Motivation

The Eikonal equation is well established for mod-
elling wave propagation in the field of cardiac elec-
trophysiology. It offers fast computation speeds
in contrast to the bidomain or monodomain mod-
els. Consequently, developing effective algorith-
mic solution techniques to the Eikonal equation is
an immediate and valuable task. In this project, we
look to apply the “Fast Marching Method” algo-
rithm and more conventional PDE solvers within
the Chaste computation environment, with a view
to eventually applying this over large clusters.

The world of cardiac modelling

Successful understanding and modelling of car-
diac behaviour forms a crucial part of a high-
performance computational model of the human
body, helping to predict and treat heart disease
and inform drug design. A first-principles model
proves to be computationally prohibitive but it is
possible to take a perturbation from the rest state
and take fist order terms to find the Eikonal equa-
tion: |Vg| = f(X) or y/V¢TMTVe = f(X) where M is
a tensor related to the conductivity of the medium,
¢ is our scalar which describes the wave at each
point and f(X) is a function which describes the
local electrical characteristics of a medium. Solv-
ing this equation consists of finding isochronic con-
tours of ¢ and hence finding wavefronts, given ini-
tial boundary conditions.

Over the course of the derivatoin of the Eikonal
equation we encounter discretisation both in space
and time, meaning our solutoin environment will
be a discrete mesh of nodes spread over our space,
leading us to explore graph-theoretic methods.
Similarly, the discretisation in space makes an al-
corithmic approach very tempting.

A word on Chaste

Chaste (Cancer, Heart and Soft Tissue Environ-
ment) is a computation suite written in C++ de-
signed to model cardiac and other biological sys-
tems. It follows a “test-driven” approach, and
there exists within the extensive codebase methods
for approaching solving the Eikonal equation. Of
particular relevance to us is a graph-theory-based
method using Dijkstra’s algorthim and many non-
inear PDE solvers designed for FEM solutions.
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Errors
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The above figures demonstrate the deviation from the analytical solution when solving the isotropic
Eikonal equation on a circular mesh using the Fast-Marching Method, Dijkstra’s algorithm and FEM ap-
proaches. As we can see, Dijkstra is very noisy, FMM exhibits controlled error growth and FEM has a
uniform (adjustable) low tolerance.

In the above solutions the FMM appears to exhibit large error growth towards the centre of the circle; more
generally, the solutions grow less accurate in regions of high wavefront curvature. This follows from the
approximation that the solution and wavefront is a piecewise flat surface in (X,t). The only real way to
avoid this with the FMM is intelligent mesh refinement in regions of high wavefront curvature.

The FEM solutions have the attractive property of having an adjustable tolerance threshold; our solutions
will eventually approach the “best” solution that the mesh discretisation will allow. It is, however, pro-
hibitively slow compared to the graph-theoretic methods of order 10° making it only useful when very
accurate local results are required. We think that an overall most etfective approach would be based on the
FMM, hybridised intelligently with the FEM solvers in regions of high wavefront curvature, and possibly
Dijkstra in regions of very low structural complexity.

Results

These figures have been generated from the output produced by our code. In these figures, we see the
Eikonal equation solved over a cuboid and two hearts; the first two show our solution in terms of a spec-
trum demonstrating when each node is activated, the second highlights some isochrones over the heart.
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Comparison of Parallel Solution Technigues for the Eikonal Equation

Finite Element Methods

It is naturally of interest to consider the usual nu-
merical approaches to solving nonlinear PDEs and
seeing how these respond to anisotropic meshes
and reduced discrete boundary conditions. We
used a Navier Stokes form |Vé|* = 1 — I'V2%p or
0V¢|° = 1 —TV% where o € V* ® V*,V € R® and
in this investigation the I" term is constant and iter-
atively reduced in order to solve the unsmoothed
equation. The favoured approach, due to the com-
plex nature of the mesh and boundary conditions,
and the need for time etficency is the Galerkin Finite
Element Method (FEM).

The idea behind this approach is to convert, for
the linear case, an infinite dimensional inversion
problem into a finite dimensional one by laying a
mesh over the domain and taking the vector space
formed by the linear span of some basis functions,
taken prototypically as piecewise linear over the el-
ements, with no basis function being non zero over
a small (mesh dimension dependant) number of el-
ements. This means that the matrix inversion prob-
lem one reduces to is a diagonal block matrix that

ay be easily inverted.

Fast Marching Method

Graph theoretic methods already exist in Chaste,
fundamentally based on Dijkstra’s algorithm.
However, this approach confines our signal to trav-
elling along the edges between nodes, neglecting
physical information, and hence gives noisy re-
sults. The “Fast Marching Method” is a well es-
tablished algorithmic approach to find approxi-
mate solutions to the Eikonal equation. It resem-
bles Dijkstra’s method, but differs in how it uses
local information to estimate the travel times to
nodes on the mesh. The algorithm begins by as-
serting a subset of ‘source’” nodes to be zero dis-
tance, then uses this information to estimate the
time at which the wavefront will reach neighbour-
ing nodes; each iteration of the algorithm then con-
sists of the finalisation of one of these nodes, and
use of its wavetront-time to estimate that of neigh-
bouring nodes. This uses the maximal amount
local information to estimate nodes’ wavefront-
time. The physical interpretation of this imple-
mentation is that Fast Marching allows geodesics
to pass through the volume of elements, taking us
closer to an analytical solution.




