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HMMs

Markov Models

Empirical Fact
Weather tomorrow is most likely to be the same as today
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This is typical example of Markov behaviour
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Hidden Markov Models

More realism
Underlying unobserved phenomena may be the conserved

factor
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States of the Markov chain are not observed directly — observed
characters are emitted from the hidden chain of states
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Hidden Markov Models

More realism
Underlying unobserved phenomena may be the conserved

factor
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States of the Markov chain are not observed directly — observed
characters are emitted from the hidden chain of states
Other types of states

Silent states have no emissions, and special start and end
states results in distribution over finite observed sequences
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Common HMM Uses
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Common HMM Uses

Annotation
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Viterbi

Naive Aprroach

Path Pr(Path) Pr(Data | Path) | Pr(Data)
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HHH TR SRy 0.00365

Number of paths grows exponentially!
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Naive Aprroach

Path Pr(Path) Pr(Data | Path) Pr(Data)
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Number of paths grows exponentially!
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Recursion. ..

Last state is non-silent

#I

s[1..i] s[1..i—1] si]

V(q,i) = mgtx{V(p,i —1)-Pr(p —q)-Pr(s[i]| a)}
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Recursion. ..

Last state is silent

@Q@

s[1..i] s[1..i]

V(q,i) = mgtx{V(p,i) -Pr(p —q)}



Viterbi

...and a Table

Can compute probabilities efficiently by dynamic programming

e s[1] s[2] -+ s[n]
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Forward Algorithm

Last state is non-silent

=>T

s[1..i] s[1..i—1] si]

F(a,i) =) F(p,i—1)-P(p—q)-P(sfi]| q)
p
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Forward Algorithm

Last state is silent

@60

s[1..i] s[1..i]

F(a,1)) =) _V(p,i)-P(p—q)
p
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Backward Algorithm

First state is non-silent

@'\NI\/\»#

s[i..n] si] s[i +1..n]

B(q,i)=> V(p,i+1)-P(q—p)-P(sfi]| q)
p
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Backward Algorithm

First state is non-silent

@'\NIV\»#

s[i..n] s[i..n]

B(q,i)=> _V(p.i)-P(q—p)
p
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Maximum A Posteriori Decoding

Forward and backward algorithms give P(s]i] | q):

o7

s[1..i—1] s[i] s[i+1.n]

The Beyond
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Maximum A Posteriori Decoding

Forward and backward algorithms give P(s]i] | q):

o7

s[1..i—1] s[i] s[i+1.n]
MAP Decoding Path

A(g,i) = p;p{é‘i‘é‘»o{A(p’i — 1)+ P(s[i] | a)}

The Beyond
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Bioinformatics

HMM Applications

Sequence alignment

Gene finding

Homology modelling

Protein secondary structure prediction
Genetic variation

Inference of genealogical histories
Nucleosome positioning

Speech Recognition

Signal Processing

The Beyond
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Posterior Probabilities

Sequence Alignment

HMMs Viterbi Forward

Match 1 — Match 2 —
@ A0 A0 End
C:0 C:1
G:1 G:0
T:0 T:0
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Sequence Alignment

Match 1 — Match 2 —
@ A:0.02 A:0.2 End

013 C'043

057 C:0'15

T:0.23 T:0.22
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Sequence Alignment

Delete 1 Delete 2
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Sequence Alignment

Delete 1 Delete 2

A
Insert 0

A:0.21
¢C:0.34y
:0.23

Insert 1 Insert 2

A:0.11
GC:O.69>
:0.08

:0. A:0.2
C:0.13 C:0.43
G:0.62 G:0.15
T:0.23 T:0.22




Applications

Gene Finding
Elements of protein coding gene in eukaryotes includes

e Codon based structure of amino acid encoding in blocks of
three nucleotides
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e Exon/intron structure of gene
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Applications

Gene Finding

Elements of protein coding gene in eukaryotes includes

Codon based structure of amino acid encoding in blocks of
three nucleotides

Special start and end codons
Exon/intron structure of gene

Special motifs/compositions upstream and downstream of
codign part

can be encoded on either strand of the chromosome



HMMs Viterbi Forward Posterior Probabilities Applications Training The Beyond

Gene Finding

Elements of protein coding gene in eukaryotes includes
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Annotated Data
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Training

Annotated Data
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Unannotated Data

Use expectations instead of observed frequencies:

Pr | W) = E | # ?’5] /E [#M]
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Unannotated Data

Use expectations instead of observed frequencies:

Pr | W) = E | # ?’5] /E [#M]

T
s[l.i—1] s[i] s[i+1.n]

Gap =) (D on—End

| |

s[1..i —1] s[i +1..n]

The Beyond
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Generating Several Outputs

There may be more than one type of observables for each state

H L
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The Beyond

Generating Several Outputs

There may be more than one type of observables for each state

H . L
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When states emit only some types of observables, the
computing probabilities become more complex




The Beyond

Algorithms for Multitape HMMs

Same as for normal HMMs, just with more dimensions:
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V(@,1.j) =max{V(P.i —1,j —1)-P(p — q)P(sfi]. th] | a)}
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Non-geometric Waiting Times

Waiting times in states are geometric
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HMMs

No. of Introns

No. of Exons

Viterbi

350

250

Forward

Posterior Probabilities

Applications Training

Non-geometric Waiting Times
Waiting times in states are geometric

Length distributions of human introns and initial, internal and terminal exons

(a) Introns

70 (1) Initial exons

Histogram —
Geometric distribution ——

Histogram -
Smoothed density -—

g
&
“
$
k4
— TR e B B e
0 1000 2000 3000 4000 5000 G000 7000 S000 i 600 EL
Length (bp}
(c) Internal exons
Histogram —
Smoothed density —— Smoothed density -
:
4]
8
$
2z

The Beyond

wwwl. cs. col unbi a. edu/ ~cl esl i e/ cs4761/ | ectures- spr03. ht n


www1.cs.columbia.edu/~cleslie/cs4761/lectures-spr03.html

The Beyond

Non-geometric Waiting Times

Waiting times in states are geometric, but can be made more
general by replicating states:
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Limitations of Hidden Markov Models

For sufficiently long sequences, there will be a cycle in any path
generating it from a fixed HMM
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Limitations of Hidden Markov Models

For sufficiently long sequences, there will be a cycle in any path
generating it from a fixed HMM
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Limitations of Hidden Markov Models

For sufficiently long sequences, there will be a cycle in any path
generating it from a fixed HMM

Consequence: Cannot generate e.g. palindromes and
S i >0}
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