
RNA Se
ondary Stru
ture Predi
tion In
luding Pseudoknots(2004; Lyngsø)Rune B. Lyngsø, University of Oxford, www.stats.ox.a
.uk/~lyngsoeINDEX TERMS: RNA se
ondary stru
ture predi
tion, pseudoknots, non-hierar
hi
al basepair 
on�gurations, maximum weighted mat
hing.1 SYNONYMSAbbreviated as Pseudoknot Predi
tion.2 PROBLEM DEFINITIONThis problem is 
on
erned with predi
ting the set of base pairs formed in the native stru
ture of anRNA mole
ule, in
luding overlapping base pairs also known as pseudoknots. Standard approa
hesto RNA se
ondary stru
ture predi
tion only allow sets of base pairs that are hierar
hi
ally nested.Though few known real stru
tures require the removal of more than a small per
entage of theirbase pairs to meet this 
riteria, a signi�
ant per
entage of known real stru
tures 
ontain at least afew base pairs overlapping other base pairs. Pseudoknot substru
tures are known to be 
ru
ial forbiologi
al fun
tion in several 
ontexts. One of the more 
omplex known pseudoknot stru
tures isillustrated in Fig. 1
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Figure 1: Se
ondary stru
ture of the Es
heri
hia 
oli α operon mRNA from position 16 to position127, 
f. [5, Figure 1℄. The ba
kbone of the RNA mole
ule is drawn as straight lines while basepairings are shown with zigzagged lines.2.1 NotationLet s ∈ {A,C,G,U}∗ denote the sequen
e of bases of an RNA mole
ule. Use X · Y where X,Y ∈
{A,C,G,U} to denote a base pair between bases of type X and Y , and i · j where 1 ≤ i < j ≤ |s|to denote a base pair between bases s[i] and s[j].1



De�nition 1 (RNA Se
ondary Stru
ture). A se
ondary stru
ture for an RNA sequen
e s is a setof base pairs S = {i · j | 1 ≤ i < j ≤ |s| ∧ i < j − 3}. For i · j, i′ · j′ ∈ S with i · j 6= i′ · j′

• {i, j} ∩ {i′, j′} = ∅ (ea
h base pairs with at most one other base)
• {s[i], s[j]} ∈ {{A,U}, {C,G}, {G,U}} (only Watson-Cri
k and G,U wobble base pairs)The se
ond requirement, that only 
anoni
al base pairs are allowed, is standard but not 
onsequen-tial in solutions to the problem.2.2 S
oring S
hemesStru
tures are usually assessed by extending the model of Gibbs free energy used for RNA Se
ondaryStru
ture Predi
tion by Minimum Free Energy (
f. 
orresponding entry) with ad ho
 extrapolationof multibran
hed loop energies to pseudoknot substru
tures [11℄, or by summing independent 
on-tributions e.g. obtained from base pair restri
ted minimum free energy stru
tures from ea
h basepair [13℄. To investigate the 
omplexity of pseudoknot predi
tion the following three simple s
orings
hemes will also be 
onsider:Number of Base Pairs, #BP (S) = |S|Number of Sta
king Base Pairs #SBP (S) = |{i · j ∈ S | i + 1 · j − 1 ∈ S ∨ i − 1 · j + 1 ∈ S}|Number of Base Pair Sta
kings #BPS(S) = |{i · j ∈ S | i + 1 · j − 1 ∈ S}|These s
oring s
hemes are inspired by the fa
t that sta
ked pairs are essentially the only loopshaving a stabilising 
ontribution in the Gibbs free energy model.Problem 1 (Pseudoknot Predi
tion).Input: RNA sequen
e s and an appropriately spe
i�ed s
oring s
heme.Output: A se
ondary stru
ture S for s that is optimal under the s
oring s
heme spe
i�ed.3 KEY RESULTSTheorem 1. The 
omplexities of pseudoknot predi
tion under the three simpli�ed s
oring s
hemes
an be 
lassi�ed as follows, where Σ denotes the alphabet.Fixed alphabet Unbounded alphabet
#BP [13℄ Time O

(
|s|3

), spa
e O
(
|s|2

) Time O
(
|s|3

), spa
e O
(
|s|2

)

#SBP [7℄ Time O
(

|s|1+|Σ|2+|Σ|3
), spa
e O

(

|s||Σ|2+|Σ|3
)

NP hard
#BPS

NP hard for |Σ| = 2, PTAS [7℄
1/3-approximation in time O (|s|) [6℄ NP hard [7℄, 1/3-approximationin time and spa
e O

(
|s|2

) [6℄Theorem 2. If stru
tures are restri
ted to be planar, i.e. the graph with the bases of the sequen
eas nodes and base pairs and ba
kbone links of 
onse
utive bases as edges is required to be planar,pseudoknot predi
tion under the #BPS s
oring s
heme is NP hard for an alphabet of size 4. Con-versely, a 1/2-approximation 
an be found in time O
(
|s|3

) and spa
e O
(
|s|2

) by observing that anoptimal pseudoknot free stru
ture is a 1/2-approximation [6℄.There are no steri
 reasons that RNA se
ondary stru
tures should be planar, and the stru
ture inFig. 1 is a
tually non-planar. Nevertheless, known real stru
tures have relatively simple overlappingbase pair patterns with very few non-planar stru
tures known. Hen
e, planarity has been used as ade�ning restri
tion on pseudoknotted stru
tures [2, 15℄. Similar reasoning has lead to developmentof several algorithms for �nding an optimal stru
ture from restri
ted 
lasses of stru
tures. Thesealgorithms tend to use more realisti
 s
oring s
hemes, e.g. extensions of the Gibbs free energy model,than the three simple s
oring s
hemes 
onsidered above.2



(a) (b) (
)
︸ ︷︷ ︸any number of base pairs(d) (e) (f)Figure 2: RNA se
ondary stru
tures illustrating restri
tions of pseudoknot predi
tion algorithms.Ba
kbone is drawn as a straight line while base pairings are shown with zigzagged ar
s.Theorem 3. Pseudoknot predi
tion for a restri
ted 
lass of stru
tures in
luding Fig. 2(a) throughFig. 2(e), but not Fig. 2(f), 
an be done in time O

(
|s|6

) and spa
e O
(
|s|4

) [11℄.Theorem 4. Pseudoknot predi
tion for a restri
ted 
lass of planar stru
tures in
luding Fig. 2(a)through Fig. 2(
), but not Fig. 2(d) through Fig. 2(f), 
an be done in time O
(
|s|5

) and spa
e
O

(
|s|4

) [14℄.Theorem 5. Pseudoknot predi
tion for a restri
ted 
lass of planar stru
tures in
luding Fig. 2(a)and Fig. 2(b), but not Fig. 2(
) through Fig. 2(f), 
an be done in time O
(
|s|5

) and spa
e O
(
|s|4

)or O
(
|s|3

) [1, 4℄ (methods di�er in generality of s
oring s
hemes that 
an be used).Theorem 6. Pseudoknot predi
tion for a restri
ted 
lass of planar stru
tures in
luding Fig. 2(a),but not Fig. 2(b) through Fig. 2(f), 
an be done in time O
(
|s|4

) and spa
e O
(
|s|2

) [1, 8℄.Theorem 7. Re
ognition of stru
tures belonging to the restri
ted 
lasses of Theorems 3, 5, and6, and enumeration of all irredu
ible 
y
les (i.e. loops) in su
h stru
tures 
an be done in time
O (|s|) [3, 9℄.4 APPLICATIONSAs for the predi
tion of RNA se
ondary stru
tures without pseudoknots, the key appli
ation ofthese algorithms are for predi
ting the se
ondary stru
ture of individual RNA mole
ules. Due tothe steep 
omplexities of the algorithms of Theorems 3 through 6, these are less well suited forgenome s
ans than predi
tion without pseudoknots.Enumerating all loops of a stru
ture in linear time also allows s
oring a stru
ture in linear time,as long as the s
oring s
heme allows the s
ore of a loop to be 
omputed in time proportional to itssize. This has pra
ti
al appli
ations in heuristi
 sear
hes for good stru
tures 
ontaining pseudoknots.5 OPEN PROBLEMSE�
ient algorithms for predi
tion based on restri
ted 
lasses of stru
tures with pseudoknots thatstill 
ontain a signi�
ant fra
tion of all known stru
tures is an a
tive area of resear
h. Even usingthe more theoreti
al simple #SBP s
oring s
heme, developing e.g. an O

(
|s||Σ|

) algorithm for thisproblem would be of pra
ti
al signi�
an
e. From a theoreti
al point of view, the 
omplexity ofplanar stru
tures is the least well understood, with results for only the #BPS s
oring s
heme.Classi�
ation of and realisti
 energy models for RNA se
ondary stru
tures with pseudoknotsare mu
h less developed than for RNA se
ondary stru
tures without pseudoknots. Several re
entpapers have been addressing this gap [3, 9, 12℄. 3



6 DATA SETSPseudoBase at biology.leidenuniv.nl/~batenburg/PKB.html is a repository of representativesof most known RNA stru
tures with pseudoknots.7 URL to CODEThe method of Theorem 3 is available at selab.janelia.org/software.html#pknots, of one ofthe methods of Theorem 5 at www.nupa
k.org, and an implementation applying a slight heuristi
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tion of the 
lass of stru
tures 
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