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ondary Stru
ture Boltzmann Distribution (2005; Miklós,Meyer, Nagy)Rune B. Lyngsø, University of Oxford, www.stats.ox.a
.uk/~lyngsoeINDEX TERMS: RNA se
ondary stru
ture, Gibbs free energy, moments of Boltzmann dis-tribution.1 SYNONYMSAlso known as Full Partition Fun
tion of RNA se
ondary stru
tures.2 PROBLEM DEFINITIONThis problem is 
on
erned with 
omputing features of the Boltzmann distribution over RNA se
-ondary stru
tures in the 
ontext of the standard Gibbs free energy model used for RNA Se
ondaryStru
ture Predi
tion by Minimum Free Energy (
f. 
orresponding entry). Thermodynami
s statethat for a system with 
on�guration spa
e Ω and free energy given by E : Ω 7→ R, the probability ofthe system being in state ω ∈ Ω is proportional to e−E(ω)/RT where R is the universal gas 
onstantand T the absolute temperature of the system. The normalising fa
tor
Z =

∑

ω∈Ω

e−E(ω)/RT (1)is 
alled the full partition fun
tion of the system.Over the past several de
ades, a model approximating the free energy of a stru
tured RNAmole
ule by independent 
ontributions of its se
ondary stru
ture 
omponents has been developedand re�ned. The main purpose of this work has been to assess the stability of individual se
ondarystru
tures. However, it immediately translates into a distribution over all se
ondary stru
tures.Early work fo
used on 
omputing the pairing probability for all pairs of bases, i.e. the sum of theprobabilities of all se
ondary stru
tures 
ontaining that base pair. Re
ent work has extended meth-ods to 
ompute probabilities of base pairing probabilities for RNA heterodimers [2℄, i.e. intera
tingRNA mole
ules, and expe
tation, varian
e and higher moments of the Boltzmann distribution.2.1 NotationLet s ∈ {A,C,G,U}∗ denote the sequen
e of bases of an RNA mole
ule. Use X · Y where X,Y ∈
{A,C,G,U} to denote a base pair between bases of type X and Y , and i · j where 1 ≤ i < j ≤ |s|to denote a base pair between bases s[i] and s[j].De�nition 1 (RNA Se
ondary Stru
ture). A se
ondary stru
ture for an RNA sequen
e s is a setof base pairs S = {i · j | 1 ≤ i < j ≤ |s| ∧ i < j − 3}. For i · j, i′ · j′ ∈ S with i · j 6= i′ · j′

• {i, j} ∩ {i′, j′} = ∅ (ea
h base pairs with at most one other base)
• {s[i], s[j]} ∈ {{A,U}, {C,G}, {G,U}} (only Watson-Cri
k and G,U wobble base pairs)1



• i < i′ < j ⇒ j′ < j (base pairs are either nested or juxtaposed but not overlapping)The se
ond requirement, that only 
anoni
al base pairs are allowed, is standard but not 
onsequen-tial in solutions to the problem. The third requirement states that the stru
ture does not 
ontainpseudoknots. This restri
tion is 
ru
ial for the results listed in this entry.2.2 Energy ModelThe model of Gibbs free energy applied, usually referred to as the nearest-neighbour model, wasoriginally proposed by Tino
o et al. [10,11℄. It approximates the free energy by postulating that theenergy of the full three dimensional stru
ture only depends on the se
ondary stru
ture, and thatthis in turn 
an be broken into a sum of independent 
ontributions from ea
h loop in the se
ondarystru
ture.
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Figure 1: A hypotheti
al RNA stru
ture illustrating the di�erent loop types. Bases are representedby 
ir
les, the RNA ba
kbone by straight lines, and base pairs by zigzagged lines.De�nition 2 (Loops). For i · j ∈ S, base k is a

essible from i · j i� i < k < j and ¬∃i′ · j′ ∈ S :
i < i′ < k < j′ < j. The loop 
losed by i · j, ℓi·j, 
onsists of i · j and all the bases a

essible from
i · j. If i′ · j′ ∈ S and i′ and j′ are a

essible from i · j, then i′ · j′ is an interior base pair in the loop
losed by i · j.Loops are 
lassi�ed by the number of interior base pairs they 
ontain:

• hairpin loops have no interior base pairs
• sta
ked pairs, bulges, and internal loops have one interior base pair that is separated from the
losing base pair on neither side, on one side, or on both sides, respe
tively
• multibran
hed loops have two or more interior base pairsBases not a

essible from any base pair are 
alled external. This is illustrated in Fig. 1. The freeenergy of stru
ture S is

∆G(S) =
∑

i·j∈S

∆G(ℓi·j) (2)where ∆G(ℓi·j) is the free energy 
ontribution from the loop 
losed by i · j. The 
ontribution of Sto the full partition fun
tion is
e−∆G(S)/RT = e−

P

i·j∈S
∆G(ℓi·j)/RT =

∏

ℓi·j∈S

e−∆G(ℓi·j)/RT . (3)2



Problem 1 (RNA Se
ondary Stru
ture Distribution).Input: RNA sequen
e s, absolute temperature T and spe
i�
ation of ∆G at T for all loops.Output: ∑

S
e−∆G(S)/RT , where the sum is over all se
ondary stru
tures for s.3 KEY RESULTSSolutions are based on re
ursions similar to those for RNA Se
ondary Stru
ture Predi
tion byMinimum Free Energy, repla
ing sum and minimisation with multipli
ation and sum (or moregenerally with a merge fun
tion and a 
hoi
e fun
tion [8℄). The key di�eren
e is that re
ursions arerequired to be non-redundant, i.e. any parti
ular se
ondary stru
ture only 
ontributes through onepath through the re
ursions.Theorem 1. Using the standard thermodynami
 model for RNA se
ondary stru
tures, the partitionfun
tion 
an be 
omputed in time O

(

|s|3
) and spa
e O

(

|s|2
). Moreover, the 
omputation 
an builddata stru
tures that allow O (1) queries of the pairing probability of i ·j for any 1 ≤ i < j ≤ |s| [5�7℄.Theorem 2. Using the standard thermodynami
 model for RNA se
ondary stru
tures, the expe
ta-tion and varian
e of free energy over the Boltzmann distribution 
an be 
omputed in time O

(

|s|3
)and spa
e O

(

|s|2
). More generally, the kth moment

EBoltzmann [∆G] = 1/Z
∑

S

e−∆G(S)/RT ∆Gk(S) , (4)where Z =
∑

S
e−∆G(S)/RT is the full partition fun
tion and the sums are over all se
ondary stru
-tures for s, 
an be 
omputed in time O

(

k2|s|3
) and spa
e O

(

k|s|2
) [8℄.In Theorem 2 the free energy does not hold a spe
ial pla
e. The theorem holds for any fun
tion

Φ de�ned by an independent 
ontribution from ea
h loop,
Φ(S) =

∑

i·j∈S

φ (ℓi·j) , (5)provided ea
h loop 
ontribution 
an be handled with the same e�
ien
y as the free energy 
ontribu-tions. Hen
e, moments over the Boltzmann distribution of e.g. number of base pairs, unpaired bases,or loops 
an also be e�
iently 
omputed by applying appropriately 
hosen indi
ator fun
tions.4 APPLICATIONSThe original use of partition fun
tion 
omputations was for dis
riminating between well de�ned andless well de�ned regions of a se
ondary stru
ture. Minimum free energy predi
tions will always returna stru
ture. Base pairing probabilities help identify regions where the predi
tion is un
ertain, eitherdue to the approximations of the model or that the real stru
ture indeed does �u
tuate betweenseveral low energy alternatives. Moments of Boltzmann distributions are used in identifying howbiologi
al RNA mole
ules deviates from random RNA sequen
es.The data stru
tures 
omputed in Theorem 1 
an also be used to e�
iently sample se
ondarystru
tures from the Boltzmann distribution. This has been used for probabilisti
 methods forse
ondary stru
ture predi
tion, where the 
entroid of the most likely 
luster of sampled stru
turesis returned rather than the most likely, i.e. minimum free energy, stru
ture [3℄. This approa
hbetter a

ounts for the entropi
 e�e
ts of large neighbourhoods of stru
turally and energeti
allyvery similar stru
tures. As a simple illustration of this e�e
t, 
onsider twi
e �ipping a 
oin withprobability p > 0.5 for heads. The probability p2 of heads in both �ips is larger than the probability
p(1−p) of heads followed by tails or tails followed by heads (whi
h again is larger than the probability3



(1 − p)2 of tails in both �ips). However, if the order of the �ips is ignored the probability of oneheads and one tails is 2p(1 − p). The probability of two heads remains p2 whi
h is smaller than
2p(1 − p) when p < 2

3 . Similarly a large set of stru
tures with fairly low free energy may be morelikely, when viewed as a set, than a small set of stru
tures with very low free energy.5 OPEN PROBLEMSAs for RNA Se
ondary Stru
ture Predi
tion by Minimum Free Energy, improvements in time andspa
e 
omplexity are always relevant. This may be more di�
ult for 
omputing distributions, as themore e�
ient dynami
 programming te
hniques of [9℄ 
annot be applied. In the 
ontext of genomes
ans, the fa
t that the start and end positions of en
oded RNA mole
ule is unknown has re
entlybeen 
onsidered [1℄.Also the problem of in
luding stru
tures with pseudoknots, i.e. stru
tures violating the last re-quirement in Def. 1, in the 
on�guration spa
e is an a
tive area of resear
h. It 
an be expe
tedthat all the methods of Theorems 3 through 6 in the entry on RNA Se
ondary Stru
ture Predi
tionIn
luding Pseudoknots 
an be modi�ed to 
omputation of distributions without a�e
ting 
omplex-ities. This may require some further bookkeeping to ensure non-redundan
y of re
ursions, and onlyin [4℄ has this a
tively been 
onsidered.Though the moments of fun
tions that are de�ned as sums over independent loop 
ontributions
an be 
omputed e�
iently, it is unknown whether the same holds for fun
tions with more 
omplexde�nitions. One su
h fun
tion that has traditionally been used for statisti
s on RNA se
ondarystru
ture [12℄ is the order of a se
ondary stru
ture whi
h refers to the nesting depth of multibran
hedloops.6 URL to CODESoftware for partition fun
tion 
omputation and a range of related problems is available from www.bioinfo.rpi.edu/appli
ations/hybrid/download.php and www.tbi.univie.a
.at/~ivo/RNA/.Software in
luding a restri
ted 
lass of stru
tures with pseudoknots [4℄ is available at www.nupa
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