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Abstract. We consider a rooted phylogenetic tree under molecular clock, a two-state charac-
ter, and a two-state symmetric substitution model (Neyman model). We examine the problem
of inferring the ancestral root state by the maximum likelihood and the maximum parsimony
methods. In particular, we would like to investigate if there are trees and characters for which
the two methods can give different ancestral states. This project is based on a problem suggested
by Mike Steel.

A phylogenetic X-tree is a tree T = (V (T ), E(T )) on a leaf set X = {1, . . . , m} ⊂ V (T ) with
no vertices of degree 2 (except the root vertex if we consider a rooted phylogenetic tree). We
consider only binary phylogenetic trees.

A character f is a function f : X → C for some set C := {c1, c2, c3, . . . , cr} of r character states.
For example, one is often interested in 4 states A,T,G,C.

Next we describe the so called r-state symmetric model, also known as the Nr-model. The
Nr-model assumes a uniform distribution of states at the root, and assumes equal rates of tran-
sitions between any two distinct character states [8]. For any edge e ∈ E(T ), let Pe denote the
probability that a substitution from a character state ci to another character state cj occurs on
edge e for ci 6= cj . Furthermore, let Qe denote the probability that no substitution occurs on
edge e. In the Nr-model we have 0 ≤ Pe ≤ 1/r for all e ∈ E(T ). We have (r − 1)Pe + Qe = 1.
The Nr-model assumes that substitutions occur independently on different edges. Note that for
r = 4, the Nr-model coincides with the Jukes-Cantor model [7]. For r = 2, it is known as the
Neyman model [8]. See also references [9], [12] for background on phylogenetic methods and
models of molecular evolution.

In this project we will only consider two states, say α and β, evolving on a rooted binary
phylogenetic tree under the Neyman model.

We consider phylogenetic trees constrained by a molecular clock, that is, we suppose that the
probability of a change of state from the root ρ to any leaf is a fixed number P independent of the
leaf. We sometimes say that P is the height of the tree. In the Nr model, we have 0 ≤ P ≤ 1/r
(and in fact 0 ≤ Pe ≤ 1/r for every edge e of the tree).

Suppose we observed a two-state character f on a rooted phylogenetic X-tree T . We ask the
question: what was the ancestral root state? Two of the most popular methods in phylogenetics
are the maximum likelihood method [5] and the maximum parsimony method [6]. In the maxi-
mum parsimony method (which we call MP), one assigns states to internal nodes of the tree so
that the observed data f can be explained with a minimum number of substitutions. Thus it is
a purely combinatorial (and model-free) method. In the maximum likelihood method, the root
state is the state that maximizes the likelihood of observing the character f .

Problem 1. (Computationally) search for examples of trees T and characters f for which MP
and ML disagree on the root state or verify that they agree on at least small trees.

Equivalence between MP and ML has been examined in a related context in [11].

We illustrate the two methods with a simple example. Figure 1 shows a tree T on 5 leaves and a
character f . The diagram on the left shows the most parsimonious assignment of internal states.
The diagram on the right shows substitution probabilities on the edges.

Key words and phrases. phylogenetics, ancestral state reconstruction, Neyman model, maximum parsimony,
maximum likelihood.

1



1 2 3 4 5

α β β α β

β

ρ = β

β
β

1 2 3 4 5

P1

P2

P3

P4

P5

P6

P5P2

ρ

α β β α β

Figure 1. Assignment of internal states according to MP (left); the same phylo-
genetic tree showing substitution probabilities (right).

Next we write the likelihood of observing f on T . Suppose fl is the restriction of f on the left
subtree (on the leaf set {1, 2}), and fr is the restriction of f on the right subtree (on the leaf set
{3, 4, 5}). The likelihood of observing f maybe written as

P (f |T , ρ = α) = P (fl|T , ρ = α)P (fr|T , ρ = α)

= P2(1 − P2) ((1 − P3)P6 + P3(1 − P6))P5(1 − P5),

which is a polynomial in the edge substitution probabilities. Similarly, one can write P (f |T , ρ =
β) as a polynomial in the edge substitution probabilities.

In the maximum likelihood method we first calculate A = sup P (f |T , ρ = α), B = sup P (f |T , ρ =
β), where the supremum is obtained over the parameters Pi. Then we assign the root ρ the state
α if A > B, the state β if B > A, and the state {α, β} if A = B. Note that even the maximum
parsimony method may assign the state {α, β} to the root.

Obtaining a global maximum of the likelihood polynomial will be the biggest challenge in this
project, and we might be able to consider only trees on at most 5 or 6 leaves. We refer to
[10, 3, 2, 1, 4] for some analytical results on the maximum likelihood calculations.

The constraints for the optimization problem are imposed by the molecular clock. That is, the
probability of substitution from the root to any leaf is P . So the constraints in the above example
are

P = P1(1 − P2) + (1 − P1)P2

= P3(1 − P6) + (1 − P3)P6

= P3P4P5 + P3(1 − P4)(1 − P5) + (1 − P3)P4(1 − P5) + (1 − P3)(1 − P4)P5.

We can verify that the constraints can be simplified by the substitution Pi = (1 − Xi)/2. With
this substitution the constraints become X = X1X2 = X3X6 = X3X4X5, which can therefore be
linearized by taking logarithms.
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