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5
The coalescent with
recombination

5.1 Introduction

Genetic recombination occurs in most types of organisms on earth,
including eucaryotes, bacteria, and viruses. Recombination occurs by
quite different mechanisms in these three different types of organisms. In
eucaryotes recombination is usually associated with sexual reproduction.
Thus, it is generally believed that sexual reproduction exists because it
facilitates genetic recombination. No generally accepted theory is available
to explain why genetic recombination is so common, but in its favour are
arguments that genetic recombination ensures that favourable variants are
brought together in the same sequence (or, equivalently, that sequences
are created which do not harbour any deleterious variants), and that recom-
bination can maintain more variation which may enable survival over an
evolutionary time scale.
The simple coalescence process, including the various extensions in the

previous chapter assumes no recombination and this body of theory can
therefore strictly speaking only be used on non-recombining sequences.
In animals, only Y-chromosomes and perhaps mitochondrion satisfies this
constraint, and it is therefore pertinent for practical analysis that recom-
bination can be build into the process. Fortunately, this is possible as
shown by Hudson in 1983 very shortly after the coalescent process was first
formulated. However, recombination adds much more complexity than
any of the extensions discussed in Chapter 4, mainly because no single
‘coalescent tree’ can describe a sample of recombining sequences. A graph
is required to describe the ancestral process which complicates the math-
ematical description considerably. However, the presence of recombination
often makes estimators of evolutionary parameters more accurate than
those for non-recombining sequences (see Chapter 6). Furthermore, recom-
bination is the key force that enables us to perform linkage disequilibrium
(LD) mapping in the search for common diseases (Chapter 7).
We will begin this chapter with a data example showing some of the

hallmarks of recombination. We will discuss how the biology of recombin-
ation is captured by simple models of recombination and the alternative
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form of genetic exchange called gene conversion. We will then formulate
the coalescent with recombination process (and its gene conversion counter-
part), and finally we will discuss several properties of the complex process
that are important for understanding of genetic variation in haplotypes and
for our ability to detect the presence of recombination.

5.2 Data example with recombination

The Apolipoprotein E locus is an important human gene because vari-
ation in the gene is associated with increased risk of Alzheimer’s disease.
Figure 5.1 shows the segregating sites in a large study by Fullerton et al.
(2000), for the different haplotypes, including their frequencies in four dif-
ferent human populations. It can be seen that some haplotypes are much
more common than others as expected under the coalescent model and
that there are groups of similar haplotypes, which are quite different. This
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Figure 5.1 The segregating sites in the study of the Apolipoprotein E gene by Fullerton
et al. (2000). Shown are the thirty-one different haplotypes with twenty-one segregating
compared to the corresponding nucleotides in a chimpanzee sequence, enabling us to see
which variant is most likely to be ancestral. The frequencies of each of the thirty-one
haplotypes in five human populations are also shown. J = Jackson (African-American),
C = Campeche (Hispanic), N = North Karelia (Finnish), and R = Rochester
(European-American).
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Figure 5.2 Matrix showing cases of significant LD between pairs of informative sites for
the Rochester population. Grey hatching denotes significance at the 5% level, black at the
0.1% level. Informative sites are sites where both alleles are present in at least two
sequences each.

can be caused by a deep split in the coalescent tree. However, there are
major difficulties in fitting these sequences into a single gene tree as was
done in the example of the Y-chromosome in Chapter 1. Many pairs of
sites cannot be fitted on a single tree topology without assuming at least
three mutations. The pair of sites are therefore said to be incompatible.
As an example, for the Rochester population, 32% of all pairs of sites
are incompatible. Genetic recombination creates incompatibilities since it
allows different parts of the sequence to have topologically different trees
(see below). Another sign that recombination has occurred in this data
is the pattern of LD over the sequence. LD is a measure of non-random
association of alleles at different sites and is therefore indirectly a meas-
ure of the correlation of genealogical trees for different segregating sites.
Figure 5.2 shows which pairs of sites are in strong (statistically signific-
ant) LD. There is a weak tendency that highly significant LD is found for
sites close to each other. Indeed, Figure 5.3 shows that LD is smaller the
further apart the segregating sites are. Recombination leads to this pattern
since sites far apart experience more recombination events between them
than sites close together. Thereby, genealogical trees far apart becomes less
correlated than trees close together.
The decrease in correlation with distance is the whole basis for LD map-

ping, since a site located close to a disease causing variant shares more
history with the variant site than sites further away.
A mismatch distribution for the data set is shown in Figure 5.4. The dis-

tribution is unimodal consistent with exponential growth in the population
(see Chapter 4). However, calculation of Tajima’s D shows a value close to
zero and not a negative value as expected under growth. Thus, in this case
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Figure 5.3 LD measured by the r2 statistic (see Chapter 7 for a definition) using only sites
with minor allele frequency 5%, in the Apolipoprotein E data set from the Rochester
population.
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Figure 5.4 The mismatch distribution for the apolipoprotein E data set (see Section 2.5.3).
The signature of a tree disappears and all pairs tend to have similar numbers of mismatches.
So one should expect a slimmer distribution of mismatches around the same mean in the
presence of recombination.

it is more likely that recombination has caused the unimodal mismatch
distribution because recombination shuffles variation between sequences,
making them more equidistant.

5.3 Modelling recombination

5.3.1 Hudson’s model of recombination

Hudson introduced recombination into the coalescent process and presented
a simple model in 1983. Even though the model is very simple and does not
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capture intricate details of the biology of recombination (see below), it
still forms the basis for most applications of coalescent theory to recom-
bining sequences. It is very easy to simulate sequence data sets under the
model. However, it is much more difficult to conduct inference under this
model than under the coalescent models outlined in the previous chapters.
This is because the structure needed to describe the relationship of a set
of sequences is now a complicated graph, rather than a single tree. Even
simple quantities concerning this graph are complicated or impossible to
calculate analytically.
Hudson’s model of recombination is illustrated in Figure 5.5. Choose

a random point uniformly along the chromosome, then copy the genetic
material from one parent chromosome to the left of this point and copy the
genetic material from the other parent chromosome to the right of this
point. The coalescent model has a time reversed perspective on this. Recom-
bination splits the genetic material of a sampled sequence onto two
different ancestors such that each position has exactly one ancestor. In
this respect recombination events are the opposite of coalescent events
that combine two sampled sequences into one ancestor. Hudson (1983a)
formulated the coalescent process with recombination as competing expo-
nentially distributed, and independent, waiting times for coalescent and
recombination. The parameter of the exponential distribution determining
the coalescent intensity depends on the number of ancestors carrying ances-
tral material to the sample, whereas the parameter of the exponential dis-
tribution for the intensity of recombination depends on the recombination

Forwards Backwards

Figure 5.5 Hudson’s recombination model on a continuous representation of a sequence.
A sequence is made by recombination when an individual creates a haploid genome (sperm
cell or egg). Looking forwards, two sequences are recombined into one recombinant
sequence. Knowing the allelic states of the grandparent’s chromosomes determines one of
the child’s two chromosomes; the other, the dark grey, originates from the second set of
grandparents. Looking backwards, an individual chooses a chromosome from a parent.
This chromosome is split onto two grandparental chromosomes. The child’s dark grey
chromosome is inherited through the other parent and the dark grey chromosomes in
grandparents have unknown allelic states.
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rate over the sequence, usually termed ρ, times the number of ancestral
lineages. Once these intensities have been specified, it is easy to devise an
algorithm for simulating the process. A single realisation of the process
includes splitting (recombination) and joining (coalescence) of ancestors
until a single ancestor is produced, termed the grand-most recent common
ancestor (GMRCA). The resulting structure is a graph rather than a tree,
with coalescent trees embedded, one tree for each position on the sequence.

5.3.2 Biological features of recombination

Hudson’s model of recombination simplifies the biological facts about the
recombination process. Unfortunately, the recombination process is still not
very well understood at the molecular level. Thus, it is only possible to point
to some potential deviations from the model that may be of importance in
a more sophisticated model. This has already been done to some extent,
but is expected to be an active field of research in the future as more data
accumulates and the biological understanding of the recombination process
increases further.
Two different types of genetic exchange may occur between

homologous pieces of DNA, namely what here is called recombination
and gene conversion. Homologous gene conversion is the substitution of
a small fragment of DNA from one chromosome to another. In a mod-
elling perspective it can be thought of as two very close crossover points
even though this rarely is the mechanical way it occurs. Gene conversion
is important mainly at the very local level, that is, at the gene level. The
mechanisms of recombination and gene conversion are very different in
eucaryotes, bacteria, and viruses. For a more in-depth description of the
processes, consult Lewin (2003).

5.3.2.1 Viral and bacterial recombination

In bacteria, recombination occurs by transfer of part of the haploid genome
from one cell to a different cell by invasion of a naked DNA string, transfec-
tion or transduction. If single-stranded DNA enters the cell it can intrude
into the homologous part of the unwound double-stranded DNA of the
recipient. Heteroduplex DNA is then formed and can extend the length of
the intruding DNA.Heteroduplex DNA contains mismatches in the double-
stranded DNA corresponding to the differences between the recipient and
donor strings. Repair mechanisms involving the well characterised Rec pro-
tein family will then correct the heteroduplex. If the donor string is used as
the template, the affected part of donor DNA is effectively recombined.
In viruses, recombination most often occurs through template switching

during the replication process. The genetic material of the virus is replicated
by either a DNA- or an RNA-polymerase depending on the type of virus.
This polymerase may then jump from one possible template to a different
one. This can occur if the two templates have come into the same host cell
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and in close proximity within the cell. Thus recombination rates in viruses
are believed to be determined by the rate of co-infection of the same cell by
different variants of the same virus. Because of this, recombination often
occurs at several points throughout the genomewhen different templates get
close. This phenomenon is called negative interference, that is, the probabil-
ity of recombination occurring in a specific point increases if recombination
is occurring nearby. Explicit modelling of this in a coalescent framework
has not been done.

5.3.2.2 Eucaryotic recombination

In eucaryotes, accidental breakage of a single strand in one of the two
homologous chromosomes can lead to invasion of the broken strand into
the other chromosome, again leading to a region of heteroduplex DNA
(see Figure 5.6). Little is known about the average size of the heteroduplex
region, which is likely to be species dependent, but it may extend several
kilobases. The mismatches in the heteroduplex is subsequently recognised
by the DNA repair systemwhich will use one or the other strand (or perhaps
both) as templates for repair.
True recombination only occurs if both strands break simultaneously or

if the flanking chromosomal parts are exchanged after strand invasion has
occurred (see Figure 5.7). If either happens, a Holliday junction is formed
which will be visible in the microscope. Many proteins take part in the
maintenance and final resolution of the Holliday junction (together form-
ing the so-called ‘recombination nodule’). Figure 5.7 shows the formation
and resolution of a Holliday junction. The upper left Figure 5.7 shows
two double helixes physically aligned; the upper right is the Holliday struc-
ture, where two single DNA strands in the DNA double helix have been
broken and rejoined with their homologous partner in the other double
helix. Due to the high similarity between the homologous chromosome (in
humans, identity is more than 99.9%), the Holliday structure can quite
freely migrate left or right. Heteroduplexes will then be created whenever
there are differences between the homologous chromosomes, because the
nucleotides then cannot form Watson–Crick base pairs (C with G and T
with A). Depending on the resolution (recreation of two independent DNA

Heteroduplex

Figure 5.6 Invasion of a single strand into the double-stranded DNA of the homologous
chromosome.
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Figure 5.7 Recombination, gene conversion and the Holliday structure. In the first case a
gene conversion with exchange of flanking region happens; in the second a pure gene
conversion happens. The former is called a recombination event, the latter a gene conversion
event. Only one of the two double-stranded DNAs are transmitted to the offspring.

double helixes) of the Holliday structure, the creation of heteroduplex, the
potential mismatch repair mechanism and the timing of the subsequent
DNA replication, different daughter molecules will be created. What is of
interest is the ancestry of individual nucleotides in the daughter molecules
with respect to the parent nucleotides. Resolution of the Holliday struc-
ture after strand migration can occur either as a gene conversion event with
crossing over (Figure 5.7 lower left) or as a gene conversion event without
crossing over. Henceforth, we will reserve the phrase ‘recombination event’
for the former type of event, and the phrase ‘gene conversion event’ for the
latter.
Holliday’s model is simplistic and more realistic models have been pro-

posed (see Lewin 2003, Kauppi et al. 2004). However, Holliday’s model
basically captures how recombination and gene conversion are believed to
take place. Other models often lack the symmetry of the strand exchange
shown in Figure 5.7.

5.3.2.3 Relative rates of gene conversion versus recombination
in eucaryotes

The importance of gene conversion versus recombination in eucaryotes
depends on the relative rates of single strand versus double strand breaks
and the repair mechanisms. The relative frequency of gene conversion to
recombination is dependent on how the Holliday junction is resolved. A
random choice of cutting two of the four single strands that would create
two homologous DNA sequences would lead to equal frequency of the two.
In reality gene conversion can be much more frequent than recombination.
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Gene conversion has been demonstrated to occur at quite high rates in
both humans and Drosophila, both by direct means and by indirect means
(analysis of sequences, for example, Andalfatto and Nordborg (1998) in
Drosophila, and Frisse et al. (2001) in humans). Crude estimates set the
rate of gene conversion to recombination in the range 2–10, with gene
conversion relatively more important in regions of the genome with low
overall rates of recombination.

5.3.2.4 The effects of alternative repair mechanisms
of the heteroduplex

In Figure 5.8 one of the two double helices that emerge from the resolu-
tion of the Holliday junction is shown (cf. Figure 5.7). If the two double
helices both duplicate, four different double helices could be created (if
there is a mismatch in the heteroduplex). The ancestor of a dinucleotide in
one of the four double helices would be determined by the ‘colour’ of the
single strand used to create that double helix. However, normally a repair
mechanism corrects mismatches in the heteroduplex region. This might
happen in different ways, or according to different repair rules. Figure 5.8
shows three alternative ways a heteroduplex region can be repaired. One
sequence can be chosen as master sequence and the other repaired accord-
ing to the master sequence. (1) The top strand is the master sequence and
the result is identical to one of the original double helices, that is, there
is only one ancestor of the sequence. (2) The bottom strand is the master
sequence and the result is a mix of the two original double helices: The
flanking regions share an ancestor, the middle region has another ancestor.
(3) Alternatively, a master dinucleotide could be chosen randomly for each
dinucleotide such that each dinucleotide is either derived from parent 1 or
parent 2.
It is important to understand that the repair rule essentially determines

which of the original two double helices carry the ancestral dinucleotide.
Assume the heteroduplex is repaired according to a master sequence,

1 2 3

Figure 5.8 Ancestry and the repair mechanism. At the top two sets of double helices have
swapped a single strand, which can create mismatching base pairs. Only one of the two
resulting double helices is shown (cf. Figure 5.7). Three ways of correcting mismatches are
shown: (1) The top sequence is the master sequence, the bottom is corrected according to
the top sequence, (2) the bottom sequence is the master sequence, and (3) the mismatches
are resolved independently one by one. It gives a mosaic ancestry where different
nucleotides originate from different parent strands.
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for example,

Before repair After repair
AACGAT AACGAT
TT T C TA T TGC TA

such that the third position is a mismatch. If the heteroduplex is repaired
according to the top sequence, the original double helix with the top
sequence is the ancestor of all six dinucleotides, despite, for example, that
in the first position, A physically originates from one double helix, T from
another. If the repair rule is to choose randomly with probability 1/2 then
the resolved heteroduplex occurs with probability 1/2, but the top sequence
is no longer likely to be the ancestor of all six dinucleotides. This happens
with probability 1/26 = 1/64 ≈ 0.016 only.
This very schematic presentation poses questions which need to be

answered if the recombination process including gene conversion should
be modelled in a realistic way.

1. What is the nature of the strand migration? Is it unidirectional or bidir-
ectional. Is it a random walk or is it energetically driven? The answer to
these questions will determine the distribution of the length of the tract
of converted material. If it was unidirectional with each step having the
same probability, the geometric/exponential distribution would be nat-
ural. If it was bidirectional under the same circumstances and not biased
against heteroduplex, it would be the distribution obtained by a random
walk. Were the random walk to be stopped after a fixed number of steps
the suitable distributions would be the binomial/normal distributions.
More complicated distributions would be necessary if it was stopped
after a random number of steps. If there was a bias against heteroduplex,
the length of gene conversions would be sequence dependent, which is
computationally difficult as it creates a dependence on the mutational
process.

2. Does single stranded invasion occur independently of where along the
double helix it is initiated and independently of what the allelic state is
of the region where it takes places?

3. How is the heteroduplex resolved? Correcting mismatching nucleotides
by randomly changing one of the nucleotides will look very different
from not correcting it and just letting the DNA double strand duplicate
or using one of the strands as the master sequence (Figure 5.8). Note
that the examples of repair rules given here are independent of the allelic
state of dinucleotides. There are indications that this might not always
be true, that is, that some mismatch pairs are more likely to be changed
into certain dinucleotides than others. For example, the mismatch pair
AG might be changed to CG more often than to AT.
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Until more data has accumulated and we can get firm answers to these
questions, Hudson’s simple model of recombination and Wiuf and Hein’s
(2000) model of gene conversion are convenient approximations. Both
are discussed in detail below. Wiuf and Hein’s model of gene conver-
sion assumes that gene conversion occurs with a rate γ such that the
relative impact of gene conversion to recombination is given by the ratio
γ/ρ. Correction of mismatches in the heteroduplex occur with a randomly
chosen master sequence. Empirical studies suggest that γ/ρ ∈ (2, 10) for
humans and Drosophila. Evidence from Drosophila points to a geometric
distribution of the gene conversion tract length with mean approximately
350 bp (Marais 2003). In other organisms, the average length is estimated
to span from about 100 bp (mice) to 1 kb (yeast), Marais (2003).
Despite the poverty of empirical evidence, this simplistic model of recom-

bination and gene conversion serves as a useful first approximation. Further,
it has the advantage that the recombination/gene conversion process is dis-
entangled from the mutational process and thus that the genealogy of a
sample can be built first, then mutations can be imposed onto the genea-
logy, similarly to what was done for the coalescent without recombination
as discussed in Chapter 2.

5.4 The Wright–Fisher model with recombination

In order to derive the coalescent with recombination we first return to the
Wright–Fisher model of the previous chapter. This model can be modi-
fied to include recombination. Each individual creates a haploid genome by
recombination each time they contribute to the next generation. An indi-
vidual in the next generation is then made by choosing one haploid genome

1 2 N

1 2 N 1 2 N

1 2 N

Females Males

. . . . . .

. . . . . .

Figure 5.9 The diploid Wright–Fisher model with recombination.
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from the male set and one haploid from the female set. This process is
illustrated in Figure 5.9. We consider a small region (sequence) within the
genome. A recombination event takes place in the region with probability
r, in which case a point is chosen uniformly along the paternal and mater-
nal sequences and they recombine in that point. The existence of the gene
conversion is ignored.
If this is viewed backwards in time, the effect of recombination will be

that the ancestral material to a specific DNA sequence is found on twoDNA
sequence in the parent, which again came from two different grandparents,
etc. In the generation before a sequence was created by recombination, there
would have been one more sequence carrying ancestral material than after.
If we focus on a single point on the sequence, it will be inherited from

one parent only, thus the Wright–Fisher model with recombination reduces
to the Wright–Fisher model without recombination for each point on the
sequence, but different points on the sequence are correlated instances of
the Wright–Fisher process without recombination. The tree relating the
sequences in a single position is called the local tree of that position. Thus,
the genealogy of the whole sequence can be seen as a collection of local
trees, one for each position.
In analogywith theWright–Fishermodelwithout recombination, wemay

ignore the existence of individuals and describe the process as acting only
on individual sequences as illustrated in Figure 5.10. When the number of
sampled sequences is small relative to the population size, and inbreeding
is limited the quantitative effects of ignoring which sequences are present
in the same individual are negligible. The only difference to the genuine
haploid model is that each sequence must choose two parents and that a
sequence is created after letting the parent sequences recombine (if they
do). If the recombination rate is low, there is a high probability of no
recombination event and the new sequence will be a direct copy of one of
the two parent sequences only.

1 2 3 2N

1 2 3 2N

. . .

. . .

Figure 5.10 The haploid Wright–Fisher model with recombination. Each haploid
individual chooses two parents that make the individual’s chromosome by recombination.
Real biological individuals can be made by packing pairs of haploid individuals together.
Describing the process as a purely chromosome focused process has negligible consequence
for the actual probabilities involved. Recombination happens with probability r.
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Figure 5.11 In a large population a sequence created by recombination is always made up
of two sequences that have no other descendants in the sample. Thus, the left part of the
figure is possible, whereas the right part is impossible because one ancestral sequence is
involved in both a recombination event and a coalescence event at the same time.

5.5 Algorithms

Recombination and coalescent are competing processes that determine the
graph structure of the genealogy of the sample, with recombination caus-
ing splitting and coalescent causing merging of sequences when looked at
backwards in time. Analogous to the definition of the scaled mutation rate
θ, the scaled recombination rate is defined as ρ = 4Nr. It is convenient
to represent a sequence by a continuous interval (infinite sites model) of
length ρ/2 = 2Nr, i.e. the expected number of recombination events in the
population in one generation. ρ is called the scaled recombination rate or
the population recombination rate. There are two alternative algorithms
to construct the coalescent with recombination process, Hudson’s back-
in-time algorithm and Wiuf and Hein’s (1999b) spatial algorithm. They
illustrate different aspects of the process. Hudson’s algorithm is simplest
and most useful in the majority of applications.

5.5.1 The ancestral recombination graph

Assume the history of n sampled sequences is being described going back-
wards in time and that the first event encountered is a recombination
event. How will that affect the number of ancestors to the sample and
the distribution of genetic material ancestral to the sample? Before the
recombination event (i.e. closer to the present), there were n sequences
each carrying the ancestral material to the n sequences in the sample. After
the recombination event (further back in time), one of the sequences had
two ancestor sequences—one carrying ancestral material to the left of the
recombination break point and one carrying ancestral material to the right
of the recombination point.
If time ismeasured discretely in generation, the time until a recombination

event occurs is geometrically distributed with parameter r = ρ/4N. Tracing
a sequence back in time, the probability that it was created by recombination
j generations back is

P(TR = j) = r(1− r)j−1, (5.1)
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where TR denotes the number of generations until the first recombination
event. For the continuous time approximation, the waiting time until a
recombination event occurs in a given sequence is exponentially distributed
with parameter ρ/2. It follows by rescaling time,

P(T c
R ≤ t) = 1− (1− r)j = 1−

(
1− 2Nr

2N

)2Nt
≈ 1− e−ρt/2, (5.2)

where j = 2Nt. If there are currently k sequences ancestral to the sample
then the time to the next recombination event is exponentially distributed
with parameter kρ/2.When a recombination event occurs, it is equally likely
to occur in any of the k ancestors and the position of the recombination
breakpoint in the chosen sequence is picked uniformly over the sequence
length.
If 2N is large it is unlikely that a sequence is involved in both a recom-

bination event and a coalescence event at the same time (Figure 5.11). In
discrete time the probability of a coalescence is 1/(2N) and the probability
of a recombination in one generation is r = ρ/(4N) such that the probability
the ancestor of two sequences has experienced recombination is ρ/(8N2),
which is negligible for large 2N and fixed ρ.
Assuming k sequences, the time to a coalescence event is exponentially

distributed with parameter k(k − 1)/2 and the time to a recombination
event is exponentially distributed with parameter kρ/2 and these two dis-
tributions are independent. To devise an algorithm for simulation of the
process we first find the time until either a coalescence or recombination
event occurs. Since the two exponential distributions are independent this
time is exponentially distributed with parameter

k(k − 1)
2

+ ρ

2
k, (5.3)

and the probability that the first event is a coalescence event is

k − 1
k − 1+ ρ

. (5.4)

The probability that it is a recombination is

ρ

k − 1+ ρ
. (5.5)

If recombination occurs, the number of ancestral sequences is increased
by one; if coalescence occurs the number of sequences is decreased by one.
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Thus, in the simplest form, the algorithm for simulating a genealogy of a
sample of n genes from the coalescent with recombination is:

Algorithm 5

1. Start with k = n genes.

2. For k sequences with ancestral material, draw a random number from
the exponential distribution with parameter k(k − 1)/2 + kρ/2. This is
the time to the next event.

3. With probability (k − 1)/(k − 1 + ρ) the event is a coalescence event,
otherwise it is a recombination event.

4. If it is recombination, draw a random sequence and a random point on
the sequence. Create an ancestor sequence with the ancestral material
to the left of the chosen point and a second ancestor with the ancestral
material to the right of the recombination point. Increase the number of
ancestral sequences k by one and go to 1.

5. If it is a coalescence event choose two sequences among ancestral
sequences at random and merge them into one sequence inheriting the
ancestral material to both of the sequences. Decrease k by one. If k = 1
end the process, otherwise go to 1.

One might speculate whether a single ancestor is ever reached since
recombination may keep distributing genetic material onto more and more
ancestors. However, since the coalescent intensity is proportional to
the square of the number of ancestors while the recombination intensity
is linear in the number of ancestors, a GMRCA (see page 132) is always
found, even though it may take a long time. Mathematically, this descrip-
tion of the coalescent with recombination is a birth–death process with
birth rate

(
k
2

)
and death rate kρ/2 while there are k lineages. The graph

structure resulting from applying the algorithm has been termed the ances-
tral recombination graph (ARG) by Griffiths and Marjoram (1996). This
structure includes all information about the history of the sample. For a
given position (nucleotide) of the sequence, the local tree can be extrac-
ted from the graph. To extract the tree for a given position x trace the
point backwards from the present. Each time a recombination event occurs
choose the lineage that is ancestral to x. Thus, the graph emphasises that
different parts of the sequence have different coalescent trees, perhaps with
different times to the MRCA. Actually, each single part of the sequence
may have found a MRCA long before the occurrence of the GMRCA.

5.5.1.1 An example

An example outcome of the above algorithm for two sequences is illustrated
in Figure 5.12. At the present time, that is, the bottom of the graph, two
sequences of lengths ρ/2 have been sampled. Waiting backwards in time,
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Figure 5.12 Black lines represent the sample sequences or ancestral sequence material to
these. Dotted lines represent non-ancestral material. Light grey lines indicates that a MRCA
has been found. The non-ancestral piece formed after the first coalescence event between
two non-consecutive pieces of ancestral material is trapped material. Also shown is the rate
of coalescence and recombination, and the amount of material spanned by ancestral
material. λ is the length of the black bar in the sequence with dashed ends.

either a coalescent event (with rate k(k − 1)/2 = 1) or a recombination
event (with rate kρ/2 = ρ) could occur. In this example the first event
is a recombination event. After the event there are three sequences with
ancestral material to the two sampled sequences. The next two events are
also recombination events. In one of the two events a sequence is created
with no material ancestral to the sample. The rate of a coalescence is now
10, while the rate of recombination is 2.5ρ.
The fourth event is the first coalescent event that also traps a piece of non-

ancestral material between two pieces of ancestral material. As long as the
flanking regions are linked, their genealogical histories are identical, so if
one segment coalesces into another sequence, so does the other. After three
more coalescence events all the ancestral material from the two sampled
sequences have found common ancestry, in fact have found a GMRCA.
There are two MRCAs: one is also the GMRCA which is the MRCA of
the middle island of ancestral material, the other is the MRCA of the two
flanking islands of ancestral material. This MRCA is created at the second
coalescent event. When two pieces of ancestral material are bridged together
they share fate as long as they are not cut by recombination again. The
material between the two pieces is called trapped material.

5.5.1.2 Discrete versus continuous sequences

Real sequences have a discrete number of base pairs rather than an infinite
number of sites. The infinite sites model described in the previous section
can be converted to a discrete model by dividing the continuous interval
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k1 2 3 L. . . . . .k + 1

Figure 5.13 Hudson’s recombination model in a continuous representation of a sequence
with the discrete structure superimposed. The probability of a recombination within a
specified dinucleotide is small—about 10−8 in humans per generation. In the continuous
representation a sequence 1000 bp long in a population with effective population size of
10,000, will then be ρ/2 = 2 · 10,000 · 1000 · 10−8 = 0.2 long. A recombination event
within the kth nucleotide counts as a break between the kth and the (k + 1)th nucleotide in
the discrete model.

into equally sized fragments corresponding to nucleotides. The difference
between the models is illustrated in Figure 5.13. Thereby there is a constant
scaled rate of recombination ρ/L per nucleotide where L is the number of
nucleotides. For small sequences of length L, r is approximately Lr0, where
r0 is the probability of a recombination per generation per nucleotide. We
will continue to use the infinite sites model if not stated otherwise.

5.5.1.3 Improvements of the basic algorithm

The ARG just described is simple but in many cases unnecessarily time con-
suming to simulate in particular when the recombination rate is relatively
high. There are two reasons for this:

1. Any given point on the sequence may have reached aMRCA long before
the GMRCA.

2. The recombination break point may create ancestors that do not carry
material ancestral to the sample.

It is straightforward to make the algorithmmore efficient by adjusting for
either of these factors. The first factor can be taken care of if a record of the
number of ancestors of each position is kept. As soon as a position has found
a MRCA it is no longer counted as ancestral material, but as non-ancestral.
This reduces the time complexity of the algorithm considerably.
The second factor can be dealt with in several ways. The simplest way

is to keep the recombination rate at kρ/2. However, once a recombination
occurs, it is recorded whether both recombining sequences carry material
ancestral to the sample or not. If only one does, the other can be discarded
and the number of ancestral sequences is unaffected by the recombina-
tion event. As a consequence, the recombination event does not affect the
genealogy at all. An even more efficient way is to make sure that only
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recombination events that change the distribution of ancestral material are
feasible. To do so one keeps track of the ancestral material present on all
sequences. A recombination event only affects the genealogy if it occurs
in the region spanned by the left and right endpoints of ancestral material
on the recombined sequence. This region might include segments of non-
ancestral trapped material as well (see Figure 5.12). The intensity, A, of
a recombination event is 0 < A ≤ kρ/2, where A is the sum of material
spanned by left and right endpoints of ancestral material.
For recombination rates ρ > 10 much efficiency is gained by taking both

factors into account, but the efficiency is not greatly increased by keeping
track of A as compared to just keeping track of whether all ancestors carry
ancestral material or not. An ARG trimmed according to the two factors
(and keeping track of A) is called Hudson’s algorithm or Hudson’s graph.
It is not possible to reduce the algorithm further.

5.5.2 Sampling ARGs: Not back in time, but along sequences

The coalescent process has been described as a process starting with n

leaves and then coalescing pairs of sequences until a MRCA sequence
has been reached. There is an alternative algorithm that moves along the
sequences and modifies the genealogy as recombination break points are
encountered (Wiuf and Hein 1999b). The basic idea is the following: (1)
simulate the genealogy for the first position in the sequences; (2) find the
first break point as one moves towards the right end of the sequences;
(3) choose the sequence that undergoes recombination and modify the
genealogy accordingly. Intuitively it is clear that there is a formulation
of the coalescent with recombination fulfilling (1)–(3) because we could
run through all local trees starting at the left endpoint moving rightwards.
However, it is less obvious how the algorithm probabilistically should be
formulated. The details are given in Wiuf and Hein (1999b); here we will
only elaborate on the intuitive formulation of the algorithm.
It works by building up a graph stepwise, a graph that is embedded in

the ARG and that contains Hudson’s graph. The graph for a given position
t in the sequences is called the local graph for t and it has the local tree for
t embedded. The local graph of position zero is always the local tree but
for all other positions the local graph might differ from the local tree. The
local graph for t is described relative to the starting point of the sequences.
Thus if the starting point is moved (e.g. ignoring a part of the sequences)
the local graph for t is given relative to the new starting point.
The algorithm is illustrated in Figure 5.14 with three sequences. A genea-

logy is sampled for three sequences that describes the relationship of the
sequences in the left-most point, zero. This is the local graph in zero
which is an ordinary coalescent tree. Now we would like to move along
the sequences scanning for the first break point, that is, the first point
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A1

A2

B1
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C1 C2

Figure 5.14 The spatial algorithm. The steps are explained in detail in the text. Events that
do not contribute to the genealogy of the sequences might be included in the graph created
by the spatial algorithm. A graph with three events A, B, and C, is shown creating
sequences A1, A2, B1, B2, C1, and C2, respectively. The second recombination event
creates an ‘empty’ sequence: If C2 created after the third event merges with B2 then event B
becomes part of the genealogy, whereas if C2 merges with anything else B is not part of the
genealogy.

described by a different genealogy than the one describing position zero.
Where this point depends on the total length of the local graph (tree) in
zero a large graph spans many more generations than a small graph (tree)
and the first break point would be closer to 0 in a large graph than in a
small graph (Figure 5.15).
In the example, assume the total branch length is 1.8. A variable is taken

from an exponential distribution with 1.8 as intensity parameter—here the
outcome of the variable is 0.87. Now choose a uniformly random point on
the first local tree and postulate a recombination at that point. All positions
from 0 to 0.87 (0 ≤ t ≤ 0.87) share the same local tree or local graph;
from position 0.87 (0.87 < t) the graphs are different. The newly created
sequence coalesces with the local graph for position 0.87. In the example the
sequence coalesces with the root sequence and the local graph at 0.87 is not
a tree but a graph. Assume the total length of all branches in the local graph
for 0.87 is 3.3. The steps are now repeated. An exponential variable with
intensity 3.3 is drawn—here 1.05—and adding it to 0.87 to find the location
of the next break point. Now choose a recombination event uniformly on

Au Query
Do you mean " at zero " ?

Au Query
Replacement ok?



JOTU: “chap05” — 2004/9/29 — 19:44 — page 146 — #20

146 5 : The coalescent with recombination

Figure 5.15 Two genealogies relating the first position in three sequences. The second
tree has higher total branch length than the first. In each generation there is a small chance
of a recombination event between any two nucleotides and in consequence the first
recombination break point moving rightwards tends to be closer to the origin in the second
tree than in the first tree. Under the infinite sites assumption the length (in units of scaled
recombination distance) until the first break point is exponentially distributed with intensity
the total branch length.

t2

t3

t4

tR

Figure 5.16 Build a coalescent tree by adding sequences. The sequence created by
recombination at time tR coalesces with the rest of the genealogy at rate 4 while in the
interval (tR, t4), at rate 3 in (t4, t3), at rate 2 in (t3, t2), and at rate 1 after time t2. Generally,
it is not an advantage to build the tree in this way because it requires more book-keeping
and simulation of more waiting times than if the tree is built in the standard ‘back in time’
way.

the branches with total length 3.3, create a new sequence by recombination
and let it coalesce to the branches of the local graph for 0.87+1.05 = 1.92
(which is the same as the local graphs in 0.87 < t ≤ 1.92). This is continued
until the domain of the local graph has covered the sequences and a complete
history has been created.
This algorithm uses the property that the coalescent also can be made

by adding single sequences to a growing tree as illustrated in Figure 5.16.
If a genealogy has been sampled for k sequences, it can be turned into a
genealogy for (k + 1) sequences by taking the (k + 1)th sequence in the
present and letting it coalesce to the genealogy of the k sequences. The
sequence coalesces at rate k to the k branches in the epoch with k branches,
at rate (k − 1) in the epoch with (k − 1) branches, etc. The rate for i

(i = 1, 2, . . . , k) follows from the fact that the sequence forms i pairs with
the other sequences and each pair coalesces at rate 1.



JOTU: “chap05” — 2004/9/29 — 19:44 — page 147 — #21

5.5 Algorithms 147

The spatial algorithm is slower than Hudson’s algorithm, but faster than
the ARG. Note that the length of the local graph increases as recombination
break points are encountered. Thus, recombination break points become
denser and denser positioned as one moves along the sequences. (It is pos-
sible to reduce the number of recombinations kept track of. We will not
pursue this here.) Most of these break points are not part of the genealogy
of the sequences, that is they occur in non-ancestral material or mater-
ial that have already found a MRCA. In general, it cannot be known in
advance whether these extra break points affect the genealogy or not; it is
first known after completion of the graph (Figure 5.14).
However, this algorithm underlines two interesting properties of the

coalescent with recombination process as illustrated in Figure 5.15.
First, the process is not Markovian in the sense that it is not
enough to know the local tree to assign the probability of the next
local tree. Earlier local trees must be known as well, since a new
sequence created by recombination can also coalesce to branches of
earlier local trees. Second, local trees cannot be reduced to coales-
cent topologies or unrooted tree topologies, because trees with long
branches will on average encounter a recombination break point sooner
than trees with short branches. Methods that try to reconstruct the
sequence history by using HMMs (Hidden Markov Models) with
unrooted tree topologies as the hidden states, violate both these proper-
ties.
Additionally, this algorithms underlines the effect of a recombination as

a subtree transfer between neighbouring genealogies (see Section 5.11.1).

5.5.3 Efficiency of different algorithms

Hudson and Kaplan (1985) calculated the expected number, Rn, of
recombination events in a sample’s history

E(Rn) = ρ

n−1∑
i=1

1
i
, (5.6)

which is proportional to the total length of the genealogy of a single site.
The number Rn only counts events that fall within ancestral material—
not events that fall in trapped material, outside ancestral material, or in
material that have already found a MRCA. The expected number, R∗

n, of
events before the GMRCA can also be found. The exact expression is of
little interest, what matters here is how the number depends on the sample
size n and the rate ρ. Ethier and Griffiths (1990) showed that

E(R∗
n) ≈ ρ log(n) + eρ, (5.7)
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which is true at least for large n and/or ρ. Now the numbers in equation (5.6)
and (5.7) can be quite different, for example, E(R∗

n) increases at an expo-
nential rate with ρ, whereas E(Rn) is linear in ρ. It is thus natural to expect
that Hudson’s algorithm is advantageous computationally. This is indeed
the case: Let E be the total number of events in the graph (irrespective of
what algorithm is used), then

E = 2R + n − 1, (5.8)

whereR denotes the number of recombination events. This number depends
on the chosen algorithm (and is a stochastic variable in itself). Each recom-
bination event creates a new sequence and an extra-coalescent event is
required to complete the genealogy, thereby adding two events to E. The
numberRn+RT

n , whereR
T
n is the number of recombination events in trapped

material, is always a lower bound to R because all events in trapped and
ancestral material modify the genealogy. Thus

2Rn + 2RT
n + n − 1 ≤ E ≤ 2R∗

n + n − 1. (5.9)

The ARG has R = R∗
n, whereas Hudson’s algorithm has R = Rn + RT

n .
The expectation of RT

n has not been found explicitly, but can be bounded
upwards by

E(RT
n ) ≤ ρ(ρ + 1)

(
n−1∑
i=1

1
i

)2
. (5.10)

The bound is crude as can be seen by comparison with E(R∗
n) which

depends on
∑n−1

i=1 1/i only. For increasing n and fixed ρ, E(Rn), E(Rn+RT
n ),

and E(R∗
n) increase at similar rates, whereas for fixed n and increasing ρ,

E(R∗
n) increases at a much faster rate than E(Rn + RT

n ). Thus, there is a
huge gain in time spent on computation for large ρ in choosing Hudson’s
algorithm instead of the ARG. The spatial algorithm, in contrast, produces
more events than given by the lower bound in equation (5.9). Simulation
results show that the spatial algorithm becomes computationally heavy for
large ρ, though it is not known whether E increases like eρ.

5.6 The effect of a single recombination event

Assume that only one recombination event has happened in the history of
a sample and that the break point is in p. To the left of p there will be one
local tree and to the right there will be another local tree. Two neighbour
trees cannot be any two trees: one must be obtainable from the other by
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a transfer of a subtree within the rest of the tree (see Section 5.11.1). The
relationship between neighbour trees falls into a few simple cases:

Type 1: The two recombining sequences coalesce before they coalesce with
any other sequence in the sample (Figure 5.17). In this case the two
genealogies will be identical and nomethod based on knowledge of
the genealogies can detect that a recombination has occurred in the
sequence history. Such events are effectively invisible. The ances-
tral material on a sequence was separated to be on two sequence,
only to be joined again by a coalescent, before any of them had
interacted with other ancestral sequences. A method that could
detect this event would have to detect this physical linkage, for
instance if the substitutional process involved coupling between
positions far apart in the molecule.

Type 2: The unrooted tree topology remains the same but branch lengths
change. This occurs when one of the two recombining sequences
merges with one other sequence before coalescing with the other
recombining sequence again (see Figure 5.18), or if there are only
three ancestral lineages at the time of the event.

1 2 3 4

Figure 5.17 Genealogical history with one recombination resulting in identical tree
topologies and branch lengths on each side of the recombination spot. Dark grey: ancestral
material, light grey: The MRCA, dotted lines: non-ancestral.

1 2 3 4

Figure 5.18 Genealogical history with one recombination resulting in the same tree
topology, but different branch lengths on each side of the recombination spot. Dark grey:
ancestral material, light grey: The MRCA, dotted lines: non-ancestral.
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Type 3: The tree topologies change (see Figure 5.19). This can be defined
negatively by being the remaining cases, but it might as well be
defined by the number of sequences that merge with the recombin-
ing sequences before they coalesce with each other. In order for
the topology to change two or more sequences must merge with
the recombining sequences. Before the two recombining sequences
merge again.

Figure 5.20 illustrates the three types of events on a single tree. The prob-
abilities of different categories of events can be calculated and are tabulated
in Table 5.1. One surprising feature is the very high frequency of invis-
ible -recombinations for even a high number of sequences. This implies
that methods trying to detect recombinations by detecting change in tree
topologies will miss the majority of recombinations. The probability of an
invisible recombination event will go to zero as the number of sequences
increases, but very slowly.
These probabilities can be calculated using simple combinatorial

arguments. The probability for an invisible recombination is the easiest.
Assume the recombining sequences are created while there are k ≤ n

1 2 3 4

Figure 5.19 Genealogical history with one recombination resulting in different tree
topologies on each side of the recombination spot. Dark grey: ancestral material, light grey:
the MRCA, dotted lines: non-ancestral.

1
1

1
0

2

2

2 2
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**

Figure 5.20 The genealogical consequences of recombination and recoalescence. If the
recombination happens at the edge labelled 0, recoalescence to this edge will not change
tree or branch lengths, recoalescence to the branches labelled 1 will give the same topology,
but change some branch lengths. Recoalescence to the remaining branches will change the
topology. It is impossible to recoalesce to the branches labelled ‘*’, because they are more
recent than the recombination event.
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Table 5.1 Probability of different
types of eventsa

n P1
n P2

n P3
n

2 0.333 0.667 0.000
3 0.297 0.703 0.000
4 0.272 0.655 0.073
5 0.256 0.616 0.134
6 0.243 0.574 0.183
10 0.212 0.488 0.300
15 0.191 0.435 0.374
500 0.098 0.232 0.670
∞ 0 0 1

a Pi
n is the probability of a type i

event in a sample of size n.

lineages. This has probability

qk = 1
k − 1

(
n−1∑
i=1

1
i

)−1

. (5.11)

Let pk1 be the probability that the two sequences carrying ancestral
material to the recombinant sequence coalesce with each other before
they coalesce with any other ancestral lineages. This satisfies the recursion
(remember there are k + 1 lineages just after the recombination event),

pk1 =
(
k + 1
2

)−1

+
(
k − 1
2

)(
k + 1
2

)−1

pk−1,1, (5.12)

with p21 = 1/3. Either the two sequences coalesce at the first

event—probability
(
k+1
2

)−1
—or two of the remaining k − 1 sequences

coalesce—probability
(
k−1
2

)(
k+1
2

)−1
. The last possibility that one of the two

recombining sequences coalesce with one of the remaining k − 1 sequences
does not result in a type 1 event. Recursion (5.12) is solved by

pk1 = 2
3k

. (5.13)

The probability of an invisible recombination (type 1 event) is then

P1
n =

n∑
k=2

pk1qk = 2
3

(
1− 1

n

)(n−1∑
i=1

1
i

)−1

. (5.14)
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A similar recursion can be written for the probability, pk2, of a branch
length change. The solution is

pk2 = 8
9k

+ 8
(k + 1)k2(k − 1)


1
3

+ 4
k−2∑
j=1

1
j


 . (5.15)

The probability, pk3, of a topology shift follows from pk3 = 1−pk1−pk2.
Closed expressions for the probabilities, P2

n and P3
n , of type 2 and 3 events,

respectively, can be found similar to P1
n . However, they do not reduce to

simple expressions.

5.7 The number of recombination events

In this section we list some moments of variables that count different types
of recombination events.
As stated in equation 5.6 the expected number of recombination events

in ancestral material is

E(Rn) = ρ

n−1∑
i=1

1
i
. (5.16)

The expectation is linear in ρ such that histories of sequences of double
length have double the number of recombination events on average. The
variance of Rn can be expressed in terms of the correlation fn(x) between
the total branch lengths of two local trees separated by x/2 recombination
units (the whole sequence is ρ/2 units)

V(Rn) = ρ

n−1∑
i=1

1
i

+ 2
∫ ρ

0
(ρ − x)fn(x) dxn (5.17)

(Hudson 1983a). The last term is for large ρ of order log(ρ)/ρ, thus
disappearing with increasing ρ. For n = 2, ρn(x) is known:

ρ2(x) = 18+ x

18+ 13x + x2
.

The events that count in Rn can be divided into three subtypes
(Section 5.6) according to whether

Type 1: The topologies and branch lengths are the same for local trees close
to the break point (Figure 5.17).

Type 2: The unrooted topologies are the same, but branch lengths differ
(Figure 5.18).

Type 3: The unrooted topologies differ (Figure 5.19).
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In genealogieswithmany recombination events the type of a particular event
is determined by the local trees in a small neighbourhood around the break
points such that there are no other break points in that neighbourhood.
Call the number of these events R1

n, R
2
n, and R3

n, respectively. The means of
R1
n, R

2
n, and R3

n are

E(R1
n) = 2

3

(
1− 1

n

)
ρ, (5.18)

E(R2
n) = ρ

n−1∑
i=1

1
i

− E(R1
n) − E(R3

n), (5.19)

and

E(R3
n) = 16

n∑
k=4

1
(k + 1)k2(k − 1)2



k−2∑
i=2


1
i

j∑
i=2

j2(j + 1)




 ρ, (5.20)

respectively (Hudson and Kaplan 1985, Wiuf et al. 2001). Eventually for
large n most events are of type 3, but surprisingly many are of types 1 and
2 for small sample sizes. For large n,

E(R3
n) ≈

(
1− 2.14

log(n)

)
. (5.21)

5.8 The probability of a data set

There exists no set of recursions on a finite set of configurations like the
recursions of Ethier and Griffiths (1987) that allows calculations of the
probability of a data set in the presence of recombination. However,
the recursions by Griffiths and Tavaré (1994) were generalised by Griffiths
and Marjoram (1996) and can provide the basis of simulation algorithms:

(n(n − 1) + aθ + bρ)Q(A,M,n)

= n
∑
1

(ni − 1)Q(A,M,n − ei)

+ 2n
∑
2

(nk + 1− δik − δjk)Q(A,M,n − ei − ej + ek)

+ θ
∑
3

(nk + 1)Q(A,M(m),n − ei + ek)

+ ρ

n + 1

∑
4

∫
(ni + 1)(nj + 1)Q(Aij

k (x),M
ij

k (x),n
ij

k (x)) dx.

(5.22)
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b c d

a 

e

Figure 5.21 The present configuration (top of figure) can be created by four classes of
events. Two identical sequences could coalesce, two sequences identical in common
ancestral material could coalesce, a sequence can mutate and lastly a sequence could have
arisen by recombination. This is here illustrated by taking one representative of the four
classes, while in the recursion it is necessary to sum over all possibilities and in the case of
recombination it is necessary to integrate over all recombination positions. a, b, c, d, and e
correspond to the five lines in equation (5.22) in that order. In the example in the text, a is
the sum of all dark lines, excluding dashed lines, and b is the sum of all dark lines, including
the trapped dashed line in the top sequence.

This recursion is obtained by the usual backward–forward argument
as in this case illustrated in Figure 5.21. A describes the distribution
of ancestral material, M is the position of the mutations and n is the
multiplicity of types, defined as in the case without recombination (see
equation (2.27)). This notation can be illustrated on the ‘a’ configuration in
Figure 5.21: n is (1, 1, 2, 1), since the third and fourth sequences are identical
and the remaining distinct. A is a list of intervals for the four distinct
types, like ([0.0, 0.31], [0.47, 0.68]), ([0.0, 0.72]), ([0.0, 1.0]), ([0.0, 1.0]),
where the first type has two ancestral intervals, the second one interval
and the last two types consist of ancestral material from start to end.
M specifies mutations, for example, 0.18:(0, 0, 1, 1), 0.38:(–, 1, 0, 0), 0.58:
(1, 1, 0, 0), 0.77:(–, –, 0, 1). The real number indicates the position, 0 the
ancestral state, 1 the mutated state and ‘–’ that the state is not specified,
since it is in the non-ancestral material of that sequence.
δij is one if i and j are identical, and otherwise zero; M(m) denotes

removal of mutation m; Aij

k (x), Mij

k (x), and nijk (x) denote the updating of
A, M, and n, respectively, after a recombination event with break point x.
A sequence of type k is broken up into two new types not previously in the
sample, one of type i and one of type j, as shown in Figure 5.21. a is the
sum of all ancestral material (it is only necessary to keep track of mutations
in ancestral material), and b is the sum of all material, where recom-
bination can happen (which includes trapped material). In the example
a= (0.31−0.0) + (0.68 − 0.47) + (0.72 − 0.0) + 1.0 + 1.0=3.24 and
b= (0.68− 0.0) + (0.72− 0.0) + 1.0+ 1.0=2.40.
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Q(A,M,n) is the probability or density of the (A,M,n) configuration
conditional on the positions of themutations and the beginnings and ends of
ancestral segments. The first sum is over all possible coalescence events of
identical sequences, the second sum is over all coalescence of sequences
with the same configuration of mutations in common ancestral material,
the third sum is over all mutations of multiplicity one (singletons) and
the last combined sum and integral is over all possible ways to generate a
sequence by recombination. This recursion is initialised byQ(A,M,n) = 1,
where n = (1), A corresponds to one interval of ancestral material covering
the complete sequence and M corresponds to no mutations. If the scaled
recombination rate ρ is zero, the second and fourth terms can be ignored
and the recursion reduces to the recursion in (2.27). This initialisation cor-
responds to waiting until the GMRCA, which is computationally slow. It
can be initialised, when an ancestral sequence only has segments that are
the ancestors to all the sequences in the sample.
This recursion is illustrated in Figure 5.21. The ancestral states of the

mutations are assumed to be known. The present configuration ‘a’ has four
mutations at four positions (infinite site assumption). Alleles with identical
configurations of mutations and ancestral material can coalesce as shown in
the ‘b’ configuration, where the third and fourth sequences from the present
configuration have found a common ancestor. Sequences can also coalesce
if they are identical on the ancestral segments as shown in the ‘c’ config-
uration, where the first and second sequences in the present configuration
coalesce. The ‘d’ configuration illustrates the event of removing a mutation
(the rightmost). The ‘e’ configuration shows a recombination event that
splits the fifth allele in the present configuration into two new sequences.
The recombination could have been anywhere inmaterial spanned by ances-
tral material (also in trapped material) and all these possibilities must be
integrated out.
The recursions for probability of data generated by histories with recom-

bination are harder because they cannot be used to find the probability of
the data even with infinitely much computing power as the the number of
ancestral states multiplies ad infinitum. Even if the number of ancestral con-
figurations had been bounded, the necessity of integration in the last term
makes the computations very hard.

5.9 The number of segregating sites

With and without recombination the expected numbers of Sn and ηi are the
same, that is,

E(Sn) = θ

n−1∑
i=1

1
i
, (5.23)
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and

E(ηi) = θ

i
, (5.24)

for i = 1, . . . , n − 1. However, the variances changes, for example, the
variance of Sn becomes

Var(Sn) = θ

n−1∑
i=1

1
i

+ 2θ2

ρ2

∫ ρ

0
(ρ − x)fn(x) dx, (5.25)

where ρn(x) is defined as in equation (5.17).
The variance attains the largest value for ρ = 0 and decreases towards

θ
∑n−1

i=1 1/iwith increasing ρ. The reason behind this is that with increasing
ρ Sn sums mutations over many (almost) independent trees, thus reducing
the variance.

5.10 The coalescent with gene conversion

Wiuf and Hein (2000) and Wiuf (2000a) included simple models of gene
conversion into Hudson’s model of recombination. It is assumed that the
time to a gene conversion event is exponentially distributed (in the con-
tinuous time approximation) with a parameter γ = 4Ng, where g is the
probability that a gene conversion tract initiates within a sequence in one
generation.
The tract length in nucleotides is drawn from a specified distribution:

Empirical evidence points to a geometric distribution with parameter q > 0.
In the infinite sites approximation the tract length becomes exponentially
distributed with intensity Q = qL such that 1/Q is the mean length of the
gene conversion tract. If a gene conversion event occurs, the first break
point is chosen uniformly on the sequence, and the second break point is
chosen a distance away from the first as determined by a random number
from the tract length distribution. The upper part of Figure 5.22 shows how
a gene conversion event distributes the ancestral material on two different
ancestors. Note that a gene conversion event may only have one break point
within the sequence if the tract extends beyond the end of the sequence, or
if a tract initiates outside the sequence but ends within. Therefore some
events will be indistinguishable from recombination events.
The time to the next event for a set of k sequences is exponentially

distributed with parameter

k(k − 1)
2

+ ρ

2
k + γQ∗

2
k, (5.26)



JOTU: “chap05” — 2004/9/29 — 19:44 — page 157 — #31

5.10 The coalescent with gene conversion 157

1 2 3 4 1 2 3 4 1 2 3 4

Figure 5.22 A history with gene conversion. The top figure shows the effect of a gene
conversion in a sequence: The ancestral material is spread on two sequences such that the
flanking regions are on one sequence, the middle part on another sequence. The bottom
figure shows how the tree changes over the sampled sequences. The two outer trees are the
same. This interpretation in terms of genealogies also leads to a test of gene conversion
in terms of compatibilities. It is illustrated lowest in the figure: three informative sites are
found that are placed such that sites 1 and 3 are compatible, while the middle site is
incompatible with both 1 and 3. This pattern is considerably more unlikely under a pure
recombination model than if gene conversion is allowed.

where

Q∗ = 1+ 1
Q
(1− e−Q) (5.27)

is a factor that corrects for the possibility that a tract initiates outside the
sequence. If Q is small, the tract is long and Q∗ is approximately equal
to two. In that case pure gene conversion looks like recombination at rate
ρ = 2γ. If Q is large, the tract is small and Q∗ is almost one. In that case
a tract is just a tiny spot on a sequence. As a consequence the genealogy
looks like a coalescent genealogy where all sites share history apart from a
few sites (the spots) that have different histories.
The probability that the next event is a gene conversion event is

γQ∗

k − 1+ ρ + γQ∗ (5.28)

with similar probabilities for the other events. Figure 5.23 shows how the
location of the starting point of the tract depends on whether one or both
end points are within the sequence.
Figure 5.22 also shows the consequence of a gene conversion event on

the genealogy relating the sampled sequences. Scanning the sequences
from left to right, the start of the gene conversion will look like a
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Figure 5.23 The probabilities of the gene conversion tract covering an interval. C2 is the
event that the gene conversion tract is contained in the interval and C1 the event that it is
not. The almost flat curve is the density of the length of the tract given C1. The strongly
descending curve is the density of the start position given C2. The strongly ascending curve
is the density of the start position given C1.

recombination—taking a subtree and moving it. The end of the gene con-
version will look like the reverse of the start of the gene conversion—taking
the subtree and moving it back again. Obviously this creates a change over
short distances, but not over long distances.

5.11 Gene trees with recombination—from
incompatibilities to minimal ARGs

Genealogical histories without recombinations are much easier to represent
than genealogies with recombinations. This section discussed some purely
combinatorial and representational questions that are encountered, when
analysing data subject to recombination. A proper statistical treatment of
these issues belongs to the future.
First, the phylogenetic consequences of recombination are discussed,

followed by some considerations and examples of the difficulty in recon-
structing recombinations. Then three central statistics of the data are
discussed: The minimal number of trees compatible with the sample, which
also is a lower bound to the number of recombination events in the sample’s
history, an improved lower bound to the number of recombination events,
and lastly the minimal ARG describing the data.
Reconstructing—in a classical phylogenetic sense—a full history of a set

of sequences is close to impossible. The complexities introduced by recom-
bination enters at several levels. Within the infinite sitemodel recombination
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can be deduced to has occurred between two positions if they are
incompatible. However, this only states that at least one recombination
has occurred between them. If the actually genealogies at the two sites
were known more recombinations could have occurred. Lastly, as we have
seen, recombinations often do not change the genealogy, so even full know-
ledge of all local trees for a set of sequences would underestimate the true
number of recombinations events.

5.11.1 Recombination as subtree transfer

Hudson’s model of recombination emphasises how genetic material is
transmitted from parent to offspring when visualised in time reversed
perspective. The spatial algorithm illustrates another important way of
thinking about recombination: Recombination as local modification of
genealogical history. In Figure 5.14 a recombination event is made by cut-
ting a branch andmoving the subtree hanging under the branch to a different
location. This operation is called subtree transfer or subtree regrafting. Thus
the basic idea in the spatial algorithm is to build the genealogy or graph
by subtree transfers while taking probabilistic constraints imposed by the
coalescent process into account. The time when the recombination happens
(that is where the subtree is cut) must be more recent than the time when
the subtree is attached to the graph again. Also the local tree at the recom-
bination break point can be linked to earlier local trees through trapped
material. When comparing trees, the latter constraint is of less importance.
One way of comparing two local trees would be by counting the min-

imumnumber of subtree transfers required to change one tree into the other.
Now, the minimum number of transfers depends on howmuch information
is included in the description of the tree. At the lowest level one could record
just the unrooted tree topology, or the topology including the root which
implies a relative age-ordering of coalescent events as one moves from the
root towards the leaves. Finally, one could record a relative age-ordering
of all events irrespective of whether they occur on the same path from the
root to the leaves or not (a total ordering), or a complete specification of
the actual times of all events. Note that a tree with specification of branch
lengths is equivalent to the latter: The distance from the root to the leaves
is the same for all leaves; thus halfway between the leaves separated by the
longest distance is the location of the root. In a similar way all other coales-
cent events become dated absolutely. A coalescent topology corresponds to
the tree with a total age-ordering of events and a tree with all events dated
corresponds to a realisation of the coalescent process.
Figure 5.24 illustrates these distance measures of two simple genealogies

with six leaves. Obviously, a path of subtree transfers converting the first
genealogy into the second genealogy can be converted into a path of the
same length converting the second into the first.
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Coalescent toplogies 3 event

Figure 5.24 Various distance measures on trees and topologies. The unrooted topologies
are one subtree transfer away, the rooted two, the age-ordered three, and the trees with full
specification of times four transfers away.
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Figure 5.25 An example of where the two distance measures differ. The two topologies are
two subtree transfers away. The second violates the time constraint imposed by the
coalescent process. Example by Thomas Christensen.
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If the genealogies are converted into two unrooted topologies, then the
first can be converted into the second by one subtree transfer—by moving
the little tree only containing leaf 1 over to sit outside (4, 5) (see second
highest panel of the figure). It is possible to assign ages to all internal nodes
and to the roots, and then the resulting genealogies would be a subtree
transfer from each other. But these two genealogies would not be the same
as the two original genealogies.
If the information concerning the root is retained, that is, giving rooted

tree topologies, then these will be two subtree transfers apart (see second-
lowest panel of the figure). The single operation used on the unrooted
topologies would have six sitting on the wrong side of the root. This can
be rectified by an extra transfer.
If the internal ordering and the root is kept, that is, coalescent topologies,

then three subtree transfers are needed (see lowest panel of the figure). The
internal nodes are now labelled (7–10), so the lower numbered labels are
the more recent. If the two transfers are used from the the rooted topologies
above, then internal nodes 9 and 10 have not been changed. The resulting
coalescent topology has the right unrooted topology, but the age ordering of
9 and 10 are wrong relative to the target coalescent topology and a subtree
transfer has to be postulated to move the ancestor of 2 and 3 further down.
If the information in the complete genealogies is kept, and for instance the

dates of the roots are different, then a subtree transfer would be necessary
to move the root to the correct time (top panel).
In these different cases there is in general no reason to believe that the

best path of the simpler problem is always a part of the path of the more
complicated problem.
In the coalescent with recombination the number, ζi, of events that

involve a transfer of a subtree of size i has mean

E(ζi) = ρ
1
i
, (5.29)

for i = 1, . . . , n−1. Thus it is more likely that small trees are moved rather
than large trees.
When dealing with sequence data the situation is different, since local

trees cannot be observed. If a number of SNP polymorphisms is observed
each SNP polymorphism corresponds to a partition of the sequences into
two subsets. All that can be said about the genealogy underlying the poly-
morphism is that the topology belongs to a certain class of topologies,
namely the class of topologies that all have the given partition. This implies
that even less can be said about the coalescent topology that also includes
an age-ordering of all coalescent events in the history of the SNP. If two
topologies, T1 and T2, or two classes of topologies, each corresponding to
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a SNP, are compared, one has to take into account that each subtree trans-
fer applied to change T1 into T2 imposes constraints on the age-ordering.
Otherwise there would not be a coalescent topology (or a realisation of the
coalescent process) that is in agreement with the series of subtree transfers.
Figure 5.25 provides an example of two topologies where the number of
subtree transfers differ according to whether age-ordering constraints are
taken into account or not. A subtree can only be moved in its root and
thus two subtree transfers could impose conflicting constraints. A simple
example where this comes into play is illustrated in Figure 5.25. Here two
trees with nine leaves represented as unrooted tree topologies are two sub-
tree transfers away from each other. But if one tries to pick coalescent
topologies that would correspond to these events, it is impossible because
the two subtree transfers give conflicting information about the subtrees that
must exist in the coalescent topology. In most cases, and for small number
of sequences, the two ways of counting the distance between topologies
agree.
If an infinite sites model is assumed, the sequences cannot be represen-

ted by a gene tree if all four combinations of 0 and 1 are present in two
columns. At least one recombination event is required to explain these two
columns. But what is the least number, RM (M is for minimum), of events
required to explain the whole sample? What is the least number, TM , of
gene trees required to explain the sample? Are the two numbers related? In
general, RM ≥ TM − 1, because there must at least be one recombination
event between any two trees (if there were zero events between two trees
they could be collapsed into a single tree). Further, each site is compat-
ible with a gene tree so at most Sn gene trees are required to explain the
whole sample, that is, TM ≤ Sn. The number of recombination events is
also bounded upwards: RM ≤ (n − 1)(Sn − 1). If n − 1 of the sequences
are each split into Sn fragments (each fragment is a single nucleotide) using
(n − 1)(Sn − 1) recombination events, a history that is compatible with
the infinite sites assumption can easily be constructed. A simple example is
shown in Figure 5.26. This bound is in general a crude overestimate.

00 01 11 10

Figure 5.26 There is always a history with at most (n − 1)(Sn − 1) recombination events
that explains the sample. In the example n − 1 = 3 of the sequences are each broken into
Sn = 2 pieces that subsequently can coalesce to the unbroken sequence.
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The actual physical order of the segregating sites is important. This
order was irrelevant when constructing a gene tree without recombination,
because all sites share the same history. Consider the following two samples
of four sequences and three segregating sites,

1. 0 0 0 0 0 0
2. 0 1 0 0 0 1
3. 1 0 1 1 1 0
4. 1 1 1 1 1 1.

Obviously, the first sample requires two recombination events, whereas the
second only requires one; this despite the fact that one of the samples (either
one) can be constructed from the other by permuting two columns:

ABCD ABCD
1. 1 0 1 0 1 0 1 1
2. 1 0 0 1 1 0 0 0
3. 0 0 0 0 0 0 0 0
4. 0 1 0 1 0 1 0 0
5. 0 1 1 0 0 1 1 1.

The above examples have the same pairs of incompatible sites: (A, C),
(A, D), (B, C) and (B, D), whereas (A, B) and (C, D) are compatible. In both
examples we infer that TM = 2 because sites A and B can be explained by
one tree, T1, and sites C and D by another tree, T2, incompatible with the
first tree. However by trial and error we conclude that two recombination
events are needed to transform T1 into T2, that is, RM = 2, whereas only
one event is needed in the second example, that is, RM = 1. Since a single
recombination event is a transfer of a subtree Figures 5.27 and 5.28 are
helpful. It is easily seen that the left tree in Figure 5.28 cannot be created
from Figure 5.27 with a single transfer.
This example shows that RM cannot be found from TM and vice versa,

but also that RM cannot be found from the list of incompatible pairs of
sites. As a further complication, the two recombination events in the first
example can either happen between sites B and C, or one of them between
sites B and C, the other between A and B. In other words, in general there

Figure 5.27 The figure shows the tree induced by the first
two columns. The patterns corresponding to the third and
fourth column cannot be placed on this tree with less than
two mutation events per column. 4

51

2

3
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Figure 5.28 The left tree corresponds to columns 3 and 4. This tree cannot be obtained
from the tree in Figure 5.27 with a single subtree transfer. To the right is the tree for the last
two columns in the second example. It can be obtained by moving sequence 1 next to
sequence 5 in Figure 5.27. The two examples have the same configurations of compatible
sites, but need different numbers of recombination events.

is not a unique way to represent histories with RM events graphically. The
same is true for TM , as the following example shows,

ABCDE
1. 0 0 0 0 0
2. 0 0 1 0 1
3. 1 0 0 0 1
4. 1 0 1 0 0
5. 0 0 0 0 1
6. 0 1 0 0 0
7. 0 1 0 1 0.

Here, TM = 3 and three trees can be chosen in three different ways: (a)
T1 = {A, B}, T2 = {C}, and T3 = {D,E}, (b) T1 = {A, B}, T2 = {C,D}, and
T3 = {E}, or (c) T1 = {A}, T2 = {B,C}, and T3 = {D,E}.
In contrast to RM , TM is easy to find, for example, Hudson and Kaplan

(1985) provide an algorithm based on the list of pairwise incompatible
sites. Conversely, RM does not seem to be easy to find. One can apply a
parsimony algorithm to findRM but some sort of exhaustive search seems to
be necessary (Hein 1990; Wiuf 2002). One drawback of such an algorithm
is that it is extremely time consuming which makes it impractical for large
data sets, n > 10.

5.11.1.1 How to find TM
Hudson and Kaplan (1985) provide one algorithm to find TM . Wiuf (2002)
provides a different algorithm that gives the same result. Here Wiuf’s
algorithm is shown because it is easier to see that the algorithm produces
the desired result. There are several steps.

1. Calculate the matrix, D = {Dij}, i, j = 1, . . . , Sn, of pairwise compat-
ibilities. That is, for each pair of sites, i and j, determine whether all
four gametes, 00, 01, 10, and 11, are present in the sample. If yes, put
Dij = 1 and otherwise put Dij = 0.

2. Set a counter, c, equal to 1.
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3. Find the smallest c < j such that Dij = 1 for some c ≤ i < j. The site j
is the first site that is incompatible with another site, i ≥ c.

4. Record the interval [c, j − 1]. Set c = j and repeat 3.

5. The recorded list of intervals is a list that can be explained by TM trees.

This algorithm scans the sequences left to right and only switches to an
islandwith a new tree, when the appropriate incompatibility is encountered.

5.11.2 Recombination inferred from haplotypes

RM and TM are two summary statistics. Because RM is computationally dif-
ficult to find, TM is frequently used. However it is less informative because
RM ≥ TM . In this section a third summary statistic is introduced: the haplo-
type statistic HM (Myers and Griffiths 2003). Recombination increases the
expected number of haplotypes because two different haplotypes can create
a third (new) haplotype without assuming further mutations. For example
without recombination and only two segregating sites there can be at most
three different haplotypes, whereas there can be four with recombination.
Mutations cannot explain all four haplotypes. Consider a tree relating six
sequences, Figure 5.29.
If there are no mutations in the tree all six sequences are identical and

there is just one haplotype. Then 1 = Kn ≤ Sn + 1 = 1, where Kn is
the number of different haplotypes. As more mutations are put onto the tree
more haplotypes are created. Each new mutation in the tree can increase
the number of haplotypes by at most one. This we illustrate by example:
Assume threemutations have been placed (left part of the figure). Then there
are four distinct haplotypes and 4 = Kn ≤ Sn + 1 = 4. If the next mutation
is at A one haplotype group (sequence 2, 3, and 4) is split into two groups
(sequence 2, and 3 and sequence 4); then there are four different haplotypes
and 5 = Kn ≤ Sn + 1 = 5. If the mutation is at B no new haplotypes are
created because there is already a mutation in B’s branch. Finally, if the
new mutation is at C the number of haplotypes also remains the same. The

4 51 2 3 6 4 51 2 3 6

A

B

C

Figure 5.29 In the left tree each mutation enlarges the number of haplotypes, while on the
right tree, only the extra white mutation at A does not create a new haplotype.
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two mutations in the lineage of sequence 5 already define sequence 5 and
6’s haplotypes. In consequence, each mutation splits at most one haplotype
group into two, thereby increasing the number of haplotypes by at most
one.
This observation can be formulated in the following way: If there are

Sn segregating sites and no recombination then there are at most Sn + 1
different haplotypes. If there areKn different haplotypes, then atmost Sn+1
haplotypes can be explained bymutations without invoking recombination.
Consequently, the rest of the haplotypes, Kn − Sn − 1, must be due to
recombination. Consider another example:

A B C D E F
1. 0 0 0 0 0 0
2. 0 0 0 1 0 0
3. 0 0 1 0 0 0
4. 0 0 1 1 0 0
5. 1 0 0 0 0 0
6. 1 0 0 1 1 0
7. 1 1 1 0 0 1
8. 1 1 1 1 1 1.

There are eight sequences, eight different haplotypes, and six segregating
sites, A−F. Using the formula gives Kn − Sn − 1 = 8− 6− 1 = 1 and there
must be at least one recombination event in the sample’s history. However,
the same question could be asked for any subset of the sites. For example,
A, C, and D define all eight haplotypes and thus require 8 − 3 − 1 = 4
recombination events. Now, a history of A−F is also a history of a subset
of the sites, in particular of the sites A, C, and D, and thus there must be
at least four recombination events in the history of the whole sample. The
same could be done for the subset (E, F). Here 4 − 2 − 1 = 1, so one
recombination event is required. Since the two subsets (A, C, D) and (E, F)
define non-overlapping regions of the sequences, it must be that a history
of A−F requires at least 4 + 1 = 5 recombination events. The same could
not have been concluded if (B, E) was chosen instead of (E, F). At least one
event is required in the history of (B, E), but the region defined by (B, E) is
overlapping with that defined by (A, C, D) and therefore, a recombination
event in the history of (B, E) might also be part of the history of (A, C, D).

5.11.3 From local to global bounds

The informal definition goes like this: Partition the sequences into non-
overlapping regions. Calculate the bound Kn − Sn − 1 for each region,
perhaps excluding some sites from the region. Choose the partition that
gives the highest number. That number is HM . In the example there were
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two regions A−D and D−F. In the first site B was left out, in the second D.
Note that TM = 4, because A and C are incompatible, so are C and D, and
E and F. It is always true that HM ≥ TM .

5.11.3.1 How to find HM

The algorithm provided here is from Myers and Griffiths (2003). Define
Hij by

Hij = max{bik + Hkj | k = i + 1, . . . , j − 1} (5.30)

and

HM = H1Sn ,

with boundary conditions Hii = 0, Hi,i+1 = bi,i+1, and bij = 1 if sites i
and j are incompatible, and 0 otherwise. Hij is the bound obtained for the
regions spanned by the site i and j. For large data sets the algorithm can be
quite slow because many partitions have to be tried out to find the optimal
combinations of sites. This algorithm creates larger and larger intervals with
a maximal combination of bounds on small segments and smaller intervals
with maximal bounds on recombination events.

5.11.4 Minimal ARGs

One of the most famous data sets in the history of molecular popula-
tion genetics was published by Martin Kreitman in 1983. It contained 13
sequences each about 3200 bp long of 11 alleles of ADH genes from Dro-
sophila melanogaster. It had forty-three segregating sites. Twenty-eight of
these are informative and could contain information in parsimony sense
about recombination events. Determining the number of recombination
events in this data set has been the motivation for at least four methods: A
paper by Hudson and Kaplan from 1985 that produced 5 as a lower bound
on the necessary recombinations events in the history of these data. Using
Myers and Griffiths’ HM gave a lower bound of 6. Song and Hein (2003)
produced a lower bound of 7 and subsequently Song and Hein (2004a)
proved that this bound can be realised in an ARG and that no higher lower
bound is possible. This minimal ARG is shown in Figure 5.30.
The method obtaining this minimal ARG is very slow indeed and cannot

be used on data sets of more than 9–10 sequences and is thus not practical
for large data sets at present.
The method scans the sequences and at each column keeps track of the

cost of the minimal histories ending in all possible coalescent topologies in
that column. Let d(T1, T2) be the smallest number of recombination events
needed to convert T1 into T2, and s(T , i) be the number of substitutions
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Figure 5.30 The lowest part is the Kreitman data with only informative sites shown, then
identical sequences represented by one copy and segregating sites recoded as 0 and 1. The
middle part indicates which nucleotides are incompatible—a pair with a dark ball to the left
and an open ball to the right in the same line are incompatible. A recombination event must
occur between two incompatible pairs, but obviously a recombination can explain several
incompatible pairs. The top part is the minimal ARG explaining the sequences. From this
ARG can be extracted genealogies that describe different segments of the full sequences as
defined by the vertical lines. There are seven recombination events that could define eight
segments, but they only define six segments as some recombination events occur between
the same neighbouring pair of incompatible sites. The genealogy of site i can be recovered
by starting in the bottom of this ARG and going left at recombination node k, if i ≤ k,
otherwise choose the left edge upwards from the recombination node. (Adapted from Song
and Hein 2003)

needed to explain column i using tree T . When using the infinite site model,
s(T , i)will be infinity if more than one substitution is needed and s(T , i) = 0
otherwise. With this information a dynamical programming algorithm can
be formulated as

W(T2, i) = minT1{W(T1, i − 1) + d(T1, T2) + s(T2, i)}, (5.31)
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and

RM = minT {W(T1Sn)}. (5.32)

W(T , i) is theminimumnumber of recombination events required to explain
the first i sites if the tree in site i is T .
The minimisation has to be over all T1s at the (i − 1)th column and

the recursion above will give a value for all possible T2 at column i.
The recursion is initialised by W(T , 1) = s(T , 1). The initialisation states
that the cheapest history for the first column given a given coalescent topo-
logy, is just the cost of that column using that coalescent topology. The
recursion states that the cheapest history for the first i columns given that
the relationship of the sequences in column i is T2 must be the optimal com-
bination of the history up to the (i−1)th column and the cost of adding the
ith column. This cost has both a substitution cost from explaining column
i using T2 and the recombination cost of transforming T1 into T2.
This minimisation algorithm has some resemblance to the spatial

coalescent–recombination algorithm, but there is a crucial difference.
The cost of changing to a new coalescent topology only depends on the
coalescent topology in the previous column, while the corresponding prob-
ability would depend on the complete ARG for all the columns before the
present column.
Applying this recursion will give a minimal set of coalescent topologies

that can be combined into a single ARG. Figure 5.30 shows the above
algorithm applied to the Kreitman data set, when no double mutations are
allowed in any positions, which accelerates the algorithm. Recursion (5.31)
has TM − 1 as outcome if d(T1, T2) is defined as d(T1, T2) = 1 if T1 and T2
have different topologies and 0 otherwise.

5.11.5 Topologies, recombination, and compatibility

Genealogies with recombinations pose challenging problems. The combin-
atorics of trees has been much studied, while similar efforts have not yet
been undertaken for cases involving recombination.
It is obvious from the discussion of minimal ARGs, compatibility and the

probability of tree topology changing recombination events, that detect-
ing individual recombination events by inspection of the sample will only
reveal a small fraction. Figure 5.31 show two sets of simulations for eight
sequences with θ = 15 and θ = 40. This illustration shows the inherent dif-
ficulty in reconstructing recombination events. The dashed and solid lines
are the expected number of recombination events and topology changing
recombination events as a function of ρ. The lower set of ∗, ◦, and� are the
events recovered by the minimal ARGmethod, HM and TM , respectively for
simulations using θ = 15. The upper set are from simulations using θ = 40.
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Figure 5.31 The dashed and full lines show the expected number E(Rn) of recombination
events and the expected number E(R3

n) of topology changing recombination events,
respectively, for n = 8. The ∗, ◦, and � symbols show the performance of the minimal ARG
method, the haplotype bound and the Hudson–Kaplan bound respectively, for θ = 15
(lower curves) and θ = 40 (upper curves). The discrepancy between reconstructed and
expected number of recombination events is very large indeed. The larger the mutation rate,
the larger the fraction of reconstructed recombination events. As θ goes to infinity one
would expect that all topology changing recombination events would be detected. (Adapted
from Song and Hein 2004a)
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Figure 5.32 This figure is based on a sample of sequences of length ρ/2 = 5, and 2000
simulations. In addition to the arch-shaped form due to better phylogenetic information in
the middle of a sequence relative to the flanking regions, there is an asymmetry that could
be caused by the dynamical algorithms choice to place necessary recombination events as
rightward as possible. (Adapted from Song and Hein 2004a)

It is immediately seen that the recovered recombination events is only a small
fraction of the total number of recombination events and also of the num-
ber of visible recombination events. It is also intuitive that a higher number
of mutations will allow the detection of more recombination events.
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The conclusions from investigations trying to reconstruct recombination
events are thus negative, which is of course unfortunate. However, if the
goal is to find the genealogical relationship between the sequences, the pos-
sibilities are better. First, a reasonable measure of similarity of genealogical
histories needs to be defined. Comparing ARGs is an undeveloped topic rel-
ative to comparing classical phylogenies. If the local trees of a reconstructed
ARG are compared with the local trees of the true ARG, comparing ARGs
reduces to comparing trees. In Figure 5.32 one such comparison is shown
for seven sequences with ρ = 10 and θ = 75. The similarity of two trees is
measured as the percentage of identical bipartitions they induce. Unrooted
trees with seven leaves will have four such bipartitions corresponding to
four internal edges. Again, if θ grew arbitrary large, this score would con-
verge to 1.0. But for this simulation the average score along the sequence
is around 0.85, which means that the local tree on average would have all
or three bipartitions correct out of four possible. The shape of this score
along the sequence is interesting as well and is readily interpretable: The
local trees in the middle have more mutations to guide it towards the right
tree, while at the borders of the sequence, there will only be mutations to
one side.
In the approaches discussed, compatibility is a very simple and useful

concept, that unfortunately catches too little of the underlying tree structure,
while the method used to find the minimal ARG above seems very brute
force and exhausting in testing all trees at informative positions that are
compatible with that position.
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