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Mini project-examination
• It is expected to be 3 days worth of work.  

• You will be given this in week 8

• I would expect 7-10 pages

• You will be given 2-4 key references

• A set of guiding questions that might help you in your writing

• You can chose between a set of topics broadly covering the taught material

"Where a topic is assessed by a mini‐project, the mini‐project should be 
designed to take a typical student about three days. You are not permitted to 
withdraw from being examined on a topic once you have submitted your mini‐
project to the Examination Schools."

The course
• Self contained

• Contains Probability Theory, Combinatorics, Algorithmics and Mathematics

• Independence is encouraged

• Research Oriented 



Mini chosen so far
2008 Computational Biology and Bioinformatics

2009 Computational Biology of Sequences

2009 Computational Biology of Networks

Probability Theory of Networks                                             93
Inference of Gene Regulatory Networks using Differential Equations                                                       84
Network flow and its applications to the analysis of metabolism                                                              57

Automated Annotation of Genes                                              87
Stochastic Context Free Grammars in RNA Secondary Structure Prediction                                           81
Substitution Models with Rate Heterogeneity                                                                                  70                                             

Comparison of Networks
Grammar Evolution Model                                                                                                      42

2010 Computational Biology and Bioinformatics

Identification of Regulatory Elements – Phylogenetic Footprinting                                                            77
Phylogeny Reconstruction – Distance-based Methods                                                                            57
Probable and Improbable Paths in Sequence Evolution                                                                          79
Probabilistic Methods for DNA Sequence Alignment                                                                             69
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Central Problems: History cannot be observed, only end products.

Even if History could be observed, the underlying process couldn’t !!
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2) Processes in different positions of the molecule are independent, so the probability for 
the whole alignment will be the product of the probabilities of the individual patterns.

Simplifying Assumptions I
Data: s1=TCGGTA,s2=TGGTT

1) Only substitutions.                      s1   TCGGTA         s1   TCGGA
s2   TGGT-T         s2   TGGTT 

TGGTTTCGGTA

a - unknown
Biological setup

TT

a1
a2

a3
a4

a5

G G T T
C G G A

TGGTT)(TCGGTA)(*)( →→= ∑ aPaPaPP
a

TGGTT)(TCGGA)(*)( →→= ∑ aPaPaPP
a

Probability of Data P = P(TCGGTA,TGGTT)
0) Independent Lineages:



Simplifying Assumptions II

3) The evolutionary process is the same in all positions  

4) Time reversibility:  Virtually all models of sequence evolution are time reversible. I.e. 
πi Pi,j(t) = πj Pj,i(t), where πi is the stationary distribution of i and Pt(i->j) the probability 
that state i has changed into state j after t time.  This implies that

P(a)
a
∑ * Pa ,N1(l1)* Pa,N 2(l1)  =  PN1 * PN1,N 2(l1 + l2)

=
a

N1 N2

l2+l1l1 l2 N2N1

)2s()1s(*)(
5

1
iiii

a
i

i
aPaPaPP →→∏= ∑

=



Simplifying assumptions III: Continuous time markov chains (CTMC)

0 tti ti + 10 ni i + 1S2

S0

Sk

S1

Properties: X ~ Exp(a)  Y ~ Exp(b) independentExponential Distribution: 

P(X>t)= e-at

5) The nucleotide at any position evolves following a continuous time Markov Chain.  
Pi,j(t) continuous time markov chain on the state space {A,C,G,T}. 

6) The rate matrix, Q, for the continuous time Markov Chain is the same at all times (and often 
all positions).  However, it is possible to let the rate of events, ri, vary from site to site, then the 
term for passed time, t, will be substituted by ri*t. 

E(X) = 1/a.

P(X < Y) = a/(a + b).

min(X,Y)  ~ Exp(a + b).

Q := lim P(h) − I
h

Rate Matrix:

P(X>t2|X>t1) = P(X>t2-t1)    (t2 > t1) t1



From Q to waiting times and jump probabilities

S2

S3

Sk

S1

S0

q01

q02

q03

q0k

q0. = q01 +  q02 +  q03    +  …..  +  q0k 

Let X(t) be stochastic process governed by Q.

The waiting time in Si, T = mint{X(t)<>Si| X(0)=Si} is exponentially distributed with intensity q0..  

Jump probabilities : P(X(T)=Sj|X(0)=Si)= qij/qi.

How to simulate a random path starting in A: A X(0)    t=0.0

1)  t+=~Exp[qX(t),X(t),]

2) X(t):=[qX(t),1, qX(t),2,.., qX(t),k,]/qX(t),X(t),   (many qX(t),j can be 0.0 and be ignored)



i. P(0) = I

From Q to P(t)
What is the probability of going from i (C?) to j (G?) in time t with rate matrix Q?

ii. P(ε)  close to I+εQ  for ε small

iii. P'(0) = Q. 

iv. lim P(t) has the equilibrium frequencies of the 4 nucleotides in each row

v. Waiting time in state j, Tj, P(Tj > t) = eqjjt

.......
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Jukes-Cantor (JC69):  Total Symmetry
Rate-matrix, R:             

T    O

A                  C                      G                      T

F A     −3∗α α    α α
R C       α −3∗α α α
O G       α                      α                     −3∗ α                      α
M T       α                       α                        α                      −3∗ α

Stationary Distribution: (1,1,1,1)/4. 

Transition prob. after time t,  a = α*t:

P(equal) =   ¼(1  +  3e-4*a ) ~  1 - 3a        P(specific difference) =   ¼(1  - e-4*a ) ~  a



Exponentiation/Powering of Matrices

Qi = BΛB−1BΛB−1...BΛB−1 = BΛiB−1thenQ = BΛB−1 Λ =

λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 λ4
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(tQ)i

i!i= 0
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i!
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∞

∑
i= 0
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∑ ]B−1 = B

exp tλ1 0 0 0
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B−1and

Finding Λ:  det (Q-λI)=0

By eigen values:

Numerically: (tQ)i

i!i= 0

∞

∑ ~ (tQ)i

i!i= 0

k

∑ where k ~6-10

JC69: P(t) =

1 1/4 0 1
1 1/4 0 −1
1 −1/4 1 0
1 −1/4 −1 0
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Finding Β:   (Q-λιI)bi=0

MOLER & VAN LOAN 2003 Nineteen Dubious Ways to Compute the 
Exponential of a. Matrix, Twenty-Five Years later. SIAM. 45.1.3–000.



From Q to P for Jukes-Cantor
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Principle of Inference: Likelihood
Likelihood function L() – the probability of data as function of parameters: L(Θ,D)

If the data is a series of independent experiments L() will become a product of Likelihoods of 
each experiment, l() will become the sum of LogLikelihoods of each experiment

In Likelihood analysis parameter is not viewed as a random variable.

increases.data  as (D)ˆ:yConsistenc   trueΘ→Θ

LogLikelihood Function – l():   ln(L(Θ,D))

Likelihood
LogLikelihood
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