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Introduction

A context-free grammar G (henceforth abbreviated to “grammar”) is a 4-tuple (N, V, P, S) consisting
of the following components: a finite set N of non-terminal variables, a finite set V of terminal
variables that is disjoint from N, a finite set P of production rules, mapping non-terminal variables
to a series of non-terminals and terminals, and a distinguished symbol S € N that is the start
symbol. Beginning with the start symbol, following production rules, a ‘string’ of terminal variables
is produced (if this exists).

A grammar might be represented as follows.

S — F+8|F
F = 1|(S)|F«F

For instance, this would be a grammar which allows the generation of addition/multiplication ex-
pressions with just the number 1. It has non-terminal variables S, F', terminal variables (, ), +, *, 1,
production rules S — F + 5,5 — F,F — 1,F — (5) and start symbol S. The production rules
and the order they are used in form the derivation of a string. One valid derivation would be
S = F = (S) = (F) = (1), generating the string ‘(1)’ and using the sequence of production rules
S — F,F —(S),S = F,F — 1. It is in this way that SCFGs produce strings which can be taken
to correspond with nucleotide sequences or secondary structures.

A Stochastic Context-Free Grammar (SCFG) is a grammar with a probability distribution on
the implementation of production rules for each A € N, P4. SCFGs have been widely used to
model RNA secondary structure as they take into consideration long-range dependencies. This was
done initially by Sakakibara et al. (1994). Notably Knudsen & Hein (1999, 2003) created the Pfold
algorithm which was shown to be effective in comparison with other SCFGs (Dowell & Eddy 2004).

Consider now a SCFG G which models RNA secondary structure. G is said to be syntactically
ambiguous if it contains more than one derivation for a string of nucleotides (Reeder et al. 2005).
This is a desirable feature for G to have, as it will give us multiple structures for each sequence,
from which we can select the most probable as the prediction. One the other hand, G is said to
be semantically ambiguous if G produces more than one derivation for a given structure. This is
undesirable since one will not have a one to one correspondence between parse tree and secondary
structures, so the methods such as the CYK algorithm which finds the optimal parse tree will not
necessarily give the optimal secondary structure. An example of this is given in Figure[l} If structure
A has one derivation with probability 0.3, and structure B two derivations, each with probability
0.25, the CYK prediction algorithm (which considers maximum probabilities) will choose structure
A, while structure B is more probable. Here, we consider syntactic ambiguity (henceforth denoted
as “ambiguous”), and the effects it has on RNA secondary structure prediction.

There had been studies from both a theoretical (Giegerich 2000, Brabrand et al. 2007, Giegerich
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Figure 1: An example of a structurally ambiguous grammar, taken from Figure 1, Dowell & Eddy
(2004). The grammar used here has terminal variables {a,u, ¢, g}, non-terminal variables {S} and
production rules {S — aSa,S — aS,S — Sa,S — S5,5 — €} where a,a indicate pairing nu-
cleotides. The two derivation trees on the right are distinct, but both produce the same secondary
structure on the left, hence a syntactically ambiguous grammar.

& zu Siederdissen 2011) and practical point of view (Dowell & Eddy 2004) which have suggested
ambiguity should be carefully avoided. Additionally, there has been work done to change certain
grammatical structure to avoid ambiguity (Reeder et al. 2005). However, recent work by Anderson
et al. (2011) demonstrated there were many ambiguous grammars which were still effective models
for RNA secondary structure. Clearly it must be that, for the SCFGs found in Anderson et al.
(2011), the predictions with suboptimal probabilities are still reasonable predictions. This leads
naturally to several questions concerning the practical effects of the theory regarding ambiguity.

Project Proposal

The project will investigate several areas involving the practical implications of grammar ambiguity,
and would likely proceed in order through the suggestions.

Relative measures of ambiguity

Given the different performance of ambiguous grammars, it must be that some grammars are greatly
affected by grammar ambiguity, whilst others less so. In the literature, it seems that grammar ambi-
guity is viewed as a binary property, in that either a grammar is ambiguous or it is not. It is widely
known that determining grammar unambiguity is undecidable (Hopcroft & Ullman 1979), but there
are efficient heuristics for this (Knuth 1965, Reeder et al. 2005).

It is therefore desirable to come up with a measure of relative ambiguity to explore how differ-
ent grammars are affected by ambiguity. Two measures are suggested as a starting point.

Consider d,,(G), the number of derivations a grammar G can produce such that the length of the
resulting string is n, which can be found through recursion. Let s, be the number of valid struc-
tures of length n. s, can be determined either through known combinatorical methods (Hofacker
et al. 1998), or through enumeration of strings from a known unambiguous reference grammar, U
(for example the grammar used in Knudsen & Hein (1999)). Define measures of ambiguity a1 (G, n)
and az(G,n):

Z”: di(G)—d;i (V)

a(Gn) = = -
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ax(G,n) = maxM
i€[1,n] 7

Firstly it would be necessary to check that these measures (or any others used) have various
desirable properties, such as convergence as n — 0o so that these can be approximated by some fixed
N. The project would then examine grammars with known secondary structure prediction ability,
notably in Dowell & Eddy (2004) and Anderson et al. (2011). Also, a wide range of grammars
must be considered, so an exploration of the space of grammars as in Anderson et al. (2011) should
be done. The aim would be to establish some relationship between secondary structure prediction
quality and relative ambiguity.

Most probable prediction against maximum probable prediction

One would suspect that the grammars which are ambiguous but still strong as secondary structure
prediction have CYK-based predictions which are ‘close’ to the most probable structure. This aspect
of the project would investigate this in a quantatative way.

Dowell & Eddy (2004) use a heuristic to calculate the most probable structure against the CYK-
predicted structre using the N-most probable derivations (Chappelier & Rajman 1998). The pre-
dictions can be measured against a known structure either with measures of sensitivity and PPV
or more explanative measures, e.g. from (Moulton et al. 2000). This can then be combined with a
measure of ambiguity as above to determine the difference in prediction quality from ambiguity.

Normal forms and ambiguity reductions

Reeder et al. (2005) introduces methods which change the production rules of a grammar and intro-
duce new nonterminal variables to avoid ambiguity, whilst keeping the same set of possible strings
the same. It would be interesting to investigate how these suggested grammar changes affect the
relative grammar ambiguity in relation to the prediction quality. One could investiage this simply
by taking an ambiguous grammar (which must have the features described in Reeder et al. (2005)),
considering its prediction quality and relative ambiguity, then making the structural changes and
repeating the tests.

One final thing interesting to investigate would be the distribution of relative ambiguity among
different normal forms. Besides the double emission normal form discussed in Anderson et al.
(2011), one might like to see how normal forms such as Chomsky Normal Form (Chomsky 1956), a
grammar with production rules of the form

e A— BC for Ae N B,C € N\{S}
e A—vaforAe N,aeV
e S — ¢, where S is the start symbol and € the empty string
or Canonical Two Form, a grammar with production rules of the form
e A— BC for Ae N B,C € N\{S}
e A— Bfor Be N\{S}
e A—vaforAe N,aecV
e S — ¢, where S is the start symbol and € the empty string

affect grammar ambiguity. One could examine how, when converted from one form to another, the
relative ambiguity and prediction quality changes. To consider a movement throught he space here,
one will have to create methods to avoid cyclical derivations in addition to create a correspondence
between derivation and secondary structure. This final extension will take considerably longer (both
to code, and to run computationally), so would be only considered if time allowed.
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Skill set

The ideal candidate would have a strong maths/computer science background and some experience
with object-oriented programming. In particular, much of the code for many of the prediction and
evolution algorithms has been created in C++, so this will most likely be the language used for this
project. A large portion of the project will be spent coding these methods, so some past experience
is key.
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