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Abstract

The diffusion-generator approximation technique developed by De lorio and Griffiths
(2004a) is a very useful method of constructing importance-sampling proposal distri-
butions. Being based on general mathematical principles, the method can be applied
to various models in population genetics. In this paper we extend the technique to the
neutral coalescent model with recombination, thus obtaining novel sampling distributions
for the two-locus model. We consider the case with subdivided population structure, as
well as the classic case with only a single population. In the latter case we also consider
the importance-sampling proposal distributions suggested by Fearnhead and Donnelly
(2001), and show that their two-locus distributions generally differ from ours. In the case
of the infinitely-many-alleles model, our approximate sampling distributions are shown
to be generally closer to the true distributions than are Fearnhead and Donnelly’s.
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1. Introduction

Estimating model parameters and making ancestral inference are an important part of
molecular population genetics. At the core of these studies is the problem of computing the
likelihood of the type configuration of sample sequences. In the context of the coalescent model
and its various extensions, closed-form formulae are generally not known for such likelihoods
and, therefore, several computationally intensive statistical methods have been proposed for
approximating them. Most of these statistical approaches fall into one of two categories:
one based on Markov chain Monte Carlo methods—for examples, see Kuhner ef al. (1995),
(2000), Wilson and Balding (1998), and Beaumont (1999)—and the other based on importance-
sampling (IS) methods, some notable examples being Griffiths and Tavaré (1994a), (1994b),
(1994c), Griffiths and Marjoram (1996), Stephens and Donnelly (2000), and Fearnhead and
Donnelly (2001).

On the importance-sampling side, new impetus was given when Stephens and Donnelly
(2000) constructed a very efficient IS scheme for the neutral coalescent model for a single
population. Recently, De Iorio and Griffiths (2004a) developed a general method of constructing
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IS proposal distributions from a diffusion-process generator and showed that their proposal
distributions coincide with that of Stephens and Donnelly (2000) in the case of the neutral
coalescent model for a single population. A particularly appealing property of the technique
developed by De lorio and Griffiths is that the construction of the proposal distributions in that
approach is based on general mathematical principles. The technique is systematic and can be
applied to various settings. For instance, De Iorio and Griffiths (2004b) applied their technique
to the neutral coalescent model with subdivided population structure, obtaining significant
improvement over previous IS schemes.

The goal of the present paper is to extend the method of De Iorio and Griffiths (2004a),
(2004b) to the neutral coalescent model with recombination. We consider the case with
subdivided population structure, as well as that with only a single population. We focus on the
two-locus model in this paper and defer addressing the general case to a later paper; for now, we
just mention that much of what we discuss here can be carried over to multilocus models as well.
Throughout this paper, two specific models—namely, diallelic models and parent-independent
mutation (PIM) models—are examined in detail, thus illustrating how our method works. For
these models, we obtain explicit formulae for conditional sampling distributions, which can be
used to devise an IS scheme.

Of all hitherto suggested IS schemes for the coalescent model with recombination in the
case of a single population, that proposed by Fearnhead and Donnelly (2001) seems most
efficient. In a recent study of the fine-scale variation of recombination rates in the human
genome (see McVean et al. (2004), Myers et al. (2005), and Fearnhead and Smith (2005)),
Fearnhead and Donnelly’s IS scheme was employed to compute two-locus likelihoods, which
were then combined using Hudson’s (2001) composite likelihood idea. In this paper we con-
struct novel conditional sampling distributions and compare them with that used in Fearnhead
and Donnelly’s IS scheme. In the case of the two-locus model we show that our sampling
distributions are generally different from that of Fearnhead and Donnelly’s. Furthermore,
for the infinitely-many-alleles model, in which case we can numerically compute the true
sampling distributions for a small sample size, we show that our sampling distributions are
generally closer to the true distributions than are Fearnhead and Donnelly’s. Note that IS
for the neutral coalescent model with both recombination and subdivided population structure
has not been studied before; our sampling distribution for that case is therefore the first of
its kind.

The organization of this paper is as follows. In Section 2 we review the one-locus case studied
by De Iorio and Griffiths (2004a) and describe their general diffusion-generator approximation
technique. Our two-locus sampling distributions for a single population are discussed in Sec-
tion 3, whereas Fearnhead and Donnelly’s (2001) corresponding distributions are examined in
Section 4. In Section 5 the aforementioned comparison of the approximate sampling dis-
tributions with the true distributions is carried out in the case of the infinitely-many-alleles
model. The two-locus model with subdivided population structure is discussed in Section 6.
In Section 7 we conclude with a brief discussion on future directions.

2. A brief review of the one-locus case in a single population

We first consider the one-locus case in a single population. In addition to serving as a simple
example that clearly illustrates the general idea behind our approach, the one-locus case will
resurface in an important way when we discuss the two-locus case.
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2.1. Diffusion approximation

We denote the type space for alleles by E = {1,2,...,d} and the population allele
frequencies by X = (X;)ice. The generator for the diffusion process of allele frequencies
in the space A := {x = (x;)icg | x; > Oforalli € Eand ) ;,_p x; = 1} is given by

£=% in((sij—x +Z Z( x,otlj+xjot],)

i,jeE icE jeE

where o;; are mutation parameters. If mutation events occur according to a Poisson process with
rate /2 and type changes are governed by a Markov chain with transition matrix P = (F;;),
then o;; = (6/2)P;; and ) a;j = 0/2, in which case the diffusion process generator
becomes

JjeE

1
£=5 in((sij Xj W —Z ij(le_ jl

i,jeE ieE jeE !

Note that this generator can be written as

1
L= ZL—, WhereL,-:EZx,-((S,-j X)) + ij(P],—aj,-).

ieE JjeE j€E

With E denoting the expectation with respect to the stationary distribution of the diffusion
process, the sampling distribution of an unordered t};pe configuration n = (ny,n2,...,n4)
is given by p(n) = (n) E(erE n"), where n = ) y_, nx and ( ) denotes the multinomial
coefficient ( _— nd)' An important fact is that this sampling distribution satisfies the exchange-
ability condition,

. ni+1—8ij
w(i|n—ej)pn—ej)= — pn—ej+e), (D

where e; denotes the unit vector with a 1 in the jth component and 7 (i | n) denotes the
conditional sampling probability of an additionally sampled allele being of type i, given that
the current unordered sample configuration is #. Conditional probabilities are normalized so
that ), 7(i | m) = 1. Another important point to note is that

E(xlgxzk) = <ZL — ]—[ X"‘) =0, )

icE ' keE
which follows from the fact that E(L f (X)) = 0 for any bounded continuous function f with
well-defined second derivatives. The key to the technique developed by De Iorio and Griffiths
(2004a) is to assume that there exists a distribution with expectation operator E such that the
vanishing of (2) holds componentwise; that is, for all i € E,

(L — ]’[ X"") =0. (3)

! keE

Furthermore, assuming that the exchangeability condition shown in (1) holds for the sampling
probabilities p(n) = (Z)]::(]_[kE E XZ") and the corresponding 7 (i | n), a system of equations
satisfied by 7 (i | n) can be found (see De Iorio and Griffiths (2004a)). A key observation
is that these conditional sampling probabilities can be used to construct efficient IS proposal
distributions.
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TaBLE 1: Proposal distribution and importance weights for a neutral coalescent model of a single locus.

Hy—1 p(Hi-1 | Hy) IS weight
nj—1 n; 1
n—e W P LiGIn—e)
n+60—1n7a(j|n—ej) nj
OP;; i 7| n—e; i +1—=68;i7(j|n—e;
n+e —ej y__ny e o ij 70 | 2

n+60—1na(|n—ej) nj A |n—ej)

2.2. Using 7 (i | n) for importance sampling

The likelihood of a configuration can be calculated by sequential IS on coalescent histories
which begin at a configuration Hy of sample genes, and move through states H_1, ..., H_,,
back in time. Changes of state occur when a coalescence, mutation, migration (in the case of a
subdivided population structure), or recombination (in the case of more than one locus) takes
place. The most recent common ancestor (MRCA) is reached at H_,,.

The forward transition probabilities p(Hy | Hx—1) from the MRCA to the sample are
known from the coalescent process, whilst the reverse transition probabilities p(Hi—1 | Hy)
are unknown and replaced by an IS proposal p(Hy—1 | Hy). The IS weight in a transition from
Hy to Hy— is then p(Hy | Hy—1)/p(Hx—1 | Hy). Using Bayes’ rule and (1) applied to p(n)
and 7 (i | n), the proposal distribution and IS weights can be expressed in terms of 7. The
simplest one-locus case is illustrated in Table 1. We briefly mention that approaches other than
IS can be made to exploit the sampling distribution 7 (i | n). For example, Li and Stephens
(2003) constructed an efficient way to estimate the likelihood by introducing the product of
approximate conditionals (PAC), defined as p(n) = 7 (i)A G2 | i1) Ay | i1s--.sin_1),
where (i1, ..., i,) denotes a random permutation of the ordered configuration (ay, ..., a,)
of genes corresponding to the unordered configuration n. For the stepwise mutation model,
Cornuet and Beaumont (2007) provided a comparison of a PAC scheme with an IS approach,
when 7 (i | n) is derived using the method of the preceding subsection.

2.3. A general solution to the sampling distribution 7 (i | n)

The system of equations for 77 (i | n) that we can obtain using (1) and (3) is

(407G [ n)=ni+0Y 7k |n)P. )
keE

(See De Iorio and Griffiths (2004a) for the details of the computation.) This system of
equations can easily be solved using matrix inversion. More precisely, 7 (i | n) is the ith
component of the row vector cn(I — cOP)~!, where ¢ = 1/(n +6)and I is the d x d
identity matrix. As discussed in De Iorio and Griffiths (2004a), this solution is exactly what
Stephens and Donnelly (2000) also obtained using a different approach. Furthermore, note
that, as n — oo and n; /n — x;, with x; being the population frequency of the allele type i,
a(i | n) — xj.

The sampling distributions 77 (i | n) depend on 6 and P only through the rate matrix 6 (P —1I).
The proposal distribution and IS weights in Table 1 can be modified to depend only on the rate
matrix by considering the proposal distribution conditional on state changes by mutation j — i,
where i # j.
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2.4. w (i | n) for a diallelic locus

When there are only two alleles ateach locus, i.e. E = {1, 2}, the expressionc n(I —c 6 P)~!
described in the previous subsection takes on a simple form. More explicitly, the conditional
sampling distributions are given by

6 P; 6P
71 |n):l11+—21 and #(2 | n):nz—i_—lz'
n+6(Pi2 + Pay) n+0(Pi2+ Pay)

2.5. (i | n) for PIM models

For PIM models, the transition probability satisfies Py; = P; and, therefore, it follows
from) , p7(k | n) =1that0 ), _p7(k | n)Py; = 6P;. Hence, the sampling distribution
7 (i | n) fori € E has the following simple form for PIM models:

7@ | n) = ———. 5)
n
The two-allele and PIM models are seen to be equivalent by choosing 6 and P such that

Opim = Ocwo-allele (P12 + P21),

P:
Pl=——t
P+ Py
P
o b2
Pio + Po

3. The two-locus model in a single population

In this section we apply the diffusion approximation technique to the two-locus model in
a single population. As we elaborate presently, there exists an intricate link between the one-
locus and the two-locus models. This property allows us to obtain closed-form formulae for
sampling distributions for certain models.

3.1. Notation

We first define some useful notation to be used in the remaining part of this paper.
1. The first locus is denoted by A and the second locus by B.
2. Let E4 and E g denote the allele type spaces for the first and the second loci, respectively.

3. We use ‘-’ to denote that an index has been summed over. For example, n;. = Y
andn.j =3 g, nij-

jeEg Mij

4. Given a rank-2 tensor n = (1) (i, j)eE, x E5» W€ define two vectors na = (n;.)icg, and
ng = (n.j) jee, by summing over one of the indices.
5. Ascalarnisdefinedasn =3 ; g, x g, Mij-

6. We use e; to denote the unit vector whose ith component is 1 while all other components
are 0. Similarly, e;; denotes a rank-2 tensor whose (i, j) component is 1 while all other
components are 0.
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3.2. The neutral two-locus diffusion model
The state space of the neutral two-locus diffusion model is

A:{x:(xij)(i‘j)eEAxEB Xij > 0 for all (i,j)GEA x Ep and Z xijzl},

(i,))€EAXEp
and the generator for the diffusion process is
d
oo (Lj)e;AxEB iy
where
Lij = ! Z xij (Bikdji — xkl)i + bij(x) + lp(xi»x-j — Xij).
2 CRYY, 2

(k,)EEAXEpR

In the infinitesimal mean part of the generator, p is the population-scaled recombination rate
and b;;(x) is

bij(x) = %A > x (PG =) + %B > xu(Pf =8,
keE 4 leEp
where 6, and P{; are the population-scaled mutation rate and entries of the transition matrix
for locus ¢ € {A, B}. For clarity of discussion, we keep the parameters of the two loci
distinguished.
Consider the multinomial probability

!
Q(x,n) = < ~ ') [T . (6)

. jyeraxes i (k.)eEsxEg

The sampling distribution p(n) of the unordered sample configuration n is defined as p(n) =
E(Q(X, n)), where the expectation operator E is defined with respect to the stationary distri-
bution of the diffusion process. Let w((i, j) | n) denote the conditional probability that the
(n+1)th sampled allele is of type (i, j) € E4 x Ep, given that the first n alleles have multiplic-
ity configuration n. These probabilities are normalized sothat} ; i\, g, (G, j) [ n) = 1.
The sampling distributions 7 and p satisfy the exchangeability condition

_nij—i—l

(i, j) | m)p(n) = E(X;; Q(X, n)) o p(n+eij), )
which implies the following collection of conditions:
p(n —e;j + ey)
= (kD) | n—eij), ®)
p(n—eij) ng + 1 —68ixdji Y
pn—ejj+ej+e ) nij nn+1)

p(n —eij) nij +8ikdji (ngj + 1 — i) (nit + 1 —8;1)

xw({(i, D, (k, )} | n — eij), C))

where 7w ({(i, 1), (k, j)} | n — eij) = E(XuXy;Q(X,n — e;;))/p(n — e;j). The sampling
distribution 7 satisfies the symmetry identity

m((k, j) I n+ep) w((@,D) | n)=m(G1) | n+ey) n(k,j)|n), (10)
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which implies that

r({G, D, k, D} | n—eij) =n(k, j) | n—ej+e)n(G1)|n—eij)
=m((@, 1) | n—ej+e)m(k,j)|n—e;j).

3.3. The main recursion for 7 ((, j) | n)

Adopting the idea of De Iorio and Griffiths (2004a), we now assume that there exists a
distribution with expectation operator E such that, for all (i, j) € E4 x Ep,

. 3
E(L,;,W [ X,’j;’)zo. (1)

U (k)eE X Ep

Proposition 1. Let p(n) = E(Q(X , n)), where Q(X, n) is the multinomial expression shown
in (6), be an approximate sampling distribution, and let & be the corresponding approximate
conditional sampling distribution that satisfies the exchangeability conditions (7)—(9). Then,

(4 p+0a+0p)RG,J) | m) =nij+04 Y Ak, j) | WP} +05 Y 7.1 | )P}
keE4 leEp

+ o ({G, ), ¢, DY I n), 12)

where #({(i, "), (-, )} | m) = E(Xi.X.; Q(X, m))/ p(n).

Proof. 1tis straightforward to show that the componentwise vanishing property (11) implies
the following relation for p:

nij((n—1)+ p + 04 +0p) p(n)
= n(n,-j — l)ﬁ(n — eij)
+0a Z P (ngj + 1= 8i) p(n — e;; + ex))
keE 4
405 > PR+ 1—8;)pn — e;j +eir)
leEp

0

+n+1

> (ﬁ("-eij + eir + ex;))
(k,l) eEsAxEp
nij +8ikdji
xJL;%imﬂ+memw+1—mQ. (13)
ij
This can also be obtained by assuming in the ancestral recombination graph that the next event
(coalescence, mutation, or recombination) back in time has probability n;;/n of occurring to a
gene of type (i, j). Using the exchangeability conditions shown in (7)—(9), the above equation
for p can be written in terms of 77, as shown in (12), after setting n — n + e; i

Note that the approximate conditional distribution 7 may not satisfy the symmetry identity
(10) satisfied by the true distribution 7r. Therefore, the formula we obtain for 7 ((Z, j) | n) may
depend on how 7 ({(i, -), (-, j)} | n) is treated. Motivated by the symmetry identity (10), we
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use the following symmetric form when evaluating 7 ({(i, -), (-, j)} | n):
a{G, ), ¢, )} | )
1
=3 2 2 @D I m Ak ) |nten) + 7D | n+e) 7K, ) | 0).

keEs l€ER
(14)

The main difficulty in solving (12) comes from this part. At first sight, itis not obvious how these
terms quadratic in 77 ((a, b) | n) should be handled. It turns out that the system of equations
shown in (12) possesses hidden structures that prove very useful. We turn to this property next.

3.4. Marginal distributions

The key observation that allows us to solve for 7 ((, j) | n) in (12) is as follows. If we
sum over the index j in (12) then the terms that contain the mutation parameter 65 cancel out
nicely between the left- and right-hand sides. The same holds true for the terms that contain p.
Hence, what remains is the following simple system of equations:

(n+0)A, ) [ m) =ni +604 Y #((k,) | m) P 15)
kGEA

Note that this system of equations is a marginal system depending only on n4. In fact, it
is precisely what the one-locus conditional distribution for the first locus satisfies; summing
over the index for the second locus has reduced the two-locus equations (12) to the one-locus
equations (4) for the first locus. There exists a unique solution to (15), namely 7 ((i, -) | n) =
74 (i | na), the latter being the one-locus distribution for locus A.

In a similar vein, if we sum over the index i in (12) then we obtain

(n+0p)F(C. ) | ) =nj+6p Y 7(C.D) | mPE, (16)
leEp

which is a marginal system depending only on n g. The unique solution to (16)is 7 ((-, j) | n) =

75(j | np), the latter being the one-locus distribution for locus B.

3.5. 7 ((i, j) | n) for diallelic loci

In the case of diallelic loci, i.e. E4 = Ep = {l, 2}, it becomes particularly clear how the
observation made i_n the previous sub_section can be utilized to obtain 7 ((i, j) | n). In what
follows, we definei = 1ifi =2andi =2ifi = 1.

Proposition 2. Assume the symmetric form (14) for # ({(i, -), (-, j)} | n). Then, for diallelic
loci, a solution to (12) is given by

L (GWIRRD)

1 L L
= N(”ij +0aP475(j | np) +93Pﬁ-7TA(l | na)

£< n+04(Ph+ P n+0p(P5 + PH)

Al | na)7p(j | "B)>,
2\n+1+40a(P3+P5) n+1+93(P5+Pfl)>

7)
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where the normalization constant N is defined as
N =n+04(PS + P +05(PE + PS)
B( n+0a(PS + P n+0g(PE + Pf) )
2\n+1+604(PE+ P n+1+05PE+PE)

Proof. As in the one-locus case (cf. Section 2.4), (15) and (16) for two-locus marginal
distributions admit simple solutions when there are only two possible alleles at each locus.
More precisely, we have

R | m) = Aal | na) = — +OARy (18)
’ n+04(Ph+ P’
o - nej + 08P
7((,j) | n)y=mnp(j | np)= 5105 (PE 1 PE) (19)
Hence, it follows that
A, ) | n+ey) = et o +fAPZ?A = o athis Pg))iA(i | ZA) o
n+1+9A(P]2+P21) n+1+9A(P12+P21)
(G, j) | n+ey) = o +93P’% = (1 +08(Pp; + Pa)78( | nB)Jr(Sjl,
n+1+6g(P5+ Pj) n+1+60g(P5+ Ph)

and, therefore, 7 ({(i, -), (-, j)} | ») can be written as
a({G, ), ¢ )} I n)

1 1 1

= + 7 (@, j) | n)
2<<n+1+9A(P{§+P{‘1) n+1+93(P1‘§+P231)> !

( n+0a(Pf + P3)) n+0p(PJ + Py
n4+1+04(P5+ Pf)  n+1+0p(P5+ P

where we have used the symmetric form (14). Using this, along with (18) and (19), we can
easily solve for 7 ((i, j) | n) in (12). After some simple algebra, we obtain (17).

>7ATA(i | nA)TBR(j | "B)),

Note that everything on the right-hand side of (17) is completely known and that the solution
has a very nice form. In particular, the contribution of recombination to 7 ((i, j) | n) is
proportional to a simple product of independent one-locus distributions at the two loci. Similar
to the case of a single locus, as n — oo and n;;/n — x;j, with x;; being the population
frequency of the allele type (i, j), 7 ((i, j) | n) — x;j.

Note that the approximate conditional sampling distribution 7 ((i, j) | n) obtained above
satisfies Z(i’j)eEAxEB (@, j) | ) = 1. Also, for p = o0, it satisfies the symmetry condition
(10). For 0 < p < oo, the symmetry condition is not satisfied in general.

3.6. T ((i, j) | n) for PIM models

We first need to obtain a system of equations relating 7 ({(Z, -), (-, j)} | ») to 7 ((, j) | n).
In (15) setn — n+e¢;;, multiply by p(n + ezj)(]_[(,’s)eExE(nrs + 8,165;)D)/(n + 1)!, and then
sum over the index /. The resulting equations are

(n+ 04+ DEX; X X") = n B(X;jX") + E(X;;X™) + 04 Y E(Xi.X;X") P,
kEEA
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where X" denotes [ [, pycr,xEp X"« Then, multiplying by n!/(p(n) [Tosyee sy Mrsh
gives the recursion

404+ DAAG, ), (D) | m) =nifp(j | np) + A, j) | n)
+0a Y Rk, DY PG (20)

keEx
In the PIM model Pk"} = PiA forall k,i € E 4. Hence, (15) reduces to
(n+ 074G | ma) = ni. +04 P, 21
and (20) reduces to

(404 + DRAAG, ), (DY | m) = (i +0aPNRB( | np) + 7 (G, ) | n)
=+ 0070 | nA)7R(j | np) +7((, J) | n).

In a similar vein we can show that
(n+0p)7B(j | np) =n.;+0pP’ (22)
and
(n+0p +Da{G, ), (. DY n) =0 +0p)7al | nA)TE(j | np) +7(G, j) | n).

Note that (21) and (22) are analogues of the one-locus distribution (5) for loci A and B,
respectively. Symmetrizing with respect to the two loci thus gives

. . 1 n+ 04 n+0p .. ..
a({@, ), ¢, )} n)_§<n+l+9,4 n+1—|—93>7m(l | nA)7p(j | np)
1 1 1
1 H(G. ) | ). 23
+2<n+1+9A+n+1+eB>”((’ P ln 23)

This leads to the following result.

Proposition 3. For the PIM model, a solution to (12) is given by

(G, j) | m) = F(""i + 0P 7p(j | np) + 0P RAG | na)

+1 n4 04 n+0p
P\rnsi+6. " n+l+0g

> )ﬁA(i | nA)7B(j | nB)), (24)

where

1
N’:n+9,4+93+5p

n+64 n n—+6p
n+1+64 n+1+6g)

Proof. This follows from substituting (23) into (12) and then solving for 7 ((i, j) | n).

Similar to the case of diallelic loci, as n — oo and n;;/n — x;;, 7 (@i, j) | n) = x;j.
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3.7. Using 7 ((i, j) | n) for IS

In a similar manner to the one-locus case, backward transition probabilities can be expressed
in terms of the sampling distribution 7 ((i, j) | n). However, it is clear from (13) that each
recombination event increments the size of the sample, resulting in an extremely inefficient
IS scheme that needlessly simulates complete ancestral recombination graphs (ARGs). This
inefficiency can be circumvented by noting that the histories of genes which are not ancestral
to the sample cannot affect the sample configuration, and so there is no gain in tracing them
back in time. We propose a modified IS scheme which simulates coalescent histories only
of genes carrying ancestral material, rather than complete ARGs. The sampling distribution
7 ((i, j) | n)is modified accordingly, as we describe below, and forward transition probabilities
are obtained from the corresponding two-locus recursion. This recursion is related to those
studied in Golding (1984) and Ethier and Griffiths (1990), which differ from this approach in
that they do not assign types to nonancestral loci.

Denote a gene of type (i, j) € E4 x Ep which is ancestral at locus A only, at locus B only,
and at both loci as (i, )4, (i, j)B, and (i, j)€, respectively, with corresponding multiplicities
n{j i and n& ij The state space for genes in this system can then be denoted by (i, j, y) €
Esx EpxT,wherel" = {A, B, C}and y indicates at which loci the gene is ancestral (A only,
B only, or both). Define n,, = (n?})(i,j)egAxEB and n¥ = Z(i,j)eEAxEB nlyj for y € I', so that
n = (na,ng,nc) and n = n4 + n® 4+ n€. In the reduced scheme only genes ancestral at
both loci, y = C, can undergo recombination as we trace back in time. When sampling types
(i, j)A, (@, j)B, and (i, j)C, we use

A DY ) =2 NP 1) =2, N m) =G, ) | ).

An equation for p(n) under this reduced scheme is

Dopmy=n ) (Z(nl,—np(n—e )+ 21 (p(n —ef}) + p(n —ef))

(i,j)eEsxEp “yell

+ 2(nl.cj + Dp(n — e;‘} — eg- + eg)

”k + 1 — i
o Y A )
keEy, yel
nll+1 31
+ 6 Z ZPZJ p(n—e +ell)
leEpg yel n

(”zl + 1)(nkj + 1) A B c
DY a1 p("+e”+e"f_e”)>’
(k,)EEAXEp

where Do =n(n — 1) +nbs + nbp + pnc; n— eiA}. denotes (ns — e;j, np, nc), and so on.
Let Hy, H_1, ..., H_,, denote a sequence of states backwards in time, with the state Hy
denoting the input data. Recall that the proposal density for sequential IS is p(Hx—1 | Hy) =
p(Hy | Hr—1)p(Hy—1)/p(Hy), with p(Hy | Hy—1) being the forward transition probability,
and the associated importance weight is p(Hy)/p(Hy—1). The forward transition probabilities
and the ratio p(Hy_1)/p(Hy) for the scheme developed above are shown in Table 2, whence
the backward transition probabilities and IS weights can be derived. For sampling distributions
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TABLE 2: Forward transition probabilities p(Hy | Hy—1) and the ratio p(Hg—1)/p(Hy). The constant Dy
is defined as Do = n(n — 1) + néa + nbp + nCp, and the multiplicity of Hy isn = (n, n8, nc).

Hi1 p(Hy | Hi-1) P(Hy—1)/ p(Hy)
Coalescence
i Do nft (i, HA | n—ef})
n(2nicj —I—nf} -1 "3’
n—e’. —_—
i Dy nit (i, B | n—ef)
c n(nlcj -1 ng
n—e; I —
ij Do nit (i, )€ | n —ef)
A_ B ,C 2"("ici+1) ”?j”gﬁ((i’j)c |n—e _ei';')
n—eu—eu-i-el] —_— C = . NA (: B ) A B
Dy ”(nij‘f‘l)”({(l’]) , @@, )7} |"_e,'j_eij)
Mutation
b o el AP (nfy +1—8i1) nfy Ak DA I n—ef)
i+ e Do ngy + 1 =0k ()Y | n—ef})
P OaP(nf, +1—8ik) nf  wk )P In—ef)
n—e; T e D B 11 _s. #((i 1)B B
0 nkj+ — ik (@, J) |n_e,'j)
p o 4 o OAP{E ™S + 1= 8u) nG #(kHE I n—ef)
—eC + el —
ik Dy ng; +1 =8k #(G )HE | n—ef)
b o el 05 PE(nf} +1— ;1) n o RGDA In—ef))
v Do ny+1=8j (G )Y | n—ef)
bl 05 PEME +1 -5 nf o RGDE I n—ef)
—eB 4B —
i o Do nfi+1=38; 7, ) | n—ef)
b€ 05 PE (G +1-51) nG  AGDC | n—ef)
—eC +eS P
g Do n +1=8; 7 ) | n—ef)
Recombination
R R T nG o+ DERAG, DA, K, )P} | n —ef)
n—e;+e;te A B o C C
(n + 1)Dg (n,'l+])(nkj+1)7r((lv DE n_eij)

involving the sampling of two additional alleles, we propose to use the following symmetrized
definition:

A{G DY, K HPY I n—ef) = 3@ DY | n+ el —eR(K, HP | n—ef)

+a (k)P | n+ e —e) (DN | n—ef)).
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4. Fearnhead and Donnelly’s (2001) sampling distributions

In this section we describe the sampling distributions suggested by Fearnhead and Donnelly
(2001). It was shown in De Iorio and Griffiths (2004a) that, in the absence of recombination, the
diffusion approximation technique leads to the same sampling distributions as that proposed
by Stephens and Donnelly (2000). It would therefore be of interest to study whether the
diffusion approximation technique can produce novel sampling distributions when recombina-
tion is taken into account. For certain cases of the two-locus model, we obtain closed-form
formulae for Fearnhead and Donnelly’s sampling distributions and show that they differ from
our sampling distributions. How these two different approximate distributions compare with
the true distribution will be considered in Section 5.

4.1. Approximation for p = 0

Let H denote a multiset of n alleles. In the absence of recombination, Fearnhead and
Donnelly’s (2001) conditional distribution of the (n 4 1)th sampled allele being of type ¥,
given the type configuration H of the first n samples, is defined as

=1/ 6 \"
A | H) =Y Z;(HQ) (n:9>[P’"]¢w, (25)

peH m=0

where 6 denotes the population-scaled mutation rate for the region being considered and P is
the transition matrix. This distribution was first suggested by Stephens and Donnelly (2000).
It corresponds to summing over all possible ways of choosing an allele from H at random with
probability 1/n, and then mutating it = number of times according to the mutation transition
matrix P, with m being geometrically distributed with parameter 6/(n + 6). If there are £ loci
sothat ¢ = (¢1,...,¢¢) and ¥ = (Yq, ..., ¥¢), then [P"]gy in (25) needs to be replaced by

14

1
Z (ml, m , m[> 1_[ M [P Jgu -

my,....mg€L>0, a=1
mi+--+me=m

The multinomial coefficient (mlmme) corresponds to the number of ways of arranging m;,
i = 1,...,¢, mutations at locus i, into a sequence of length m = m; + --- + my. (In
this counting, mutations are regarded as being labeled by loci.) Dividing the multinomial by
gmittme gives the probability of having m; mutations at locus 1, m» mutations at locus 2,

and so on. Hence, for the £-locus case, (25) can be written as
¢

. > > 1 m 1 0 \" .
nFD(VIlH):Z Z.”Zn—l—@(ml,...,me)o!:[lﬁma(n—{—H) P Do

¢cH m;=0 my=0

Note that, since
¢

2 m, g
1 o[> _10)nt (10 /nl)™= m! 0 \"[P" ],y
| | 7 [P dr = =
n/() ) a=1<e mey! [ Jguve n+6 1_[ n+6 LM,

a=1

and exp(A(A — 1)) = Y52, e *(A//j!)AJ for A a general k x k matrix and I a k x k identity
matrix, we obtain

A 1 o0 B ¢ t
(¥ | H) = Z ;/0 ¢ ’E[Ma(;)}%% @

¢cH



486 R. C. GRIFFITHS ET AL.

where M (t/n) = exp((t60/nf)(P — I)). More generally, if each locus « has its own mutation
parameter 6, and transition matrix P%, then

t t
M, (—) = exp(—@a(P“ — I))
n n

4.2. Approximation for p # 0

should be used.

To compare 7pp (Y | H) with our results, we assume that every allele in H contains ancestral
material at every locus. Then, for p # 0, Fearnhead and Donnelly’s sampling distribution is
given by gp (Y | H) = py [lﬁ], where py [1/!] is determined recursively using

=> - /e pa|: ‘4; ]dt (26)

¢eH

and

pa[ ‘d) ] <l—qa 1) Pa— 1[1ﬁ'¢ :|+‘]oz 1 Pa— 1[%])[Ma<£>Lm, (27)

with the initial condition
1
Pl['ﬁ ‘ o, —} [M1< )} (28)
n ¢1W1

Here, gy—1 := pa—1/(n+pa—1), Where py_1 is the recombination rate between the (o« — 1)th and
the arth loci. The first factor (1 — gy—1) po—1 [w | ¢, t/n] [M(t/n)]g,y, in (27) corresponds
to there being no recombination between the (¢ — 1)th and the «th loci, whereas the second
factor go—1 pa—1 [10] [My(t/n)]p, v, gives the contribution from having a recombination event
between the two loci.

4.3. wpp((i, j) | n) for a diallelic two-locus model

We now focus on the two-locus model with two allele types at each locus. Let n denote the
multiplicity configuration of H. As in Section 3, the type spaces for the first and the second
loci are denoted by E 4 and E g, respectively, and the recombination rate between the two loci
is denoted by p. For (i, j) € E4 x Ep = {1, 2} x {1, 2}, we wish to compute

Arp((i, j) | m) = pa2 [(i, )] = Z il e_tpz[(i, ) ‘ (k, 1), L} de. (29
(k,))eEsxEg 0 n
Here, py [(i, j) | (k, 1), t/n] = (A —g) M (t/n)]ki +q1p1 [, )HDIM2(t/n)];;, where g1 =

p/(n+ p). In our computation we keep the mutation parameters for the two loci distinguished.
Therefore, for locus o, My, (t/n) = exp((¢t/n)6,(P* — I)), where

Py =P
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From the initial condition (28), we find that

plap= Y ™ i e—f[Ml(%)] dr
ki

(k,[)eEsxEp

SR

kEEA
n;. +9AP;’?
Cn+0a(PE+ PR

which is none other than 74 (i | n4) (cf. (18)). Furthermore, since

A Ol REP sy A L OIR

(k,)EEAxEg IeEp lj
B
n.i +6gP?
JTUBYS

n +93(P1% + Pﬁ)’

whichisequaltog(j | np) (cf. (19)), Fearnhead and Donnelly’s (2001) two-locus distribution
in (29) can be written as

UDIDEF D DI 0 e_t[MGﬂki[Mz(é)Ldt

(k,)EEAXEpB

o . . A .
+ Al | na)Tp(j | np).
n+p

After performing the integral in the above expression, we obtain
7rp (@, j) | m)

—1 A . BA .
= NFD (nlj +9APZZ 7TB(J | nB)+03P]:j7TA(l | nA)

p(n +604(P}y + P3}) 4+ 6(P5 + P231)>

n 7 | na)p(j |n3)>, (30)

where

N p(n +04(PY + P)) + 05(PE + P231)>
p .

That 7pp((i, j) | n) may take on this concise form is not obvious a priori. Simply applying
the prescription shown in (26) and the equations thereafter generates complicated expressions,
which are difficult to interpret at first sight. It is only after gathering many terms appropriately
that we are able to write the distribution in such a simple form. In contrast, recall that, because
in our approach we directly utilize the link between the one-locus and the two-locus diffusion
models, our sampling distribution (17) could be obtained without intensive computation.
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Note that the distribution in (30) is, in general, different from our sampling distribution (17).
For p = 0 or p = oo, however, the two distributions are equal. More exactly, we have

nij +0APLAB(j | mp) + 05 PLAAG | ma)

n+ 0P+ P) +0p(PE + PE)

lim 7 ((7, j) | n) = lim 7pp (@, j) | n) =
p—>0 p—>0
and
lim 7((, j) | n) = lim #pp((, j) | n) =70 | na)7p(j | np).
p—>00 p—>00
As expected, the two loci become independent as p approaches oo.

4.4. wyp((i, j) | n) for two-locus PIM models

For PIM models, the transition matrix P* for locus o € {A, B} satisfies P,f‘l. = Pl.o‘ for all
i,k € Ey. This implies that
t t w
My — ) =exp| —0,(P* — 1)
n n
reduces to the following:

w ()] = eXp<_%9"‘)((eXp<%9“)_I)P{"+1> itk =i,
S AN

We omit the details of the computation of Zpp ((i, j) | n), as they are similar to that discussed in
the previous subsection. After carrying out the steps outlined in Section 4.2 and then gathering
terms appropriately, we can show that

R .. 1 A A .
aep((i, j) | n) = _<”lij +9AP,‘A7TB(] | np) +93PJ'B7TA(1 | na)

Nep
n+04+6p\. . n
P(T)ﬂA(l | na) wp(j | ﬂB)>, 3D
where
n—+04+06
NF’Dzn—I-HA—i-@B—i-,O(#).

Here, 74(i | na) and g (j | np) are as shown in (21) and (22), respectively. As in the case
of diallelic loci, Fearnhead and Donnelly’s distributions, (31), for PIM models are generally
different from our distributions, (24). However, for p = 0 or p = o0, it is easy to see that

nij +0aPAp(j | ng) +05PPAAG | ma)

n+64+0p

lim 7 ((G, j) | n) = lim 2pp (G, j) | n) =
p—0 p—0

and
lim 7 (G, /) [ m) = lim fmp(G, ) | m) =74l | n)75( | 1p).
p—>00 p—>00
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5. The two-locus infinitely-many-alleles model

As discussed in Section 4, our sampling distributions generally differ from that of Fearnhead
and Donnelly’s (2001). Unfortunately, it is in general difficult to know how these approximate
distributions compare with the true distributions, the main reason being that the true distributions
are difficult to obtain. In the case of the infinitely-many-alleles model, however, there exists
a system of recursion relations satisfied by the true distribution (see Golding (1984) and
Ethier and Griffiths (1990)), and it is possible to obtain exact solutions to the system when
the sample size is less than 40 or so.

5.1. Distribution of unordered, unlabeled sample configurations

Let A, denote the ordered configuration of n sequentially sampled alleles. Then, the
probability distribution of an unordered, unlabeled sample configuration for the infinitely-
many-alleles model is

n!
H(i,j)eEA wEg Nijlo(n)
where the symmetry factor o (n) is defined as o (n) = |{g € Zy X Z, | g(n) = n}|. The first
Zy acts on the first index of n;;, whereas the second Z; acts on the second index.

The true conditional distributions 7*((i, j) | n) for an unordered, unlabeled sample config-
uration are defined as

p(n) = p(Ay),

(G, D in) = nz]‘f‘l[’("‘l‘eu).
n+1  p*n)

One way to obtain the sampling distribution for the infinitely-many-alleles model is to take

a limit in the PIM model. Let p; 4 (n) denote the probability distribution of a sample con-

figuration n in the two-locus PIM model with allele type spaces E4 = {1,2,...,d} and

={1,2,...,d'}. Suppose that the sample contains k4 and kg distinct allele types for loci

A and B, respectively. Then, the probability distribution of an unordered, unlabeled sample
configuration in the infinitely-many-alleles model is given by

p(n) =

hm hm dikd (),
o) 8 m dika) (kg1 Pd.a (1)

where djx) :=d(d — 1) -- - (d — k 4+ 1). The corresponding conditional distributions are
(@i, j) | m)

dlim hm wq.qa (G, j) | n) ifn;. #0andn.; #0,

—00d

o § 121;0 hm (d ka)mg o (@, j) | n) ifn;, =0andn.; #0,
on+ej) 11m hm d —kp)mga (G, j) | n) ifn;. #0andn.; =0,

d—ood — o0
lim lim (d —ka)(d —kp)wga((i, j) | n) ifn;. =0and n.j=0.
d—ood'— o0
In what follows, we assume that at most two allele types are observed at each locus.
Therefore, given a configuration n = (n11, n12, n21, n22), the symmetry factor o (n) is as
follows.
ifny) =nip =ny =nap,

on) =

4
2 ifnyy =ni12, no1 =ny, and nyy # nay,
2 ifnyy =na1, ni2 =ny, andny #nig,
1

otherwise.
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5.2. Our approximation

Following the above prescription, we use our approximate sampling distribution (24) for the
PIM model to obtain the following approximate sampling distributions for the infinitely-many-
alleles model:

7, ) | m)
o
o U(Il—l-e‘ij)
1
o + 0+ (0/2)((n+604)/(n+1+604) + (n+0p)/(n+1+0p))

B P n; n.j n; n.j
nlj+5(n+1+9,4n+93+n+9An+1+93)
ifn;. #0andn.; #0,
QA n.j +£< QA n.j 4 QA n.j )
n+60p 2\n+14604n+6p n+6sn+1+06p
ifn,-.:Oandn.j;éO,

n;. o ni Op n; 0B
O + 3 +
n+6s 2\n+14+604n+0p n+0an+14+6
ifn;. #0andn.; =0,

1 1Y ‘9A 93 9,4 93
0a0B + + = +
n+604 n+0p 2\n+14+604n+6p n+0s4n+1+0p
ifn;, =0andn.; =0.

5.3. Fearnhead and Donnelly’s (2001) approximation

Using Fearnhead and Donnelly’s approximate distribution, (31), for the PIM model leads
the following approximate distributions for the infinitely-many-alleles model:

wgp (@, j) | m)
) 1
Co(mtej)n+0a+0g+p((n+604+0g)/n)
n+04+0p n;. n.j
n n+6sn+06p
0, n.j +pn+9A+93 04 n.;
n+6p n n+04n+0p

nij+p ifn;. #0and n.; #0,

ifn;. =0andn.; #0,

X n;. i n—+04s+06p n; Op

0
Bn+9A P n n+64n+0pg
ifn;. #0andn.; =0,

1 1 +64+0 6 0
0405 + ot tTATIE T4 OB
n+64 n+06p n n—+64n+0pg

ifn;, =0andn.; =0.
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5.4. Comparison with the true distribution

For p = 0, our approximate distributions agree exactly with that of Fearnhead and Donnelly’s
(2001) for all values of n;. and n.;. For p = oo, both

(@, j) I n) and Agp (G, j) | n)
are equal to the true distribution
o(n) 1
om+eij) (n+04)(n+0p)
nj.n.; if n;. #Oand n.j 750,
9An.j ifn,'. = 0and n.j 7&0,

n,‘.GB if n;. 7& 0 and n.j= 0,
QAQB if n;. = 0 and n.j= 0,

lim 7*((@, j) | n) =
p—>00

which follows from Theorem 2.3 of Ethier and Griffiths (1990).

For comparing the two approximate distributions with the true distribution, we used Richard
Hudson’s C program (available at http://home.uchicago.edu/~rhudson1/) for solving Golding’s
recursion (see Golding (1984)) numerically. For ease of comparison, we used 64 = 6p = 6/2.
In what follows, we measure the deviation of an approximate distribution ﬁ:ppmx((i D) n)
(either 7*((i, j) | n) or AL ((i, j) | m)) from the true distribution 7*((i, j) | n) by

ﬁapprox((is D In) =% j) | n)
(@, j) | n)

x 100%.

Shown in Figure 1(a) are the deviations of 7*((1, 1) | n) and 775, ((1, 1) | n) from the true
distribution 7*((1, 1) | n) forn = (4, 3, 2, 3). The case for n = (5, 4, 4, 5) is illustrated in
Figure 1(b). Note that the deviations for n = (5, 4, 4, 5) are generally less than those for n =
(4,3, 2, 3). Furthermore, both cases indicate that, in general, our distribution 7*((1, 1) | n)
is a more accurate approximation of the true distribution than is Fearnhead and Donnelly’s
App((1, 1) | n).

In contrast to the above case where n;. # 0 and n.; # 0, forn;. = Oorn.; = 0,
both 7*((i, j) | m) and 77, ((i, j) | n) diverge more and more from the true distribution as
n increases. This puzzling behavior is illustrated in Figure 1(c)—(d) for (i, j) = (1, 1), with
ny. = 0forn.; # 0. In Figure 1(c) n = (0, 0, 1, 0), whereas n = (0, 0, 2, 1) in Figure 1(d). In
general, it still seems true that our approximate distribution 7*((i, j) | nr) is closer to the true
distribution than is 77, ((, j) | n).

6. The two-locus model with subdivided population structure

De Iorio and Griffiths (2004a) applied their diffusion approximation technique to the one-
locus model with subdivided population structure and showed that, in the case of the infinitely-
many-sites model, it leads to a significant improvement over previous studies (see Bahlo and
Griffiths (2000)). In this section we apply the diffusion approximation technique to the two-
locus model with subdivided population structure, thus obtaining novel results. Much of what
we discussed in Section 3 carries over nicely to the present case. This example well illustrates
the wide applicability of the diffusion approximation technique.
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FIGURE 1: Left column: Deviation of Fearnhead and Donnelly’s distribution 728, ((1, 1) | r) from the

true distribution. Right column: Deviation of our distribution 7*((1, 1) | r) from the true distribution.

For all figures, 04 = 0p = 0/2. () n = (4,3,2,3). (b)n = (5,4,4,5). (c)n = (0,0,1,0).
(dn=(0,0,2,1).

6.1. Diffusion approximation

Subpopulations are labeled by I' = {1, ..., g}. The total population sizeis N = ). Na,
where N, denotes the size of subpopulation «. We define ¢, = N, /N for all « € I". For
a, B € I', where a # B, the scaled backward migration rates are defined as mqg = 2Ncyg,
where cqg denotes the probability that the parent of an individual in subpopulation o is
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from subpopulation 8 one generation back in time. The overall scaled migration rate for
subpopulation « is my = Zﬁ#{ mqg. See De lorio and Griffiths (2004b) for a detailed
discussion on the coalescent model with migration.

Similar notation as in Section 3 is used in this section. The population gene frequencies
are denoted by X = (X4ij)(a,i,j)erxEsxEz- These frequencies are normalized so that, for
each subpopulation o € T', Z(i’j) cE,xEp Xaij = 1. The diffusion process generator for the
two-locus model with migration is

9
L= > Lay T’

ael (i, j)eEsxEg

where

1 1 0 7

Lyij = = E Xaij (Sik8j1 — Xak1)qy ' + Xakj (PL — ki)
2 Oxekr 2

(k.)eEAXEp keEy

05 0 1 1
t > xait (P —8j) + 5 KaiXa.j = Xaij) = 5MaXaij + 5 > mapxpij.
IeEp pa

In what follows, define 7 := (aij)(a,i, j)eTx Egx Ep> B *= (Naij) (i, j)cEx Eg» and

Qs(x,n):=]"[(Z°‘) [T e

acl’ N ¥ (i, )eEsxEg

Proposition 4. Assume that there exists a probability distribution with expectation operator
E such that E(Lyi; Qs(X,n)) = 0 for all (a,i, j) €T x E4 x Ep, and define p(n) :=
E(Qs(X,n)) and #((, j) | @ n) = E(XeijQs(X,n))p(n).  Furthermore, assume that
exchangeability conditions analogous to (7)—(9) hold. Then,

(naqy '+ p +mg + 04 +0p)7 (G, j) | @, n)

=naijay ' + Y mapR (G, §) | B.m) + 604 Y Rk, j) | o, n) P
IB;&(:( keE 4

+0p Z 2D | a,m)PE + pR (G, ), ¢ DY | ayn), (32)
IEEB

where 7({(i,-), (-, )} | o, n) = E(Xm.Xa.jQS(X, n))/p(n). (Normalization is such that
Z(i’j)eEAxEB (@i, j) | a,n) =1foreacha €T.)

Proof. This follows from a similar set of steps as in the proof of Proposition 1.

As in the case of a single population, the main difficulty in solving equation (32) for
the conditional sampling distribution 7 ((i, j) | &, n) comes from the recombination term
a{(, ), (-, )} | a, n). As before, our approach is to first obtain a system of equations relating
a{@, ), ¢, )} | a,n)to7((i, j) | o, n); this can be done using techniques similar to the ones
already discussed in Section 3.
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6.2. Marginal distributions
Summing over the index j in (32) yields

(NaGy "+ Ma +0)F (G, ) | @.m) = noigy' +604 Y #((k.) | a.m) P}
keEp

+ ) maph (G, ) | Bm), (33)
B#a

whereas summing over the index i yields

(naqy ' +ma +08)R(C, J) | o, n) =na gy +05 Y A1) | a,m) P}
leEpR

+ > magR (G ) | B.m). (34)
B#a

Note that these are marginal systems depending only on na = (ny4.)(y,a)erxg, and np =
(y.5)(y,b)el x E » T€SPectively. The one-locus distribution discussed in De lorio and Griffiths
(2004b) satisfies an equation exactly like (33) and (34). There exists a unique solution to
such an equation; in general, it can be obtained via matrix inversion. (See De Iorio and
Griffiths (2004b) for details.) We therefore conclude that 7 ((i, ) | a,n) = 7TA(i | @, 1)
and 7((-, j) | a,n) = 7g(j | a,np), where T4(i | a,n4) and 75(j | «, np) are one-locus
distributions for the A and B loci, respectively.
6.3. 7 ((i, j) | a, n) for diallelic loci
B We first conside_r the case of diallelic loci; that is, E4 = Ep = {1, 2}. Recall that we define
i=1ifi =2andi =2ifi = 1.
6.3.1. An arbitrary number of subpopulations. To be concise, we define

Fk) =kgy' +ma +0a(Pjy+ Ps}) and  FP(k) =kqy ' +my +0p(P+ P3).

Then, (33) and (34) can be respectively written as

FLM)R () | @, n) =ngiqy' +0aP + Y mapR((G,-) | B, m),
B#a

FoL )R (C, ) | oom) = najgy' +05PE+ ) magh () | Bom).
B#a

These systems of equations can be solved as follows. Let vl.A = (U,i‘x)aer and vf = (Ufa)aer
denote the g-dimensional column vectors with entries ‘
Neiqy ' + 604 PA Ne.iqy ' +0pPB
A ai-9y AL B o jYa H
Uia = A— and U/a = T’ (35)
370[ (ng) ’ Fq (ng)

respectively. Also, let M A=W (f‘ﬁ)(a, g)erxr be the g x g matrix with entries

¢ 7
Ml = Zﬂw)la#ﬂ (36)

0 otherwise.
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The matrix M is similarly defined, with 2 (n) replaced with F,B (n). Then, 7 ((i, -) | @, n)
is the ath component of the g-dimensional vector (I — M A)—lle’ where I is the g x g
identity matrix. Likewise, 7 ((-, j) | @, n) is the ath component of the g-dimensional vector
(I — MB)-1 vf.

Now, from (35) and (36), we see that

(G, ) | o, n+eqr;) = CAaG | @, na) + D2, (37)

where 6’&4 and !le are some constants that depend on 64 P4, N, o, and myg, where o, g € T
Similarly,
A, ) | o n + eqit) = CL Ap(j | a,np) + DL 8)1. (38)

Using these facts, (32) can be written as

A ) Lon) =ha Y mag# (. ) | B. 1) + Vija
B#a

where Ay = 2{F A (ng) + FE(ng) + p((1 — D) + (1 — DB))}~! and
Vija = ha (naiqul +OAPIAB(j | onp) + 05 PLAAG | o ny)

14 A . ~ .
+ 5(@3 +CBRAG | a,n)AB( | @, n3>>.

Here, we have used a symmetrized form of 7 ({(i, -), (-, j)} | «, r) similar to that shown in (14).
Define v;j := (Vjja)aer, a g-dimensional column vector. Note that we have already discussed
how everything that appears in v;; can be computed. Hence, defining R = (Ryg) (¢, 8)el xT" S
the g x g matrix with entries

R — Aamgg ifa # B,
b = 0 otherwise,

we can obtain 7 ((i, j) | «, n) as the ath component of (I — R)’lvij.

6.3.2. Two subpopulations. When there are only two subpopulations, labeled by I = {1, 2},
the method described above reduces to solving a system of two independent equations in
two variables, and we can avoid doing matrix inversion. For instance, the A locus marginal
distributions satisfy 74( | o, n4) = M&Aﬂ A | B,mg) + vlf‘(‘x, where constants v{j‘x and M&“ﬂ
are as defined in (35) and (36), respectively. Here, a, 8 € I with « # B. We can easily solve
the above system of equations to obtain

M aAﬁ v;}‘s + vf;

A AT
1 —Mi,Mg,

Solutions to the B locus marginal distributions 773 (j | o, ) can be obtained in a similar way.
In terms of the given parameters, these marginal distributions can be written as

AAG | o, my) =

-1 A -1 A 1
Al | a nA)=(nm'q"‘ TO0aP; map(npigy +0APii)><1 _ _ Maphipa )
F(na) F(na) F4'(np) F(ne) F4'(np)
a1 B g1 B —1
wg(j | n3)=<na.lqa +OsP mappidp +QBPJ'J')><1__ Mapm pa )
’ FL (na) FB(ng) F (np) FE(ng) Ff (np)
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from which we see that the constants CZ and DZ in (37) are given by

oA _ F i (ng) F4t (ng) — magmpq d DA q5 ' F4 (ng)

O Fp e+ D) Fnp) — magmpa C O Fpme) F(np) — magmpa

The constants CZ and D2 in (38) are similarly defined. As discussed in Section 6.3.1, these
constants, along with the marginal distributions found above, completely determine Ryg and
Vjjq in the system of equations 7 ((Z, j) | o, n) = Rog7t ((i, j) | B, n) + vija, Where o, B € T
with @ # B. The two-locus sampling distributions 7 ((i, j) | a, n) are thus given by

Ropvijp + Vija

(@, j) | a,n) = [ = RapRpa
- gy o

6.4. T ((i, j) | a, n) for PIM models

To obtain a system of equations relating 7 ({(i, -), (-, j)} | @, n) and 7 ((i, j) | «, r) for PIM
models, we also need

E(Xqi Xp.;Os(X, n))
p(n)

’

7%({(1’ ')v ('9 .])} | {Ol, ﬁ}t n) =

the probability that the marginal types of two genes from subpopulations « and g are i and j
at the A and B loci, respectively. In (33) set n — n + ey;; and sum over /, after multiplying
by p(n + ealj)(]_[(mr,s)eerA «Eg (Mors + 80a8r185j)!)/(n + 1)!. The resulting equations after
multiplying again by n!/(p(n) [ 15, s)erx £, x £, Nors!) are

((ng + Dy +ma + 007G ), ¢, )Y | o, n)

=q; ' (i #B(j | o, np) + 7, J) | a,m) + 604 ) PEAAGK, ), ¢, )Y | e, m)
keE
+ Y mapR UG, ), ¢ DY ] B, ), m), (39)
B#a

In the above computation if we instead set n — n + e,;, where y # «, then we obtain

(naqy ' +mg + 007G, ), ¢, DY | {a, v}, 0)

=naiqy ' Re(j | v.ne) +0a Y PAAK, ), (. D} | {e v)om)
keE

+ ) mapR G, ), DY B v) ). (40)
B#a

In a similar vein, the following systems of equations can be found using (34):

((ne + gy ' +mg +0p)7 UG, ), ¢ DY | @, n)

=gy (e jRal | @, na) + A, ) | &, m) +608 Y P RAG, (D} | a,n)
leE
+ > magA (G, ), (DY | (B )i m), (41)
B#a



Importance sampling and the two-locus model 497
and, for y # «,

(ady "+ ma +0p)RAG, ), (D} | {e, v} m)

=najqy Ral | v,na) +05 Y PERAG, ), (D} | {a, v}, m)
leE
+ Y mapR (G, ), ¢ DY B, v ). 42)
B#a

6.4.1. An arbitrary number of subpopulations. Henceforward, we let ?aA (k) = kg, ' mg+
64 and }‘aB (k) = quoj1 + my + 0p. For PIM models, (33) and (34) reduce to

Fna) Fali | 0. np) = noiqy' + 0P+ mapiali | B.na), (43)
Ba

FL ) Ap( | @, np) =ne.jqy" +08PF + Y mapin(j | B, np). (44)
B#a

These one-locus equations, also considered in De lorio and Griffiths (2004b), can be solved
using matrix inversion. Moreover, (39) and (41) become

Flng + DARG, ), ¢ )Y | an)
= (Nai-gg' +0aPMAB( | a,np) +q5 ' 7(G. ) | o, n)
+ > mapR (). ¢ DY | {B. ) m), (45)
B#a
FLEn + DA ). ¢ DY | o)
= (na-jqy ' +08PPRAG | a.na) + g5 ' 2((. ) | e n)

+ Zmaﬁﬁ({(i, 9, G DY B, e}, n), (46)
Pt

while (40) and (42) imply, for 8 # «, the following equations:

FRAnpRAG ). (DY {B.adom) = (piqy’ +0aPAB( | o np)
+ 3 mgy AU ). DY | veadim), @)
y#B
FL R UG, ¢ DY B a).m) = (ng.jqg " + 0 PPAAG | @, na)

+ > mpy G ), DY | {yaadom). (48)
y#B

Now, (45)—(48) can be used to express 7 ({(, ), (-, j)} | &, n) in terms of 7 ((i, j) | «, n),
A | @,na), 7p(j | o, np), and known parameters. That relation can then be used in (32) to
solve for 7 ((i, j) | o, n). A concrete example is discussed in the next section.
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6.4.2. Two subpopulations. Let a, B € T" such that « # B. For I' = {1, 2}, it is easy to solve
the systems of equations shown in (43) and (44). The solutions are

. _ Naiqy ' + 04 P maﬁ(”ﬂi-‘Z,s_l +04P) 1 MapM gy !
Al | ang)= 7 ) A T A o TA
o () F4 (nut)?ﬁ (nﬂ) Fa (na)?’/g (nﬂ)
- ) <na.jq;1 + QBP]B ma/g(nﬁ.jqﬂ_l + QBPJ-B)> <1 MapgM o )_1
B o, np)= — ___orr ).
/ FE(na) ?QB(”a)$ﬁB(nﬂ) $aB(na)?ﬁB(”ﬁ)

In (47) and (48), note that the sum Zwéﬁ mpgy, 7 ({(i, ), -, )} | {y, a}, n) reduces to the single
term m gy T ({(, -), (-, /)} | @, n). Itis then easy to see that (45) and (47) imply that
45 ' Fi(np)

(G, ¢ DY la,n) = Fl(ng + DF () — mapmpa

7 (@, j) | e n)
?aA(na)yﬁA(”ﬁ) — MM By
?'aA(na + 1)?/3‘4(”/3) — MM By
whereas (46) and (48) imply that

Aol | o, na)7p(j | o, np),

95 ' F§ (np)

AU ). DY [ on) = FB(na+1) Ff (np) — mapmpe

7(@, j) | o, n)

?'aB (ng) ?ﬂB(nﬂ) — MagM By
FE (g + 1) FF (np) — magmpa

Al | a,ng)7p(j | o, np).

Symmetrizing 7 ({(i, -), (-, j)} | «, n) with respect to the A and B loci using the above results,
(32) can now be written as
(@, J) | o, n) = Egmepr ((Q, j) | B, n) + Wija, 49)

where

Wijo = & (”aij +04P Rp(j | a,mp) + 9BPJ-BJ?A(i | a,np)

p( Fo () Fyt (ng) — mapmpa FL (1) F (ng) — magmpa )
2\ FA(ng + 1)5”/3A(n,3) —mopmpe  F L + l)f’”ﬁB(nﬁ) — Mapm gy
XA | a,np)7p(j | 01,"3))
and o
o a5 F4 )
3 1=—<3“‘<n )+ Fl(n >+p(1—
AN F (o + 1D F (1) — mapmpa
T (1 9 ' 7 (np) ))
pol1— .
FE(ng + D) FS (ng) — mapmpe

Finally, we can now solve (49) to obtain
EaMmapWwijp + Wija
1- Eaé:ﬂmozﬂmﬂa .

(@, j) | a,n) =
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7. Discussion

The efficiency of an IS method hinges heavily on how close the adopted proposal distribution
is to the true distribution. The key insight provided by Stephens and Donnelly (2000) is that,
in sequential IS schemes that arise in population genetics, proposal distributions can be written
in terms of one-dimensional conditional sampling distributions whose optimality properties
can be characterized. We can therefore translate the problem of constructing good IS proposal
distributions into that of constructing good one-dimensional conditional sampling distributions.
So far, most approaches to the latter problem have relied to a large degree on one’s intuition and
experience. In contrast, the diffusion-generator approximation method developed by De Iorio
and Griffiths (2004a), (2004b) is a systematic approach that provides a general mathematical
prescription for constructing good conditional sampling distributions.

In the present paper we have extended the diffusion-generator approximation technique of
De Iorio and Griffiths (2004a), (2004b) to the neutral coalescent model with recombination,
obtaining explicit sampling formulae for diallelic and PIM models. We have addressed the case
with subdivided population structure, as well as the classic case with only a single population.
Although we have focused on the two-locus model in this paper, we believe that much of our
results can be generalized to multilocus models. In particular, the three-locus case can be solved
exactly using the technique we have developed here. Cases with more than three loci seem
more difficult, but our preliminary study looks promising. Our findings on multilocus models
will be reported in a later paper.

We plan to use our proposal distributions in actual sequential IS schemes and compare their
performance with using other proposal distributions. In the case of a single population we
have shown that our conditional sampling distributions generally differ from that suggested
by Fearnhead and Donnelly (2001). Furthermore, in the case of the infinitely-many-alleles
model we have shown that our distributions are generally closer to the true distributions than
are Fearnhead and Donnelly’s. Given that the diffusion-generator approximation technique
has been shown (see De Iorio and Griffiths (2004b)) to lead to significant improvements over
previous IS methods, the theoretical work presented here may have much practical value.
On a related note, it would be worthwhile and interesting to use our sampling distributions
in the composite likelihood method (see Hudson (2001), McVean et al. (2002), (2004), and
Myers et al. (2005)) and the PAC method (Li and Stephens (2003)).
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