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Abstract. Comparison of sequences that have descended from a common an-
cestor based on an explicit stochastic model of substitutions, insertidroete:

tions has risen to prominence in the last decade. Making statements about th
positions of insertions-deletions (abbr. indels) is central in sequerttgeaarome
analysis and is called alignment. This statistical approach is harder ¢aattgp

and computationally, than competing approaches based on choosidgran a
ment according to some optimality criteria. But it has major practical adgais

in terms of testing evolutionary hypotheses and parameter estimation.@asic
namic approaches can allow the analysis of up to 4-5 sequences. MGMC te
nigues can bring this to about 10-15 sequences. Beyond this, diffarkauristic
approaches must be used. Besides the computational challengeasingrreal-

ism in the underlying models is presently being addressed. A recerbdavent

that has been especially fruitful is combining statistical alignment with thie-pro
lem of sequence annotation, making statements about the function oheach
cleotide/amino acid. So far gene finding, protein secondary structackction

and regulatory signal detection has been tackled within this frameworkhMu
progress can be reported, but clearly major challenges remain if thieagh is

to be central in the analyses of large incoming sequence data sets.

1 Introduction

Although bioinformatics has diversified enormously, certaspects have a long his-
tory and could be viewed as classical bioinformatics. Thet k&ample must be the
application of string comparison algorithms to sequengmaient. This has a history
spanning the last three decades, beginning with the piongeaper by Needleman and
Wunsch [67]. They used dynamic programming to maximise dlaiity score based
on a matching score for amino acids, and a cost function fertion and deletions.
In 1973 Sankoff and Cedergren generalised a distance nsimghapproach to multi-
ple sequences related by a phylogenetic tree. In the las ttecades, these algorithms
have received much attention from computer scientists and heen generalised and
accelerated. A completely different approach to alignnveas introduced in 1994 by
Krogh et al. [48], who used Hidden Markov Models (HMMs) to describe a fignoif
homologous proteins. This statistical approach has proeeg successful, despite not



being based on an underlying model of evolution, or phylggeiMMs and their gen-
eralisations - Stochastic Context Free Grammars (SCFGs sihce become key tools
in bioinformatics, including evolutionary models.

In 1981 Smith and Waterman introduced a local similarityoatym for finding
homologous DNA subsequences that has so far remained testgmidard for the lo-
cal alignment problem [80]. The main use of local alignmdgbathms is to search
databases, and in this context the Smith-Waterman algotfiitas proved too slow. A
series of computational accelerations have been propestdihe BLAST family of
programs being thde factostandard in this context [1].

At the same time that score-based methods were being deckfop sequence
alignment, parsimony methods were being used to solve thidem of phylogenetic
reconstruction. The method of parsimony, which finds theimmah number of evolu-
tionary events that explain the data, can be viewed as aapmxse of score-based
methods. The key algorithms doing this was published byhHR6] and Hartigan [29]
and since then implemented in a variety of programs. Ovelagtéwo decades the par-
simony method of phylogenetic reconstruction has recdiveasing criticism, and it
has essentially been replaced by methods based on steomastelling of nucleotide,
codon or amino acid evolution. This probabilistic treatineievolutionary processes
is based on explicit models of evolution, and thus give riseneaningful parameters.
In addition, these parameters can be estimated by maximketihibod or Bayesian
techniques, and the uncertainty in these estimates carab#gyrassessed. The key al-
gorithm for allowing calculation of the probability of obséng a set of nucleotides on a
phylogeny was published by Felsenstein in 1981 [17]. This t®ntrast to score-based
methods, where the weight or cost parameters cannot bg easiihated, or necessar-
ily even interpreted. Because this probabilistic treatimdrphylogenetic evolution is
based on explicit models, it also allows for hypothesidngsand model comparison.

Despite the increased statistical awareness of the bazbgommunity in the case
of phylogenetic inference, which is now fundamentally véelas a statistical inference
problem [18], the corresponding problem of alignment hasumalergone the same
transformation, and score-based methods still predomiimathis field. However, re-
cent theoretical advances have opened up the possibililysirhilar, statistical treat-
ment of the alignment inference problem. A pioneering pdyyefhorne, Kishino and
Felsenstein from 1991 [85] proposed a time-reversible lghankodel for insertions
and deletions (termed the TKF91 model), that allows a prepegistical analysis for
two sequences. This model provides methods for obtainiigvize maximum like-
lihood sequence alignments, and estimates of the evoariodistance between two
sequences. The model can also be used to define a test of lgymdiich is not pred-
icated on a particular alignment of the sequences. At ptesi@n is a test of global
similarity, and although analogues of local alignment rodthare possible, they have
not yet been developed in the statistical alignment frankwo

The three main types of mutations modifying biological sates are insertions,
deletions and substitutions. The TKF91 model is the simpleaceivable model in-
volving these three types of mutations. In this model, thetjpms of a sequence evolve
independently and identically. Each character in the secpiean be substituted with
another character according to a prescribed reversiblgéncmus-time Markov model
on the possible characters. Insertion-deletions are rteatlek a birth-death process
with insertion and deletion ratésand;:, where insertions occur between any two char-
acters or at the very beginning or end of the sequence. Theipaistatistical align-
ment problem is to calculate the likelihood of two sequeresadving from a common
ancestor under the TKF91 model or one of its extensions, andbe solved in time



O(L:L>) [62,85] whereL, is the length of sequendeThe related inference problem
of computing the most likely alignment relating the two segeces can be solved with
similar techniques.

The multiple statistical alignment problem is to calcultte likelihood of a set
of sequences, namely, what is the probability of observirsgtaof sequences, given
all the necessary parameters that describe the evolutisequiences. Generalising the
statistical pairwise alignment algorithm to many sequenpeoved considerably harder
than the corresponding optimisation problem. Mike Steblexbit for the special case,
when the sequences are related by a star tree [82]. This wasalised by Hein to a
binary tree [31]. This paper also showed that the TKF91 m®a®uld be described
by an HMM. Hein, Pedersen and Jensen in 2003 [32] further etidat recursions
for statistical alignment posses a surprising asymmetmeinoving the first and the
last column in an alignment, which is in sharp contrast tanoigation alignment. The
algorithm hasO (5™ L™) running time, where: is the number of sequences, ahds
the geometric mean of the sequence lengths. This has sieogrbproved t@ (2" L")
by Lunteret al.[57,58]. As an alternative to the time consuming exact ca@tmns,
MCMC methods were first used by Churchill in 1997 [6] for gesi@lignment and for
TKF91 based alignment by Holmes and Bruno in 2001 [40].

2 The Basic Models

Traditional score based alignment models aim to rendervbkigonary most plausi-
ble alignment optimal. However, this plausibility is notequiified as a distribution over
alignments. In their pioneering paper [85] Thorne, Kishamal Felsenstein proposed a
model (TKF91) for sequence evolution. The model is contirsattme and allows inser-
tions and deletions (indels) as well as substitutions. @kfnes a distribution over all
alignments relating two sequences, enabling a propesttati analysis of pairwise se-
quence homology. The model treats all events as indepersiegle nucleotide events,
and is arguably the simplest continuous-time model for sage evolution under inser-
tion, deletion and substitution events conceivable. Thaamewhat naive, a major ad-
vantage of this simple model is that it can be solved anali$icThe analytic treatment
can be formulated in terms of a hidden Markov model definingftatb-right construc-
tion of sequence alignments with the correct distributtéere we will first describe the
TKF91 model and sketch the derivations leading to the HMNfalation of the model.
We then briefly introduce an extension to the TKF91 modelptich TKF92 [86], that
addresses the single nucleotide simplification by allowing-overlapping indels of
any length. This extension is the statistical alignmenfwedent of the “affine gap cost”
in the context of score-based alignment [25].

2.1 The TKF91 Model

A single nucleotide substitution or deletion event willeadf a nucleotide, while an in-
sertion event will affect the space between two nucleotilee TKF91 model captures

*—-GCG—0—C—o0o—A—e0—T—0—T—ee—C—e0e—GC—0

Fig. 1. The TKF91 model view of the stringCATTCG. The immortal link is shown as while
the normal links are shown as



this by treating a nucleotide sequence as an alternatinig ofi@ucleotides antinks,
see Fig. 1. Insertions can occur at the very beginning and&mdequence, so the chain
begins and ends with a link. The insertion-deletion proges®odelled as a continuous-
time Markov process on such chains. Insertions originaisn finks and insert a new
nucleotide, drawn from the background distribution, an@w fink before the follow-
ing nucleotide. This happens with a rate)oat each link. Deletions originate from a
nucleotide and removes both the nucleotide and the follgwirk, and occur at a rate
w at each nucleotide. Alternatively we can consider the m®es acting on letter-link
pairs that get inserted and deleted. Such models are knobintlasleath processes, as
we have two competing processes of birth and death of entiilete that the model
leaves no way to delete the initial link, which consequeittlyalled the immortal link.
The immortal link prevents the empty sequence being a sinthprocess, as a new
sequence can be grown from the immortal link remaining dffterinitial sequence has
been completely deleted. This may appear to contradiothilo nihil fit, but one should
keep in mind that nucleotide sequences usually appear in@ge context rather than
flanked by empty space.

So far we have only discussed the insertion and deletiongbéine TKF91 model.
Sequences can also change by substitution. This is modslledparallel continuous-
time substitution process, that allows each letter to bstitubed with another letter. In
the original formulation Felsenstein’s one-parameter @] was used, but this can
be replaced with other substitution models without diffigulhe substitution process
can be dealt with independently by standard single nudedtibstitution model meth-
ods, so for the remainder of this section we will focus on tiseition-deletion part of
the process.

In the TKF91 birth-death process the number of entitieseldink pairs, always
increases or decreases by one. This results in a state gitiplin@ar topology which
is a sufficient condition for time-reversibility of the imsien-deletion process. Time-
reversibility is equivalent to detailed balance in the &ftium distribution. In other
words, if we letg;, denote the probability of drawing a sequence of lerigfrom the
equilibrium distribution, then

A
kg = Moy & —b =2 (1)

dk—1 1%

as detailed balance requires the change from lehgtequences to length — 1 se-
quences to equal the change in the reverse direction; léngglguences haveletters
where a deletion event can occur and length 1 sequences hawvie links where an
insertion event can occur. It follows that

k
G = (A> @, @)
1

Since theg;, define a probability distribution over finite sequence leésgte also have
> reoax = 1. Combining, we obtain

A /A\F
p) \p
This only yields a well defined distribution for< p which should hardly be surprising:

a sequence of lengthhas overall insertion rate(k + 1) (from & + 1 links) and overall
deletion rate.k (from k letters), so if\ > . the overall insertion rate will always exceed



the overall deletion rate and sequences would grow indelfinitetzler introduced the
Fragment Insertion-Deletion (FID) models [60] that are eyafisations of the TKF92
model. These models do not need the constraint thsttould be smaller than. In
this way the stochastic process might not have an equitibdistribution. However,
Metzler showed that parameter estimation is still possibtbese models.

An alignment postulates a detailed relationship betweernntividual nucleotides
in the sequences aligned. A column containing two nuclestgtates that these are ho-
mologousj.e.descend from the same nucleotide in a shared ancestralrsrques the
insertion-deletion process of the TKF91 model is time-reNée, if a time-reversible
substitution model is also used the entire process will bersible. This allows us to
simplify the scenario such that we can assume that one segegnlved into the other.
Assume now that we let the TKF91 process act on an initial secgl while keeping
track of the fate of each nucleotide in this sequence. Theoowt can then be sum-
marised in an alignment. Each nucleotide that survivedmitlpeing deleted will be
homologous to a nucleotide, possibly modified by one or mabstiution events, in
the final sequence, and adding a column to the alignmentitdest by these two nu-
cleotides will reflect that. A nucleotide not surviving skabbe aligned to a gap in the
final sequence, while a nucleotide that arose through amtioseshould be aligned to
a gap in the initial sequence. In this way the TKF91 model @sfia distribution over
all possible alignments of two sequences. Observe that pessible alignment will
usually correspond to an infinite number of possible hisgrase.g.a nucleotide can
be subject to an arbitrary number of substitution events.

As the nucleotides evolve independently, the probabilitgrty particular outcome
is just the product of the independent probabilities of thiécome concerning each
nucleotide in the initial sequence. So if we for a given tihwan determine the proba-
bility of any particular outcome for a single nucleotide, ean easily obtain the same
for a nucleotide sequence. For a given nucleotide in th@airsequence two aspects
will influence its alignment contribution, namely whethkethucleotide survived and
how many nucleotides it left in the final sequence, eithezdiy or through insertions
that can be traced back to its associated link. Furthernvagealso need consider the
insertions that can be traced back to the immortal link. Tdiing table captures
the possible outcomes, the alignment block summarisingilt®me, and the notation
used for the probability of the outcome.

Outcome Alignment Probability
. . #—. .. —
Nucleotide survives and adds— 1 newones , ,,""" pH(t) (n=1,2,...)
o #—...—
Nucleotide dies but addsnew ones Tua pN#) (n=0,1,...)
Immortal link adds» new nucleotides :; “ pl) (n=0,1,...)

As previously mentioned, we only consider the probabilifytiee insertion-deletion

part of the TKF91 model. Hence nucleotides are representelynby the Felsen-
stein wildcard symbol #, cf. [40]. A surviving nucleotidellWfurther incur a factor of

the corresponding substitution probability in the subsitih model applied, and an in-
serted nucleotide will incur a factor of the correspondinglaotide probability in the
substitution model’s equilibrium distribution. Exceptr fine immortal link, the links

have been left out for clarity.

With this notation we can now set up differential equati@isy called Kolmogorov’s
forward equations, for the time-dependent outcome prditiabj by considering the
rates at which we switch between different outcomes. Fdaint®, the equations for



the immortal link outcome probabilities, () are

S0 = (o Dppha () + Al (6) — [t (b DXREE) (@
1forn=0
Pul(0) = {O otherwise ®)

where for conveniencg’ , (¢) is defined and equal tfor all ¢. For timet = 0 no new
nucleotides can yet have been inserted. #or 0 we end up withn new nucleotides
by either inserting an extra nucleotide from a state with 1 new nucleotides, or by
deleting a nucleotide from a state with+ 1 new nucleotides; we vacate a state with
new nucleotides by either deleting or inserting a nucleoti&imilarly

LpI6) = mplls (1) + (n— DAL (1)~ n(u 4t Nl (©)
lforn=1
P (0) = {O otherwise 0

with V¢ : plf(t) = 0 and

%pﬁy (t) = 1 [(n + D)pplsr (8) + pra (O] + (= DApRZ () — il + Ny (£X8)

pN(0)=0 foralln (9)
with ¢ : p™, (¢) = 0.

These equations can be solved analytically [85], and usiaddllowing functions
as shorthands

— (A=)t
8(0) = ety + B = 180 N(0) = (1= e = p(0) (1 = A3(1).
I0)=1-M6(0),  B(H)=A3(), H(t) = (- A3(0))

the solution can be written succinctly as

Py (t) = E(t) (10)
pN(t) = N(t)B(t)"~' forn >0 (11)
pil(t) = H(t)B(t)" " 12)
ph(t) = I(t)B(t)" (13)

A key observation is that in all three scenarios, the faatocuired for each column
corresponding to the insertion of a new nucleotide is theesaramelyB(t), regardless
of the number of columns already added. This observatiohaskey to the HMM
formulation discussed further in Section 6.1.

2.2 The TKF92 Model

The main deficiency of the TKF91 model is that all events azated as independent
single nucleotide events. It is well known that substitutiates are context dependent.



More severely, though, insertions and deletions rarelyioas single nucleotide events,
but rather as insertions or deletions of segments of nudientan issue originally ad-
dressed for score based alignment methods in [25]. In amptt® inch towards reality
Thorneet al.in [86] proposed a generalisation of their TKF91 model. Tdeseralisa-
tion, the TKF92 model, allows insertions and deletions ghsents with lengths drawn
from an arbitrary distribution. As pointed out in the papghe TKF92 model still falls
short of reality by not allowing the inserted and deletechsexgts to overlap.

*—> GCATTCG —o
*—GCC—0—A—0—TTCG—0

Fig. 2. Two of the 32 TKF92 model views of the strit@CATTCG. Fig. 1 presents a third view.

In our exposition of the TKF91 model we took the view that tieles originate at
nucleotides and also remove the associated link followiregdeleted nucleotide. One
can equivalently view this as a deletion of a normal link tdab removes the associated
nucleotide in front of it. The TKF92 generalises the link rabaff sequences by splitting
a sequence intragmentsseparated by links, rather than single nucleotides. A nbrma
link will be associated with the preceding fragment, ancetiey the link will also
remove the associated fragment. Similarly, when a link sysaan insertion a fragment
rather than just a single nucleotide is inserted. Focusisiggn the links, the birth-death
process of the TKF92 model is identical to that of the TKF9IdeloHence, transition
probabilities for the link birth-death process has the saahgtion in the TKF92 model.
The distribution over fragment lengths and the single ratale substitution process
operate independently, hence the three elements are cedijrsimple multiplication.

The major weakness of the TKF92 model is that the link stmectsi not allowed
to change over time. A fragment can thus only be deleted ientgety. This is to
some extent alleviated by taking all possible fragmentatiof a sequence into account,
allowing any fragment of an initial sequence to be a canditatfuture deletion. How-
ever, inserted fragments cannot be partly deleted or dkést@art of a larger fragment.
For example, the two event evolutionary histéry—~ ACG — AG that first inserts two
nucleotides at the end of an initial sequence and then dedeie of them again is not
included in the TKF92 model. Still, the model offers a sigrafit improvement in re-
alism over the TKF91 model. Moreover, when a geometric itistion is assumed for
fragment lengths, inference under the model remains asesffias under the TKF91
model [86] by an algorithm structurally similar to Gotohlgarithm [25]for affine gap
cost in score-based alignment.

3 Applications

3.1 Inference of Phylogeny

It is well known that the score based multiple alignment madthintroduce more vari-
ance into the phylogeny analysis than the tree-buildinghoud themselves [23, 91].
The proper scoring of a multiple alignment could be giverydithe phylogenetic tree
on which the analysed sequences are related were known eQ@ihtér hand, the plylo-
genetic tree of the sequences needs an alignment of thersegudo break out from



this chicken-egg problem, the co-estimation of alignmert phylogeny would be de-
sirable. The multiple statistical alignment approach fes and excellent framework
for such a co-estimation. Indeed, to define a joint Bayesistnildution of alignments,
trees and evolutionary parameters, all is needed is somieggor distribution of trees
and evolutionary parameters. Such priors for trees andigeobry parameters are de-
fined in several manuscripts, for example [11, 72], or thelees might also consult
with [12].

Once the Bayesian distribution is defined, a Markov chain tdd@@arlo approach
can be used to sample from the posterior distribution ohatignts, trees and evolution-
ary parameters. The uninteresting coordinates might bgirmadised from the distribu-
tion, for example, if the user is interested in only the plygoies, then the alignments
and evolutionary parameters might be marginalised. Invtiaig a set of sampled evo-
lutionary trees might be generated. This set of trees mighduimmarised in several
ways. One of the most informative analysis is the consenstygank, see for example,
Fig. 3. The consensus network contains all $ipdits that have been sampled with a
probability greater than or equal to a prescribed threshdldplit is a bipartition of
the set of species involved in the analysis. On a phylogemetiwork, a split is repre-
sented by one or more parallel edges of the network. Pagaltpts appear when there
are conflicting splits in the Bayesian ensemble. Such caoimifjcsplits are described
with rectangles, cubes or hypercubes. When all but one dimeio$ the hypercube is
collapsed, we get back a phylogenetic tree with the Bayesigport of the remaining
dimension of the hypercube, which represents a split.

Dedicated software exists for analysing a Bayesian enseaflhylogenetic trees.
SplitsTree4 [43] is a software package, that provides afuserdly graphical interface
and allows results to be saved in both graphical and Nexudditexormats. It is im-
plemented in Java and thus available across multiple piatfoThe StatAlign software
package [68], also implemented in Java, allows sampling/ofugionary trees from a
joint distribution on trees, alignments and model paransefehe sampled trees can be
saved in Nexus format, which can be read and analysed bysB@#é4 for a statistical
alignment based analysis of supported phylogenies.

3.2 Protein Structure Prediction

As genome sequencing costs continue their downward spéqliencing of organisms
has become increasingly viable. A consequence of the isioigapeed of accumulat-
ing biological sequences is that the gap between the nunflderosvn structures and
the number of known protein sequences keeps increasingressili, there is a high de-
mand for reliable computational methods andilico estimation of protein structures
remains one of the most challenging tasks in bioinformatics

The central dogma of comparative bioinformatics methodgfoteins is that the
structures of proteins are more conserved than their amdibsequences. Therefore
it is possible to map the structure of a sequence onto horaafgequences. However,
insertions and deletions separating two homologous seggeaccumulate, and hence,
homologous characters in the two sequences will occuperéifit positions, which
causes a non-trivial problem of identifying homologousifiass. Sequence alignment
algorithms address this problem [25, 67, 80, 90]. They mé&sdrthe similarity between
aligned positions while also minimise the insertions anlétitns needed to align the
sequences.

The relationship between gap-penalties and similarityexcan be set such that
they maximise the number of correctly aligned positions reachmark set of align-



Fig. 3. Consensus network of the Glycosyl hydrolase family 22 (lysozymefepr sequences.
The sequences have been downloaded from the Homstrad datadhss{bhave been analysed
with the statistical alignment program described in [63]. After convergeri the Markov chain,
1000 phylogenies were sampled, with00 steps in the Markov chain between consecutive sam-
ples. Consensus networks were obtained with SplitsTree4 [43], usirejgbgthm of Holland

and Moulton [36].Left: consensus network when considering only splits with a posterior proba-
bility 0.1 or higher. Edges indicate mean lend®ight: the same consensus network, but in this
case, edges indicate counts in the Bayesian ensemble.

ments [45, 89]. By contrast, stochastic models are capabtaltbrate their parame-
ters by applying a Maximum Likelihood or Bayesian approaeénef no benchmark
set is available. The first such stochastic models were Hiddarkov Models, which
have appeared in bioinformatics almost fifteen years agp [@%rne, Kishino and
Felsenstein introduced continuous-time Markov modelsdiescribing insertion and
deletion events [85, 86], and they showed on simulated tiatathhe Maximum Likeli-
hood method could correctly estimate the insertion-daesis well as the substitution
parameters with which the simulated data had been geneféttedTKF models have
subsequently been improved [47, 62], and have been testedidaoment accuracy on
biological data [62].

The other main advantage of stochastic models above attopssmeter estima-
tion is that such models can provide posterior probabdlite each estimated alignment
column as well as for the whole alignment, and these postprababilities correlate
with the probability for the alignment column being cortgatligned [12,51, 62].

The uncertainty in the sequence alignment can be slightiyaed by simultane-
ously aligning more than two sequences. During the last tiyvgears, much effort
has been put in developing accurate multiple sequencena¢ignmethods. Although
efficient algorithms exist for any type of pairwise alignrhproblem, the multiple se-
quence alignment problem is proven to be hard. Indeed, Wadgliang proved that
the optimal multiple sequence alignment problem under time-af-pairs scoring pro-
tocol is NP-hard [87]. Although it is not formally proved,ig strongly believed that
the statistical approach to multiple sequence alignmealgsrithmically not simpler
than score-based approaches. Since it is unlikely thatafgstrithms exist for any
type of exact multiple sequence alignment problem, héargtproaches have become



widespread. Profile-HMM methods [14, 44] align sequencespoofile-HMM instead
of each other, and the multiple sequence alignment is aidddy aligning sequences
together via a profile-HMM. Since the jumping and emissiorapzeters of the HMM
are learned from the data, this approach needs many seguengarameter optimi-
sation. Furthermore, profile-HMMs do not consider evoludity relationships amongst
sequences, and hence, they cannot properly handle ovessegpation of evolutionary
groups.

Iterative sequence alignment approaches have been iogddor score-based meth-
ods in the eighties [19, 35] and have recently been extendedtfchastic methods
[50, 51] using the transducer theory [4, 37]. The drawbackevhtive approaches is
that in each iteration, they consider only a single, locafiyimal alignment that might
not lead to a globally optimal alignment. Additionally, thitistical methods naturally
underestimate the uncertainty of posterior probabiliieshey consider only locally
optimal partial solutions.

The Markov chain Monte Carlo (MCMC) approach representsrd thiay to attack
the multiple stochastic alignment problem. In statist@aignment, it was first intro-
duced for assessing the Bayesian distribution of evolatipparameters of the TKF91
model aligning two sequences [61], and has subsequently &dended to multiple
sequence alignment [21,40,57,58, 73, 83]. The centrakyhafdViarkov chain Monte
Carlo [30, 59] states that the Markov chain will be in the pridsd distribution after
infinite number of random steps. Obviously, we cannot wdiihite many steps in prac-
tice, and therefore the success of MCMC methods dependssbodavergence: if the
Markov chain converges quickly to the prescribed distidntthe bias of samples from
the Markov chain after a limited number of steps will be ngiplie. There are two clas-
sic approaches for checking convergence of MCMC, one is tsore autocorrelation
in the log-likelihood trace or a few other statistics of tharkbv chain, the second is to
run several parallel chains with different random starpots [75].

Since practical methods and software packages for thepteu#tiatistical alignment
problem have been introduced only in the last five-six yemtarge-scale, comprehen-
sive analysis on the performance of methods for proteirctira prediction has been
published only recently [63]. In that paper, Mikl@s al. presented a survey on how
stochastic alignment methods can be used for protein sacpstructure predictions.
The prediction can be based on pairwise or multiple alignsand in both cases, ei-
ther only a single, optimal alignment or the whole postedistribution of alignments
is used for prediction. In this way, they presented fouredéht protocols for protein
structure prediction. They were interested in the quedtimm much one can gain by
involving more sequences and the posterior distributiothefalignments into the sec-
ondary structure prediction.

In all cases, posterior probabilities of aligning charegta pairwise or multiple
alignments correlated with the probability that the seespdtructure predictions based
on the alignments in question were correct. See Fig. 4 forxample of predicted
multiple alignment with posterior probabilities for aligient columns. The authors also
found that pairwise alignment methods are over-pessicrostipredicting alpha helices
and beta sheets, namely, posterior probabilities of algmroolumns are lower than the
actual probability that the structure prediction basedcheraignment column is correct,
while they are over optimistic on predictirdg, helices,.e., posterior probabilities for
these alignment columns are greater than the probabilit&she secondary structure
prediction for these amino acids is correct. Multiple afigent methods provide slightly
more reliable predictions about their reliability of sedary structure predictions — they
are less over optimistic oy helix predictions.
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Fig. 4. Top: The Maximum Posterior Decoding alignment of C-type lectin secegerstimated
from MCMC samples following the protocol described by Mikiéisal. [63]. Posterior proba-
bilities of alignment columns are indicated for each alignment column. Botidra multiple

structural alignment of the same sequences as given in the HOMSTR#Dake [64] in JOY
format [65]. Beta helices are indicated with blue colour, alpha heliceimdieated by red colour.

Secondary structure predictions can be given based oresioglimal pairwise or
multiple alignments and also based on the posterior enssofilignments. In the latter
case, posterior probabilities are closer to the probadslithat the secondary structure
prediction is correct, especially when the structure mtéah is based on the posterior
distribution of multiple sequence alignments.

The multiple sequence alignment is the Holy Grail of biomfiatics [28] since
what “one or two homologous sequences whisper ... a fulliplalsequence alignment
shouts out loud” [42]. The experiments show that multiplgussce alignments not
only highlight conserved positions better than pairwisgrathents, but they also more
reliably indicate the reliability of their prediction caméties.

This extra information could be exploited in three-dimensil protein structure
prediction: high posterior probabilities indicate theioeg of the sequence alignment
where the alignment accuracy is significantly better thanaberage alignment accu-
racy. These parts can be used as a reliable scaffold in hgmahwdelling. On the
remaining, unreliable parts, homology modelling is expddb have a low quality, and
hence the spatial structure of these regions should begbeedivith alternative meth-
ods, likeab initio threading methods(g.[79, 92, 93]).

It is worth mentioning that the alignment methods appliechdbconsider any in-
formation about how secondary structures evolve. It is¥etwn that different sec-
ondary structure elements follow different substitutioogesses, and this difference in
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the substitution pattern can be used for secondary steipnadiction [24]. It is fairly
straightforward to incorporate into current alignment Inoetsa priori knowledge on
the substitution, insertion and deletion processes ofrstany structures, and we expect
that such combined approaches will have a better perforenanstructure prediction.
Furthermore, secondary structures can be predicted npiroal comparative way, but
also using a single sequence, based on the statisticalrfiegpef the amino acids in
different secondary structure types, seg.[22, 46]. Potential prior distributions for
secondary structure elements might be derived from sutistata and might be used
in Bayesian analysis.

The running time of the methods obviously increases withcthmplexity of the
background models, and analyses utilising such combindbads currently take too
long to be applicable for everyday use on personal computewever, the speed of
processors keeps increasing exponentially following M&olaw, and will soon reach
a level when it won't pose a barrier to such combined appres.cMoreover, there
are also promising channels to improve the running time eftlethods. The standard
approach for statistical multiple alignment is going to b€MC, and current imple-
mentations make use of very basic tricks only, like the afignt window cut algorithm
described in the Methods section. Several groups are wpddrmaking MCMC align-
ment methods more efficient and achieving faster mixing saguificant improvements
are expected in the coming years.

3.3 Signal Prediction

The identification of conserved DNA sequences by compargi@nome sequence anal-
ysis has been widely used to annotate both protein-codidgene regulatory elements
in a wide variety of taxa [3,7, 77, 81, 88] . Alignment basedlpbenetic footprint-
ing [84] approaches assume that regulatory elements ircadimg regions are subject
to purifying selection, and therefore will exhibit highewkls of conservation than sur-
rounding neutral sequence. Numerous phylogenetic fattpg approaches have been
developed and successfully applied to detect conservedategy elements in diverse
taxa[3,7,81]. A popular approach used in the creation o¥&hsity of California Santa-
Cruz (UCSC) Genome Browser conservation scores, phast@opkements a hidden
Markov model (HMM) with a hidden state for conserved regiam a hidden state for
non-conserved regions [77]. Conserved elements are peediy fitting the HMM to an
alignment by maximum likelihood. The algorithm, howevessames a single “perfect”
alignment, and by ignoring the possibility of alignment artainty, these predictions
are highly sensitive to both alignment errors and regionsrelalternate alignments
may describe the true evolutionary history. A dependencegingle alignment may be
particularly harmful when searching for regulatory mqtgach as transcription factor
binding sites (TFBS), which are difficult to reliably alignelto their short lengths (6-15
nucleotides) and tolerance for degenerate nucleotidds R&¢ent studies have noted
that single-alignment phylogenetic footprinting appteag often produce inaccurate or
inconsistent results depending on the alignment method, asel have called for new
techniques capable of controlling for alignment error andautainty [15,56,70,81,91].
Comparative approaches that analyse an alignment distibbhave been previ-
ously implemented to predict regulatory elements fromvpae comparisons. [38]
analysed orthologous sequences from the human and mousmeggiy analysing a
distribution of alignments using the Bayes Block Aligne#]Qalthough the algorithm
did not consider separate models for regulatory elementbackground sequence and
simply examined posterior alignment column probabilit{@8] developed MORPH, a
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framework which detects and aligns instances of known asipecified by position

state weight matrices [12], by summing over all possiblgratients of two species.
While this approach has the additional requirement thatibgqndite motifs must have

been previously characterised, the authors report thdtrgrsite predictions are robust
to alignment ambiguities.

[76] combined statistical alignment and phylogenetic joiviting to create SAPF,
a software package with the following features. The SAPFehadnsiders a multi-
ple alignment HMM built by placing an HMM transducer [37] oaoh branch of a
phylogenetic tree, and then doubling the number of statesadel both quickly and
slowly evolving regions. Thus, a state path through the f8¥aPF HMM represents
both a multiple sequence alignment and an annotation of abghment column as
either quickly evolving (neutral sequence) or slowly evwody(functional sequence).

The authors demonstrate how the combined technique oatpesfl the analysis
of a single alignment when analysing both simulated dagassdcis-regulatory mod-
ules inDrosophilaspecies. The differential in accuracy was found to be eafigtiigh
when there was uncertainty in the alignment of functiongiaes of the sequences. The
authors also demonstrate the potential for significantawgment when analysing four
species compared to analysing only a pairwise alignmentader, as the number of se-
quences to analyse increases, the number of states in the idd&ases exponentially
and as a result, SAPF can analyse up to four sequences. Whipotantial benefit of
adding more sequence data is highly dependent on the exuduni distances between
species in the dataset, recent simulation studies haverggtrated how greater num-
bers of species can increase the specificity of functioreheht recognition [13, 15].
Additionally, [13] proposed the simple rule that for a givevolutionary distance, the
number of genomes scales inversely for element length eforer, while two genomes
may be sufficient for detecting long conserved exons, thodigtéen genomes may be
needed to confidently detect TFBS.

To address this problem, Satid al. (unpublished manuscript) have created Big-
Foot: a statistical aligner and phylogenetic footprinteaittworks on large datasets.
BigFoot utilises Monte Carlo Markov Chain methods to simnéously sample from
a posterior distribution over alignments and annotatidihe authors demonstrate how
adding additional sequences can significantly improveiptigd accuracy, especially
with regards to sensitivity to weakly conserved bindingsitand the nucleotide reso-
lution for predicting the exact boundaries of the TFBS. Fatadets in both vertebrates
and Drosophilg BigFoot outperforms traditional alignment-based pheglogtic foot-
printing tools by correcting for alignment error and ambiguThe authors also report
that the joint model improves the accuracy of the multippusace aligner by grouping
together long segments of weakly conserved bases to dgredigin an entire binding
site, while a naive aligner may scatter different regionthefbinding site into multiple
regions of the overall alignment.

In order to contain the complexity of the overall model, b&APF and BigFoot
assume that all sequences in an alignment column must nadhiisame annotation
as either slowly or quickly evolving. A useful improvemeatthese models would re-
lax this constraint, allowing the model to appropriatelpresent the gain and loss of
functional regions in parts of the tree. Other potentialioyements might involve an
increase in complexity of the binding site model. SAPF angH8bt model TFBS as
slowly evolving regions. While this simplistic approach lhe&gn shown to successfully
detect functional regions, more advanced models, suchsBguostate weight matri-
ces, that take into account sequence specific features roaase predictive power if
they can be applied to multiple sequences.
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Fig. 5. BigFoot results for thevestripe 2 enhancer when analysing four sequences and ten se-
quences. For each nucleotide in themelanogastesequence, Bigfoot outputs the probability
that the nucleotide is part of a functional element and is subject to pugifsghection. Exper-
imentally verified binding sites ilD. melanogastefor the transcription factors, Bicoid (BC),
Hunchback (HB), Kruppel (KR), Giant (GT), and Sloppy-pairedSl1j are shown above the
posterior probabilities Increasing the number of species in the analgsilssrén higher posterior
probabilities in many experimentally verified binding sites, and increasesuitieotide resolu-

tion when identifying the precise locations for the TFBS.

4 Challenges

4.1 Many Sequences

The advantage of including more sequences in an alignmesgdbiavestigation has
already been highlighted, with multiple alignment bettapttring prediction reliabil-
ity for protein secondary structure predictions [63] anidwing reliable detection of
shorter features [13]. However, adding more sequence#isattly increases the com-
plexity of the alignment problem [53]. This necessitatesuise of heuristics, that will
make the multiple statistical alignment problem more @bl but at the expense of
only offering an approximate solution. Here we discuss tbssible approaches and
associated challenges when the underlying methodologynigatationally unfolding
the involved recursions [32], postponing sampling basgui@aches to a later point.

Approximating the summation The fundamental technique used for solving (multi-
ple) statistical alignment, whether finding the optimagjatnent or the data probability,
is dynamic programming similar to basic score-based (pleltialignment methods.
For a data se$ of n sequences dynamic programming tables of dimensiare popu-
lated with partial results, results corresponding to atignts of prefixes (or suffixes) of
the sequences ifi [37, 55], with separate tables capturing the differentestéte align-
ment process can be in. This technique results in time ateh afore problematically,
space requirements @2(L"), requirements that become prohibitively steep for even
a modest number of sequences. Evidently there is no way ésteid this complexity
without eliminating large chunks of the dynamic programgntables from the com-
putation. This may still produce the correct optimal aligam but for data probability
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we will inevitably ignore some contributions in the sum oa#irpossible evolutionary
histories. The challenge is to identify large parts of theaiyic programming tables
that can be ignored with only a negligible effect on the fireelut.

Without large insertion or deletion events, sequencesugillally extend more or
less at pace when traversing any plausible alignment fot afssequences. This ob-
servation is utilised in the simplest way of restricting thy@amic programming tables,
known asbanding[5]. Here positions in different sequences are only allowedlign
if their difference is less than some predetermined boue. Fanding technique is
available in the HMM compiler HMMoC [52] and subsequentlyeddor statistical
alignment in [8]. This works well as long as all plausiblegalinents fall in a narrow
band along the main diagonal of the dynamic programminggaltiowever, as overall
insertion and deletion rates increase a wider and wider basdo be applied to capture
all plausible alignments sufficiently well, diminishingetigains in efficiency.

A slightly more intelligent way to define banding, building decades of progress
on speeding up score-based multiple alignment, uses amagcore-based alignment
rather than the main diagonal to define the course of the Hagheents are restricted
to [33]. Though banding around an optimal score-based g spine goes some
way to adapt to the input data, it will still fail when thereedarge regions where the
alignment is poorly defined or when there are alternativeecto optimal alignments
with significantly different trajectories in the dynamicogramming tables, e.g. if the
input sequences contain repeats. A fully adaptive retricthould attempt to allow all
plausible alignments to be considered, rather than jughiadents close to one prede-
termined or inferred alignment.

For real data a plausible multiple alignment will usuallgiirce a plausible pairwise
alignment for any pair of sequences. Conversely, if we ifieatl the plausible pair-
wise alignments for all pairs of sequences, formalisedl@mment envelopes [39],
this defines a natural restriction on the dynamic progrargntébles — only consider
entries that result in plausible alignment columns in afl fwst) induced pairwise
alignments, see e.g. [10]. As we progress up through theigenbry tree relating the
input sequences, however, pairwise alignments may becoenegisingly unreliable as
the basis for restricting the dynamic programming tables.

Despite the dynamic programming approach to multiplestiedl alignment sketched
above not being a progressive alignment method, it may barddgeous to use a pro-
gressive approach, in particular since evolution alonghtih@ches of a tree is an inher-
ent part of the model. Solving the statistical alignmentym for the full data set will
usually be by far more demanding than solving it for the sagas in any subtree of
the assumed evolutionary tree. Hence, it is worthwhile ignatequences of subtrees
at lower levels in a progressive manner to guide the regtnistat higher levels. More
formally, for any node in the evolutionary first recursivalygn the sequences in each
subtree of the node, extract alignment envelopes for edutinemj merge the alignment
envelopes into a restriction on the dynamic programmingptafor all sequences in the
(sub)tree rooted at the node, and finally align the sequewdgsct to the table restric-
tions. In [37] it is discussed how restrictions can effasly be incorporated into the
dynamic programming computations, mentioning restnctio a single alignment as
example. The approach also bears close resemblances toelifjn algorithm for
score-based alignment [34], with alignment envelopesapd alignment graphs.

Approximating the phylogeny The reason for the steep growth in time and space
requirements of multiple sequence statistical alignmethé inherent dependency be-
tween a set of sequences related by a tree. Without knowte#dbe state of the internal
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(b)

Fig. 6. Breaking sequence dependencies. (a) If the sequence at inted®at is known, the full
data set probability decomposes into a product of independent plitbatof the three subsets
indicated; this probability is conditional on the sequence.db) Perturbing the tree by making
node 3 an internal node allows us to decompose the unconditional dagbability into just
two independent probabilities of the subsets indicated, albeit under a ewbtiigie relating the
sequences.

nodes in the tree, every possible column aligning positiooma some or all sequences
is possible and should be considered in an exact approadh. g&fps between two
consecutive positions in a sequence also correspondingihégae position, there are
©(2"L™) possible alignment columns so simply enumerating them evaatount for
the complexity of the problem in itself. One approach to winwent this problem is
to restrict the set of alignment columns considered, asnaatlabove. This will work
for a while, but it is hard to imagine a restriction sufficignjudicious to avoid the
exponential growth with number of sequences while stillmteining good approxi-
mation: imagine extending a data setrofequences with one extra sequence by aug-
menting plausible alignment columns for thesequences with positions from the new
sequences — if on average each plausible alignment colusimbee than 1 plausible
augmentation, we will still see a growth exponential in tenber of sequences.

An alternative approach is to try to break the dependen@ésden the input se-
quences. If we knew the staiee. the sequence, at an internal node of the tree relating
the sequences, the alignment problem would decomposeridepéndent alignment
problems for the subtrees attached to this internal nod€jgf6(a): due to the Markov
property of the evolutionary model, the sequences in diffesubtrees will be indepen-
dent conditional on the sequence in the internal node. Irt oases it will be infeasible
to attempt to utilise this by fixing a (small set of) plausibEgquence(s) at one or more
internal nodes. Even ignoring variation in length of plalesisequences, if just a con-
stant fraction of the positions have two or more choicesadipble characters we would
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again see an exponential growth, this time in sequenceHlen§plausible candidates
we need to consider to expect a good approximation.

For some nodes in the tree we only have one plausible sequenweever. These
are the leaf nodes corresponding to the observed sequ&wey. perturbing the tree
to make some of the nodes corresponding to observed seguatemal, as illustrated
in Fig. 6(b), we can break dependencies without having tsiden exponential large
sets of plausible sequences at any nodes. For example,.if Eig multiple statistical
alignment problem on five sequences is decomposed into tdependent multiple
statistical alignment problems on three sequences.

The drawback is that we are using a different tree to relaeértbut sequences. We
can to some extent assess the effect this will have. Thepreulilignment problem is a
special case of the problem known as the Steiner tree prolgliegen a universé/ and
a set of pointsS C U, find a tree of minimal length that connects all the point$in
In the multiple alignment casé#, corresponds to all finite sequences. A tree connecting
the points inS is called ak-restricted Steiner tree if the subtrees obtained by Byitt
the tree at all internal nodes corresponding to an elemestedich contains at most
k elements fromS. So the tree in Fig. 6(a) corresponds to an unrestrictech&téiee
on the five observed sequences, while the tree in Fig. 6(lbg¢sponds to a-restricted
Steiner tree. Constructing/arestricted Steiner tree from unrestricted Steiner trees o
subsets of at modtelements is the state-of-the-art approach to approximétia min-
imum Steiner tree length. Robins and Zelikovsky [74] présam algorithm finding a
k-restricted Steiner tree of length at most 1.55 times thémrmim length of an unre-
stricted Steiner tree. The approximation ratio of 1.55 ik/ aibtained for very large
k, though; for values of: more realistic in the multiple alignment setting the rao i
somewhere between 1.8 and 1.9. Furthermore, the problesidesad is for additive
distance, rather than probabilities that are multiplieed &%n convert to additive dis-
tances by changing to negative log-scale, but this alsoggsathe ratio to an exponent
— the guarantee becomes computing a probability of at j€ast wherep is the true
probability of the input sequences. Still, even if the exarobability is not adequately
approximated, it may not be unreasonable to assume a stoorejation between ap-
proximated and true distributions of alignments and modeameters.

Another consequence of promoting observed sequencestaahnodes is that all
possible alignments are no longer possible. Similarly tmgpgssive alignment meth-
ods, initial choices — in this case of which observed segeenc promote — will to
some extent dictate the possible future alignments. Fample if we are using the
tree depicted in Fig. 6(b) to relate the input sequencegniaents postulating homol-
ogy between characters in e.g. sequences 1 and 5 but withmolbgous character in
sequence 3 will not be possible. To some extent this probléghtnbbe alleviated by
marginalising over or sampling a set lfrestricted trees relating the input sequences.
However, this will introduce a new challenge of extractingpresentative alignment,
whether it is the most likely alignment or the alignment nmaising the expected num-
ber of correct alignment columns. When only one tree is usegset problems can be
solved independently for each subset of interdependeniesegs, and then using the
observed sequences at internal nodes as scaffolds formgeiggnments. With multiple
trees we need to optimise over the combined effect, whicls doehave a straightfor-
ward solution — exhaustive enumeration of possible aligntmer alignment columns
will again introduce exponentially large sets of possiigiti to consider.
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4.2 Realistic Models

The TKF92 model is a substantial improvement over the TKF@teh as it allows
indel events involving more than one nucleotide. The magum@ptions of the model
are that

— indel events do not overlap, and
— the indel lengths are geometrically distributed.

A natural, more general evolutionary model would relax gt assumptions, specif-
ically, by allowing indel events to overlap, and by allowiag arbitrary indel length
distribution. Below we focus on relaxing the former assuomtalthough the proper
modelling of the actual indel length distribution (see ¢#4i]) is very likely at least
as important for alignment accuracy. We refer to this momegal model as the “long
indel” model. In its general form, no closed-form solutidrtlte outcome probabilities
are known, even for a geometric indel length distributiohe Tnain difficulty is that
by allowing overlapping indel events, the fates of neighbaynucleotides become en-
tangled over time, so that the probability of the total outeodoes not factorise into
individual nucleotide outcome probabilities, as is theecas the TKF models.

To arrive at a tractable implementation of this model, soime kf approximation
is necessary. Knudsen and Miyamoto [47] develop an apprtiomthat is analytically
no more complex than the TKF models: their pairwise aligniraégorithm take$) (L?)
time, whereL is the sequence length. In fact their model is formulatedhds$MM with
the same topology as the TKF models are commonly formulateahid differs only in
the transition probabilities. It is satisfying that, in ¢ast to TKF92, this indel model
is derived from first principles, but given its similar sttuce, it is unclear how much it
improves upon TKF92.

An even more realistic approximation to the long indel madglossible, although
it needs computationally more demanding algorithms. 1 §Papproximation is used
that allows each indel event to overlap with up to two otharg] allows an arbitrary
indel length distribution to be used. The correspondingvgaée alignment algorithm
has time complexityO(L*), making the algorithm unsuitable for e.g. large database
searches. However, single pairwise alignments can stibl@puted relatively quickly,
and on a set of trusted alignments based on known 3D proteiotste, this model
outperformed TKF92. See [62] for more details.

Another important issue is that substitutions are not iedelent from each other.
In nucleotide sequences, it is well known that the subgtitutate of a nucleotide de-
pends on the neighbours. The most known example is that ti& @ptifs are fre-
quently methylated, making the methylated C mutate morpigatly to T. The context-
dependent substitution on its own is very hard to model, seexXample [2, 54, 69].
To our best knowledge, there is no published model and quurelng inference tool
that could model both the substitution process and thetingedeletion process in a
context-dependent way.

In case of proteins, the substitution rate depends on thendecy structure [24]
and also on the interaction amongst amino acids that are gidbe three dimensional
space. Since such amino acids might be at different positiorthe sequence, it is
again extremely hard to develop a computationally traetaimbdel. Indeed, even mod-
elling the substitutions are very hard, and the statisiidatence of such a model needs
Markov chain Monte Carlo methods, since analytical sohgifor the proposed model
are not known [9].

In case of RNA sequences, the substitution rates are diffémesingle and double
stranded parts. The base-pairing nucleic acids are caavovhich can be easily mod-
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elled with a dinucleotide substitution model. However,iaddstructure-dependence to
the insertion-deletion process is not easy at all. For tvquseces, Holmes introduced
a model and corresponding algorithm for likelihood caltiola [38] that has subse-
quently been accelerated [39]. However, this model aligrmgiences to a Stochastic
Context Free Grammar instead of explicitly modelling theletion of structures of
RNA sequences [41]. This allows an accelerated likelihoakdutation withO(L?)
running time, wherd. is the length of the sequences. This is a significant imprergm
compared with the running time of an algorithm that calegdhe likelihood for an ex-
plicit model. The running time of this later algorithmaX (L, L,)?), which is definitely
computationally intractable.

5 Conclusions

Although statistical alignment has made enormous progresscent years, its clear
superiority over optimisation based alignment methods alakes it imperative that it

takes on further challenges, where methods haven't beeglap®d yet. There are at
least 6 major areas to be pursued: aligning very large nusnifesequences, possibly
even thousands; aligning complete genomes, preferablgnigepairwise alignment;

local statistical alignment; combining statistical aligent with annotation problems;
more realistic substitution and indel models; Lastly, corny statistical alignment

with other data types than sequences and using existingl&dge. In more detail,

work in these areas should address the following:

1. Aligning a large number of sequences is a necessity, siagelarge number of
sequences will be available and it will be ideal to analy$eata. Even when the
problem at hand could be solved by analysing a smaller nuofisrquences, it is
convenient that the smaller subset is selected by an digoend not by a laborious
series of analysis and re-analysis by a user.

2. Many applications focus on complete genomes and takirigchastic modelling
approach would here have major advantages. This can begolirsdifferent ways.
A realistic approach is to use existing tools for genomenatignt and then realign
using the more advanced method of statistical alignmeraligtenent defines a
neighbourhood around a given alignment and explores thgreiat depth. Such an
approach is being pursued by Lunter and Satija (unpublistetlscript). This has
not been generalised to more genomes, but clearly wouldasgbie for at least a
small handful of genomes. Aligning genomes where individigmes are viewed
as atomic, also known as genome rearrangement, has beasseltiiboth as an
optimisation problem and as a statistical inference probl€ombining the two
levels of statistical alignment — insertions, deletiond aunbstitutions within genes
and gene rearrangement and copying at the genome leveleeititally possible,
but at present likely to be computationally infeasible.

3. The framework of statistical alignment has at presentamzept corresponding to
local alignment, which is of great value in sequence conspariand at the core
of programs such as BLAST. The natural model for this woulglimarge scale
deletions-insertions of random sequences, that woulcelédands of homology
behind. Whether is possible to do inference in such a modalirento be seen and
possibly a model would have to be tailored around making ecdatjpns feasible.
Extending the statistical alignment framework to locajjafnent is a real and prac-
tical issue in data analysis, however, for instance wherche®y upstream regions
of genes for regulatory signals.
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4. Annotation is one of the big areas of sequence analysistenkey categories are:
protein genes, RNA secondary structure, regulatory sigaadl finally the nature
of selection on a specific position. Normally this is done Isyachastic description
of the item of annotation as a hidden structure, where thie sththe observa-
tion (sequences) depends on the state of the hidden seubdarkov Models and
Stochastic Context Free Grammars are popular in this corftexmally a pre-
given alignment is assumed. However, in principle and tagaevantage annota-
tion and alignment could be combined. Section 3.3 consitiersimplest possible
such combination, where alignment has been combined withtation of fast and
slow for each state. This combination is based on an appaiiom not an explicit
model of the evolution of a sequence with annotation. Howd@e most purposes
this approximation is most likely very good. This applicatihas unambiguously
illustrated the value of summing out alignments. Thus, doimg alignment and
other kinds of annotation would be highly valuable.

5. Statistical alignment has proven so computationallylehging, that investigating
goodness of fit of existing models has had second priorityprasent this prioriti-
sation seems justified. This is equivalent to the statentleat,it is better to anal-
yse many sequences with a slightly incorrect model, thansieguences with the
correct model. However, at some point details about thetsgutisn and insertion-
deletion process must be re-investigated and the staliftaanework of statistical
alignment required again to prove its worth by answeringstjaes about these
processes unanswerable by optimisation alignments.

6. The analysis of most biological problems, will use a \graf approaches and in-
creasingly a “sequences only” approach will be a raritygAinent and modelling
of sequences with no perceived annotation of relevaneehaving no function,
is of limited interest. For functional sequences, expenitakrelating to this func-
tion may be available, and formulating models combiningusege evolution with
functional impact of sequences can significantly strengthference. For instance,
co-observing expression levels could be very informatitemviooking for signals
controlling mRNA expression. Other obvious examples of thiould be knowl-
edge of transcripts for protein gene annotation, basengginformation for RNA
structure annotation and ChlP-on-chip information for tagulatory signal anno-
tation.

Other areas of extensions could be suggested, but at least\wwould be too hard
to attempt anything but heuristic approaches should beepeaf for the foreseeable
future. One example could be combining alignment and redaatibn, replacing the
evolutionary tree relating sequences with structuresucaqgf recombination. Both phe-
nomena are important in viruses and virus analysis couléfiifnrom a combined so-
lution. However, each of these problems are current chgdigin their own right, and
attempts at combining them may seem overly ambitious atrasept time.

Modelling and algorithmic advances will only be of value b@ tcommunity if it
results in flexible and user-friendly software. Making s@fte that integrates all com-
ponents will be a major, but necessary challenge. The presekages took years to
develop and can handle at most 15 sequences and are in desedlon the most basic
models (TKF91/92) and possibly simple rate heterogen@lgarly, what is needed is a
software organisation that can be improved as new modelalgndthms are described
and as new modules are written. StatAlign [68] takes sonmsstethis direction, but
much more is needed.

The continued rise of statistical alignment will be veneirgsting to follow. Starting
with the Needleman-Wunsch algorithm in 1970, the scoredapproach had almost
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total dominance for three decades. Statistical alignmelyt arose as an idea in 1986
[66], but was initially of little use and formalised by a basnodel containing several
flaws. In the early 1990s Thorne, Kishino and Felsensterodiced more satisfactory
models [85, 86]. Usefulness was still limited by difficultien introducing even more
realistic models and the lack of a multiple sequence saluttidden Markov Models
were introduced into sequence alignment in 1994 [48], battotally non-evolutionary
way. Around 2000 breakthroughs in multiple statisticagjathent and discovery of the
use of HMM and transducer theory model development saw theand research in
statistical alignment take off in a major way, and we are rtyeanly at the beginning
of this revolution in sequence analysis.

6 Methods

6.1 HMM Connections

Both the TKF91 and the TKF92 models can be transformed iniraHidden Markov
Model, see Fig. 7 for the pair-HMM representing the TKF92 elod he transition
and emission probabilities of the pair-HMM are paramettiggth the parameters of
the TKF92 model, and for any pair of sequencesnd B, the emission probability
of A and B by the pair-HMM equals the observation probability 4fand B in the
TKF92 model. Moreover, the Viterbi path of the pair-HMM repents the most likely
alignment of the two sequences in the TKF92 model.

Holmes and Bruno [40] showed how to construct a multiple-HMé&&cribing the
evolution of an ancestral sequence and its descendantgireyan an evolutionary
tree. Rather than giving a rigorous proof why this stoclegstocess can be described
as a multiple-HMM, we explain it on a simple example for thseguences, see Fig.8.
The extension to any number of sequences and evolutionegystiould be obvious,
although the technical details are quite tedious.

First, note that each path from the start state to the ene statesponds to a mul-
tiple alignment. From the start state, the chain first jungpa silent state next to the
state emitting a character to all sequences. This jump rmdbaths” emanating from
the immortal link. Eventually the process reaches the ngist silent state, where a
decision is made whether there is a new root birth. If thera @ecision tree with tran-
sition probabilitieso; and1 — «; decides on which branches this nucleotide survives,
after which subsequent births associated to the survivirojeotides are introduced. It
can be verified that the path probabilities equal the prditiaisithat the TKF91 model
assigns to the corresponding alignments, a task we glaalie I the reader.

In the same vein, TKF92 can be extended to multiple alignmenttrees. The
simplest way to do this is by adding self-transitions to tHdMi of Fig.8. This fixes
fragmentations over the entire phylogenetic tree, so thade¢ls cannot overlap even
if they occur on separate branches, clearly creating urat#sicorrelations between
independent subtrees. A better behaviour is obtained ifttree-state TKF92 HMM
is used as building block on each of the branches, and conuatiensequences (not
fragmentations) at internal nodes. Holmes introduced treept of transducers, or
conditionally normalised pair HMMs describing the evotutialong a branch, which
provides an algorithmic way to construct multiple-HMMs otree [4, 37]. This leads
to an HMM with the same number of states as before, but oneatloats overlapping
indels as long as they occur on separate branches.
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Fig. 7. The TKF92 model [86], interpreted as a Markov models the insertion ratey is the
deletion ratey is the parameter of the geometric distribution of inserted and deleted fragme

andg(t) = % Emission probabilities are given by the continuous-time substitution
model of the TKF92 model, with the probability of joint emission of two chteecequalling
the joint observation probability of two characters in the substitution modksengle emissions

following the equilibrium distribution of the substitution process.

6.2 Theoretical Background of MCMC

The optimal multiple sequence alignment problem with sudpairs scoring scheme is
proven to be NP-hard [87]. Although a similar proof does nastfor the case of mul-

tiple statistical alignment, it is a strong conjecture tin@ multiple statistical alignment
problem is also NP-hard. Therefore, there is little hopeaféast algorithm that guar-
antees optimal multiple alignment in a statistical alignineamework. In lieu of ex-

act deterministic algorithms, stochastic optimisatiorthnds, especially Markov chain
Monte Carlo methods have been widespread. The Markov chairté/Carlo methods
construct a Markov chain that converges to a prescribedllision. In case of statisti-
cal alignment, this prescribed distribution is typicaletjoint posterior distribution of
multiple alignments, evolutionary trees and model paranset

The Metropolis-Hastings algorithm Metropoliset al.[59] published the first Markov
chain Monte Carlo algorithm that was investigated by Hastif80], hence called the
Metropolis-Hastings algorithm. The Metropolis-Hastimdgorithm is used to construct
a Markov chain that converges to a prescribed distributicver state spac8. The
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Fig. 8. Multiple-HMM describing the evolution of three sequences related by arstey-under

. s ) t; oA ae =ity
the TKF91 model. The following abbreviations are used:= """, §; = S=S5—50, 7i
l—eiut’i

l_a,‘f"i, wheret; is the length of the branch descending to verier the phylogenetic
tree. Big circles are states that emit the column shown according to thelyingesubstitution

model; R, X, Y and Z represent characters in the root sequence atitr&e observed sequences,
respectively. Small circles represent silent states. See also [40].

algorithm can tailor any Markov chain to convergentd the following characteristics
are true for the Markov chain:

— If the Markov chain can step tgp from z, then it also can step te from y. More

formally,

Ve,y e S:T(ylx) #0 = T(x|y) #0 (14)
whereT (y|x) is the probability that the chain moves to stagegiven that it is in
stater.

— The chain is irreduciblg,e. there is a path with positive probability between any
pair of states. IfP is the transition matrix of the Markov chain then this praper
can be formalised as

Vz,y € S3n: (1TP"|1,) #0 (15)

wherel, is a vector containing in coordinater, and0 in all other coordinatesl;
denotes transposition, arid| -) denotes scalar product.
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The Metropolis-Hastings algorithm is comprised of two stéhe first step is called
proposal in which a randony is drawn from the conditional distributidfi(-|x). In the
second step, a random decision is made to decide whethert dha@roposed; is
accepted. A random numberis drawn from the uniform distributiotv[0, 1] and the
next state of the Markov chain isif

(16)

< min {1, 20010

()T (ylz)

otherwise the next state of the Markov chain also willibét is easy to show that the
so-generated Markov chain converges to the prescribedbdison 7, seee.g.[49].

Partial importance sampling Since the target distribution of MCMC is typically a
high-dimensional, complicated, non-Euclidian space, ghaposed new state of the
chain is usually drawn by a series of random decisions. QGuresely the same state

y sometimes can be proposed franin several different ways, and hence it is not so
easy to calculatd’(y|x) which is, by definition, the sum of the probabilities of the
possible series of random decisions that yieldeom x. When calculating this sum is
computationally demanding, it might be worthwhile takingaternative approach. If

y can be proposed from in several ways, for each possible waythere is a backpro-
posal wayw’ yielding = from y, and the mapping from proposal to backproposal ways
is a bijection, then the Metropolis-Hastings ratio in E¢g)(tan be replaced by

. W(y)T(IL‘, w/ly)
mm{l’ (@) Ty, o) } 40

whereT'(y, w|z) denotes the probability that stateis proposed frome by way of
w andw’ is the backproposal way correspondinguto A proof that the Metropolis-
Hastings ratio in Eq. (16) can be replaced with the ratio in @d) without changing
the stationary distribution of the Markov chain can be foimf58].

One situation where we may find several ways to propose ot fsten another
state is when the states of the Markov chain are describedcsrs, and the proposal
procedure first chooses a subset of the coordinates befanéndy random new values
for the selected coordinates. If the procedure allows nduegadentical to old values
to be drawn for one or more selected coordinates, any supar#iee changed coor-
dinates could have been the selected coordinates. A bijebgtween proposal and
backproposal ways can be easily constructed, however, f@gagnt of the set of se-
lected coordinates. The procedure of first selecting a rarsldoset of coordinates and
then updating the selected coordinates is cafladial Importance Samplingand can
be viewed as the discrete version of Green’s Reversible M&IC [26].

6.3 MCMC in Practice

A case study for MCMC on the TKF92 model Since the joint distribution of align-
ments, trees and parameters is a high dimensional distnibiiat is too complicated for
direct, analytical inference, Markov chain Monte Carlo,[39] has been used for sam-
pling from the posterior distribution. One of the key quess here is how far we can go
with the analytical calculations. For the biologically de®liable, but computationally
more tractable TKF91 model [85], Luntet al.developed a fast algorithm [57,58] that
calculates the likelihood of an evolutionary tree and a iplgltsequence alignment of
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observed sequences. A similar fast algorithm in the casbeofTKF92 model is un-
known, and hence, more data augmentation is necessary vwdrkimg/with the TKF92
model.

This data augmentation includes sequences associate@ iotémnal nodes and
pairwise sequence alignments of neighbour nodes asst¢tatbe edges of the evolu-
tionary tree. Since the likelihood of substitution everas be efficiently calculated with
Felsenstein’s algorithm [16], only the distribution of clitional likelihoods are stored
— also known as “Felsenstein’s wildcards” [40] — at intemadies of the evolutionary
tree. We call this structure axtended alignment

In the paper of Miklost al.[63], the Markov chain performs a random walk on the
space comprising the following components:

— Edge lengths of the tree

— Model parameters

— Extended alignment, described above
— Tree topology

The applied Metropolis-Hastings moves change one of thgpooents randomly, each
component selected with a fixed, prescribed probability Wes chosen to maximise
the mixing of the Markov chain.

Standard techniques were used for modifying edge lengttiparameters in the
model, see [58]. Changing the alignment is the most timesgiing event, since the
running time of proposing a new alignment is proportionah product of the lengths
of the aligned sequences. A possible solution is modifyinly a part of the alignment
(“subalignment”), which decreases the running time of the of proposal. Although
it also decreases the mixing of the Markov chain, the ovpeafiormance of the Markov
chain in terms of total computational time improves [58,8%]e subalignment is spec-
ified by a subtree and by the first and last column of the salealignment region
(“window”) of the root node of this subtree. This window istemded to all nodes on
the subtree, thus selecting a partial multiple alignmeritlvBhould be altered. How-
ever, since the Markov chain walks on extended alignmenisai non-trivial question
how to propose a random subalignment in a way to maintaindbersibility of the
move, which is required by the Metropolis-Hastings aldont see Eq. (14). The trick
lies in the observation that if the borders of the selectettdaiv at the root node are
marked with the neighbouring Felsenstein wildcards #ratnotwithin the window,
then regardless of insertions or deletions at the beginmirend of the new alignment,
the same window will be available for selection in the newathent. Hence, the orig-
inal alignment will be available for (back)proposal fronethew alignment. If, on the
other hand, the first and last Felsenstein wildcavikin the window had been chosen
to indicate the borders of the window, the proposal mightahwtys be reversible — for
an example, see Fig. 9(a).

The distribution of window lengths is set such that the efg@cunning time of
an alignment changing step in the Markov chain grows appratély linearly with the
lengths of the sequences.

Sequences are iteratively realigned on the selected suitiein the selected win-
dow. In each iteration, the new alignment is drawn by the BodaBackward sampling
algorithm [12] with a pair-HMM with ancestral states (“HMN)3see Fig. 10. We opted
not to use the pair-HMM corresponding to the background maedece that would have
seven non-silent states, while the model applied has only $tates after null-cycle
elimination. This reduction of the number of states causgsead boost of a factor of
four to the calculation of proposal probability of the aligent change. The deviation
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Fig. 9. (a) If the window borders are indicated by the first and last ancesttaéRstein wildcard
within the window (indicated as underlined), a proposed alignment couliddea situation from
which the original alignment could not be obtained by the same rules itig Wvindow borders
are indicated by neighbouring ancestral Felsenstein wildcards thab@angthin the window and
will not to be realigned, no possible alignment will lead to such a situationttere will always
be a positive probability for backproposal of the original alignment.

from the TKF92 model did not cause low acceptance ratio feralignment changing
moves.

Nearest neighbour interchanges (NNI) were used for aljetie topology as de-
scribed in [11], which transform a rooted subtree in the wagyws) on Fig. 11. Since
the alignment looses its validity after a topology chanpe,dix affected sequences on
the quartet are realigned after each nearest neighbouclatege move — the five pair-
wise alignments are obtained by first aligning A and F to G gishe HMM3 shown
above, then S and D to P the same way and finally P to G using thélpiM.

Fast partial importance sampling for changing tree topologes When the tree topol-
ogy is changed in the above-mentioned MCMC, the extendephrakent has to be
changed, too, since a new tree topology might be inconsiatiémthe current extended
alignment. Drawing a new alignment takés %) running time, wherel, is the av-
erage length of the sequences. Nevertheless, new aligarasnproposed using the
Forward-Backward sampling algorithm [12], which needscgdeepresentation of real
numbers to avoid underflow errors, and hence it is a relgtslelv algorithm. Instead, a
faster method has been implemented by Noe&&l. [68] based on local realignments,
explained below.

Inconsistency happens at insertions and deletions, whiteologous positions are
indifferent to topology changes. Therefore if one woule lils use NNI (Nearest Neigh-
bour Interchange) operations to change the tree topologynaght think that it suffi-
cient to realign those segments of the extended alignmemitich insertions-deletions
happen. However, new homologous positions might ariseguaalignment, for which
the reversibility rule in Eq. (14) would not hold. Therefpeenon-zero probability for
realigning homologous positions is required.

Having discussed this, the proposed algorithm for topolcggnge is working as
follows: An internal edge is selected uniformly, and twodam subtrees are chosen,
one for each end of the selected edge. An NNI operation iopegd by swapping
these two subtrees. The internal edge defines a quartettfaswith four leaves). The
characters that are homologous on the quartet are markeayiina small probability
they are selected for realignment. All non-homologous timss are also selected for
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Fig. 10.The pair-HMM that is used to realign sequences of the selected sulntiakruns,p was
set t00.99 andq was set td).6. Emission probabilities followed the corresponding substitution
model.

F F

: :
/N, —— /\
A P S P

/ N\ / N\

S D A D

Fig. 11.Effect of a single Nearest Neighbour Interchange step on a roobgesuAn NNI move
changes the sibling (S) of a daughter with her aunt (A). F, A, S and Danayay not be leaf
nodes.

realignment. The selected positions define a set of windowisa extended alignment
that have to be realigned. This set of windows defines the wayestate in the Markov

chain is proposed. After realigning the selected windoWws, game windows can be
selected with non-zero probability in the new alignmentdesthe backproposal to the
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original alignment has non-zero probability as requirelde @mount of time spent on

the realignment is
> P (18)
f

where the sum is over the windowfs andi(f) is the length of the window. Since the
sum of the length of the windows is less than or equal to thgtlkeof the extended
alignment, and the extended alignment typically gives tiseumerous windows, the
running time of this protocol might be significantly lessritithe time needed to realign
the entire sequences. The modified Metropolis-Hastings iatalculated as specified
in Eq. (17), which also significantly reduces the computstidime. Indeed, the transi-
tion probabilityT’(y|=) might be tedious to calculate due to the combinatorial esipto
of possible sets of windows that might be selected for reatignt, but subsequently not
changing the alignment in these windows.

According to experience, this new protocol not only decesabke time needed for
one MCMC step, but it also increases the acceptance raticos&ilple explanation
for this is that the alignment is changed only with a smallbatality if no change
is necessary. If the entire sequences were realigned, agabpomprising a preferred
topology change and an accidentally unlikely novel aligntmaight be rejected due to
the unlikely alignment part. Since only a part of the aligmtnis changed, the chance
to perturb the alignment in an unfavourable way is decredsedhermore, the win-
dows where insertions and deletions happened are chandgegrobability 1. If the
sequences can be aligned better in these windows on the eevtopology, the pro-
posal kernel will propose this new alignment with high prioitity.
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