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 programming.1 SYNONYMSAlso known as RNA Folding.2 PROBLEM DEFINITIONThis problem is 
on
erned with predi
ting the set of base pairs formed in the native stru
ture of anRNAmole
ule. The main motivation stems from stru
ture being 
ru
ial for fun
tion and the growingappre
iation of the importan
e of RNA mole
ules in biologi
al pro
esses. Base pairing is the singlemost important fa
tor determining stru
ture formation. Knowledge of the se
ondary stru
ture alonealso provides information about stret
hes of unpaired bases that are likely 
andidates for a
tive sites.Early work [7℄ fo
used on �nding stru
tures maximising the number of base pairs. With the workof Zuker and Stiegler [17℄ fo
us shifted to energy minimisation in a model approximating the Gibbsfree energy of stru
tures.2.1 NotationLet s ∈ {A,C,G,U}∗ denote the sequen
e of bases of an RNA mole
ule. Use X · Y where X,Y ∈
{A,C,G,U} to denote a base pair between bases of type X and Y , and i · j where 1 ≤ i < j ≤ |s|to denote a base pair between bases s[i] and s[j].De�nition 1 (RNA Se
ondary Stru
ture). A se
ondary stru
ture for an RNA sequen
e s is a setof base pairs S = {i · j | 1 ≤ i < j ≤ |s| ∧ i < j − 3}. For i · j, i′ · j′ ∈ S with i · j 6= i′ · j′

• {i, j} ∩ {i′, j′} = ∅ (ea
h base pairs with at most one other base)
• {s[i], s[j]} ∈ {{A,U}, {C,G}, {G,U}} (only Watson-Cri
k and G,U wobble base pairs)
• i < i′ < j ⇒ j′ < j (base pairs are either nested or juxtaposed but not overlapping)The se
ond requirement, that only 
anoni
al base pairs are allowed, is standard but not 
onsequen-tial in solutions to the problem. The third requirement states that the stru
ture does not 
ontainpseudoknots. This restri
tion is 
ru
ial for the results listed in this entry.2.2 Energy ModelThe model of Gibbs free energy applied, usually referred to as the nearest-neighbour model, wasoriginally proposed by Tino
o et al. [10,11℄. It approximates the free energy by postulating that theenergy of the full three dimensional stru
ture only depends on the se
ondary stru
ture, and that1



this in turn 
an be broken into a sum of independent 
ontributions from ea
h loop in the se
ondarystru
ture.
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Figure 1: A hypotheti
al RNA stru
ture illustrating the di�erent loop types. Bases are representedby 
ir
les, the RNA ba
kbone by straight lines, and base pairs by zigzagged lines.De�nition 2 (Loops). For i · j ∈ S, base k is a

essible from i · j i� i < k < j and ¬∃i′ · j′ ∈ S :
i < i′ < k < j′ < j. The loop 
losed by i · j, ℓi·j, 
onsists of i · j and all the bases a

essible from
i · j. If i′ · j′ ∈ S and i′ and j′ are a

essible from i · j, then i′ · j′ is an interior base pair in the loop
losed by i · j.Loops are 
lassi�ed by the number of interior base pairs they 
ontain:

• hairpin loops have no interior base pairs
• sta
ked pairs, bulges, and internal loops have one interior base pair that is separated from the
losing base pair on neither side, on one side, or on both sides, respe
tively
• multibran
hed loops have two or more interior base pairsBases not a

essible from any base pair are 
alled external. This is illustrated in Fig. 1. The freeenergy of stru
ture S is

∆G(S) =
∑

i·j∈S

∆G(ℓi·j) (1)where ∆G(ℓi·j) is the free energy 
ontribution from the loop 
losed by i · j.Problem 1 (Minimum Free Energy Stru
ture).Input: RNA sequen
e s and spe
i�
ation of ∆G for all loops.Output: arg minS{∆G(S) | S se
ondary stru
ture for s}3 KEY RESULTSSolutions are based on using dynami
 programming to solve the general re
ursion
V [i, j] = min

k≥0;i<i1<j1<...<ik<jk<j
{∆G(ℓi·j;i1·j1,...,ik·jk

) +

k
∑

l=1

V [il, jl]}

W [i] = min{W [i − 1], min
0<k<i

{W [k − 1] + V [k, i]}}2



where ∆G(ℓi·j;i1·j1,...,ik·jk
) is the free energy of the loop 
losed by i · j and interior base pairs i1 ·

j1, . . . , ik ·jk and with initial 
ondition W [0] = 0. In the following it is assumed that all loop energies
an be 
omputed in time O (1).Theorem 1. If the free energy of multibran
hed loops is a sum of
• an a�ne fun
tion of the number of interior base pairs and unpaired bases
• 
ontributions for ea
h base pair from sta
king with either neighbouring unpaired bases in theloop or with a neighbouring base pair in the loop, whi
hever is more favourable,a minimum free energy stru
ture 
an be 
omputed in time O

(

|s|4
) and spa
e O

(

|s|2
) [17℄.With these assumptions the time required to handle the multibran
hed loop parts of the re
ursionredu
es to O

(

|s|3
). Hen
e handling the O

(

|s|4
) possible internal loops be
omes the bottlene
k.Theorem 2. If furthermore the free energy of internal loops is a sum of

• a fun
tion of the total size of the loop, i.e. the number of unpaired bases in the loop,
• a fun
tion of the asymmetry of the loop, i.e. the di�eren
e in number of unpaired bases on thetwo sides of the loop,
• 
ontributions from the 
losing and interior base pairs sta
king with the neighbouring unpairedbases in the loop,a minimum free energy stru
ture 
an be 
omputed in time O

(

|s|3
) and spa
e O

(

|s|2
) [5℄.Under these assumptions the time required to handle internal loops redu
es to O

(

|s|3
). Withfurther assumptions on the free energy 
ontributions of internal loops this 
an be redu
ed evenfurther, again making the handling of multibran
hed loops the bottlene
k of the 
omputation.Theorem 3. If furthermore the size dependen
y is 
on
ave and the asymmetry dependen
y is 
on-stant for all but O (1) values, a multibran
ed loop free minimum free energy stru
ture 
an be 
omputedin time O

(

|s|2 log2 |s|
) and spa
e O

(

|s|2
) [8℄.The above assumptions are all based on the nature of 
urrent loop energies [6℄. These ener-gies have to a large part been developed without 
onsideration of 
omputational expedien
y andparameters determined experimentally, although understanding of the pre
ise behaviour of largerloops is limited. For multibran
hed loops some theoreti
al 
onsiderations [4℄ would suggest that alogarithmi
 dependen
y would be more appropriate.Theorem 4. If the restri
tion on the dependen
y on number of interior base pairs and unpairedbases in Theorem 1 is weakened to any fun
tion that depends only on the number of interior basepairs, the number of unpaired bases, or the total number of bases in the loop, a minimum free energystru
ture 
an be 
omputed in time O

(

n4
) and spa
e O

(

n3
) [13℄.Theorem 5. All the above theorems 
an be modi�ed to 
ompute a data stru
ture that for any

1 ≤ i < j ≤ |s| allows us to 
ompute the minimum free energy of any stru
ture 
ontaining i · j intime O (1) [15℄.
3



4 APPLICATIONSNaturally the key appli
ation of these algorithms are for predi
ting the se
ondary stru
ture of RNAmole
ules. This holds in parti
ular for sequen
es with no homologues with 
ommon stru
ture,e.g. fun
tional analysis based on mutational e�e
ts and to some extent analysis of RNA aptamers.With a

ess to stru
turally 
onserved homologues predi
tion a

ura
y is signi�
antly improved byin
orporating 
omparative information [2℄.In
orporating 
omparative information seems to be 
ru
ial when using se
ondary stru
ture pre-di
tion as the basis of RNA gene �nding. As it turns out, the minimum free energy of known RNAgenes is not su�
iently di�erent from the minimum free energy of 
omparable random sequen
es toreliably separate the two [9, 14℄. However, minimum free energy 
al
ulations is at the 
ore of onesu

essful 
omparative RNA gene �nder [12℄.5 OPEN PROBLEMSMost 
urrent resear
h is fo
used on re�nement of the energy parametrisation. The limiting fa
tor ofsequen
e lengths for whi
h se
ondary stru
ture predi
tion by the methods des
ribed here is still fea-sible is adequa
y of the nearest neighbour approximation rather than 
omputation time and spa
e.Still improvements on time and spa
e 
omplexities are useful as biosequen
e analyses are invari-ably used in genome s
ans. In parti
ular improvements on Theorem 4, possibly for dependen
iesrestri
ted to be logarithmi
 or 
on
ave, would allow for more advan
ed s
oring of multibran
hedloops. A more esoteri
 open problem is to establish the 
omplexity of 
omputing the minimum freeenergy under the general formulation of Eq. (1), with no restri
tions on loop energies ex
ept thatthey are 
omputable in time polynomial in |s|.6 EXPERIMENTAL RESULTSWith the release of the most re
ent energy parameters [6℄ se
ondary stru
ture predi
tion by �ndinga minimum free energy stru
ture was found to re
over approximately 73% of the base pairs ina ben
hmark data set of RNA sequen
es with known se
ondary stru
ture. Another independentassessment [1℄ put the re
overy per
entage somewhat lower at around 56%. This dis
repan
y isdis
ussed and explained in [1℄.7 DATA SETSFamilies of homologous RNA sequen
es aligned and annotated with se
ondary stru
ture are availablefrom the Rfam data base at www.sanger.a
.uk/Software/Rfam/. Three dimensional stru
tures areavailable from the Nu
lei
 A
id Database at ndbserver.rutgers.edu/. An extensive list of thisand other data bases is available at www.imb-jena.de/RNA.html.8 URL to CODESoftware for RNA folding and a range of related problems is available from www.bioinfo.rpi.edu/appli
ations/hybrid/download.php and www.tbi.univie.a
.at/~ivo/RNA/. Software im-plementing the e�
ient handling of internal loops of [8℄ is available from ftp.n
bi.nlm.nih.gov/pub/ogurtsov/Afold.
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