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Background and Motivation. Given a sample of sequences  from a population,  it  is  important  to calculate 
the probability that they evolved from a known ancestor in order to make estimates of mutation rates, and to 
produce  accurate models  of  population  structure,  selection  and  recombination.  The  infinite  sites model  is 
commonly  used  to  model  mutations  in  sequences.  Together  with  the  coalescent  model,  it  describes  the 
evolution of infinitely long sequences. Between 1987 and 1995, Ethier, Gri￼ffiths and Tavaré published a series 
of  recursions  for  calculating  these  probabilities  under  the  infinite  sites  model.  However,  exact 
implementation of these recursions is extremely slow for large data sets, and approximations must be made 
in order to accelerate calculations whilst maintaining reliability of results.  

Previous  work  on  approximation  techniques  for  these  models  focused  on  a  classical  Monte  Carlo 
approximation  scheme,  importance  sampling  (Liu,  2001).  Importance  sampling  requires  a  proposal 
distribution to be defined over histories, that is easy to sample from. The efficacy of the algorithm (measured 
in terms of the so called effective samples size, ESS) critically depends on the similarity between the proposal 
and  the  true  distribution  of  histories.  Until  recently  series  of  proposal  distributions  have  been  published 
(Felsenstein  et  al.,  1999;  Stephens  and  Donnelly,  2000;  Hobolt  et  al.,  2008,  to  appear;  Andreassen  and 
Okholm,  2008),  but  even  with  using  the  most  advanced  methods  importance  sampling  cannot  provide 
satisfying results for large datasets. 

Another widely used class of Monte Carlo sampling techniques are Markov chain Monte Carlo (MCMC) 
techniques (Liu, 2001), which usually provide somewhat more reliable results than importance sampling. We 
are not aware of any published work investigating MCMC sampling for the models concerned here.  

The infinite site model clearly falls into the class of self‐reducible counting problems: the likelihood of 
each  potential  history  can  be  calculated  quickly,  the  hard  counting  problem  is  the  summation  of  the 
likelihoods over all possible history. Griffiths and Tavaré (1995) gave a recursion for the exact calculation of the 
likelihood, however, this algorithm runs in exponential time in worst case. Since the problem is self reducible, any 
FPAES (Fully Polynomial Almost Exact Sampler) for the possible evolutionary hystories would provide an FPRAS 
(Fully Polynomial Randomized Approximation Scheme) for the total likelihood and vica versa, a FPAES could be 
constructed from any FPRAS. An FPAES is an algorithm whose input is a data sequence x and an ε > 0 and  
generates random samples from a distribution pε such that 
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where dv is the variational distance, πx is a distribution defined by x, and the algorithm’s running time is polynomial 
in both |x| and –log(ε). An FPRAS is an algorithm with inputs x, δ and ε, and generates a random estimate 
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and the running time is fully polynomial with |x|, 1/ε and –log(δ). For more details see the introductory lecture by 
vigoda on the web: http://www.cc.gatech.edu/~vigoda/MCMC_Course/Sampling-Counting.pdf 
 
Goals  of  the  project.  The main  aim  of  the  project  is  to  give  lower  and  upper  bounds  on  the  goodness  of 
techniques  that  try  to  estimate  the  total  likelihood  of  some data  in  the  infinite  site model  (or  equivalently, 
samples histories  and ancestral  states  from a distribution  that  is proportional  to  their  likelihood). Recently 
Miklos (http://ramet.elte.hu/~miklosi/msis.pdf) gave upper and lower bounds on the relaxation time of an MCMC 
that  samples  from a distribution  that  is described by a derivation  tree  (Sinclair & Jerrum, 1989). The central 
property here is the hiddenness of the derivation tree. If the hiddenness of the derivation tree might grow 
exponentially with the data size, then the Markov chain will have torpid mixing, on the other hand, if the hiddenness 
rate has an upper bound that is polynomial with the data size, then the relaxation time of the Markov chain is 
subexponential. Therefore the first central question is what the hiddenness rate of the derivation tree is under some 
particular auxilary distributions. There are several natural candidates for these auxiliary distributions: the partial 
likelihoods of the prefixes of histories, the number of possible histories with the so far observed prefixes, any other 
auxiliary distribution coming from the existing scientific literature on Sequential Importance Sampling. 
  Miklos et al.  (2009) recently proved that  in case of genome rearrangement,  there might be arbitrary 
big  gaps  in  the  network  spanned  by  the  evolutionary  histories,  and  hence  describing  the  solutions  with  a 



derivation tree instead of a network does not help for a particular Markov chain. However, Miklos and Darling 
(2009)  showed  that  additional  transition  kernels  in  the Markov  chain might  help  in  the mixing  even  if  the 
hiddenness rate grows exponentially with the input data size. there are natural transition kernels that perturb 
a small part of the actual history, see for example Mithani et al. (2009). It is a natural question how big gaps 
exist in the space of evolutionary histories under the infinite site model? If the size of the gap grows at most 
logarithmically with the data size, then a transition kernel with small perturbations could yield an irreducible 
chain. If the diameter of the Markov chain is small, then a Markov chain with such transition kernels would be 
a candidate for a rapidly mixing Markov chain since the backproposal probabilities would remain large due to 
the  small  perturbations.  Note  that  the  small  backproposal  probabilities  cause  the  slow  convergence  of  a 
Markov chain on genome rearrangement histories (Miklos et al., 2009). 
 
Plan.   
• Read the corresponding literature 
• Implement the MSIS Markov chain, infer the mixing via how quickly a path is grown from the root to a 
leaf of the derivation tree 
• Give theoretical upper and lower bounds on the hiddenness rate of the derivation tree 
• Design and implement an irreducible Markov chain on the evolutionary histories. Infer the mixing of 
the Markov chain based on some traditional measurement (loglikelihood trace, autocorrelation, etc.) 
• Try to give lower and upper bounds on the relaxation time of the designed Markov chain 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