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Insurance decisions 

Actuarial Science, HT 2012 

Daniel Clarke 

Definition. An indemnity insurance contract is a pair 
𝑃, 𝐼 ⋅  where the premium 𝑃 ≥ 0 is paid to the insurer and 

claim payment is 𝐼 𝑥 ≥ 0 when loss is 𝑥. 
 

Definition. For a random nonnegative loss 𝑥  and an indemnity 
insurance contract which pays 𝐼(𝑥) in each state 𝑥 and costs a 
premium of 𝑃, the loading 𝜆 is defined such that 

𝑃 = 1 + 𝜆 𝔼𝐼 𝑥  

The product is termed 

• Actuarially fair if 𝜆 = 0 

• Actuarially unfair if 𝜆 > 0 
 

Note. Most real life insurance products are actuarially unfair, 
since the insurer must cover expected claim outgo as well as 
expenses and profits. 

Indemnity insurance and loading 
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We will consider the following environment 

• Decision maker is strictly nonsatiated and risk averse with 
twice differentiable utility function 𝑢 
– 𝑢′ 𝑥 > 0, 𝑢′′ 𝑥 < 0∀𝑥. 

• Initial wealth of 𝑤0 but subject to risky loss of 𝑥  
– Final net wealth is 𝑤0 − 𝑥  

– Assume that 𝑥  is nondegenerate (i.e. it really is risky) and is 
nonnegative 

• Indemnity insurance can be purchased which pays 𝐼 𝑥 ≥ 0 
when loss is 𝑥, and is priced with a loading of 𝜆 ≥ 0. 

General environment 
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Suppose that the decision maker must choose an optimal level of 
coinsurance 𝛽 ∈ [0,1]: 

• 𝐼𝛽(𝑥) =  𝛽𝑥 when the loss is 𝑥 

• Premium 𝑃 𝛽 = 1 + 𝜆 𝔼 𝛽𝑥 = 𝛽𝑃0 where 𝑃0 ≔ (1 +
𝜆)𝔼 𝑥  

• Denote realised wealth 𝑦 ≔ 𝑤0 − 𝛽𝑃0 − 𝑥 + 𝛽𝑥  

 

Proposition (Mossin’s Theorem). Full insurance (𝛽∗ = 1) is 
optimal at an actuarially fair price (𝜆 = 0), while partial coverage 
(𝛽∗ < 1) is optimal at an actuarially unfair price (𝜆 > 0)  

Mossin’s Theorem 
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Proof. The policy maker will choose 𝛽 to maximise expected utility of final 
wealth, denoted 

𝐻 𝛽 ≔ 𝔼𝑢(𝑦 ) 

The optimisation problem is therefore 
max

𝛽
𝐻(𝛽)  𝑠. 𝑡.  𝛽 ∈ [0,1] 

This optimisation program is continuous and strictly concave (𝐻′′ 𝛽 < 0): 
𝐻 𝛽 = 𝔼𝑢 𝑦 = 𝔼 𝑢(𝑤0 − 𝛽𝑃0 − (1 − 𝛽)𝑥 )  

𝐻′ 𝛽 = 𝔼 𝑥 − 𝑃0 𝑢′(𝑦 )  
𝐻′′ 𝛽 = 𝔼 𝑥 − 𝑃0

2𝑢′′(𝑦 )  

and so there is a unique maximum 𝛽∗ such that 

• Interior solution: 𝐻′ 𝛽∗ = 0 

• Corner solution: 𝛽∗ = 0 or 𝛽∗ = 1 

Proof of Mossin’s Theorem 
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First, consider 
𝐻′ 1 = 𝔼 𝑥 − 𝑃0 𝑢′(𝑤0 − 𝑃0)  

= 𝑢′(𝑤0 − 𝑃0) 𝔼[𝑥 ] − 𝑃0  
= 𝑢′(𝑤0 − 𝑃0) 𝔼[𝑥 ] − (1 + 𝜆)𝔼 𝑥  

= −𝜆𝑢′ 𝑤0 − 𝑃0 𝔼 𝑥  

So we have 
𝜆 ≤ 0 ⇒ 𝐻′ 1 ≥ 0 

So if there is no (or negative) insurance loading, the optimal 
contract is full insurance (𝛽∗ = 1). 

• This is not surprising: risk averter will prefer to swap uncertain 
wealth for certain wealth with same expected value. 

Proof of Mossin’s Theorem 

http://www.stats.ox.ac.uk/~clarke/teaching.htm Actuarial Science – Daniel Clarke 7 

We also have 
𝐻′ 0 = 𝔼 𝑥 − 𝑃0 𝑢′(𝑤0 − 𝑥 )  

= −𝔼 𝑃0 − 𝔼 𝑥 𝑢′(𝑤0 − 𝑥 ) + 𝔼 𝑥 − 𝔼 𝑥 𝑢′(𝑤0 − 𝑥 )  

= −𝜆𝔼 𝑥 𝔼 𝑢′ 𝑤0 − 𝑥 + 𝑐𝑜𝑣 𝑥 , 𝑢′ 𝑤0 − 𝑥  

Now if 𝐻′ 0 ≤ 0 

∴ 𝜆 ≥ 𝜆∗ ≔
𝑐𝑜𝑣 𝑥 , 𝑢′ 𝑤0 − 𝑥 

𝔼 𝑥 𝔼 𝑢′ 𝑤0 − 𝑥 
 

then corner solution 𝛽∗ = 0 is optimal. 

• So if the insurance is too expensive (𝜆 ≥ 𝜆∗), then zero purchase 
will be optimal. 

 

For 0 < 𝜆 < 𝜆∗, 𝐻′ 1 < 0 < 𝐻′ 0  and positive, partial insurance is 
optimal (0 < 𝛽∗ < 1) 

∎ 

Proof of Mossin’s Theorem 
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Proposition. Consider two utility functions 𝑢 and 𝑣 that are increasing 
and concave, and suppose that 𝑢 is more risk averse than 𝑣 (in the 
sense of Arrow Pratt).  Then, the optimal coinsurance rate 𝛽∗ is higher 
for 𝑢 than 𝑣: 𝛽𝑢

∗ ≥ 𝛽𝑣
∗ 

Proof. If 𝜆 = 0 then 𝛽𝑢
∗ = 𝛽𝑣

∗ = 1 and we are done. 
Otherwise, without loss of generality suppose that 

𝑢′ 𝑤0 − 𝑃0 = 𝑣′ 𝑤0 − 𝑃0  
(We can do this since expected utility is cardinal.) 
Then it must be that 

𝑢′ 𝑦 ≥ 𝑣′ 𝑦 ∀𝑦 < 𝑤0 − 𝑃0 
𝑢′ 𝑦 ≤ 𝑣′ 𝑦 ∀𝑦 > 𝑤0 − 𝑃0 

and so 
𝑥 − 𝑃0 𝑣′ 𝑤0 − 1 − 𝛽𝑢

∗ 𝑥 − 𝛽𝑢
∗P0

≤ 𝑥 − 𝑃0 𝑢′ 𝑤0 − 1 − 𝛽𝑢
∗ 𝑥 − 𝛽𝑢

∗P0  ∀𝑥 
Since for 𝑥 > 𝑃0 both sides are positive and the RHS is larger, and for 
𝑥 < 𝑃0 both sides are negative and the RHS is less negative. 
 

Comparative statics: more risk averse 
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𝑥 − 𝑃0 𝑣′ 𝑤0 − 1 − 𝛽𝑢
∗ 𝑥 − 𝛽𝑢

∗P0
≤ 𝑥 − 𝑃0 𝑢′ 𝑤0 − 1 − 𝛽𝑢

∗ 𝑥 − 𝛽𝑢
∗P0  ∀𝑥 

Taking expectations of both sides gives 
𝐻𝑣

′ 𝛽𝑢
∗ = 𝔼 𝑥 − 𝑃0 𝑣′ 𝑤0 − 1 − 𝛽𝑢

∗ 𝑥 − 𝛽𝑢
∗P0  

≤ 𝔼 𝑥 − 𝑃0 𝑢′ 𝑤0 − 1 − 𝛽𝑢
∗ 𝑥 − 𝛽𝑢

∗P0 = 𝐻𝑢
′ 𝛽𝑢

∗ = 0 

Where the last equality follows from the first order condition for 
𝛽𝑢

∗ . 

Hence, since 𝐻𝑣
′  is concave, it follows that 𝛽𝑣

∗ ≤ 𝛽𝑢
∗. 

∎ 

Comparative statics: more risk averse 
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For our next proposition we’ll be applying the following result 
form week 2 (proposition demonstrating equivalence between 
DARA and 𝐴′ 𝑤 ≤ 0). DARA implies: 

• You can think of 𝑣 = −𝑢′ as a risk-averse utility function 
(since 𝑣′ = −𝑢′′ > 0 and 𝑣′′ = −𝑢′′′ < 0) 

• 𝑣 = −𝑢′ is more risk averse than 𝑢 

Recall from week 2 
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Proposition. If 𝑢 exhibits decreasing absolute risk aversion then an 
increase in initial wealth will decrease the optimal rate of coinsurance 
𝛽∗. 
Proof. Let 𝛽∗ be optimal for 𝑤 = 𝑤0. Now consider 

𝜕𝐻′(𝛽)

𝜕𝑤
=

𝜕𝔼 𝑥 − 𝑃0 𝑢′ 𝑦 

𝜕𝑤
 

∴
𝜕𝐻′(𝛽)

𝜕𝑤
= 𝔼 𝑥 − 𝑃0 𝑢′′ 𝑦       (∗) 

Since 𝐻 is strictly concave in 𝛽, we need only show that (∗) is negative 
when evaluated at 𝛽∗.  (This implies that as wealth increases from 𝑤0, 
the gradient of 𝐻′(𝛽) evaluated at 𝛽∗ become negative, which from 
the strict concavity of 𝐻 𝛽  will imply that the new optimal 𝛽 at a 
higher level of wealth will be lower than 𝛽∗.) 
To show this, recall that DARA implies that (−𝑢′) has the properties of 
a risk-averse utility function and is more risk averse than 𝑢.  (We 
proved this in proposition demonstrating equivalence between DARA 
and 𝐴′ 𝑤 ≤ 0 in week 2.) 
 

Comparative statics: an increase in initial wealth 
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𝜕𝐻′(𝛽)

𝜕𝑤
= 𝔼 𝑥 − 𝑃0 𝑢′′ 𝑦       (∗) 

Now, reversing the order of differentiation in (∗) and recalling that 
𝐻 𝛽 ≔ 𝔼𝑢(𝑦 ) note that 

𝜕𝐻′ 𝛽

𝜕𝑤
=

𝜕2𝔼𝑢 𝑦 

𝜕𝛽𝜕𝑤
=

𝜕𝔼 𝑢′ 𝑦 

𝜕𝛽
 

∴
𝜕𝔼 −𝑢′ 𝑦 

𝜕𝛽
= −𝔼 𝑥 − 𝑃0 𝑢′′ 𝑦       (#) 

By the previous proposition we know that the optimal level of 
coinsurance for 𝑣 = −𝑢′ is higher than the level for 𝑢, so the gradient 
of 𝐻𝑣(𝛽), evaluated at 𝛽∗ must be strictly greater than zero. Since the 
LHS of (#) is > 0 the RHS of (#) must be > 0, that is 
− 𝔼 𝑥 − 𝑃0 𝑢′′ 𝑦 > 0 when evaluated at 𝛽 = 𝛽∗.  In turn it follows 
that (∗) is negative when evaluated at 𝛽 = 𝛽∗. 

∎ 

Comparative statics: an increase in initial wealth 
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Proposition. Suppose a risk averse policyholder selects an 

insurance contract 𝑃, 𝐼 ⋅  with 𝑃 = 1 + 𝜆 𝔼 𝐼 𝑥  and with 
𝐼 𝑥  nondecreasing and 𝐼 𝑥 ≥ 0 for all 𝑥.  Then the optimal 
contract contains a straight deductible 𝐷; that is 𝐼∗ 𝑥 =
max 0, 𝑥 − 𝐷  is optimal for some 𝐷. 

Optimality of deductibles 
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𝐼∗ 𝑥 = max 0, 𝑥 − 𝐷  

𝐷 𝑥 

𝑤∗ 𝑥 = 𝑤0 − 𝑃 − min 𝑥, 𝐷  

𝐷 𝑥 

𝑤0 − 𝑃 

𝑤0 − 𝑃 − 𝐷 

Proof. (We prove for discrete loss distribution where 𝑝𝑥 denotes 
ℙ 𝑥 = 𝑥 ) 

We will show that any other 𝐼(𝑥) is second order stochastically 
dominated by 𝐼∗ 𝑥 = max 0, 𝑥 − 𝐷 . 

Consider another insurance policy 𝑃, 𝐼 ⋅  with the same 
premium 𝑃. Since the loading is the same we must have 

𝔼 𝐼 𝑥 =
𝑃

1 + 𝜆
= 𝔼 𝐼∗ 𝑥  

Consider some 𝑥𝑖 such that 𝐼 𝑥𝑖 = 𝐼∗ 𝑥𝑖 + 𝜀𝑖 for 𝜀𝑖 > 0. For 
𝔼 𝐼 𝑥 = 𝔼 𝐼∗ 𝑥  there must be some other loss level/s 𝑥𝑗 
such that 𝐼 𝑥𝑗 = 𝐼∗ 𝑥𝑗 − 𝜀𝑗 for 𝜀𝑗 > 0 and ∑𝑝𝑖𝑥𝑖 = ∑𝑝𝑗𝑥𝑗 .  

(#) Since each 𝐼 𝑥𝑗 ≥ 0 it must be that each 𝐼∗ 𝑥𝑗 > 0, or 
equivalently 𝑥𝑗 > 𝐷. 

Optimality of deductibles 
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Now, consider the realised net wealth distribution under indemnity 
function 𝐼∗ 𝑥 , 

𝑤∗ 𝑥 = 𝑤0 − 𝑃 − min 𝑥, 𝐷  

Which attains its minimum of 𝑤0 − 𝑃 − 𝐷 for all 𝑥 ≥ 𝐷. 

Now the realised net wealth distribution under 𝐼(𝑥) 
𝑤 𝑥 = 𝑤0 − 𝑃 − 𝑥 + 𝐼(𝑥) 

increases net wealth in states with 𝑤∗ 𝑥 ≥ 𝑤0 − 𝑃 − 𝐷 and 
decreases net wealth in states with 𝑤∗ 𝑥 = 𝑤0 − 𝑃 − 𝐷 (from 
observation (#) on previous slide), such that 𝔼 𝑤 𝑥 = 𝔼 𝑤∗ 𝑥 . 

Therefore 𝑤 𝑥  can be obtained from 𝑤∗ 𝑥  by a mean preserving 
spread around net wealth of 𝑤0 − 𝑃 − 𝐷. 

Therefore 𝑤 𝑥  is second order stochastically dominated by 𝑤∗ 𝑥 . 
∎ 

Optimality of deductibles 
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• For any given insurance budget (if the insurance loading is 
constant) the optimal insurance contract concentrates 
indemnification on the worst outcomes, where the marginal 
utility of additional wealth is highest. 
– where 𝑢′(𝑤) is largest 

– if 𝑢′′ > 0 this is when 𝑤 is lowest. 

• Small risks ‘should not’ be insured 

• Large risk ‘should’ insured: 
– Premature death of parent/guardian (life insurance) 

– Destruction of house (homeowners insurance) 

– Damage to your expensive car (vehicle insurance) 

– Damage to someone else’s expensive car (Third party motor vehicle 
insurance) 

Interpreting Arrow’s Theorem on the optimality of deductibles 
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Source: Swiss Re sigma No 1/2011 

Financial markets don’t yet offer catastrophe insurance to 
some of the most vulnerable 
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Financial markets don’t yet offer catastrophe insurance to 
some of the most vulnerable 
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Source: Swiss Re sigma No 1/2011 
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Static portfolio choices 

Actuarial Science, HT 2012 

Daniel Clarke 

We will consider the following environment 

• Decision maker is strictly nonsatiated and risk averse with 
twice differentiable utility function 𝑢 
– 𝑢′ 𝑥 > 0, 𝑢′′ 𝑥 < 0∀𝑥. 

• Initial wealth of 𝑤0 which can be invested in one risk-free 
asset and in one risky asset. 
– Can invest 𝛼 in a risky asset (e.g. stock) with uncertain return 𝑥 . 

– With 𝑤0 − 𝛼 in the risk free asset (e.g. bond) with certain return 𝑟. 

• Value of the realised portfolio is 
𝑤0 − 𝛼 1 + 𝑟 + 𝛼 1 + 𝑥 = 𝑤0 1 + 𝑟 + 𝛼 𝑥 − 𝑟  

= 𝑤 + 𝛼𝑦  
– where 𝑤 ≔ 𝑤0 1 + 𝑟  is future wealth under risk-free strategy 

– and 𝑦 ≔ 𝑥 − 𝑟 is excess return from risky asset. 

General environment 
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The problem of the investor is to choose 𝛼 to maximise EU: 
𝛼∗ ∈ argmax

𝛼
𝔼𝑢 𝑤 + 𝛼𝑦  

This problem is formally equivalent to the coinsurance problem from 
yesterday.  To see this, define 

𝑤 ≡ 𝑤′ − 𝑃0, 𝛼 ≡ 1 − 𝛽 𝑃0, 𝑦 ≡
𝑃0 − 𝑥 

𝑃0
 

Consequently 

𝔼𝑢 𝑤 + 𝛼𝑦 = 𝔼𝑢 𝑤′ − 𝑃0 + 1 − 𝛽 𝑃0

𝑃0 − 𝑥 

𝑃0
 

= 𝔼𝑢 𝑤′ − 𝛽𝑃0 − 1 − 𝛽 𝑥  
• We may interpret 𝛼 = 0 as full insurance coverage (zero risk) 
• By increasing 𝛼 (i.e. decreasing the coinsurance level 𝛽) the 

consumer accepts some of the risk in exchange for a higher 
expected final wealth. 

• Increasing loading 𝜆 in the coinsurance model is equivalent to 
increasing the mean of 𝑦  in the static portfolio choice model. 

Equivalence between static portfolio choice and 
coinsurance choice 
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Proposition. Consider the static portfolio choice problem, where 
𝑦  is the return of the asset over the risk-free rate, and 𝛼∗ is the 
optimal dollar investment in the risky asset.  Then the optimal 
investment in the risky asset is positive iff the expected excess 
return is positive: 𝛼∗ = 0 if 𝔼𝑦 = 0 and 𝛼∗ > 0 if 𝔼𝑦 > 0. 
Moreover, when the expected excess return is positive, 

1.  𝛼∗ is reduced when the risk aversion of the investor is 
increased in the sense of Arrow and Pratt; 

2.  𝛼∗ is increasing in wealth if absolute risk aversion is 
decreasing. 

Proof. See proofs of comparative statics results for coinsurance 
problem. 

∎ 

 

Optimal static portfolio choices 
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Proposition. Under constant relative risk aversion, the demand 
for the risky asset is proportional to wealth: 𝛼∗ 𝑤 = 𝑘𝑤. 

Proof. Suppose that 
𝑢′ 𝑐 = 𝑐−𝛾 ∀𝑐 

Where 𝛾 is the coefficient of relative risk aversion.  Under this 
specification, the first order condition may be written as 

𝔼 𝑦 𝑢′ 𝑤 + 𝛼∗𝑦 = 0 
∴ 𝔼 𝑦 𝑤 + 𝛼∗𝑦 −𝛾 = 0 
∴ 𝔼 𝑦 1 + 𝑘𝑦 −𝛾 = 0 

Where 𝑘 is a positive constant and 𝛼∗ = 𝑘𝑤. 
∎ 

Worked example: Static portfolio choices under CRRA 
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Static optimisation: some useful results 

Actuarial Science, HT 2012 

Daniel Clarke 
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Consider 

• 𝑓(𝒙) is a real-valued function of 𝑛 real variables, 𝑓:ℝ𝑛 → ℝ. 

• 𝑆 is a subset of ℝ𝑛, 𝑆 ⊂ ℝ𝑛. 

• 𝑓 is twice continuously differentiable on 𝑆 

• 𝐷𝑓 is the Jacobian matrix and 𝐷2𝑓 the Hessian: 

𝐷𝑓 =
𝜕𝑓

𝜕𝑥1
   

𝜕𝑓

𝜕𝑥𝑛
   …   

𝜕𝑓

𝜕𝑥𝑛
 

𝐷2𝑓 =

𝜕2𝑓

𝜕𝑥1
2 ⋯

𝜕2𝑓

𝜕𝑥1𝜕𝑥𝑛

⋮ ⋱ ⋮
𝜕2𝑓

𝜕𝑥𝑛𝜕𝑥1
⋯

𝜕2𝑓

𝜕𝑥𝑛
2

 

Preliminaries 
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The general optimisation problem is to maximise (or minimise) 𝑓 
over some subset 𝑆: 

maximise 𝑓 𝒙 ,  subject to 𝒙 ∈ 𝑆 

 

𝒙 ∈ 𝑆 is a global maximum of 𝑓 on S if 𝑓 𝒙 ≥ f 𝒚 ∀𝒚 ∈ 𝑆. 

𝒙 ∈ 𝑆 is a local maximum of 𝑓 on S if 𝑓 𝒙 ≥ f 𝒚 ∀𝒚 in some 
neighbourhood of 𝑥. 

 

The Weierstrass Theorem. Let 𝑆 ∈ ℝ𝑛 be compact and 𝑓: 𝑆 → ℝ 
be a continuous function on 𝑆. Then 𝑓 attains a global maximum 
and global minimum on 𝑆. 

The general optimisation problem 
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Theorem. If 𝑓 has a local maximum or minimum at an interior 
point 𝒙∗ of 𝑆, then 𝐷𝑓 𝒙∗ = 0. 

 

Theorem. Consider the general optimisation problem: 
maximise 𝑓 𝒙 ,  subject to 𝒙 ∈ 𝑆 

If f is (strictly) concave then 

• If a local maximum exists it is a (unique) global maximum; 

• If a stationary point exists, it is a (unique) global maximum. 

Concavity and the general optimisation problem 
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Consider the problem: 
𝑃: max𝑓 𝒙 such that ℎ 𝒙 = 𝒂 (ℎ: ℝ𝑛 → ℝ𝑚) 

Define the Lagrangian 𝐿 as 

𝐿 𝒙; 𝝀 = 𝑓 𝒙 +  𝜆𝑗 𝑎𝑗 − ℎ𝑗 𝒙
𝑚

𝑗=1
 

Lagrange’s Theorem. If 𝒙∗ is a local maximum of 𝑓 subject to the 
constraint ℎ 𝒙 = 𝒂, and the matrix 𝐷ℎ(𝒙∗) is of full rank, 𝑚, then 
∃𝜆∗ = (𝜆1

∗ , … , 𝜆𝑚
∗ ) such that 𝐷𝑥𝐿 𝒙∗, 𝝀∗ = 0 where 

𝐷𝑥𝐿 𝒙, 𝝀 = 𝐷𝑓 𝒙 −  𝜆𝑗𝐷ℎ𝑗 𝒙
𝑚

𝑗=1
 

Notes 

• The condition that the matrix 𝐷ℎ(𝒙∗) must be of rank 𝑚 is called 
the constraint qualification. 

• If ℎ 𝒙 = 𝒂 then 𝒙 is said to be feasible for 𝑃. 

Lagrange’s Theorem 

http://www.stats.ox.ac.uk/~clarke/teaching.htm Actuarial Science – Daniel Clarke 30 



16 

Consider the problem: 
𝑃: max 𝑓 𝒙 such that ℎ 𝒙 = 𝒂 

 

Theorem. Let 𝑓 be concave and let each ℎ𝑗  be convex.  Then the 

Lagrange first order conditions are sufficient for a global 
maximum. 

Concavity and Lagrange’s Theorem 
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• If the constraint qualification holds at all points then any 
candidates for local maxima (and hence global maxima) can 
be found by solving the first-order conditions: 

𝜕𝐿

𝜕𝑥𝑖
𝑥∗; 𝜆∗ = 0 for 𝑖 = 1,… , 𝑛 

ℎ𝑗 𝑥∗ = 𝑎𝑗  for 𝑗 = 1,… ,𝑚 

• (If there are points 𝑥∗ where 𝐷ℎ(𝑥∗) has less than full rank 
these points need to be checked separately as they may not 
show up as solutions to the first-order conditions even if they 
are local maxima) 

• If 𝑓 is concave and each ℎ𝑗  is convex then any local maxima 

are global maxima. 

Solving an equality-constrained maximisation problem 
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