
MS2a, Exercises Week 4

Rune Lyngsø

November 3, 2011

A Score Based Alignment

Define a similarity score w on the four nucleotides such that

w(X,Y ) =











10 if X = Y

2 if X 6= Y but X can be changed to Y by a transition

0 otherwise

Furthermore, let an indel have a dissimilarity of g = 10.
To find the maximum ‘similarity’ between two sequences, s1 = CTAGGA and

s2 = TTGTG, (taken over all possible alignments) you should use the recursion

Si,j = max {Si−1,j−1 + w(s1[i], s2[j]), Si,j−1 − g, Si−1,j − g}

With initial conditions

Si,j =

{

0 if i = j = 0

−∞ if i < 0 or j < 0

a. Fill out the following table according to the recursion

0
T

T

G

T

G

C T A G G A
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b. What is the maximum similarity score between the two sequences s1 and
s2?

c. Find an alignment with this similarity score.

d. Is the alignment you found unique, or are there more than one alignment
achieving the maximum similarity score?

B Probabilistic Alignment

The stochastic model proposed for insertion-deletions in 1991 in a paper by
Thorne, Kishino and Felsenstein (TKF91) provides a popular basis for statistical
inference about sequence evolution.

The TKF91 model has 2 kinds of links: * (immortal) and # (ordinary).
The * links cannot be deleted, but the # links are deleted at a rate µ, i.e.,
dp(# → −)(t)/dt = µ, where p(# → −)(t) is the probability that a # link is
deleted in a time period of length t. Both * and # links give rise to new links
(of type #) at a rate λ, i.e., dp(# → ##)(t)/dt = dp(∗ → ∗#)(t)/dt = λ,
where the underlining marks the position of the original link. The new link -
often called the child - is, by convention, placed to the right of the mother link.
The evolution of each link is assumed to be independent of every other link. The
probability of a specific sequence of length l is (1− λ

µ
)(λ

µ
)l
∏

i=1,l πs[i] where s[i]
is the ith character of the sequence, and πs[i] is the probability of this character
in the equilibrium distribution of the substitutional process.

It can be shown that

pk(t) = p

(

# - -
# # · · · #
1 2 k

)

(t) = e−µt[1− λβ(t)][λβ(t)]k−1;

p′k(t) = p

(

# - - -
- # # · · · #

1 2 k

)

(t) = [1−e−µt−µβ(t)][1−λβ(t)][λβ(t)]k−1;

p′0(t) = p
(

#
-

)

(t) = µβ(t),

and

p′′k(t) = p

(

* - - -
* # # · · · #

1 2 k

)

(t) = [1− λβ(t)][λβ(t)]k ;

where β(t) = 1−e(λ−µ)t

µ−λe(λ−µ)t , pk(t) is the probability of an ordinary link surviving

with k descendants including itself, p′k(t) is the probability of an ordinary link dis-
appearing but leaving k descendants, and p′′k(t) is the probability of the immortal
link having k descendants, not including itself.
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e. Argue from the basic model (i.e., not by differentiating the expression
above) that the following differential equation holds:

d

dt
p

(

# - - -
- # # · · · #

1 2 k

)

(t) =(k − 1)λ p

(

# - - -
- # # · · · #

1 2 k − 1

)

(t)

+ (k + 1)µ p

(

# - - -
- # # · · · #

1 2 k + 1

)

(t)

+ µ p

(

# - -
# # · · · #
1 2 k + 1

)

(t)

− k (µ+ λ) p

(

# - -
- # · · · #
1 2 k

)

(t)

f. Complete the following expression for the initial condition, i.e. what should
go instead of the two question marks, and justify your answer.

p

(

# - - -
- # # · · · #

1 2 k

)

(?) =?

g. Assume the TKF91 model of sequence evolution with nucleotide substitu-
tion described by the Jukes-Cantor single parameter model. Let parameters
be st = 0.2, µt = 0.1, and λt = 0.09. What is the likelihood of observing
homologous sequences s1 = AG and s2 = G?

h. What is the probability of the most probable alignment of these two se-
quences?

i. What is the most probable alignment?

j. What is the probability of observing s1 and s2 as non-homologous se-
quences, i.e. assuming they are not descendents from the same ancestral
sequence?

k. The TKF91 model can be viewed as a composition of two models, an inser-
tion/deletion process that defines a distribution over alignment structures,
and a substitution process that defines a distribution over the sequences
observed in the alignment. Ignore the sequence content and just focus on
the alignment structure. Prove that the length equilibrium distribution is
stationary (i.e., the distribution does not change over time).

l. Still ignoring the sequence content, write up the probability expressions for
the two alignment structures
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# –
– #

– #
# –

assuming that the top sequence is the ancestor and the bottom sequence
the descendant. Here the # character denotes a Felsenstein wildcard,
rather than an immortal link, and indicates a marginalisation over all pos-
sible characters, as in Felsenstein’s tree peeling algorithm.

What are the probabilities as t → ∞?

What would you expect for the two alignments in a time reversible model?
Can you explain this phenomenon?

m. For two or more sequences, recursions exist that allow the calculation of
the probability of the complete sequences as a function of the evolutionary
parameters. For k sequences and a given phylogenetic relationship, T,
these recursions can be viewed as hidden Markov models with the following
set of hidden states: a start state, S, an end state, E, and the set of possible
assignments of # (unspecified nucleotide) and - (absence of nucleotide) to
the nodes of T, such that the nodes assigned # form a connected subset
of the nodes of T (i.e., you can go from any of the #s to any other of the
#s without stepping on a -).

The following diagram shows a small phylogeny relating 3 sequences.

1

2 3

In how many ways can we assign #s and -s to the nodes of this phlogeny
(including the internal node) such that the #s form a (non-empty) con-
nected set?
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