ON THE METHOD OF BOUNDED DIFFERENCES

Colin McDiarmid

§1 Introduction

In the beginning Maurey (1979) used an inequality for bounded
martingale difference sequences to prove an isoperimetric inequality for the
symmetric group Sn; this isoperimetric inequality was then used in investigating
normed spaces,for related work see Milman & Schechtman (1986). Then Shamir &
Spencer (1987) and Rhee & Talagrand (1987) introduced this bounded differences’
method to a wide public of researchers in combinatorics and the mathematics of
operational research and.computer science, with dramatic impact. The purpose of
this paper is to discuss the method and some of these applications. The underlying
martingale result is due to Hoeffding (1963), Azuma (1967) and has often been
referred to as *Azuma’s inequality’.

In this introductory section we first present a simple version of a
bounded differences inequality which does not require us to introduce any concepts
like martingales. We then sketch a plan of the rest of the paper. First recall the

Chernoff bound on the tails of the binomial distribution.
(1.1) Lemma (Chernoff (1952)): Let X;,...,X  be independent random variables,
with P [szl] =pand P [Xk=O] = 1—p for each k. Then for any t > 0

P(|3X; — 50| 2 1] < 2exp|—2t2/n).

The sum here is of course over k from 1 to n. This will always be the
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case when we write an unadorned sum ¥ or product II.

The above inequality has proved its usefulness many times in
combinatorics and elsewhere (see for example Erdés & Spencer (1974)). There are
other times when one would like to use it but the corresponding object of interest
will not quite separate into independent parts. What can we do? Perhaps we can

use the following ’independent bounded differences irequality’.

(1.2) Lemma: Let X;,...,X  be independent random variables, with X, taking
values in a set Ay for each k. Suppose that the (measurable) function f: ITA; -+ R
satisfies

(1.3) [(x) — f(x")

whenever the vectors x and x’ differ only in the kth co—ordinate. Let Y be the

S.Ck

random variable f [Xl""’Xn] . Then for any t > 0,
P(|Y — E(Y)] 2 t) < 2exp [—2t2/2c§] .

If we take each Ay = {0,1} and {(x) = 3x; we may obtain lemma (1.1).
Often we shall take A, as a set of edges in a graph, as for example in lemmas (3.1)
to (3.3) below.

The plan of this paper is as follows. In the next section we show part
of the recent impact of these inequalities by sketching ’before’ and ’after’ pictures
of our knowledge about colouring random graphs. Then we sketch proofs of the
‘after’ theorems using lemmas derived from lemma (1.2) above.

In the next section, section 4, we introduce martingales and present the
basic ’Azuma’s inequality’ of Hoeffding (1963), Azuma (1967). (This does not
quite yield lemma (1.2) above.)

In section 5 we present the *Hoeffding’ family of inequalities for sums of
independent bounded random §Mables, which extend the Chernoff bound. These
results generalise to inequalities involving martingales, and in section 6 we give

these generalisations (and prove lemma (1.2)). These results in section 6 extend
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Azuma’s inequality.
In sections 7 and 8 we briefly sketch several further applications of
these inequalities concerning isoperimetric inequalities in graphs and certain

problems in operational research and computer science, and we conclude in section

9.

§2 Colouring random graphs — before and after

In this section we show the dramatic effect of the bounded differences
method on our knowledge about the stability number and the chromatic number of
a random graph. (We cannot talk about colourings without talking about stable
sets.)

For a splendid introduction to the theory of random graphs see
Bollobas (1985). Recall that the random graph G np has vertex set {1,...,n} and
the [121] possible edges occur independently with probability p = p(n). For
simplicity we shall focus mainly on the case p constant, with O<p<1. Let q = 1-p

and b = 1/q. Recall also that a set of vertices in a graph G is stable if no two are

adjacent; and the stability number o(G) is the largest size of such a set. A
colouring of G is a partition of the vertices into stable sets; and the chromatic
number x(G) is the least number of blocks in such a partition.

The stability number a{G ] is concentrated on only a few values (see

n,
Matula (1970), (1972), (1976) Grimmeilz)t & McDiarmid (1975), Bollobas & Erdés
(1976)). Indeed (when p is constant) there is a function r = r(n,p) (see section
3(c) below) such that
(2.1) P[r—l < a[Gn,p] < r] -lasn-a.
This result was proved by °’classical’ first and second moment methods (see
Bollobas (1985)). Our knowledge about the stability number of sparse random
graphs was patchy (again see Bollobas (1985)).

Now for colouring. Grimmett and McDiarmid (1975) (see also Bollobis

& Erdds (1976) showed that (when p is constant) the chromatic number X[Gn p]
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satisfies
n n
(2.2) oog,n (1+0(1)) < X[Gn,p] < Togn (1+0(1))

for almost all graph Gn’p (that is, with probability - 1 as n - «). Also they
conjectured that the lower bound was the ’correct’ value. For results about sparse
random graphs and related results see McDiarmid (1984). There was no
significant improvement on the 1975 result (2.2) until Matula (1987) introduced a
factor 2/3 into the upper bound, by using an elegant ’expose—and—merge’ method
for generating a random graph.

That was the "before’ picture, now for the ’after’.

The first breakthrough was when Shamir and Spencer in 1987 showed
that the chromatic number X[Gn, p] is highly concentrated. Let us say that the

graph function X is concentrated in width s = s(n,p) if there exists a function

u = u(n,p) so that
Plu< < .
[u < X[Gn’p] < u—l-s] -1 asn-o
Also let us use w(n) to denote a function which tends to o arbitrarily slowly as

n - .

(2.3) Theorem (Shamir & Spencer (1987)): For any probability function

] is concentrated in width nl/ 20)(11).

P=2p(), x[Gy ;

(2.4) Theorem (Shamir & Spencer (1987)): Let p =n &, where 0 < a < 1.
i) For 0<a<1/2, X[Gn p] is concentrated in width s = n(l/ 2)_am(n).

ii) For1/2<ax1, x[Gn p] is concentrated in width s = [(2a+1)/(20-1)].

Shamir and Spencer comment that it is both a strength and a weakness
of the method that u is not given explicitly. Luczak (1988a) reports considerable
strengthenings of (2.3), (2.4) again based on the bounded differences method.

A year later Bollob4s (1988a) gave the outstandingapplication of the

bounded differences method. He showed roughly that for the function r in (2.1)
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above,
(2.5) P [a[Gn,p

Given (2.1) and a suitable form of (2.5) it will be easy to handle colourings, and

] < r—2J is tiny compared to o™ 1,

obtain

(2.6) Theorem: For almost all graphs G, P
X[Gn,p] = (1+0(1))n/2log, n.

This of course establishes the conjecture in Grimmett & McDiarmid (1975).
(Korsunov (1980) put forward a proof for p = 1/2 but this was incomplete and
hard to follow.) Bollobés actually proved a more precise theorem; and reworking
his arguments carefully (for this paper!) shows the following even more precise

result.

(2.7) Theorem: For almost all graphs G, D

X[Gn,p] =n/ [2logbn — 2log logyn + 0(1)}.

Similar methods may be used to handle the chromatic number of (i)
moderately sparse random graphs G o (Bollobas (1988a), Luczak (1988b)); (ii)

‘»m graphs G where k is about cn (Bollobas (1988c)); and (iii) random

n,k—out
m hypergraphs (Bollobas (1988c), Shamir (1988b), (1988c)). (To form the

m graph G each of the vertices 1,..,n independently directs edges to k

n,k—out
. vertices at random, then directions are ignored- and any multiple edges
1bined.)
Now let us turn back to stable sets. Frieze (1989) uses the bounded
differences method to pin down the stability number of sparse random graphs. A

corollary of his theorem is the following.

(2.8) Theorem: Let p = p(n) be given, write d = d(n) = np, and suppose that
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d(n) - o but d(n) = o(n) as n - w. Then for almost all graphs G p
2 )
a[Gn,p] = —% (logd — loglogd —log2 + 1 + o(1)).

§3 Colouring random graphs — proofs

(a) General lemmas
The following useful results are all special cases of lemma (1.2). They
are implicit in Shamir & Spencer (1987) (see also Bollobis (1988c)) though we

have improved the bounds here.

(3.1) Lemma: Let [Al""’Am] be a partition of the edge—set of the complete
graph KIl into m blocks; and suppose that the graph function f satisfies
[f(G) —f(G”)| < 1 whenever the symmetric difference E{(G)AE(G") is contained

in a single block A, . Then the random variable Y = f [G 1 ] satisfies

]

P(|Y — E(Y)| > t) < 2 exp[—2t%/m) fort > 0.

The above result lemma, (3.1) follows directly from lemma (1.2) with
each ¢, = 1. The next two results follow directly from lemma (3.1). For the
former let A, be the set of edges {j,k} where j <k; and for the latter let the blocks

A, be singletons.

(3.2) Lemma: Suppose that the graph function f satisfies |{(G)H(G’)| < 1
whenever G’ can be obtained from G by changing edges incident with a single

vertex. Then the corresponding random variable Y = { [G ] satisfies

n,p
P(|Y —E(Y)| > t) < 2exp(—2t2/n) fort > 0.

(3.3) Lemma: Suppose that the graph function f satisfies |{(G)-£(G’)| < 1
whenever G and G differ in only one edge. Then the corresponding random

variable Y = f [G ] satisfies

n,p
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P(|Y —E(Y)| >t) <2 exp [—2t2/[121]] for t > 0.

(b) Concentration of x[Gn p]

By lemma (3.2) above we deduce immediately that if Y is the random
variable X[Gn,p] then for any t > 0
(3.4) P(|Y — E(Y)[ > t) ¢ 2exp[—2t2/n).
This proves theorem (2.3) (and is a sharpening of (28) in [SS]).
] where ¥(G) is

1P
the achromatic number (see McDiarmid (1982) for the asymptotic behaviour of

Clearly the same inequality will hold if Y is ¥ [Gn

\IJ[G n,p] ); or Y is i[Gn, p] where i(G) is the interval number of G (Scheinerman
(1989)); or in many other examples.

Now let us consider a second proof of theorem (2.3) which will also
prove theorem (2.4). This proof method is due to Alan Frieze, see also Luczak
(1988a). We thus avoid the complications of the proof in Shamir & Spencer (1987)

of theorem (2.4) (though the inequality theorem 7 in that paper may be of some

terest).
Let w(n) - w arbitrarily slowly, and let u = u(n) be the least integer

ch that

3.5) P[x[Gn’p] < u] > 1/u(n).
For a graph with n vertices, let f(G) be the least size of a subset W of vertices of G
such that x(G\W) < u(n). Let Y be the random variable f [Gn,p]' Then by
lemma (3.2)
(3.6) P(|Y —E(Y)| 2 t) ¢ 2exp[—2t2/n] for t > 0.

But by (3.5), P(Y = 0) > 1/w(n), so we must have E(Y) < nl/zw(n) for large n;
and now by (3.6) we have
(3.7) P(Y < 20}/2u(n))
. <2n/“w(n)j+1 as n- o
Theorem (2.3) follows easily from (3.5) and (3.7). However, we can
also now prove theorem (2.4) (which is a slight sharpening of the original result).

We need only show the following lemma.



McDiarmid: On the method of bounded differences 155

(3.8) Lemma: With probability tending to 1, every set of at most n1/ 2w(n)

vertices in G may be s—coloured, where s is given in theorem (2.4).
?

P
We may prove lemma (3.8) by showing that the expected number of
sets as above with each degree at least s—1 tends to 0 as n -+ w, as in Shamir &

Spencer (1987).

(c) Stable setsin G 2
Here we present a suitable explicit form of (2.5), namely lemma (3.11)
below, following the ideas in Bollobas (1988a).

Given an integer 1, 1<r<n, let E(n,r) be the expected number of stable

T

2

sets of size r in G D Thus E(n,x) = [ﬂq[ ] Next forreal r,1 {r<m,

let

I;}(n,r) _ (27r)'"1/2nn+(1 /2)(n__r)——(n—r+(1/2))r——(r+(1/ 2))qr(r—-1)/2_
By Stirling’s formula, E(n,r) = (1+o(1))]§)(n,r) if r=r(n) is an integer, r(n)-o but
r(n)=0(logn). Now define

(3.9) r = 1(n) = 2log,n — 2log; logy n + 2logy, [%]
Then straightforward calculations show that for any t = t(n) = 0(1),
(3.10) ﬁ(n, r+t) = nl—t+0(loglogn/logn).

It follows that
P[a[Gn’p] <r+1+ 1/10g10gn] +1lasn-o.
We shall show that

(3.11) Lemma: P {aGy ;] < |1 —1/2 —1/loglogn|] = ofexp [—nl*1/l0lo8n]]

Proof: Set t(n) = —(1/2) — 1/loglogn. Then by (3.10)
iﬂ(n, ) = n3/2+(1+o(1))/loglogn.

Let s = s(n) = [r(n) + t(n)]. Further calculations now show that
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(312) E(n,’ S(I].)) = n3/2+(1+0(1))/10g10gn

for some integer n’ = n’(n) with n[ql/z + o(l)] {n’<n,

We are going to use lemma (3.3), so we shall need an appropriate
function f. This is the clever trick. For a graph G of order n we define {(G) to be
the maximum number of sets in a collection 8y Sq, ... of stable sets of size 8(n)
with lSinSjl $1lfori#j. Of course [f(G)—f(G’)| < 1if G and G differ only in

one edge, so we can indeed apply lemma (3.3). Let Y be the random variable

f[Gn,p]' Then

(3.13) P(|Y —E(Y)| > t) < 2 exp[—4t2/n?] for t > 0,
But P[a[Gn p} < s] = P(Y =0), so

(3.14) P[a[G, ) <] ¢ 2exp (—4r()?/n2).

To use this inequality we want a good lower bound on E(Y). For
graphs G on {1,...,n} define f'(G) to be the number of stable sets S ¢ {1,...,n*} of

size s(n) which are such that for any other such set S’ we have [SnS’| < 1. of

course E(Y) > E[ ’ [Gn p]] Further  calculations show that
E[ . [Gn p]] = (14+0(1))E(n’ 5(n)), and hence lemma (3.11) follows from (3.12)
and (3.14). 1]

(d) Colouring Gn, D

Let us see here how lemma (3.11) on large stable sets allows us to pin
down x [Gn,p]‘ The approach was sketched out in Bollob4s and Frdds (1976)
(section 5(i)), but it was not until Bollob4s used the bounded differences method
to prove a result like lemma (3.11) that it could be made to work. We shall sketch
a proof of the following result, which of course yields theorem (2.7). A detailed

proof is given in McDiarmid (1989).

(3.15) Theorem: Let 0 < P =1-—q < 1 be fixed, let b = 1/q, and let

r=r(n) = 2logbn - 2logblogbn + 2logb [S—],
as before. Then for almost al] graphs Gn D
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n/{r+o(1)} ¢ x[Gy, ;] € n/{r ~i- 1___;}75 + 0(1)}.

The lower bound follows from an easy first moment calculation which
need not concern us here. The upper bound follows from the two lemmas below,
one concerning random graphs and one deterministic.

Let us say that a graph G has property Q 1 if it has n nodes and for all
subsets W of at least n/log3n nodes we have oG[W]) > s(|W|). Here G[W]
denotes the subgraph of G induced by W, and the function s is defined in the proof
of lemma (3.11).

(3.16) Lemma: Almost all graphs G D have property Q.
3

(3.17) Lemma: Consider (deterministic) graphs G with property Q forn =1,2,...
Then

X[Gy) ¢ n/{r(n) —%—l—_im + 0(1)}.

The deterministic lemma (3.17) follows by considering repeatedly

3

picking out large stable sets until less than n/log”n nodes remain, and then

colouring the remaining nodes all with different colours.

Proof of lemma (3.16):
By lemma (3.11), for n sufficiently large

P{G_ p does not have Qn}

’ logl
2 exs [—[n/log3n] 1+(1/2log ogn)]

< 2%e¢™ 4 0 as n-o. ]

IA

(e) Stability number of sparse random graphs
The upper bound in theorem (2.8) from Frieze (1989) is straightforward
(see Bollobas (1985) lemma XI.21). Let us sketch the lines of the lower bound
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proof.

For a suitable function n* = n’(n) let £, be a partition of {1,...,n} into
n’ almost equal—sized sets. (In Frieze (1989) n’ is about n(logd)2/ d.) In a graph
G with n vertices, call a set S of vertices Sstable if it is stable and |SNB| < 1 for
each block B of % - Let f(G) be the largest size of a P-stable set. Of course 4(G)
< aG). (Frieze attributes the idea of considering #-stable sets rather than just

stable sets to Luczak.)

Let Y _ be the random variable /3 [Gn,pJ' Lemma (3.1) shows that for
anyt > 0
(3.18) P(IY,~B[Y,]| 2] <2 exp (—2t%/n-].
But now let

k=k(n) = gg(logd — loglogd —log2 + 1 — ).
Second moment calculations on the number of Zstable sets of size k show that
P[Yn b k] does not tend to zero very quickly. It then follows from (3.18) that
E[Yn] 2 k — (en/d), and the lower bound in theorem (2.8) follows by using (3.18)

again.

§4 Martingales

Let (2, & P) be a probability triple. Given a random variable X and a
sub—o—field & of F we shall use the notation E(Xl &) to denote the expectation
of X conditional on %. In most of our applications Q will be a finite set. There is
then a partition of  such that the o—field Fis the collection of sets which are
unions of blocks of the partition. A random variable is a real—valued function X
defined on  such that X is constant on the blocks. Also E(X| &) is simply the
function f defined on Q which is constant on the blocks, the constant on each block
being the average value of X on the block.

A nested sequence ) = {¢, 0} ¢ F L 5 C ... ¢ Fof sub—o-fields of F

2
is called a filter. In the finite case this corresponds to a sequence of increasingly

refined partitions of Q, starting with the trivial partition with one block . Given
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a filter, a sequence XO’ Xy XZ"" of integrable random variables is called a
martingale if E[Xn +1| F ] =X/ for each n > 0. Also, given a filter, a sequence
Yl’Yz"" of integrable random variables is called a martingale difference sequence
(mds) if for each n > 1,Y_ is & —measurable and E [Ynl 9;1__1} =0.

From a martingale XO’XI’XZ"" we obtain a martingale difference
sequence by setting Yk = Xk-—Xk_l; and conversely from XO and a martingale

difference sequence Yl,Y2,... we obtain a martingale XO’Xl’Xz’“‘ by setting

k
X, =X, + 3
k70 im

We shall be interested here only in finite filters F= {¢, Q} ¢ H L ... €

Y. Thus we may focus on either sequence.

& C & All corresponding martingales X,X;,....X are then obtained by Doob’s
martingale process: let X be an integrable random variable and define
Xk=E[X|‘%] for k = 0,..n. Thus X, = E(X) and X, = X if X is

g?;l—measurable. Then if Yl""’Y n is the corresponding martingale difference

sequence we of course have X —EX = EYk.
The basic inequality for a bounded martingale difference sequence is
the following lemma of Hoeffding (1963), Azuma (1967) (see also Freedman

(1975)), which has often been referred to as *Azuma’s inequality’.

(41) Lemma: Let Y,,.,Y bea martingale difference sequence with 1Yy | € ¢
for each k, for suitable constants ¢,. Then for any t > 0,

P(I5Y,| 2] € 2exp [—t2/2zc§].

Suppose as in (1.1) that X,....X are independent, with P [Xk=1] =P
and P [Xk=0] =1-p. Set Y, =X, —P and ¢, = max(p, 1-p), and apply lemma
(4.1) to obtain the Chernoff bound (1.1), except that the bound is weakened
slightly (if p # 1/2). We may also deduce a similar weakened version of lemma
(1.2). All our applications here will in fact be based on less symmetrical forms of

lemma (4.1) and will thus avoid a gratuitous factor 1/4 in the exponent in
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previously presented bounds.
We shall prove stronger results in section 6 below (see corollary (6.9))

but it is convenient to prove lemma (4.1) here. First we prove one preliminary

lemma.

(4.2) Lemma: Let the random variable Y satisfy E(Y) = 0 and |Y| < 1. Then

for any h > 0

B[ehY] ¢ h2/2

Proof: As eh’C is a convex function of x,

hx ,1=x ~h | 14+x _h |
€ STe +—2——e for —lgxgl,

and so
2
Ble"] ¢ jlePeel] <M/,
by considering series expansions. ]

Proof of lemma (4.1):

3
Let S, =
ki1

Prob [S11 > t] < e ity [ehsn].

Yi‘ By the Markov or Bernstein inequality, for any h > 0

But

hS hS
n} - E[e n—1,

hS hY
n—1 n
= [e E [e | 55-1“

hS
<E [e n—l] exp [% [hcn] 2] by lemma (4.2)

E[e hYn]

< exp [%h%cﬂ on iterating.
Nowset h =t /Ecﬁ to obtain
Prob (S, > ] ¢ exp [—t2/22c1ﬂ.

By symmetry the absolute value gives at most a factor two.
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For a similar simple proof of a weaker version of the inequality see

Milman & Schechtman (1986). Above we used our bounds on |Y, | to obtain good

hY
bounds on E[e kl %{_1]. Other assumptions which yield bounds on this latter

quantity will yield related inequalities — see for example Johnson et al (1985),
Bollobés (1988c) theorem 7.

85 Inequalities for bounded independent summands

In this section we present the *Hoeffding’ family of inequalities for sums
of independent bounded random variables. In the next section we extend these to

inequalities involving martingales.

(a) Results

We shall take the following inequality as our starting point.

(5.1) Theorem (Hoeffding (1963)): Let the random variables XX, be

independent, with 0 ¢ X, <1 for each k. Let X = %—EXk, p = E[X], and q = 1-p.
Thenfor0 <t < gq, '

P(X—p2 1)< [[—E—] a &) q_tr'

p+t q—t

A special case of interest is when each random variable Xk is 1 with
probability p and 0 with probability q. The theorem then reduces to a bound on a
tail of the binomial distribution due to Chernoff (1952) though the methods
involved date back to Bernstein (see Chvatal (1979)). This bound is good for large
deviations (see Chernoff (1952), Bahadur & Ranga Rao (1960), Bahadur (1971))
though inequalities closer to the normal approximation of DeMoivre — Laplace are
naturally better for small deviations (see Feller (1968), Bollobas (1985)). (For
related inequalities concerned with variations of the p, subject to Epi = p see

Hoeffding (1956), Gleser (1975). The bound applies also to the hypergeometric
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distribution — see Hoeffding (1963), Chvatal (1979).) It is straightforward to

obtain from theorem (5.1) weaker but more useful bounds.

(5.2) Corollary: As in theorem (5.1), let the random variables XX, be
independent, with 0 < Xk <1lforeachk,let X = %EXk and let p = E[X].

(a) Fort > 0,

(5.8) P(X—p2t) < exp[—2nt?],
(5.4) P(X —p < —t) < exp|—2nt2).
(b) For0<e<1

(5.5) P(X—p2 ep) < exp [—%62111)] :
(5.6) P(X —p< —ep) < exp [—%eznp] :

The inequalities in (a) are perhaps the basic workhorses, but often p is
small in applications and then the inequalities in (b) may be better. Part (a) is
due to Hoeffding (1963) who also discusses relationships between theorem (5.1),
the inequalities in (a) and other similar inequalities. Part (b) appears in Angluin
& Valiant (1979) (in the binomial case). In Karp (1979) the inequality (5.3) is
attributed to Angluin. For similar results (in the binomial case) based on
Stirling’s approximation see Bollob4s (1985) Chapter 1, corollary 4 and theorem
7(1).

Hoeffding also gives a powerful extension of corollary (5.2) (a) to the

case when the ranges of the summands need not be the same.

(5.7) Theorem: Let the random variables XX, be independent, with
ay < Xk < bk for each k, for suitable constants ays bk‘ As before let X = %zxk
and p = E[X]. Thenfort >0

P(X—p>t)<exp [—2n2t2/}3 [bk—a,k] 2] ,

P(X —p < —t) < exp [——2n2t2 /B (b2 2] .
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(b) Proofs
Let us prove the above results here, as the proofs will be useful also for
the extensions of these results in the next section (and proofs of the much used

inequalities (5.5) and (5.6) do not seem to be easily available in the literature).

Proof of theorem (5.1):

Let m = (p + t)n. Fors21,

— Xk]

| [qk+pks]
<5 ™(q + ps)",

P[5X, 2 m] gE[s

=5 0 E[s

since geometric means are at most arithmetic means. Now set s = == 10

obtain the desired inequality. ]

Proof of corollary (5.2):

(a) Let f(t) = (p+t)in 5% + (q—t)ln ’chf for —p < t < q. Then

-1
f/(t)=1n p1)q
and
1
') =~ proen ¢
since

(p+t)(1Ap+1)) < 7
But £(0) = £/ (0) = 0, and so it follows from Taylor’s theorem that for 0 ¢t < q
i(t) = [t2/2] f'(s) for some s, 0 <5<t
< 212,
The inequality (5.3) now follows from theorem (5.1), and by considering 1-X, we
obtain (5.4).

(b) Now let g(x) = f(xp), for 0 ¢ x < 1, xp < Q- Then g’(x) = pf’(xp) and

g"(x) = p2f"(xp) = — ﬁﬁ’i—@:xpj -
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Thus
g’ (x) < —pln(1+x)
< —(2p/3)x since 0 < x < 1,
and so
8(x) < —(p/3)x".

Together with theorem (5.1) this yields (5.5).
Finally let h(x) = g(—=x) for 0 < x < 1. Then h’(x) = —g’(—x) and
h"(x) = g"(—x). Thus h(0) = h’(0) = 0 and

—_ p —
h'(x) = (T=x) (qF%D) < -p, ,
so h(x) ——px2 /2 and (5.6) follows from theorem (5.1).

L]

It remains here only to prove theorem (5.7). But once we have proved
lemma (5.8) below which extends lemma (4.2), then theorem (5.7) will follow by a
proof like that of lemma (4.1).

‘% 8) Lemma: Let X be a random variable with E(X) = 0, a < X < b. Then for
E[ehx] < exp [%h2(b—a)2].

Arguing as for lemma (4.2)
hx , x—a hb | b—x  ha

e Sme +E:_'é*e fora_<_x5b,

d so
- -
(5.9) BleMX] ¢ (B eh? B ehD = ef(h)

where h = h(b—a) and {(x) = —px + log [1—p+peX] .
Now we may argue as in the proof of corollary (5.2). We have
p+(1-p)e
and

'(x) = p(l—p)emX < 1.
[p+(1-p)e ™)
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Also £(0) = £/(0) = 0, 50
f(h) < $h% = Llba)’. ]

§6 Inequalities for bounded martingale difference sequences

(a) Resulis

Here we present the 'Hoeffding’ family of inequalities for bounded
martingale difference sequences. These extend the basic inequality (4.1) ('Azuma’s
inequality’) and the inequalities of section b for the independent case. The main
thrust of these results was pointed out in Hoeffding (1963) and we largely follow
his treatment. We shall also give an extension of lemma (1.2). The use of any of -
these inequalities in combinatorics is what we call the ’bounded differences’

‘method.

(6.1) Theorem: Let Y,...,Y, be a martingale difference sequence with —a; £ Yy
< lay for each k, for suitable constants a. Let a = ——Eak anda =1 —a. Then

forany t > 0
_1n
a+t{ - Ja—-t| -
a a
PEYy2 ) ¢ {[-m] 5 ]

To obtain theorem (5.1) from theorem (6.1) set a = E[Xk] and
Yy =X, —a,. We shall prove theorem (6.1) shortly. As before we want weaker
but more useful bounds. The same proof as for the corollary (5.2) to theorem (5.1)

will yield

(6.2) Corollary: As above, let Yy 5Y, be a martingale deference sequence with
- < < Yk 1—-a, for each k, for suitable constants a; and let a = = Za.k
(a) Foranyt >0,
2
(6.3) P[IY, 2 1] < exp (—2t%/n),
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(6.4) P(BY) < ) < exp (—2¢2/n).
(b) For any 0-¢ €< 1,

(6.5) P [SYkZ ea,] < exp [——%—e a/n] ,
(6.6) P [EYk < —-eaJ < exp [——%eza/ n].

To obtain corollary (5.2) from corollary (6.2) set a, = E[XkJ and
Yk = Xk —ay as before.

The next result extends inequalities (6.3) and (6.4) above and theorem
(5.7) for the independent case, and Azuma’s inequality lemma (4.1). It seems to
be the most useful inequality for the bounded differences method. We shall state
it in terms of martingales, with a corollary in terms of martingales difference

sequences and a corollary extending lemma (1.2).

(6.7) Theorem: Let (¢, ) = F ¢ & C ... ¢ & be a filter. Let the integrable
random variable X be %——measurable, and let XO’XI"“’Xn be the martingale
obtained by setting Xi = E[XI Si(] Suppose that for each k=1,...,n there is a
constant ¢, and an & _;—measurable function a, such that
(6.8) a, <Xy Cay + ¢
Then for any t > 0,

P(X —EX > t) < exp [—2t2/2c§],

P(X —EX ¢ —t) < exp [——th/Ecﬁ] .

The next result is essentially the special case with each function a,

constant. It extends the basic inequality (4.1) (Azuma’s inequality).

(6.9) Corollary: Let Y,,...,Y  be a martingale difference sequence with a; < Yy <
bk for each k, for suitable constants 3y, bk' Then forany t > 0

PEV, 2 t] < exp [—2t2 /5[] 2] .,

P [SYk < ——t] < exp [—_th /2 [bk—ak] 2] .
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The last result here will also follow easily from theorem (6.7). It isan
extension of lemma (1.2) in which the condition (1.3) is replaced by a weaker but

less attractive condition.

(6.10) Corollary: Let Zy,...,Z, be random variables with 7, taking values in a set
Ak’ and let Z denote the random vector [Zl,...,Zn}. Let £ HAk -+ R be an
appropriately measurable function. Suppose that there are constants ¢y,...,C; 8O
that
(6.11) |E[f(_Z__)| [Zl""’zk—-—l]=[zl""’zk-—1}’ Zk=zk]
—E [f(g)| [Zl""’zk—1]= [Zl""’zk—l] , Zk=z1'(] | <oy
for each k = 1,...,n and z;eA; (i = 1,...,k—1) and z, zj €A, . Then for any t > 0,
P(|f(Z) — BA(2)| 2 1) ¢ 2exp[-2t7/5c}).

(b) Proofs

Proof of theorem (6.1)
k
We combine the proofs of theorems (4.1) and (5.1). Let S5y = ii‘J_lYi.
For any h > 0,
P(S, 2 2] ¢ g hnty (exp bS]
—hnt
=e E[exp [hS n—1 E [exp hY nl 9;1_1]]11[1 ]
—~ha —a
{e E[exp [hSn_1 ] [1 a n]e +a e | by (6.9)
- h{l-a
< e"hnt 11'11 1-a, le a‘k+a. e [ h]] on iterating
e Ll ) k
~h¥a, n
= ¢ 1mtg ko [1—ak+akeh]
k=1

< ¢ hntghoa [1—a+ aeh] n.

Now set e}1 = (att)a to obtain the desired inequality.
a(‘a-t)
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Proof of theorem (6.7}

k

Let Y, = X) — X _;and §, = ii Y; = X, — X We argue initially

1
as in the proof of theorem (6.1). For any h > 0,

P(X—EX 21) =P[S, 2 1]
< e tg [exp hS n]
=g (exph S, ; BlexphY,| % 4]) |
< ¢ tp [exp hS n-—l] exp [%hzci] by lemma (5.8)

< e—ht

exp [%—h%gﬁ] on iterating.
Now set b = 4t /Eci to obtain the former inequality in theorem (6.7). To deduce
the latter replace X by —X. ]

Proof of corollary (6.10):

Let & be the o—field generated by 22y Let Xy = E[f(g)l 5‘1’(]
and let
a) = ess inf [Xkl L?k_l] , by = ess sup [Xkl 91’(_1].
Then the condition (6.11) says that b, —a; < ¢,. So corollary (6.10) now follows
from theorem (6.7). ]

(c) Imequalities for maxima

All the inequalities we have met here are based on the Bernstein
inequality

PX>t)< e E(e"X] forh>o. |

Thus they can all be strengthened in the following way, as noted in Hoeffding
(1963). See also Steiger (1967), (1969), (1970).

Let Yl""’Yn be a martingale difference sequence, let h > 0, let
Sk =Y +..+Y) and let T, = exp hS,.. As long as the T, are integrable,
Tl,...,T11 forms a submartingale and so we can use Doob’s maximal inequality (see

for example Chung (1974) pages 320 and 330) to deduce that for any t > 0,
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P [max Sk > t] =P [max Tk > eht}
k k
hS
< et [T n] = ¢ Mg [e n].
It follows that in all our inequalities in this section we may replace EYk

by max Sk’ and similarly for independent summands. We do not have applications

here for these extensions.

We have already discussed some applications of the bounded differences
method to random graphs. See Bollobas (1988b), (1988c) for further applications
in this area in particular concerning the first cycle problem and the probability of
containing a given small subgraph (and see section 8(d), (e) below). In the last
two sections before our concluding remarks we shall discuss two further areas of

applications.

§7 Isoperimetric inequalities for graphs

Consider a finite metric space (V,d). We shall be interested in
particular in the case when V is the vertex set of a graph G and d measures
distance in the graph.

For A C V and t>0 the t—neighbourhood A, of A is the set {veV:
d(v,A) < t}. Here d(v,A) is of course min{d(v,x): xeA}. An ’isoperimetric
inequality’ means a lower bound on [A,| depending on |A| and t. For an

introduction to discrete isoperimetric inequalities see Bollobas (1986).

(a) General results

Following Schechtman (1982), Milman & Schechtman (1986) we make
a fussy but useful definition. In the finite metric space (V,d) a partition sequence
[[5”k, ck]: k=0,...,n] consists of a sequence %,%,...,E’H of increasingly refined
partitions of V, starting with the trivial partition 5 (with a single block V) and

ending with the discrete partition F (into singleton blocks), and a sequence
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CgrC1r-+1Cp of numbers with the following property: for each k=1,...,n, whenever
AB ¢ ﬁi[ and ALBcC ¢ ‘?k—-l for some C then there is a bijection ¢: A » B with
d(x,0(x)) < ¢, forall x € A.

If the space has such a partition sequence we shall say that it has
partition size at most 2012{. Observe that here Eck is always at least the diameter
max {d(x,y): x,yeV}. Usually we shall have each ¢, = 1, and indeed we do so in

each of the example below.

(7.1) Example: The n—cube Q, has vertex set V = {0,1}" and two vectors are
adjacent if they differ in just one coordinate. Then Q o has diameter and partition
size equal to n. Indeed we may take 51’( as the partition into equivalence classes
where two vectors are equivalent if they agree in the first k digits. The

appropriate function ¢ just switches the kth digit.

(7.2) Example: The ’permutation graph’ S, has vertices the permutations of
{1,...,n} and two vertices g and h are adjacent if g_lh is a traﬁSposition. Then S
has diameter and partition size equal to n—1. Indeed we may think of a
permutation g as a sequence (g(1),...,g(n)), and take A as above for k=0,...,n~1.
If geA, heB then the appropriate function ¢ acts on xeA by swapping the numbers
x(k) = g(k) and h(k).

(7.3) Example: We may generalise the last example as follows (see Schechtman
(1982)). The k—tuple graph Sn,k has vertices the k—tuples of distinct members of
{1,...,n}, and two vertices g and h are adjacent if and only if either they differ in
exactly one co—ordinate or they differ in exactly two co—ordinates, say j and k,and
g(j) = h(k), g(k) = h(j). Thus distinct vertices g and h are adjacent if and ozﬂy if
they may be extended to permutations which are adjacent in the permutation

graph S o The graph SIl k has diameter and partition size equal to k if k < n—1.
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The basic result here follows easily from theorem (6.7) or corollary

(6.10). It is similar to lemma (1.2), which we took as our workhorse earlier.

(7.4) Theorem: Suppose that the finite metric space (V,d) has a partition
sequence [[‘?k’ Ck]: k=1,...,n]. Let the function f on V satisfy [f(x) — f(y)] ¢
d(x,y) for all x,yeV. Let X be uniformly distributed over V. Then for any t > 0,
P(£(X) — EE(X) > t) < exp [—-—21;2/2012(] ,
P(f(X) — Ef(X) ¢ —t) < exp [—2t2 /zcﬁ] .

(7.5) Corollary: Suppose that the finite metric space (V,d) has a partition
sequence [[5’1{, Ck]: k=1,...,n]. Let A ¢ V with |A|/|V]| = @ 0<a<l. Then for

1/2
1 1
any t 2 t, = [Q[loga] Eci] ,
|4,1/1V] 2 1~ exp [~2[s4g) /3.

Thus for any t > 0 and any v > 0,
2

2
- 1}7 2 2
(7.6) |A/1V] 21~ [5] exp [—2[1_1-;/] g /Sck}.
The above results follow the lines of the extenmsion in Schechtman
(1982) of the argument in Maurey (1979) for example (7.2) above — see also
Milman & Schechtman (1986), Bollobas (1988c). For applications to the analysis

of biased random sources see Shamir (1988a).

Proof of corollary (7.5):

Let t, = Ef(X). Then by theorem (7.4)
2 0.2
a = P(E(X) = 0) = P[£(X) €ty < exp [—2tl/2ck],
and it follows that t; < t;. Now by theorem (7.4) again, for t 2 t,,
1—|A1/IV] =PEX) > t)
<P[H(X) > £+ (t%))
< exp [—-2 [t—to] 2 /Ecﬁ .
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To prove the inequality (7.6) consider separately the cases t < (1+')f)1:0 and
t 2 (1+)t,. (]

Corollary (7.5) yields remarkable concentration results for the examples
(7.1)7.3) above. Let us state these results for the n—cube Q, and the

permutation graph S .

(7.7) Proposition: Let A be a subset of the 2% vertices of the n—cube Qn, with

n _ C(if, 1) 11/2
|Af/2" = o, 0<a<l. Then fort> ty = |5|logg|n ,

|A /2521 —exp [_2 (tt0)*/n]-

Thus forany t > 0 and v> 0
2

n 117
A, /2" 2 1= 3]

exp [—-2 [1—_%,7} 2t2 / n] .

(7.8) Proposition: Let A be a subset of the n! vertices of the permutation graph
1/2
Sy With |A]/n! = 0,0 < & < 1. Then for any t > ty = [%[log%—y] (n—l)]

2
|A,l/n!> 1 —exp [—2 [to] /(n—l)].
Thus foranyt > 0and v > 0
2

[Atl/n! >1— [—é—} ! exp [—2[1—1—,—),] 2t‘?/nJ.

Proposition (7.8) is a tightening of the original result of Maurey (1979),
though it is still not clear how tight it is — see Bollobas (1987). In order to set
these last results in a more general framework let us introduce some definitions.
See Milman & Schechtman (1986) for more background. For a graph G with
vertex set V and diameter D, and for any O<e<1 let

a(G,€) = min {1 — |A6D|/|V|: AcV, |Al/|IV]>1/2}.
A sequence Gl’Gz"“ of graphs is a Lévy family if a[Gn, e] -+ 0 as n - o, for every
€. It is a concentrated Lévy family if there are CyiCg > 0 such that



McDiarmid: On the method of bounded differences 173

a[Gn,e] < cpexp [—czenll 2] for all n and e. It is a normal Lévy family if there are
Cq,Co > 0 such that a[G ’ e] < cqexp [—czezn] for all n and e.

The propositions above show that both the family [Q n] of cubes and
the family [Sn] of permutation graphs form normal Lévy families with parameter
Co arbitrarily close to 2. In fact for the n—cube Q 4 We can do slightly better — see
the next subsection.

The notion of partition sequences above is quite a natural framework
within which to apply the martingale inequalities (6.7) or (6.11), but it is not
obvious that we have hit the 'right’ level of generality. Milman & Schechtman
(1986) give an attractive intermediate level which neatly contains examples (7.1)
to (7.3). We shall consider only the finite case here.

Let G be a (finite) group with a translation invariant metric d; that is,
d(g,h) = d(rg,rh) = d(gr,hr) for all gh,r ¢ G. Given a subgroup H we have a
natural metric d defined on the set G/H of left cosets rH by setting
d(rH,sH) = d(r,sH) where of course d(r,sH) is the minimum value of d(z,sh) over

heH.

(7.9) Theorem: Let G be a group with a translation invariant metric d. Let
G=Gj2 Gia..2 G, = {e} be a decreasing sequence of subgroups, and let ¢, be
the diameter of the space Gk—l / Gk for eachk =1,...,n.
(a) Let the real—valued function f on G satisfy |f(x)—E(y)| < d(x,y) for all x,y € G.
Let X be uniformly distributed over G. Then for any t >0

P(|£(X) — BA(X)| 2 t) < 2exp [—2t2/2c§].
(b) Let A be a subset of G with |A]/|G] = & 0<a<l. Then for any

t2t)= [%[10%] Zci}lh
|Al/1G] 21 —exp[—z[t-to]z/zcﬁ];

and so for any t > O and v > 0

]

1’)’2 29 9
il 21— [l el e
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(b) Exact isoperimetric inequalities

A Hamming ball centred at a vertex v of the cube Qn consists-of all
vertices at distance less than d from v for some d, together with some vertices at
distance d.

Let A and C be two sets of vertices of Qn with distance p between
them. Then a seminal theorem of Harper (1966) (see also Bollobas (1986) page
129) asserts that there exist Hamming balls B, centred at the all—zero vector and
B, centred at the all-one vector such that |Byl = [A], |By| = |C| and the
distance between B0 and B, is at least p. This gives the exact solution to the
isoperimetric inequality for the n—cube. From this result and a one—sided version
of the Chernoff bounds (1.1) we may obtain the following result (see Amir &
Milman (1980), Alon & Milman (1985)).

(7.10) Proposition: Let A be a set of 2% 1 vertices in the cube Qn‘ Then for any
t20,
| A /22> 1 —exp [—21‘,2/11] .

This result is *cleaner’ than the corresponding case of proposition (7.7). We now
see that the graphs Qn form a normal Lévy family with parameters ¢y =1¢c9=2.

In the last subsection we obtained our isoperimetric inequality (7.7) for
the cube from a result on concentration of measure. .We may also reverse this

process.

(7.11) Proposition: Let f be a function defined on the vertex set V of the n—cube
Q,, such that if x and y are adjacent then |f(x)—f(y)| ¢ 1. Let the random
variable X be uniformly distributed over V. Let L be a median of f; that is, P(f(X)
<L) >gand P((X) > L) > 3 Then for any t > 0

P(|(X) L] > t) < 2 exp (~2t%/n).
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Proof: Let A = {xeV: f(x) <L} and B = {xeV: f(x) > L}. Then
P(|f(X)—L| <t)2 P[XeAtnBt]
=-1+4+P [XeAt] + P [XeBt]
>1— 2exp [—-2t2 /n]

by proposition (7.10). ]

(We already knew this inequality with L replaced by Ef(X), for example by lemma
(1.2) with each ¢ = 1. See also Milman & Schechtman (1986), page 142, for the
relationship between deviations from the mean and from the median.)

Recently several further exact discrete isoperimetric inequalities have
been obtained — see Bollobas & Leader (1988a), (1988b), (1988c) and subsection
(d) below.

(c) Two resulis of Alon and Milman

Let H, be a graph with vertex set Vk’ for k=1,...,n. The cartesian
product G =TIIH, has vertex set 11V, and two vertices x = (xl, WX ] and
y= [yl,.‘.,y ] are adjacent if and only if they differ in exactly one coordinate and
if this is the kth co—ordinate then x; and yk are adjacent in Hy. Note that G has
diameter the sum of the diameters of the graphs Hy. From corollary (7.5) we

deduce the following extension of proposition (7.7) about the n—cube.

(7.12) Proposition: For k = 1,...,n let Hy bea graph with diameter Dy, and let the

graph G with vertex set V be the cartesian product IIH;. Let A ¢ V with
1/2
|A|/|V| = @ 0<a<l. Thenfor anyt 21, [Elog[ EDk]

Al/1V] 2 1-—exp[—z[t—t0] 230g);

b

and for any t > 0 and any v >0

A /1VI21~ [%!] ﬂeXP[—2 [T%,—r] 2t2/EDi].
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This result shows that if G n is the Cartesian product of n copies of a
fixed graph H then the Gn’s form a normal Lévy family with parameter ¢y
arbitrarily close to 2. In a remarkable paper, Alon & Milman (1985) used quite
different methods to show that the family [Gn] is concentrated, and commented
that the methods of Maurey and Schechtman which we are using here show that
[Gn] is a normal Lévy family (though with ¢, = 1/64). Bollobds and Leader

(1988c) show that we may also take c,, = 6D2/[k?~1] where k is the order of H.

2

Let us consider a second interesting result from Alon & Milman (1985).
For k > 2, the odd graph 0, has vertices corresPonding to the (k—1)—subsets of a
(2k—1)—set, and two vertices are adjacent if and only if the corresponding sets are
disjoint. Thus O2 is the triangle K3 and 03 is the Petersen graph; and the graph
0y has diameter k—1 (see Biggs (1974)). It is shown in Alon & Milman (1985) that
the family [Ok] is concentrated.

Now for 1<k<n let S nk be the graph with vertices the k—subsets of an
n—set, and with two vertices adjacent if and only if the corresponding sets A, B
satisfy [A\B| = |B\A| = 1. Thus the graph §2k—1,k-—1 has the same vertices as

Ok’ and if two vertices are adjacent in this graph then they are at distance 2 in Oy

Observe that S n k has diameter k if k < n/2.

(7.13) Proposition: Consider the graph G = én o With vertex \% say, |{7| = [ﬂ
.. . ’ 1/2
Let A ¢ Vwith |A|/|V]| = @, 0<a<l. Then for any t > ty = [%[log—g}k] ,
A " 2
A 1/IV] 21 —exp[—2[t-—t0] /k].

We may of course think of the vertices of the graph én,k as members of the vertex
set {0,1}™ of the n—cube Q o Then two vertices of S nk 3¢ adjacent in S nk if and
only if they are at distance 2 in Qn. Thus we see that the concentration
phenomenon observed for the n—cube Q,, in proposition (7.7) holds also for the
slice 3x, = k. From the above we find that the graphs 0, form a normal Lévy

family with parameter c, about 1/2.
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Proof: Consider the graph G = § nk in example (7.3), with vertex set V. For each
vertex g in V let g be the k—set of elements listed in g. Let A = {geV: geA}
Then |A|/|V] = |A|/|V|. Also, for each vertex gin V

Hence, for any t > 0, | A, ]| /1V]| = IAtI/I{fl. Now we may complete the proof by

applying corollary (7.5) to example (7.3). ]

(d) Monotonic functions

We considered in proposition (7.7) above the uniform distribution over
the vertex set V = {0,1}" of the n—cube Q o Now consider a more general
distribution, of particular interest in the theory of random graphs (with n as the
number of edges in a complete graph). Let 0<p<1 and let the random variable X
take values in V, with P(X=x) = p*(1—p)" * where s = Ixp-

Bollobas and Leader (1986b) give a beautiful exact isoperimetric
inequality for down—sets (hereditary properties) in Q . From this they deduce
various estimates which they note are much better than can be obtained from
Azuma’s inequality lemma (4.1), for the case when p (or 1-p) is very small. The

martingale inequalities (6.5), (6.6) give an alternative approach.

(7.14) Lemma: Let f be a non—decreasing function defined on the vertex set V of
the n—cube Q_ such that if x and y are adjacent then |f(x) — f(y)] < 1. Let the
random variable X be distributed over V as above. Then, for any 0 < €< 1,

P(X) — BA(X) > cap) ¢ exp|~ §e’np .

P(f(X) — Ef(X) ¢ —enp) < exp [— %e‘?np] .

Proof: Let & be the o—field generated by the natural partition % given in
example (7.1), and let Y; be E[f(X)] .Si(] Then

N

and so we may use (6.5) and (6.6).
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(7.15) Proposition: Let the random variable X be distributed over the vertex set
V of the n—cube Q,, as above; that is, P(X=x) = p*(1—p)™ " where s = Zx; . Let
A C 'V be decreasing (that is, xeA and y<x implies yeA) with P(X¢A) = q, O<a<1.

1/2
Let ty = [210g[%} np] . Then for tg <t £ty + np,
P [XeAt] >1—exp [— %—[t——to] 2/np] .

Proof: Take f(x) = d(x,A) in the lemma above. Note that d(x,A) < Exi since the
all—zero vector is in A. Thus t) = Ef(X) satisfies t; < op. By lemma (7.14)
1,2
&= P(i(X) = 0) = P((X) ¢ t; —t;) < exp [— Qtl/np],
and it follows that t; < t5. But now by lemma (7.14) again, for ty <t < ty +op
1— P[XeAtJ = P({(X) > t)
< P[f(X) >ty + [t—-—ton
2
¢ exp[—5{t—t,) */np]. ]

§8 Applications in operational research and computer science

(a) Bin packing

Given an n—vector x = [xl"“’x n] where each x.¢ [0,1], let B(x) be the
least number of unit size bins needed to store n items with these sizes. Let
Xl,...,X11 be independent random wvariables each taking values in [0,1]. The
bounded differences method lets us much strengthen previous work on the
behaviour of the random variable B = B[Xl""’xn] (Grimmett (1985), Rhee
(1985)).

(8.1) Theorem: For any t > 0
P(|B—E(B)| > t)  2exp[-2t2/n].

This is the first application in Rhee & Talagrand (1987a) (with an improved

bound). To prove it from lemma (1.2) we need only note that for x, x* ¢ [0,1]™ we
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have |B(x) —B(x’)| < 1 whenever x and x’ differ in only one coordinate. Similar
results hold for the number of bins used by certain heuristics — see Rhee &
Talagrand (1987a).
Now let us use B 0 in place of B above. From the subadditive
inequality
E[Bm+n] < E[BmJ + E[Bn]
it follows that -II{E [Bn] -+ fas n - m, where § = inf %E [Bn} (0¢<B<1).

(8.2) Corollary: Let ¢ > 0. Then

P[I%Bn— Bl > e] =0 [exp{-(z-o(l))e%}].

(b) Knapsack problems

Let b be a fixed non—negative m—vector. Consider a list x; = [cl,gl],
o Xy T [Cn,gn] of (1+m)—vectors, where each cy e [0,1] and each m—vector
3y 2 0. Denote the list [51, ey gn} by x, and let K(x) be the value of the
corresponding 'multi—knapsack’ problem

max Yc, 2;
subject to
ngzk <b
z, =0orl (k=1,..,n).

Now let X,,..., X be independent random variables, where each X, is a
(14m)-vector [Ck’—A—k]’ with Cye [0,1] and the m—vector A, 20 The behaviour
of the corresponding random knapsack value K = K[_)gl,...,_}g n] has been
investigated in Frieze & Clarke (1984), Meante et al (1984), Mamer & Schilling
(1988), Schilling (1988).

As with bin packing we obtain a strong concentration result

immediately from lemma (1.2). We need only note that if the lists x, x’ differ in

only one coordinate vector [ck, ék] then |K(x) — K(x’)| ¢ 1, to obtain
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(8-3) Theorem: For any t > 0,
P(]K —E(K)| > t) < 2exp(-2t%/n).

(c) Travelling salesman problem

Given n points XXy in the unit square [0,1]2 let T[El,...,gn] be the
shortest length of a tour through them. Now let Xy»-»X, be independent random
variables, each uniformly distributed on the unit square. Marvellous results are
known related to the asymptotic behaviour of the random variable
T = T[X-l,...,gi_n], starting with the seminal paper of Beardwood, Halton and
Hammersley (1959) — see the survey article by Karp & Steele (1985). We are
interested here in the concentration of T.

Given a fixed point y in the unit square let Y be the random shortest
distance from y to one of the points Xy 410Xy Then, as observed in Steele

(1981), for some constant ¢;>0

t (for t > 0).

1

2] n—k—1
Hence E(Y) < c2(n—k)_1/ 2 for some constant Cy > 0. It follows by considering

P(Y >t)< [1—c

first y = X theny = Xy that
|E[T| [Kln---a.x_k] z[_x.la---:EkD - E[TI [§1=---,_>£k_1] = [El""’zk—l] ) 2(_1(33_51;] l
< 2¢,(n—k) /2.

So by Azuma’s inequality lemma (4.1) we find that for t > 0
(8.4) P(|T—E(T)| > 1) < exp[~2/clogn]
for a suitable constant ¢ > 0. This result of Rhee & Talagrand (1987a) improves
on work of Steele (1981) for large deviations t.

The inequality (8.4) is of no use if we are interested in small t, say
t = o[(logn)l/ 2]. For such small deviations direct application of the bounded
difference method fails — see Rhee & Talagrand (1987a), (1987b), (1989), Rhée
(1988), Steele (1989).
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(d) Minimum spanning trees

In the complete graph K with independent random edge lengths each
uniformly distributed on [0,1], the expected length of a minimum spanning tree
tends to ¢(3) © 1.2 as n- w. This remarkable result is due to Frieze (1985). Im
Frieze & McDiarmid (1989) the result is extended and stremgthened. This was
possible partly because we could replace a messy second moment calculation by a
simple use of the bounded differences method, and obtain a far stronger result.

Let us see how this goes. Let G be a fixed graph, with say n edges.
Given a list x = [xl,...,xn} of these edges, let Gj(y_c) be the subgraph of G with
edges Xyse X and let nj(:_g) be the number of components of Gj(g). Now suppose
that the edges of G have independent random edge lengths each uniformly
distributed on [0,1]. Let X = [Xl"“’xn] be the list of edges rearranged in
increasing order. Thus all n! possible orders are equally likely. Knowing how fast
nj(_)g) usually decreases with j tells us how much of the minimum spanning tree we
can expect to build with short edges.

It turns out then that we are interested in the random variable
Z = Z(X), where Z(x) = E{;sj(gc_): j=1,...,m} and m < n. Here we focus on the
concentration of Z. But as in example (7.3) we see that

|E [an(_) | [Xl""’xk] = [el,...,ek]]
- E{fsz()l {XP“"Xk—l]: [el,...,ek__l], sze];] | < 1.
It now follows that
| E(Z| [Xl,...,Xk_._l] = [el,...,ek]]
~E(Z| [Xl’"f’xk—l]=[el""’ek——1] , Xk=eﬂ | <m—-k+1

Hence by corollary (6.10), for any t > 0
(8.5)  P(|Z—E(Z)] 2 t) < 2exp (12t2/m(m+1)(2m+1)).

(e) Second eigenvalue of random regular graphs
Let G be an r—regular graph, possibly with loops or multiple edges.

The adjacency matrix (with loops counted twice) has r as the eigenvalue with




182 McDiarmid: On the method of bounded differences

largest absolute value. Let A2( G) be the next largest eigenvalue in absolute value.
If |A,(G)| is much less than r then G has useful ’expansion’ properties and the
natural random walk on the vertices is 'rapidly mixing’ — see for example Broder
& Shamir (1987) and the references there. Both these properties are much sought
in computer science.

Consider random 2d-regular graphs constructed as follows on the
vertex set V = {1,...n}. Let A be the set of all permutations o on V. Pick
Oy 5oy Oy independently at random from A, and let the graph G have the dn edges
{v, akv} for k = 1,...,d and veV. Let Y be the corresponding random ‘variable
IAZ(G) |. We are interested in large n and moderate d. Broder & Shamir (1987)
show essentially that E[Y] < (c + 0(1))d3/4 as n - wo; and for any t > 0
(8.6) P(| Y-E(Y)| 2 t) < 2exp[—t2/8d).

The concentration result (8.6) may be proved as follows. Standard
manipulations show that
. 2
2d— Ay =inf 5.5 [f[akv] — f(v)] ,
where the infimum is over all real-valued functions f on V satisfying Evf(v) =0
and ¥ vf(v)2 = 1. But if Evf(v)z = 1 the triangle inequality gives
2
Ev[f[akv] -—f(v)] <4.
Hence we may apply lemma (1.2) with each ¢ = 4.
This neat application of the bounded differences method has been
rather eclipsed by recent work of Friedman (1988) and Kahn & Szemerédi (1988),

who show that Y concentrates near the lower bound of about 2(2d—-1)1/ 2

(f) Heap building

Suppose that we wish to build a heap on n elements, when all n! initial
orders are equally likely (see for example Knuth (1973)). In McDiarmid & Reed
(1989) a new algorithm is introduced, and it is shown that the random number B,

of comparisons required satisfies %E [Bn] - @as n - o, where o ~ 1.52. (This is the
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best known average case behaviour.) The result is given extra weight by the fact
that B n concentrates strongly around the mean. This concentration is our interest
here.

The algorithm is a variant of Floyd’s method (see Knuth (1973)) and
consists of a sequence of *merge’ operations moving up a binary tree. We can use
corollary (6.10), since the average effect on B, of learning the history of one more
merge is small. The reason for this is that as we move up the binary tree the
expected number of times we revisit this old working is at most 1. We find the

following result, and similar results for other variants of Floyd’s method.

(8.7) Theorem For any € >0, ifnis sufficiently large

P[I%Bn-— al 2 e] < exp[—[e2/9]n].

§9 Concluding Remarks

The bounded differences method is just the application of certain
inequalities related to bounded martingale difference sequences, but we have seen
that it is wonderfully useful in combinatorics and the mathematics of Operational
Research. As long as there are small bounds and large deviations the inequalities
really bite, and allow us to handle problems that seemed intractable only a short
time ago.

How many more interesting applications will have appeared by the

time of the conference in July?

Acknowledgement I would like to thank Martin Dyer for helpful comments.
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