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1 SYNONYMS

Also known as Full Partition Function of RNA secondary structures.

2 PROBLEM DEFINITION

This problem is concerned with computing features of the Boltzmann distribution over RNA sec-
ondary structures in the context of the standard Gibbs free energy model used for RNA Secondary
Structure Prediction by Minimum Free Energy (cf. corresponding entry). Thermodynamics state
that for a system with configuration space §2 and free energy given by F : ) — R, the probability of
the system being in state w € € is proportional to e EW/BT where R is the universal gas constant
and T the absolute temperature of the system. The normalising factor

7= e B)/nT (1)

weN

is called the full partition function of the system.

Over the past several decades, a model approximating the free energy of a structured RNA
molecule by independent contributions of its secondary structure components has been developed
and refined. The main purpose of this work has been to assess the stability of individual secondary
structures. However, it immediately translates into a distribution over all secondary structures.
Early work focused on computing the pairing probability for all pairs of bases, i.e. the sum of the
probabilities of all secondary structures containing that base pair. Recent work has extended meth-
ods to compute probabilities of base pairing probabilities for RNA heterodimers [2], i.e. interacting
RNA molecules, and expectation, variance and higher moments of the Boltzmann distribution.

2.1 Notation

Let s € {4,C,G,U}* denote the sequence of bases of an RNA molecule. Use X - Y where X,Y €
{A,C,G,U} to denote a base pair between bases of type X and Y, and i - j where 1 <i < j <|s]
to denote a base pair between bases s[i| and s[j].

Definition 1 (RNA Secondary Structure). A secondary structure for an RNA sequence s is a set
of base pairs S={i-j|1<i<j<|s|ANi<j—3}. Fori-ji'-j’ €S withi-j#i-j

o {i,j}n{i,5'} =0 (each base pairs with at most one other base)
o {s[i],s[j]} € {{4,U},{C,G},{G,U}} (only Watson-Crick and G,U wobble base pairs)



o i <i <j=j <j (base pairs are either nested or jurtaposed but not overlapping)

The second requirement, that only canonical base pairs are allowed, is standard but not consequen-
tial in solutions to the problem. The third requirement states that the structure does not contain
pseudoknots. This restriction is crucial for the results listed in this entry.

2.2 Energy Model

The model of Gibbs free energy applied, usually referred to as the nearest-neighbour model, was
originally proposed by Tinoco et al. [10,11]. It approximates the free energy by postulating that the
energy of the full three dimensional structure only depends on the secondary structure, and that
this in turn can be broken into a sum of independent contributions from each loop in the secondary
structure.
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Figure 1: A hypothetical RNA structure illustrating the different loop types. Bases are represented
by circles, the RNA backbone by straight lines, and base pairs by zigzagged lines.

Definition 2 (Loops). Fori-j € S, base k is accessible from i-j iff i <k < j and -3’ -j' € S :
i <i <k<j <j. Theloop closed by i-j, {;j, consists of i -j and all the bases accessible from
i-7. Ifi'-7' € S and i’ and j' are accessible from i-j, then i - j' is an interior base pair in the loop
closed by v - j.

Loops are classified by the number of interior base pairs they contain:
e hairpin loops have no interior base pairs

e stacked pairs, bulges, and internal loops have one interior base pair that is separated from the
closing base pair on neither side, on one side, or on both sides, respectively

e multibranched loops have two or more interior base pairs

Bases not accessible from any base pair are called external. This is illustrated in Fig. 1. The free
energy of structure S is

AG(S) = > AG(tiy) (2)
ijes
where AG({;.;) is the free energy contribution from the loop closed by ¢ - j. The contribution of S
to the full partition function is

fzxj €S



Problem 1 (RNA Secondary Structure Distribution).
INPUT: RNA sequence s, absolute temperature T and specification of AG at T for all loops.
OuTPUT: ) ¢ e AGS)/ET yhere the sum is over all secondary structures for s.

3 KEY RESULTS

Solutions are based on recursions similar to those for RNA Secondary Structure Prediction by
Minimum Free Energy, replacing sum and minimisation with multiplication and sum (or more
generally with a merge function and a choice function [8]). The key difference is that recursions are
required to be non-redundant, i.e. any particular secondary structure only contributes through one
path through the recursions.

Theorem 1. Using the standard thermodynamic model for RNA secondary structures, the partition
function can be computed in time O (\8\3) and space O (\8\2) Moreover, the computation can build
data structures that allow O (1) queries of the pairing probability of i-j for any 1 < i < j <|s| [5-17].

Theorem 2. Using the standard thermodynamic model for RNA secondary structures, the erpecta-
tion and variance of free energy over the Boltzmann distribution can be computed in time O (\8\3)
and space O (|s|2) More generally, the k™ moment

EBollzmann [AG] = 1/Z Z eiAG(S)/RTAGk (S) ) (4)
S

where Z =) s e ACO)/ET 4s the full partition function and the sums are over all secondary struc-
tures for s, can be computed in time O (k*|s|*) and space O (k|s|*) [8].

In Theorem 2 the free energy does not hold a special place. The theorem holds for any function
® defined by an independent contribution from each loop,

O(S) =D b(tiy) (5)

ijeS

provided each loop contribution can be handled with the same efficiency as the free energy contribu-
tions. Hence, moments over the Boltzmann distribution of e.g. number of base pairs, unpaired bases,
or loops can also be efficiently computed by applying appropriately chosen indicator functions.

4 APPLICATIONS

The original use of partition function computations was for discriminating between well defined and
less well defined regions of a secondary structure. Minimum free energy predictions will always return
a structure. Base pairing probabilities help identify regions where the prediction is uncertain, either
due to the approximations of the model or that the real structure indeed does fluctuate between
several low energy alternatives. Moments of Boltzmann distributions are used in identifying how
biological RNA molecules deviates from random RNA sequences.

The data structures computed in Theorem 1 can also be used to efficiently sample secondary
structures from the Boltzmann distribution. This has been used for probabilistic methods for
secondary structure prediction, where the centroid of the most likely cluster of sampled structures
is returned rather than the most likely, i.e. minimum free energy, structure [3|. This approach
better accounts for the entropic effects of large neighbourhoods of structurally and energetically
very similar structures. As a simple illustration of this effect, consider twice flipping a coin with
probability p > 0.5 for heads. The probability p? of heads in both flips is larger than the probability
p(1—p) of heads followed by tails or tails followed by heads (which again is larger than the probability



(1 — p)? of tails in both flips). However, if the order of the flips is ignored the probability of one
heads and one tails is 2p(1 — p). The probability of two heads remains p? which is smaller than
2p(1 — p) when p < % Similarly a large set of structures with fairly low free energy may be more
likely, when viewed as a set, than a small set of structures with very low free energy.

5 OPEN PROBLEMS

As for RNA Secondary Structure Prediction by Minimum Free Energy, improvements in time and
space complexity are always relevant. This may be more difficult for computing distributions, as the
more efficient dynamic programming techniques of [9] cannot be applied. In the context of genome
scans, the fact that the start and end positions of encoded RNA molecule is unknown has recently
been considered [1].

Also the problem of including structures with pseudoknots, i.e. structures violating the last re-
quirement in Def. 1, in the configuration space is an active area of research. It can be expected
that all the methods of Theorems 3 through 6 in the entry on RNA Secondary Structure Prediction
Including Pseudoknots can be modified to computation of distributions without affecting complex-
ities. This may require some further bookkeeping to ensure non-redundancy of recursions, and only
in [4] has this actively been considered.

Though the moments of functions that are defined as sums over independent loop contributions
can be computed efficiently, it is unknown whether the same holds for functions with more complex
definitions. One such function that has traditionally been used for statistics on RNA secondary
structure [12] is the order of a secondary structure which refers to the nesting depth of multibranched
loops.

6 URL to CODE

Software for partition function computation and a range of related problems is available from www.
bioinfo.rpi.edu/applications/hybrid/download.php and www.tbi.univie.ac.at/~ivo/RNA/.
Software including a restricted class of structures with pseudoknots [4] is available at www.nupack.
org.
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