},>0 and {Z},>o are Markov
chains whose transition kernels are Ty (v, dv’) and Iy (z, dz’)
(respectively).

Using functions Ag(v,v"), By(v,v"), Cy(v), Dg(v) (defined
in (31) — (34)) and stochastic process {V,?},,>0, we introduce
the following notation. 7;'(v,dv’) and 7p(dv) are (respec-
tively) the n-th step transition kernel and the invariant proba-
bility measure of {V,!},,>¢ (the existence and uniqueness of
7p(dv) are guaranteed by Lemma 5.1). Tj (v, dv') is the kernel
on V defined for B € B(V) by

(43)

T3 (v, B) = Tj' (v, B) = 79(B). (44)
AY(v) and ®Y(v) are the functions defined by
Apv) =1, h(v) = Cy(v). (45)
A2 (vo,...,v,) and ®J(v) are the functions defined for
vV,00,...,U0, € YV, n>1Dby
AG (v, .., v) = Ag(vo,01) -+ Ag(vn—1,v0), (46)
Op(v) = B (A5, VG (V| VE =) . @)
By (vg, ..., v,) and W)(v) are the functions defined by
Bg(vo ., Upn) = Ba(vo, 1)1)/13_1(1)1, cey ), (48)
Wi (o) = B (BR (V. VG| Vi = v) . (49)
h(0) is the function defined by
(o)
0) / Do(o)ro(dv) + 3 / I (W) (dv).  (50)
n=1

Then, for each §# € ©, v € V, n > 1, it is straightforward to
verify

Ui (v) = E(Be(Vy, V)2 (V)| V) =v). (5D

Remark: Throughout this and subsequent sections, the fol-
lowing convention is applied. Diacritic ~is used to denote a
locally defined quantity, i.e., a quantity whose definition holds
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only within the proof where the quantity appears. We also
recall here that ) stands for any compact set satisfying Q C ©.

Lemma 5.1: Let Assumptions 2.2 — 2.4 hold. Then, the fol-
lowing is true:

(i) {V,%} >0 is geometrically ergodic for each 6 € ©.

(ii) There exist real numbers p;,o € (0,1), Co g € [1,00)
(possibly depending on ) such that

T3 (v, B)| < Ca,0p7 (52)
T3 (v, B) — Ty (v, B)| < Ca,0pt oll0 — 6], (53)
max{|7o(B) — 19/(B)|, [Ty(v, B) — Ty: (v, B)[}

< Cool0— 9| (54)

forall 6,60’ € Q,veV, BeB(V),n>0.
Proof: Using Assumption 2.2 and [22, Theorem 16.0.2],
we conclude that there exist an integer ng > 1, a real number
€ (0,1) and a probability measure £(dz) on X such that
Pz, A) > ~vE(A) forall z € X, A C B(X).

Throughout the proof, the following notation is used. 6,
0" are any elements of Q. z,x1,...,xy are any elements of
X, while & = (z1,...,2n). y is any element of ), while
v = (y,z,&). B is any element of B(V), while n is any
non-negative integer. ((dz) is the probability measure on X'V
defined for A € B(XY) by

¢(A)= (ﬁ)N/ [ Lar oy utdn) - uldey).

Let B = (equ(X))N (eq is specified in Assumption
2.3, while p(dx) is defined in Subsection II-A). Relying on
Assumption 2.3, we deduce

1
eq < so(zly, &) < — (55)
EQ
Consequently, for A € B(XYN), we get
So(Aly, 7) >el / / La(@ho- ., ) u(daty) - p(day)

=poC(A

Hence, we have
y(v, B) ///IByxx Q2 dy)
P(z,dz)Se(di' |y, )
>[3Q///I3y 2, 2)Q(z, dy")P(x, dz")((d").
Therefore, we get

T3 (v, B) = E (To(Vy, B)|Vg =)

>5QE<///I” 00 dy)

- P(Xp, da!)C(d)|Yo = y, Xo = 2, X0 = )

i

JQ(!,dy' )P+ (x, da' ) (d).
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Since P™0(z, A) > ~v&(A) for any A C B(X), we get

10(0.8) = oy [ [ [ 1o o' )00 et a).
(56)
Let p1g = (1 — Bgy)Y/ (7). As v is any element in

V, [22, Theorem 16.0.2]) and (56) imply that {Vne}nzo is
geometrically ergodic. The same arguments also imply

T3 (v, B)| = |T§'(v, B) — 79(B)| < piy (57)

Since @ is any compact set in ©, we conclude that (i) is true.

Let ClQ = 3€Q Ki g, CQQ = €Q ClQN CgQ =
(1(X))NCy,g (K g is specified in Assumption 2.4). Owing
to Assumptions 2.3, 2.4, we have

|s0(x]y, &) — so (xy, 7)]
SN Ipe(zlzs) — pr(alai)las (yla:)
Zi]il%(ym)
SN e (@lzi)lge (ylz:) — gor (ylzi)]
SV qoylas)
L s0r(aly, ) I lao(ylws) — aor (1)
Efvl%(mxi)
< =l = Cuglo )

<

+

Consequently, for any 7, ..., 2y € X, (55) yields

N N
11 se(@ily, 2) = [ s (@ily, 2)
=1 =1
N i—1 N
é Z H 59($;|y,i') H 59/(x;|y,£)
=1 j=1 j=i+1
|sa(xily, &) — ser (2i]y, o)
Cl QN0 -0 _
<= < Caqllf -9
€Q

Here and throughout the paper, we use the convention that the
product Hi: i is one whenever k > [. Hence, we have

|So(Bly, &) — Se: (Bly, 2)|
N N
/ /IB (x1,...,2N) Hse(xi|y,§:)—Hs.g/(xi|y,§:)
i=1 i=1
pder) - ()

< éQ,Q(M(X))NHe -0 = 03,Q||9 — 0.

B) < [[[ 1t 800 ay)

P(z,dx")|Sg— Se:|(di' |y, 7)
<Cs,0l0 — 0. (58)

Therefore, we get

|Ty(v, B) —

Here, |Sy — Se/|(dZ'|y,Z) denotes the total variation of the
signed measure Sy (di'|y, &) — Sp: (d' |y, T).
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Let Cio € [1,00) be an upper bound of sequence
{np g bn>1. while Ca,q = 2C3,0Cu,0(1 — pr.q) " Using
(57), (58), we conclude

T3 (v, B) = Tyt (v, B))

T, B)(Tp — To) (v, dv" )T~ (v, dv’)

<2 // |T5(v", B)||To — Tor|(v/, dv") T ™" (v, dv')
=0

n
< sl -0 rilg
i=0

Similarly, we deduce

< Cyqll6 —0']. (59)

|75+ (v, B) = Ty (v, B)|

T, B)(Typ — To) (v, dv" )T~ (v, dv’)

<> [ Ei By - Tl a2 )
i=0

< Caqpipn+1)[10 — 0] < Cagpl 50— 0"l (60)

Combining (57), (59), we get

|7(B) — 1:(B)| <|T3'(v, B) = Tj(v, B)| + |T§' (v, B))|
+ |75 (v, B)|

<Co0ll0 —0'|| + 207 . (61)

Letting n — oo in (61) and using (57), (58), (60), we conclude
that (52) — (54) hold. 0

Lemma 5.2: Let Assumptions 2.3 and 2.4 hold. Then,
the following is true:

(i) There exists a real number ps o € (0,1) (independent
of N and depending only on py(z'|z), go(y|x)) such that
Ay’ (0,0") = pa/N forall 0 € Q, v,v" €V, 1<1i,j <N.

(ii) There exists a real number C3 o € [1,00) (possibly
depending on V) such that

max{[| Ag(v,v') [, | Bo (v, v')II, [|[Co(v)]l, | De(v)[I} < Cs.0,

(62)
max{||Ag(v,v") — A (v,0")|, || Bo(v,v") — B (v, )|}
< Czoll0 - ¢, (63)
max{||Co(v) — Co/(v)]|, [ Do(v) — Do (v)]|}
< C0ll0 =0 (64)

for all 0,0' € Q, v,v' € V.
Proof: Throughout the proof, the following notation is

used. 0, 0" are any elements of Q. z,2’, x1,2},..., 2N, %y
are any elements of X, while & = (x1,...,2n), &' =
(x’l, . ,J;’N) y, y' are any elements of ), while v = (y, z, &),

o= (y, 27 ) i, are any integers satisfying 1 <4i,7 < N.

Let p2. g = eQ (eq 1is specified in Assumption 2.3). Owing
to Assumption 2.3, Zwe have 5% < re(2y,x) < 1/EQ
Therefore, we get Ay’ (v,v') > €Q/N
(i) is true.

p2,0/N. Hence,
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Due to Assumptions 2.3 and 2.4, we have

Iro(z' |y, ©) — ro: (' |y, )| <|po(z'|x) — por (z']2)] g0 (y]2)
+ por (2'|)]q0 (y]z) — qor (y|)|
_ !
2ol -0
)

Then, we get
A5 (v,0) —
_ |ro(

A (v,0))]

x9|y, ;) — 7”0'(37}|y7$i)|
N

> k=1 7“9(37}|y7$k)
N

D=1 |76 (2]

Y, k) —7“9'(3?}|y,$k)|

N
> k=1 7“9(37}|y7$k)
o 2K, QH9 ol

£ (N—i—A (v, )).

Since Zﬁil A’e’j (v,0") =1 (due to (36)), (65) implies
N

D145 (0,0)) = A5 (v,0")]

i=1

N
2K, 00 - ']
< T 1+ Z Az,j (v, ’U’)

i=1
_ 4Kl 0]
€4
It is straightforward to verify
Ve?“e( Gy, @i)

A” AL kil

Moreover, using Assumptlons 2.3 and 2.4, we conclude

Vore(z'|y, x) ‘ Hveqa y|x)
ro(2'|y, x) q9(ylz)

+ Aé’,j (v,0")

(65)

(66)

Bj (v,0") (67)

Vope(a'|x)
po(a'|x)
€Q
Relying on the same assumptions, we deduce
Hvere(x'Iy,m) ~ Vre (2'ly, x)
ro(z'ly, x) ro (2'|y, )
IVope(2'|z) — Vope: (2'|2)
po('|z)
Vopo ('|2) || [pe(@’|2) —po (¢'])]
por (z'|x) po(a'|x)
IVogo (ylz) — Vege (y|2)|
q0(ylz)
Veogo (y|2) || lgo(yl2) — g0 (y|2)|
qor (y|) q0(ylz)
< AKEglt -8

(68)

<

+

+

+

(69)
€%

Then, (36), (67), (68) imply

Vore(w}|y, ;)

N
B] U,'U/ < A%] U7UI
1B, v <2 A5 (o) |\ =0 20

i=1
2K
<Z21e

€Q

(70)
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Similarly, (36), (66) — (69) yield Since Ag(v) = [ (due to (45)), Lemma 5.2 and (76) imply

1Bi(v,0') — Bl (v,2)]] Hgg(vo,,,,,vn)cg(vn)

’ < Hflg_l(vl, ey 0)Co(vn)

N i z] VGTQ |y7x1)
<3 ) = A ) | ST | Bo(wo, 1)
i=1 |y)x1) ~ 2(”—1)
Voro(elly.x)  Voro(ely,z:) “aChana
oTo\T; Y, T4 0T \T;|Y, Tq ~ 2
Az — J =C ™. 77
’ Z r@le) 1o ’ Hara 7
12K2 16— Moreover, due to Lemmas 5.2, A1.2 (see Appendix A), we
< e (71)  have
5Q i i
Due to Assumptions 2.3, 2.4, we have HAQ(UO, o3 0n)Cp(vn) — A (vo, - -+, vn)Cor (Vi)
1 < é 2n Co(v) || + |Cor (v,
Ci) <max{ a0 (yl:) }s1, S Crandi (IG@a)ll+ G ()l
NS aolyla)
Y Ao (vr, vki1) — A (vk, vy
HDG(U)” Zk 1 HVGQG(?J'xk)H KI:Q . (73) k=0
Sore do(ylor) €Q + Cr,p30lICo(vn) — Cor(va) |
Combining Assumptions 2.3, 2.4 and (72), we get < 26'1@0;@@7@(” +1))16—¢|
|C§(v) o Cé/(v)| < |q9(y|xl) q.gl(y|$‘)| = CQ,ng,nQ(n + ]_)Hg _ 9/” (78)
im0 (vl4) Combining this with L 5.2 and (76) ¢
ombining this with Lemma 5.2 an , We ge
Co ()| 001 lao (wlan) = aor ()| ¢ ¢
+
N ~ ~
Y opeq 0(ylTr) HBg(vo, co oy 0n)Co(vn) — By (vo, -« .y vn)Car (V)
2K 0|0 — 0
<2l =7 74 < |B B An-t C
= co : < [|Bo(vo, v1) — By (vo, v1)|| || A~ (v1, ..., vn)Co(vn)
Moreover, using Assumptions 2.3, 2.4 and (73), we get + H[lg_l(yl, ey 0n)Co(vn) — AL w1, . vn) Cr ()
N
|Do(v) — Dy ()] < 2=t=t IV odollw) — Vodo (v} 1B (w0, 00|
= N
Ekzﬁqe(ylxk) < CooCs.0p5 0 M+ 1)]10 -]
Do ()] Zkillqa(ylxk)—qe'(ylxk)l = Cy.0p570n +1)[10 - 0. (79)
> k=1 90(ylzk) . s
2K, 16— ¢|| Let U} (dvs, ..., dvy,|v) be the conditional probability mea-
71Q— (75) sure defined for B € B(V™) by
€2
Q
_ 0 NI
Let U39 = 125541( oN. Then, relying on (36), (66) — Ug (Blv) = E (IB(Vl ""’Vn)| Vo = U) )

(75), we deduce that (62) — (64) hold. Hence, (ii) is true. O

Moreover, let uy ,, be the function defined b
Lemma 5.3: Let Assumptions 2.3 and 2.4 hold. Then, there Y 0,60 ) ! Y

exist real numbers p3 g € (0,1), Cs,q € [1,00) (possibly ulg(v) = sup |UF(Blv) — Ug(Blv)|.
depending on NN) such that ’ BeB(V™)

max{||®y (v)|, [[¥g (v)|[} < C4,QP§L,Q7 Then, for B € B(V"*!), we have

max{|| @ (v) — &g (v)[], g (v) — g (v)[[}

< Cuqpiolld -0 U9”+1(B|v):// e /IB(vl, ooy Uny Ung1) T (Uny dvp 1)
forall 0,0’ € Q,veV, n>1. ~Ug (dvy, . .., dogp|v).

Proof: Throughout the proof, the following notation is
used. 6, 0" are any elements of (). v is any element of )V, while Consequently, Lemma 5.1 implies
{vn}n>0 is any sequence in V. n is any positive integer.

Let £3.Q = (1 - p27Q)1/2, CLQ = 4p?:2QN, CQ7Q =

ZOl,QC;iQ» C3q = p;éCQ,QCB,Q (p2,q, C3,q are specified g// e /IB(vl, e Vs Uni1)|To = Tor| (v, dvp g 1)
in Lemma 5.2). Owing to Lemmas 5.2, A1.2 (see Appendix)

|Us 1 (Blv) = Ug ™ (Bo))|

and (36), we have U (dv, . .. dog|v)
|4 o, va)Cotwn) || <CrandiliCotoa [ [t o) T (v, o)
<C1,0Cs.0030 UE — UR|(dvr, .. ., dvpv)
<Ch.qp3'%- (76) < Caoqll0 — 0|l + ug g (v)
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(Cy,q is specified in Lemma 5.1). For B € B(V), Lemma 5.1
also yields
\Ug (Blv) = Ug/ (Blv)| =|Ty(v, B) = T (v, B)|
<Caqll0 — 0|
Hence, we have

ug,g(v) < Ca0l0 — ¢,

ug b (v) < ug g (v) + Cag|0 = 0. (80)
Then, iterating (80), we conclude
ug o (v) < Ca,onll0 — 6" (81)

Let Cyg € [1,00) be an_upper bound of sequence
{np% g tnz1, while Cug = 4C5CyqCo.q. Tt is straight-
forward to verify

/ /Ae 0,01, -, 0n)Co (v0)

UG (dvy, . .., dogp|v), (82)
/ /Be (v,v1,...,0,)Co(vy)
U (dvy, . .., dop|v). (83)
Combining this with (76), (77), we get
@5 < [+ [ [A3.0n,.on)Coton)
-Ug'(dvy, . .., dvy|v)
<Ca.0p3 < Cagph o
15l < [ [ [ o)cuwn)
-Ug(dvy, . .., dvy|v)
<3003 < Ca0P0-
Moreover, (78), (82), (81) imply
I250) - @ < [+ [ | A (w.er,... v Coton)
- Ae/(’l} V1, .,vn)CGI(’Un)
-Ug'(dvy, . .., dvp|v)
/ /HAQ/ V01, ..., U ) Cor(Uy)
|U9 U9/|(d’01,...,d’0n|’l})

<2C5,qC2,qp30(n + 1)1 = 0|
<Cuqpsqll0 —0'|l.
Similarly, (79), (83), (81) yield

ol </ /HBQ 0,015+ 02)Co(vn)

— Ba, (0,01, ..., 0,)Co (Vp)
-Ug (dvy, . .., doy|v)

/ /HBG/ U015+« U )Cor ()

) |Ug" = Ugi|(duvy, . . .., dvn |v)
<2C3C20p5G(n+1)]10 — 0|
<Cy,qp30ll0 — 0.

W5 (v)
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Lemma 5.4: Let Assumptions 2.2 — 2.4 hold. Then, the fol-
lowing is true:

(i) h(#) is well-defined on ©.

(i) h(0) = lim, oo E (H (6, Z%)) for each 6 € © satisfy-
ing E(IW{A]) < o,

(iii) There exists a function H (6, z) mapping § € ©, z € Z
to R? such that

H(6,2) — h(0) = H(0,2) — (LH)(0,2)  (84)

for all § € 0O, z
H(,2)y(z,dz").
(iv) There exists a real number C5 o € [1,00) (possibly

depending on N) such that

€ Z. Here, (IIH)(#,z) denotes

max{|[ H (0, 2)Il, | (6, 2)|, | (L) (9, 2)II}
< Cs(1+ [WA]),

I(TLH)(8, 2) — (MH)(', 2)[| < C5,0l10 — €'l (1 + [WA])

forall 0,0’ € Q,v eV, W € R*N and z = (v, W) (A is
defined in (30)).

Proof: Throughout the proof, the following notation is
used. 0, 0" are any elements of Q. v, W are any elements
of V, RN (respectively), while z = (v, W). n,k are any
positive integers.

Owing to (36), we have
eTAg(VE)Ga ceey Vy?)ce(vne

) = TCy(V0) = 0.

Therefore, we get

TAZVE, ..., VCy(VD)

(85)

)~ N

Moreover, iterating (43), it is straightforward to verify

n—1

)+ BTV
k=0

Wy =WgAg (V... V! V). (86)

Combining this with (85), we conclude

H(0,2%) :De(v,f) +WEARWVE, ...,

+ZB" RPN o

_DQ(V") + WENAR(VY, ..,

n

+ZB§’*’“(V,§,...,
k=0

V) Co(V,))
)Co (Vi)

V) Co(V,))
Vi) Co(V,)).
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Consequently, we have Combining Lemma 5.3 and (88), (89) — (91), we get

(I H)(,2) = B (H(0, Z;)| Zg = ) 1T H)(6, 2) = h(B)| <[ (T™ D)o ()]l + |95 () |[[|WA]|

=K (Dg(Vna)‘ Vs = U) - F—kgk
+E (WAA"(VO‘), VDGV VE =) i ,; I¢ bl
n— k . + \Ilk / d /
+ZE( (B e, VG| V)| Ve =) k;ﬂ;lH o ()| 7o (dv’)
n-1 <C1,0B5 (n+1)+Cuqpi o WA
= (T"D)g(v) + WARG(v) + Y E (¥ (V)| Vi =) ' ) ¢ pera
k=0 +Ci0 Z ﬁ?f
n—1 k=n+1
= (TnD)g(’U) + WA‘I)ZL(U) + Z(Tk\lln_k)a(v). (87) Sél,Qﬁggn(n + 1)(1 + HWAH)

Here, (II"H)(0,2) d [ H(O. )y (=, ). whil +CrofgL=fo)™

ere, n 2 enotes P (z,dz while ~ n

(T"D)p(v). (T91(v) stand for [ Dy} Ty (v, do") <Caofa(L+ WA ©2)
J UL ()T} (v, dv’) (respectively).

Let 8o = max{p}/é,%Q} Cirg = 4C20C50Cu0,

Caq = 2C1,(1 = Q)" (p1.gs p3.g» Ca.qs Cs.g. Caq are

specified in Lemmas 5.1 — 5.3). Owing to Lemma 5.3, we have H(HOH)(Q, 2)=h(0)]] <||Co ()| IWA||+]| Da(v)]| +||R(6)]|

Since ||h(0)|| < Ca.o and ACy(v) = Cy(v) (due to (36)),
Lemma 5.2 yields

[ 195 0)In@) < Crariq < Cro. 39 =Cralt T IWAI T
<Cag1+ [WAI)

Hence, we have

/ Do 0) 70(dv) + 3 / 195 (0)]| 7% (dv)
n=0

~ i ~ - n=0
<Cio+Cio ) B <2010(1 - o) " < Cag<oce. <Cso(l+|WA).  (93)

n=1

Consequently, Lemma 5.2 yields
DI H)(8, 2) = h(8)] <Cuo(L+ WA D 5y

Hence, h(6) is well-defined and satisfies ||h(0)]| < Caq. Owing to Lemmas 3.1, 5.2, we have
Since @ is any compact set in O, we conclude that (i) holds.

Moreover, using (87), we deduce (T D)g(v) = (T" D)o (v)]|

(1" H)(6, z) — h(6) —(T”D) (v) + WADE (v) S/IIDe(v’) — Do (V) ||T3'| (v, dv”)
+ Z (o) + [ 100 )NI1T5 = T30, )
< 205,003,001 0ll0 = 0’| < CroBE 10— 0. (9%
kzn;rl / o) (de) (89) Moreover, Lemmas 5.1, 5.3 imply
Hercl: (T"D) (v), (T*¥'Yg(v) denote [ Dg(v")Ty (v, dv'), (TR TRy (v) — (T FTF) g (v)|]
f\IIIJet CZGQUEdU Bl(tj)pelcatewzlr?) upper bound of sequence S/H\Il’g(v’ = W (W)IIT5 | (v, o)

{nﬁg 1}n>1» while C4Q = 202 QCg Q(l — 6@) 05 Q = k , ~—k ~—k ,

Cy.o(1 — Bg)~". Owing to Lemmas 5.1, 5.2, we have + / 1w (WO = Tl (v, dv')

N o < 2CaqCaaril ol — 8 < CrofF o -0l )
Do) < [ 16 I1T5 (0,0

" - on for n > k. The same lemmas also yield
<C2,qCs0P1 ¢ < Crobg' - (90)

Similarly, due to Lemmas 5.1, 5.3, we have H/ Uy (v)Tg (dv)—/ Uy, (v)er (dv)
10w < [ 1951 () < [ 150 - 3 @lirldo) + [ 195 )l - 7rl()
<Co.qCuqrtorh o < CroBfy. O < 202,QC4,QP3,Q||9 — 0| < CroBE 10— 0. (96)
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Combining Lemma 5.3 and (89), (94) — (96), we get

(AT H)(0, 2) = h(0)) = ((IT"H)(¢", 2) — h(0"))]
< (T D)o (0) = (T" D)o (v)[|+[@5 (v) — g (v) [ [WA]|

+Z (TR ) (v) —

+ Z / v )7p(dv’) — / Wy (070 (do')

k=n-+1
< Cr.oBZ (n+ D0 — 0|+ Crap o IWA0 - 8]

+Cigllo -0 Y 5

k=n+1
< CreBy (n+ 1)1+ [WA[)||6 - ¢

+C1,05" (1 = o)~ "[|6 — ¢
< Cu@Bglle — 0" (1 + [WA]).

(T T*)g ()|

o7)

Hence, we have

DA H) (6, 2) -

< Cuglo 0|1+ WA 8

n=1

< Csoll0 = 6'[[(1 + [[WA)).

h(0)) — (A" H)(6', 2) — h(0))]

(98)

Let H (6, z) be the function defined by

Z I"H)(6, z) — h(0)).
Then, (93) implies that H (6, z), (ILH)(6, z) are well-defined

and satisfy

2) =Y (("H)(6,2) - h(6)).

Consequently, (84) holds. Since () is any compact set in ©,
we conclude that (iii) also holds. Moreover, using (93), (98),
we deduce that (iv) is also true.

When E(|[W{A||) < oo, (92) implies

|E(H6,2) — h0)| = || E (T H)(6, Z) — h(9))]
<E (|@H)(0, Z§) — h(0)]|)
<Cu,@B5(1 + E(|WFA)).

Therefore, h(0) = lim, .o, E(H(0,2%))if E(|WIA]) < .

As @ is any compact set in ©, we conclude that (ii) holds. O

Lemma 5.5: Let Assumptions 2.3 and 2.4 hold. Then, there
exists a real number Cg.o € [1,00) (possibly depending on

N) such that

IWnA[[ Lzo=ny < Co.o(1+ [WoAl])
for n > 1, where 7 is the stopping time defined by
—inf ({n > 0: 0, ¢ Q}U{oc})
(A is specified in (30)).
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Proof: Throughout the proof, the following notation is
used. n is any positive integer. A,, and B,, are the random
matrices defined by

An - AO,,L,l(anlv Vn)v Bn = BO,,L,l(anla Vn)

Ay, and Ay are the random matrices defined by
Apr =1, Api=A41--4

for [ > k > 0. Then, iterating (14), we get

W, = WoAo, + Z BjA;jn. (99)
=1
Moreover, (36) implies e” Ay ;A = eTA =0 for il > k > 0.
Consequently, we have
AAj A = A A — %eTAkJA = AgA.

Combining this with (99), we get

WA =WoAgnA+ > BjAjnA
j=1

n
=WoAAg A + Z BrAj,A. (100)

j=1
Let Bqg = 1—p20, C~'17Q = 4ﬁ61N, C~'27Q = C~'17Q037Q,

Cog = Cog(l — Bo)™t (p2.0. Csq are specified in
Lemma 5.2). Since 6y,...,0,-1 € Q on {rg > n}, Lem-
mas 5.2, Al1.2 (see Appendix A) and (36) imply

[ Akn All Lrg >0y

= |40, (Vie, Vieg1) - -

< Crofy™”

for n > k > 0. Consequently, Lemma 5.2 yields

AG,L,l (anla Vn)AH I{TQ >n}

(101)

| Br Ak Al Iirg>ny
= ||Bop_y (Vi—1, Vi) Ak A|| Iirg >y
< | Boe—y (Vi 1, Vi) || 1| Ak All L >y
< CrCsB5 " < CaBy ™"
for n > k > 1. Combining this with (100), we get
[WnA[[Lizg>ny SHWoyf\IIIIAo,nAHI{Tan}

+ D 1B Ajn Al g zn)
j=1

<CrB5IWol| + Cao Y 57

i=1
<Caq(1 — Bo) ' (1 + [ WoAl)
=Co,q(1 + [[WoAl]).

O

Lemma 5.6: Let Assumptions 2.2 — 2.4 hold. Then, there

exists a real number Mg € [1,00) (independent of N and
depending only on py(2'|z), go(y|z)) such that

h(6) ~ VIO)] < 52 (102)

for all 6 € Q.
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Proof: Throughout the proof, the following notation is [—1,1] is any function. Then, relying on [33, Theorem 2.1,
used. Hy (&, ¢) and Hy (€, () are the functions defined by  Proposition 5.1], we conclude that there exists a real number
Cio € [1,00) (independent of N and depending only on

Hé,y(f,ﬁ) = ffv;q&(ﬂgféxdf), po(x'|x), qo(y|z)) such that HCfLH < él@ and
0 ~
. c
H., (& ¢) = % ‘E </so(x)£2(dw) Y)‘ <=4 o)
for € ©,y €Y, £ € P(X), ¢ e MI(X). Af,, AS, and HE (/¢(x)§g(dx) Y) H < jl\}Q (106)

Agm are the random variables defined by
almost surely. Similarly, using [10, Theorem 3.1], [20, The-

Aﬁ)m = /qg(Yn|x)£fL(dx), orem 5.8] (or [33, Proposition 6.4]), we deduce that there
) exists a real number C5 g € [1,00) (independent of N and
Af, = /qe(Yn|x)§Z(dx), depending only on py(z’|z), go(y|z)) such that
0 0:n, 0 > 2 é
Az, = /qe(Ynlx)Fe,‘y(dﬂtlﬁo) E <}/¢(x)g§(dx) Y) < Z"‘\}Q, (107)
forn > 0. BY,., BS, and B, are the random variables ) 2 &
defined by E (H/ap(m){fb(dx) Y) < ]2\’;2 (108)

BY, = / Voo (Yal2)€% (de),

almost surely.
It is straightforward to verify

(Hp,y(&,¢) is defined in (26)). It is also easy to show

BY, = / Vodo(Ya|2)E (dx),

BY, = / Vodo (Yo |2) O3 (dxl€l).

Y., CY ., and CY , are the random variables defined by 2 ) 12
’ ’ ’ 1 1 2.n 1 2,n
- S : (110)
et = [ wl¥ale)cida), AT, A7, 1A, P A, |,
Cg’n _ /qg(Yn|x)§2(dx), Relying on (109), we conclude
. S ae (VX8 (Wh, = NTU ) )
Cy ., = /QQ(Yn|$)G8;Y(d$|§g7CO)- H(9,20) =—"" - L
dim1 QG(Yn|Xn,i)
~ 0 - - 0 0 .
For 1 <i < N, Wy, is the i-th column of W/ . &0 (dx) and EZV:1 Veqa(Yanf;i)

¢ (dx) are the (empirical) measures defined by -
S an(ValX7)

Ly Yal@)Ch(d) + [ Voao(Yalo)l(de)
&§(B) == g (B), (103) _Jas(Val2)Gi(da) + [ Voas(Yal2)&n (da
N; T [ a6 (Yal2)&f (da)
=Hy.y, (€2,¢0). (111)

N N
1 1
GB)=—<D | Wii— 2 Wi, | g (B) (104)
N ; N ; 9] X Using (110), we also deduce

for B € B(X). éﬁ(dm) and fﬁ(dm) are the (random) measures He/),y”( 0.0 - He/),y” (Fg,;{} (&), ng? (. ¢

defined b 2
Yo B ALBL. AL B AL
&(B) = &.(B) — Fy3(BIS), A3, AR AR AT Ag,
Gi(B) = GI(B) - Gy (BIES, o) Hyly, (60, C0) = Hyly, (F3(63). G5 (60, 0))
. . . 2
(Y, Fip(dzl€), Gy(dz|€, ) are defined in the statement of g, Ace, AS.CY, CP.lA%, .
Lemma 4.1 and (27), (28)). Throughout the proof, we assume T |Af’ 2 - |A9 2 A9 | A (113)
(without loss of generality) that X§ = &, W{ = 0 for each 3m 3m 3m L [T
0 € O, where o € XN is a deterministic vector and O Moreover, due to Assumption 2.3, we have
is the d x N zero matrix. Consequently, & (dz), (§(dz) are
deterministic, independent of 6 and satisfy ||J|| = 0. A?}n = /QG(Yn|$)§z(d$) > eq, (114)
In the rest of the proof, let 8, y be any elements of Q, )
(respectively), while &, ¢ are any elements of P(X), MZ(X). A = /qa(Yn|$)F90f{3(d$|§g) > co. (115)
Moreover, let n be any non-negative integer, while ¢ : X — ' ’
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Similarly, owing to Assumption 2.4, we have

I1BY ol < / V60 (Y l2) 1€ (d2) < Ki,q, (116)

v (dzl€d) < Kiq-

H%ms/wmmmww 117

Since ||¢?]| < C.g, Assumption 2.3 and Lemma 4.1 yield

C
17l S/qe(Y |2)|¢h|(d) < 1@@ (118)
C
H%NS/MWM%%Wmmﬁélg (119)

Let C3 o = 554\/86’17Q017QK17Q. Due to Assumptions
2.3, 2.4, we have
Vogo(Ynl|z)
Kig
Then, using (105), (106), we conclude

E(/%awm  (do)

Cio
€QN’

E</vanmﬁum

VdCh oK1 g
N b

E(/%me “(dr)

< G
- €QN

0 <eqqo(Ynlz) <1,

’gL
v)
(120)

)l

(121)
)|

almost surely. As Ag’n is measurable with respect to Y, (115),
(121), (122) imply

( )H <||E igr;\Y)H)

\/_CIQKIQ < CsQ

B (A2, Y)| =

<

12 (B2 V)

IA

1E (2. Yl

(122)

N N (123)
g, |E (¢4, Y|
E(@) SE(—Azn
Ci.o ch
SEQNﬁ N (124)

Since A§,., Bf,. CY, are measurable with respect to Y,
(115), (117), (119) (120) yield

}Ag,n} - |44,
Cl QKlQ 037Q
E%N - N’ (125)
|E (Az,ncg,n> - <|E(A§,n|Y)\ ||C§,n||)
2 i
|48, |48,
< a9 c a (126)
Q
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Let 047Q = \/355246'2@[(1,(9, é5,Q = 5526'1,QC~'47QK17Q~
Relying on Assumptions 2.3, 2.4 and (107), (108), we deduce

E(|A n||Y (‘/qup: (dx) Y)
< EéN (127)
2
E(IBS.I?|Y) = (H/Va% (Yo |2)E0 (da) Y)
ACy o K2
< CQQ —2ere (128)
B (4,17 Y) = W/%Ym (dr) )
< a%N (129)

almost surely. Then, Holder inequality and (115), (127) — (129)

imply
1/2
(5 (E0ALE]Y)
|48,

‘E (Aszs,n
2
|49,
B(1B2,.2v)\\ "
|48,

(130)
1/2
5 A8,.CY, |z E(|AS,Y)
48" /1l |48,/

1/2
o (EUCPY)
(i (EUCIY)
|A§,n|

. 131
N - N (131)
Moreover, due to (115), (127), we have
2 N N
(128 L (EUA.PD)Y _ Cag _ Cuo
Af |A§,n|2 TegN T N
(132)
Owing to (114), (116), (118), (132), we also have
0 I 0 A9 2
B Bl,n A2,n <E HBl ’ﬂ||
1o |45, - A7, Ag,n
2 -
K Af CioK C,
<O ||| | < e < 9 (13)
€Q A3’n €QN N
2 2
ct, A4S, 167l |45,
B 0 0 < B 0 0
Al,n AS,n Al,n AS,n
- 2 U -
C AS . C1.0C C,
< 2Cp| |22 LOTLE < RO (134)
€0 A3 eQN N
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Let Mg = 4(C3.9 + Cig + Cs.0). Then, (112), (123),
(125), (130), (133) imply
1B (Hy .y, (€3, 60) — Hy y,, (F5-(&0),
- 2030+ Cio+Cs0 - Mg
- N ~— 2N~
Similarly, (113), (124), (126), (131), (134) yield
HE 9Y,,(€n7Cn) Hé,Y ( é),}e(fg)7Ggr)l’(€g7Cg)))H
203Q+C4Q+C5Q MQ
- N - 2N
Combining this with (109), (111), we get
1B (H (0, Zy) - Hayn(Fé),:”(&g)
<|E(Hy, (&6 —

Hyy, (F) (Eo)
+ ||E He v, ( b.¢8) - He’)/,Y,L(Fe,Y(fo),
Mq

— N .
Hence, we have

[7(0) — VI(O)]]

<||E (H(6,Z5))
+||E(H9Y(
+||E (H(, Z‘))

<||E(H(0,25) -

+ || E (Ho v, (Fy

G 8, ¢l

gOaCO )H
gOvCO )H
AN

h(@)H
(&), G ¥ ( 0.¢0) ) = Vi H

Hpy, (Fg3(€8), G565, ¢o) |
h(o)|

T (€0), Gov(65.6))) —

Then, letting n — oo and using Lemmas 4.1, 5.4, we conclude
that (102) holds. ]

VI. PROOF OF MAIN RESULTS

||+M@.

In this section, we study the Monte Carlo estimation of the
log-likelihood rate gradient V() (see Lemma 6.1). We also
study the analytical properties of /() (see Lemma 6.2). Using
these results (together with the results of [30]-[31]), we prove
Theorem 2.1.

Throughout the section, the following notation is used.
{G}n>0, {Mn}n>0 and {&, }n>0 are the stochastic processes
defined by

Cn = H(en; Zn+1) - h(en)7
M = h(0,) — VI(60,),
n=Cn+ M

forn >0 (H(0, z), h(0), {Z,}n>0 are specified in (35), (17),
(50)). Then, using (15), it is easy to show that (21) holds for
each n > 0.

Remark: Due to (21), algorithm (1) — (4) is stochastic
gradient search which maximizes log-likelihood rate [(6),
while {&, } >0 can be interpreted as noise in the (Monte Carlo)
estimation of V(). We also recall here that () is any compact
set satisfying Q) C O.

Lemma 6.1: Let Assumptions 2.1 — 2.4 hold. Then, relations

Z ;G

hold almost surely on Ag (A is defined in (6)).

lim sup
N—=0 k>n

=0,

. M,
lim sup ||n, || < TQ (135)
n—oo

Proof: Let 7¢ be the stopping time defined in Lemma 5.5.
Moreover, let Ag be the event defined by Ag = (2" {0, €
Q@}. Hence, on Ag, 0,, € @ for all, but finitely many n > 0.
Then, using Lemma 5.6, we conclude that the second part of
(135) holds almost surely on Ag.

Throughout the rest of the proof, the following nota-
tion is used. Fj is the o-algebra defined by F, =
o{bo, Zo, -+ ,0k, Z} for k > 0. n is any positive integer,
while (1,5, (2,, and (3, are the random variables defined by

Cin = ﬁ(ena Zn+1) - (Hﬁ)(em Zn),
G = (W) (O, Zn) = (ILH) (01, Zn),
G3on = —(ILH) (05, Zyt1).-

Then, for I > k > 1, it is straightforward to verify

20%41 Z‘%Clz"'Z‘%CQz"'Z

+ 041+1C3,z — OékCz,k—l-

—iy1)G3

(136)
As a direct consequence of Lemmas 5.4, 5.5, we have

¢l {ro>ny <052 + [[WoAll + (W1 Al) (75 5n)
<4C5,0C6,0(1 + [[WoAl)).

Since Wy is measurable with respect to Fp, Assumption 2.1

yields
f0>

o0
E (Z O‘EL”CL"HQI{TQ>71}
n=1

< 16C2 ,C3 o (1 + |WoA|])? <Za ) <oo  (137)

almost surely. As {rg > n} € F,, we also have

E (Cl,nI{7Q>n} | fn)

- (E (ﬁ(an, Znﬂ)‘ ]-'n) — (LLH ) (62, Zn)) Iirgomy =0
almost surely. Then, Doob theorem and (137) imply that
S @nCinl{ry>ny 1s almost surely convergent. Since
Ag € {rq > n}, Y021 a1, converges almost surely on
Ag.

Due to Lemmas 5.4, 5.5 and (15), we have

G2l [rg>ny <C5.0l10n — On—al|(1+ [WaAl) [{rg>ny

=Cs.Qan—1[[H(On-1,Zn)||
(L + [Wo Al Tz >ny
SCE%,QO‘nfl(l + HWnA||)2‘[{7Q>TL}

Combining this with Assumption 2.1, we get

Z anHCQ,’ﬂHI{TQ>TL}

n=1

< ACE oC8 o(1 + [WoA]))? <Z anan+1>

< 202 C3 o (1 + [WoA|])? <Z ai>
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Hence, Y o anCanl{r,>n} converges almost surely. There-
[e%e] . A
fore, >, an(2,n is convergent almost surely on Ag.
As a direct consequence of Lemmas 5.4, 5.5, we have

Gl Irg>ny <C5,@(1 + [[Wat1 Al) I {rg>n)
<2C5,Cs,q(1 + [WoAl).

Consequently, Assumption 2.1 yields

o
Z O‘?ﬂrl HC377LH21{TQ>T7«}

n=1

Z |an - O‘n+1|HC3,nHI{TQ>n}

n=1

< 2C5.0Cs.0(1+ |[WoA|) <Z o — an+1|> <o
(139)

Therefore, we have

i @ 1GanLrg>ny =0

%lmost surely. Hence, lim,, .o ctp+1(3,» = 0 almost surely on
Ag. Moreover, due to (139),

[e )

PCH

n=1

= n 1)l (rg>n)

is almost surely convergent. Thus, Zn 1(an — ant1)@sm
converges almost surely on AQ Since Z —1 Q1 s
> L anla,n are almost surely convergent on AQ, (136)
implies that » > a,(, converges almost surely on f\Q,
too. As () is any compact set in ©, we conclude that
>0 o anCy is almost surely convergent on {sup,,~ ||0n| <
00, inf, >0 d(6,,0°) > 0}. Consequently, the first part of
(137) holds almost surely on Ag. ]

Lemma 6.2: Let Assumptions 2.2 — 2.4 hold. Then, the fol-
lowing is true:

(i) 1(0) is well-defined for each 6 € ©. Moreover, () is
Lipschitz continuously differentiable on ©.

(ii) If Assumption 2.5 also holds, then [(#) is p-times
differentiable on ©.

(iii) If Assumption 2.6 also holds, then [(0) is real-analytic
on O.

Proof: (i) See Lemma 4.1. (ii) See [32, Theorem 3.1]. (iii)
See [31, Theorem 2.1]. O
Proof of Theorem 2.1: Let n = limsup,,_, ., ||7.|- Then,

Lemma 6.1 yields n < Mg/N almost surely on Ag. More-
over, due to Assumption 2.1 and Lemmas 6.1, 6.2, Algo-
rithm (21) satisfies all conditions which [30, Theorem 2.1] is
based on. Consequently, [30, Theorem 2.1] implies that there
exist a function ¢ (t) and real numbers rq, L1 g, L2,o with
the properties specified in the statement Theorem 2.1. m|
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APPENDIX A

In this section, we present results on stochastic matrices
which are needed for the proof of Lemmas 5.3 and 5.5. Here,
we rely on the following notation. || - || denotes the Euclidean
vector norm and Frobenius matrix norm, while || -||; stands for
the {1 vector norm. N > 1 is an integer. PN is the set of N-
dimensional (column) probability vectors, while PV > is the
set of N x N (column) stochastic matrices (i.e., A € PN*N
if and only if the columns of A are elements of PV). e is
the N-dimensional vector whose all elements are one. For
1 <4 < N, e; is the i-th standard unit vector in RN (i.e., e; is
the element of P~ whose i-th element is one). I is the N x N
unit matrix. A is the matrix defined by A = I — ee” /N. For
A € PNXN_ 7(A) is the (Dobrushin) ergodicity coefficient,
ie.,

N
1
I S T
1=
where A; ; is the (i,7) entry of A.
Lemma Al.1: (i) If A € PVN*N then we have

T(A)=1- me{AH,A” 1,

1<] j'<N

where A; ; is the (7,7) entry of A.
(i) If A e PN*N and 2,2’ € PV, then we have

[A(z = 21 < 7(A)]lz = 2|1

Moreover, if A, A’ € PN*N then 7(AA") < 7(A)T(4).
Proof: (i) See [7, Definition 15.2.1, Equation (15.9)]. (ii)
See [7, Theorems 15.2.4, 15.2.5]. O

Lemma Al.2: Let {An}nzla {Bn}nzl and {Cn}n21 be
sequences in PV*N_ Moreover, let a, b, c € RV, Assume the
following:

(i) There exists a real number o € (0,1) such that
min{An7i7j,Bn7i7j,Cn7i7j} > Oé/N for each 1 < Z,j < N,
n > 1, where A, ; j, Bn,ij, Cn,; are the (i,7) entries of
Ay, B, C), (respectively).

(i) eTa=eTb=eTc=0.

Then, we have

[Ay--- AnAl| < K57,
[A1--- Anal < K5"[|al,
By Bub—C - Crel

< KB™(Ib]l + lel) Y 1Bi = Cill + K 5™ b = ¢]

i=1
for each n > 1, where 3 =1 —« and K = 487! N.

Proof: Throughout the proof, the following notation is
used. n, k, [ are any integers satisfyingn > 1,1 > k > 0. Ay,
By ks Cr i and A s B, Ckm are the matrices defined by
Ak,Jﬁ = Bk,k = Ck,Jﬁ =] and

Ak,m = AkJrl t Am;
Bk’,m = Bk+1 to Bm
Ck,m - Cker te Cm
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for m > k > 0. Then, using Lemma Al.1, we conclude
7(Akm) < T(Ags1) - 7(Ap) < 7R

Relying on the same lemma, we deduce

T(An): 1- 1<]j,<

me{An”, Anijt<l—a=4.

Noticing e;,e/N € PV and applying Lemma Al.1 again,
we get

et (= ), = A

for 1 < i < N. Since Ay, (e —
AkJA, (140) yields

(&
——|| <28 % (140
NH176 ( )

£) is the i-th column of

HAklAH N1/2 max HAkl ( _ i)H < 2N1/2617k.
N/l
(141)
Hence, we get
s A = [[ Ao < 28725 < K

Moreover, we have

Ak,lAa = /Lwa — Azk\’]leeTa = A;wa.
Consequently, (141) implies
14kaall = [ Aridal| < [Axadllall < 2NY25Fal.

(142)
Thus, we get
1As - Aual] = || Aona]| < 2NY/28" ]l < K|a]l
Since eT'B,, = eTC,, = €T, we have
A(By — Cp) = By — Cy — %(eTBn —eTC,) = B, — Cy.

Therefore, we get

Bonb — Cone = Z Bo,i—1(Bi — C;)Cinb+ Co (b —c)

i=1

= Z Bo7i_1A(Bi — Cz)éftnb + C~'07n(b — C).
i=1
Then, applying (141), (142) to {Bn}n>1, {Cnln>1, b, ¢,
we get

[Bo.nb = Comell <D || Boi—aA|[llB: = Cill[|Cinb]
=1
+ Héo}n(b — C)H

AN > 1B — G|
=1
+ 2N1/25"|\b -

<KB™([1Bl + llel) Y 1B: = Gil|
i=1

+ K3"b—cl.

1843

Hence, we have

|By - Bpb— Cy - Crel| =||Bonb — Conc|

<KF"([bll+llel) Y 1B: = Cil
i=1
+ K3"||b—cl|.

APPENDIX B

In this section, we prove Lemma 4.1. We rely on the
following notation. 7g(y,a’|x) is the function defined for
heO,z,2€eX,ye) by

2'|z) = qo(yla")pe(2'|z). (143)

iLe’y({EK, ¢) and ﬁeﬁy(f, () are the functions defined for £ €
P(X), ¢ € MI(X) by
J 7o(y, x|2)¢(da’) + [ Voro(y, z|2)E(dx’)

JI 7oy, 2" |2") p(d" )€ (da’) ’
(144)

7?0 (ya

hG y(x|£ O

o (€,0) = / o,y (l€, € pa(dr), (145)

while fp,(x|€) and go., (|€,¢) are defined as

ffe y, z|x")¢(dx’)

ft9 y($|£) ff 7 y7 /’|£L’ (d:[,’”) (dx:)v
Go.y(x1€,C) = ho,y (€|, Q) = fo, (x]€) Hoyy (€, Q).

Fy ., (dz|€) and Gy, (dz|€, ¢) are the measures defined for B €
B(x) by

Foy(BJ¢) = /B fo (@l u(dz),
Go,(BIE.C) = / o (€, Q) u(de).

Measures Fp w(dx|€) and Goy(dz|€,¢) are also denoted by
Fy,,(€) and G (€, ¢) (short-hand notation). Tpy (2'|z) is the
function recursively defined by

o (@ |2) = To(ymr1, 2'|),

@) = [t e
for n > m > 0 and a sequence ¥y = {Yn}n>o in V.
hgtt(xl€, ¢) and Hy" (€, ¢) are the functions defined by

ity

|z)pu(da”)

(x]2")¢

I gy

(da')+ [ Vorg'i(x]z')&(dx")
I

oy (@6, 0=

//|x

756,00 = [ Rl Outdo), (146)
while f "(x|€) and gg'.' (z[€, ¢) are defined as
fr (x]x’)€(dx")
iy (7l = ffr (o Ve (e ()’
Giy (318, €) = gy (21, €) — f35" () 'y (&, €).
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Fty (dal), Py (del€) and Gy (dalg, ©),
are the measures defined by Frf””(B|§)
aym(Blf,C) = ((B) and

y (BIE) = /f (&) pu(d),
Gé’f;,"(Blé,C):/ng”y"(ﬂg,g)u(dx),

Measures Fg”yjb(daﬂf ) and égf;”(daﬂf , () are also denoted by
Fyr(€) and Gy (&0 (short-hand notation). Then, it is easy
to show that £, (&) and G, (€, ¢) are the optimal filter and
its gradient, i.e.,

G (dalg, )
= &(B),

(BN = P (X712 € BV = g

Gy u(BIX,0) = VoFgy (B|))

for each A € P(X), n > 1. Moreover, it is straightforward to
verify

Fyy ) = Foyon (B ().
G 1(6:0) = Gognn (Fiy (9. Gy (6:))

for each £ € P(X), ( € MY(X), n>m > 0.

Remark: We recall here that () stands for any compact set
satisfying @ C ©.

Lemma A2.1: Let Assumptions 2.3 and 2.4 hold. Then,
there exists a real number C7 ¢ € [1,00) (independent of N
and depending only on py(z’|x), g¢(y|z)) such that

1F5.4(6) = Fory ()] < Crall6 = ¢/l
1G04 (€)= Gory (&, Q| < Craall0 = &'+ 1€,
|[Ho.y (€, ¢) = Hor (€', C)|

< CrqUIo =01+ 1€ =D+ IS + Cral¢ =<l

for all 0,0’ € Q, &,¢ € P(X), ¢, ¢’ € MLX).

Proof: Throughout the proof, the following notation is
used. 6, 0’ are any elements of Q. z, 2’ are any elements
of X, while y is any element of V. &, & are any elements of
P(X), while ¢, ¢’ are any elements of MY (X

Let Cy Q= ZeQ K101+ ||p)]) (eq, K1,g are spemﬁed in
Assumptions 2.3, 2.4, while p(dx) is defined in Subsection II-
A). Owing to Assumption 2.3, we have

~ 1 1
g < eqpo(a'[x) < Fo(y,a'|x) < —po(a'|z) < - (147)
€Q €0
Consequently, we get
1
co < /fe(y,x [o(ds’) < —, (148)
Q
- 1 -
foy(x[6) < = <Ciq (149)
Q
Moreover, due to Assumptions 2.3, 2.4, we have
Voo (2'ly, z)I| <[[Vogo(y|z")|pe(z’|z)
+ a0 (yl2")[[Vope (2'|2) |
2K
<2LQ (150)
€Q
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Therefore, we get

S Voo (y, x|z")[|€(da’)
[ Fo(y, 2" |2 ) pu(dz' )E(d")
Il ekl

[ 7oy, x"|x") p(da")E (da)

[B6.5(x1€, O] <

<2121 4 |¢]) < Gro1 + ). (5D
Hence, we have
|0, Oll < [ Wha(alé. ) lutao)
g”‘gi%”“”u ¢l < Cro(t + €Il
(152)

Let C~'27Q = 6553617QK12’Q
2.3, 2.4, we have

2y, x) =7 (

(1+||p]). Due to Assumptions

g0 (Y1) po (2'|x)
—por(a'|z)]
(153)

2|y, )| <|go(y|a’) —
+ qo (y|a") po (2 |x)
2K
<199 —g|.
€Q

|7(

Owing to Assumptions 2.3, 2.4, we also have

Voo (2'ly, ) — Voo ('|y, z)|
< [Voqo(ylz") — Voge (y|z")||pe (<’ |2)
+1IVaer (yl2")l|pe(z'x) — po: (2']2)]
+ g0 (ylz") — qor (yl2")[[|[Vope (2’ [2)]]
+ a0 (y|2")[[Vopo(2'|) — Vope: (2'[2)]]

4K?2
<—Zg—0. (154)
€Q

Then, using (148), (149), (153), we conclude

‘f&y(ﬂf) - f9’,y(37|§)|
S |7y, x[2") — For (y, x|2")[(da")
[ Fo(y, z"|a") p(da')E(dx")
ff|7’0 (y, @ "|~T — 7o (y, 2" ]2")|p(dz")€ (da")
[ oy, 2|2’ ) p(da')E(dx")
- for y(@l€)

2K1_ 26\(17 KL 12
S( 10, 2CuaKiolul) 1y g
‘Q ‘Q
< Oyl — 0. (155)
Similarly, relying on (148), (151), (153), (154), we deduce

oy (1€, C) = hory (x[€, Q)|
< Jrely, z[2") — 7o (y, x|2")] || (da)
- [ Fo(y, x|’ ) p(da')E(d")
. J I Voio(y, x[2") — Voo (y, z[a’)[|(dz")
IS 7oy, x"|a") u(dz")€ (da’)
ff|7“a Y,z "|3? ) — Tor(y, 2" [2")| u(da” )€ (da')
[[ oy, 2|2 ) p(dz' )€ (d")
[|Ror (1€, S|
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2K1 4K?
< =20 = llicl +—2 16 ¢l
Q Q
2C1 oK
+2akaaltl gy 14 )
Q

< Caqlld—0'[(1+ <] (156)

Moreover, (147) — (151) imply

[76.4(&,¢) = hay (€,
< JUIVors(y, zl2)|l|§ = &'[(da)
ffrg (y, 2" |2 ) u(dz" )€ (dz")
N S To(y, zlz")|¢ — (' (da’)
[ 7o (y, o) u(da )€ (da’)
- S 7oy, 2" [a")u(da")|€ — €' (da’)
+ Hhe,y(f C H ffre y :L’”|{E ( x”)f’(dx’)

2K C
< ;QHE ¢+ HC ¢+ 1Q||s @+ ¢l
< Chole—¢(1+ ||<||> +Cagll¢ - q I

Let Cs.0 = 2C1 Ca.0(1+||1]|). Then, (148), (149), (151),
(155), (156) imply

(157)

H§9,y(qi|£a () - §9/,y(‘,f|£v C) ||
< HhG,y(x|£a C) - hehy(ﬂfa <)H

oy l€) = Fory (1] / .y ('€, O (da)

+ fef,y(fclf)/Hﬁa,y(x'Iﬁ,C) = hory ('€, Q)| u(da)

< (Caq +2C1qC0lLIDNE = ' (1 + IiCI)

< Csqll0 — 011 +|ICID)- (158)

Moreover, (156) yields
HH979(§5 C) - ﬁe/{y(ga C)H
< [ Whos(alé O = (o, O ute)
< Coqllulllo =01+ [ICl) < Caelld —0'1I(1 + (€I

(159)
Similarly, (157) implies
[ Ho.y (&, Q) = Ho (€', ¢
< / o (@, €) = oy (el€’, ¢)]| )
< CacllulllE = €1+ 1<) + Caalullic ~ ¢'l
< Cagle— €I+ ch) +Caglic ¢l (160)

Let C7.o = C3.o(1+||x]). Then, using (155), we conclude
[ Fo,4(€)

< [ Faalale) = forafal®) ol
< Crolulllo =o' < Crallo -6

— Fyr (6]
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(notice that C1 o < C3q). Similarly, relying on (158),
we deduce

Hée,y(& C) - é@'{y(ga C)H
< / G0,y (1€, €) — iy (€, O | u(d)
< Csollull - &1L+ 1IC) < Cralld — Ol + [CID.

Moreover, combining (159), (160), we get

[ Eo, (€, €) = Hor (€',

< ||Hoy (& ¢) = Hor y (&, Q)|+ || Hor 4 (£.C) — Hor (€,
< CsUlf =&l +11E =& INA+ IS + Caqlic =<

< Cro0 =0 + 1€ = €N+ + Crell¢ = ¢l

O
Lemma A2.2: Let Assumptions 2.3 and 2.4 hold. Then,
the following is true:
(i) There exist real numbers ps. € (0,1), Cg,9 € [1,00)
(independent of N and depending only on py(z’|z), go(y|x))
such that

1G5 (& O < G+ ¢, (161)

[ By (&) — By < Capigmle = €1l (162)

|Gain(e, ¢) — G’”g )|

< Csrig e = €1+ ¢l + Csqpig™llc = ¢l
(163)

forall § € Q, £,¢ € P(X), ¢, ¢ € MUX), n>m >0 and
any sequence Y = {Yn fn>0 in V.

(ii) There exists a real number Cy g € [1, 00) (independent
of N and depending only on pg(z’|z), go(y|x)) such that

[F5757 () — FW;?(E)H < Cool0 o',
HG 5 Q) = Ggg (& O < Cogllo —o'lI(1+ ¢l

for all 6,0’ € Q, £ € P(X), ¢ € M4X), n > m > 0 and
any sequence Yy = {yn}n>0 in V.

Proof: (1) See [29, Theorems 3.1, 3.2] (or [32, Theo-
rem 2.2]).

(i1) Throughout this part of the proof, the following notation
is used. 6, ¢’ are any elements of Q. &, ¢ are any elements of
P(X), MUX) (respectively). y = {yn}n>0 is any sequence
in ). n,m are any integers satisfying n > m > 0.

It is straightforward to verify

Fgyn(€) — Friy (€)
n—1
= 3" (Bip(E©) - By (Bt ©))
n—1
_ (F;‘Ll:n (F97yi (ng;@))) Fz+1 n(F$;+1(€))) .

(164)
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It is also easy to show

n—1
= > (Gl (Fiy(©). Gy €. 0)

- G ETO. G €.0)

3
—

Z (GHl n<F9 i (Fe/ : (0)7@97% (FGW;(E)’ e

=m

by(€0))

<.

= G (Bt (6), Gt (6,0)) ). (165)

Let Gy = 407 QC% (1 — paq)~" (Cr,q is specified in
Lemma A2.1). Relying on Lemma A2.1 and (162), (164),
we deduce

H 97y n(g)H
<y Hﬁ;ym (Foa (B (€)= Fi3 (™ ©)|
i=m
n—1
< Csa Y rig || Fou (F55(©) = P (B ©) |
i=m
n—1

< CrCsll0 — ¢ Z Pig

< 01,00s,0(1 = pa@) 0 = 0] < Cogll0 —¢']l.
Similarly, using (163), (165), we conclude

|Gai €. ©) - Garpe, 0l
sZHééz}:"(ﬁa,yi(ﬁﬁ;w),ée,yf(ﬁﬁ;;j@, T (E,)
G E .G . 0) |

<cwzp”“Hﬁe,yi<ﬁm<s>> For o (Fy(9) |

(rléyeol)
n—i—1

+0ha 3o 0id” ! Gou (Farate), Gy 6. 0))

_ée’,yi (F‘g)’q,;(g)a e

Consequently, Lemma A2.1 and (161) imply

w60

IG5 .0 - G O
<Cr.qCralld - 9||Zp" (1 Gre ol
n—1
+CraCoald =013 pig” i+ ol)
n—1
<4C1QCRall0 = 011+ 1<) 3 pig™

< AC7QCE (1 = paQ) 10 — 11+ i)
= Co,0ll0 — 0"l (1+ [ICID)-

O
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Proof of Lemma 4.1: (i) See [32, Theorem 3.1].

(ii) and (iii) Throughout these parts of the proof, E, ,(-)
and Ex, y,(-) denote the conditional expectations E(-|Xo =
z,Yy = y) and E(:|Xo,Yp) (respectively). Due to [32,
Proposition 7.2], there exist real numbers g € (0,1), Cy.q €
[1,00) (independent of N and depending only on pp(z’|x),
qo(y|z)) such that

HEx,y (ﬁG,Yn (Fg,:;ﬁ*l(g)
< ChoBs(1+1IC])

forallf € Q,z€ X,y Y, £€P(X), (€ MUX), n> 1.

Throughout the proof of (ii), (iii), the following notation is
used, too. 6, 6, 8" are any elements of (). z, y are any elements
of X, Y (respectively), while B, & ( are any elements
of B(X), P(X), MX) (respectively). y = {ynltn>o is
any sequence in Y. n is any positive integer. &g ,(dz|§),
Bgyy(d{ﬂf ,() are the measures defined by

vEQ) - Vi)
(166)

) [ an(yle)e(de)
1Bl = JpIHDECE),
[ a0 (@l2)C(d2) + [ Voas (s]2)E(d)
loa(BIE ) = Tale(dr)

It is straightforward to verify

FE3 (Bl = [ [ 1o m(ale)ntas)

FOmL (d| G (6)),
n(Ble,¢) //IB )V ops (2'|)u(dz’)
Fon 1(d$|a9yo(§))

//IB po (2 2)p(da’)

’ Gg,z ! (dx|0‘9,yo (g)a B@,yo (ga C)) .
(168)

(33,

(167)

(for a detailed derivation of (167), (168), see
Lemma SM2.1]). Then, using (26), (146), we conclude

Ho,y, (Fgiy (), Gyy(€,€))
:He,y"(F o 1(049 yo(g)) GOn 1(&9 yo(f)age,yo(fag)))'

Hence, we have

v (Hoy, (F93(0), G5 (£:0)))
szy( o (33 (@ >
Gy (60,9 Foy(€.0)))- (169)

Let OQ’Q = EC_QQKLQ, C’g}Q = 5C7’QC&QC9’Q, while

Ci.g =3Cs,0C,0(1+||ull) (e, K1,0, C7,0, Cs ¢ are spec-
ified in Assumption 2.3, 2.4 and Lemmas A2.1, A2.2, while
wu(dz) is defined in Subsection II-A). Owing to Assumptions
2.3, 2.4, we have

J a6(yl2)[¢](dx) + [ I Vage(ylz)||€(dx)
[ ao(ylx)&(dx)

1Q < Coo(L+]I¢])-

||ﬂ~9,y(f; C)H <

—2||C|| + (170)
€Q
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Consequently, Assumption 2.4, Lemma A2.2 and (168) yield

lesy & Ol
< [ [ I¥ape' o) ' 7y ol ()

+ [ [ oot G (Ao €), B € 0)
< Kigllull + G557 (@0.00(6), Fon (€, O) |
< Krqlul + Cs.q (1+ | Bon( O )

< Kiollpll +2Cs,oCe.q(1 + Il < Cro (1 + [IC]).

Hence, (iii) holds.

Combining (166), (169), (170), we get
||E;r,y (HG,Y,, (Fé),{}’(g)a G(G) q’(fv C)) - VZ(Q)) ||

< Cra5 (14 1806 Oll) < 20100008501+ ).
Therefore, we have

|E (Ho,v, (F§3(€), Go%(€,Q)) -

< E (||Exo,v (Ho.y, (Fe y(ﬁ),G
< 201,002,851 + I<])-

Thus, (29) holds.
Owing to Lemmas A2.1, A2.2, we have

HH9,Y7L FOn 1() On 1( ))
_151'0/7}/7( Fom= 1() On 154 H
< Crq (Il - i+ 7836 - E @)
(14685 €l
+Crol|GYY (€ 0) — Goy (&0
< 50+.4ChaCoalli— 11+ )
< C30ll0 —0'[(1+ IICID).
Moreover, due to (166), we have
| (o, (8500, G5 €.0)
§E<HEX0,YO(H0Y ( }Tﬁ '(©), 3
< CrB5 L+ <)
Therefore, we get
[V1(©) = Vi)
SE( ﬁa,YW(Fon '), é

Vi)

¥(£0) = ViO)]))

Y

co)-wio]

L€.0) -

Gl

~1(€.0)

~ Hoy, (F51(€), 6575 €.0)|)

+ || (Fro.v, (B3 {0,085 € Q) - vie)|
|| (Ho v, (5 (6. Gy (6.0)) ) = VU8
< Gl — #1(1+ ) + 2 o301 + Il

Letting n — oo, we deduce

IVi(6) = VU@ < Cs.0ll0 — &'l

Since () is any compact set in ©, we deduce that (ii) holds. O

[1]

[2]

[3]

[4

=

[5

[t}

[6]
[7]
[8]
[9]

[10]

(11]

[12]

[13]

[14]

[15]
[16]
[17]

(18]

[19]

[20]

[21]
[22]

(23]

[24]

[25]

[26]

[27]

[28]

1847

REFERENCES

M. Benaim, “Dynamics of stochastic approximation algorithms,” in
Séminaire de Probabilités XXXIII (Lecture Notes in Mathematics),
vol. 1709. Berlin, Germany: Springer-Verlag, 1999, pp. 1-68.

M. Benaim, J. Hofbauer, and S. Sorin, “Stochastic approximations
and differential inclusions,” SIAM J. Control Optim., vol. 44, no. 1,
pp. 328-348, Jan. 2005.

A. Benveniste, M. Metivier, and P. Priouret, Adaptive Algorithms and
Stochastic Approximations. Berlin, Germany: Springer-Verlag, 1990.

P. J. Bickel, Y. Ritov, and T. Rydén, “Asymptotic normality of the
maximum-likelihood estimator for general hidden Markov models,” Ann.
Statist., vol. 26, no. 4, pp. 1614-1635, Aug. 1998.

E. Bierstone and P. D. Milman, “Semianalytic and subanalytic sets,”
Publications Mathématiques de UlInstitut des Hautes Etudes Scien-
tifiques, vol. 67, pp. 542, Jan. 1988.

V. S. Borkar, Stochastic Approximation: A Dynamical Systems View-
point. Cambridge, U.K.: Cambridge Univ. Press, 2009.

P. Bremaud, Discrete Probability Models and Methods.
Switzerland: Springer-Verlag, 2017.

O. Cappé, E. Moulines, and T. Ryden, Inference in Hidden Markov
Models. New York, NY, USA: Springer-Verlag, 2005.

D. Crisan and B. Rozovskii, The Oxford Handbook of Nonlinear
Filtering. London, U.K.: Oxford Univ. Press, 2011.

P. Del Moral, A. Doucet, and S. S. Singh, “Uniform stability of a particle
approximation of the optimal filter derivative,” SIAM J. Control Optim.,
vol. 53, no. 3, pp. 1278-1304, Jan. 2015.

R. Douc and C. Matias, “Asymptotics of the maximum likelihood
estimator for hidden Markov models for general hidden Markov models,”
Bernoulli, vol. 7, no. 3, pp. 381-420, 2002.

R. Douc, E. Moulines, and T. Ryden, “Asymptotic properties of the
maximum likelihood estimator in autoregressive models with Markov
regime,” Ann. Statist., vol. 32, no. 5, pp. 2254-2304, Oct. 2004.

R. Douc, G. Fort, E. Moulines, and P. Priouret, “Forgetting the initial
distribution for hidden Markov models,” Stochastic Processes Appl.,
vol. 119, no. 4, pp. 1235-1256, Apr. 2009.

R. Douc, E. Moulines, and D. S. Stoffer, Nonlinear Time Series: Theory,
Methods and Applications With R Examples. Boca Raton, FL, USA:
CRC Press, 2014.

K. Heine and D. Crisan, “Uniform approximations of discrete-time
filters,” Adv. Appl. Probab., vol. 40, no. 4, pp. 979-1001, Dec. 2008.
M. Hurley, “Chain recurrence, semiflows, and gradients,” J. Dyn. Differ.
Equ., vol. 7, no. 3, pp. 435437, 1995.

K. Kurdyka, “On gradients of functions definable in o-minimal struc-
tures,” Annales de institut Fourier, vol. 48, no. 3, pp. 769-783, 1998.
H. J. Kushner and G. G. Yin, Stochastic Approximation and Recursive
Algorithms and Applications, 2nd ed. New York, NY, USA: Springer-
Verlag, 2003.

F. Le Gland and L. Mevel, “Basic properties of the projective product
with application to products of column-allowable nonnegative matrices,”
Math. Control, Signals, Syst., vol. 13, no. 1, pp. 41-62, Feb. 2000.

N. Oudjane and F. Le Gland, “Stability and uniform approximation
of nonlinear filters using the Hilbert metric and application to particle
filters,” Ann. Appl. Probab., vol. 14, no. 1, pp. 144-187, Feb. 2004.

B. G. Leroux, “Maximum-likelihood estimation for hidden Markov mod-
els,” Stochastic Processes Appl., vol. 40, no. 1, pp. 127-143, Feb. 1992.
S. P. Meyn and R. L. Tweedie, Markov Chains and Stochastic Stability,
2nd ed. Cambridge, U.K.: Cambridge Univ. Press, 2009.

L. Mevel and L. Finesso, “Asymptotical statistics of misspecified hid-
den Markov models,” IEEE Trans. Autom. Control, vol. 49, no. 7,
pp. 1123-1132, Jul. 2004.

M. K. Pitt and N. Shephard, “Filtering via simulation: Auxiliary particle
filters,” J. Amer. Stat. Assoc., vol. 94, no. 446, pp. 590-599, Jun. 1999.
G. Poyiadjis, A. Doucet, and S. S. Singh, “Particle approximations
of the score and observed information matrix in state space models
with application to parameter estimation,” Biometrika, vol. 98, no. 1,
pp. 65-80, 2011.

T. Ryden, “Consistent and asymptotically normal parameter estimates
for hidden Markov models,” Ann. Statist., vol. 22, no. 4, pp. 1884—1895,
Dec. 1994.

T. Rydén, “On recursive estimation for hidden Markov models,”
chastic Processes Appl., vol. 66, no. 1, pp. 79-96, Feb. 1997.

V. Z. B. Tadi¢, “Analyticity, convergence, and convergence rate of
recursive maximume-likelihood estimation in hidden Markov models,”
IEEE Trans. Inf. Theory, vol. 56, no. 12, pp. 6406-6432, Dec. 2010.

Cham,

Sto-

Authorized licensed use limited to: University of Oxford Libraries. Downloaded on October 14,2021 at 13:27:56 UTC from IEEE Xplore. Restrictions apply.



1848

[29] V. Z. B. Tadi¢ and A. Doucet, “Exponential forgetting and geometric
ergodicity for optimal filtering in general state-space models,” Stochastic
Processes Appl., vol. 115, no. 8, pp. 1408-1436, Aug. 2005.

V. Z. B. Tadi¢ and A. Doucet, “Asymptotic bias of stochastic gradient
search,” Ann. Appl. Probab., vol. 27, no. 6, pp. 3255-3304, Dec. 2017.
V. Z. B. Tadi¢ and A. Doucet, “Analyticity of entropy rates of
continuous-state hidden Markov models,” IEEE Trans. Inf. Theory,
vol. 65, no. 12, pp. 7950-7975, Dec. 2019.

V. Z. B. Tadi¢ and A. Doucet, “Stability of optimal filter higher-order
derivatives,” Stochastic Processes Appl., vol. 130, no. 8, pp. 4808-4858,
Aug. 2020.

V. Z. B. Tadi¢ and A. Doucet, “Bias of particle approximations to
optimal filter derivative,” 2018, arXiv:1806.09590. [Online]. Available:
http://arxiv.org/abs/1806.09590

J. L. Taylor, Several Complex Variables With Connections to Algebraic
Geometry and Lie Groups. Providence, RI, USA: American Mathemat-
ical Society, 2002.

Y. Yomdin, “The geometry of critical and near-critical values of differen-
tiable mappings,” Mathematische Annalen, vol. 264, no. 4, pp. 495-515,
Sep. 1983.

(30]

(31]

(32]

[33]

[34]

[35]

Vladislav Z. B. Tadi¢ received the B.Sc., M.Sc., and Ph.D. degrees in
electrical engineering from the University of Belgrade, in 1989, 1995, and
1997, respectively. From 1989 to 2000, he held various research and teaching
positions with the Mihajlo Pupin Institute, Belgrade, and the Department of
Electrical Engineering, University of Belgrade. From 2000 to 2003, he was a
Research Fellow with the Department of Electrical and Electronic Engineer-
ing, University of Melbourne. From 2003 to 2007, he was a Lecturer with
the Department of Automatic Control and Systems Engineering, University
of Sheffield. In 2007, he joined the Department of Mathematics, University
of Bristol. His research interests include stochastic approximation, dynamic
programming, stochastic optimization, and Monte Carlo methods.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 3, MARCH 2021

Arnaud Doucet received the Ph.D. degree from University Paris-XI (Orsay)
in 1997. He has held ever since faculty positions with The University of
Melbourne, Cambridge University, The University of British Columbia, and
The Institute of Statistical Mathematics, Tokyo. He joined the Department of
Statistics, University of Oxford, where he is currently a Chair Professor. His
research interests include computational statistics, Monte Carlo methods, and
statistical machine learning.

Authorized licensed use limited to: University of Oxford Libraries. Downloaded on October 14,2021 at 13:27:56 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Black & White)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /ArborText
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /ComicSansMS
    /ComicSansMS-Bold
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /EstrangeloEdessa
    /EuroSig
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Impact
    /KozGoPr6N-Medium
    /KozGoProVI-Medium
    /KozMinPr6N-Regular
    /KozMinProVI-Regular
    /Latha
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LucidaConsole
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /MVBoli
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Webdings
    /Wingdings-Regular
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 300
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 900
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.33333
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


